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Abstract

This paper presents a new finite volume scheme for the steady Stokes
equations on a general 2D mesh. The scheme is staggered, i.e. the
discrete velocities are not located at the same place as the discrete
pressures. We prove the existence and the uniqueness of a discrete
solution. We then prove convergence of the discrete velocities to the
weak solution of the problem. Under additional regularity conditions,
we prove the convergence of a penalized version of the scheme to the
weak solution of the problem. Numerical experiments on problems with
known analytical solutions allow to obtain the rate of convergence for
both velocities and pressure.

Key words : Stokes equations, cell-centered finite volumes, unstructured
mesh.




A staggered scheme for the Stokes equations

1 Introduction

We study the following problems: find an approximation of u = (u(l),u@))t €
HE(Q) x H}(Q) and p € L?(£2), weak solution to the generalized Stokes equations,
which write:
nu—vAu+ Vp= fin Q,
- 4 9@ — 0 (1)
divu = d1ut’ + 0hu'” =0 in §,

where n > 0, v®) and u® are the two components of the velocity, p denotes the
pressure, v the viscosity of the fluid, under the following assumptions:

) is a polygonal open bounded connected subset of R?, (2)
v € (0,+00), n € [0, +00), (3)
f=0W W) e (L), fori=1,2. (4)

The case n = 0 yields the usual steady-state equations.

For the simplicity of this presentation, we prescribe for both problems a homo-
geneous Dirichlet boundary condition on the velocity (u(l),u@)). In all this paper,
we denote by z = (ac(l),x@)) any point of ) and by dx the 2-dimensional Lebesgue
measure dz = dzMdz?.

DEFINITION 1.1 (Weak solution) Under hypotheses (2)-(4), let
EQ) = {v = (W, e (H} ()%, divo = 8101 + 00®) =0 ae}.  (5)
Then v = (u™, u?)! is called a weak solution of (1) (see e.g. [24]) if and only if

u= (uM, u®) e B(Q),

n Qu(g:) <v(x)dx + V/QVu(x) s Vo(z)dr = (6)
/ f(@)(x)ds, Vo= @W" o) e BQ),
Q

where, by definition, Vu : Vo(z) = Z Vul (z) - Vo) (z).
i=1,2

Numerical schemes for the Stokes equations (6) (and the nonlinear Navier-Stokes
equations) have been extensively studied: see [11, 20, 21, 22, 13, 12] and references
therein. Among different schemes, finite element schemes and finite volume schemes
are frequently used for mathematical or engineering studies. An advantage of the
finite volume schemes is that the unknowns are approximated by piecewise constant
functions: this makes it easy to take into account additional nonlinear phenomena
or the coupling with algebraic or differential equations, for instance in the case of
reactive flows; in particular, one can find in [20] the presentation of the classical finite
volume scheme on rectangular meshes, which has been the basis of many industrial
applications. Proofs of the convergence of the co-called “MAC scheme” [16] were
performed in [19] and [23] for the Stokes equations. However, the use of rectangular
grids makes an important limitation to the type of domain which can be gridded and
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A staggered scheme for the Stokes equations

more recently, finite volume schemes for the Navier-Stokes equations on triangular
grids have been presented: see for example [14] where the vorticity formulation is
used and [4] where primal variables are used with a Chorin type projection method
to ensure the divergence condition. In this paper, we propose a method which uses
the primitive variables and enforces the divergence condition directly, using quite
general meshes such as mixed rectangular-triangular or Voronoi meshes. This finite
volume scheme can be presented under the following variational form:

u = (uM, u?) € Bp(Q),

77/9“(35) ~v(z)dr + v|u,vlp = /Qf(x) <v(z)dz, (7)
Yo = (v, v®) e Ep(Q).

where Ep(Q) is the nonconforming discrete functional space consisting of the pairs
of piecewise constant functions on the cells of the mesh D, satisfying a discrete
divergence—free condition, endowed with the inner product [-,:]p (see Definition
3.1). The discrete unknowns of this scheme are the discrete velocities located at
some point within the discretization cells (or “control volumes” of the mesh (see
Section 2) whereas the discrete divergence—free condition is imposed at the vertices
of the mesh. Because of this choice, any iterative procedure will introduce discrete
pressures located at the vertices of the mesh. Therefore this scheme is also a stag-
gered scheme, in the sense that the velocities are not colocated with the pressures.
It is a slight modification of a scheme which was first proposed in [6]; its convergence
was proved in the linear case for an equilateral triangular mesh in [6] and after the
tentative generalization of [1], an error analysis was derived in the same setting in
[3]. In fact, the numerical results which we obtain here show that the modification
which we use here is crucial for the scheme to perform well on any mesh (even though
the original scheme and the modified scheme are identical on equilateral meshes).

This paper is organized as follows. In Section 2, we introduce the admissible finite
volume meshes and we describe the discretization scheme, as well as some discrete
functional tools. In Section 5, we prove the existence and uniqueness of discrete
velocities solution to (7) on general structured or unstructured finite volume meshes
(note that for general meshes, no inf-sup condition can be proven; this prevents from
deducing the uniqueness of a discrete pressure in the whole discrete space, see also
Remark 3). We then prove the convergence and an error estimate for a penalized
version of the scheme. The error estimate is a power 1/4 of the mesh size and is
clearly not sharp, as shown by the numerical results given in Section 9.

2 Admissible discretization of (2

We first present the following notion of admissible discretization, which is an exten-
sion of [6].

DEFINITION 2.1 [Admissible discretization] Let © be an open bounded polyg-
onal subset of R% and 9Q = Q\ Q its boundary. An admissible finite volume
discretization of €2, denoted by D, is given by D = (M, E,P,V), where:
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Figure 1: Example of an admissible triangular discretization

M is a finite family of non empty open polygonal convex disjoint subsets of
Q (the “control volumes”) such that @ = Ugepm K. For any K € M, let
OK = K \ K be the boundary of K and m(K) > 0 denote the area of K.

e & is a finite family of disjoint subsets of Q (the “edges” of the mesh), such that,
for all o € &, there exists a hyperplane E of R? and K € M withg = 0K NE
and o is a non empty open subset of . We then denote by m, > 0 the
1-dimensional measure of . We assume that, for all K € M, there exists a
subset £k of £ such that 0K = Uyeg,o. It then results from the previous
hypotheses that, for all ¢ € &, either ¢ C 92 or there exists (K, L) € M? with
K # L such that K N L = &; we denote in the latter case ¢ = K|L.

e P is a family of points of Q indexed by M, denoted by P = (xx)xem. The
coordinates of xx are denoted by CC(I?, 1 = 1,2. The family P is such that,
for all K € M, xx € K. Furthermore, for all o € £ such that there exists
(K,L) € M? with 0 = K|L, it is assumed that the straight line (zf, ) going
through zx and zy, is orthogonal to K|L. For all K € M and all o € £k, let
zo be the orthogonal projection of zx on 0. We suppose that z, € o.

e Vis a finite family of non empty open polygonal disjoint subsets of 2 (constitut-
ing the “dual mesh” of M), which are centered around the vertices (zs)s=1,n,
in the following way (Ny is the number of vertices):

for 1 < s < Ny, let My C M be the set of control volumes to which x, is a
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vertex. For K € M, denote by o and ¢’ € £k the two edges of K with vertex
xs. Define K as the convex hull of the four points (see Figure 1)

(1’87.%'[(720—720-/).

The dual cell around x4, denoted by S, is then defined as (also see Figure 1):

g = UKGMsKs-

Since there is a one-to-one mapping between the set {1,..., Ny} C N and the
set V, we shall replace all subscripts s by S when dealing with the dual mesh.
Let Vi denote the set of vertices of a given control volume K. Note that:

K =Ug, ey Ks, and Kg=KnNS.

The following notations are used. The size of the discretization is defined by:

hp = sup{diam(K), K € M}.

We shall measure the regularity of the mesh through the function angle(D) de-
fined by

angle(D) = inf {|252k T3, |20xsTk|, K € M, S€ Vg, 0 €ExkNEs},  (8)

where |Tyz| designates the absolute value of the measure of the angle Tyz (note that
2eTKES = 5 — 2, LSTK.).

For all K € M and o € &k, we denote by ng , the unit vector normal to o
outward to K. We denote by di , the Euclidean distance between xx and 0. We

then define
Mg

TK,oc — .
’ dKO’

The set of interior (resp. boundary) edges is denoted by &yt (resp. Eext), that is
Eint = {0 €&; 0 g IN} (resp. Eext = {0 € E; 0 C IN}). For any o € &g, 0 = K|L
(resp. Eext, 0 € k), let x, be the center point of the line segment [zxxy] (resp.
[k 25]), and 2 and 28 its coordinates.

For all K € M and all S € Vg, let 01 and 09 € £ N Eg numbered such that
(L(TQI) - xg?))(x(%) - xg)) - (x((i) - :Ug))(:vgll) - Cﬂg)) > 0. We then define Ax g € R?
by:

1
AR =2 — 2 ©
AQ L = ) ),

)

Remark 1 (Comparison with a former finite volume scheme) Note that the former
finite volume scheme which was studied in [6], [1] and [3] may be formulated in the
same way, now taking for (33571),3:((,2)) the components of the point z,, which is the
intersection of the line segment between xx and zr,, and the edge o (rather the point
Zo, middle point of zx and xy in the present scheme, see Figure 1). Note that for
equilateral triangles, the points z, and z, coincide, and therefore the two schemes

are equivalent.
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Let us now state some properties which are induced by requiring some classical
regularity on the mesh.

PROPOSITION 2.2 [Geometric properties of regular meshes] Under hypothesis
(2), Let D be an admissible discretization of € in the sense of Definition 2.1 and let
a > 0 such that angle(D) > a. Then there exist strictly positive real numbers Cj,
for i =1,...,5, only depending on «, such that

C; < TK,o» VK € M, Vo € gK, 10

(10)

card(Mg) < Cy, VS €V, (11)

card(Vk) < Cy, VK € M, (12)

diam(K N S)? < Csm(KNS), VK € M, VS € Vg, (13)
diam(S)? < Cym(S), VS €V, (14)

diam(K)? < Csm(K), VK € M. (15)

Proof The following relations hold in triangles x i, 25, g (see Figure 1), for K € M,
SeVkgando € g NEs:

d(zs, zos)
drk, 2o

dxg, zo)

>t . (16
dws,z) ~ (16)

tan [v5T g 2, | = > tana, and tan|rxrsze| =

Therefore we get (10) with C; = 2tan . Using |[rxzs52,| > «, we get, adding the
measures of the angles around zg,

card(Mg) < Cy = —,

and similarly, since |z;zx 25| > a, we get, adding the measures of the angles around

TK,
card(Ek) = card(Vi) < Cy = T
a
We thus prove (11) and (12).
Let us now remark that
1 — o —
meas(K NS) = Zd(zg,zx)*(Sin 20 T§TKSIN TGTK 2o + SIN 25/ TST K SIN TST R 21 )

(sina)?d(zs, rK)?,

v

where o and ¢’ are the two edges of K intersecting at S. This proves (13).

Let us then remark that

m(S) = Z m(K NS) > (sina)? Z d(zs,zr)?,

KeMg KeMg

so that

. . diam(S) 2
m(S) > (sina)? ax d(zs,r)? > (sina)? <7> ,

International Journal on Finite Volumes 6
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which proves (14).

Similarly,
diam(K)
m(K) = Z m(K NS) > (sina) Z d(zg,zx)* > (sina)? (%) )
SEVK SeVK

which proves (15).

3 Discrete functional properties

DEFINITION 3.1 Let © be an open bounded polygonal subset of RY, with N € N,.
Let D = (M, &, P,V) be an admissible finite volume discretization of 2 in the sense
of Definition 2.1. We denote by Hp(2) C L?(2) the space of functions which are
piecewise constant on each control volume K € M. For all w € Hp(f2) and for all
K € M, we denote by wg the constant value of w in K. For 0 = K|L € &y, we
define w, to be the linear interpolation between wg and wy, if o = K|L, and in this
case the following relationship (conservation of the local fluxes) is satisfied:

TK o (Woe — WK) + Tr0(We —wp) =0, Vo € &g, 0 = K|L. (17)

and for o € Eqyt, wWe set

Wy = O, Yo € gext- (18)

and

We denote by Lp(€2) the space of functions which are piecewise constant on
the domains S, for all S € V. We then define the discrete divergence operator
diVD . (HD(Q))2 — L'D(Q), by:

divp(u)(z) = ﬁ Z Ak s ug, forae zeSVSeV.
KeMg

We then set Ep(Q) = {u € (Hp(R2))?,divp(u) = 0}. For v and w elements of
Hp(Q)), we denote by

wwlp = Y Y Tro(ve — vK)(We — wi), (19)

KeMoe€lgk

the inner product on Hp(Q2). Remark that thanks to (17), one has:

[v, w]p = Z To(vx —vp)(wk —wi) + Z ToVK, WK,

Uegim,O':K‘L g€Eext

where K, denotes the control volume to which o is an edge. For simplicity, we shall
also denote by [,] the inner product on (Hp(£))2, that is:

owlp= > 3 Y ko — o)Wl — wi), (v, w) € (Hp(Q)).

KeMoelg i=1,2

International Journal on Finite Volumes 7
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We define a norm in Hp(Q) (resp. (Hp(f2))?), thanks to the discrete Poincaré
inequality (20) given below, by

lwllp = (fw, w]p)'?.
The discrete Poincaré inequality (see [6]) reads as:

HwHLQ(Q) < diam(Q)||w||p, Yw € Hp(R). (20)

4 The finite volume scheme

Under hypotheses (2)-(4), let D be an admissible discretization of € in the sense of
Definition 2.1. The finite volume approximate problem to the Stokes problem (6) is
defined by the following set of equations:

u =€ ED(Q),
77/ u(m) ( Ydz + viu,v]p = (21)
fQ dm Yov € ED(Q)

The existence and the uniqueness of a solution to (21) will be stated in Proposition
5.3. The numerical approximation of a solution to (21) is usually obtained by intro-
ducing the pressure, which may be seen as a Lagrange multiplier to the divergence—
free constraint. There are several methods to solve the velocities-pressure system,
which are more or less efficient depending on the data of the problem (see e.g.
[11, 12]). Among them, we select a penalized scheme, since it allows the derivation
of a mathematical proof of convergence. This penalized scheme, which we now state,
was introduced and analysed in [11] in the framework of a finite element discretiza-
tion. For any real value A > 0, we look for u such that

< (),

n Jo u( x)dz + vu,v]p + ﬁ/ divp (u)divp(v) = (22)

/ f(z x)dz, Yv € (Hp(R))?,
or, introducing a discrete pressure, we look for (u,p) such that

(u,p) € (HD(Q))2 x Lp($2),

1 Jo ul z)dz + vlu,v]p — / p(x)divp(v)(z)dr =

5 (23)
/ [ (z)v(x)dz, Yo € (Hp(Q))?,
leD =—-A hD p.

System (23) is equivalent to finding the values (ur)rxem, (Uo)oce, (VK)KeM:
(Vs )oece and (pg)sey solution of the following system of equations:

International Journal on Finite Volumes 8
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(
nm(K)ug —v Z TK o (Ue — UK) — Z Aks ps = / flz)dz, VK € M,
o€EK SeVi K

TK,o(Us — UK) + TLo(Ue —ur) =0, Vo € &y with o = KL,

Uy = 0, Yo S gext,

Z Z Ak s-ug = —X hpm(S)pg, VS € V. (25)
KeMg i=1,2

Remark 2 A

1. In System (24), the values (u((,z))aeg, i = 1,2, can easily be eliminated using
the last two equations of (24), thus yielding a linear system, the unknowns of which
are the values (U(IZ())KeMa i = 1,2, and (pg)sey. This is done in practice when
implementing this scheme.

2. The above scheme (23) coincides, in the case of an equilateral triangular mesh,
with that of [6] for which a convergence proof was given in [6] and an error estimate

in [3].

The existence of a solution to (23) will be proven below.

5 Existence and uniqueness of the discrete solution

In order to prove existence and uniqueness of a solution to the finite volume scheme,
we start with the following estimate:

PROPOSITION 5.1 [Discrete H' estimate on velocities, weak L? inequality
on pressures| Under hypotheses (2)-(4), let D be an admissible discretization of €
in the sense of Definition 2.1. Let A € (0,+00) be given. Let (u,p) € (Hp(2))? x
Lp(2) be a solution to (23). Then the following inequalities hold:

vlfullp < diam(Q)[ fll(z2())2, (26)

and
(v X hp)? |Ipll 2y < diam(Q)[| £l 22 ()2 (27)

Proof We apply (23) setting v = u. We get
n/ﬂu(x) cv(x)dr + v|ul|% — /Qp(x)divD(u)(x)dx = /Qf(ac) ~v(x)dx.

Since 7 > 0, the second equation of (23) and Young’s inequality yield that:

diam(£2)? v
2 2 2 2
o R A e

International Journal on Finite Volumes 9
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Using the Poincaré inequality (20) gives

dlam( )2

vlulp + Ak pleq I£11? 2@zt 5 HUHD7
( ) )

which leads to (26). Then reporting (26) in the above inequality yields (27).
We can now state the existence and the uniqueness of a discrete solution to (23).
We first give the result for the case A > 0.

COROLLARY 5.2 [Existence and uniqueness of a solution to the penalized
finite volume scheme| Under hypotheses (2)-(4), let D be an admissible discretiza-
tion of €2 in the sense of Definition 2.1. Let A € (0, +00) be given. Then there exists
a unique solution to (23).

Proof System (23) is a linear system. Assume that f = 0. From Proposition 5.1,
we get that w = 0 and p = 0. This proves that the linear system (23) is invertible.
We now state the existence and uniqueness result for the case A = 0.

PRrROPOSITION 5.3 [Existence and uniqueness of a solution to the finite vol-
ume scheme] Under hypotheses (2)-(4), let D be an admissible discretization of
in the sense of Definition 2.1. Then there exists a unique solution u to (21).

Proof The uniqueness result is an immediate consequence of (20), setting v = u in
(21).

Let us now prove the existence. Let (A(n))neN be a sequence of strictly positive
real values such that A(") — 0 asn — co. For alln € N, let (u(™,p™) € (Hp(Q))? x
Lp(Q) be the solution to (23) with A = A, Using (26) and (20), we get that

the sequences (U%))neN is bounded, for all K € M. We can therefore extract a

subsequence of (A™),cn, again denoted (A(™),,cn, such that the sequence (u(]?))nEN
converge, for all K € M. Let us denote u € (Hp(f2))? the piecewise constant

function whose value on a cell K is the limit of the sequence (U(;?))neN; it is easily
seen that u is also the limit in (L?(Q))? of the sequence (u(™),cn. Moreover, for all
v € Ep(Q), the following equality holds:

n/u(”)(x) v(z)dz + vut D—/f x)dz, for all n € N,
Q

we only have to verify that u € Ep(Q2). From (23), one has:
2
/ (divD(u("))(m)) de = (A 123" m(S)p?.
@ sev
Thanks to (27), we get

diam( )

HdivD(u("))H%g(Q) <A™ hp HfH(L2(Q (28)

Idivp (™) 220 Z g2 X A u™?

SEV =12 KeMg

Now

and therefore one may pass to the limit as n — oo in the Equation (28). This yields
divp(u) = 0 which implies u € Ep().
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Remark 3 From the estimate on the solutions u of the penalized scheme (23), which
does not depend on A, we can also get the existence and uniqueness of (u,p) €
(Hp(2))? x (Ker(Vp))* solution of (23) with A = 0, where Vp denotes the operator
from Lp(2) to (Hp(9))? which is the tranposed of divp.

6 Consistency properties

We now study consistency properties of the discrete operators which will be needed
in the proof of convergence. Let us first recall that the approximation of the Laplace
operator by the above finite volume scheme is known to be of order 1: see e.g. [10],
[6]. Let us then turn to the other operators.

PROPOSITION 6.1 [Consistency of the discrete divergence] Under hypothesis
(2), let D be an admissible discretization of €2 in the sense of Definition 2.1, and let
a > 0 such that angle(D) > a.

Then, there exists Cg , only depending on a, such that, for all u € Hg(Q)NH?(),
and for any S € V,

KEEAJASA a®(ax) - /asu“ﬂ(m)ek-n(x)dw(m) < Com(8)[a® |25y, k = 1,2,
(20)

where
1/2

2
(92u(k

2™ | 2oy = / de | k=12
H2(S) Z 3%5%

7.]_

Remark 4 Remark that

/ ﬂ(k)( )ek n /&Cu,
oS

so that one may see the term
sy 2 Atk o)
KEMS
as a consistent discretization of Jyu over the cell S, for k =1, 2.

Proof Under the assumptions of Proposition 6.1, let S € V, we wish to show
that ]Tgc)\ < Cs m(S)]ﬁ(k)\Hz(S), where:

(k) (k) k) ﬁ(k)xe -n(x x).
7 KEZMSA >/85 (w)ex - n(z)dy(x)

Let us first consider the case where S has no edge on the boundary of 2. Then 0S can
be given by the sequence of segments [Tk, T i, ], [TryTrs] - [Tk, 1Tk, ] [TK,, TKy ],
where xg,, ..., 2k, are the centers of the control volumes { K1, Ks, ..., K} = Mg,

International Journal on Finite Volumes 11
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taken in the trigonometric order around S. We then denote it = i + 1 if i =
1,2,....m—1land m"=1,andi- =i—1if i =2,...,m and 1= = m. Then the

term Ték) can be rewritten as

100 =3 AP i)~ [ aP@ec n()i)
i—1 [zr;er )]
Using the definition of Ag?)s given in Definition 2.1, we get that

& —1) , , . , —1)7 , , , .
AR s =S5 (@, +a) - R+ )) = G (), -+ o) -a))).
with j=2ifk=1, j=1if k=2.

This yields Ték) = Z(:C%L - xgz)ﬁg) (u) with
i=1
(i) (= (k L a® (k) 1 _(k)
£y @) = 5@ (er) + a2k, ) — - u™ (x)dy(x) | (30)
KilK+ Jek,zx |
since ex -n(z) = (1'([]()+ —QU%Z)/dK”Ki+ forall z € [rg,wp ], fori=1,2,...,m (See

Figure 2).

Figure 2: Consistency of the discrete divergence operator

We denote by S the triangle zg, K;»ZK,, and we remark that the operator

Eg) . H2(S™W) — R defined by (30) is a continuous linear form. Let V be a given
equilateral triangle zg,,xs,,rs, with diameter 1, and let ¥ be the affine mapping
from S to V such that ¥(zs) = zg,, Y(zg,) = =g, and V(rk,,) = x5, Let
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L e (H%(V)) be defined, for all & € H%(V), by L(4) = Eg) (o U). Performing the
change of variable x = U~1(%), we get

4 1 1

L(a) = 5 (a(zs,) + dlzs,)) (z)dy(x).

w5, = 85| Jiws,es,)

Since the linear form £ vanishes on the set of polynomials of degree 1, we get from
the Bramble-Hilbert Lemma the existence of C7; > 0 (which does not depend on
anything, this is to be noted since it is quite rare... ), such that

‘E(ﬂ)‘ <C7 |ﬂ|H2(V)-

Defining, for @ € H?(S®), the function @ by @& = @o ¥~ !, we get Eg) (@) = L(1)
and therefore ‘ES) (ﬂ)‘ < Cy |a|H2(V)' Let us recall, for the sake of completeness, the

classical relationships between a reference element and the current element (see [18]
for example):

2 N 2 2 _ 2
0% 0%u
p) ) <|[wh Uz
Z (ami»(x)> S Z (axiax»( (x))> ’
Zv]:1 J Zv]:1 J
and ||&~!|| < diam(S®)/p, where j is the diameter of the inscribed circle in V. We
thus get X
) diam(S@)* m(V)
2y = Py 182 g0y -
H2(V) P m(s@) HS)

i

Applying (13) of Proposition 2.2, this yields \Q\Hg(‘;) < Cs diam(S(i))\ﬂ]Hg(s(i)),
where Cg only depends on «, and therefore

‘E(si)(a)‘ < Co diam(SV)[al 2 s,

where the non negative real Cy only depends on a. Thanks to the Cauchy-Schwarz
inequality, to the inequality |x%)+ — x%3| < diam(.S) and applying (11) and (14) of
Proposition 2.2, one obtains:

(T < Cy2Co €4 *m(S)?1a® 3ya(s).

We thus obtain (29) in that case.

Let us now suppose that 95N0S2 is non empty. Then 0.5 can be given by a part of
09, the segment [z4,, Tk, |, the sequence of segments[zx, Tx, |, [TK, Tk - - -, [TK,, 1 TK., )5 [TE, TRy
and the segment [xk,, 25, |, where again we denote by zk,, i = 1,...,m the centers of
the control volumes {K1, Ks, ..., K} = Mg, still taken in the trigonometric order
around S. We then have:

" (=1)9 , , , A (—1)7 A A : ‘
AR = (@i +2R) — @ +ol)) =57 (@ — o) + @ —20)
with j=2ifk=1, j=1if k=2
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m—1
which yields Ték) = (w%i - Uo O+ Z - xK T(k ) (‘Tz(fjl) - x%zn)Tb(’k’m)
=1
with Ték’z) defined as above for i = 1,...,m — 1 and
1 1
T*O = ~a® () - / a® (z)dy(z) |
2 dK1,00 [#og 7K ]
and 1 1
(k,m) — (k) _ 7
™ = su™(zk,,) / u(z)dy(z) .
S 2 dK,,.0 201 T 1, ]

Since %) vanishes in 2y, and z,,, the application of the Bramble-Hilbert Lemma is
again possible. The conclusion follows.

PROPOSITION 6.2 [Interpolation error for the pressure] Under hypothesis (2),
let D be an admissible discretization of €2 in the sense of Definition 2.1, and let
a > 0 such that angle(D) > «. Then, there exists Cyg, only depending on «, such
that, for all p € H(Q), denoting by p* € Lp(Q) the function defined by

1
—D =
Py = ——=~ | p(z)dz, for all S €
m(S)/ (I’) Z, T Vv

< Cyo diam(S) [Pl g1 (s). (31)

/[ #-77)@) i)

Planes) = (Z [(Z0) )/

Proof The proof results from the Bramble-Hilbert Lemma and the fact that
[ (=) dr@) =0, or any g € Lp(@),
ToXg

where

7 Convergence of the finite volume scheme.

We have the following result, which states the convergence of the scheme (23), the
parameter A\ > 0 being fixed.

PROPOSITION 7.1 [Convergence of the penalized finite volume scheme in
the linear case] Under hypotheses (2)-(4), let A € (0,+00) be given and let
(D™),en be a sequence of admissible discretizations of € in the sense of Defi-
nition 2.1, such that lim size(D™) = 0 and such that there exists a > 0 with

angle(D™) > a, for all n € N.

Let (u™,p™) € (Hpm(2))? x Lpm (Q) be the solution to (23). Then the
sequence (u(™),en converges in (L?(2))? to u, weak solution of the Stokes problem
in the sense of (6).
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Proof Using (26), we obtain (see [9], [6]) an estimate on the translates of u(™:
for all n € N, there exists C1; > 0, only depending on €2, v, f and ¢ such that

/ (™) (& + x) — w9 (@))2dx < Cuy [x|(|x] + 4size(D™)), for k= 1,2, Vx € B2,
Q

(32)
where u(™*) denotes the k-th component of u(™. We may then apply Kolmogorov’s
theorem, and obtain the existence of a subsequence of (D(”))neN and of u € H}(Q)?
such that (u(™),cn converges to u in L?(Q)2. It suffices now to prove that u satisfies
(6) to conclude, thanks to the uniqueness of this solution. Let ¢ € (C°(£2))?
such that div(¢) = 0. Let n € N such that D™ belongs to the above extracted
subsequence and let (u(™, p(™) be the solution to (23) with D = D™, We suppose
that n is large enough and thus size(D(”)) is small enough so that, for all K € M,
if KN support(y) # 0, then K NOQ = (). Let us denote by (™ the element of
(Hp(9))? with the constant value ¢(zg) in K, for all K € M. Let us take v = ¢
n (23). The convergence of the discrete Laplace operator was shown in [9] or [6]:

lim [u(™, D(n) / Vu(z (x)dx.

Moreover, it is clear that :

lim f( oM dm—/f

and
lim n/ u™(z) - o™ (2)dx = 77/ u(z) - p(x)dx.

There now remains to prove that:

lim [ p™(x)divpm (9™)(z)dz = 0. (33)

n—~o0 (o)

Let us write

/p( ) ()divpm (™) (z)dz = Z T(m
Q i=1,2

=3 S Y p AR oD (wk), fori=1,2.

1=1,2 §ecp(n) KEMg

with

We define
7 = [ p @0 @, fori = 1.2,

Thanks to (27), we may apply Proposition 7.2 given below with § = % We thus get
that ' o
lim (7™ — 7™y = 0, for i =1,2.
n—oo
Since div(y) = 0, we get Z Tl(n’i) = 0, which yields (33).
i=1,2

International Journal on Finite Volumes 15



A staggered scheme for the Stokes equations

The last step is to prove that div(u) = 0 a.e. in Q. Let p € C°(f2). For all
n €N, let ™ € Hpw () be the function defined by the value p(zx) in K, for all
K € M and let ¢ € Ly (Q) be the function defined by the value ¢(xg) in S,
for all S € V(™. We multiply the second equation of (23) by the function ¢ and

sum over S € V(™. We get TQ(n) = —T?En), where

TZ(n): Z Z ZAKS I?Z)'

Sey(n) KeMg i=1,2

and

T — X size(D™) / ™ (2)60 (2)da.
Q

Thanks to the regularity of ¢ and to (11) of Proposition 2.2, there exists Ci2 > 0,
which only depends on ¢ and «, such that:

> (¢ )? < Cia,

Sey(n) KeMg
we may therefore apply Proposition (7.3) given below to obtain:
. (n,i) 4(6) ~(n) _ _ (4) o) | —
nlg& Z Z up A oPs /Qu ()0 " (x)dx, for i=1,2,
Sep(n) KeEMg

which yields
fim 7 = 3 [ ot
1=1,2

Thanks to (27), we get:

>

n . n n ~(n 1. . n
4| < iz (D) 5y |6 2y < (2)Fdiam (@)1 12y Il 2o (size (D) V2.

Therefore, lim,,_. Tén) = 0, and this in turn implies that:

Z / 2)0u® (z)dx = 0, for all € CX(Q),

i=1,2

which proves that u € E ().

PROPOSITION 7.2 [Convergence properties of pressure terms] Under Hypoth-
esis (2), let u € H(Q) N H*() and let o > 0 be given. Let (D™),cy be a
sequence of admissible discretization of €2 in the sense of Definition 2.1, such that
lim size(D™) = 0 and angle(D™) > q, for all n € N. Let C13 € (0,+00), 6 € [0,1)

n—~o0

be given and let p™ e Ly () for all n € N, be a given sequence such that

Ci3

< B ypeNl 34
)= Size(Dmyr " E (34)

1™l 2 0
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(Indeed, the existence of some data satisfying the above hypothesis is clear). Then

lim Z Z u(i)(ﬂ:K)Ag?S pgn) —/ Au (2)p™ (z)dx | =0, for i =1,2.
n—oo ’ Q

Sey(n) KeEMg
(35)

Proof Let n € N and i = 1,2 be given. Let us define
= 3N ul (@) AR pd, and T = / ) (@)9u (z) for i = 1,2,
Seyn) KeMg Q

We then have ' ' ‘
R BN
Sey(n)

where, for S € V(") the term Tb(f) is defined by
T(Z Z AK u () — / u (z)e; - n(z)dy(z),
KeMg a5

denoting by e; the basis vector corresponding to the x coordinate. We apply Propo-
sition 6.1 and we get _
TS| < Com(S)|u®] e,

The above inequality leads to
T = TP < size(D™)Cs [l oy 107 172()-
Thanks to Hypothesis (34) and to the Cauchy-Schwarz inequality, we get the exis-
tence of C4, which depends on €2 and a but not on n such that
|T4(n,i) o Tén,i)| < C4C43 |u(l) |H2(Q)SiZ€(D(n))170.
The above inequality yields (35).

PROPOSITION 7.3 [Convergence properties for the divergence of the veloc-

ities] Under Hypothesis (2), let a > 0 be given. Let (D(™),cn be a sequence of ad-

missible discretizations of €2 in the sense of Definition 2.1, such that lim size(D™) =
n—oo

0 and angle(D™) > a, for all n € N. For all n € N, let v(™, o™ € Hp)(Q) be
such that there exists v € L2(Q) with v(® — v in L?(Q) as n — oo and ¢ € H(Q)
such that o™ — ¢ in L?(Q) as n — oco. Let C15 > 0 be given and for all n € N, let
¢ € L) () be a sequence of functions such that,

Z Z < Ci5, Vn € N. (36)

Seyn) KeMg

(Indeed, the existence of such data is clear). Then

I S oAl = - [ v@ap@de, ori=12 (37

Sey(n) KeMg
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Proof

Let & > 0; let us first define v € C2°(€2) such that [[v — ¥[[2() < e. For any
K € M™ we define 17%) = 9(zx), and we denote by 7 € Hp)(Q) the piecewise
function defined by (™| = o(xf) for all K € DM, It is obvious that (™ tends
to v in L*°(2), as n tends to infinity. Let be i = 1,2 given.

Thanks to the triangular inequality, we may write that,

/ v@dp@dr+ Y S o ARG | < T+ T+ T + 1Y, (38)
Q

Sey(n) KeMg
with
7o = | [ vl)orpla)d - /Q o(2)dp(x)da
T = ‘/av — 3™ (z))dx|,

7™ = /81} P @dr+ Y S AP,

Seyn) KeMg

| T T o - ARl

Scy(n) KeMg

The choice of v immediately yields that
Ts < 0ipllL2@)llv — vllz2(0) < ellGiellL2(q)- (39)
We now remark that
7 < ol lle—2"™ 2@ < I0llr2@) le—0 ™l L2+l 2@ ™ =3 20 -
T < |0 2oy llo—3™ | <ol 2@y e =" Nl 2@ HIoll L2y 0™ =™ |

Since we have

||80(n)—85(n)”%2 Z Z (KNS)( ) gbfgn)) < msize D" Z Z

Sey(n) KeMs Sey(n) KeMsg
we deduce, thanks to Assumption (36), that
™ — G| 120y < Ci5 /msize(D™).

Hence, thanks to the fact that ¢ tends to ¢ in L?(Q), we get that there exists
n1 € N such that

T7(n) < ¢ for any n > nj. (40)

Let us now turn to Tg(n). Since (Lp("))neN is a converging sequence in L?(f2), and
thanks to (7), the sequence (¢(™),ecn is also bounded in L?(Q). we may therefore
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n)

apply Proposition 7.2 below to obtain that Té — 0 as n — 400, and therefore,

there exists no € N such that

TS(n) < ¢ for any n > no. (41)

Let us finally deal with Tg(n). Noting that, for any K € M) one has zSev(”) A&?S =
K b
0, and that

@) ~(n) _ gy AD 5o
PORD IR A DEV P e DD DN Sy QR
Scyn) KeMg KeM(®) SEV%L)

one gets

W= Y Y AR - d) e - ).

KeMM gep(m
Therefore, by the Cauchy-Schwarz inequality, and thanks to Assumption (36),

2

n 1 n _(n 7
T <O | Y0 i —u) Y (4Rs)’
Kem) seviy

Now, thanks to Proposition 2.2,

Z (Ag?s)2 < Z diam(K)?* < Cy Cs m(K).

)

sevi) sevi?)

Hence

Tg(n) < (C15Cy Cs )2 o™ — @(n)Hm(Q)-

Since v(™ and 5™ tend to v in L?(Q) as n — oo, we deduce from this last inequality
that we may choose n3g € N such that, for all n > ns,

T <e. (42)
From (38), (39), (40), (41) and (42), we obtain that

- () 4() 5(m) | —
N Z Z vg Ak sPs +/QU(33)6190(~’U) z| =0,

Sey(n) KeMg

which concludes the proof.

8 Error estimate

We now prove the following error estimate.
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PROPOSITION 8.1 [Error estimate for the penalized finite volume scheme
in the linear case] Under Hypotheses (2)-(4), let us suppose that there exists

(u,p) € (H}() N H2(Q))? x HY(Q) solution of (1). Let D be an admissible
discretization of € in the sense of Definition 2.1. Let A € (0,+00) be given and
a > 0 with angle(D) > a.

Let (uP,pP) € (Hp(R2))? x Lp(Q) be the solution to (23). We denote by a? €
(Hp(Q))? the piecewise constant function equal to u(zx) on each control volume
K € M. Then there exists C1g > 0, which only depends on €2, v and «, such that
the following inequalities hold:

lu? — aP|lp <

) B 1/2 1\ Y2 (43)
Cie (h)1/4 <Hu||%H2(Q))2 + ||p\|%{1(9)> (ﬁ + \/—X) ’
and .
™ =l (L2 ()2 <
1 (44)

i ) 1/2 1/2
C1e (h)1/4 <HUH%H2(Q))2 + ”pH%’I(Q)> <ﬁ+ \/_X> .

Figure 3: The domains Dy (solid lines) and K (dashed lines)

Proof In this proof, we denote by C;, where ¢ is an integer, real values which
only depend on €2, v and « and not on h nor on A. For all o € £, let & be defined by
b = [r5,%s| U[rsxs,], where zg, and xg, are the two vertices of o. For all K € M,

let K be the polygonal subset of {2 whose edges are 7, for all o € & (see Figure
(3)). We define e, = —1if 6 C K else ex, = 1. Let D, be the triangle with
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edges o and &. Let us integrate the first equation of (1) on K. We get

77/ x—uZ/Vu ) -ng  dy(z Z/ (x)dy(z) =
o€l o€lK
/ @ x)dx + Z 6KJ/ f(l —i—l/Au(l)( ) — nﬂ(l)) de,1=1,2,
oefi
(45)
where we denote by nz(z) the unit vector outward to K at point () and e; the
basis unit vector corresponding to the i¢th coordinate. Let us define

i 1 ; 1 , N
Ré)f(a = m— / V’EL(Z)(.%') NK e — d (a?7(l) - ’ITL,I,;’( )), 1= 17 2,
Y o Jo K,o

where « denotes the ith component of @P, ﬁ?’(i) is defined by TKJ(QE?’(i) —

D X )) + 716 (Uo az® ﬂ?’(i)) = 0. It is then easy to see that RS)KU + RS)LJ =0if
U—K]L fori=1,2.
Let us also define

p(0) 220 1 / (4) | —
R, u'(z)dx, i =1,2.
u, K U ]T](K) ( )

a D)

Thanks to the regularity assumption on the mesh angle(D) > «, we may apply
Lemma 3.2 of [10], which states that there exists C;7 depending only on @ such that

Ry ol + 1RUk] < Curh, fori=1,2, (46)

With these definitions, we get from (45) that:

mm(K)ug — v Z Ti o (W2 — aR) Z / x)dry(x) :/Kf(x)dx+

o€lK o€lK

Z EK.,o / (x) + vAu(x) — nu) dx + v Z meRu k.o +m(K)NRy k.
0EEK 0EEK
(47)
Let us substract the above equation off the first equation of (24), and take the
inner product with

" )
UK = UK — Ug,

and sum the resulting equations for K € M. Using (25), we get

nual’\\;(w +v||aP|% + A h HpDH%z(Q) =Ty + 111 + T2 + T13, (48)
with

TlO:/QpD(x)diVD(uD)(x)dx,

Ty = Z Z Uk - / dy(x),

KeMoe€k

International Journal on Finite Volumes 21



A staggered scheme for the Stokes equations

Ty = — Z ZTJKO'A K>

KeMoelyk
and
Tis=— Y nu(K)Rgk - ik,
KeM
where

TS’K’J) = €K7U/ (f(z) + vAu(z))dz + vmsRa k.o

o

Let us first handle T79. We have

To= 3 Sps 3 AD20.

i=1,2Sey KeMg

Thanks to div(z) = 0, we may apply Proposition 6.1 and obtain:

SN APl < Com(S)all sz s)z-
i=1,2 Ke Mg

Thanks to the Cauchy-Schwarz inequality and to Estimate (27), we get

diam()[ f | z2@)2ho |
8

T < Ch BYSLE @l (2 ()2

Now remark that since (@, p) is solution to (6), one has

1 £lz2@)2 < Cho llall (22 + D] H1 (@) (49)
so that: 12
Tio < oo (%) (Il + 17010 (50)
< 5 (12(52) H1(©)

We now turn to the study of T1;. Let us introduce the function pP € Lp(f),
defined by

1
PP (x) = p5, for a.e. x € S, with ph = —— / p(x)dx for all S € V.
m(S) Js
For an edge o with vertices zg, and zg,, this function is then equal to the constant

;5?1 on [zg, x| and to the constant ;5?2 on [z,rg,|, thus it is integrable on 6. We
then have T1; = T15 + T with

-3 Y Sl [0 e ngla)ino)

=12 KeEMoefk

o= Y ¥ 5 () [P0 eng@ar ).

i=1,2 KEM oy

and
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By definition, A&?S = e; -ng(r)dy(x) if x5 is the common vertex to

f[ﬂfolms]U[ivsl“og}
edges o1 and o9 in the trigonometric order; therefore, we have for all K € M:

Z/ ZAKSpS,izl,Q.
ocli SEVK

Thus we get T1g = T17 — T1g with

=3B Y Y Alsux = [ iPaddivol)(@)ds

Sey i=1,2 KeEMg

and

=3B Y Y AR = [ Padivo(@)(a)ds.

Sey =12 KeMg

Thanks to the fact that HﬁDHLz(Q) <[Pl z2(q), we then have
Ti7| < 1Pl 2o lldivo (w) |l 2o
which yields, thanks again to (27) and (49),
Tirl < Cor O )M (ligaqeaye + 19130 ) - (51)
Using again Proposition 6.1, we have
ITisl < Co b (g eyye + 161301y ) (52)

On the other hand, we have
T = 3 Y S () - i) [ e g )
KeM i=120ck g
which yields, thanks to Young’s inequality,
dK YKo _ _D 2
Tis] < —HUHD + - Z Z p—p")(x) ei-npg(x)dy(z)) .
KEM o€lK
Thanks to Proposition 6.2, we get, using ¢ = [zs,7,] U [xs7g,] and thanks to

the fact that eq - nj () is a constant smaller than 1 on [z, 2| and on [z,xg,),

< Croh (|plpr(sy) + Plaisy) » i =1,2.

/ (7 - 1°)(@) & - np(@)dy(a)

This leads to
v

Tis| < < llallp + Cas b3 g, (53)

W

thanks to (11) of Proposition 2.2.
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We finally turn to the study of Tj3. Using the fact that for 0 = K|L, we have
Tl(jf%K’U) + Tl(ZU,L,U) — 0, we may write that

To= Y Y 3 7@ —af),
=12 KeEMoefk

We again apply Young’s inequality. It yields

v, _ _
ool < Sl + Coa b2 (Jall sz + 181 o)) (54)
thanks to easy bounds on Tl(fl’a’K’O) and to (46).

Let us then turn to Ti3: Using Young’s inequality, one gets that

Tis<y >0 3 m(K)ES 45 S S ()0,

i=1,2 KEM i=1,2 KEM

Using (46) and the discrete Poincaré inequality (see e.g. [6]) yields the existence of
Css € R4, depending only on 7, v, @ and €2, such that

Vi
Tig < Zllallp + Cos 1°. (55)

From (48)—(55), and using 2 < v/X + 1/+/X concludes the proof of (43). Thanks
to the existence of Cys such that ||u — EDH(LQ(Q))Q < Oy h||ul|(mr2(q))2, We get (44)
using the discrete Poincaré inequality.

9 Numerical results

The implementation of the scheme was performed using the F90 language on a Unix
system. The linear systems are solved using a direct method. The grid generator
proceeds from a given number of initial grid blocks, which can be triangular or
rectangular, describing the geometry, which are then uniformly refined as desired.

In the case of triangular meshes, we shall use two different sorts of refinement
techniques in order to obtain rates of convergence. The first technique consists
in starting from a given number of initial large triangles, describing the geometry,
which are then uniformly refined as desired. We shall call this type of refinement
the “homothetic” grids, since within a large triangle, all the refined triangles may
be deduced from a large one by an homothety. Such a refinement procedure (and
its pressure mesh counterpart) is illustrated on the two upper graphics of Figure 4.
This type of refinement tends to yield some optimistic rates of convergence, because
of the symmetries occuring between the small triangles, as we shall see in the sequel.
Hence we designed another type of refinement, which consists in first cutting down
the domain into as many smaller subdomains as wanted, and then meshing each
subdomain with the triangular mesh. This procedure is depicted the two lower
graphics of Figure 4, in the case where the domain 2 is a square, and one may see
that even though there exists a mesh pattern, there is no symmetry between the
small refined triangles.
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Numerical experiments for the Stokes equations were performed on 2 = (0,1) x
(0,1), with various analytical solutions. Here we shall present the results for three
cases:

e Case 1: u)(z) =0, u®(z) = M (1 —2M), p(z) = 0. Note that in this case,
the velocity is a polynomial function of degree 2, and therefore the consistency
error on the diffusion flux is zero.

e Case 2: The velocities are u(V)(z) = —0,®(z), and u® (z) = 9, ®(x), where
®(z) = 1000[z™M (1 — 2M)2z@ (1 — 2(2))]2, the pressure being given by p(z) =
(zMW)2 4+ ()2 —2/3, for all z € Q.

e Case 3: The velocities are uY(z) = 1sin(2rzW)cos(2r2?)), u®(z) =

—1 cos(2rz™M)) sin(272(?)), and the pressure p(z) = & cos(4rz)) sin(4rz?).

1

8

In all cases, the right hand side f is then computed with (1) for the Stokes equations,
taking v =1 and n = 0.

The finite volume scheme (24)—(25) (which we call “present scheme” here) for
which we proved convergence in the above sections was tried against the former
scheme which was studied in [6], [1] and [3], and which we shall refer to as “VF-P1
scheme”. Recall that these two schemes coincide on equilateral meshes.

The rate of convergence is obtained by computing In |[1), — ez ||, where 1, rep-
resents the computed approximation of the exact quantity ., (component of the
velocity or pressure) and identifying it as an affine function of the step size h:
In ||, — Yez|| = ph + C; when h is small enough, p is a good candidate for the
convergence rate.

The rate of convergence for the three cases for both schemes on different meshes
are given in Table 1. The rates of convergence are identical for both components
of the velocities in all three cases. In the case of the former scheme, we have only
given the results for triangular meshes, since there is no sound basis for a definition
of this scheme on rectangular meshes (see [6]); in fact, this scheme implemented on
rectangles does not converge. Note also that for the solution of case 1, we do not give
the rate of convergence of the present scheme on rectangles, because the precision
obtained is the machine precision for any mesh. Indeed, this is due to the fact that
the solution is a second order polynomial, and therefore the consistency error on the
flux is zero. Hence we obtain the exact solution (up to machine precision) for this
case. One may also see that on rectangles, the order of convergence is equal to 2 for
both velocities and pressure, for case 2; however, for case 3, it is still close to 1 for
the velocities but drops down below 1 for the pressure.

One may see that the rate of convergence of the present scheme is always higher
than that of the former scheme. The difference is particularly drastic for Case 2
on the non homogeneous mesh, since the rate of convergence of the present scheme
is 1.66 for the velocities, and .52 for the pressure, while the VF-P1 scheme does
not seem to really converge. Of course, as expected, the rates of convergence are
better on the homothetic meshes than on the non-homothetic ones, and this is
particularly true for the VF-P1 scheme; indeed, this illustrates the fact that the
VF-P1 scheme was shown to converge on equilateral meshes, since the homothetic
meshes are “closer” to the equilateral meshes than the non-homothetic ones.
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VF-P1 scheme Present scheme

hom. | non-hom. | hom. | non-hom
u | 1.91 1.03 1.91 1.80
p | 1.00 0.10 1.00 .95

Case 1: uM(z) =0, u®(z) = 2M (1 - 2M), p(z) = 0.

VF-P1 scheme Present scheme

hom. | non-hom. | hom. | non-hom | rectangles
u | 1.95 0.05 1.99 1.66 1.99
p| 1.03 | —107° 1.07 0.52 1.51

Case 2 uM) (z) = —9,®(z), u®(z) = 9,9 (),

O(x) = [ac(l)(l - x(l))x(Q (1-— 56(2))]2, p(z) = (;,;(1))2 + (5,3(2))2.

VF-P1 scheme Present scheme

hom. | non-hom. | hom. | non-hom | rectangles
u | 1.93 0.25 2.00 2.00 2.00
p | 1.00 0.05 1.50 1.12 2.00

Case 3 u(V(z) = 3

Table 1: Rates of convergence of both schemes on the different meshes and for the

sin(2rzM) cos(2rz?), u® (z) =

-1 cos(2rzM) sin(27z (),

p(z) = %COS(47‘(’1‘(1)) sin(4rz?).

three cases of analytical solutions
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In figure 5, we show the location of the error in velocity and pressure for the
velocity and the pressure for both the VF-P1 scheme and the present one, on a
homothetic mesh. It is clear that the error for the VF-P1 scheme is much higher at
the interface between the large triangles of the original mesh, where no symmetry is
there to help out. The scheme studied here is far less sensitive to these interfaces.

10 Concluding remarks

In this paper we introduced a finite volume scheme for the solution of the stationary
Stokes equations on general meshes in two dimensions. We prove an error estimate
for a penalized version of the scheme.

From the numerical results, we notice that the scheme which was introduced in
[6] and proved to converge for equilateral meshes in [6] and [3] requires the modi-
fication made here in order to converge on general triangular meshes, contrarily to
the expectations of [1].

The numerical results show that the present theoretical error estimate is not
sharp. In order to improve this error estimate, an analytical estimate on the discrete
pressure should be obtained. This has been done in the case of the MAC scheme
(velocities at the edges of the mesh, [16]) where a L?(Q)-estimate on the discrete
pressures can be obtained [23], [2], thanks to a De Rham theorem, connecting the
components of the gradient of the pressure with the Laplacian of functions of H, 6(9)
(see [17]). The use of the De Rham theorem is unfortunately not straightforward
in our case, due mainly to the L? regularity of the discrete pressure together with
consistency properties.

From the numerical results, we also show that the scheme which was introduced
in [6] and proved to converge for equilateral meshes in [6] and [3] requires the mod-
ification made here in order to converge on general triangular meshes, contrarily to
the expectations of [1].

Nevertheless, the observed accuracy of our numerical results indicates that this
method is convenient for the calculation of an incompressible flow on triangular
meshes. We do need to mention some oscillations of the pressure in one case. Fur-
thermore, thanks to the location of the discrete unknowns, the finite volume code
can be easily coupled with thermal or chemical codes if needed.

The scheme has also been developed for the nonlinear case, that is the Navier-
Stokes equations, and yields interesting results on wellknown benchmarks such as
the backward step.
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Non-homothetic refinement

Figure 4: Velocity and pressure meshes for two types of refinement techniques
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Figure 5: Relative error on velocity and pressure for both schemes on homothetic
mesh
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