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ABSTRACT: This article presents a new approach to grain fragmentation, its implementation in a discrete
element method code, and an experimental validation. This approach is an improvement, compared with those
models currently available in the literature. This new approach includes the use of polygonal particles, an
estimation of stresses within the particles, a failure criterion, and a mode of rupture. The estimation of stresses
is performed as a function of the forces exerted at the contacts, and the size and shape of the grains. The failure
criterion is a function of the tensile strength of the material, and the mode of rupture depends on the orientation
of the major principal stress. A comparison between experiments and its simulations showed a good match.

1 INTRODUCTION

Grain fragmentation is a phenomenon that can have
an important effect in the mechanical behavior of
granular materials. For example, it has been shown
that fragmentation affects the size particle distribu-
tion (McDowell 1996, Aström 1998, Fukumoto 1992),
the shear strength (Lobo-Guerrero 2006), the solid
fraction (Lade 1996, Cheng 2008), and the yielding
surface (Miura 1984). In addition, different industrial
processes (Guimaraes 2007), and structures (Lobo-
Guerreo 2005), using or built on granular materials,
are also affected by grain crushing.

Although grain fragmentation has an important
role, modifying the mechanical response of granu-
lar materials, only few models have been proposed to
model it with discrete element methods. These models
can be roughly classified into two main groups.

In the first group, the grains that satisfy certain
failure condition are replaced by a set of smaller
grains (Aström 1998, Lobo-Guerrero 2006, Tsoun-
gui 1999, Buchholtz 2000). Usually, both the original
grain and fragments have circular shape (Fig. 1). The
main advantage of this method is its simplicity and
ease to be implemented. However, it is not evident
to choose the adequate number and size distribution
of the fragments, and the space between fragments
implies an important loss of mass.

In the second group, the grains are built as a clus-
ter of bonded small grains (Jensen 2001, McDowell
2002, Lim 2005). The bonding strength is set-up at
the beginning of the simulations, and a local criterion
is responsible of determining de-bonding of the small
grains, eventually leading to the division of the clus-
ter (Fig. 2). Although this method reproduces more
realistically the complex shapes of fragments after a

Figure 1. Example of grain fragmentation scheme follow-
ing the replacement method.

fragmentation event, this is done at the expense of
using a large quantity of grains, and, thereby, a larger
computational time. Moreover, the size of the smaller
grains introduces an artificial scale parameter in the
system.

Therefore, the aim of this work was to design, imple-
ment, and test a new model of grain fragmentation
that allows the particles and fragments for breaking
without restricting their size and shape.

This article is organized as follows. In section 2, the
fragmentation model is introduced. In section 3, the
physical experiments undertaken are shown. Section
4 presents the simulations results. Finally, in section
5, the conclusions are presented.

2 FRAGMENTATION MODEL

The fragmentation model is composed by three main
elements: stress estimation, a failure criterion, and a
fragmentation mode. These elements are detailed in
the following subsections.
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Figure 2. Example of grain fragmentation following the
de-bonding method.

Figure 3. Reproduction of the stress tensor by means of a
pair of forces applied along the principal directions.

2.1 Stress estimation

A grain with arbitrary shape and size, under a set of
loads, presents a complex stress distribution inside it.
Besides, there is not an analytical solution for this
complex distribution of stresses.

So, let us first consider the case of a circular grain,
for which an elastic solution of stresses exists. Given
any set of loads over a circular grain, it is possible to
calculate its stress tensor as follows (Moreau, 1997):

where V is the volume of the grain (in the two
dimensional case V = πR2, being R the radius of the
particle), Nc is the number of contacts c, l is the branch
vector between the particles in contact, and F is the
vector of contact forces. The eigenvalues and eigen-
vector of σ ij are the principal stresses and directions,
respectively. Henceforward in this article, the major
principal stress is called σ max and the minor principal
stress is called σ min.

From the principal stresses, it is possible to calculate
a pair of equivalent forces, which, applied along the
principal directions, reproduce the tensor σ (Fig. 3).
These forces, here termed Fmax and Fmin, are given by

Figure 4. Tensile and compression stresses at the center of
the particle, produced by a diametrical load.

and

If it is assumed that the grain is made of a brittle
material that deforms elastically, it is known that these
forces generate compression stresses along their direc-
tion of action and tensile stresses in the orthogonal
direction (Fig. 4). Given that the tensile stress controls
the failure of brittle materials (Engelder 1974, Sam-
mis 1987), its maximum value can be estimated as the
superposition of the tensile stress produced by σmax
(4) and the compression stress produced by σmin (5).
In this article, the maximum tensile stress is called the
net tensile stress for discs (6):

Note that the tensile stress (4) is calculated at the
center of the grain, where its value is maximum, and
the compression stress (5) is calculated at the same
location.

However, as it was mentioned in the previous para-
graphs, the precedent calculation of stresses is only
valid for circular grains. For different grain shapes, a
correction must be introduced.

In order to find the adequate correction, a series of
numerical tests were performed by means of the finite
element software ABAQUS, using the linear elastic
material behavior, an elastic modulus of 21GPa, and a
Poisson’s ratio of 0.3.

In these tests, a set of grains of unit area and different
shapes were loaded diametrically with a unit load.

Figure 5 shows the tensile stresses distribution in
some of the polygonal shapes that were tested. For
each of these tests, it was found that the maximum
tensile stress was near the center of mass of the grains
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Figure 5. Tensile stress distribution for (a) regular, (b) irregular, (c) vertically elongated, and (d) horizontally elongated grains
under unit vertical load.

and its direction was almost orthogonal to the unit load.
Then, for each grain the compression stress in the same
location as the maximum tensile stress was measured.

Figure 6 shows the magnitudes of the maximum
tensile stress σt and the compression stress σc, mea-
sured in each polygon, as functions of a dimensionless
parameter l̄/w, where l̄ is the mean length of the sides
intersected by the load direction, and w is the particle
width (see inset in Fig. 6 for a graphical explanation).

It can be seen that σt decreases from ∼0.6 to 0, and
σc varies between ∼2 and 1. Note that these values cor-
respond to those of a circle and a square, respectively.
Thus, despite de dispersion of the data points, a simple
way to estimate σt and σc for any polygonal shape, is
to consider a linear function that joins the data points
for the circle and the square (i.e. dashed lines in figure
6). This approach leads to the following equations:

where σ d
t and σ d

t are given by equations 4 and 5, con-
sidering a disc of the same area as the polygon. Finally,

Figure 6. (a) Maximum tensile stress and (b) compression
stress at the same location measured in the finite element
tests.
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Figure 7. Schematic representation of the fragmentation
mode.

after superposing both stresses, the net tensile stress
for the polygon can be written as

where the subscript “max” refers to those values cal-
culated from the maximum principal stress value and
orientation, and the subscript “min” refers to those
based on the minor principal stress and orientation.

2.2 Failure criterion

The failure criterion determines the stress condition
for which a grain must be fragmented. As it was men-
tioned in the previous subsection, the tensile stresses
are the principal responsible for this phenomenon. For
this reason, in this model, the fragmentation of a grain
occurs when the net tensile stress of the particle equals
or surpasses the tensile strength of the material σcrit .
This means that, if

then the grain must break. Notice that σcrit is the only
parameter this model requires, and its value can be
found through the indirect tensile test, also known as
the Brazilian test.

2.3 Fragmentation mode

The fragmentation mode determines the way in which
the grains break once the failure criterion is satisfied.
In this model, the original grain splits up in two seg-
ments defined by a line that, having the orientation of
the major principal stress, passes through the center of
mass of the particle. A scheme of this fragmentation
mode is presented in Figure 7.

3 EXPERIMENTS

In order to validate the model, a set of experiments
was undertaken. For these tests, the material used was

powder plaster given its ease to be molded and its brit-
tle behavior. First, a number of diametrical load tests
were conducted to find the tensile strength of the mate-
rial. Then, four oedometric compression tests were
carried out over a system of several grains. The results
of these experiments are presented in the following
subsections.

3.1 Tensile strength of the material

Twelve circular particles were built in plaster, under
controlled conditions of temperature, amounts of
water, and drying time. The particles had a thickness
td , of 6 mm and a diameter that varied between 1 and
3 cm. Then, these particles were brought to failure in
diametrical compression tests.

Figure 8 shows a close up of the loading device and
the corresponding photographs of the particles after
the test. This device allowed for measuring the vertical
load at failure (Fcrit), and, consequently, the tensile
strength of the material, calculated as

The average tensile strength of the material was
800 kPa.

3.2 Oedometric compression tests

Using the material previously described, a set of polyg-
onal particles was built. The circum diameter of the
particles varied between 1 and 3 cm, and their thick-
ness was 6 mm. Using these particles, four different
systems of 15 disordered particles were built inside
a Plexiglas box. These systems were oedometrically
compressed in plane strain conditions, at a constant
velocity of 1 mm/min.

4 SIMULATION AND MODEL VALIDATION

The simulation of the oedometric tests was carried out
using the contact dynamics method (Moreau 1994,
Jean 1995, Radjaï 2011). This numerical method
assumes perfectly rigid particles interacting through
mutual exclusion and Coulomb’s friction. The friction
between the particles, and between the particles and the
Plexiglas box was measured in laboratory resulting in
0.70, and 0.78 respectively.

The initial distribution of particles was numerically
replicated, and the boundary conditions were set up.
The deformation advanced, in both the experiment and
the simulation, with the same velocity until a vertical
strain of 10%.

Figure 9 shows a qualitative comparison between
one of the experiments and its corresponding simula-
tion. From these images, it can be observed that the
match is good in terms of the grains that break, the
order of occurrence, and the directions of the cracks.
It should be remarked that this comparison is made
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Figure 8. Pictures of (a) the loading device, and (b) the
particles after the compression tests.

Figure 9. Qualitative comparison between the experiment
and the simulation.

Figure 10. Number of fragmentation events as function of
the vertical strain in both the experiment and simulation.

in terms of equivalent fragmentation states, but the
strain levels do not necessarily correspond. In gen-
eral, the fragmentation events occurred earlier in the
simulations that in the experiments.

Figure 10 shows the cumulative fragmentation
events as a function of the vertical strain (εv), for
both the experiment and simulation presented in Fig.
9.As it can be seen, there is a strain gap between the
fragmentation events.

This difference or gap, observed in Figured 10, can
be explained since the contact dynamics assumes per-
fectly rigid particles, and the experimental test deforms
elastically. Thus, the forces exerted in the contacts
between particles increase more rapidly in the sim-
ulations, and, consequently, the fragmentation events
occur earlier.

5 CONCLUSIONS

This paper presents a new method for implementing
grain fragmentation in a discrete element code. The
proposed approach reproduces more adequately the
shape and size of the fragments, conserves the mass
after each fragmentation event, and does not introduce
unclear variables into the system.

The approach can be understood as a combina-
tion of three principal elements: stress estimation, a
failure criterion, and a mode of rupture. The stress
estimation resulted from a stress analysis undertaken
in a finite element software, and the criterion and
mode of rupture are consequence of field and practical
observations.

In order to validate the numerical model, a set of
experiments was performed. Four different systems
made up of polygonal particles were placed in a Plexi-
glas box and compressed oedometrically. A qualitative
comparison between the experiments and the respec-
tive simulations showed a good match in terms of
particles that break, sequence of fragmentation, and
direction of the cracks.

Additionally, a quantitative comparison was made
in terms of fragmentation occurrence as a function
of the vertical strain. This comparison showed a con-
tinual difference between the strain levels at which
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fragmentation events occur in the experiments and
the simulations. In one part, this difference can be
explained by the fact that the discrete element method
that was used assumes perfectly rigid particles, and dis-
regards the elastic deformation of the particles. In other
part, it should be remarked that the systems tested were
small, and minor differences in the initial geometry of
the sample, the evolution of fragmentation events, or
the boundary conditions can have important effects in
the results.

Evidently, grain fragmentation is a complex phe-
nomenon that is only partially captured by a numerical
model such as the one presented in this article. How-
ever, this model is an important advance in order to
improve the way fragmentation is simulated in discrete
element methods.

Future studies can be focused on additional quan-
titative comparisons with larger granular samples,
on the shear resistance-strain effect, and on the
use of more complex particles shapes, such as
spheropolygons.
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