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Global existence for small data of the viscous
Green—Naghdi type equations

Dena Kazerani **

Abstract

We consider the Cauchy problem for the Green—Naghdi equations with viscosity, for
small initial data. It is well-known that adding a second order dissipative term to a hy-
perbolic system leads to the existence of global smooth solutions, once the hyperbolic
system is symmetrizable and the so-called Kawashima—Shizuta condition is satisfied. In
a previous work, we have proved that the Green—Naghdi equations can be written in a
symmetric form, using the associated Hamiltonian. This system being dispersive, in the
sense that it involves third order derivatives, the symmetric form is based on symmetric
differential operators. In this paper, we use this structure for an appropriate change of
variable to prove that adding viscosity effects through a second order term leads to global
existence of smooth solutions, for small data. We also deduce that constant solutions are
asymptotically stable.

Keywords : Green—Naghdi equations, viscosity, small solutions, symmetric structure, en-
ergy equality, global existence

1 Introduction

The Green—Naghdi system is a shallow water approximation of the water waves problem
which models incompressible flows. The vertical and horizontal speeds are averaged verti-
cally. Moreover, vertical acceleration is supposed too small to be considered [?]. In other
words, Green-Naghdi equations is one order higher in approximation compared to the Saint—
Venant (called also isentropic Euler) system [?]. To obtain the latter system, not only the
vertical acceleration but also the vertical speed are neglected. This leads to a hyperbolic sys-
tem of equations whereas the Green—Naghdi equation is dispersive due to the term ahh de-
fined below. In this work, we focus on the Green—Naghdi type equation with a second order
viscosity:

{8th+8m(hu) —0, 0

Oy (hu) 4 0, (hu?) + 0,(gh?/2 + ah?h) = pd,(hd,u)
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We assume that h(z,t) > 0, a and p are strictly positive and g is the gravity constant. The
unknown h represents the fluid height and w its average horizontal speed. Moreover, the

material derivative () is defined by () = 0;() + u0,().

Remark 1.1 Let us note that the o« = 0 case gives us the Saint-Venant system. We can also
learn more about the derivation of the system in [?, ?, ?] for (u, ) = (0, %) and in [?] for
(:ua a) = (07 i)

It is worth remarking that (??) admits the following energy equality [?, ?],
OE + 0, (u(E+p)) = pud,(hou), (2)
where
E(h,u) = gh®/2 + hu*/2 + ah®(0,u)?/2,

and

p(h,u) = gh?/2 + ah?h.

Then, we can check that (??) admits a family of relative energy conservation equalities given
by

atEhe,ue + a:cPhe,ue = N(u - Ue>a:c(hawu)’ (3)
where
Ep e (hyu) = g(h — he)? /2 4 h(u — ue)? /2 + ah®(0,u)? /2, (4a)
and
gh?
Phs,us (h7 u) = UEheﬂLe (h7 U) + (u - ue)p(hJ U/) - 26 u. (4b)

This family is parametrized by (he, u.) € R? with h, > 0.

Remark 1.2 Let us assume that o = 0. Then, E(h,u) and Ey, ., (h,u) are convex entropies
for Saint-Venant system.

The dissipative term ;0. (hO,u) considered here in the right hand side of (??), is presented
in [?] and some other references, as the viscosity for Saint-Venant system. Indeed, Saint-
Venant system with this viscosity is derived in [?] from the Navier—Stokes equations under the
shallow water assumption. On the one hand, this term is stabilizing for the hyperbolic Saint-
Venant system. On the other hand, Green—Naghdi equation is a higher order approximation
of the water waves problem and contains Saint-Venant system in addition to some dispersive
terms. Therefore, we are interested to learn more about the role this viscosity plays on Green—
Naghdi equations. Following the result of this work, we see that the dispersion does not cancel
the stabilizing effect of the viscosity.

The aim of this paper is to study the stability of equilibriums based on the symmetric struc-
ture of the system. The intuition comes from the Kawashima—Shizuta works on hyperbolic—
parabolic systems [?, ?] and Hanouzet—Natalini and Yong [?, ?] on entropy dissipative sym-
metric hyperbolic equations. All these results have been proved using the symmetric structure
of hyperbolic systems. In particular, Saint-Venant system with friction can be treated by the
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general result obtained in [?, ?] whereas Saint-Venant system with viscosity fits the general
frame considered in [?, ?].

The notion of symmetric structure and of Godunov systems has been extended to some
dispersive systems in [?]. In particular, the Green—Naghdi equations enter in this framework
and then can be written under a symmetric structure which is recalled in Subsection ??. We
show in this work how this structure enables us to extend the techniques used in [?, ?, ?] for
symmetric hyperbolic equations to the dispersive Green-Naghdi equations.

Remark 1.3 The order of the dissipative term 110, (h0,u) plays a very important role in this
work. Indeed, we can prove the global existence for small initial data only if the dissipative
term, considered in the right hand side of (??), is a second order term with respect to u. For
instance, we are not able to generalize the results presented in Section ??, if we replace the
dissipative term p0,(hO,u) with a friction type term such as —ku for some k > 0. Likewise,
if we consider a fourth order dissipation such as —pd? (h0,(hd,u)) /4 (suggested in [?])
instead of the second order 110,.(hO,u), the estimates we find are not sufficient to conclude the
global existence.

In all this work, partial derivatives with respect to x of any differentiable function f are
presented by 0, f. The differential of the application F at U is symbolized by Dy F'(U). The
adjoint of the operator A is denoted by .A*.

1.1 Symmetric structure

Following Li’s notations in [?], we use the unknown U = (h, m) defined by a Sturm-Liouville
operator called L:
m = hu — ad,(h*0u) = Ly (u).

Let us note that £;, : H*(R) — H*?(R) is an isomorphism if A is strictly positively bounded
by below and s > 2. Therefore, System (??) can be written under

QU + 8,F(U) = Q(U),

where he (m)
Fu) = (mc,;l(m) 20k} (0,L, (m))® + 4h? gng) ’ )
and .
A= (u@(haxu)) ©

Based on the structure presented in [?], it is easy to check that the unknown U enables us
to write (??) under a Hamiltonian structure where the Hamiltonian H,, ,, is defined by the
integral of the relative energy i.e. by

Hheyue = / Eh67ue'
R



This unknown presents also another advantage. In fact, we can recover the physical variable
V' = (h,u) from U using the interesting change of variable V' = (h, ,,Hp, .. (U)), where
0 denotes the variational derivative with respect to mE] . This consideration, as suggested in
the following theorem, enables us to symmetrize the system in the physical variable with a
diagonal locally definite positive operator (See Appendix ?? for more details).

Theorem 1.4 [?]. Let V., = (he,u.) be a constant solution of (??) with h, > 0. Let also
s > 2 be an integer. Then, as long as the solution V- = (h,w) remains close to V, for the usual
norm of H*(R) x H*T(R), the system is equivalent to the following symmetric form:

0
Ao(V)O,V + A1 (V)0,V = (uﬁx(h&ru)> (7)
where
Ao(V) = DyU*(V) (67H) DvU(V) (8)
(g —3ah(0,u)* 0
N 0 Ly
is a positive definite operator and
Ai(V) = DyU*(V) (64H) (DyF(U))DyU(V) 9)

[ gu — 3ahu(d,u)? gh — 3ah*(0,u)?
~ \gh —3ah*(0,u)* hu+ 200,(h30,u) — ad,(h3u)d, — ah?ud?

is a symmetric one.
Proof Let us consider the conservative form
U+ 0, F(U) =Q(U).
Obviously, we have
DyU(V)o,V + Dy F(U)DyU(V)0,V = Q(U).

Then, acting DyU*(V') (63 Hp, u,) on the system and considering the fact that Q(U) is an

invariant vector of Dy U*(V') (63 Hp, .. ), we get the result (See Appendix ?? for more details).
]

'We have

w—u? 3
5h7—lhe7'll4e (U) = g(h - he) - Te - §Qh2(awu)2a

and
SmHhy . (U) = u — ue.



Let us note that Ay(V') and A, (V) are linear second order differential operators. There-
fore, they can be decomposed as

Ag(V) = AG(V) + As(V)D, + A5(V)3; (10)
A (V) = AN(V) + AL(V)D, + AL(V) 02 (11)

where the expressions of symmetric matrix A{ (V) fori,j € {0,1,2} are given by

— 3ah(0,u)® 0 0 0 0 0
Ay = (42O A= (0 o) A00= () _ )

0 [gu—3ahu(0,u)*  gh — 3ah?(9,u)? 1 (0O 0
Ai(V) = (g]fL—i%Oth(ﬁxu)2 hu + 200, (h30,u) ) AV) = 0 —ady(hu))’

A= (0 i)

Remark 1.5 The definite positivity of a real matrix is equivalent to its coercivity. However,
this fact does not necessary hold true for definite positive operators i.e. some definite positive
operators are not coercive. It is important to point out that, as illustrated in Section ??, one of
the keys which lets us generalize the hyperbolic methods to our symmetric system is actually
the coercivity of Ay(V') for the convenient norm. This means that we would not be able to
generalize the method if Ao(V') was definite positive but not coercive.

We can also remark that the symmetric structure suggested in this section is similar to the
structure used in [?] to study the local well-posedness of the Green-Naghdi equations without
viscosity.

1.2 Outline

We are going to study the global existence of solutions of the viscous Green—Naghdi type
equations for smooth initial data close to equilibriums. A local well-posedness result is proved
in Appendix ??. Let us also mention that some similar writings as (??) have been used to study
the local well-posedness of some dispersive systems (see [?] and [?] for instance). Then, we
use the dissipative character of the viscosity as well as the symmetric structure of the system
to prove the global existence of the local solution. In fact, the first step of the proof contains
some initial estimates obtained by taking the scalar product of the s™ derivative of the equa-
tion with the s® derivative of the solution. As it is exposed in Subsections ?? and ??, these
estimates are obtained by almost the same approach as in the hyperbolic case ([?] and [?]).
Then, the second step is to estimate the time integral of the norm of the solution. In the case of
hyperbolic systems, this estimate is found by using the Kawashima—Shizuta condition. This
condition has been introduced in [?] as a stability condition for constant solutions. It is based
on the existence of a constant real matrix such that its product with the definite positive matrix
(the one equivalent to A) is skew-symmetric at equilibrium while the symmetric part of its
product with the symmetric matrix (the one equivalent to .4;), added to the right hand side
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term matrix, gives a definite positive matrix. However, in the case of Green—Naghdi system,
we have not been able to find any operator generalization of the Kawashima—Shizuta condi-
tion. Hence, we must use a slightly different approach to find a convenient estimate. Indeed,
we can find a null diagonal real matrix K such that K A; (V) is a symmetric definite positive
matrix for all equilibriums V, with u, = 0. However, K Ay(V,) is not a skew-symmetric op-
erator. Nevertheless, we are able to put some non straightforwardly controllable term under a
time integral of a time derivative E] and estimate the remaining terms in a convenient manner
(see Subsection ??). Then, using a symmetry group of the system, we can generalize the result
to the case of equilibriums V, with u, # 0.

This paper is organized on 4 sections. The global existence theorem and its corollaries
are presented in Section ??. Section ?? contains the steps of the proof. Some perspectives
are suggested in Section ??. The advantages of the symmetric structure used in this study are
explained in Appendix ??. So we can see why this symmetric structure is more appropriate
than others. Appendix ?? contains the proof of the local well-posedness theorem ??. Appendix
?? highlights one of the other utilities of the symmetric structure. In fact, linear stability of
equilibrium of non viscous Green—Naghdi can be proved using this structure.

2 Main results

The local well-posedness of (??) has been studied in [?] and [?] for the case © = 0. We see
here that we can prove the local well-posedness of (??), around constant solutions, based on
the idea used for symmetric hyperbolic systems. To do so, we first note that the set of constant
solutions of (??) is

{Ve = (he,ue); he > 0,u, € R}.

We may also call these solutions the equilibriums of the system.

We denote the norm associated with the affine space X*(R) = (H*(R) + h.) x (H*™(R) +u,)
by

2
Hs+1 .

I (F9) IBee=I S Nl + 1l g |

Moreover, the s-neighborhood of radius ¢ and center V, is presented by B,(V,,0) = {V €
X*(R), || V = V. ||xs< &} for all integer s € R.

Let us also denote by C' the universal constant of the following Gagliardo—Nirenberg inequal-
ity:
1 1
I flle< CllOf gl £112: Vf € HY(R). (12)

2The skew-symmetry of K Ay for hyperbolic systems lets us put the non straightforwardly controllable terms
under a time derivative. Therefore, we can deal with them by taking the time integral. Although, we are not able
here to obtain a skew-symmetry K Ay, we try to deal with non straightforwardly controllable terms by a similar
idea.



We are now able to announce the local well-posedness theorem,

Theorem 2.1 Let s > 2 be an integer and consider a constant solution V, of System (??).
Then, there exists 0 < § < h, such that for all initial data Vi € Bs(V,,0), there exists T > 0
such that the system admits a unique solution which belongs to C([0,T), X*(R)).

The proof of the theorem is given in Appendix ??. The steps of the proof are the same as for
hyperbolic systems (see [?, ?] for instance). However, the necessary estimate to reach the final
result of each step, is obtained by the same technique used in Section ??. In fact, we can see
again in this part, how the generalized symmetric structure (??) of the system enables us to
generalize the techniques used for symmetric hyperbolic systems.

An immediate corollary for Theorem ?? is the following. It states the positivity of the
water height for small dat and for short times.

Corollary 2.2 Let s > 2 be an integer and consider a constant solution V, of System (??). Let

us also consider § € (0,%) and 0 < T both conveniently small, and Vy € B,(V,, ) such that

(??) admits a unique solution (h,u) € C([0,T"),X*(R)). Then, for all n, € (0, inﬂf{ ho(x)),
T

there exists a time T € (0,T) such that

inf h(t,x) >n, Vit e[0,T). (13)

zeR

Proof Let us first note that inﬂf{ ho(x) > 0. This is a consequence of the Gagliardo—Nirenberg
xe
inequality. Indeed,
1 1
| ho = he [l < C' | Osho 221 ho = he |l -

Considering the fact that Viy € Bs(V,, ) with s > 2 and 6 < %, the inequality becomes
| ho — he ||L=< C6 < he.

Therefore,
0<he—C§<ho(z) <h+CH<2h, VreR.

Then, we conclude that
inf ho(l’) > he —Cd > 0.

zeR

Let us now fix ng € (0, inf,cg ho(x)). The unique solution of (2?) belongs to C([0,T'), X*(R)).
Hence, there exists T' € (0,T) such that

inf er ho(z) — o
C

| A(t) — ho vt € [0, 7).

xs <

Again, the Gagliardo—Nirenberg inequality leads us to

I'a(#) = ho [ju=< inf ho(x) —no V2 € [0, T].



Then, we have

Ny — irelﬂg ho(z) < h(t,z) — ho(z) Y(z,t) € R x [0,T]

and finally

no < 1o + ho(x) — inﬂfx ho(z) < h(t,x) V(z,t) € R x [0,T].
TE

The main result of this study is the following theorem on the asymptotic stability of equi-
libriums.

Theorem 2.3 Let us consider an equilibrium V, = (he,u.) of (2?) and s > 2 an integer.
Then, there exists § > 0 such that for all initial data Vy = (ho, wy) € Bs(Ve, ), the solution
V' exists for all time and converges asymptotically to V..

In other words, every constant solution V, = (h.,u.) of (2?) is asymptotically stable.

Let us remark that we can prove Theorem ?? by considering u. = 0. This is due to the fact
that v = t0, + 0, is a infinitesimal generator of a symmetry group of (??). This means that

Vs = (h(x = pt, 1), u(x — Bt,t) + B)

is also a solution of (??) for all solution V' = (h,u) and all 5 € R. This fact has been
mentioned in [?, ?] for the case p« = 0. It is easy to check that the second order viscosity right
hand side does not change this symmetry group. Hence, from now on, all the equilibriums
considered in this work are of the form

Ve = (he, 0).

The key of this study is the following proposition which is a consequence of the primitive
estimates in X* and the estimation of the time integral of the H*~! norm of h, obtained in
Section ??. In order to understand this study, let us mention that symbol C(9) stands for a
function of 9, defined by the elements of the set .S, which converges to a strictly positive limit
while § goes to 0. On the other hand, ©¢(d) stands for a function, defined by the elements of
the set S, which converges to zero while § goes to 0. Let us also mention that the estimate
suggested in Proposition ?? has a similar structure to the estimate given in Theorem 3.1 of [?].

Proposition 2.4 Let us consider an equilibrium V, = (he,0) of System (2?), an integer s > 2
and § > 0 such that the system is locally well-posed for all initial data Vy € Bg(V,, d). Assume
also that there exists T > 0 such that the unique local solution V satisfies V (t) € Bg(Ve,d)
forall 0 <t < T. Then, the following estimate holds true for all t € [0,T),

(1= Opheay(9) [ V(E) = Ve | s < Cne,a(0) 1 V(0) = Ve 5

t
2, +Chy (6) / | O |
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t
O (6) / | 0, |2

Besides, if d is conveniently small, this inequality leads to

V()= Vel

i < Clheay () | V(0) = Ve |

2
Xs -

t
2, +C i (0) / | s |

Now, we get the global existence theorem as a result. In fact, we have

Theorem 2.5 Let us consider an equilibrium V, = (he,0) of (2?) and an integer s > 2. Then,
there exists v > 0 such that for all initial data Viy = (hg, ug) € Bs(Ve,v), the solution V exists
for all time.

In other words, the equilibrium solutions V, = (h.,0) of (2?) are stable.

Proof Let us first remark that if d > 0 is small enough, we have

1 g Ctheny(9) = Oy} (9)
2 1 - @{he,a}((s)

1 - @{he,a}((S) > > 0.

Let us also assume that 0 satisfies the assumptions of Proposition ??. Then, as long as V &€
Bs(V,,0), it satisfies

C (0) —© oy (9) /t
2 {he,,u,} {hevl“tv }
s + Oxu
X 1 - @{he,a}(é) 0 || |

V() = Ve

2
Xs

< Clgeay(0) | Vo — Ve

Therefore, while V € Bs(V,,9),

V() = Ve [z< L) | Vo — Ve Iz

where L is a function of § such that (lsin(l) L(0) =1> 0. Setting v < 6 such that L(0)v < §/2,
—

we have

V() = Ve

Then, considering the uniqueness of the local solution as well as its continuity for the norm
X® we have the following conclusion: For V(0) € Bs(V.,v), the local solution can not go
out from Bs(V,,§/2) for any time. Therefore, the norm of the local solution does not blow up.
Hence, the unique local solution exists for all time. B

2,<6/2, while V(t) € By(V,,0).

Corollary 2.6 (Asymptotic stability of equilibriums) Let s > 2 be an integer and consider
the equilibrium V, = (he,0) of (2?). Then, there exists 0 > 0 such that for all initial data Vi) =
(ho,up) in Bs(Ve,0) , the global solution V (x,t) in X*(R) of (2?) converges asymptotically
to V. In other words, tliglo V(z,t) =V, forall z € R.



Proof We use a similar logic to the one used in [?] for symmetric entropy dissipative hy-
perbolic systems satisfying the stability condition. We first take the x derivative of the first
equation of (2?), the time integral on [t1, t5] and consider the 1.? norm. This leads us to

to
uam@g—amugnmzn/‘amm@um. (14)
t1

Therefore,

H 8111(152) — azh(tl) HLQS |t2 — tl‘ <t Sll}<)t H 8m(hu) H]LQ) .

1<t

Considering the fact that || 9, (hu) ||L2 is bounded by Proposition ??, there exists C' > 0 such
that we have for all t,,t5 positive,

|| 9uh(tr) sz — || Ouh(ta) iz | <[| Ouh(ts) — Ouh(ty) [[12< Clta — ta].

This means that t —|| 0,h(t) ||L2 is Lipschitz continuous. On the other hand, it is .* ([0, 00))
according to the estimate of the same proposition together with Proposition ?? of Subsection
??. Therefore, || 0,h(t) ||L2 converges to 0 at the limit t — oc.

Let us now consider the second equation of (??) which writes ([?]) also

Uy = — Ul U — L;lﬁx (gh2/2 + 2ah?®(0,u)? — uh@xu) )

Again, we derivate with respect to x, take the [t,1,] time integral and consider its I.? norm :

[2)
| Opu(te) — Opulty) ||2=|| / Oy (—udyu — L0, (gh?/2 + 2ah®(9,u)? — phdyu)) ||z -
t1

Therefore,
| Gaults) — Opu(ty) [[L2<

|te — t1] ( sup || O, (—u@mu - ﬁfll&c (gh2/2 + 2ah3(8$u)2 — ,uh@xu)) ||]L2) .
¢

1<t<t2

Considering the fact that || 0, (mL; " (m) — 2ah®(9,L;, ' (m))? + £h? — phdyu) ||i2 is bounded,
the Lipschitz continuity of t w|| O,u(t) ||L2 is concluded. This together with the fact that
t || ux(t) ||L2 is square integrable (according to the estimate of Proposition ??), leads to

lim || Oyu(t) 2= 0.
t—o00

We just now need to consider Gagliardo—Nirenberg inequality
V() = Ve loosroe< C [ V() g2 spzll V(E) = Ve llfasps -

1 1
Then, considering the facts that || V(t) — V. ||2,, .» is bounded by /5 and || 0,V (t) ||2,
converges to 0, the uniform convergence of V(x,t) to V, is concluded. B
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Remark 2.7 In addition to the asymptotic stability of constant solutions, the question of de-
cay rates naturally arises. This point has been studied in [?] for linear symmetric systems of
hyperbolic—parabolic type, by means of Fourier techniques in the frame of an energy method.
Then, the result is used in [?] for the linearized symmetric hyperbolic—parabolic system to ob-
tain a polynomial decay rate for the non-linear equation. The study of decay rate of linearized
Green—Naghdi equations with viscosity, seems to be necessary to obtain a decay rate for the
non-linear system and beyonds the scope of this work.

3 A priori estimates

The goal of this part is to obtain some a priori estimates of (??) similar to the estimate obtained
in [?, 2, 2, ?] for hyperbolic systems. To do so, we use the Hamiltonian dissipation to find a 0!
order estimate. We then take the /" order derivative of the symmetric equation and consider
the scalar product with the /" order spatial derivative of the solution for all 1 < ¢ < s. Then,
using the properties of the operators Ag(V') and A;(V), especially the coercivity of Ay(V)
and their symmetry, we get a /" order estimate for the solution V' € B,(V,,6). Then, in
Subsection ??, we get an estimation of fOT | 0Lh ||2, for all 1 < ¢ < s which together with
the first estimates leads us to Proposition ??. These estimates are obtained by acting a hollow
real matrix on the system. The equilibrium V, we consider in all this section is of the form
Ve = (he,0) and s is an integer equal or greater than 2.

3.1 Estimate in X’

System (??) admits a X" estimation which is obtained by using the dissipation of the integral
Hp, o of the relative energy Ej, o defined in Section ??. In fact, the following proposition
holds true.

Proposition 3.1 Let 0,t > 0 be small and Vy € Bg(V,,0) such that System (??) admits a
unique solution (h,u) € C([0,t],X°(R)), with h uniformly in time, strictly positively bounded
by belowﬂ Then,

Ha. 0(ho, uo)
min{inf,cg h(t)/2, ainfer h3(t)/2}

| u(t) [Ifn< (15)

and 5
HMﬂ—hA@SEHmd%mw (16)

Proof We take the spatial integral of the both sides of the relative energy equality (??) with
ue = 0. On the other hand, (h,u) € (H*(R) + h.) x H*™(R) and s > 2. Therefore, an
integration by part leads us to the dissipation of the Hamiltonian Hy,_ o :

i?—[heyo(h,u) = —u/ h(9,u)* < 0.
dt .

3The existence of such § and ¢ is guaranteed by Theorem ?? and Corollary ??
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In other words,

Ho o(h(8), ult)) — Ha o(h(0), u(0)) = —p / t / h(0,u)* <. a7

Thus,
Hp, o(h(t),u(t)) < Hp, o(h(0),u(0)). (18)

On the other hand, Hy,  is defined by

Mo o(h, u) = / glh = ho)2/2 + h2/2 + ah®(u)2/2,
R

and h is strictly positively bounded by below. Therefore,

3
2000~ 12+ (1m0 0)) D B+ (30 100D )] Ot [ P (0 )
This together with (??) gives us the inequalities of the proposition. Wl

Let us also remark that the Hamiltonian H;,_q is locally X°-quadratic on V., in the sense that
the following relation is satisfied for s > 2 and 6 > 0 small:

Cnea(0) |V = Ve 0= Hneo(hyt) < Cprpay(0) |V = Vel ¥V € Bu(Ve, 0).

This together with the dissipation equality (??) of Hy,, o gives us the following 0™ order
estimate around equilibriums.

Proposition 3.2 Let s > 2 be an integer and V, be an equilibrium of (??). Let us also assume
that there exist 6, T > 0 such that the solution V' of the system satisfies

V(t) € By(V.,8) Vtelo,T).

Then, the following estimate holds true for such time:
t
IV () = Ve [0 +C{he,u,a}(5)/ I 0zt [[£2< Cneay (8) | V(0) = Ve [0 - (19)
0

3.2 Estimate in X*

The main objective of this part is to obtain a convenient a priori estimate of ¢® order, for
all integer ¢ € [1,s]. This is done by a similar strategy as for hyperbolic systems. This
analogy works here due to the structure of differential operators .4y and .A;. More precisely,
the operator .4, writes

() T () )

12



Likewise, A; (V') writes

gu gh —3ahu(0,u)? —3ah?(O,u)? 0 0

Ai(V) = (gh hu> * <—3ah2(0xu)2 2a8x(h38xu)) + (O —a@x(h:*u@g:o)) - @D
Indeed, the first term of the right-hand sides of (??) and (??) gives the hyperbolic part of the
system i.e. the part which corresponds to Saint-Venant system. Therefore, it can be treated
exactly as in [?]. The other terms need a specific treatment but they are not an obstacle to the
result. On the one hand, this is due to the fact that the space of local well-posedness for u
is one order higher in regularity compared to the case of the hyperbolic Saint-Venant system.
On the other hand, the conservative structure of the last term of (??) and (??) plays an impor-
tant role in the treatment of the third order terms of (??), responsible for dispersion. For this
reason, all along this subsection, different terms of operators A9, and A20?2 (resp. A}0, and
A29?), introduced by (??) (resp. by (??)), are matched together to form the conservative term
presented in the last part of the right hand side of (2?) (resp. (??)).

We start the computations by taking the /™ derivative of (??) with respect to the spatial
variable, taking the scalar product with 9V and integrating on [0,7) x R:

T T T
/ /05(A0(V)8tV)-a§V+/ /aﬁ(Al(V)axV)-aﬁvz u/ /8ﬁ+1(h8xu)8£u (22)
0 R 0 R 0 R

Then, using basic computations and the Leibniz formula, we remark thaﬂ

/ A A(VIOV) -0V = L & / Ao(V)LV -V — / (A + ALD, + A2,0%) 0LV - 0LV
R R

+Z<¢> /R (A + AS0, + A2,0%) 0,07V - 9LV,
=1

where, A7, is another notation for &% (A?(V)), the i spatial derivative of A (V'), for all j €
{0,1,2} and for any i € N.
On the other hand, the integration by part and the symmetry of .4; imply that

1
[ty otv=(e=3) [ (a0 Ao+ aa) o o

l
+Z(>/ 0+ AL, + ALD?) 0TIV L 9LV

1=

We have also

/R O (hd,u)du — — /R B0 1) i: ( ) / B (010 (8 0).

=1

“For sake of simplicity, we use sometimes .A; or Ay instead of A; (V) or Ag(V).
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Hence, (??) becomes

/ A(V)OV(T) - 0V (T) + 24 / / h(0E+ ) / Ao(V)OLV(0) - 9V (0)
R
oy (Z> / / (A0, + AL, + AZ32) 0,0 - 9LV
i=1 0 JR

T
+ / / (A, + AL, + A20%) 9LV - 9LV

1—2£/ / (AY, + A1,0, + A3,02) OV - 0LV
—22()/ / (AL + AL,0, + A302) 0LV - 0LV
14
—%Z(i) @@, 23
=1

The two following lemmas present two results which are used several times in the rest of
this Section. The first one is on the X°-quadraticity of Ay (V):

Lemma 3.3 There exists 6 > 0 such that Ay(V') is quadratic on By(V,,0). In other words,
we have for all V = (h,u) € Bs(V.,0) and all f = (f1, f2) € X°(R),

Ciney (0) | f 30= /RAo(V)f < Cuy () 1 S [0 -

Proof The expression (??) of Ay(V') leads to

/AO(V)f f = /(g — 3ah(0,u)?) fE + foLnfo.
R R
On the other hand, Gagliardo-Nirenberg inequality (??) leads to

|7 = he [lLe< €9,

or equivalently to

he —Cé < h(x) < h.+C§ VreR.
We also apply this inequality to O, u to get

| vt [l < €9,

or equivalently
—C0 < 0,u(z) <C§ VreR.
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Thus,
—3ah(0,u)? > —3a (h, + C§) (C?6%),

and, if § is conveniently small,

—3ah(0,u)* > —

N @

Consequently

2
DI | wingn, — 5.0~ 97 | o [ AoV)f 5
R

< gl fillfz +max{he + 0, a(he +0)°} || fo [lf -
|

The second lemma is on the smallness of the IL.°° norm (in time and space) of 0,h and O,u
and some of their spatial derivatives as long as V' € B,(V,, ). Actually, the following lemma
holds true.

Lemma 3.4 Let us assume that the solution V (t) of (2?) belongs to Bs(V.,0) for all t €
[0,T"). Then, we have forall 0 < j < s—2andall0 <[ <s—1,

lim || 0,h |[L~=0, lim | 0.0 ||L~= 0. (24)
6—0 6—0
VEB(Ve,0) VeB(Ve,8)

Moreover, we have for all 2 < k < s,
| 050 [12< Crag o} (6) (| Do [lzx + || Db [lpzs2) - (25)

Proof The first equation of System (2?) gives us O;h = —h0,u — ud,h. Therefore,

J J
| 050uh w<|| Y O0hOT o + || D B5udi™h [l < O y(6)

=0 1=0
Likewise, the second equation of the system can be written under the following form,
O = —ud,u — E;lax (gh2/2 + 2ah* (Opu)? — uh@xu) ) (26)
This form can be obtained by applying Ao(V) ™! to (??) and coincides with the form suggested
in[? ?]

On the other hand, L;, : H™(R) — H™ %(R) is bounded for all 2 < m < s. This is due
to the facts that || h — he ||us< 0 and 0 is small. Indeed,

| Ln(w) ||gm-—2=|| hu — 3ah?0,h0,u — Ozh?’@iu lam—2< Cihear (0) || w [|mm -

Therefore, Ly, is a linear bijective bounded application from the Banach space H"(R) to the
Banach space H™ %(R). We now use the Banach theorem (see [?] for instance) to conclude
that £;' : H™~2(R) — H™(R) is bounded. Thus, there exists C > 0 such that

| L0 |1 < OL(udput) || + || 0L, 0 (gh? /2 + 2ah®(Dpu)? — phdsu) |
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§)+C || 0L, 0, (gh? )2 + 2ah® (0u)* — phdyu) ||
+C Ly 1(9 (gh?/2 + 2083 (9,u)? — phdpu) ||ges

) + Cinay(0) || 0: (gh*/2 + 20h°(0pu)* — phOyu) e
8) + Cinoar(0) || 0z (gh*/2 + 2k’ (9pu)? — phdyu) |
o) + C{he a}( )@{he,ouu} () < @{he,a,u}(é)'

To prove (??), we use similar computations. Indeed,

| %0 ||z <|) OF(udpu) ||z + || O5L; 0, (gh? /2 + 2ah®(Du)® — phdyu) ||z

Hs—2

VAN VAR VAR VAR VAN
OO ORORO)
—~ a —~~

k
< Z | 05 w0 u (|2 + || £ 05 (gh*/2 + 20h*(0,u)? — phdyu) ||
i=0
O(8) || 0w |lax + || 8z (9h*/2 + 2ah®(Oyu)* — phdpu) [lgr—2
O(0) Il O [l +Cny(0) I| Duh [l + (Ogane} () + Cone iy (8)) 1] Dot [[gan-2
Clheyor(0) (I Ozt |lzze + || Ol [[pn-2) -

VANRVARRVAY

We are now able to prove the following lemma which is the key step to achieve the appro-
priate /" order estimate.

Lemma 3.5 Let us consider the solution V' of (2?) and assume that it belongs to By(V,,J)
for some 6 > 0. Then, the following estimates hold true for all integer 1 < { < s,

J4 l+1

¢ .
> (@) /RA&@‘Z 1OV -0V < Opnap (0 <§ |l |7 +§ | 02h Hu)- (27)
=1

| Jo ALV - 0LV | < Oy (0) (| Do 122 + [ 95 HLQ) . (28)
‘ 1
‘ 3 |
> (z) /R (AL, + AZO2) B0V - 0V | < Oy (0) <Z 160 |2s + [ Do ||%V)(29)
=1 —

| [ (Age0s + A3,02) 0LV - 0LV | < O 0y (0) (1 95 [122) - (30)
| [ (A%, + ALO, + A2,02) 0V - 0LV | < O,y (0) (| D4R 12, + || Ou [1Z:) . BD)

J4
3 (g) [ (At Ao+ Az o oty
i=2 R

Proof Let us first prove (2?). The expression of A3 gives us the following equality for all
1<i</,

< Oheay(8) (Il O [ + 1| Do |15 32)

/ AL A=Y - OV = — 30 (h(D)?) O Db LR + OB O Oy O
R

Therefore,

8ﬁ_18u Loe i
W00l agn i + ) ot 2)

/ AS0LT0,V - aﬁv‘ <
R
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i—1
+ ] 9 O || <|| Qb |22 + || 300k (,u)* |[F2 + || 6 Y 92k Opu 077 u ||I2L?>

j=0

aé_iau oo .
< max{M,cw@ | ot=ioh H]Loo} (1 uh |Zecs + || Do [120) -

Then, considering (??), the proof of (??) is complete.
We are now going to prove (??). To do so, we should first remark that
/ AR08V - 0LV = —3a0; (h(0,u)?) (O5h)? + hy(9hu)?.
R

Then,

/RAgtaﬁV : 5’5;‘/‘ <|l 30y (h(D21)?) [luoe [l Oh 1[F2 + [I P [Juoe || D [I72 -
Now, we use (??) to get the result.

The first step to prove (??) is to notice that we have for all 1 < i < ¢

/ (A0, + A3,02) 050,V - OV = a / (9Lh3) 95w (05 1 04u).
R

R
Hence we have forall 2 < 1 < /,

H aaﬁ_iﬂﬁtu H]Loo

(I oLk 122 + 1| 0 1E)

[ (Ao + ey oo ot <
R
< | a0 0 ||Lo

= 5 (C{he}(5)z Il Ok |12 + || 95+ u ||§iz> :

j=1

Considering (??), we obtain the estimate on the terms where 2 < ¢ < (. It remains to consider
the case 1 = 1. This leads to

/ (AL, + A2,02) 910,V -8V = a / (0.1%) O (9LDyu).
R

R
Therefore,

| a0x (h%) |l
2

< (Il 0z0ew |22 + 1| 0 |122)

[ b+ ) oo oty
R

< Otane) (0) (Il 00 |22 + 1| 0 |22) -

We now use (??) and find

/R(Aél@x + AL 03) 0,0V - 052‘/' < Ohean(0) (I %l -2 + || ot i) -
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In order to prove (??), we first remark that
/ (A0, + AZ,02) LV - LV — / Sah20h(0 )
R R

Again, using (??), we find

[ (A + Ay ot aﬁv’ < Oy (3) | - 22

To prove (2?), we use an integration by part:

/ (ALD, + A2,0%) 8V - 0LV — / a2 (WP u)d udt — ady (Fu) 0 udt
R

R

:/—0481 (0x(hPu)05 ) 8ﬁ+1u:/a8x(h3u)(8ﬁ“u)2.
R

R

Hence,

[ Ao+ A02) aﬁV-aﬁv] < Oy (8) | 1 |22

We have also

/ A 0LV -0V = / Ox (gu — 3ahu(d,u)?) (95h)* + 2/ 9. (gh — 3ah®(9,u)*) 9Lh Obu
R R R

+/0x (hu + 200, (h*0,u)) (0fu)?,

R
Therefore,
/A?xaﬁv OV = / 9z (gu — 3ahu(d,u)?) (85h)* + 2/ Oz (gh — 3ah?(9,u)?) 9Lh Obu
R R R
— 2/ (hu + 208, (h*0,u)) Ou 95 u.
R

Then,

[ 4o af;v\ < Oy (8) (I 0 |2 + | A [)

The last estimate (??) is just a consequence of the following fact which holds true for all
2 <4 < (. It is due to the structure of A} (V') and A%(V') together with an integration by part:

1:¥x T

/ (AL,0, + ALO2) 05V - 0LV = a/(@i(h?’u)) L2y (95 ).
R R

18



Hence, as long as V € Bs(V,,0) and2 <i < (—1,

< Nadu(?u) Jlu~
2

x (Mo u It + 11 0" u [IE2)

< Ohea(0) (107 2w |22 + 11 027w [IE2) -

On the other hand,

[ (o ez ooy oty
R

/ (Aieds + A%) 0.V -0V = / (0 (1)) D ().
R R

Therefore,

[ (b, + A532) 0 - 0| < 010y®) (1 501 2 + 1 067 2

< G{he,a}((s) (“ Oxh H]%I@*l + “ Oz ||12HIL’) .

Let us now treat the remaining terms of the left hand side of the estimate. In fact, we have
forall2 <i</{-—2,

/A?zaﬁ VoV <2 AL e (10 rullEe + Il Opu R + 1| 07 R I + 11 950 IIE2)
R

< Ophea(0) (1107w [E2 + || Opu [IE2 + 1| 07 (IE2 + 1 95k [IE2) -

since the structure of AY gives us for all integer i € [2,( — 2],

lim HA lLe=0
6—0
VeBs(Ve,0)

On the other hand,

/ Ay PV -0V 1 ALDV - af;v‘
R

< max{| 9,(gu — 3ahu(9;u)?) lu=, | 0" (gu — 3ahu(@zu)®) lluw} (I uhe [IFa + || D1 [122)
+max{|| 9;(gh — 3ah®(0su)?) lluw, || 0y (gh — 3ah?®(05u)?) Il (Il Duht s + || Dot [liger)

+ / Oy (057" (hu + 200, (h*0,u)) O,u) dbu
R

Therefore,

\ [ Ao+ Aoy oy \<e{he,a}<6> (1 00 s + || Dot [es)

5 (hu 4 200, (h*0,u)) Opu 05 u
R

< Otheay(0) (Il Ooh Ilfge-r + II Do [[5e) -

Hence, estimate (??) is totally proved. B
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This lemma together with the coercivity of Ay and relation (??) leads us to the following
propositions.

Proposition 3.6 Let us assume that there exists 6 > 0, T' > 0 such that the solution V of (??)
satisfies V (t) € Bs(Ve, ) forallt € [0, T). Then, we have forall 1 < { < s,

t
105 (V () = Vo) Il +C{he,u}(5)/0 102w [E2 < Cheay (0) 11 0 (V(0) = Vo) [l

t
O (0) / 1 0.V 20

Then, considering this proposition together with the 0™ order estimate of Subsection ??, we
reach the final primary estimate which is given in the following proposition. This estimate
together with the result of the next part enables us to prove the main theorem.

Proposition 3.7 Let us assume that there exists 6 > 0, T' > 0 such that the solution V of (??)
satisfies V (t) € Bs(Ve,0) forallt € [0,T). Then, we have for such T,

t
RAOEA +C{he,u}(5)/0 I Oate [l < Cine,ay (0) [ V(0) = Ve 5

ggsfl . (33)

t
O (6) / X%

3.3 Estimate on fot | O5h |2,

This part is the final step to prove Proposition ??. In fact, we need to find a convenient estimate
on fg | 9,V ||3.-. to be able to control the right hand side of (??). This idea has been used
in [?], [?] and [?]. Actually, Estimate (??) has a similar appearance as the estimate found in
these references for symmetric hyperbolic systems with dissipative terms. Then, they use the
Kawashima stability condition to control the norm of spatial derivatives of first components of
the solution. Let us note that, as in the case of hyperbolic system, we do not need to control
the norm of second components. This is due to the presence of the second term of the left
hand side of inequality (??). Therefore, what we need to control in the case of Green—Naghdi
equation, is the time integral of the norm of the spatial derivative of h. Nevertheless, the main
difficulty is the generalization of the Kawashima—Shizuta condition. Actually, we have not
been able to find any operator version of the Kawashima—Shizuta condition for Green—Naghdi
equation. However, we are going to see that it is possible to find an appropriate upper bound
for fot | 93k ||, by using a slightly different technique from the hyperbolic case. To do so,
we consider the 2 x 2 hollow real matrix /K (V) defined by

0 1
K(V:?) = (_k O) . (34)

g

As we will see further, the reason why we consider this matrix, is the fact that K (V;).A;(V,)
is a diagonal real matrix with a strictly positive first component. In other words, there exists a
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0 L

This enables us, as in [?], [?], to get an upper bound for [ || @3k ||2,. This upper bound is
convenient even though, unlike the case of hyperbolic systems, K (V;).Aq(V.) is not a skew-
symmetric operator. This is due to the fact that we can extract from K (V,).4¢(V), a part which
plays a quite similar role to a skew-symmetric operator such that the norm of the remaining
part is controllable in a suitable manner. So, let us write (??) under the form

matrix of the form B = (O 0) with L > 0 such that K (V,).A;(V.) + B is definite positive.

Ao(V)oV + A (Ve)0,V = H(V), (35)
where H (V) is defined by
0
HV) = LAV = A0+ (g 0 ) 36)

We then take the action of the operator K (V,)0%~! on (??) and take the scalar product with
0LV This leads us to

T T
[ xwaot cawviavy-ov+ [ [ Kuoaomy o
0 R 0 R
T
- [ xoetae o,
0 R
or equivalently to
T T
| [ reoawaay-ov = [ [ koneuw) v
0 R 0 R

T
- / / K)o (A(V)aV) -9V, (37)
0 R

Let us note that )
e 0
K(Vo)A(V,) = (go —h2) - (38)

Hence,
T T
/ / K(Vo)Ai(Vo)oLV - 9LV = / / (ghe(0,h)?* — h2(05u)?)
0 R 0 R

T T
—gho [0 2 [ Sl 39
0 0
Gathering (??) and (2?), we get
T T 1 T
o [ o= [0ty [ ROVHY) — KO AWV )L
0 0 e JO R
(40)

It is now sufficient to give a convenient estimate on the last term of (??). This estimation
is given in the following lemma.
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Lemma 3.8 Let V, = (h,,0) be an equilibrium (with h, > 0) and 6 > 0 be small such that
System (??) admits a local solution V € C° ([0, T); X*(R)) for initial data in B,(V.,, ). Then,
as long as V remains in Bs(V,, ), we have forall 1 < { < s,

/ K(WV)oH (H(V) — Ay(V)o,V) -0V = / O (05" L - OLh) + pd(hd,u)dih
R R
+ R[h, ul, (41)

where

/]R R, ]

Proof First of all, we look at the first term of the left hand side of (??). To do so, we first
remark that

< Othear () | Ouh [[Frems +Cnesay(0) || Oz [[7e - (42)

B B —gu + 3ahu(d,u)? g(he — h) + 3ah?(0,u)?

AVe) = AV) = <g(he )+ 3ad2(0,u)? —hu — 200, (0,u) + ad,(hPud,()) )
(43)

Thus, the definition (2?) of H(V') leads to

K(V)OL T H(V) - 0LV = | pdl(hd,u)Obh |+ 057" (g(he — h)(D:h) + 3ah®(0,u)?0yh) 95k

Sahe hu&gh(&;u)z) Ou— 0! (he(he — h)(Opu) + 3a—mh2(8xu)3> Ot

+ ot (heu&ch —
g g

— 07" (hudyu + 200, (h*0,u)D,u) O + | 0l (WPud?u) OLh | )

Let us remark here that all of the non boxed terms of (??) are straightforwardly controllable
asin (?7?).

We now consider the second term of the left hand side of (??) and observe that

0 Ly,
KODAW) = (1 shonon o) @s)
Therefore,
K(WV)o ! (Ag(V)O, V) -0V = 0571 Ly (Ou) - 054 0571 <3aTheh(6xu)28th — heath) olu.
(40)

Now, we need the following lemma to deal with non straightforwardly controllable term of the
right hand side of (??).

Lemma 3.9 Assume that (h, f) € C°([0,T],X*(R)) for some T > 0. Then, we have

Lrof = OLnf — [Oih + 300, (W*0,h0,f) . 47)
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We now use the lemma to rewrite (1?):

K(V)or H (Ag(V)E V) - 05V = 0, (05 Ly - O5h) — 05 Lhyu - 8,05k

he
— 95 (udsh) - OLh + 300, (R*0;hdyu) O5h + 047 (%h(@xu)%t — heht> Ou. (48)
We then use the mass conservation equation, hy = —0,(hu), to find

K(V)0i  (A(V)o V) - 9V =9, (85" Lhu - OCh) |+ 05 Lhu - 05T (hu)
3ah,
g

n aﬁfl<ua‘r(hu)) ) 8ﬁh . ?)Oéai (h28z(hu)8xu) aﬁh — aﬁil ( h<axu)zaz(hu> - heax(hu)> aﬁu

(49)

Considering the fact that all of the non-boxed terms of (??) are straightforwardly controllable
as in (2?), we notice that the form (2?) of K (V,)0571 (Ao(V)9,V)-05V is very interesting. This
is due on the one hand to the fact the non desirable term gd'.(h*/2) O%h is hidden in the boxed
time derivative term O, (8ﬁflﬁhu . Qf,h) . Therefore, we can easily deal with this term by a time
integration. On the other hand, as detailed in the following lemma, this formulation gathers
the other non straightforwardly controllable term under the boxed term 051 Lyu - 957 (hu)
which is cancellable with the boxed term a0’ (h3ud?u) 94h of (2?).

Lemma 3.10 Assume that V' € By(V,,0). Then, we have forall 1 < { < s,

[ adt (10 u02u) 9t - 01 Ly 9L ()| < ©41y8) | o s +Conc 3 | D [
R
(50)

We just now need to consider (??), (2?) together with lemma ?? to complete the proof. B

Proof of Lemma ?? We first use an integration by part and the definition of L;, to write

/ ad, (RPudiu) Obh — 85 Lhu - 05 (hu) = / adl (RPudiu) Osh + 0. Lyu - 8 (hu)
R

R

= / adl (RPudZu) 95h + 0L (hu) - 0% (hu) — / ad ™ (RP0u) - 9 (hu).
R

R

Then, we use a simple development to get

/ adl (WPudiu) Oth — 85 Lhu - 05T (hu) = /
R

R

l
ad'h (Z & (h3u) aﬁ—ﬁ%) + (8 (hu))?

Jj=1

l
— ad’ (hu) <Z ag(h?’)af;—j“u) —a / 9 (hu) O (h*)dpu | (51)
R

j=1
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We now see that the term [, 0% (hu) 957 (h*)0,u may be the only obstacle to the estimate (2?).
However, we can treat this term as following to get the desired estimate. Indeed, we use the

fact that|
O (h®) = 3R%05 h + (0", 3h2)0,h,

to write
/R O (hu) 01 (h) 0, — 3 /R 0L (hut) 12 O (1)Dsu + 0 (hut) ([0%, 12)0,h) Dru
Likewise, we have
/ O (hu) 05T (h*)Ou = 3 / uh*9,u OLh 85 h + h*0,u (05, ulh) 95'h
’ + 0 (H;;u) ([0%, B*)0.h) O.u.

We just now use an integration by part to get
/af (hu) 05T (h*)0,u = —3/8 (uh?,u) (O5h)? + 0, ((R*0,u ([0%,ulh)) OLh
+3/a€ (hu) ([0%, h*)0,h) Opu
Therefore,

< Othear () | b [[Fre—s +Clnesay(0) || Oz [[7e -

a/aﬁ(hu) oL (W) 0,u
R

This together with (??) leads to

< Oty (0) I 0P [lgge—s +Clne.ay () I Ot [[5e -

/ adl (P*ud2u) 85k — 0L Lru - 957 (hu)
R

The last step to get the estimate of Proposition ?? is to give an estimate on the first two
terms of the right hand side of (??). This is done in the following lemma.

Lemma 3.11 Let V = (h,u) be in C° ([0, T); X*(R)) and assume that it belongs to B,(V., )
forallt € [0,T). Then, we have for all 1 < ¢ < s,

g
| KL RNOR 1< O (5) 1|02V [ +Cruny(0) 1 0 22 +5 1 0 [ (52)
and
t
| 000 2 020) < Conay0) (1 ) s + 1 200 [2)
0 JR
+ Clueay) (100) s + 10O 1) 59)

5 As in [?], Symbol [0¢, A]U represents the commutator of A € H*(R) and U € H*~!(R). In other words,
we have

(08, AJU = 0% (AU) — AB U
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Proof The first estimate (??) is a consequence of Leibniz formula and the fact that

0 otn| < 2 0) g2 L) (0h)’.

g 21(he + 0
To prove (??), we use the definition of L}, to write
05 Lru - O5h| = |05 (hu) - Obh — 0L (R*,u) - D4h| .
Then, the estimate is obtained by very basic computations. Indeed,
057 (hw) - 95k — @Dl (hP0,u) - B5h] < |05 (hu) - OLh| + |adl(h*0,u) - BLh|
On the other hand, we have
057 (hu) - 02| < Cony (0) (I s + 1| 2L [22)

and
| a0 (R*0pu) - 5h| < Cpoy(0) (|| Opt [|Fer + 1 Ozh [172) -

Hence, the lemma is proved. B

We now sum (??) for 1 < ¢ < s. This together with (??) and Lemma ?? enables us to give an
estimation on fOT | he |

2 .
Hs—1 -

Proposition 3.12 Let us assume that there exists T' > 0 such that the local solution of (??)
satisfies V (t) € Bs(V,,0) forallt € [0,T). Then, we have,

t t
L 100 s < Cna®) [ 1100t e + G 8) (1 ) s + 1| 0:00) i)
0 0
+ Clte,ay (8) (Il w(0) [lfo1 + [| 0(0) [[fzs-) - (54)
This proposition together with Proposition ?? gives the a priori estimate of Proposition ??.

Remark 3.13 In this work, o and v are supposed to be strictly positive. However, we can use
the same approach and computations for the viscous Saint-Venant system i.e. for o = 0. In this
case, the system fits the general framework considered in [? ] and our approach, as wall as our
result, is exactly the same. Indeed, the main difference between the case o = 0 (Saint-Venant
system) and the case o« > 0 (Green—Naghdi system) is the space on which the Hamiltonian
Hp, o and the operator Ay(V') are quadratic: this space is (H*(R) + h.) x H*(R) when a = 0
whereas it is X*(R) when a > 0. As a matter of fact, in both cases, the space of quadraticity
of Hp. o and Ag(V') are the same as the space on which the system is locally well-posed. For
this reason, instead of the estimate of Proposition ??, we find the following estimate

(1 =00y () [ V(T) = Ve |

T
2 e +C1n s (6) / | e 1%
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< Crny(0) [ V(0) = Ve |

2
Hs»

T
2 e 100 (6) / e |
0

which writes for small § > 0,

| V() = Ve |

2
Hs xHs -

1< Cy(0) | V(0) = Ve |

T
2 e +Cin (8) / | du |

Remark 3.14 The dissipative right hand side term, 1.0,.(hO,u), plays a very important role to
obtain the stability result in both hyperbolic and dispersive cases. Indeed, it is well-known that
equilibriums of Saint-Venant system without any dissipative term, are unstabl{’-] (see [?] for
instance). Such an instability result does not exist for the Green—Naghdi equations. However,
we are not able to prove the global existence result if the dissipative term is absent, i.e. if
i = 0. More precisely, the presence of the fOT | Opu ||%4s term in the left hand side of the
estimate of Proposition ?? is due to the strict positivity of u. Therefore, this term disappears
if w = 0. This means that the estimate of Proposition ?? becomes

(1= Oneay(9)) [| V(T) = Ve |

2
Hs -

%< Clne,a}(0) [ V(0) = Ve |

T
%o +Oh.ay(0) /0 | Ovu |

Hence, || V(T) — V. ||%. is not any longer controlled by the norm of the initial data and the
global existence for small data can not be concluded.

4 Conclusion and Perspectives

During this study, we proved the global existence for small data and the asymptotic stability
of constant solutions of the Green—Naghdi system with a second order viscosity. This result
is obtained by generalizing the technique used for symmetric entropy dissipative hyperbolic
equations thanks to the generalized symmetric structure of the system. The study of the rate
of convergence to equilibrium is one of the perspectives of this work. [?].

Let us however recall that the result found in this study can not be generalized by this method
to the Green—Naghdi system with friction —xu (with k > 0), without the viscosity pud, (h0,u).
In fact, in absence of this term, the first estimations are not coherent with the estimation
of fot | Osh ||3.-1, in the sense that there are of one order less than the estimation of

fot | Ozh ||3.-1. Furthermore, if we add higher order viscous terms (order 4 or more) such as
—ud? (hd,(hd,u)), we are not able either to generalize the technique used in this work. In
fact, in this latter case, the order of the first estimations are always less than the order of the
estimates of fg | Oxh |21, with or without —ku + pud, (hd,u). This means that the order 2
seems to be the only order of viscosity, our approach can be used for.

%in the sens that in all neighborhood of constant solutions, there exists an initial data for which a shock is
created in a finite time.
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One of the other perspectives of this work is to study, in a general frame, the stability of
equilibriums of locally-wellposed symmetrizable systems with a convenient friction or vis-
cous term. In fact, the main difficulty of this generalization is to find the condition which
leads to convenient estimates on the time integral of the spatial derivative of the solution. Let
us note that in the case of hyperbolic systems, there are other equivalent formulations of the
Kawashima—Shizuta condition [?, ?] which may be more convenient for the generalization.
One of these formulations for hyperbolic systems is the emptiness of the intersection of the
eigenspaces of the symmetric positive definite matrix (the one equivalent to .A,) and the sym-
metric matrix (the one equivalent to .4;) with the kernel of the viscosity matrix at equilibriums.
It is also interesting to mention that the Kawashima—Shizuta condition is not sharp for hyper-
bolic systems (see [?] or [?] for instance). A generalization of less sharp conditions may be
another way to follow. The answer to this question may let us for instance, investigate the sta-
bility of equilibriums of 2D Green—Naghdi system. Let us recall that A, (V") in 2-dimensional
case is given by [?]

g — 3ah(div(u,v))? 0 0
Ao(V) = 0 h — a@m(h‘g@w) —aam(h:s@y)
0 —aay(h?’ax) h — ozay(h?’@y)
where u (respectively v) represents the vertically averaged x-component (resp. y-component)
of the speed. In this case, Ay(V) is quadratic near equilibriums, for the norm || . ||xo defined
by

1 o=I1 f N2> + I div(f) 122 -

This is also the 0™ order norm of the local well-posedness space of the 2-dimensional system
[?]. Indeed, the symmetric structure is coherent with the well-posedness space.
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A Special Symmetric Structure
In this section, we consider a system of the form
oW + 0, F(W) =0, (55)

The unknown W is supposed to belong to C'([0,T"); X) for some 7" > 0 where X is a Banach
subspace of continuous functions of IL?(R, R") converging to 0 at infinity. We also assume
that the derivative of all elements of X’ belongs to X'. Additionally, /" is not anymore a function
of RY but a smooth application defined from X to X. We also assume that (??) is a general
Godunov system [?, ?]. Therefore there exists a strictly convex functional H defined on a
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convex subset ) of X such that 6*H(W)DF (W) is symmetric. Under theses assumptions,
System (??) is symmetrizable under any change of unknown (see [?] for more details).

Proposition A.1 Let us consider the decomposition W = (U, V') of the unknown. Assume
also that the application
(U, V) — (U, 0vH(U,.))

is a diffeomorphism. Then, (??) is written under the unknown w = (U, §y H(W)), as following
Ao (w)oyw + Ay (w)0,w = 0. (56)

Moreover, Ay(w) = D,W*(w) 6%H(W) D,W (w) is a symmetric definite positive bloc di-
agonal operator and A, (w) = D, W*(w) 63, H(W) Dw F(W) D,W (w) is a symmetric one.

Proof Let us set uw = U and v = Sy H(W). Therefore w = (u,v). It is easy to check that we
obtain (??) by acting D, W*(w)6*H (w) on System (??). Let us now remark that

10
DW= (Duv va> ’

" 2HW) 5 HOV)
O HW) oy H(W
62 — U VU .
i) = (5
Hence,
Ao (w) =
SZHW) + 82, H(W) DoV + (DU V)T 6%, H(W) 4+ (DuV)TSZH(W) DoV 62, H(W) DoV + (Do V)T 62 H(W)DV
( (DuV)T 62, H(W) 4+ (Do V)T 6T H(W) Dy V (DoV)T 83 H(W) DV ) ‘

Then, Ay(w) is bloc diagonal considering the fact that
(D) 65, HW) + (D,V)TSEH(W) D,V = 0.
Indeed, v = 6y H(W) and u = U give us

(D) 65 HW) + (D,V)ESEH(W) D,V = (D, V) Dyv + (D,V)' Dyv D,V
= (D, V) Dyv DU + (D, V)" Dyv D,V = (D,V)' (Dyv DU + Dyv D,V)
= (D,V)' Dv = 0.

Let us now add a right hand side term of the following form to (??)

(57)

OU + 0, F (U) = 0,

where ¢ is a smooth application of W and (U, V) is a decomposition of W satisfying the
assumptions of Proposition (??). Again, we act D,,WW*(w)d*H (w) on System (??) to find

Ao(w)ow + Ay (w)0,w = G(w),
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with

G(w) = (DuW)" S5 H(W)Q(W).
We are now going to see that Q(W) = (0,¢(W)) is an eigenvector for the eigenvalue 1 of
(DW)T62,H(W). In fact, the following proposition holds true.

Proposition A.2 The right hand side term G(w) is equal to Q(W).

Proof We have by assumptions

G(W) = (D,W)TSHW)QW) = <5%UH g(W) + (D, V)T 621 q(W)) |

(D,V)" 63 H q(W)

Considering the fact that the first components (associated to U) of G(W') are the same as the
up non diagonal bloc of the operator Ay(w) considered in the proof of Proposition ?? acting
on q(W), these components vanish. On the other hand,

(DY) 00 H q(W) = (D,V)" (05 H)" (W) = (D, V)" (Dyv)" q(W)
= (Dyvv D,V)" q(W) = (Dyv (Dyv)™)" ¢(W) = g(W).

B Local well-posedness

Let us first note that there exists 0 < § < h, such that Ay(V) is invertible forall V' € B,(V, d).
Then, consider the associated linear problem

0V + A1 (V) A(V)0,V = ( ’ )

1Ly (D,(hd,w)) (58)

V(0,2) = go(x)

where V € C([0,T];X*(R)) and 8,V € X*7!(R) for some s > 2 and gy € X*(R). It is proved
in [?] that the problem admits a unique solution V" in C'([0, 7']; X*(IR)). We now consider the
following iteration scheme

0
k k+1 k k+1 _
Ao(VF)O VL + A (VF)O,V ( ) (59)

w0y (hEOuk)

where g*t = "1 x p( ) for some mollifier with the positive real set ¥ = 5, with 3 > 0.
We initialize the iteration by ¢° = 1. We know that (??) admits a unique solution for all

"p : R — R is infinity derivable compactly supported in the unit ball with fR p=1
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positive integer k. Let us now assume that V'(t) € B,(V,,6) forall | < k and all ¢ € [0, T).
This implies by triangle inequality that
IV =9 lleqomx) < 26 (60)

for all [ < k. We can show that there exists a suitable 7" > 0 such that the estimate (??) holds
also true for | = k + 1 . In fact, we consider the 5" derivative of (??) , take the scalar product
with 951 (V*+ — ¢%) and we sum over 5 € {0, ..., s}. Then, using very similar logics as in
2?2, wefindforall0 <t <T,

[ VEE) = ¢ 1z < Cgopueet () | 6" = ¢° |

t
b+l ®) [ V) =0 [
+ Clg0oo i3 ()2
Then, Gronwall lemma leads us, for ¢ small enough, to
| Vi 90 H?J([O,T};Xs)g e’ (H gkﬂ - 90 ggs +T) .

where C' and )\ are strictly positive reals independent of k. On the other hand, there exists by
assumption, ¢, > 0 such that

|| ngrl _go

Then, choosing /5 small enough (therefore ¢, small enough), there exists 7' > 0 such that the
condition (??) is satisfied for all [ € N. We assume from now that 7" and /3 are small enough to
give us (??) for all positive integer. Then, we consider the 5" derivative of (??) for iterations
k and k — 1, take the scalar product with 9371 (V*+1 — /¥) gubtract the two equations and

sum over s € {0, ..., s}. Likewise, we get

xs< ¢ forall kéeN.

IVER) = VE) Iz < v (1™ —g" |

t
2 4 /0 | VE@) = VEL ) |2 d

t
+ 0/ H VkJrl(t/) . Vk<t/)
0
0

for some convenient positive v, 6.
Applying the Gronwall lemma, we have for all k € N

T
2. +9/ | VE@#) — V()
0

2. dt

| VA = VR I omyxey < € (H gt =g

% dt’) .

(61)
Now, we sum (??) on k € N. This leads us to
(1—-6TeM) Z I VER = VR 0.7 < eATZ I g"* = g" % -
keN keN
Then, considering the fact the 7" is small and the fact that the sum _, _ || ¢"™ — ¢* [|%. is

convergent, we conclude that the set V* is convergent in C'([0, T]; X*(R)). The uniqueness
can be proved by the same way. In fact, we obtain a very similar approximation to (??) for
| V1 —V?||xs considering two solutions V! (x, ¢) and V?(x, t) for the initial conditions V; (z)
and V5 (z). Hence, the local well-posedness is proved.
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C Linear stability of equilibriums of the Green-Naghdi equa-
tion

In this part we are going to see another use of the symmetric structure of the Green-Naghdi

equation. In fact, this structure enables us to prove the linear stability of an equilibrium V, =

(he, u.) with h, > 0, for the system without any dissipative right hand side term. To see this,
let us consider the solution V' € C'([0,T"); X*(R)) of the linearized system

Ao(Ve)oV + Ay (Ve) 9,V = 0, (62)

act 9% on (2?) for 0 < ¢ < s, and take the scalar product by 95(V — V,) :

t T
/ / Ao(V)0, 0LV - 95V — V) + / / AL(V)OE V- 08 (V — V) = 0. (63)
0 R 0 R

Now, considering the facts that

/AO(‘/e)ataﬁvaﬁ(v—‘é):li//lo(‘/e)aﬁ(v_‘/e)aa{(V_V,e)’
R 2dt Jy

and
t
| [awav.aw-v)-o
0 R

together with the X°-quadraticity of Ay (V. ), we get the following estimate,
105 (V (1) = Vo) o< C 1 05(V(0) = Ve) [0 - (64)

where (' is a strictly positive constant depending only on h., « and g. Hence, we have the
following proposition,

Proposition C.1 Let s > 2 be an integer and consider the initial data Vy € X°(R). Then,
there exists C' > 0 such that the solution V' of (2?) satisfies for all time,

V() = Ve &< Ol Vo = Ve 1% - (65)

This gives us the linear stability of the equilibrium of (??).

Theorem C.2 Let s > 2 be an integer and consider the Green-Naghdi system,

{&h—i—@xhu: 0, ©6)

dhu + 0, (hu?) + 0,(gh?/2 + ah?h) = 0.

Then, the equilibrium solutions V, = (he,u.), with h, > 0, are linearly stable for the X*
norm.

Let us note that this theorem can be generalized to all locally well-posed symmetrizable system
of the form (??) such that A, (V,) is quadratic.
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