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TRANSITION FROM GAUSSIAN TO NON-GAUSSIAN
FLUCTUATIONS FOR MEAN-FIELD DIFFUSIONS IN SPATIAL
INTERACTION

ERIC LUCON' AND WILHELM STANNAT??3

ABSTRACT. We consider a system of N disordered mean-field interacting diffusions
within spatial constraints : each particle 0, is attached to one site x; of a periodic lattice
and the interaction between particles 6; and 6; decreases as |x; — z;|”” for a € [0,1). In a
previous work [28], it was shown that the empirical measure of the particles converges in
large population to the solution of a nonlinear partial differential equation of McKean-
Vlasov type. The purpose of the present paper is to study the fluctuations associated to
this convergence. We exhibit in particular a phase transition in the scaling and in the
nature of the fluctuations: when « € [0, %), the fluctuations are Gaussian, governed by

a linear SPDE, with scaling /N whereas the fluctuations are deterministic with scaling
N'™ in the case a € (3.1).
2010 Mathematics Subject Classification: 60F05, 60G57, 60H15, 82C20, 92B25.

1. INTRODUCTION

The aim of the paper is to study the large population fluctuations of disordered mean-
field interacting diffusions within spatial interaction. A general instance of the model may
be given by the following system of N coupled stochastic differential equations in X := R™
(m>1):

d9i7t = C(@@t,wi)dt + L Z T (Hi,t,wiﬁ“,wj) \I’(:Ei,$j)dt + dB@t, 1€y, te [O,T]

(1.1)
where T' > 0 is a fixed but arbitrary time horizon. In (LII), ¢(6;+,w;) models the local
dynamics of the particle 0;, I'(0; 1, w;,0;+,w;) governs the interaction between particles 6;
and 6; and (B;)ea, is a collection of independent standard Brownian motions modeling
thermal noise in the system. Both local dynamics and interaction are perturbed by an
independent random environment that is a sequence of i.i.d. random variables (w;); > 1 in
Y :=R" (n > 1) modeling some local inhomogeneity for each particle.

The novelty of (II]) is that some geometry is imposed on the interactions: the particles
0; in (LI)) are regularly positioned on a periodic lattice (of dimension 1 for simplicity)
and the interaction between two particles depend on the distance between them. Namely,
define Ay := {-N,...,N} with —N and N being identified, with cardinal |Ay| = 2N and
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suppose that for all ¢ € Ay, the particle 6; is at the fixed position x; := ﬁ € Sy, where
Sy = {xl = ﬁ, 7€ AN} is a subset of the one-dimensional circle S := R/Z. Making the

obvious identification between x € [—%, %] and its equivalence class T € S, the euclidean
norm || on [-3, 1] induces a distance d(-,-) on S by:
Vi = 2[1],§ = y[1] €S, d(z,5) = min(|z - y|,1 - |z - y]). (1.2)

The interaction in (L)) is supposed to decrease polynomially with the distance between
particles through the spatial weight

(z,y) =d(z,y)™", z,y€S, (1.3)
where « is a parameter in [0, 1).

Remark 1.1. We will often drop the notation j i in sums as in (L1l), since, with no
loss of generality, one can define ¥(x,x) =0 for all x.

1.1. Weakly interacting diffusions.

Mean-field models in physics and neuroscience. In the particular case where o = 0 and
w; = 0, the geometry and the disorder in (LI]) become irrelevant and we retrieve the usual
class of weakly interacting diffusions (studied since McKean, Oelschlager and Sznitman [31]
18,133, 139]). Such systems are encountered in the context of statistical physics and biology
(synchronization of large populations of individuals, collective behavior of social insects,
emergence of synchrony in neural networks [6l 40, [14]) and for particle approximations of
nonlinear partial differential equations (see e.g. [10, 29] and references therein). Usual
questions for this class of models concern their large population behavior (propagation of
chaos, existence of a continuous limit for the empirical measure of the particles [33], 18], 27],
fluctuations around this limit [16] 38| 27] and large deviations [I3]) as well as their long-
time behavior [9, 29].

A recent interest for similar mean-fields diffusions has been developed for the modeling of
the spiking activity of neurons in a noisy environment (e.g. Hodgkin-Huxley and FitzHugh-
Nagumo oscillators [6, 15, [40]). In this context, 0; represents the electrical activity of one
single neuron, I' captures synaptic connections between neurons and the disorder w; models
an inhomogeneous behavior between inhibition and excitation. We refer to [6] for more
details on application of these models to neuroscience.

Another illustration of weakly interacting diffusions concerns statistical physics and
models of synchronization of oscillators. In particular, the Kuramoto model (see e.g.
[1, 27, [19] [37]) describes the synchronization of rotators 6; in R/27xZ with inhomogeneous
frequencies w;:

N
A0;(t) = w; dt + % S sin(0; - 0;) dt + o dBy(t), t >0, i=1,...,N.  (Ld)
j=1

The system (L.4)) is well-known to exhibit a phase transition between incoherence to syn-
chrony as the interaction strength K > 0 increases. We refer to the mentioned references
for further details on the dynamical properties of (I.4]).

Diffusions in spatial interaction. The motivation of going beyond pure mean-field inter-
actions comes from the biological observation that neurons do not interact in a mean-field
way (see [11, 41] and references therein). There has been recently a growing interest in
models closer to the topology of real neuronal networks [21], 35 [41]. Even though the
analysis of such models seems to be difficult in general, it is quite natural to expect that
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properties valid in the pure mean-field case (the first of them being the existence of a
continuous limit in an infinite population) still hold for perturbations of the mean-field
case, namely for systems where the interactions are not strictly identical, but where the
number of connections is sufficiently large to ensure some self-averaging as the population
size increases.

In this perspective, the main motivation of (II) comes from works of Rogers and Wille
[36] and of Gupta, Potters and Ruffo [21] (see also [30], [12]) where a spatial version of the
Kuramoto model is introduced:

1

K N
df;¢ = w;idt + = > sin (0 - 0;¢) ————z dt +odB;y, 20, i=1,...,N. (1.5)
) N]zl ) ) |£EZ—33‘]| )

In (L) (and more generally in (II])), the particles are still interacting on the complete
graph but the strength of interaction decreases polynomially with the distance between
particles.

System ([LH) has to be related to analogous models of statistical physics with long-range
interactions (e.g. the Ising model or XY-model with interaction in 7%, see [3] and refer-
ences therein). The influence of the spatial decay in (I.5]) on the synchronization properties
of the system (in particular the existence of critical exponents and finite size effects) does
not seem to be completely understood so far (see the aforementioned references for further
details).

Empirical measure and McKean-Vlasov limit. Note that in (IL1]), 6; € X := R™, but one
should also think to the case of X being a compact domain of R™, see for example X =
R/27Z in the Kuramoto case (L.3]). For any vectors u and v in X (or Y), |u| stands for the
euclidean norm of v and u - v is the scalar product between u and v.

We endow (L)) with an initial condition: the particles (0;0)i-1,..n are independent
and identically distributed according to some law ¢ on X. The disorder (w;)i-1,. n is a
sequence of independent random variables, identically distributed according to some law
pon Y, independently from (60;0)iea, and (B;)iea -

All the statistical information of (II]) is contained in the empirical measure of the
particles, disorder and positions (that is a random process in the set of probabilities on
XxY xS):

1

VNJ = m Z 5(9j’t,wj,:vj)7 N> 17 te [O7T] (16)

JeAN

The object of a previous work [28] was to show that, under mild assumptions on the model
(see [28], Theorem 2.18), the empirical measure vy converges, as N — oo, to the unique
solution v of the following weak McKean-Vlasov equation:

t . ~

f Fdu, = f fdu0+/0 f (%Agf FVof - {c+ f T(-,0,5)0(-,#)vs(dd, do, dj)}) v, ds,
(1.7)

for any regular test function (6,w,z) ~ f(6,w,z) and where the initial condition is

vo(dl, dw, dz) = ((df)u(dw) dz. (1.8)

The main difficulty in the analysis of (7)) is that it involves the singular kernel ¥ so
that even the well-posedness of such equation is unclear. We refer to [28] for more details.
Equation (7)) is a spatial generalization of the standard McKean-Vlasov equation in the
pure mean-field case (see e.g. [33 [I8] 27]).
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Fluctuations around the mean-field limit. The purpose of this work is to address the ques-
tion of the fluctuations of the empirical measure vy (6] around its limit v (7). We are
in particular interested in the influence of the geometry on the speed of convergence of vy
towards v.

Definition 1.2. Define the fluctuation process
NNt = aN (VNJ, - Vt), N = 1, te [O,T] (19)
where ay s an appropriate renormalizing factor.

The first contribution of the paper is to exhibit a phase transition in the size of the
fluctuation of (II)): the correct scaling ay in (LL9) depends on the value of the spatial

parameter o € [0,1) in (3] with respect to the critical value 3.

Definition 1.3 (Fluctuation renormalization). Fiz 0 < o <1 and define for N > 1

1 . 1

ax = {N A (110
N7 dfs<a<l

Let us show intuitively that Definition [[3] provides the correct scaling for (L9). The
convergence of vy towards v is due to the competition of two effects: the convergence
of the empirical distribution of the initial condition #;( and the Brownian motions B;
(which scales typically as VN ) and the convergence with respect to the spatial variable
x;. To fix ideas, set ¢ = 0 and I' = 1 in (ILI)). In this case, everything boils down to the

approximation of the integral fS #‘a dz by the Riemann sum % ij\il m A simple
J 7

|z—2;
estimate (see Lemma [3.4] below) shows that the rate of this last convergence is exactly
N'=@. Definition [3 simply chooses the predominant scaling in both cases.

This intuition also suggests that when a < %, the randomness prevails and one should
obtain Gaussian fluctuations as N — oo, whereas when «a > % the randomness disappears
under the scaling N~ and one should obtain a deterministic limit for ny. The main
result of the paper is precisely to make this intuition rigorous: we show that the fluctua-
tion process ny converges to the unique solution of a linear stochastic partial differential
equation when « < % (see Theorem [27) and that ny has a deterministic limit in the
supercritical case o > % (see Theorem 2.§)).

What makes the analysis difficult here is the singularity of the spatial kernel ¥ in (LT).
An important aspect of the paper is the introduction of an auxiliary weighted fluctuation
process Hy (in addition to ny) that is necessary to capture the spatial variations of the
system and to cope with the singularity of the weight W. We refer to Section Bl for more
details.

On the quenched fluctuations. The main results (Theorems 2.7l and 2.8)) are averaged with
respect to the disorder (w;);. Although we did not go in this direction for the simplicity
of exposition, analogous results also hold in the quenched set-up, that is when we only
integrate in (LI) w.r.t. the Brownian noise and the initial condition, and not w.r.t. the
disorder. This has been carried out in a previous paper [27] in the non spatial case. We
let the reader adapt a similar strategy to the present situation.

Ezisting literature. The use of weighted empirical processes such as Hy (see Section 2.1])
in the context of interacting particle systems is reminiscent of previous works. One should
mention in particular the articles of Kurtz and Xiong [25] 26] on particle approximations
for nonlinear SPDEs.
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The present paper uses Hilbertian techniques already introduced by Fernandez and
Méléard [16] (see also [38], 27]) who proved a similar central limit theorem for weakly
interacting diffusions without spatial geometry (that is « = 0 in the framework of (L.IJ)).
It is shown in [I6] that the fluctuations are governed by a linear SPDE and that the
convergence holds in some appropriate weighted Sobolev space of distributions. One can
see the first result of the paper (Theorem 2.7]) as a generalization of the result of Fernandez
and Méléard to the spatial case: when a < %, the spatial damping on the interactions in
(LI) is not strong enough to have an effect on the behavior of the fluctuations of the
system and the fluctuations remain Gaussian.

The supercritical case (Theorem 2.8]) may also be related to a class of models previously
studied in the literature, that is moderately interacting diffusions (see [23,34]). This class
of models also exhibits deterministic fluctuations (see [23] p. 755), but one should point
out that the precise scaling ay is not explicitly known in this case (see [23], Remark 3.15).

Comments and perspective. The main conclusion of Theorem [2.8is that, in the case o > %,

the leading term in the asymptotic expansion of the empirical measure vy around v is
deterministic, of order Nll,a. A natural question would be to ask about the existence
and the nature of the next term in this expansion. Concerning the dependence in the
spatial variable, one easily sees that the term following ﬁ in the asymptotic expansion

of % Z;V:l ﬁ is of order %, which is in any case smaller than the Gaussian scaling ﬁ
Consequently, one should expect the next term in the expansion of vy to be Gaussian, of

order ﬁ The precise form of this term remains unclear, though. Note that a similar

analysis has been made by Oelschliger in [34] concerning moderately interacting diffusions.

Another natural question would be to ask what happens at the critical case o = % (that
is when the spatial and Gaussian fluctuations are exactly of the same order). Although it
is natural to think that the correct scaling is exactly v/N, the present work only provides
partial answers. A closer look to the proof below shows that the scaling is at least %
(see Section 2.4]). To derive the correct scaling and limit for the fluctuations in this case
seems to require alternative techniques.

The behavior as N — oo of systems similar to (II]) in the case a > 1 is also of interest
and is the object of an ongoing work. The existence of a continuous limit at the level of
the law of large number is doubtful in this case.

It is likely that the results presented here should be generalized to other models of
interacting diffusions, especially to systems with random inhomogeneous connectivities
(in the spirit of [5 [7]) which are of particular interest in the context of neuroscience [6].
This will be the object of a future work.

Outline of the paper. In Section [, we specify the assumptions on the model and state
the main results (Theorem [27] and 2.8]). Section B is devoted to prove tightness of the
fluctuation process in an appropriate space of distributions. The identification of the limits
is done in Section @l Section [ contains the proofs of technical propositions.

2. MAIN RESULTS

In the rest of the paper, 7 = (0,w, z) stands for an element of X x Y x S. In particular,
for any s €[0,7T], i € AN, 75 = (0; 5,wi, z;). We use also the duality notation

N, f) = [Xxmf(e,w,m(de, dw, dz), (2.1)
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where A is a measure on X x Y xZ and (0, w,z) — f(0,w,x) is a test function on X x Y x S.
We also use functions of two variables defined on (X x Y x S)? and introduce notations for
the corresponding partial integrals: for any such function (7,7) — g(7,7), define

(9.2, ) =[9:2] Ouws2) = [ g(0.w.2.0.5.2)A(00, 5, i), (2.2)

(o /\]2(%) =[o. A]Q(é,az,i) = /XXYXSQ(H,w,:E,HN,cD,:i))\(dH, dw, dz).  (2.3)

With a slight abuse of notations, we will often drop the subscript whenever it is clear from
the context and write [-, ] instead of [-, ] , 1=1,2. With these notations, one can write

the dynamics (LLI]) only in terms of the emlpirical measure (L0
d0; s = c(0;,w;) dt + [F‘P, VN,t](ei,tawia$i) dt + dB;y, i€ An, t€[0,T] (2.4)

where [F\I', VN,t:I = [F\I', I/N,t]l stands for (Z2) with the choice of g(#,w,x,0,&,&) =

['(0,w,0,5)¥(z,#) and X == vy, Note also that the McKean-Vlasov equation (7)) may
be written as

e )= (0, P+ [ s, D) s, (2.
where, for any measure A on X x Y x S, the generator L[] is given by
LINF(7) = 5805 () + Taf (r) - {e(6,0) + [T0,A] (1)} (2.6

2.1. Decomposition of the fluctuation process.

Two-particle fluctuation process. The main difficulty in the analysis of (L9) comes from
the singularity of the spatial kernel ¥ (LL3)). In particular, if one studies the process ny
alone, one would need to consider test functions (0,w,z) — f(0,w,z) with singularities
w.r.t. x whereas the embeddings techniques used in this work require a minimal regularity
on the test functions (see Section [3.3] below). Hence, the main idea is to introduce an
auxiliary process H  in order to bypass the lack of regularity of the kernel ¥. This process,
that we call two-particle fluctuation process, is the key object in order to understand the
influence of the positions (x;,z;) of the particles on the fluctuations of the whole system.

Definition 2.1. Define the two-particle fluctuation process by

1 -
Hny=an (|A R > U (@i, 25 )0(r, 4750) ~ VNt ® Lt (\IJ)) (dr, d7), te[0,T] (2.7)
N i,jEAN
that is, for any test function (0,w,x,0,,%) = (1,7) ~ g(7,7)
1 N - -
<HN7t7 g) =aN D) Z \Il(xhxj)g(Ti,thJ) - A— Z [ \Il(xhx)g(Ti,taT)Vt(dT)
|AN| 1,J€AN | Nl €A N

(2.8)

The process Hy captures the mutual fluctuations of two particles (0;,6;) instead of
one. One can easily see that Hy captures the correct fluctuations induced by the space
variables (especially in the supercritical case o > %) taking g = 1 in (2.8]), one obtains that

(HN,tv 1> = ‘A_IN‘ ZiEAN {CLN (‘A_IN‘ ZjeAN \II(:EM:EJ) —qu’(;pi’j) dj)}v WhiCh7 by Lemmam

below and Definition [[.3] is exactly of order 1 when a > %
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What makes the use of H critical is that it enables to separate the issue of the sin-
gularity of the spatial kernel ¥ from the issue of the regularity of the test functions g:
it is the process Hy itself that carries the singularity in (x,Z), not the test functions.
Hence, we are allowed to (and we will in the sequel) consider test functions as regular as
required in all variables (6,w,x), which is crucial for the Sobolev embeddings techniques
used in th{a paper. Note that it also necessary to consider the process Hy in the subcritical

case a < 5 even if H = limy_,. Hy does not appear in the final convergence result (see

Theorem [27]).

Relations between ny and Hy. It is immediate to see from ([L9) and (2.7) that for all test
functions (7,7) ~ g(7,7)

(Hni, 9) = (N, (vne, Yg)), te[0,T], (2.9)

where by (nn:t, (vne, Yg)) we mean (nn4(d7), (vns(dr), U(z,2)g9(7,7))). A natural
question would be to ask if an equality similar to (2.9) holds in the limit as N — oo

(He,9) = (ne, (e, Wg)), te[0,T], (2.10)

for any possible limits Nyt = Nooo T and Hyt = Nooo Hi. Supposing that (2.10) is
true, a consequence is that the limiting process H becomes a posteriori useless for the
determination of 7: we will show in Theorem 2.7 (see also Remark [£I0]) that, using
(210), one can characterize the limit of 7y as the unique solution to a linear SPDE (2.30))
involving only 7 and not the auxiliary process H.

Equality (2ZI0) is certainly true in the case without space (that is the case considered
in [16], 27], equivalent to o = 0 in (LI])). One result of the paper is to show that (ZI0])
remains true in the subcritical case 0 < «a < % (although the proof for this equality is not
straightforward, see Section [£.4] and Proposition [£.9)).

On the contrary, we will show that (Z.10) does not hold in the supercritical case o > %:
the limiting processes n and H found in Theorem 2.8 lead to different expressions in
(ZI0): when g = 1 in (ZI0), one obtains that (H:, 1) = (Ho, 1) = x(a) # 0 (see (238)
and (L3)). On the other hand, (v, ¥(-, %)) = [s ¥(z,Z)dz is a constant C' (equal to %,
recall Lemma [34]) and we see from (2.38)) that (n;, C') = 0.

The reason for this difference is that, when a > %, the predominant scaling (i.e. N1%)
comes from the rate of convergence of the discrete Riemann sum \A—IN\ Yjeny Y(xi, x5) to-
wards the integral [qU(z;,#)dZ (Lemma B4). This scaling is strongly related to the
singularity of the kernel W: if we had replaced ¥ by a regular (e.g. C!) function, the

rate of convergence of this Riemann sum would become % and the predominant scaling

of the whole system would still be \/N. If one naively replaces in (Z9) the empiri-

cal measure vy by its McKean-Vlasov limit v, the singularity in space disappears: the

function & ~ (v, ¥(-,2)g(-,7)) is continuous (provided g is). In particular, in (2.9]),

the term (nn., (v, ¥g)) does not contribute to the scaling N'®. It only appears in

(nnt, (Nt —ve, Ug)), which is a function of Hy ¢ but not of 7y alone. Hence, there is
1

no hope to have a closed formula for n when a > 5: we obtain as N — oo a system of

coupled deterministic equations in (7, ), see (2.33]).

Semi-martingale representation of the fluctuation processes. The starting point of the anal-
ysis is to write a semi-martingale decomposition for both processes ny and Hy. We see in
(2:I0)) the use of the process H: the singular part in the semi-martingale decomposition
of ny is completely expressed in terms of Hy.
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Proposition 2.2 (Semi-martingale representation of ny, 5). For every test function (6,w,z)

f0,w,x), for all t €[0,T], one has

t t
(v, D)= (vcos 1)+ [ o LIvdf) ds+ [ (e, @07 ds+ MUys (211)
where L[vs] is the propagator defined in ([2.0) and

O[f1(r,7) = @[ f1(0,w, ,0,0,%) = Vo f (B,w,x) -T(0,w,0,0). (2.12)
and where the martz’ngale term is given by
MO f = 2 S [0 f () ABy, te[0,T] (2.13)
ZEAN

Proposition 2.3 (Semi—martingale representation for Hy). For any reqular and bounded
test function (7,7) = g(7,7)

t t t
(e )= (Mo, 9)+ [ (Ho, Zog) ds+ [ Fagds+ [ Guagds+ Mg, (219)

where

Zog(7,7) = LD g(7,7) + LD g(7,7) (2.15)
for
1
LW g(r.7) 1= S8 59(7.7) + Vog(r.7) - {e(0.w) + [TV, 3] (1)}
+V59(1,7) - {e(0,) + [['0,v] (7)}, (2.16)
33(2)9(7—77:) = <V87 W(,.’L’)V@Q(,T)) 'F(G,Q},é,d)), (217)
where the remaining terms Fiy and Gy are
FN,sg = (HN,S ) veg(T77-) : [P\Il7 VN,S - VS] (T)> (218)
GN,sg = <HN,S ) <VN,5 — Vs, qf(,ﬂ?)VéQ(,T)) ' F(Q,w, é,(:))) (219)

and the martingale part Mg{t) s given by

H CLN
5\772 |AN| ]EA f veg(TZ S)Tj S)ql(l;z,x]) dB] st
L,jeAN
an t1 . ) i
2 f Z veg(Ti,SaTj,s)‘P(l‘i,l‘j)—/Veg(Ti,s,T)\I’(:Ei,x)ys(dT) - dB; s
ANy Jo \IAN] ;&R

(2.20)

The proofs of Propositions and [2.3] are given in Section [5.Il The whole point of the
paper is to take the limit as N — oo in the semi-martingale decompositions (2.11]) and

2.14).
2.2. Assumptions. Define the following integer
P:=m+n+1=dim(XxYxS§). (2.21)

The local dynamics term (6,w) ~ ¢(8,w) in ([I.I]) is supposed to be differentiable w.r.t.
(6,w) up to order 3P +9 and satisfies a one-sided Lipschitz condition w.r.t. €, uniformly
in w:

sup{(@ 0)-(c(0,w) - c(f,w))} < L|9 - §|2, (0,0) e X? (2.22)

weY
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for some constant L. We also suppose that (6,w) — ¢(f,w) and its derivatives up to order
3P +9 are bounded in 6 with polynomial bound in w: there exist « > 1 and C > 0 such
that for all differential operator D in (0,w) of order smaller than 3P +9

sup|De(0,w)] <C(1+]|w|), weY. (2.23)
0eX

The interaction term I' in (1) is supposed to be bounded by | I'|_ , globally Lipschitz-

continuous on (X x Y)?, with a Lipschitz constant | T' Lip and differentiable in all variables
up to order 3P + 9 with bounded derivatives. We also require that

> sup (/ |D§ ,T(0,@,0,w)| dé) < +00. (2.24)
k] < 2P+3 0w, \IX

Define the following exponents (where ¢ is given by (Z.23))

7 := max (P,ng +L) +1, (2.25)
k:=m+1and k= Kk + 27, (2.26)
vi=n+2+1and 7:= ¢+ 2. (2.27)

The law ¢ of the particles (6;0)ier, is assumed to be absolutely continuous with respect
to the Lebesgue measure on X = R™ and its density (that we also denote by 6 — ((6) with
a slight abuse of notation) satisfies the integrability condition

dp > m, /XC(H)*” df < +oo0. (2.28)
We also assume that ¢ and p satisfy the moment conditions
fx 0% ¢(df) < +00 and fY ¥ 1 dw) < +oo, (2.29)

where (F,7) are given in (2.20) and (Z27). In what follows, we denote as E(-) the expecta-
tion with respect to the initial condition 6; ¢, the Brownian motions (B;) and the disorder
(wi) (i-e. we work in the averaged model).

2.3. Estimates on the McKean-Vlasov equation. We first recall some results con-
cerning the continuous limit (7). The crucial object here is the nonlinear process as-
sociated to the McKean-Vlasov equation (L7) [39, 28]. The following result is a direct
consequence of [28], Section 3.2:

Proposition 2.4. Under the assumptions made in Section[2.3, there is pathwise existence
and uniqueness of the solution (Hf’w,w,a;)te[oﬂ of the monlinear system

0, = 0o + /Ot (c(éﬁ’w,w) + [F\I’,/\s](éf’“,w,:n)) ds + By,
A = AP (d0)p( dw) da, te[0,7T]. (2.30)
A9 (d0)p(dw) s the law of (7, w),
satisfying sup, < 7 [ (|0|8R v |w|8[) At(dl,dw, dx) < +oo, where K and © are given in (2.20)

and (Z.27).

Proposition 2.5. Under the hypothesis made in Section[2.2, there exists a unique weak
solution t — vy in C([0,T], M1(R™ xR™)) to (L7 satisfying

sup / (161 v [w*) v(d6, dw, dz) < +oo.
t<T
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Moreover, there exists a continuous measure-valued process t — & on X xY such that
v(df, dw, dz) = &(df, dw)dz, te[0,T]. (2.31)

The process & admits a reqular density (t,6,w) — pe(0,w) with respect to d ® pu(dw)

&(df, dw) = pi(0,w)dOu(dw), te[0,T], (2.32)
and this density p satisfies the a priori estimates:
1 L
0 < pe(0,w) g%, weY, te(0,T] (2.33)
1 L
|divgpi (0, w)| < i |+w1| , weY, te(0,T], (2.34)
t¥ots

for some 0 < g < %

The proof of Proposition is postponed to Section

Proposition 2.6. The particle system (L)) and the non-linear process [230) satisfy the
moment conditions

— — 8_
sup sup E ( sup |9i7s|8“) <+o0o and E ( sup sup|0§‘ K) < 400, (2.35)
N > 1ieAn s<T s<T zeS

where K is given in (2.20]).

Proof of Proposition [Z.6. The estimate on the nonlinear process @ is a direct consequence
of Proposition 2.4l The same estimate for the particle system is standard and left to the
reader. ([l

2.4. Fluctuations results. We prove the convergence of the fluctuations processes in
appropriate Sobolev weighted spaces of distributions V and W that are defined in the
next section, using Hilbertian techniques developed by Fernandez and Méléard in [16].
We only state the result here and refer to Section [B.3] for precise definitions of these
spaces.

Fluctuation result in the subcritical case a < % The first main result of the paper is the
following (recall the definition of the propagator L[vs] in ([2.6)):

Theorem 2.7. Suppose a < % Under the hypothesis of Section[2.2, the random process

(nN)N > 1 defined by (L3) converges in law as N — oo to 1€ C([0,T], VE. XY solution

-2(P+2)
mn Vif( P+2) to the linear stochastic partial differential equation
¢
e =70 + fo Lingds+ MM te[0,T] (2.36)
where
ﬁsf(ev("-)?x) = L[Vs]f(67w7x) + <V87 v@f() F(? -,H,w)\I/(-,a:)) ) (237)

Mo is a Gaussian process with explicit covariance given in Proposition [{.1] and M s an
explicit martingale given in Definition[{.24 no and M are independent.
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Convergence result when o > % The second main result concerns the fluctuations of (L))

in the supercritical case. For technical reasons (see Section[4.5)), in addition to the assump-
tions of Section [Z.2] we restrict here to the case where X is no longer R™ but a compact
domain of R™. The example we have particularly in mind here is the Kuramoto case where
X =R/277Z. We also suppose that the support of the distribution y of the disorder is com-
pact. These further assumptions are made in order to ensure uniqueness of a solution to
[238) below, due to the nonstandard nature of the operator .Z; (see Section [A.5]).

Theorem 2.8. Suppose o > % Under the hypothesis of Sections[2.2 and[2.4), the random

process (NN, HN)N > 1 converges in law as N — oo to (n,H), solution in C([0,T], Vg&f:;)@
W%;E’]f:;)) to the system of coupled deterministic equations
t t
ng = / L[VS]*nSderf O H, ds,
0 0 tef0,77], (2.38)

t
Ht=7'l0+f0 f;%sds,

where Ho is a nontrivial initial condition defined in Proposition [{.1) and L{vs]* (respec-
tively ®* and £ ) is the dual of the propagator L[vs] defined in (2.6 (respectively of the
linear form ® defined in [212)) and the linear operator £ defined in (2.15])).

Remark 2.9. The assumptions of Theorems[2.7 and[2.8 do not cover the case of FitzHugh-
Nagumo oscillators (that is when only a one-sided Lipchitz continuity on ¢ as in ([2:22))
and polynomial bound on c is required). A careful reading of the following shows that the
tightness results (Theorems and are indeed true in the FitzZHugh-Nagumo case.
The restrictive conditions of the paper are only required for the uniqueness of the limits.

Comments on the critical fluctuations a = % In the critical case o = %, it is expected that

the correct scaling is ay = VN although the techniques used in this work do not seem
to make this intuition rigorous. Nevertheless, a closer look at the proofs below shows the
following partial result

Proposition 2.10 (Critical fluctuations). When « = %, under the assumptions of Sec-

tion[Z.3, the following convergence holds in C([0,T], V=750,

—2(P+2)
N
% (v -v) =0, as N — oo. (2.39)

3. TIGHTNESS RESULTS

This section is devoted to the tightness of nx and Hy, based on their semi-martingale

decomposition (2.I1)) and (2Z.14).

3.1. First estimates on V.

Lemma 3.1. There exists a constant C' that only depends on o such for all (z,y, 2)

|\If(3;‘,y) - \II($7z)| < Od(yvz) (d(a; ;)a+1 + d(w i)oﬁl ) ’ (31)

Proof of Lemma[31] Straightforward (see for example [20], Lemma 2.5 for a proof). O
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Lemma 3.2. For all 5 >0, there exists a constant C' >0 (that only depends on [3), such
that for all N > 1, for all i€ Ay,

. .\ -8 N ’lf 0< ,8 < 1,
J ¢ .
d(—,—) <C-{NInN iff=1, 3.2
jeA%jm’ 2N 2N NB ;g >1 +
Proof of Lemma[3.2. This lemma has been proven in [28], Lemma 6.1. O

Remark 3.3. An easy consequence of Lemma that will be continuously used in the
following is that, since o€ [0,1),

sup sup U (x;,x;)<+o00. 3.3
N > 1ieAy |AN|j§N (@i,2) (3:3)

The following (very simple) lemma is at the core of the difficulties of the paper: the

rate of convergence, as N — oo, of the Riemann sum associated to the function x — m%
to its integral is N'~® which is in particular smaller than the Gaussian scaling VN, when
1

OZ>§.

Lemma 3.4. For alla€[0,1), N > 1 and i€ Ay, the quantity

1
Nl—a(_ 5 \If(aji,xj)—[\lf(:ni,:i)dﬂ?) (3.4)
|AN| jeAn S
is independent of i € Ay and converges as N — oo to a constant x(«) # 0 (that depends
only on ).

Proof of Lemma[37) From the definition of d(-,-) in (L2), a direct calculation shows that

fS U (x;,2)dZ is actually independent of i € Ay and equal to % Moreover, one directly
sees from (L.2]) that IA_lN\ Yieny Y(wi, x5) = N21_(ia (Z{f:l k%) - % By a usual comparison

with integrals,

N1 N1 L1 1 =
= —dt + —
Z::k; fl o T3 T oNe /0 ( ) (u+k)a+1

=1
Nl 1 1 1 1( 1)N1
0 2

= +
l-a 1-a 2 2N«

(u+ l<:)0‘Jr1

Defining C(«) := —ﬁ + % - fol ( ) i W du # 0, one obtains

N 1 Nl—a 1 1 1\ *= a
E g [ ) E e
Zk:a 1-a (Oé)Jr2NaJr o 72 k;\,(u+k‘)a+1 “

Consequently,
a-1
N Y
22 2°C() | 2° 207!
= r —
- Nia " Nia VTN
where ry - 0 as N — co. Lemma [34] follows with x(«) :=2°C(«). O

1 9 lea
m Z \I’(Zﬂi,xj):m(l_a +C(a)+rN)—

JeAN
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3.2. Estimates on the nonlinear process. The tightness result is based on a coupling
argument: for all i € Ay, define the nonlinear process 6; associated to the diffusion 6;,
with the same Brownian motion B;, initial condition 6; ¢, disorder w; and position x;:

_ t _ _
91'715 = 91'70 + A {c(@i,s,wi) + [F\IJ,I/S:I(HLS,WZ',:EZ')} ds + Bi,t, te [O,T], 7€ AN. (3.5)

Remark 3.5. Note that, due to the rotational invariance of S, the function (0,w,z)
[TV, 4] (8, w,x) is actually independent of x (see (5.8)), so that the definition of ; (con-
trary to the the microscopic particle system 0; y in (2.4])) does not depend on the position
;. But we keep this dependence for consistency of notations.

The following proposition quantifies how good the approximation of 6; by 6; is:

Proposition 3.6. Recall the definition of the scaling parameter ay in (LIQ). There exists
a constant C' >0 only depending on T, ¢, I' and ¥ such that

_ C
E(max sup |9,~7t - 9”‘8) <5, N2>1 (3.6)
ieAN ¢ <T AN

Proof of Proposition is given in Section [5.3

3.3. Weighted-Sobolev spaces. We introduce weighted spaces of distributions [16] 27]
for the study of processes ny and Hy. The definitions are given in two steps, since 7y
acts on test functions of one variable 7 — f(7) whereas Hy acts on test functions of two
variables (7,7) = ¢(7,7). The only thing that differs from the usual Sobolev norm is
the presence of a polynomial weight made necessary for the control in (LI]) of the term
(0,w) — c(f,w) on Xx Y.

Sobolev spaces on X x Y xS. Recall the notation 7 = (0,w,z) € Xx Y xS and the definition
of k, ¢ in (2Z23)) and of P in [Z21)). For all [,I’ > 0 and p > 0, define the norm |- |, » over

test functions 7 — f(7) by
1
pirf Y
” f ||p,l,l’ = ( Z f | 1 ‘l’ 9 dr ) (37)
k<p? (L+[0] +wl")
where, if k = (ki,...,kp) and 7 = (0,w,z) = (0D, ...,00 MW ™ ) we define

k| == X2, ki and DEf(7) := 85(11) ...85(’””1)85’{{;1 ...85%"8’;13]‘"(7). Denote by Vﬁ;l’ the com-
p,l,l’)

pletion of regular functions with compact support under the norm |-, ;; (Vé,’l,a I-
Denote as C;;l’ the Banach space of functions f with continuous derivatives up to order

is an Hilbert space. Denote by Vﬁg, its dual, with norm | -|_,, .

. |DE £(0,w,7)] . .
p such that limg|, |y e SUPes TRl 0, for all |k| < p. Endow this space with the
w
norm || . given by
,, [Dkf(7)
T
| £l i= S sup—— 3 (3.8)
RN R Y )

One has the continuous embedding (see [2] or [16] Section 2.1):
Vi o e >0, g> P2, 11 >0, (3.9)

S Vi N SN N AN 1 (3.10)
r r 2 2
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and the Hilbert-Schmidt embedding

VL o VIRIE >0 g > PJ2, k> PJ2, 11 > 0. (3.11)
The corresponding Hilbert-Schmidt embedding holds for the dual spaces:
vitklk Vﬁ’('w), r>0, q>PJ2, k>PJ2, 1,I' >0. (3.12)

Sobolev spaces on (XxY xS)2. We now define similar Sobolev spaces for test functions of
two variables (7,7) — g(7,7). For all [,I" > 0 and p > 0, define:

D=

‘DkDTg(TT)| 5
T I e reeanaal I (3.13)

|kl +|E| < p

lg

and
|DEDEg(r,7)|
= e A 3.14
l9l e 2, sup w(r, 7,107 (3.14)

|kl+|k|<p ™7

where the weight w is given by

w(r, 7, 0,0) = (1[0 4 1017) (1+ el + 21" (3.15)

Define similarly (Wi,’l,, [ -

spaces. We use for simplicity the same notations for the norms in Sections [3.3] and B.3]
since the distinction between both cases will be often clear from the context. Similarly,
one has the embeddings:

parr)s (W) and (G5 o) the corresponding
P

Ly L
Wy = Coy o
! !
Cl o WEN
INA 4
Wil o WERIER >0, g> P k> P, 11 >0,

Wl_?k’lurk W”(q+r)= r=0,q>P, k>PIlI'>0.

0, ¢>P, 1,I' >0, 3.16
3.17
3.18

3.19

Z
>0, k>m+1, K'>n+l,

(3.16)
(3.17)
(3.18)
(3.19)

For the proof of tightness of (ny,Hy) and the identification of its limit, we will need in
Section [ several instances of the spaces V and W, for different choices of the Sobolev
parameters (p,l,1"). In the rest of Section [3, we work with general parameters and the
precise values of the parameters will be specified in Section [l

Definition 3.7. Fiz two integers kg =0 and g > 0 and define (recall ([2:25]))
(k1,01) = (Ko + 7,0 +7)- (3.20)

Note that the definition of (kg,%1,t0,t1) ensures that the Sobolev embeddings (B.11]),

BI2), BI8) and BI9) are true with [ = kg, I’ = 1o and k = v (provided the regularity
index g is such that ¢ > P).

Continuity of linear forms. We place ourselves in the context of test functions of two
variables (Section [3.3]). Define the following linear forms describing the variations of the
test functions with respect to either (6,w) or to the space variable x.
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Definition 3.8 (Continuity in 0). For fized 7 = (0,w,z), 7 = (0,0,%) e Xx Y xS, and
w, 7 € X, define the linear forms:

Rrzni(g)=9(0,w,2,0,0,%) - g(r,w,x,7,0, &), (3.21)
Sr#(g) = g(7,7), (3.22)
Tr7(g) = diveg(7,7) + divgg(r,7), (3.23)

Definition 3.9 (Continuity in z). For any a,b € S, A subinterval of S, 7 € X xY x §,
N>1,ieAn, (t1,...,78) € (XxYxS)N, r=1,...,m, £ e My (XxY), define the linear
forms

Z/{(g) = u‘r,a,b,A,ﬁ(g) = A \Il(b’ j) / (9(7—’ év‘:}’ a) - 9(7—7 é,@, j)) é( dé’ d(IJ) djv (3'24)

V(9) = Vn,ir(g) = ﬁ > Oy 9(Te, i) U (@, ), (3.25)
keAn
W(9) = Wh,ire(g) = f D 9(7i, 7) ¥ (2, 7)E( D, d) d. (3.26)

Proposition 3.10. For all 7,7, 7,7, for any q > P +2, the linear forms of Definition[3.8

. K1.L .
are continuous on Wq" | with norms:

H ,R’Tﬂ:ﬂﬁﬁ H*Qw‘il,bl < C (le - 7T| + ‘é - 7?‘) X’ihbl (7-7 7:7 Up ﬁ')v
| S,
KL
where w is defined in [3.I5) and

Xngun (T, 7y, @) = 14 |0 + |01 + )™ + |7 + |w] + @] (3.27)

N

gy S Cw(r, 7K1, 0),

< Cw(r,T,K1,11),

and where the constant C' is independent of (1,7, m, 7).

Proof of Proposition [0l We prove the first estimate of Proposition B.I0l Fix g regular,
with compact support in (0,w,8,®).

- m
R:7x#(9) < (‘6 - 9| + |- 7~T|) sup Z (O, g(u,w,z,v,0,%) + Oy g(u,w, z,v,w,T))|,
u,v =1

<C(|10-0]+ 7 = #) Xocs o (1.7, 7, 7) [ g [ o1

g (Y BI6))

where the supremum in the first inequality is taken over |u| < |6] + ‘§| and |v| < |7]+|7|
and where the integer P is defined in (Z2I]). The result follows by a density argument.
The proofs of the estimates on S and 7T are similar and left to the reader. O

< C (‘9 - é‘ + |7T - ﬁ|) X/i17L1 (T77-77T77?) H g

Proposition 3.11. For any q > P + 2, the linear forms of Definition are continuous
on Wy in the sense that

Ul g < COLIE ki) supla-al) [wyaz, @29
Y zeA A
C
IV grrn < 7o > w(Tg, iy k1, 01) ¥ (@, 25), (3.29)
|AN| kJEAN

IW g SC [ w(Fmim1,0)(d0, d). (3.30)
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Proof of Proposition[3. 1]l Using the moment estimates of Proposition 2.6]
U< [ 2.0 [ (970,300 -9(7,0.2.) (00, )| @z
<Cliglepn [ w(rra,n)¢(dd, dz) [ 0(b,3)]a-3] dz,

o (1+16]"" + |w[*) (sug |z — a|) A U(b,z)dx.

Te

<Clyg

The proof for ¥V and W are similar and left to the reader. O

3.4. Tightness criterion. We prove tightness for both fluctuation processes ny (9] and
Hy [27) in suitable V and W defined in Section 3] We recall the tightness criterion
used here ([22], p.35): a sequence of (Qy,Fn+)-adapted processes (Yy)n 1 with paths
in C([0,T'], H) where H is an Hilbert space is tight if both conditions hold:

(1) There exists an Hilbert space Hy such that Hy - H (with Hilbert-Schmidt injec-
tion) and such that for all ¢t < T,

sxpE (I'Yne ) < +oo, (3.31)
(2) Aldous condition: for every e1,e5 > 0, there exists sp > 0 and an integer Ny such
that for every (Fn)-stopping time Ty <7,

sup sup P(| Yn,ry = YN ryes |y = €1) < eo. (3.32)
N > s< 80

3.5. Tightness of the two-particle fluctuation process.

Boundedness of the fluctuation process.

Proposition 3.12. Under the assumptions made in Section[2.2, for any ¢ > P + 2,

sup sup E (H HN H%q,m,u) < +00. (3.33)
I<Nt<T
Remark 3.13. We deduce from ([B.33)) that sup; < y4 <17 E (H Hne %q . Ll) < 400, which

is the main estimate that we use in the following. A fourth moment estimate is only needed
i Proposition [3. 16l

Proof of Proposition [3.12] is given in Section [5.4]

Proposition 3.14. Under the assumptions of Section[2.2, the linear operator &5 defined
in (ZI5) is continuous from W', to Wy - there exists some constant C > 0, such

q+P+2
that for all g € W00

q+P+27
H D%g q,k1,t1 < C H g Hq*—P+2,HO7LO . (334)
Proof of Proposition [3.17] The first term %Ae 59 in Zg clearly satisfies (3.34). We con-
centrate on the second term (7,7) = Vgg(7,7) - c(0,w): since || Vog(7,7)c(0,w) Hz,m,u =

DEDE(Vpg(r,7)e(0,0))|” .. . .
Z|k|+|,;| <q / | Tu(,(: ii::};g w))| drd7, it suffices to estimate the quantity

|D1V@Q(T, 7-)|2 |D20(97 O'))|2
’LU(T, 7:7 K1, Ll)2

drd7,
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for all differential operators Dy and Ds of order smaller or equal than ¢q. Namely,

|D1Vog (7, 7)|* | Dac(8, w)I? drds = D1Vog (7, 7)* [Dac(0, @) w(7, 7, Ko, o)
w(T,7,K1,0)? w(T, 7, Ko, to)? w(T,7,K1,01)?

2 |D26(07w)|2 ZU(T,%,K/(),L())2 ~
<lg ”C«?fibo / w(T,7,K1,01)? ardf,
(3.35)

drd7,

2
q+P+2,k0,L0

<Clyl

thanks to the embedding (3.16) and by assumption on ¢ (recall (2.22))). Note that the
definition of v in ([2.25]) ensures that the integral in (8.35]) is indeed finite. The third term
in 2I8), (7,7) = Veg(7,7) - [TV, 4] (7) can be treated in the exact same way, observing
that [I'W,v,] (7) is actually independent of the space variable z (see (5.8])). It remains to
treat the last term (7,7) — (1/5, \If(-,x)vg~g(-,7')> T(0,w,0,&). For all 7= (0,w, ),

(v, W(2)Va0(,0) = [ (o) [ V40(m.6.9.0.0.2)6(dr, dg)ay,
= [ o) [ Vao(m6.2 4 0,0, 0)¢(dr, do) dz,

where (recall (I.2]) and (L3)
p(z) :==min(|z],1-]z])™™ (3.36)

belongs to L'(S). In particular, for any differential operator D (acting on (#,w,z)) of
order smaller or equal than g,

|D(Vs, \I’(',ZE)VG“Q(',T))‘ = fSp(z) fxxyD[Vgg(w,gb,z+x,9,w,x)]£s(d7r, do)dz,

Clgleropa ol [ L+ +1070) (1416 + [ol) £,(dr, do),

<
<Clyl (L+1017 +[wl),

q+P+2,k0,L0
since & has finite moments of order kg in 6 and ¢y in w (recall Proposition 2.6]). Since

I'(+,-) is supposed to be regular and bounded as well as its derivatives (recall Section [22),
it suffices to estimate,

2
[D{vs, WC2)VagC DN > (L0 +fwl0)?
/ ~ 2 drd7 < c H g ||q+P+2,no,L0 ~ 2 dr dT,
W(T,T,Hl,Ll) U)(T,T,Hl,bl)
2
< C H g Hq+P+2,li(),Lo .
This concludes the proof of Proposition [3.141 O

Proposition 3.15. Under the assumptions of Section[2.2, for any q > P+2, ® defined in
212) is a continuous linear operator from V';f:’ﬁb to Wy, i.e. there exists a constant

C'> 0 such that for all f € V775,

” él:f] Hq7f€1,01 g O ” f ”q+P+27’€O+LO . (337)

Proof of Proposition [3.15. Straightforward, since by assumption, I' is bounded as well as
its derivatives. O
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Proposition 3.16. For any q > P + 2, the remaining terms Fn and Gy in the semi-
martingale decomposition (2ZI4) of Hy converge uniformly in time to 0, as N — oo, in
WELY : more precisely, there exists a constant C' > 0 such that

-q
C
SupE(H Frny? )< —, (3.38)
N
C
supE HGNt o ) < = (3.39)
( —q,K1, 1) a?\f

Proof of Proposition [310. Writing explicitly Fjy and Gy from their definitions (2.I8]) and
219) gives:

1
Fnig=— > [TV, vns— 1] (7i4)
|AN| €A N
(3.40)
1 - - -
an | — > V(wi,x;)Vog(Tis, Tje) - f U(x;, T)Vog (i, T)ve(dT) | 1
|AN| jeAn
1
GNig = —— Z <VN,t -V, ‘I’(wiﬂz’)vgg(',n,t))
|AN| ’iEAN

{aN(AL Z \Il(xhxj)r(oi,tawhej,tawj)_f\Il(xi7i')r(0i7t7wi76~7d})yt(d%))}'
| NleAN
(3.41)

For all 7= (8,w,x) e Xx Y xS, define the linear form Fy ,; by

fN,T,tg =an (lA—1N| Z \I’(.’I’,.’I’j)V@g(T, Tj7t) - f \Il(xvj)VGQ(va-)Vt(d%)) . (342)

JjeANn
Hence,
1 2 2
E(| Fy:l?,) < —— a2 BUT e =) Gl [ P ,)
ZEAN
1 4\ L 4 (1
<= 2 BT, v -] (i) D7 B(| Fre |7
|AN| €A N

by Cauchy-Schwartz inequality. By the same procedure as in Proposition [3.12] in Sec-
tion 5.4] (note that the structure of Fi r,, ¢ is very similar to Hy, recall ([2.8])), it is easy
to show that

C
sup sup E(|[F\I/ UN — V) (Tit)| ) S A
t<TieAy an

Sup sup sup E(H FNrigt H )<+oo
N>1t<TZ€ N

Hence, ([3.38)) easily follows. The same argument holds for G . Proposition B.I0lis proven.
]

Proposition 3.17. For any q > P+2, the process MS\?{) defined in [220)) is a martingale
with values in WT}]’“ and there exists a constant C' >0 such that

tSEI%E (H M(%) H qm’“) < C’&—il. (3.43)
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Remark 3.18. Due to the embedding B.19), one has | -[_(,1pi2)moue < C 1 1_gn1,m0 SO

that every estimate (especially (3.38), B.39) and [3.43)) involving the |-|_, ., , -norm is

also valid for the || ||_(,: ps2) xg ..o -OTM.

Proof of Proposition [3.17 For any test function f,

H an
|M§V,t)g|\ — f V@Q(Tzsﬂ']s)\l"(xzax]) dB]s
|AN| 1,J€AN
a—N / VGQ(TZS,TJS)‘IJ(xZa%) dB; s
|AN| Z]EAN
S5 [ Vo DU 2 (0) - By,
|AN|26A

- el

We only treat the first term MSV +g, the other two being similar: using a complete orthonor-

mal system (¢p)p>1 in Wy (We drop the dependence in k1,1 below for simplicity), we
have successively

p=>1

(e |41 (e T sl ) < m{egleaef)

Z E(|M( Tgpp‘ ), (by Doob’s inequality),

p>1
ay
T > W(ws,xy) Y (wg, x;)
IAN|" i j Ay
1 1
T 9 2 ) 3
/ E Z‘Vé‘tpp(”,sﬁj@)l E Z|V§<,0p(7'k,s,7'j7s)| ds
0 p=1 p>
ay
T > U(wi,xy) W (wg, x)
|AN| ijdeehy
1 1
2 \2 2 \32
0 H Ti,syTj,s ,q) E(H ﬁk,syTj,s _q) d87 (344)
T
<O S W(ana) W) [ B (7750 B (07 75.)) ds
|AN| i i kA 0
(3.45)
a2 a2
<SC—Lo 2 W(wg, )V (a,25) < A, (3.46)
IANT" i j AN |AN]

where we recall in ([8.44)) the definition (3.23]) of the linear form 7, where we used Propo-

sition BI0 in (B:45]) and Lemma B2 in (B:46]). This concludes the proof of Proposi-
tion B.171 O



20 ERIC LUCON! AND WILHELM STANNAT?3

Proposition 3.19. Under the hypotheses of Section[2.3, for any ¢ > P+2, the two-particle

fluctuation process Hy belongs uniformly to WH??PQ)

sup E(

sup f-m,bo) < +00. (3.47)

t<T

K0,L0

Proof of Proposition[3.19 Let (1), >1 be a complete orthonormal system in Wq Vg
Then, for all p > 1

t t
<HN7t,wp>2<c(<%Nvo,wp>2+T [ O, Zaoy ds+T [ [Fw sl ds
0 0
t 2 My, |2
+Tf0 G st ds + | MU, )

so that, by Doob’s inequality,

E( 2 sup <HN,t7 %)2) < C( ( 2 <HN07 ¢p ) +Tf ( <HN,37 fswpf) ds
p>1t<T >1 p>1
+Tf (p>1|FNs¢p )ds+T/ (p>1|GN,s¢p|2) ds

+E( 5 M \))
p>1

Since E (Supt <7 Hnye ”—(q+P+2),no,Lo) < E(Z,s1sup < p(Hny, ¥p)°), we obtain from
the previous bound that

T
E (tSEIC)F | Hue H2(q+p+2)7,€w0) < C(E (H HNo Hg(‘]+P+2),Ho,L0) + T[O E( gl (Hns, gsqpp)2) ds
X p/

7 ['E \MWA<wmmmm)®

+T / ) ds

+EUV“”H ))

(g+P+2),K0,t0
(3.48)
Using (3:43]) and Remark B.I8] one obtains that

sup E (H M(H) H ) < 400, (3.49)
1< N (q+P+2) K0O,L0

and using (3.33]), one obtains a similar bound for the initial fluctuations

2
1SEI])VE (H fHN,O H—(q+P+2),no,Lo) < +oo. (350)
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Moreover, if one introduces the linear form ¢y s : ¢ = (Hn s, Z51), we see from Proposi-
tion [3.14 that £ s is continuous on W g, p.2) xo,.,: indeed, for all 1 e W . p. 9y

[l < s ‘—q7f€1701 | Zsv H‘L“l,bl )
< C H HN’S ‘—q,nl,u H w Hq+P+2,I€0,L0 ? (tha‘nks tO (m))

K0,L0

In particular
E( Z <HN78 9 9%1/}]7)2) = E (H €N78 ‘|%(Q+P+2)7HO7LO) 9

p=>1
‘2
—q;K1,t1 )7

< C sup sup E(H HN,s Eq,m,u) < +oo, (by 333).
I<Ns<T

Putting the previous estimate as well as (3:38)), (3:39), (3:49) and (350) into (3:48]), one
obtains the result (3.47]). Proposition B.19]is proven. O

< CE (| H.s

The rest of this section is devoted to prove the tightness of the two-particle fluctuation
process Hy. We follow here the lines of [16] 23, 27].

Proposition 3.20. For all ¢ > P +2, for every N > 1, the trajectories of the two-particle

fluctuation process Hy and the martingale ./\/lg\?,-l) are almost-surely continuous in W';f’li‘i&.

Proof of Proposition [3.20. We only prove the result for Hpy, the proof for Mf,{) being
similar. Using again a complete orthonormal system (), >1 in WZE}Z&Q, we know that,
thanks to the proof of Proposition B.19], with probability 1, for all € > 0, there exists pg > 1
such that ., sup; < 7 (Hnt ¢p)2 <& Let 0<t<T and t,, a sequence converging to

t, as m — oo. Then,

| HN e — Hiy %(q+p+2)’no’bo = gl (HNtm — HNt s 1/11,)27
p =
Po
<0 (Mt = s ) 42 0 (Hvtn s ) + (Hives ¥)°)

P>po

p=1
Po ¢

< Z (HNt — HN S %)2 + 3 <eg,
p=1

for t,, sufficiently close to ¢ (by continuity of the map t — (Hn ¢, 1) for all p<pg). O

0,L0

(q+P+2) and in this space

Proposition 3.21. The process Hy is a semimartingale in W"

t t t
Hve = Huo+ fo LMy ds + fo Fy.sds+ fo Gsds + M(Y, (3.51)

where L is the adjoint of Zs and ./\/lg\?,-l) is a martingale in W'f?(’;fP+2) with Doob-Meyer

process ((Mg\?,{)» with values in L(WZE}@%,W'_{‘E(’ITPQ)) is given for every o, 1 € W;f}é‘lz
by

a? t
(M) (@) = (Mo METw), = 2 | b)) ds, (3:52)
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where for any measure X on X x Y xS (we recall Z3) and write § = (61, ... 60™) e X),

s ) = 3 [ [0 )8, () [0 ). ], (DA(7)

3 [ B (r A U ), ()M (Ar)A(07)
- (3.53)
; Zlfa@mzp(f F)U (2, 7)) (7, )A(dr)A(dF)

+7~Z:1f€NS(T gp)e(r)s(T,ij)))\(dT)

and

(T 5 Oy e(n, 1) () = [ Qo p(r )W, B)s(4F). (354)

) =

’ |A |]€AN

Proof of Proposition [3.Z1l Tt is a simple adaptation to our case of [I6], Proposition 4.5.
We refer to it for details. Note that, using the independence of the Brownian motions
(Bi)ieAy , one has

2
H H
(M( ) M( )¢>t N Zf 89(7)(10(7—1877—]S)\Ij(x27$J)89(f)¢(TksaTjs)\Ij(xka$j)dS
|AN| 4,7, kEANr 1
a2
X Z[ 890)90(7—1877']s)\Il(x17x])€N5(T]57¢)d3
|AN| i,jeAn r=1
CL
N Z/ 3(9(7)1&(%5,73s)‘I’(%x])ﬁN (TJSa(P)dS

|AN| 1,jeA N r=1

) o q
7«Z:1f (TZS,C,O)E (7'1571/}) S,

|AN| iehy

which is precisely (8.52]). O

Tightness results.

Proposition 3.22. The sequence of the laws of(ng))N >1 is tight inC ([0, T, W“‘();fpﬁ))

Proof of Proposition [3.22. We prove that MgVH) satisfies the tightness criterion of Sec-
tion 3.4t by Proposition B.17], the first part of the tightness criterion above is verified for

Hy =W~ " and H = W“(()[’;fp 42)» Since the embedding W2"! - W“(()’LEPQ) is Hilbert-

Schmidt. The second part of the criterion is verified if (by Rebolledo’s Theorem, see [22],
p.40) it is satisfied by the trace try~o.w0 <(M§VH))> Let &1 >0 and Ty < T be a stopping

—(g+P+2)
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time. For a complete orthonormal system (¢p,),>1 in WZE’P 5, We have

b ),

trygron (M) yes — trggmos (M )ry

—(g+P+2) —(g+P+2)

1 Tn+s
g E_:l:E)(‘[TN ter?q:g) )bN’u(VNvu)du)a
1 Ty +s
gg_l ‘/ /(/89(7)1/}10(7—1’T2)\I/(‘T17x2)VNu(dTl)) VNu(dT2)du
P>1r 1
1 m N+s r
+a ) ZE(fT fESV,)u(Tv¢p)2VN,u(dT)du)
p>1r—1
2
+a (f fae(r)¢p(T1’Tz)qj(xl’x2)€Nu(7—2a¢p)VNu(dTl)VNu(dT2)du)
p=1lr=1

= AN71 + AN72 + AN73.

We only treat the first term above and leave the remaining two to the reader.

1 m TN+S 1 1 2
Ani=— ) Y E f — > | == X 9 p(Tju i)V (g, 25) | dul,
= T~ AN |AN]

iEAN jEAN

1

+5 Z H
_— VN,
|AN| €A N o

I
O~
iNgE

=

—_
5
>

E du
—(g+P+2),k0,t0 )

where Vi ;i is the linear form introduced in (3.25) for the choice of (71,4,...,7Nu). By
(3:29)), one obtains (writing w( 7k u, 7i,u) instead of w( Tk, Tiu, K1, t1)),

2
Trn+s 1
AN’lgc—m Z E ﬁ N (_ Z w(Tkm,Ti,u)‘P(ﬂ?kaiEi)) du |,

e1|AN| ieAn N |AN] keAn

Cs C's
=— > \I’(xk,wi)‘lf(wl,wi)E( sup w(Tk,uyTi,u)w(Tl,U7Ti,u)) < —,
€1 |AN]" i kileAn u<T £1

using Proposition and Remark[3.3l This term is lower or equal than any 5 > 0 provided
s is sufficiently small. The treatment of the remaining terms can be done in the same way,
using the continuity of the linear form Wy defined in (B8:26]). O

Theorem 3.23. The sequence of the laws of (Hn)n =1 s tight in C([0,T], WK(()(}TP+2))

Proof of Theorem [3.23. Proposition implies, as in the proof of Proposition 3.22] that
the first item of the tightness criterion of Section [3.4] is satisfied for the process Hy.
We verify now the second part of the tightness criterion. Since it is verified for the
process ./\/lg\?,-l) (see Proposition [3:22]) it suffices to prove it for the three terms (recall

fot LI HN s ds, fot Fysds and fot Gn,sds. Concerning fot LIHN sds, if (Yp)p>1

is a complete orthonormal system in W 2’13‘12, we have successively, for all 1 > 0 and
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stopping time Ty < T,

Tn+s Tn
P(H/ XJ’HN,udu—/ .i”;’l—lMuduH
0 0 —(q+P+2),k0,L0

2

WV

)

1 Trn+s
<SE H L
€ Ty

)
—(q+P+2),k0,t0 )

S Tn+s " 9
< (I s ).

TN+S 2
[ 778 s L) du,

5% N p>1
CS TN+S 2

By Proposition B.12] this expectation is finite. The same kind of estimates can be proven
concerning the remaining terms using Proposition B.16l and Remark B8 The process H
satisfies the tightness criterion, and hence, Theorem [3.23] is proven. O

3.6. Tightness of the fluctuation process ny. Note that it is possible to retrieve the
fluctuation process ny from the two-particle process Hy. Indeed, we easily see from (2.9)
that, for all function 7~ f(71),

(nnes £)=(Hne, F), (3.55)
for the choice of
FO,w,z,0,&,%) :=d(z,2)*f(0,&,%) (3.56)
Unfortunately, deriving the tightness of 7y from the tightness of Hy is not easy: the main
difficulty is that, whatever the regularity of f may be, the function F' in (3.56]) will always
be at most a—Holder in the space variables (x,Z), which is not a sufficient regularity for
the test functions and the Sobolev embeddings used in the previous section.

The strategy we follow is simply to adapt the proof of the tightness of H to the set-up
of nn. Note that the proof becomes considerably easier since the definition of the process
nn (contrary to Hy) does not incorporate any spatial singularities: in the semimartingale
decomposition (2.I1]) of ny, all the singularities in x are inside the term involving Hy.
Due to the similarity between the proof of Theorem [3.24] and the arguments of Section [3.5]
we will only sketch the main lines of proof in this paragraph and leave the details to the
reader. Recall the definitions of the weighted Sobolev spaces V in Section [3.3]

Theorem 3.24. For any q > P + 2, the sequence of the laws of (nN)N >1 is tight in

C((0.T). V9, ,0).

Proof of Theorem [3.24) Following the same procedure as in Proposition B12] it is easy to

2 .
prove that sup, ¢ 7 E (H NNt ”—q,m,u) < ‘A - Here I-1-4 ;. stands for the norm given by
B0). A uniform bound about ny similar to (3:47]), i.e.

sup E(

sup aman(wPQme)<+m (3.57)

t<T

can be proven along the same lines as in the proof of Proposition B9 using the semi-
martingale decomposition (ZIT]) of ny. The continuity of the underlying linear operator
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L[vs] from V7020 to Vb

q+P+2
” L[Vs]f ”q,/{l,bl < ¢ ” f ||q+P+2,H0,Lo ' (358)

can be proven as in Proposition B.I4l It is also immediate to derive bounds similar to

Propositions B.17 and [3.22] about the martingale process Mg\?) defined in (2.13)) (recall in
particular Remark [3.I8]), that is

2
sup E(HM%Zf H_qml) < Ix_zjil (3.59)

The only unusual term in (ZIT)) is fot (Hn,s, ®[f]) ds (recall the definition of ®[f] in

([2.12)). Using in particular the existence of a constant C' > 0 such that |®[f]| < C[ f |, ps2
for any test function f € V0 ), this gives that [(Hx,s, ®[f])] < rouo | f Hq+P+2,I€0,L0
and we can use the boundedness of the process H y in W”‘E’ +pg) Proven in Prop051t10n
to conclude. The rest of the proof of Theorem [3.24] follows the same lines as in the proof

of Theorem [3.23] O

4. CONVERGENCE OF THE FLUCTUATIONS PROCESSES

The rest of the paper is devoted to the identification of the limits as N — oo of the couple
(nn,Hn) in C([0,T],V & W) for some Sobolev spaces V and W defined in Section B.3l
Obviously, since each component of this couple is tight, the couple is also tight.

4.1. Identification of the initial value and the martingale part.

Identification of the initial value. Note that at ¢ = 0, the marginal £y(df, dw) on X x Y of
the McKean-Vlasov process vy (L)) is equal to ((df) ® u(dw) (see (5.6) below).

Proposition 4.1. For any ¢ > P + 2, under the assumptions made in Section 2.3, the
sequence (nNo,’HNo)N > 1 of the fluctuation processes at t = 0 converges in law, as N — 00,
in V00 ® WHoto to the process (no,Ho) defined by

—(g+P+2) —(g+P+2)
o ifa< 5, (no,Ho) is a Gaussian process on V ‘()(’]prﬁ) W“‘()(’]LEPQ) with covariance,
C((f1).(2))=Cplf1. f2) + Coae(f1,92) + Coae(f2, 91) + Cru(g1, 92), (4.1)
where
1
Colfif2) =5 [ {A1Cna) o), €)= (i), €0) (falesn)  €0) oo
nH(fyg) % /{ <f(,,l‘) [g\II7£O] ('7'733) ) gO) - <f(7 '7$)7 50) <|:g\1j7£0] ('7 '7$)7 50)}(133
Culor92) =5 [ {01001 (o) [929,] (2., o)

—([91Y, 0] (5, 7), o) ([92%, 0] (-, 2) , &o) } dz
(4.2)

where f1, fo and f (respectively g1, g2 and g) are test functions on X xY xS

(respectively (X x Y xS)2), (f(-,-, ), &) = [y f(O,w,2)&(d0, dw) (recall )
and where [gW,v0](0,&,%) = [g¥, 1], (0,&,%) (recall Z3)).



26 ERIC LUCON! AND WILHELM STANNAT?3

o if > , (no,Ho) is a deterministic process given by
o =0,

<H07 g) = X(Oé) (Xxy)zxgg(eywyx797@7x)£0(dev dw)&](d97 d(;)) d:Ea

(4.3)

for any bounded C* bounded function g with bounded derivatives and where x (o)
is the constant defined in Lemma[3.4)

Proof of Proposition [4.1]is given in Section

Identification of the martingale part. We identify in this paragraph the limit of the mar-
tingale part My := (ME\?),ME\?{)) in the semi-martingale decomposition of the process
(ny,Hy) @II) and @I4). Here My is seen as a square integrable martingale in

V”‘()’TP+2) @ W“‘()’pr+2), for any ¢ > P +2.

Definition 4.2. Define the process M = (MM M) ¢ V“(()(’]pr+2) ® Wﬁ?ﬁpﬁ) as fol-

lows:

(1) If < , M is the Gaussian process with covariance,

Kot ((5):(£)) = B((MP () + M (90)) (M (£2) + M (92)))

(4.4)
= ’ng)(fl, f2) + ’ngﬂ)(fhgﬂ + /ngﬂ)(fz,gl) + Kg?)(ghgz),
where (1), (12) € V';f:’ﬁb & W';f:’]é(lz, s,t€[0,T] and
1 7N m
’ng)(fhfﬂ =3 / f Y- g [1(1) Dy fo2 (T (dT) du,
r=1
K00 =5 [ 5 000 F ) (@ 9) W], (Pwa(47) s (4.5)
r=1

KR =5 [ [ 3 [0, () (O ], (i a7) du

(2) Ifa> L, M= (MDD MM is equally 0.

Proposition 4.3. For any ¢ > P +2, the process My = (./\/l(") ME\Z{))N >1 @S a martin-

gale in VH?’TPQ) GBW“(()’LEP+2) with Doob-Meyer process (M) with values in L(V’;ﬂ’]ﬁz ®
ng’lg(ir?vf?tﬁ)Pﬂ) ® WR(();]LEP+2)) gwen by
(M) (1) (2) = (MDY (F0) (F2) + (M) (F2) (g1) + (MTP)(£1) (92) w6
+ (M) (91) (92),
In (@.8), (gi )7 (f;%) € VZE};OQ ® ngﬁéiz and
<<M§\7)>>t(f1)(f2) = (M(n)fl , M(")f2> ,
a2 (4.7)

= / Eae(f)fl(ez syWZa$z)89(f)f2(ez 37W27$z)d3

|AN| ZEAN
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is the Doob-Meyer in L(V;f}é‘lz,V“‘()ﬁpﬁ)) associated to M\, (<M§\?,{)>>t is the Doob-

Meyer process associated to ./\/l( ) already calculated in [B.52) and
(M) 9) 3= (M ] M),

2 m
an /t Do f
) f(75,5) 050 9(Ti 55 Tj s )W (24, 25) ds
|AN|3 i,jEZI:\N 0 7; o(r) ( s ) o(r) ( J ) ( ]) (48)
2

a tm ,
N2 Z A Zaev)f(TLs)va,)s(Ti,s,9) ds,

AN ichy Y0 721

(r)

where €y’ is given in ([3.54). Moreover, under the assumptions made in Section 2.2, the
process (Mn)n =1 converges in law in V“‘()’LJ‘:PQ) W“‘()[’]LEPQ), as N — oo, to the process

M given in Definition [1.2,

Proof of Proposition [{.3. Estimates (4.6]), (L7) and (48) are a straightforward conse-
quence of the definitions of the martingale terms MS\?) in (ZI3) and Mg{) in (2Z20)
and of the independence of the Brownian motions B; = (BZ.(I), .. ,Bi(m)), 1€ Ay. It re-

mains to prove the convergence of My to M. First remark that the case o > % is a trivial
consequence of the estimates (3.49), (3.59) and the definition of ay in (I0).

In the case of a < %, ay = VN and (My) N >1 is a sequence of uniformly square-
integrable continuous martingales which is tight in V*jg{lg+2) ® W“g’{gﬂ) Let M be an
accumulation point. By arguments analogous to the ones continuously used in Section
(see in particular Proposition B12]), it is easy to show that, first, e%) defined in (3.54])
vanishes to 0 as N — oo and, second, that for all regular test function (5) one can make
N — oo in the expression of (M) ( ) in ([@B) and obtain for all ¢ € [0, 7]

F()=5 [ | 2 @ 1) wr(ar)as
[ S 0w [@aenl, Gvaanas
2/ /2 (aé(r)g)\lj Vs] (7')27/3((1’7')(18

So, M is a square integrable martingale whose Doob-Meyer process is deterministic, given
as above. So M is characterized by the Gaussian process with covariance given in (4.4]).
The convergence follows. ([l

Proposition 4.4. In the case of a < , the processes (1o, Ho) introduced in Proposition [{-1]
and M = (M MY defined in Deﬁmtzon [4-3 are independent.

Proof of Proposition [{.4). It is a straightforward consequence of the mutual independence
Of (Hi,o,wi,Bi), iEAN. ]

4.2. Identification of the limit. So far, all the analysis has been made for general
Sobolev indices (g, ko, tp). We now specify the adequate parameters: recall the definition

of (k,t) in (2:26]) and (2.27)) and define
q:=P+2and (ko,t0) = (£ +7,L+7), (4.9)
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so that by definition of (k1,¢1), k1 = & and ¢; = (recall (2.26) and (3:20)). The conclusion

of Section [ for this choice of parameters is that the process (nn,Hny)n >1 is tight in

C ([O,T],VS&;A:;) ® nglf:;)) and that any of its accumulation point (7, H) belongs to

the same space. In order to have a closed formula for (n,H), we need to increase the

regularity of the test functions, and hence, enlarge the space of distributions: we will give
K,

a characterization of (n,) in the larger space C([O,T],V73-(P+2) ® Wif(PQ))‘

Proposition 4.5. Under the assumptions of Section [2.2, the process (nn,HN)N >1 has

convergent subsequences in C([O,T],V%;Z}f:;) WS(VPA:;)) and any accumulation point

(n,H) is a solution in Vif(PQ) ® Wif(PQ) to the following system of coupled equations
t ¢

ne =10 + fo L{vs] nsds + /0 P Hyds + Mﬁ"),

t te[0,T], (4.10)
U, = Ho + fo L H,ds + M,

where (1o, Ho) is defined in Proposition [{.1] (MDD MDY s given in Definition [].3 and
Llvg]* (respectively ®* and £ ) is the dual of L{vs] defined in ([2.6) (respectively of ®
defined in [212) and s defined in (2.15)) ).

Proof of Proposition [{.5. Consider a subsequence (that we rename by (ny,Hy) for sim-
plicity) converging in C([0,T], V5.5 @ W= 0) to (n,H). We easily deduce from

-2(P+2) -2(P+2)
B47) and (3.57)) that
2 2
E (tSEI%(H Ht H—Z(P+2),ﬁ+'y7£+'y + H Up H—2(P+2)7E+’y,£+'y)) < +00. (411)

An application of ([334), (B.37) and (B58]) in the case of g =2(P +2), kg =k and ¢g = ¢
leads to
H L[Vs]f H2(P+2),ﬁ+’\/,£+’y <C H f H3(P+2),ﬁ,£7
H @[f] ‘|2(P+2),§+'\/7£+Py <C H f H3(P+2)75,£7 (412)
<

H %g ‘|2(P+2),§+*y,£+*y ¢ H g H3(P+2),5,£ :
Estimate (4.I1]) together with (4I2]) shows that fOtL[ys]*ns ds and f0t<I>*’Hs ds (respec-

KoL Kol
-3(P+2) —3(P+2))'
Furthermore, Proposition 1] and 3] concerning the convergence of the initial value
(n~n0,Hno) and the martingale part (M%),Mg{)) and Proposition B.16] are also valid
for the choice of the parameters ¢ = 2(P +2), kg = k£ and (9 = t. Moreover, for every

( .{J[ ) € V§&£P+2) ® W§€AP+2)’

tively fot Z*Hsds) make sense as a Bochner integral in V (respectively in W

(nv.es f) =0, f)+ /Oth& Llv]f) ds+ fot (Hns, O[F]) ds+ M,

¢ . . o0 te[0,T],
<HN,ty .g> = <fHN70, .g> + A (HN,sy 239) ds + A FN,sgdS + A CJN,s.gds + M]\[,t g.
(4.13)
For fixed ( g ) in Vg&ép +2) @Wgéép +2); define the continuous functional from C([0,T], Vf;f( Pi2)®
WL ) to B2 by

g (u,0) = (“‘“ P)={uo, £) = Jg (us, Llvef) ds = [ (v, @[)) dS).
o (ve, g) = (vo, 9) — Jy (vs, Zag) ds
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Since (g) in Vg&épﬁ) ® Wg(’ipﬁ) - Vg&;’fg ® Wg{gg;/ and since (n,#H) is an accumula-

tion point of (nn,Hy) in C([O,T],Vggﬁ;’;) ® Wg&f:;)), one has that Iy ,(ny,Hn) —
It 4(n,H), as N - oo, which ends the proof of Proposition O

4.3. Some uniqueness results. We derive in this section two uniqueness results that
will be useful in the following. The first one concerns functional equations driven by the

linear operator .,2”8(1) defined in (2.I6]). The second one addresses the same problem about
the linear operator L[vs] given by (2.6]). We treat in details the case of 2W in Section A3
The treatment of the operator L[vs] being strictly identical, we only state the result in
Section 43l and leave the proof to the reader.

Uniqueness in linear functional equations driven by .,2”8(1). Recall the definition of the
operator K7 @I6). For all 0 < s <t < T and (7,7) € (XxY xS)?, define as
Xs4(7,7) 1= (©5.4(7),044(7)) the unique solution of the following stochastic differential
equation in (R™)?

t
Oui(r) =0+ [ 0(t,0,,(7),w)dr+ By - B,
. T o (4.14)
@Svt(%):mf (t,,,(1),w)dr + B, - By,

for two independent Brownian motions B and B in R™, (7,7) = (0,w, z,0,&, &) and where
v(t,0,w) =c(O,w) + [V, 14] (O,w). (4.15)

We recall here that the quantity [['W, ;] is indeed independent of 2 (Remark B5]). Define
for any test function g

U(t,s)g(7,7) = Ep 5(9(Xst(7,7))). (4.16)
Proposition 4.6. Under the assumptions of Section[2.2, for any functional R in C([0,T], Wi’f(P+2) ),
there is at most one solution in C([O,T],Wg&f:;)) to the equation
& = ft (gs<1))*gsds+ft}zsds, te[0,T], in W2, (4.17)
0 0

Moreover, one has the representation

t
&:fo U(t,s)*Rsds, in C*2 (4.18)

~2(P+2)’
where U is given in (LI10]).
Proof of Proposition is given in Section

Uniqueness for linear functional equations driven by L[vs]. We state here a result similar
to Proposition for the operator L[v,] defined in (2.6). Since the proof is identical to
Proposition 4.6, we only state the result.

Forall 0 < s<t< T and 7= (0,w,z) e Xx Y xS, define as Y;;(7) the unique solution
of the following stochastic differential equation in X

t
YSJ(T)=9+f u(t,Ys,(7),w) dr + By - B,, (4.19)

for B Brownian motion in X and v defined as in (£.I5]) and introduce the flow (for any
test function f)
V(t,8)f(7) = Ep(f(Ysr(7)))- (4.20)
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Lemma 4.7. Under the assumptions of Section[2.2, the operator L[v¢] is continuous from
0,0 0,2¢
C3pis 10 Cglpy)
L < L
1040 g <O Flegg s €10,

| Llvs]f = Llve)fll o <Ol flcos [t=sl, s,t€[0,T].
3(P+2) 3P+8

For any j < 3P +8, the operator V (t,s) is a linear operator from C’](-)’O to C’](-]’L such that

[Vt s)f lgoe <CIf oo, 0<s<t<T, (4.21)
J J
|V (t,s)f =V (s ) | o0 SClF oo Vs'—5, 0<s<s' <t<T. (4.22)
ki J+1

Moreover, the following backward Kolmogorov equation holds: for every f € C§]’9+9

Vt,s)f-f= fStL[Vt]V(t,T)f dr, in Cg&ifﬁ). (4.23)

One can deduce from Lemma 7] the proposition

Proposition 4.8. Under the assumptions of Section[2.2, for any functional R in C([0,T], Vf;f(Pw) ),
there is at most one solution in C([O,T],Vggﬁ;’;)) to the equation
t t
g - /O L[] €, ds + fo Rods, te[0.T), in V5L, (4.24)

Moreover, one has the representation

t
Etzfo V(t,s)*Rsds, in C*2 (4.25)

~2(P+2)

where V is given in ([{20).

4.4. Convergence when « < %

Representation of H in terms of n. The purpose of this paragraph is to prove that the
representation result (2.10]) of the two-particle process H in terms of the fluctuation process
7 is indeed true when a < % (Section 2.1]). More precisely, we prove

Proposition 4.9. Suppose a < % Under the assumptions of Section[2.3, the process

Entg = (Hne, 9) = (nne, (e, W)}, ge WEET00 ¢€[0,T] (4.26)

Wﬁ*%é*'\/

—2(P+2))’ as N — oo,

converges in law to 0, in C([0,T],

Remark 4.10. Let us admit for a moment Proposition [{.9 This result (applied to the
function g = ®[f] for any T — f(7) where ® is defined in (212))) combined with the
analysis made in Section [{.2 shows that each accumulation point n of nn is actually a

solution in V%A(Pm) to the uncoupled equation (2.36]).

Proof of Proposition [{.9 The strategy is the following: first, write the semimartingale
decomposition the process Ex (based on the corresponding decompositions of 7y and
‘Hn), second, prove that any accumulation point is a solution to a linear PDE and third,
prove that the unique solution to this equation is the trivial solution 0.

First observe that the tightness of the processes Hy and ny implies the tightness of

the process Ey itself in C([O,T],Wg{’lfjg)). Fix now a test function (7,7) —» ¢g(7,7). An
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application of the semimartingale decomposition of ny (2.I1) to a regular time-dependent
test function (¢,7) — fi(7) gives

<nN’t7 ft) = <T,N7O’ fO) + At <77N757 L[Vs]fs) ds + At <HN,57 q)[fs]) dS+M§\?;ft

t
n fo (s, Dsfs) ds. (4.27)
In the particular case of
ft(%) :<Vt7 \Ij(a‘%)g(77-))7 (428)
we have, using (L.7),

0u(7) = (), (. 3) (5809(7,7) + Vag (1) - {e(0.0) + [P0, w1} }))
and
Lnlfi(7) = (W(dT), W (z, 7) (%Aég(f,%) +Vag(r,7) - {e(0.3) + [T, yt](%)})).
By definition of B[] in (ZIZ), we have also that

cI)l:ft](Ta7-) = v@ft(67w7x) : F(H,w,é,&)),
= (v, U(,2)V59(,7)) - T(0,w,0,0) = £ g(1,7),

where the definition of ,%(2) is given in (2.I7). Consequently, one can rewrite (d.27) as

t
(e (v, W) ) = (w0, (o, Wo)) + fo (1v,s, (vs, w20 g)) ds
t
v [ (s, 22g) ds+ MYt (4.29)
Subtracting [@29) to ([2I4) gives, for t e [0,T],
! (1) ! ! (M) (1)
Enig = Enog+ fo Ens(ZDg)ds+ fo Fsgds+ fo Gsgds+ MG g- M) fr. (4.30)

We already know from Proposition that fot Fnsgds + fot Gn,sgds converges to 0 as
N — oo. We prove that it is also the case for the initial condition and the martingale
part in (£30), when a < % First consider Ex09 = (Hn,0, 9) — (nno, (0, ¥g)). Using
Proposition 1] we know that En g converges as N — oo to (Ho, g)—(no, (0, ¥g)). Using
the form of the covariance of (19, Ho) in (£.2), it is immediate to see that imy_. En = 0.
We prove now a similar result for the martingale part in ([£.30): we deduce from Propo-
sition [£.3]that the martingale part in (£30]) converges as N — oo to MIEH) g—Mﬁ") ft, where
(M M) is given in Definition It is then easy from the form of the covariance
Ks+ in (X)) and the definition of f; in (28] to see that this process is equally 0.
Following now the same procedure as in Section [£.2] we deduce from (£30]) that any

accumulation point £ of Ey in C([0,T ],WSZPA:;)) necessarily solves

t
gtzfo (ZWy e ds, te[0,T].

Then Proposition follows directly from Proposition O
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Convergence of (nn)N > 1. Theorem[2Z7is an easy consequence of the following uniqueness
result.

Proposition 4.11 (Uniqueness in law of the limit). Under the assumptions of Section[2.2,
there is uniqueness in law (as well as pathwise uniqueness) in the limiting SPDE (2.30)).

Proof of Proposition [{.11 We follow here the strategy used by Mitoma (see [32], Step 3,
p. 352) who proved a similar uniqueness result in a slightly different context of weighted
tempered distributions. Although the functional context is different, the strategy is simi-

lar. Let t — n(t) € C([O,T],Vg{’ﬁ:;)) be a solution in Vif(P+2) to (2.30]). For simplicity,

we write M in (Z36)) instead of M in the following. Setting

t
h(t) := fo Linsds =1 —no — My (4.31)

and differentiating this quantity with respect to ¢, one obtains that (almost surely w.r.t.
the randomness)

%h(t) _Lh(t) + 0+ My (4.32)
Define for all 0 < ¢ < T, all test function f and (6,w,x)
K] f(0,w,x) = (v, Vo f(-)-T(:,-,0,0)¥(,x)), (4.33)
so that the linear operator £; in (237
Ly = L{v] + K[1y]. (4.34)

Focus for a moment on the regularity of the linear operator K in ([£33)): for all I > 1,
there exists a constant C > 0 such that for all f ¢ ClO’L, for all u e (0,7]

1 1
KD Lo <1l (7 + =7 ) (1.35)

« =
u*o ua0+2

where ag € [0, %) is defined in Proposition 2.5l Indeed, using the decomposition v;( df, dw, dx) =
pt(0,w)dOu(dw) dz (recall Proposition 2.5]), one obtains by integration by parts

Klv,)f(0,w,x) = - fXXYXS divg (pt(é,w)F(é,w,H,w)) £(0,0,2)¥(z,z)d0p(dw) dz,

=— fx Y Sdiv(; (pe(0,@)L(0,0,0,w)) f(0,0,2 - 2)p(z) dIu( dw) dz,
where p is defined in (8.36]). Hence, for all [ > 1,
K0S o -

> sup /X Y Sdng (pt(é,w)Dng52F(§,w,H,w))DﬁSf(é,&),x—z)p(z) dOp(dw)dz|,

k| < 10w,z

<C|f Hclo,b Z seup oy ‘divg- (pt(é,w)DngU’jZF(é,@,9,w))| (1+|@|") dOp( dw),
M1 0w JEx




FLUCTUATIONS FOR MEAN-FIELD DIFFUSIONS IN SPATIAL INTERACTION 33

where the sum above is taken over all multi-indices k = (k1, ko, k3) such that |k| = |ki| +

|ka| + |ks| < 1. Consequently, using ([2.33]) and (2.34]),
| K] f oo <

Cf”cob(— )/(1+|w| Pu(do) T sup (fX|Dg,wr(é,@,9,w)| dé),

k| < 141 0w,@
1 1
<Cfc;u(@+ )

u®0t3s

by the assumptions made on p and I' (recall Section 2.2)). Using the semigroup V' (s,t)
associated to L[v], one has

iV*(t,u)h(u) = -V*(t,u) L[y " h(u) + V* (t,u) (L h(uw) + no + My),

du
=V*(t,u)(K”* [Vu]h(u) +10 + My,).

Hence, h is also solution to
¢
h(t) = fo V* (4, u) (K [va]h(w) + mo + My) du. (4.36)

The main point of the proof is to see that h solution of (4.30) can be approximated by
the converging sequence (hy, )y > 1 defined recursively as follows

{hl(n = [LV(tu) (o + M) du,

ha(t) = [LV* (4 u) (K Va1 () + no + M) du, n > 2. (4.37)

Indeed, by the boundedness of the semigroup V (¢,u) (@21 and by the boundedness of

K[v,] @38, we obtain that for all 0 < u <t < T, for all feC2° for all heC"?

2(P+2)’ -2(P+2)

WK [ ]V (& u) I < [ h]eoo | K[n]V(Eu)feoo
-2(P+2) 2(P+2)

1 1
<Clnleg,, (5 = v,

—2(P+2) \ ©%0

1
<C|h — .
H ||C020(P+2) (uao ’LL ) ” f ”Cg(?uz)

Thus, the sequence (hy,), > 1 defined in (£37) satisfies, for all n > 2

tf1
th+1(t) hn, (t)Hcoo C’fo (%4_

—2(P+2)

1
) V@) < toa () g,

u&ots (P+2)

Choose now r > 1 such that 1 <r <

and r* such that * -+ = =1. Then, by Holder in-

o¢0+2
equality, one obtains that | hy+1(t) = hp(t) Hco,o < Cfo I hn(u) —hpo1(u) Hco 0 du.
-2(P+2) P+2)
By an immediate recursion, for all k > 1, || hpy145(t) = hnir(t) HEZO CM];, , so that
—2(P+2)

(hn)n>1 is a Cauchy sequence in C([0,T], CO2O(P 2)) and thus converges to h, solution of

(#36). Turning back to n (recall (431])) and writing R(t) := ng + M;, we obtain that 7 is
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uniquely written as
t
m = 7}111010 {T]Q + Mt + ‘/0 V*(t, tl)ﬁaR(tl) dtl
t t1
. fo fo V(1) K [, 17V (1 12) £5 R(t2) dba dty + ..

t ot oo
+f0 folfo 1V*(t,tl)K[ytl]*...V*(t,tn),c;;nln‘i(tn)dtn...dtgdtl}.
(4.38)

This proves pathwise uniqueness. But if one chooses another solution 77 defined on another
probability space, with initial condition 7}y and noise M with the same law as (1o, M), we
obtain the same expression as above with R replaced by R(t) Mo + M,. Since R and R
have then the same law, uniqueness in law in (2.30)) follows from (£38]). Proposition A.1T]
is proven. ]

4.5. Convergence when « > 5. Theorem [2.§ will be proven once we have established
uniqueness of a solution to (m The main issue here is that the linear operator %
in (2.I5)) is not the generator of a diffusion, due to the nonstandard integro-differential

term ,,2”5(2) in (2I5). In particular, the existence of a semi-group solving a backward
Kolmogorov equation similar to (5.52]) is unclear in the case of .%;. Thus, we restrict here
to the case where the state space X is compact and ¢ bounded (see Section [2.4]).

Proposition 4.12. Under the assumptions of Sections and there exists at most
. . K+7y,t+ R+7y,t+

one solution (n,H) in C([0,T], V= 2?P+;) & W= 2(7P+;)) to (2.38)).

Proof of Proposition [{.12 The supplementary assumptions made in the beginning at the

paragraph ensure that the weighted norms introduced in Section [3.3] are now equivalent

to the usual Sobolev norms without weights. The purpose here is to use the regularizing

properties of the heat kernel in those spaces.

Let (™M, #®) and (n®,H®) be two solutions of Z3¥) in C([0,T],VEIXT &

2(P+2)
WH;(VPL:;)) Then the difference H = W - H® is in C([O,T],Wg&fg)) and solves
in W25 pra)
~ t ~
i, - fo (L) H, ds. (4.39)
In particular, it is a solution to the following equation (with unknown & € C([0,7], W* ;(VPLJ:';) ))
t/1 * t
& = A (§A0,6~) Esds + fO Rgds, (4.40)
where
1 *
Ro=(Z-5805) s se0.T), (4.41)

Denote by (#,0) — g;(#,0) the heat kernel on X2 and by

G(s,t) (T, 7) 1= gi-s * (7, 7), (4.42)
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the corresponding semi-group (note that the convolution only concerns the variables
(0,60)). It is standard to prove a backward Kolmogorov equation similar to (5.52]) con-
cerning G:

t1 .
G(t7 S)g —g= l §A9’§(G(t,7")g) dr, in C3(P+2)' (443)

By the same procedure as in Proposition [£.6] one obtains that (4.40]) has a unique solution
(which is necessarily H) that satisfies,

— t
i, - /0 G(t,5)" Ryds, in C_g(psa), (4.44)

that is, for all g in C3(p,9),

(Fivo)= [ t (ﬁ (.zs - %Ae,é) a, s)g) ds. (4.45)

Note also that the coefficients in .%; do not depend on the space variables (z,Z) (by
rotational invariance), and that ®[f] in (Z.12]) only depends on z, not on Z. Hence, with
no loss of generality, we can consider test functions g depending only on (H,w,:z:,é,d).
Using the regularizing properties of the heat kernel, we deduce from ([€.44]) that, for some
constant C' > 0 and some S € (0, %),

| H: (4.46)

t 1 _
H73(P+2) S C/O N | #s H73(P+2) ds.

Let us admit for a moment (£486). Then, following the same procedure as in [13], Step 3,
p- 763, we obtain directly the uniqueness for H. Consequently, 7 := 77(2) - 77(1) solves

t
ﬁt=/0 L{v,]"7is ds, t€[0,T]. (4.47)

Applying Proposition 4.8 we obtain that 77 = 0 and Proposition 12| follows. Hence, it
remains to prove (4.40). One has for any differential operators D; and D3 of order ¢; and
g2 such that 3(P +2),

2 2 ~
| Dy (VoG(t9)9)- (Do) 3= [ Dy (TGt )g) - (Dao)f dra,

C 2
<C G(t,s)D1g]* drdF < —— | D1g|?.
Cotnzy? [VoG(t,8) Digl” d7d7 < -— [ Dig |

The term Vyg(7,7) - [TV, vs] (7) in (2I5) can be treated in the same way, using the
boundedness of I' and its derivatives. For the last term in ([2.I5]), for the same reasons, it
suffices to estimate, for any differential operator D of order smaller than 3(P +2),

2
/‘(1/8,\1/(-71')V€~g(-77-)>|2 dedwdx:f‘/s\ll(z,x)/x YV(;g(é,w,z,e,w)ps(é,w)dé,u(d&))dz df dwdzx,

:/‘fsp(m—zﬂv(;g(-,-,zﬁ,w), &) dz
:Axy(fs\p*(vég(-,-,-,e,w), gs)|2 (a:)dx) df dw,

2
dx df dw,
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where we recall the definition of p in (8:36]). By Young’s inequality,
2 2
/‘(st \P(,x)V§g(,T))| df dwdz < HIOH%‘/%XY(‘/S‘(vég(v7707w)7 gs)‘ (ﬂj‘)diﬂ) dedwv

=lpl Xxy(fg fXvagg(é,@,w,H,w)ps 2
< 2/ s 2 (0.5)dBu(da
HIOHI (XXY)ZXS|v69(07w’x’9,W)‘ b (97w)d0/~£( dw) dede:Ev

2
da;) dé dw,

2
_ Lol

~
sS40

[(x ¥)2x8 |Vé9(97@,$,0,w)\2 (1+]w]")dfdd dwp(dw) dz,

where we used the a priori estimate (2.33) on the density p. As in (444]), injecting
D.G(t,s)g = G(t,s)D,g into the previous estimate, we obtain

[ 1. 920756 9)Drg ) df o

< HPH1 / |V;G(t,s)D-g(0,0,2,0 w)| (1 +|@]*)dfdf dwp( dw) da.
s

Another application of Young’s inequahty and usual estimate on the heat kernel lead to
2 C 2
/ |<V5 s \I/(j‘T)VéG(t, S)_D.,-g(-77')>| df dwdz S m H DTg H2 .
The inequality (£.40]) follows by density. O

5. PROOFS

5.1. Proof of Propositions and [2.3l We prove in this paragraph the semimartingale
decompositions of processes ny and Hy of Section 2.11

Proof of Proposition [2.2. Writing Ito’s formula for (ILT]) gives
t 1
<I/]\7,t)f>:<]/]\f,07f>+‘/0 (VN,87§A9f>dS

¢ 1
+ S : + P\II7 S d + _M(n) 51
[0 <VN, Vof {C [ UN, ]}) s . e (5.1)
Combining the McKean-Vlasov equation (L7]) and (5.I]), one obtains

(e f) = {nno, f)+f0t<mv,s, %AeerVef-c) ds
+aNf0t(<VN,5,V@f-[F\I/,VMS])—(Vs,ng-[I’\I/,VSD)dS-FMg@ ,
:<77N07f)+f0t<77N,57%AeerVef-c) ds + MY f

o [ (o (rws v, T [P} +an (v, o7 [P0 -]} s
=(nvo, f)+ fo <?7N,57%Aeerng-{ch[F\I/,us]})ds

+ fotaN (VN,S, Vof- [P\Il7VN,S - Vs]) ds +M§\7/7,3€f’

FUNE
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The remaining term uy can be computed as:

t 1
UN,t:f an 5 . Vof(7is) - D(0is,wi, 05,6, 05) Y (24, 25)
0 [ANT",

JeAN
1 -
- A— Z f v@f(Ti,S) ’ F(9i787wi7 975‘})\1,(1'27 ‘%)VS( d%)) ds
| Nl €A N
t
- [ e, @) ds
Proposition follows. O

Proof of Proposition [2.3. Applying Ito’s Formula to 24) (for any regular two-variable
function (7,7) ~ g(7,7) = g(0,w,x,0,0,%)), one obtains, for all ¢t € [0,T]

1 t
9(Tit; i) = 9(Ti0, Tj0) + B fo Dy 59(Ti,s: Tjs) ds
t
+[0 Vo9 (Tis, Tjs) - {c(Ois,wi) + [TV, vns](7is) } ds
t
b [ V0T i) - {eBr0p) + [T, v (75} ds

t t
+ fo Vog(Tis:Tjs) - dBj s + fo V39(Ti,s, Tjs) - dBjs

(5.2)

Applying Ito’s Formula to the process t = [ (x4, Z)g(7i ¢, T)vi(d7) (recall (I7)):
/‘I’(mi@)g(n,t,%)%(d%) = f (i, 2)g(7i0,7)vo(dT)
+% Ot f U(ai, #)A g g9 (73,0, F)s( A7) ds

w1 [ Vo s(a7) (el 0) + D] () s (5.3
o [* [ W2 Tag(ria P47 - By
w1 V() {e(8.0) + [00,0] (7)) va(d7) ds

Combining (5.2)) and (5.3]), we have

(Hova g = (Hovo, )+ [ (Hivis 580007 7) + og(r, ) c0,00) + 30(r,7) (0,3 ds

t
; [0 (s s Vog(r,7) - [TW,vw,] (7)) ds + MG g

L O Z At{/W(xi,i)Vég(Ti,s,%)-[P\I’,I/N,S](%)I/N,S(d%)

|AN| teAN

- / \I,(xiv‘%)vég(ﬂ,sy%) ’ [F\II,VS] (%)Vs(d%)}
(5.4)
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We treat the last term of (5.4]) apart: it can be written as the sum of Ay and By where

Aveim =2 5 [ W) Va0 me) {00 (730 - (10, 0] (750

" ANP
tan 1 1
= V~g(7'i,577",s)\1’($i7$') YA 1 P(9'787w'79l,87wl)\:[/(xﬁxl)
0 [An] jeZA:N { |An| ie%:N o ’ ’ } {|AN| le%:N ne ’

-fr(ej,s,wj,é,w)m(xj,gz)ys(d%)}ds,
= fot (’HMS, (VN,S, V(;g(-,T)\I/(-,x)> -F(Q,w,é,@)) ds,

and By is given by

a t 1
BN,t = |A—]]\\77| Z A (— Z \Il(xiyxj)vég(ﬂ,&Tj#)'[FlI/vVS] (Tj78)

€A N |AN| JeAN
- / U (x4, 2)V59(Ti,s,7) - [TV, ] (T)vs( d?)) ds,

t
0
Rewriting (5.4]) in term of Ay, By, Fn and Gy gives Proposition 2.3 O

= / (’HN@, Va9(7,7) - [['0, 0] (7~_)> ds.

5.2. Proof of Proposition A solution to (7)) is provided by the nonlinear measure
(At)se[o,r] introduced in Proposition 2.4l Indeed, applying Ito’s formula to any function

(0,w,2) = f(A,w,x) that is C? w.r.t. #, one obtains:
_ t _ t _
FE w,0) =[O0 0) +5 [ Baf @) ds+ [ 00f-e(5,w)ds

t t _
+f0 ng-[F\P,At](Hi’w,w,x)ds+f0 Vol (0%, w,z)- dBs. (5.5)

Taking the expectation in (5.5]) gives that ¢ — \; is a weak solution to (L7)). The uniqueness
in (7)) is a consequence of [28], Proposition 2.19.

We now turn to the proof of the decomposition ([Z31]): assume for a moment that a
decomposition like (Z3T]) exists. Necessarily £ must satisfy

€o(df, dw) = ¢(df)p(dw) (5.6)
and for all ¢ > 0 and regular test function (6,w) — h(f,w) independent of x
1
e (&, h) = (gt, 50h + Vgh-c> + v, Voh- D0, 1) (5.7)

Since by assumption, v(df, dw, dz) = &(df,w) dz,
[P\Ilv Vt:l(eawa x) = /};xYxS F(67w7 0,&))‘1’(%, x)gt( deaw) d.Z',

- (fmr(e,w,é,w)gt(dé,w))(fgm(;n,:z«)dj). (5.8)
As already noticed in the proof of Lemmal3.4] the integral [ ¥(z,Z)dZ = 2/01/2 ‘3—‘% = %,

is independent of x. Consequently, (5.7]) becomes

(67

Oe (&, h) = <§t7 %Aeh +Voh - C) + <§t, 12—V(9h' [th])- (5.9)

e’
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Equation (5.9) endowed with &y(df, dw) = ((df)u(dw) is a standard McKean-Vlasov
equation with regular coefficients, and hence, admits a unique solution (see for example
[13] or [33], Lemma 10). Defining \(df, dw, dx) := &(df, dw)dx and observing that

%[F,&t] = [F\I’, /\t], one readily sees that ¢ — ) is a solution of (7). By uniqueness in

(T, A = v and (Z31)) follows.

We focus now on the regularity of & solution of (59)). We follow here the strategy
developed in [19], Proposition 7.1: fix T'> 0, w € Supp(u) and ¢ — & the unique solution in
C([0,T],M1(XxY)) to (5.9). Define A4(0,w) :=c(f,w) + % [T, &](0,w) and consider
the linear equation

1 .
atpt(evw) = EApt(97w) - dlv@(pt(evw)At(evw)) > (510)
such that for p-a.e. w, for all f e C(X),

L #@wod.)d0= [ £(6)¢(a0). (5.11)

For fixed w € Supp(p), A.(-,w) is continuous in ¢t and regular in 6, by assumption on T
Suppose for a moment that we have found a solution p;(0,w) to (5.10)-(5.11]) such that for
p-a.e. w, pi(-,w) is strictly positive on (0,7] x X. In particular for such a solution p, the
quantity [y p¢(6,w)d is conserved for t > 0, so that p;(-,w) is indeed a probability density
for all ¢ > 0. Then both probability measures &(df, dw) and p;(0,w) dfu(dw) solve

[ iwm(as, aw)= [ 0.0)ca0)ua) w3 [ [ Af(00ps(a6, dw)ds
+At AXY Vof(0,w)As(0,w)vs(df, dw)ds. (5.12)

By [27] or [33], Lemma 10, uniqueness in (5.9]) is precisely a consequence of uniqueness
in (512)). Hence, by uniqueness in (5.12)), &(d6, dw) = pi(8,w) dOu(dw), which (232)).
So it suffices to exhibit a weak solution p;(#,w) to (5.10) such that (B.I1]) is satisfied.
This fact can be deduced from standard results for uniform parabolic PDEs (see [4, [17]
for precise definitions). In particular, a standard result (see [I7], Theorem 2, page 251
or [4], Section 7) states that (5.I0) admits a fundamental solution G(0,t;60’,s,w) (t > s),
satisfying, for all j € {0,1}, for any differential operator D, in 6 of order j

712

|Dj,9G(07t;9/787w)| < CI(W) m+j exp(—u), (513)
(ca(w)(t-s))"2" c2(w)(t-s)
for positive constants c¢; and co that only depend on the bound and the modulus of
continuity of A; (see [17], Theorem 1, page 241). In particular, by the assumptions made
in Section 2.:2] one can suppose without loss of generality that for all i = 1,2, ¢;(w) =
a;(1 v |w|"), for some a; > 0. Thanks to Theorem 3, page 256 in [17], the following
expression of py(60,w)

pe(6,w) = fXG(e,t;e’,o,w)g(e’) 40’ (5.14)

defines a classical solution of (5.10]) on (0,7']xS such that (5.I1]) is satisfied. The positivity
and boundedness of p;(-,w) for ¢ > 0 is a consequence of [4], Theorem 7, page 661. Applying
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(BI3) with j =0 gives

w c1(w) ex _|9_9,|2) / /
0 < pe(8, )Si(@(w)t)%fX p( (@)l ¢(6")de’,

a1 (w) a0-07\ )\ Y
SWUP( (@)t )de) (fc@rao), 519
0617@))( . (_M) 9,)% Cer(w)
g(‘32(“’)’5)% /X P\ ) ‘ g(cz(w)t)%(l—%)'

where in (B.15]) %+ % =1 (recall (Z28). Similarly, using again (5.13)), one has

. c1(w 1
|divgp(0,w)| < C 11(+7_n)(11) oLy (5.16)
Cg(w)2 2 ¢/ 272 q

The parameter p in (5.I6)) is such that (1~ %) < 3 (recall (Z28)). By definition of the c;,
i=1,2 and by (2.29)), the estimates (2.33) and (2.34)) follow. Proposition 2.5 is proven. [

5.3. Proof of Proposition Since the initial condition and the Brownian motion are
the same for 6; and 6;, one has: for all i € Ay,

1
‘Qi,t - éz',t|8 < 32 (AQ@LS - éi78) . (c(9i75,wi) - C(éi7s,wi)) ds)
¢ 5 _ 1
+32 (/0 (0is = 0is) - ([P\I/,VN,S](Hi,s,wi,xi) - [P\I’,Vs](9¢7s,wi,xi)) ds) . (5.17)

Using the one-sided Lipschitz condition on ¢, one can bound the first term in (5.17)) by

_ 4 _ _
3214 (fot ‘02-,3 - 02-,3‘2 ds) < 320473 fot |02-,s - 02-,3‘8 ds < 320473 fot maxieA y SUPy < s ‘Hi,u - Hi,u‘s ds.
Now, introducing the empirical measure of the nonlinear processes (61,...,0x)
te[0,T]~ v ! > 6 ! Y 6, N>1 (5.18)
’ > VUN = 0. )T Ta Ti 49 = .
' |AN] JeAN Giveres) |AN] jeAN "

the last term in (B.I7) can estimated above by C(Ax + By + Cn) (C being a numerical
constant) where
4
ds) ,

AN = (fot 10,5 — 0; 5| —FmayN,s](ei,&whxi) - [F‘I’,VN,S](éLs,wi,ﬂ?i)
4
ds) ,

ds)4. (5.19)

t _ - —
By = (fo ‘9@5 —92‘,3‘ _F‘I’aVN,s _DN7S](9i,S’wi’xi)

CN!

t _ - _
(A ‘ei,s_ei,s‘ _FqlaﬂN,s_Vs](ei,mwiyxi)
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Concerning Ay and By, we have, by the Lipschitz continuity of I', for some constant
C>0,

t B B 4
N < (A |6i,8_6i,8|f ‘P(ei,87wi767w)_F(6i787wi797w)|\Il(xi7x)VN,S(d07 dw7 dﬂj‘)dS) )

4 1 Yo 2\t
< ”FHsz m 2 \P(x27$J) (A |9i,s_9i,s| dS) )

JjeAn
t -8

<CT*|T |y, [ maxsup 0., = 0:, ds, (by @),
0 €ANy<s

and,

4

1

By = / |ezs stF(ez&wu jSawj) F(ezsywu j87wj)‘\y(x27x])d8 )
|AN|]€AN

4
1 t _ _
< Pizp(m Z \I’(LEZ,LZ'])‘/O |9i,s_6i,s”6j,s_6j,s‘ dS) s

JjeAN

jeAn i€AN o < s

4
1 = 2
< Piip(m Z \Il(xiyxj)) (/ max sup ‘qu Hz,u‘ ds) )

t = |8
<CT3|T ||iip fo max sup |9i7u - 9i7u| ds, (recall (33])).
u<s

It remains to study the term Cy (B.I9). Since we obviously have

T3 rt _ T3 rt _ 8
CNS?A |6i,s_6i,s|8 ds""?ﬁ ‘[FmaﬁN,s_VS](Hi,Sawiyxi) ds

T° 8 T3 rt B _ 8
<7 maxsup ‘HW w‘ ds+7f0 ‘[F\I',VMS—I/S](Hi,s,wi,xi) ds, (5.20)

0 ANy <s

we concentrate on the term cp := ‘[F\I’, UN, s — Vs](éi,s,wi,xi) in (5.20). Using the decom-
position v(df, dw, dx) = £(df, dw) dz (recall (2.31])), we have cy < dy + ey where

dN = L Z \I/(‘Thx]) (P(éi,&whéj,&wj)_fr(éi787wi797w)§8(d97 dOJ)) ) (521)
|AN| jeAn
x = [T B T 6,006 (06, ) Wr12,) = [ D0, ,0.0)6.(40, do) (i) .
JeAN

(5.22)

We treat first the term dy (5.21)). For simplicity, we use the notation T} j := T'(6;,w;, 0;,w;)—
[ T(0;,w;,0,w)¢5(dl, dw). Note that, by independence of the 6; and by definition of T} ;,
for any J # ki, ko, ks and i = J

((TzJ Tzk1)(Tzk2 zk3 = E (TlJ Tzk1)(le2 i,k3)|§7"7‘¢‘]))’
,Tzkl ZJ|97’7T¢Z) (,Tzkz zkg) =0.
—r_/

=0
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Consequently,

8

E(dy)=E

ZT,]\P('Z'H'I])

[An] &

1 4
-— ¥ (H \If(xi,:cmz) E(|Tss || T okl [T

IANT ky ko ks kaei \i=1

1 4 9 2 2 2 2
|AN|8k kZ];: N H\P(xhxkl) E(|T127k‘1| |ﬂ,k2| |ﬂ,k3| |ﬂ,k4| )7
His%i’ngé;l -
6 2 4
A S (i, 1) (i, ) 2O (g, 1) BT Tkl [T )
N Kl
digtincts
8
|A F Z‘I’($Z7$k)4‘1’($Z7$z)4E(‘Tzk| |Tzl| )+| F SN E|Tix| Uz, ap)®
N| k=l k
1
<OITlL|l=—= X [T (o) + > (i, ) W (s, )W (i, )
IANT™ ky koo g g 1=1 IANI jkd
distincts distincts
1
|A |4Z\I/(a:,,xk) oWz, 2) 1 + n lgzlll(a:i,a;k)ga), (5.23)
N| kel Nl &

where we used that |T; ;| < 2| T |, and where C' is a numerical constant. An application

of Lemma on (m leads to an upper bound of E (d}) of the form N4 if0<ax<s,

(respectively m 1f < a < 1), for some constant C. It remains to treat the term ey
in (5.22)): for sunphmty, we use the notation 7 ¢ == [ T'(0; s, w;,0,w)E(dl, dw), so that

ev=| ¥ [ T i) - Wna) de| < T 3 [ Wiay) - W) da,
jehy A jeAn ¥ BRi
chf(lfa)
_olrl.

lea

Taking the expectation in (5.I7]) and applying Gronwall’s lemma ends the proof of Propo-
sition 0

5.4. Proof of Proposition .12l Since we work in this proof with the same Sobolev

space Wg"*! (and its dual), we write in this proof |- |, instead of |-, ., for simplicity

of notations. Introducing the nonlinear process 7;; = (éi,t,wi,:ni) (Proposition B.6]), one
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can decompose (Hy+, ¢g) into the sum of three terms:

Ina(g) =~ 3 Wi, ) (9070 7i0) — 9(Fis T50)): (5.24)
|AN| i,jeAN
In(g) = aN( > (s, xy)g(Tins Tie) - f‘lf(xz,w)g(m,f)l/t(dﬂ)
|ANT" i jehn zeAN
(5.25)
Kn+(g) := f\I’(:EZ,:E)(g(TZt,T) 9(Tit, 7)) e (dT), (5.26)

ZEAN

Intuitively, the boundedness of Zy and pn in this decomposition comes from Proposi-
tion each particle 6; is well approximated by its corresponding nonlinear process 6;.
The most technical part of the proof concerns the evaluation of Jy and relies on cancella-
tion arguments in the expression of Jx(g)?, using the independence of the (6;)icr,. The
main point of the proof is that we need an estimate that is uniform in g. To do so, we use
Hibertian techniques similar to [16} 27].

Concerning Zy +(g), one has

2

a
Ine(9)’ == Y (s a) V(e 20) (9(Tiem50) = 9(Fies T5.0)) (9(Thts 1t) = 9(Frots Tit))
IANT" i jjetenn

2

a
|A]J:|4 ‘ -kzl:A \I/(xiuxj)\ll(xkuxl)Ri,j,t(g)Rk,l,t(gL
2,0,RL €A N

where we have written, for simplicity Rij¢ =R, . 4,4, (recall 321)). Applying the
previous equality to an orthonormal system (g,), > 1 in the Hilbert space W¢"*! and using
Parseval’s identity, one obtains

| Zne I*

2
= ( ;1 |IN,t(gp)|2)

|AN]" gk Ten p>1

a2 2
:( i \Il(x“xj)\ll(xhxl)ZRi,jJ(gp)Rk,l,t(gp))

9 2
S( aN4 Yo (g, z) V() | Riy, q | Rt Hq) ,

[An] i,jkleAN
ay
AN 2 H\P(xll’%)n | Riv g
1, ,Z
ji, ,Ji

By Proposition B.10] and Cauchy-Schwarz inequality,

4 —
E(H Rivjit —q) CE(HX%JM (‘ it Zl7t|+|0jl7 Hjut‘))

4 _ — 8
<C TTE (65~ i +1050 - 6:4])°)
=1

:]»

l

ool
N

o0l 1‘
=8 Q

E(Xi,jl, )

~
I =
,_.:
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where x; ;¢ is a shorteut for X, ., (Tit, Tjt, 0it, 05.¢) (vecall (327)) and where we used (3.6])
and Proposition 2.6 Consequently, using (3.3)),

qu)é sup (|AL D H(lAN| > \I/(xil,xj)))<+00.

7,17 7Z4=EANI 1 j€AN

sup E(HIMt
1SNELT

We now turn to the estimation of Jy; in (5.25): for all N > 1, t e [0,T]

1 _ N .
Ini(g) = |A | > (|AN| > \I'(xi,xj)g(n,tmj,t)—/\I’(xi,a:)g(n,t,T)Vt(dT)),

ZEAN jEAN

> Uaiay) (90 0) - [ 907, 0.5,3,)(d6, 42))

|AN| i,JeAN

Ly (|A1N| > W(wiwy) [ 9 0.8,2)6(a0, )~ [ W(ws,B)g(F, FIn( dF)

’iEAN jEAN

SHOEISIOF (5.27)

The linear form J](Vl) in (5.27) captures the random fluctuations of the nonlinear processes

around their mean value (for fixed positions), whereas J ](\,2 ) captures the variations of the
positions of the particles (for a fixed randomness). The first term in (527]) can be simply

written as J](Vlz(g) ‘A |2 Yijeay Y(Ti,x5)Ai;(g), where

A;ji(9) =9(Tie, Tjt) - / 9(Fi,0,0,2)& (A0, dD) = (i, Tit) = B (9(Fits Tj.0) [Trts 7 £ §) -

(5.28)
Using again a complete orthonormal system (g,),>1 in Wi,

2
2’ - ( £, )

a? 2
:( N4 Z Z ‘I’(fﬂiafﬂj)‘l’(fﬂk,xl)Ai,j,t(gr)Ak,l,t(gr)),

IAN|" »S1405 kTeAN
4

4
an
AT Yo > TT9 i) Ay gy t(9r) Aty o t(9r) A s £(9s) Ay i (9s)-
NI rs2>1li1,..441=1

J1yee-da
(5.29)
Taking the expectation in (5.29), we need to estimate the quantity
E(Iy, 13,13, 14) = E (Ai, 51,1 (9r) Aig,jo,t(9r) Aig s 1 (95) Ai ja,t(95)) (5.30)
for every sets of couples I; := (i;,7;), [ = 1,...,4. One crucial observation here is that for
all j € AN,
E (Aiji(9Tre,m#37) =0, (5.31)

by definition of the A;; in (5.28). (5.31) leads to cancellations in (530). We give here
a simple combinatoric argument in order to derive the relevant contributions to the es-
timation of the expectation of (B.29): associate a vertex to each {i;,5;} (I = 1,...,4)
and draw an edge between two vertices labelled k and [ (k,l = 1,...,4) if and only if
{ig, i} N {ig,jx} # @ (see Figure [I). Note that when a vertex (labelled for example by

)



FLUCTUATIONS FOR MEAN-FIELD DIFFUSIONS IN SPATIAL INTERACTION 45

{i1, 71} {i1, 72} {i1, 51} {71, 42} {i1, 1} {iz, g1} {1, 71} {1, 72}

o—O

{i3, 73} {i3,ja}
o—o

(4) (B) (@)

{i1, 51} {i1,71} {i1, 51}

FIGURE 1. The only nontrivial contributions to (5.30) corresponds to in-
dices given by the above diagrams.

I = {i1,j1}) is isolated (that is {i1,j1} N {i2, 43,44, j2,J3,Ja} = @), by independence of the
random variables 7;, one obtains that

E(Ilv Iy, I3, 14) = E(Aiz,jzAis,jsAi4,j4E(Ai1,jl|7__7"7T # ]1)) =0.

Using this last observation, it is easy to enumerate by inspection all the possible nontrivial
contributions to the expectation of (5.29]): they are listed in Figure [l We only give here
a detailed analysis of the two extreme cases (i.e. the largest (A) and smallest (G)) and
leave the remaining cases to the reader. The largest contribution of E(I,Is,I3,14) in

4
E (H J](Vli H ) corresponds to the case (A) in Figure[[lwhere the set of indices {I1, I5, I3, I}
g

is separated into {I1, I5} and {I3, I} with the property that {i1, 1,2, j2} N {is, j3,%4,74} =
@. By independence of the random variables (7;)ica,, the contribution of this term to

E(‘ J](Vli Hi}) is then

a? 2
(Z N Z \If(xi,xj)\P(xk,ml)E(Am,t(gp)AkU(gp))) . (5.32)

p=1 AN g iTeny

First note that, thanks to (5.31l), whenever ¢ # [ and j # [, E (A,-vj,t(g)AkJ’t(g)) =
E (4;;1(9)E (Ake(9)|Ts,m £1)) =0, so that we can suppose that the indices (4, j,k,1) in
(532) are such that i =1 or j =1.
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We first treat the case ¢ = I: here, we can further assume that k = j, since if k # j, one
has that E(A; ;Ar;) = E(Ag;E(A; |7, # j) = 0. Hence, for fixed 1, j,

(SIS

1
Z E(Ai,j,t(gp)Aj,i,t(gp)) < Z E(Ai,j,t(gp)2) E(Aj,i,t(gp)2)2v
p=1 p=1
1 1
<C Y E(gp(Tie.70)?)  E(9p(Fje. 7)) ? s
>1
p ) )
2 2
SC( > E(gp(Ti,taTj,t)z)) ( > E(gp(Tj,t7Ti,t)2)) )
p=>1 p>1

1 1
=CE(|Srm, |2 ) B (S50 %)

where S is defined in ([8:22]). Thanks to Proposition B.I0] and Proposition [2.6] the last
quantity is bounded by a constant that is uniform in 7, j. Consequently, the contribution
of the case i =1, j = k to (5.32]) can be bounded above by

2 2 2 2
c( N \y(xi,xj)Z) =0( Ivw» d(:l:i,xj)_m) : (5.33)

IAN]" iRy IAN]" iRy

2
2
When o < %, the latter quantity is bounded above by (C’ ?V—’\Q) = % by B3) . When
2(1-a) 2
NN3 N2a — %
We now treat the case where j = in (5.32]). Proceeding as before and using again (3.3)),
one easily sees that the contribution of this case to (5.32]) can be bounded above by

a> %, this contribution is of order (

2 2 2 \2
ol S W) Uaa) | <o) (5.34)
IAN|" i jjeer N
1,),KEAN

which is uniformly bounded in N, in both cases « < % and a > %, by definition of ax. One

can conclude that (5.32]) is uniformly bounded in N.
4
We now treat the case of the smallest contribution to E (H J](Vlz H ) which corresponds
*tll-g

to the case where all the four couples of indices are equal (see the case (G) in Figure [I):
I =I5 =1I3=14 = (i,7). This case boils down to estimating the following quantity

a4 CL4
on 2 Y@na)' 3 B(Aiae) Aie(9:)’) = 7 X (i ;) B (| Aise )
| Nl 1,J€AN rs>1 |AN| 1,jeAN

(5.35)

Ca _
<=L > d(wg,zy)
AN ijeAn

Using again ([B.3]), we see that if 0 < « < %, the last quantity is bounded above by

aj c 1 - In N 1 1

Cxihz =7a Ifa :417 we obtain an upper-bound of order “tr. If 7 < a < 3, the upper-

bound is of order ]yv—g) < % and in the case % < a <1, one has an upper-bound of order

N4(17a) 4 1
N N = 5s

In any case, this term is bounded in N. From all this we can conclude
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that

tSEI%E(HJ(l)H ) ( )2. (5.36)

We now turn to the second term J](Vzi in (B.21). Setting [¢,&](7,2) = [9,&], (1,2) =
[ g(7, 0,0,%)&(d0, do) (recall (2.2)) and defining A; := [z, 2;.1[C S, j € Ay, one obtains

T$N9) = |AN|ZE;N(ﬁje%\lf(xi,xj)[97§t](ri,t,a:j)—f\y(g;,-,gz) [g,gt](ﬂm)di)j
S, T () 6] o) W) 0.6 (G ) 0
= %JZAN fAj [9,6] (Forszj) (U(2,2;) - U(ai, 7)) A&
o, B, YD) [06) Gien) - [06] () a7

3 4
= J5)(9) + T (9)-

Concerning J](Vg’z, setting w; ;(9) = [g,&] (7_'i,ta$j)fAj (V(xs,25) = V(x4,7)) dz, we have

E (H J(g) H ) E Z Uiy, 1 (gT)uiz,jz (gr)uis,js(gS)um,ﬂ(QS) )
|A | 21 rs>1
.717 7.]4

1,2
a2 2
s (|AN2 2 {E( 2 Ui,j(gp)Q)( 2 uk,z(gp)Q)} ) :
NI igketery p>1 p>1

(X
T Moreover,

i~

Using (3.1)), it is easy to see that /A |U(z,25) -V (z;,2)| dZ <

> E([gp &) (Finyz)?) < Y E(/gp(m,H @, 5)%&(df, dw))

p=>1 p=>1

2
=E (/ H Sﬁ,t,é@@j _

which is uniformly bounded in ¢, j and N (recall Proposition [3.10]). Consequently, for some
constant C > 0,

B( ¥ ws)?) T wata?)| < —A
_]|a+ |k‘—l|0‘+

p>1 p>1 |i

&(dé, dw)) ,
q

Thus, one obtains that

2
2(a-1) 4
(3) N an
SHPE(HJ H ) 2 e e | S Oxanay
t<T IANI ighteay 12— 71" k=1 N
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which is bounded, uniformly in N, by definition of an. Turning to J](\;lz and setting

Uij(9) = Us, 25000, (9) = [, (@i, 7) ([9,6] (Tie.25) = [9:6] (Tiit, @) (recall the defi-
nition of the form ¢ in Proposmon [B.1T]), we have

o(l70],) <5 = B(Mit,)

iq
.717 7.74

Hence, using the boundedness of the linear form ¢ in (328

(4) )\ E 1 9@ Kl i L1 L f
B(|l1,) <o “Z H(( Wl <l sup et [

14

U(z;,T) di),

1

.717 7.74
<C 4 ~NA > H(/ U(x;,7) d:n)El—[(1+|(9th|'il |wi, |1)
|A | N 11,0504 I=1
]17 7.74
4 H a;lv
U(z,,,z)dz < C—=,
N4 |AN| 212141 1 geZA:N ‘[Aj " N4

so that supy - 17t<TE(H J(4) H ) < +00.

The same estimate about the last term Ky can be proven along the same lines as we
have done for the first term Zy ;. We leave the proof to the reader. Proposition [3.12 is
proven. O

5.5. Proof of Proposition 411

Definition 5.1. Define the linear forms on the space of functions (0,w,x, é,d),:i) >
g(0,w,z,0,0,%) on (XxY xS)2:

Pg(0,w,0,0,2) = g(0,w,x,0,0, ), (5.37)

Qg:=g-"Pg. (5.38)

If we fix (0, w, 0,0, x) and we see g as a function of the second spatial variable & only, we

have to think of Pg as the first (constant) term in the Taylor decomposition of  ~ g(Z)
around z, Qg being the remainder.

Proof of Proposition[{.1. We decompose ny,o (L3) and Hy,o (Z7) into the sum of terms
of different scalings (see Remark [5.2] below): for all test function (6,w,x) ~ f(0,w,z)

<77N,07f> |A | Z (f(ezoawuxz) [fv&]] (:Ez))

ZEAN

+aN(|A1N| PEROICOR JRED <x>dx) (nGh 1)+ (n$h 1), (5.39)
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where [f,&](2) = [y f(0,w,2)&(df, dw) and for every test functions (7,7) ~ g(7,7)

(Hno, 9) = aNg o (i, ;) (9(Ti,0,750) — [9,€0] (T30, 75))

IANT" i jean
\II Lis Lj ’ Ti,0, L3 _f\II ':Uiaj 9 Ti, 7j dj )
|AN|Z§N(|AN|J§N ( i) 19,80 (7i,0,75) S ( ) [9:€0] (70, ) )
= (1G4 )+ (H$h 9). (5.40)

where (recall 22) [g,%] (7. 2) = [g9,%0]; (0w, 2,%) =[x,y 9(T, 0,0,%)&(d0, do).

Remark 5.2. In (539) and (5.40), 77(1) and ,Hgv)o capture the fluctuations of the i.i.d.
particles and disorder at t =0 (and hence should scale as \/_ for large N with Gaussian

limits in the case ay = /N ). On the other hand, the processes 77](\,)0 and ’Hg\,)o capture
the variations of the system w.r.t. the spatial variables (for a fized randomness). Hence,

the scaling of 77](37)0 and ’Hg\,)o is governed by the regularity of the weight W and the test
functions. This scaling is in any case different from the Gaussian scaling and yields to
deterministic limits as N — oo.

We first make the observation that in (5.39), 77](\?)0 converges to 0 as N — oo, regardless

of the value of a € [0,1). Indeed, since f in (5.39) is at least of class C* (recall B9)), one

has ‘(77](\?)0, >‘ <C|Vf . %, which goes to 0 as N — oo in both cases a < = and a > L.

2 2"
Secondly, using in (5.40) the decomposition of Definition 5.1l we write
2 2 2
(2, o) - (12, Pl (12 ) .

The intuition for (5.41)) is that the only (possibly) nontrivial contribution to HEV)O only

comes from Pg, the remainder Qg being already sufficiently regular in (z,Z) to compensate
for the singularity of the kernel (z,Z) ~ ¥(z,Z) in (5.40): regardless of the value of
aef0,1),

(Hg\?,)o’ Qg) -0, as N — oo. (5.42)

Indeed, since g is at least of class C? (recall (3.9))), one can write

(€5, %] 6,00, ) = /XXY (9(0,w,2,0,0,%) - g(0,w,2,0,d,2)) &(db, do),
) /X ¢ fjaug(e,w,xj’@’u) dugo(df, do),
(. 7) ( [ us.80), G0 du),

1
d(zx,2)

:=Q(07w7x7i‘)
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where, by assumption on g, the function @ is bounded and of class C'. Writing Q;(x;, xj) =

Q(bi0,wi, i, x5), (7—[537)0, Qg) can be written as

a 1
<H§37)07 Qg) - AN Z (A Z \I/(‘T“‘T]) [Qg,fo] (9i707wi7‘ri7wj)
| N|iEAN | N|jeAN
—/S‘I’(:L"i,i")[99750](Qi,o,wi,xiaiﬁ)df)
- A ! >, d(ﬂfnfcj)lO‘Qi(fcmﬁj)—fd(wui)lO‘Qi(xi,i’)di),
IAN|a VAN ER s

DS S [ () Qs ) -, ) Qi ) daz),

B |AN| iEAN ]EAN 3
= —aN l-a 1-a
- 2 QZ(:EZ’x]) (d(x27$j) d(iﬂz, ) ) dz
|AN| ZEAN ]EAN
a o
+ AN Z Z / d(xlv )1 (Qz(xzyx]) Qi (xz,m)) da;)
| N| ieAn \jeAn Aj
= (" 9) + (Hih- 9) (5.43)

where Aj := [2;,2,1). We treat the two terms in (5.43]) separately. First of all,

(52 o)l < N0 o 25 5 (50 Mo =, oz
jeAn J

Z€AN

A long but easy calculation shows that the term within the parentheses is of order N?
uniformly in ¢ € Ay (it is the speed of convergence of the Riemann sum associated to
T |x|1_a towards its integral), so that ‘(7—[5\?)0, g)‘ < C“WN, which, in any case in «, goes

to 0 as N — oo. As far as the second term in (5.43)) is concerned, one has

(ol < ooy 3 (5, los-a1es)

that is of order %} =N _.o 0 too. This proves (IBEZI)

We specify now our analysis to cases a < 5 and o > 2 We first treat the case a < %
First observe that in this case the whole process %5\/)0 (not only <’H§V)0 , Qg)) converges to
0 as N — oo. Indeed, since one has trivially [Pg,&] (7,2) = [g,&0] (7, 2), we have

|A1N| Z [9750](Ti,0,33z'){aN(|A—1N| Z \I/(a:i,xj)—fS\I/(a:,-,aE)dj)},

(2)
(H3h- Po) =
€A N JeAn
(5.44)

which by Lemma B4 goes to 0 as N — oo. From this and the remarks made above,

everything boils down to the identification of the limit of the process (77N0, (1) 0N >

To do so, we identify the limit of Xy := u<771(\f)07 ) +v (Hgv)ov g> for any scalars u and v

and any test functions f and g. By a density argument, it suffices to identify the limit
for test functions g of the type g(0,w,x,0,@,%) = g1(0,w)g2(0,&)h(z, ). In such a case,
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(recall that ax = /N and [Ay| = 2N)

1 _ 1
(HE\},)O, 9) Vi > 92(@‘,0@;‘)(@ > 91(91',0,%)/1(%7iﬂj)‘l’(iﬂi,xj)), (5.45)
jeAN €A N
where
32(0,0) = 92(0,) - [ 92(0,2)60(, ). (5.46)

Intuitively, the term within brackets in (5.45]) should be, for large N, close to Z(x;) where

=() ::%/gl(H,w)h(x,i)\I/(a;,aE)go(d0, dw) da. (5.47)

1) .
Hence, one can decompose Hgv)o into

1 —_—
(H%7%’9)= — > G2(050,w;)E(x))

VNJEAN
1 _ = 1 (5.48)
+ G2(05,0,w;5) | E(x;) - 91(0i,0,wi)h(xi, )V (s, x5)

3 (4)
= (’HN’O, g> + (HN,O’ g).
Consequently, X may be written as

XN :u<n](\}’)0, f)+v<7-[§\:;’7)0,g>+v<7-[§é)0,g>,
1

= \/T_N ; (%f(&i,o,wi,xi) + ?)\/592(91'70,(4)]')5(%2')) +v <7‘[§\?7)0, g) (549)

Let us admit for a moment that 7-[5\?)0 converges in L? to 0, as N — oco. Then, Proposi-

tion [l for o < % is a consequence of Lyapounov Central Limit Theorem (see [8], Theo-

rem 27.3, page 362) applied to (5.49) and the convergence as N — oo of

2
sv=— Y. E ((\%f(@i,o,wi,xi) + U\/§92(9i,07wj)5(xi)) )

to u?Cy(f, f) + 2uvCp 3 (f,9) + Cu(g,g) (vecall (E2) and (5.47)). We are now left with
proving that ’Hgé)o in (5.48) goes to 0 in L? as N — co. Indeed, using that (6;0,w;)iea
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are 1.i.d. and that E(g2(0;0,w;)) =0 for all i € Ay, we obtain

2 1 =
(K0 9) )= 7 3 B(@(iow)?) 2
NiEAN
1
i,k€AN

1

T > E(5200i0,wi)?) E(91(85,0,w;)) E (91(Ok,0,wk)) Bz, %) ¥ (5, 25 h (@, 7)) U (g, 77)
i,j,kEAN

=E (§2(91,0,W1)2) (% %: E(:EZ)2
—E(g1(010,w1)) 505 D, M@k, 20) O (xg, 2)E(24)

N 7 kEAN

: > h(xjaxi)\y(xjvxi)h(xkaxi)\y(xkyxi))-

+E (g1(61,0,w1))”
16N3 imj’kEAN

As N — oo, this quantity goes to
. (4) 2\ N2 1n 2 1 - - 2
]\lflm E (’HMO,Q> =2 [ E(z)°dz -4E (91(01,0,w1)) 5 hMx,2)¥(z,z)dz| dz
2
2B (00000 [ (5 [ b2 0@ de) i
=2/E(:I:)2d§:—4fE(i)zdj+2f5(§:)2d§:=0.

which is the desired result. This concludes the proof of Proposition 1] in the case « < %

It remains to treat the case a > % (where ay = N1): as already proven in the case o <
. . 1
%, the quantlty % Yieny (f(050,wi, i) = [f, 0] (x;)) converges in law, so that (77](\,7)0 , f> =

\/_ TnT ZleAN (f(bi0,wi,zi) = [f,€o] (z;)) converges in law to 0 as N — oo. Since it is also

the case for <77](V)0  f ), the whole process 1,0 converges in law to 0. It remains to identify

the limit for Hxy0: note that <’H§\})O, ) = J](Vlz](g) where J](Vlz was defined in (5.27). In

particular, we see from (5.36) and the definition of ay in (LI0) that ’H( ) vanishes to

0 as N - oo when « > % By the remarks made at the beginning of this proof, it only

remains to identify the limit of (’Hg\?)o, Pg) in (0.4I). An application of Lemma B4 to

(5:44)) clearly shows that (’HE\?’)O, Pg> converges as N — oo to the quantity defined in (4.3)).
This concludes the proof of Proposition 4.1l O

5.6. Proof of Proposition The proof of this result is standard and uses techniques
developed by Kunita in [24] and used by Mitoma [32] and Jourdain and Méléard [23].
Since the following is mostly an adaptation of the approach of [23] to our case, we sketch
the main lines of proof and refer to the mentioned references for technical details.

Since 6 — ¢(f,w) and T" are supposed to be bounded as well as their derivatives up to
order 3P+9, the function 0 — v(t,0,w) is regular and bounded (with bounded derivatives),
uniformly in ¢ € [0,7"]. According to [24], Theorem 4.4, p.277, the flow X (7,7 )o<s<t<T
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defines a C3P*8 diffeomorphism. By [24], for any differential operator D on (R™)? of order
smaller that 3P + 8

sup sup  Ep 5(|DXs4(7,7)|") <+00, r>0. (5.50)
(1,7)eXxYxS0< s <t < T ’

Using this estimate and backward Ito’s formula ([24], Theorem 1.1, p.256), it is possible
to prove (see [23], p.761) that for all g € CZ, for all 0 < s <t < T, for all (7,7),

Ut 5)g(r.7) - g(r.7) = f L 2O W (1)) (7, 7) dr. (5.51)

The next step is to prove that (5.51)) is also valid in the space C’g@ﬁﬂ). This relies on the

following lemma (we refer to [23], Lemma 3.11 for a proof of this result):

Lemma 5.3. Under the assumptions of Section[2.2, the operator .i”t(l) s continuous from
C’g}ﬁJrS to CO* - and

3(P+2)
(1) <
|« g\cgiifm\ongncg;*g, tefo,]
D, M) _
| #09-200] g < Clallgy, t=sl. sitel0T)

For any j < 3P +8, the operator U(t,s) is a linear operator from CJQ’O to CJQ’L such that
|U(t8)g o0 < Cllgleos, 0<s<E<T,
J J

[ U(t,S)g—U(t,S')gHCQ,L <CH9HC;.);°1VS/_S’ 0<s<s' <t<T.
J

Note in particular that there exists C' > 0 such that for any differential operator D of
order smaller than 3(P +2), | D[T'V,vs] - D [TV, ]| < Clt-s|, for any s,t € [0,T].
The change in the parameter ¢ in the spaces CJQ’L in Lemma [B£.3] comes from the fact

that (0,w) — ¢(f,w) is possibly unbounded in w: there exists C' > 0 such that for all
differential operators Dy and Ds, with sum of orders smaller than 3(P + 2), % =
[D1g]| |Dacl(1+]w]*) |D1g]
W] 14w]* S C’1+|w|b’

know that if g € Co0 ., s — fs(l)(U(t,s)g) is continuous in C%* _ and hence that

by assumption on c¢. As a consequence of Lemma (.3 we

3P+9 3(P+2)
fot D%(l)(U (t,s)g) ds makes sense as a Riemann integral in Cg&ierz). In particular, we
obtain, for every g € C§]’9+9
ey 02
U(t,s)g—g= /8 £ (U(t,r)g)dr, in C$<P+2). (5.52)

We are now ready to establish the representation (4I8]): let £ a solution to (AIT) in
C([0,T], W=75T0) . Since W24 o WEE we have, for all g e W5*

—2(P+2) —2(P+2) —3(P+2)? 3(P+2)
t . t
(€.g)= [ (&, 2Dg)ds+ [ (R, g) ds. (5.53)
Both relations (5.52]) and (5.53) are in particular true for every g € C’g}%g, since C’gﬁﬁﬂ) =

W§(§3 +2) (by (BI7) and since by assumption k > m and ¢ > n+2¢, recall (2.26) and (2.27))).
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Combining (5.52]) and (5.53]), one obtains for g € C§]’9+9

€0 = [ {20y r. Ut~ [ 20 W9 ar) as

t

t t
(ZO) xR, Ults)g) ds= [ [{(20) €+ R, 20Ut )g)) drds,

t

<

2Oy e R UG s)g) as- [ [T {20y e+ By, 2OW()9)) dsar.
<
(

g
|

fot (,,2”8(1))*55 + R, U(t,s)g) ds - fot <5r, .i”r(l)(U(t,T)g)> dr, (5.54)

t
| (R, UGt 5)g) as,

where we used again (5.53) in (5.54]). Since C§]’9+9 is dense in C’g&gjﬁ), the identity & =

[e=]

fot U(t,s)*Rsds holds in CE)’ZO( Pi2)° Since CQO&(I)D+2) is dense in W§(+ ;f;;’ , uniqueness holds
for (417) in C([O,T],W%;g]f:;)). Proposition is proven. O
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