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High-gain observer for a class of time-delay nonlinear systems

M. Farza, A. Sboui, E. Cherrier, M. M’Saad

ENSICAEN, 6 Bd Maréchal Juin, 14050 Caen Cedex, FRANCE.
mfarza@greyc.ensicaen. fr

Abstract

This paper proposes a high gain observer design for a class of nonlinear systems with multiple
known time-varying delays intervening in the states and the inputs. In the free delay case, the
class of systems under consideration coincides with a canonical form characterizing a class of
multi outputs nonlinear systems which are observable for any input. The underlying high gain
design has been mainly motivated by its inherent simplicity from both design and implemen-
tation points of view. Indeed, the observer gain is determined from an explicit resolution of a
time-invariant Lyapunov algebraic equation up to the specification of a single design parameter.
An academic observation problem is addressed to illustrate the effectiveness of the proposed
observer.

Keywords : Delay nonlinear systems, high gain observers, Lyapunov algebraic equation.

1 Introduction

Time delay is an inherent property of various engineering systems such as biochemical processes,
population dynamics and communication and information systems ([22], [23]). Time delays are trou-
blesome in that they could cause oscillations or instability of the systems (see [17] for example). As
a result, an intensive research activity has been devoted in the last few years to study the stability,
control and state estimation for systems with time delays.

A particular attention has been paid to the case of linear systems (See for instance [7, 20, 6, 14,
16, 3, 12, 15, 21] and references therein ) whereas only few results have been established in the
nonlinear case (see for instance [28, 1, 27, 29]). Moreover, most of the underlying works are based on
LMI techniques where the gain of the observer is designed through the resolution of a LMI problem
and as a consequence an observer exits only if the considered LMI problem is feasible. As for systems
with no delay and as noticed in [2], the feasibility of the LMI problems considered in observer design
is generally not known a prior: and is to be determined numerically.

Of fundamental interest, one should notice that the problem of observer design still be open in the
multi-outputs case even in the case of free delay systems. This is mainly due to the lack of observable
canonical forms. Even in the case of uniformly observable systems (systems which are observable for
any inputs), there is not a canonical form which characterizes all uniformly observable systems in the
multi-outputs case. Some canonical forms characterizing some classes of MIMO uniformly observ-
able systems have been proposed in [26] and [13]. More recently, the authors in [19] have proposed



a new canonical form for classes of systems that are larger than those considered in [26] and [13].
Moreover, the authors in [19] have used the so proposed canonical form in order to synthesize a high
gain observer.

The look for general canonical forms that characterize some classes of time-delay systems is not the
aim of this work. Rather, one shall consider a specific canonical form with time-varying delays,
which is uniformly observable. This canonical form is the natural extension of that one proposed in
[13]. Indeed, the form proposed in [13] is modified in such a way the modified version is a delayed
system where the delayed states intervene in a triangular manner. This paper is concerned with
state observer design for the so obtained form. More specifically, one will show that the general high
gain observer design framework established in [4], [5], [11] and [13] for free delay systems can be
properly extended to this class of time-delay systems. This makes it possible to derive an observer
that shares all the appealing features of the high gain concept, namely an exponential convergence
with an easy implementation. The easiness of implementation is mainly due to the fact that the
observer gain is issued from the resolution of a time-invariant Lyapunov algebraic equation and it
is explicitly given. Moreover, its tuning is performed through the choice a single design parameter
whatever is the dimension of the considered system.

This paper is organized as follows. Section 2 is devoted to the problem formulation through the
introduction of the class of nonlinear systems which will subject to the observer synthesis. In section
3, the observer design is given in the case of a single time-varying delay and a full convergence
analysis is provided. An example with simulation results is given in section 4 for illustration purposes.
Concluding remarks are given in section 5 together with some perspectives.

2 Problem formulation

The aim of this paper is to design a high-gain observer to estimate the state of the following class of
systems

o(t) = Az(t) +g(ut),ur(b),... ur, (), 2(t), z7 (1), ..., v, (1))
y(t) = Cu(t) =z'(t) (1)
x(s) = @(s) Vs € [-7%,0]
with
0 I, 0 0
A= 0 (2)
: I,
0 . 0
C=(L 0 ... 0) (3)
! b xh .
:L,Z l”; 72- Laor,
the state z = ] 2= R A o ;xﬁi: | the 7(t)’s, i = 1,...,m are

positive real-valued known functions that denote the time delays affecting both the state variables
and the inputs and they are assumed to be bounded by 7 > 0; u,,(¢) and x,(t) respectively denote
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the delayed inputs and states, i.e u,(t) = u(t —7;) and x,(t) = x(t —7;). Notice that for simplicity of
presentation and without loss of generality, one assumes that the delays affecting the states and the
inputs are the same; the output y € IR?; the state z € IR” with 2* € R and 2¥ € R, k = 1,..., ¢ and
i=1,...,p; the input u € IR°. The nonlinearities g* (u(t), ur, (t),. .., ur, (t),z(t), 2 (1), ...,z (1)),
k=1,...,q, assume a triangular structure with respect to z,z-, ...,z , i.e.

g (), un (t), .. ur, (8),2(t), 2 (), ..., 2r (1) =

. <1L(t),1¢71(t),.. g, (8,20 (8), 2R (), 3l (1), e (1), xl (8), ..,:rﬁ%(t))
System (1) may seem as being very particular since it assumes a non prime dimension and all sub-
blocks ¥ have the same dimension. In fact, it has been shown in [13] that in the free delay case,

system (1) (with no delay) is a canonical form that characterizes the following class of uniformly
observable nonlinear systems (systems which are observable for any input):

{ &= f(u,x) (1)

y=Cx=2a'

I’l fl(uvxlvxz)

1’2 fQ(U,ZEl,l‘Q,fL'g)
with z = . flu,z) = : and C = s Onyxmgs Oy xng s - -« Oy xeng) Where

M fo )

fH(u, z)
q

the state z € IR™ with ¥ € R™, k = 1,...,g and ny > ny > ... > n,, an:n; the input

k=1
u(t) € U the set of bounded absolutely continuous functions with bounded derivatives from IR" into
U a compact subset of IR®; the output y € IR™ and f(u,x) € IR"” with f*(u,z) € IR™. The functions
f* are assumed to satisfy the following condition:
(C) For k = 1,...,q — 1, the map 2" — fF(u,z!,... 2% 2%1) is one tone from IR™ into IR™.
Moreover, Jay, B > 0 such that for all k € {1,...,¢ — 1}, Vo € IR", Vu € U,

af Tofk
atly,, < (W(u’x>) ——(u,z) < 71,

Orkt1
x! 2t
2 2
x z
Now, consider the following injective map: ® : IR" — IR™?, x = . =z = . with
x4 29

ZL‘l

fHu,zt, 2?)
of!

_(u> xla x2)f2(u7 x17 $27 '1'3)
=)= | O . (5)

q—2 ok .
( 5%5@@0f“%%@

k=




where 2¥ € IR™, k = 1,...,¢. This transformation puts the original system under the following form
(see [13] for more details):

t=Az+ ¢(v,2)
{y:(j’z:zl (6)

where the state 2 € IR™?, v = [u”,u"]", $(v, 2) has a triangular structure with respect to 2 and the
0 Jg-1m
0 0

delay case, system (6) is under form (1) with n; = p.

matrices A and C' are: A = } and C' = [I,,,0,,,...,0,,]. It is clear that in the free

Now, it is easy to see that one can derive a canonical form for time delay systems by introducing
delayed inputs and states in system (4) in such a way that the delayed states intervene in a triangular
manner. Indeed, let us modify system (4) as follows:

T=f(UUr,y . Ur T Ty, Ty ) (1)
y=Cx=2a'

where the k" component, f*, of the function f has now the following structure:

o u(t), un (), .. ur (8), (), 2 (t), .. 2y (1) =
fr (u(t),un(t),...,uTq(t),xl(t),...,mkﬂ(t),m;(t),...,xlﬁl(t),...,xiq(t),...,mlﬁ ,(t)>

where 7;, 1 = 1,...,m’ are the time delays and the other variables still have the same meaning as
in system (4). The functions f* are always supposed to satisfy the condition (C). It is easy to see
that the injective map introduced for system (4) puts system (7) under the form considered in this
paper with view to observer design, ie. system (1). As a result, system (1) can be interpreted as a
canonical form which characterize a class of uniformly observable delayed state system.

Let us now come back to system (1). The design of the observer requires the adoption of the following
assumptions :

A1l. The state z(t) and the input u(t) are bounded, i.e. there exist compact sets X C R" and
U C R™ such that for all t € R, z(t) € X and u(t) € U.

A2. The function g is Lipschitz with respect to x,z,, ..., ., uniformly in u, u,, ..., ur,.

A3. The delay functions fulfill the following properties:

37 >0/ supr(t) <7t Vie{l,...,q} (8)
>0
Je>0/supri(t) <1l—-eVie{l,...,q} 9)
>0

Please notice that Assumption A2 is classical in the high gain design framework. It is worth men-
tioning that as the state is supposed to lie in a bounded set X, it is possible to define an extension
g of g which coincide with g on X and which is global Lipschitz on IR" (see e.g. [25]).

For the sake of clarity, the observer design will be detailed in the single-delay case. As one shall
point it out later, the generalization to the multiple delays case is straightforward.



3 Observer design

In this section one assumes m = 1 and for writing convenience one shall denote 7, by 7. System (1)

specializes as follows :
{ #(t) = Ax(t) + g(u(t), ur(t), x(t), z-(t))
y(t) = Cx(t)

A high gain candidate observer for the above class of systems is given by
() = AZ(t) + g(u(t), ur (1), (1), &, (1) — 04, 'S CTCO(@(1) — 2(t))
where Ay is the diagonal matrix defined by

1
Gty

. 1
Ay = diag { I, 511” cee

(10)

(11)

(12)

where # > 0 is a real parameter and S is the unique solution of the following algebraic Lyapunov

equation:

S+ ATS+SA-CTC =0

(13)

Remark 1. [t has been shown that S is symmetric positive definite (see e.g. [11, 10]) and that one

particularly has :

ci,
C?I !
—1 T q°P . k q:
Slc = thth:m fOT kf:l,,q
cI,

The following fundamental result provides the performance of the above candidate observer.

Theorem 2. Under assumptions A1 to A3, system (11) is an exponential observer for system (10).

More precisely, one has :
dag, e > 0; 309 > 0; VO > Oy; Ie(0) such that

R o [ar R
12(t) — z(t)[| < 67 Wa—le @ maX}Hw(S)—fv(S)H

se[—1*,0

with lim ¢(0) = +o0
0—+o0

Proof. Let Z(t) = &(t) — x(t) be the estimation error. From (10) and (11), one has:

T =A%+ g(u,ur, @, @) — g(u, ur, z,2,) — 00,1 S71CTCE

Let us now introduce the following change of variable :

T = NpZ

(14)

(15)

(16)



where Ay is defined by (12). One can easily check the following identities: AgAA,;" = #A and
CA,' = C. Combining (15) and (16) yields

T =0AT + N (9(u, ur, 2, 37) — g(u,ur, v, 2,)) — S 1CTCx (17)

Moreover, using the Mean Value Theorem (see Appendix), one gets:

g(uauﬂihai})_g<u7u77xax‘r) = g(u,ur,ﬁr,:i;)—g(u,uT,x,:?:T)

+9(u, ur, z, ;) — g(u, ur, x, ;)
ag(uu f:c)x—l—ag(uu x, ()T
- ax T T 8$T b T ) ST T

(18)
where £, € X C IR".
Using (18), equation (17) can be rewritten as follows :
. _ dg 9y 1 AT
Tz = HA:v—i—Aga (u,ur, & 20 ) Ay 3:+A98 (u, ur, T, CT)A ., — 0S5 C'Cxz (19)
Consider the Lyapunov-Krasovskii candidate functional:
t t s
V(z)=z"S7+ 0 = / 0z 37 (5)z(s)ds (20)
t—r1
where 7* is the upper bound of the delay as given in Assumption (A3).
The derivative of V' along the trajectories of (17) can be expressed as:
T In 6 T e ot (bt N
V =2z75% — o (V—z"'Sz) + 60 (02T*x z—(1—7)02 LL'T:ET> (21)
T
Using (19) and (21), one obtains:
. In# 0
v+ 2” V = 203TSAz + 233TSA98—9(u, Ur, €, 27) AT T
T* x
9]
227580 (uur, .G, A 7, — 2627 CTC (22)
In ¢ o 1—7
+%xTSx +3Tz — \/QTT;@%T
On the one hand, since l* < 1, one has
T
! Looro>1 (23)
— for
N



Making use of (13), (9) and (23), one obtains for § > 1 :

vV + 12n_9V < —0zTSz — 07TCTCx
T™*
+2:ETSA9@(u, ur, €, 1) AT
ox (24)
1277 SA, a@g (w,ur, 2, ) A 7,
Ino o

€
+—xTSx +7'7 — —J;TxT

27* N/

0
On the other hand, since g has a triangular structure with respect to x and z,, the matrices —g( )

ox

J () are lower triangular. Moreover and according to Assumption (A2), these matrices are

ox,

uniformly bounded. As a result, each entry of the matrices Ay——

and

99 (A and 222 ()A" is poly-

ox or,
1
nomial in i and is uniformly bounded by a constant which does not depend on @ for 6 > 1. This
means that:
0 _
18057 (1, ur, €, 2) ™| <
dg N -1
”Aoa(%Un%C})Ae H S kl (25)

where k; is a positive constant which does not depend on 6 for § > 1. Making use of (24) and (25),

one gets :

. Ind Ind
V+—V< —(0 — ¢, —2—7_*)35TS:E+CQH:EH||JETH — \/_*Z* (26)

with
1

Am(S)
where \,;,(S) stands for the minimum eigenvalue of S.
Now, let us choose # high enough such that

(20 [|S]| + 1) and c3 = 2k}

C1 =

Iné
k(0) 20— c; — 5 >0 (27)
and set
Vi =275z, Vo= 272, Vi = OV, Vi = Vo,V =V 4 V5, o= —2— (o)

Vo o (5)

Using the above notations, inequality (26) can be written as follows:

. Iné@
Vv < k:<0>vl——v2+c3\/vn/v5

27*
= V*+C3“ \/ \/‘/2

f1/2
s - 1_5 ek(0) v (29)




Now, it suffices to choose # such that:

cs | 012
1—5,/€k<9)>0 (30)

which is equivalent, when replacing k(6) by its expression (27), to

Ing ¢
g3 1
O—ci— o —pVO>0 (31)
Combining (29) and (30) gives :
- Inéd
V+—V<0 32
LV < (32)
Iné , : : .
Set ¢(0) = " Then, inequality (32) is equivalent to:
T
V < 20 r[naxo] V(z(s)) (33)
se|—7%,
Hence,
- A1 (o)t -
Ol <4/ — 34
7] < /22 max o) (39)
with

a; = Ay (S) + 1 and as = A\ (5)

where Ay (S) stand for the maximum eigenvalue of S.

Since € > 1, one has
[z < =@ < 0 |z(1)]] (35)

and inequality (34) can then be expressed as follows:
12| < 0, [ Lee®t max 7(s) (36)
Q2 s€[—7*,0]
This ends the proof.
Remark 3.

1 In the case when an original system & = f(u,u,,z,x;), y = Cx can be put under form (1)
through a diffeomorphiesm z = ®(u,u.,x,,x,), then the observer (11) can be written in the
original coordinates, x as follows:

i(t) = f(u,ur,z, ;) — 6 <g—i(u,u7,$, ,IT))_ A;lS’ICTC(i'(t) —x(t)) (37)

2 The generalization to the case of multiple is straightforward. Indeed, the equation of the observer
is identical to that of system (11). For the proof, an appropriate Lyapunov function is: V(Z) =

mo et
T ST 4 05 Z/ 07 27 (5)Z(s)ds where m is the number of considered time delays.
i=1 t—Ti



4 Example

Consider the following time-delay dynamical system:
i1 = 0.1 (zg+25—01z(t —7) —u(t — 7)1 (t — 7))

2 + sin(xo(t — 7)) (38)

ro = —0lz(t—7)— ————
" =T -

y = I1

One can check that the following transformation puts system (38) under form (10) :

T s zZ1 = T
T 2z = 0.1(zy + 23)

The delay value has been set to the constant value 7 = 1.5 s. With z(t) = [0; cos(t)] for t € [—7,0] and
u(t) = cos(0.1t), the solution trajectory of system (38) is bounded. In these settings, Assumptions
(A1) to (A3) hold for system (38). An observer of the form (11) can then be synthesized and its
equations in the original coordinates can be written as follows (see point 1 of remark 3):

( .%1 = 0.1 (.%Q—FQAT%—O1.’1?1(15—7')—’&(25—7')[2‘1@—7')) —29<£i'1—$1)
\ & 10 (39)
By = —0.1ds(t —7) — ———— + sin(da(t — 7)) — 6° B —
\ To To(t —7) s T + sin(2a(t — 7)) T (21 — x1)
18 T T T T 3.5

161

14t

12

N
o
T
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=
o
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1
I
\SIMULATION

2 I I I I 05 | | | |
0 5 10 15 20 25 0 5 10 15 20 25

TIME TIME

o7z ESTIMATION

Figure 1: Time evolution of the state variables x; and x»

Before being used by the observer, the system output z; has been corrupted by an additive uni-
formly distributed random signal produced by MATLAB with zero mean value and a relatively high
standard deviation equal to 0.5. The observer simulation was performed under similar operating
conditions as the model.

The following initial conditions have been used for the observer:

{ 1(t) = =1 for ¢t € [—7,0]
To(t) =0 for t € [—T,0]

9



The value of the observer design parameter 6 has been set to 2.

Notice that the state estimates quickly converge to the true values (provided by the model). More-
over, the obtained results show the good behaviour of the proposed observer in dealing with the the
relatively high noise.

5 Conclusion

A simple nonlinear observer has been proposed for a class of time-delay nonlinear systems. In the
absence of delay, the considered class of systems coincides with an observable canonical form that
characterizes a class of uniformly observable systems which are observable for any input. The consid-
ered time-varying delays are assumed to be known and bounded. Similarly to free delay systems, the
gain of the proposed observer does not require the resolution of any dynamical system. It is rather
issued from the resolution of a Lyapunov time-invariant algebraic equation and is explicitly given.
Its tuning is achieved through the choice of a single design parameter, namely 6. It is established
that the estimation error converges exponentially to zero as in the free delay case but with a decay
rate proportional to Inf and not to 6.

The observer design described in the paper deals with a particular canonical form that characterizes
a class of uniformly observable systems. Its generalization to a nonlinear multi-output systems with
non triangular coupled structure characterized by a canonical form similar to that proposed in [19]
has just been established and will be presented elsewhere. Moreover, we have extended an adaptive
observer synthesis for a class of free delay nonlinear systems with nonlinear parameterization [9] to
a similar class of time delay systems where the delayed states intervene in a triangular manner [24].
Current works are concerned with the extension to time delay systems the synthesis of unknown
input observers [8, 18].

6 Appendix

The Mean Value Theorem can be stated as follows in the case of a real-valued function of several
variables.

Theorem: Let f; : IR — IR be a C' function and let &, € IR". Then, there exists t; € [0, 1] such
that:

fi(%)

filw) + filw + ti(@ — 2))(@ — )
filw) + (Ve + (@ = 2)" (@ — =)
filw) + (Vi(&))" (@ — =) (40)

where V fi(x 4+ t;(z — x)) is the gradient of f; evaluated at & = x + t;(z — x).

>l

This theorem can be extended to the case of functions that take values in IR"™ as follows. Let

10



S

f= : :IR™ — IR" be a function of class C'. Then, there exist &;,&s, ..., &, € IR™ such that:
In
f@) = fl@)+f (&, ... &)@ -2
0
= 1w+ P e (41)
where 8—f is the jacobian of f.
ox
More precisely, one has
5 (VA& (VA +h(@—o)'
f _ ) _ .
a_x(€17"'7§n)_ : . - : A T
(Vfu(&n)) (Vfulz +tn (2 — x)))

where § = x + t;(Z — ) with ¢; € [0,1]; i =1,...,n.
For writing convenience, one shall use the following notation:

o7 <Vﬁ@mT (Vﬁ@+ﬁ@—me
%(517‘”7&1): . . - :
(VfI(&) (Vfulm + ta(@ — 2)))"
VI
2 : (z 4+ O(3 — 2))
i
VT
- | Jo=%e (42)
i

where £ =z + O(2 — x) and © = diag(ty,...,t,).

Since the function f is Lipschitz and using the adopted notation, one has:

of s Of
L N S | ]
< L

where L is the Lipschitz constant. From (41) , one obtains:

1F(2) = (@) < L2 — «|
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