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Abstract

The Degasperis-Procesi equation possesses well-known peaked solitary waves that are called
peakons. Their stability has been established by Lin and Liu in [5]. In this paper, we localize
the proof (in some suitable sense detailed in Section 3) of the stability of a single peakon. Thanks to
this, we extend the result of stability to the sum of N peakons traveling to the right with respective
speeds ci,...,cn, such that the difference between consecutive speeds ¢; — ¢;—1 is large enough, to
cancel all interactions.

1 Introduction
The Degasperis-Procesi (DP) equation
Up — Upgy + 4UU; = BUglUpy + Ulges, (t,2) € RL X R (1.1)

is completely integrable (see [1]) and possesses among others the following invariants

EM:AWaMFM:Aﬁ, (1.2)

where y = (1 — 0?)u and v = (4 — 92) . Substituting u by 4v — v,, in (1.2) and using integration by
parts, the conservation laws can be rewritten as

E(u) = / (40> + 502 +v2,) and F(u) = / (—v3, + 12002, — 48v%0,, + 640°%) . (1.3)

R R
One can see that the conservation law E(-) is equivalent to || - ”%2(]1@)' Indeed, using integration by parts
||uH2L2(R) = /Ru2 = /]R(Zlv — Vg )? = /R (16v> + 8v2 + v2,) < 4E(u), (1.4)

and applying Plancherel-Parseval identity

1+w? 2 ~ 2 2
B(u) = / yv = / aw)? < / (@) = ull22 gy, (1.5)

4 + w?




where u denotes the Fourier transform of u. In the sequel we will denote
ullsg = v E(u). (1.6)

Note that, by reversing the operator (1 —d2) in (1.1), the DP equation can be rewritten in conservation
form as

1 3
ug + gazvf + 5(1 — 0 ou? =0, (t,x)e RY x R. (1.7)
The DP equation possesses solitary waves called peakons (see Figure 1a) and defined by
u(t, ) = @(x — ct) = cop(x — ct) = ce™1* e R, (1.8)

but they are not smooth since . ¢ C'(R) (see Figure 1b). The peakons are only global weak solutions
of (1.7). It means, for any smooth test function ¢ € C°(R; x R), it holds

+oo 1 +oo )
/0 /R el — ct)oult, x)dide + /O /R P2 (@ — )b (¢, )dtda

3 +oo ~
+ 5/0 /R(l — 0 2 (x — ct)pp(t, x)dtdr + /R 0e(2)$(0,2)dz = 0.

The goal of our work is to prove that ordered trains of peakons are stable under small perturbations in
the energy space H (equivalent to L?).

Definition 1.1 (Stability). Let ¢ > 0 be given. The peakon @, is said stable in H, if for all § > 0, there
exists € > 0 such that if

Juo — welln <, (1.9)
then for all t > 0, there exists £(t) such that

[ult;) = @c (- = E@) [l <6, (1.10)
where u is the solution to (1.1) emanating from ug.

Lin and Liu proved in [5] the stability of a single peakon under the additional condition that (1 —
92)up € MT(R). Using this result and the general strategy introduced by Martel, Merle and Tsai in [7]
for the generalized Korteweg-de Vries (gKdV) equation and adapted by Dika and Molinet in [3] and [2]
for the Camassa-Holm (CH) equation, we prove here the stability of the sum of N peakons for the DP
equation.

Before stating the main result we introduce the function space where will live our class of solutions
to the equation. For I a finite or infinite time interval of R, we denote by X (I) the function space !

X(I)={ueC(I;H'(R)) N L™ (I;W"'(R)), u, € L™ (I;BV(R))}. (1.11)
The main result of the present paper is the following theorem.

Theorem 1.1 (Stability of the sum of N peakons). Let be given N wvelocities c1,...,cn such that 0 <
1 < ...<ecn. Letwe X([0,T]), with 0 < T < +oo, be a solution of the DP equation. There exist
C >0, Lo >0 and g9 > 0 only depending on the speeds (c;)Y,, such that if

yo = (1 — 0)up € M*(R) (1.12)
and

<e?
H

, with 0 <e < ey, (1.13)

N
Up — Z@Cz( _Z?)
=1

LWLL1(R) is the space of L1(R) functions with derivatives in L!(R) and BV (R) is the space of function with bounded
variation.




for some 29, ..., 2% satisfying
<< and 2 -2 | > L, with L>Ly>0, i=2,...,N, (1.14)

then there exist £1(t), ..., &N (t) such that

N
u(t) =D pe (- — &) <CWe+L7V%), vieo,T| (1.15)
i=1 H
and
Eit) — {"1(t)>§, vt e [0,T], i=2,...,N, (1.16)

where &5(t), ..., &N (t) are defined in Subsection 4.1.

2 Preliminaries

In this section we briefly recall the global well-posedness results for the DP equation and its consequences
(see [4] and [6] for details).

Theorem 2.1 (Global weak solution; see [4]). Assume that ug € L*(R) with yo = (1 — 82)ug € MT(R).
Then the DP equation has a unique global weak solution u € X (Ry) such that

ylt,) = (1— 02)ult,) € MH(R), WteR,. (2.1)
Moreover E(-) and F(-) are conserved by the flow.

Remark 2.1 (Control of L* norm by L? norm). From (2.1), it holds

e " [* z’ / ;e oo -z’ / ’
u(x) = 5 e’ y(z")dz" + 5 e T y(a")dx
and
e " [* z’ / r e oo —z’ / ’
wle) =~ [y + S [T eyt
which lead to
lug ()] < u(z), VeeR. (2.2)

Then, using the Sobolev embedding of H!(R) into L>(R) and (2.2), we infer that there exists a constant
C'g > 0 such that

[ullLoe®) < Csllullm @ < 2Cs|ullL2m)- (2.3)
Lemma 2.1 (Positivity; see [6]). Let u € H'(R) with y = (1 — 8%)u € MFT(R). If ky > 1, then we have
(k1 £0x)u(z) >0, VzeR. (2.4)

Lemma 2.2 (Positivity; see [6]). Let w(x) = (k1 £0,)u(z). Assume thatu € HY(R) withy = (1-0%)u €
MT(R). If k; > 1 and ks > 2, then we have

(ko +0,)(4 — 02)tw(z) >0, Vo cR. (2.5)



3 Stability of a single peakon

The proof of Lin and Liu in [5] is not entirely suitable for our work, because it involves all local extrema of
the function v = (4 —92)~'u on R, and thus is not local. For our work, we have to localize the estimates.
Therefore, we need to modify a little the proof of Lin and Liu. We do this first for a single peakon.

Theorem 3.1 (Stability of peakons). Let u € X([0,T]), with 0 < T < +o0, be a solution of the DP
equation and . be the peakon defined in (1.8), traveling to the right at the speed ¢ > 0. There exit C > 0
and g9 > 0 only depending on the speed ¢ > 0, such that if

Yo = (1 — 93)ug € MT(R) (3.1)

and
w0 — el < €%, with 0< e < e, (3.2)

then
lu(t, ) = ¢e(- = &1(8)) [l < CVEe, Ve[0T, (3-3)

where &1(t) € R is any point where the function v(t,-) = (4 — 02)~tu(t,-) attains its mazimum.

To prove this theorem we first need the following lemma that enables to control the distance of E(u)
and F'(u) to respectively E(p.) and F(p.).

Lemma 3.1 (Control of distances between energies). Let u € H'(R) with y = (1 — 82)u € M+ (R). If
lu — ||y < 2, then
|E(u) — E(gc)| < O(€?) (3.4)

and
|F(u) — Fpc)| < O(e?), (3.5)

where O(+) only depends on c.

Proof. For the first estimate, applying triangular inequality, and using that ||u — @.||% < €2 and
el = C/\/g7 we have

|E(u) — E(pc)| = | lulln = llpella (lulla + [lecl#)
< lu = welln (lu = pella + 2lleelln)
2c

< (24 7%)
< 0(2).

For the second estimate, applying Holder inegality, and using that ||u — ¢ |3 < &2 and (2.3), we have
P = Pl < [ Jut = ¢t
2 2
< /R |u = pe|(u” + upe + ¢7)
1/2
< o= llage [+ upe+ 2
1/2
= llu—eecllr2@) (/ (u' + 20 pe + 3uPp? + 2up] + @ﬁ))
R
< lu = el 2 w)

1/2
8 1
: (46129”“”%2(1&) + 4CCS||U||%2(]R) + 302||UH%2(JR) + §C3CS||UHL2(JR) + 204>

< 0(?),



where we also use that the L? norm of u is bounded, and the following measures of peakon:
2 1
pellL=®) = ¢, ||S0c||?iS(R) = gcs and H‘PCH%‘%R) = §C4~
This proves the lemma.
Now, to prove Theorem 3.1, by the conservation of E(-), F'(-) and the continuity of the map ¢ — w(t)
from [0,7] to H'(R) < H (since H ~ L? and ||ulr2r) < |[ullmr(r)), it suffices to prove that for any
function v € H*(R) satisfying (3.1), (3.2), (3.4) and (3.5), if

Inf flu—pe(- = &)l < (3.6)
then
lult,-) = pe(- = &)l < CVe, VEE0,T], (3.7)
where £; € R is any point where the function v = (4 — 92)~!u attains its maximum.

We divide the proof of Theorem 3.1 into a sequence of lemmas. In the sequel we will need to introduce
the following smooth-peakons defined for all x € R by

— c —|x C —4|T
pelw) = epla) = (4— 02) N pela) = e — Ce2l (3.5)
One can check that p. € H3(R) — C?(R) (by Sobolev embedding) since ¢. € H*(R). Indeed, we have
2 _ [ 0+w?)? 2 24|~ 2 2 Qa2
locllioy = [ romalPe@l < [@+aipl <dleding =8¢ (39)

Also, it is a positive even function which decays at infinity, and admits a single maximum ¢/6 at point 0
(see Figure la-1c).

Lemma 3.2 (Uniform estimates). Let u € H'(R) with y = (1 — 8%)u € MT(R), and £ € R. If

lu = @e(- = &)l < 4, (3.10)

then
[t = pe(- = &)l Loem) < O("?) (3.11)

and
o= pe- = €)llzcey < OH4), (3.12)

where v = (4 — 02)"Yu and p. is defined in (3.8).
Proof. For the second estimate, applying Holder inegality and using (3.10), we get for all € R,

@) =pela =1 < 7 [ ¢ fule —o') = e [fo = o') €]l s’

1/2 1/2
< i (/Re—4|x |dx/> (/R |u($/) —(pc(wl—f)|2dwl>

1
< ——||lu — (- —
< gsllu=edl = Ol
< O(e%).
For the first estimate, note that the assumption y = (1 — 82)u > 0 implies that u = (1 — 92) "1y > 0
and satisfies (2.2). Then, applying triangular inegality, and using that |¢.| = ¢. on R and (2.3), we have
lu = @c(- = Ollar ) < Nlull ) + llecllmw)
< 2[|ull 2wy + 2[|wellL2®)
<2flu = @e(- = 2wy + 4leell L2
<Oo@EYH +0(1).



Now, applying Gagliardo-Nirenberg inegality and using (3.10), we obtain

= pe(- — )l < Collu— el — &)l iz llu — pe- — Ol

H(R)
< 0% (0("%) + 0(1))
< O(eV?).
This proves the lemma.
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(b) ¢/ () and /() profiles. (¢) (1—82)p(x) = 260 and (1-92)p(z) = (1/3)e~2l profiles

Figure 1: Peakon and smooth-peakon at initial time with the speed ¢ = 1.

Lemma 3.3 (Quadratic identity; see [5]). For any u € L*(R) and £ € R, it holds

B(u) = B(po) = u—po(- =)l +4c (v(€) - ).

; (3.13)

where v = (4 — 02)"'u and ¢/6 = p.(0) = maxecg pc(- — ).

Sketch of proof. The proof follows by direct computation, with the aid of two integration by parts,
and using that (1 — 02)p.(- — &) = 2¢d¢, where d¢ denotes the Dirac mass applied at point &.



Let u € HY(R) with y = (1 — 8?)u € MT(R), and assume that there exists £ € R such that (3.10)
holds. We consider now the interval in which the peakon (respectively smooth-peakon) is concentrated,
and we will decompose this interval according to the variation of v = (4 — 92) 1w in the following way:

we set
c

c
-~ ey 1
2400} and B=infqx > ¢ v(x) 5400 (3.14)
According to Lemma 3.2, we know that v is close to p.(- — ) in L* norm with p.(0) = ¢/6. Therefore v
must have at least one local maximum on [«, 8]. Assume that on [a, ] the function v admits k+ 1 points

(fj)fill with local maximal values for some integer k > 0, where &; is the first local maximum point and

azsup{x <& v(z) =

&r41 the last local maximum point?. Then Between &; and &1, the function v admits k points (77]-)?:1
with local minimal values. We rename o = 1y and 8 = 41 so that it holds

70 <€1 <m<... <§j <1 <fj+1 <Nj+1 < ... <7 <fk+1 < Mk+1- (315)
Let
M;=v(), j=1,...,k+1, and m; =v(n;), j=1,... k. (3.16)
By construction
’UI(Z') > 07 Vz € [771‘71757'], .7 = ]-7 .. '7k (317)
and
ve(z) <0, Yz el¢,n], j=1,....,k+1 (3.18)
We claim that .
’U(LU) S %a Vr € R\ [770777k+1]7 (319)
c
u(@) < 5550 Yo € R\ [0, 1k, (3.20)
and there exits Cy > 0 such that
(10, Mk+1] C [€ — Co, & + Col. (3.21)
Indeed, from (3.12) we have
o 1/4y _ /4y » €
pelio = &) = v(i) + O0(e ") = 5706 +0(7) < o

please note that we abuse notation by writing that the difference between v and p.(- — &) is equal to
O(e'/*). Therefore, using that p.(- — £) is increasing on | — 00, ¢], it holds for all z €] — 0o, 7],

— _ /4y « _c /4y « _c
o(w) = pela — €) + O < 5+ 0(MH) < 25
Proceeding in the same way for z €]ny11, +00o[, we obtain (3.19).
One can remark that for all z € R,
@e(x) = 6pe(z) = ce™ 17l — 6 (ge*‘zl - gefz‘zl) L e R (3.22)

Thus, combining (3.11), (3.22) and proceeding as for the estimate (3.19), we infer (3.20).
Finally, from (3.12) we have

. ) 01/4:L OV > ¢
pelin =€) = o(m) + OE/") = 510 +0(*) = oo
Therefore, since p. = (¢/3)e~1*l — (¢/6)e21#l and that z +— (1/3)e~ 12l — (1/6)e=2I*! is a positive even
function decreasing to 0 on R (see Figure 1a, there exists a universal constant Cy > 0 such that (3.21)
holds.

We now are ready to establish the connection between the conservation laws. Please note that, we
will change the order of the extrema of v = (4 — 82)~1u while keeping the same notations as in (3.16).

c

2In the case of a infinite countable number of local maximal values, the proof is exactly the same.



Lemma 3.4 (Connection between E(-) and the local extrema of v). Let u € H*(R) with u > 0. Define
the function g by
20 4 Vgp — 305, T < &1,
20+ Vpp + 30, & <z <74, .
g(z) = zo 30, (A T (3.23)
2'U+Ua:w_gvxv Ui <x<£j+1a
2'U+Ua:m+3vmv T > £k+17

Then it holds

k k
/ g*(@)de = B(u) =12 [ > M2, =) m? |. (3.24)
R §=0 j=1
Proof. We have
&1 k &1 +o00
/gg(x)dw :/ g*(x)dx + Z/ gz(x)dx—k/ g*(x)dx. (3.25)
R —o0 j=1 & Ekt1

§i+1 nj 5 Eit1 9
/ g*(x)(x)dx = / (20 + Vgg + 3vg)" + / (20 + Vg — 3uy)

& &5 nj
=J+ I
Let us compute I,

§j+1

I 4? + vi + 91):% + 4vv,, — 1200, — GUQCUM)

/,
§i+1 §i+1 §i+1 Eit1
/ (41;2 + U?m + 91)320) + 4/ VUpy — 12/ VU, — 6/ VgV
n n
/

i nj i nj
§j+1

0% + 02, +92) + L + I + .

J

Applying integration by parts and using that v, (§;) = vz(n;) = 0, we get

i1 Ei+1 S+
I = 74/ v, Iy = —6/ 0:(v?) = —60(&j41) + 60%(n;) and I3 = 73/ d:(v2) = 0.

n; n; n;
Therefore
Ei+1
I= / (40 + 502 +v2,) — 60 (&11) + 607 (n)). (3.26)
n;
Similar computations lead to

n; &1 &1
J = / (40* + 502 4+ v2,) —6v*(&;)+6v%(n;), / g*(z)dx = / (40 + 502 +0v2,) —6v% (&) (3.27)

&5 —00 —00
and
+oo —+oo
/ g*(x)dx = / (40 + 502 + v2,) — 60 (Epy1)- (3.28)
ks [
Adding I and J, and summing over j € {1,...,k}, we obtain
Ert1 ) Eht1 ) ) ) k ) k , k ,
/ g (x)da::/ (4v® + 503 + v2,) —621} (&+1) —GZ’U (&) +122v (n5)- (3.29)
1 1 j=1 j=1 j=1

The lemma follows by combining (3.25) and (3.27)-(3.29).



Lemma 3.5 (Connection between F(-) and the local extrema of v). Let u € H*(R) with u > 0. Define
the function h by
— Ugg — 6, + 160, = < &,
— Vg + 6V, + 160, < x < ng, )
h(z) = & A (3.30)
Vg — 6V + 160, n; <2 < &y1,

— Vg + 6v, + 160, x> &1,

Then it holds

k
/Rh(x)g?(x)d = — 144 Z £ Zm§ . (3.31)
Proof. We have
/ h(z)g*(x)dx = /51 x)dx + Z /5”1 x)dx + /+OO h(z)g*(z)dz. (3.32)
R —o0 Ekt1

Eit1 nj
/ h(x)g*(z)dx = / (—Vge — 604 + 160) (20 4 Vg — 30,)°
&i

§i+1
+ / (—Vge + 6V, + 160) (20 + vy + 3%)2
n

j

=J+1.
Let us compute I,
Ei+1 Ei+1 Si+1
I= (=3, + 12002, + 640° + 6000, —54/ vl +27/ VP Vgg
nj nj nj
§i+1 §i+1 Ei+1
— 108/ R 216/ v, + 216/
nj 5 Ui
§j+1
= ( -+ 127}0 - T 640> 4+ 60v vm)
nj
fj+1
—54/ Vi I+ I3+ 1.
nj

Applying integration by parts and using that v, (§;) = v(n;) = 0, we get

[SE §i+1 &i+1 ) )
I, = 9/ 0:(v3) =0, I = 54/ v, I3 = 42/ 0: (V%) = —7203(&51) + 7203 ()
n

n; n; j
and
Eit1 Eit1
I, = 108/ 0 (vH)v, = —108/ Vg
n; n;
Therefore
&j+1
I :/ (—v3, + 12007, 4+ 640° + 60v%0,,) — T20%(&41) + T20°(n;). (3.33)
n;



Similar computations lead to

7
J= / (—v3 4+ 12002, 4 640° + 60v%v,,) — T20°(&;) + 720% (i), (3.34)
&5

&1 &1

/ h(z)g*(z)dx = / (=02 + 12002, + 640° + 60070, ) — T20° (&) (3.35)
and

+o0 +oo
/ h(z)g*(z) dz = / (=02 + 12002, 4 640° 4 600704, ) — T20% (&4g1). (3.36)

Ekt+1 Ekt1

Adding (3.26) and (3.34), and summing over j € {1,...,k}, we obtain

Ekt1 Ert1 k
/ h(z)g*(x)dx = / (=2 + 12002, 4 640° + 60v%v,,) — 72 Z v (€511)
&1 1 j=1
k k
—72) 03g) + 72> v (). (3.37)
j=1 j=1

The lemma follows by combining (3.32) and (3.35)-(3.37).

Lemma 3.6 (Connection between E(-) and F(-)). Let u € H'(R), with y = (1 — 92)u € M*(R), that
satisfies (3.10) for some € € R. Assume that v = (4 — 02)~'u satisfies (3.14)-(3.21), with local extrema
on [no, Mk+1] arranged in decreasing order in the following way:

Ml ZMQZZMkJrl 20, mq ng Z ka ZO, Mj+1 ij, ]:17,k (338)
Then it holds,
1 1
M} — 1E(u)M1 + ﬁF(u) <0. (3.39)

Proof. The key is to show that A < 18M; on R. Note that by (3.10) we know that 18 M; > ¢/4. We
rewrite the function h as

— VUgy — 6V, + 160, x < 1),

—(33—1—36;1;—1-2)71—31)@—#181}, no <z <&,

hz) = — (02 =30, +2) v+ 3v, + 180, & <z <y, i1k
—(83+38w+2)v—3v1+18v, n; <x <&y,

— (02 =30, +2) v+ 3v, + 180, &iy1 < T < Npy1,

— VUgg + 6v, + 160, = > Mpy1,

First, one can remark that for all z € R,

—2z

e x 0! 621' +oo -
v(z) = 1 / e* u(a')dz' + T/ e *" u(z")dz'

and
e—2r T , eQr +oo ,
Vg (1) = — 5 / e u(z)dx' + 7/ e 2 u(z")dx'.
Then using that u = (1 — 8%)~'y > 0 on R, we get
|vp(z)] < 2v(x), Ve eR. (3.40)

10



Next, if x € R\ [10, Mk+1], using that vy, = 4v — u, (3.19), (3.20) and (3.40), it holds
h < |Vga| + 6|vz] + 160 < uw+ 320 < S
If o < o < &1, then v, > 0, and using that y = (1 — 8%)u > 0, it follows from Lemma 2.2 that

h = —(02 430, + 2)v — 3v, + 18v
=—(24+0,)(4 -0 1+ 0,)u — 3v, + 18v
< 18w.

If £ < z < nj, then v, <0, and similarly using that y = (1 — 8%)u > 0, it follows from Lemma 2.2 that

h = —(02 — 30, + 2)v + 3v, + 18v
=—(2-0.)(4— 02" (1 - 0)u+ 3v, + 18v
< 18w.

Therefore, it holds
h(z) < 18 maxw(x) = 18 My, Vz € R. (3.41)

z€R

Now, combining (3.24), (3.31) and (3.41), we get

k k
Fu)—144 | Y M7 = > md
=0 j=1

- / h(2)g? (x)dz
R
S / ¢ (z)da
R
k k
<18My |E(u) =12 [ > M7, =) m]
7=0 j=1

For j =1,...,k, we set

— A3 3 A2
Aj=M7,—mj and B; =M, —m

and our inegality becomes

1 1 3
M} — 1E(u)M1 + 5F(u) <2y (Aj - 2MlBj) . (3.42)

j=1
On the other hand, using that M;;, > m;, we have

3 1
iMlBj = —= (MjJrl - mj) (3M1m]‘ + 3M1Mj+1 - 2Mj+1mj - 2Mj2+1 - 2m2) S 0. (343)

Aj— 9 J

Finally, combining (3.42) and (3.43), we obtain the lemma.

Proof of Theorem 3.1. As noticed after the statement of the theorem, it suffices to prove (3.7)
assuming that v € H'(R) satisfies (3.1), (3.2) and (3.4)-(3.6). We set M; = v(§1) = max,er v(z) and
d =¢/6 — M. We first remark that if 6 <0, combining (3.4) and (3.13), it holds

lu = @e(- =€)l < |E(uo) = E(pe)[V? < O(e),

11



that yields the desired result. Now suppose that § > 0, that is the maximum of the function v is less
than the maximum of p.. Combining (3.4), (3.5) and (3.39), we get

1

72F(‘PC) < 0(82)‘

1
Mf) - ZE(SOC)MI +
Using that E(¢.) = ¢?/3 and F(p.) = 2¢3/3, our inequality becomes

(- (4 <00
Substituting M; by ¢/6 — § and using that (M7 + ¢/3)~! < 3/c, it holds

52 <0(%) =6 <0(e). (3.44)
Finally, combining (3.4), (3.13) and (3.44), we obtain

Ju = @e(- = &) llu < CVe,

where C' > 0 only depends on the speed c¢. This completes the proof of the stability of a single peakon.

4 Stability of the train of peakons

For v > 0 and L > 0, we define the following neighborhood of all the sums of N peakons of speed ¢, ..., ¢y
with spatial shifts z; that satisfied z; — z;_1 > L,

zi—zi—1>L

U(vy,L) = {u € H'(R), inf

u—Zapci(- — %) <7}. (4.1)
=1 H

By the continuity of the map ¢ +— u(t) from [0, T[ into H!(R) < H, to prove Theorem 1.1 it suffices to
prove that there exist A > 0, &g > 0 and Ly > 0 such that for all L > Ly and 0 < ¢ < &g, if ug satisfies
(1.12)-(1.14), and if for some 0 < ¢ty < T,

u(t) eU (A(ﬁJr L™Y8), g) , YVt e0,to], (4.2)
then
u(ty) € U <‘;(ﬁ+ L8, 23L> . (4.3)

Therefore, in the sequel of this section we will assume (4.2) for some 0 < € < g9 and L > Ly, with A, ¢
and Ly to be specified later, and we will prove (4.3).

Remark 4.1 (Distance between v and the sum of N smooth-peakons). From the definition of E(-) and
H (see (1.3) and (1.6)), one can clearly see that |ju|y is equivalent to [[v]| zr2(r), where v = (4 — 92) " !w.
Therefore if u(t) € U(vy, L/2) on [0,t], then v(t) € H3(R) < C?(R) stays close to Zi\[:l pe, (- — z;) in the
H? norm for all ¢ € [0, ], where p,, is defined in (3.8).

4.1 Control of the distance between the peakons

In this subsection we want to prove that the different bumps of u that are individually close to a peakon
get away from each others as time is increasing. This is crucial in our analysis since we do not know how
to manage strong interactions.

12



Lemma 4.1 (Decomposition of the solution). Let ug satisfying (1.12)-(1.14). There exist 9 > 0, Lo > 0
and Cy > 0 such that for all 0 < v < v and 0 < Lo < L, if u(t) € U(y,L/2) on [0,to] for some
0 <ty <T, then there exist N C* functions Z1,...,%n defined on [0,ty] such that

N
u(t) = e, (- — (1) <O, (4.4)
=1 H
N
u(t) = > pe,(- — Ei(t)) < O(v), (4.5)
i=1 C1(R)
|#4(t) — ] < 12 (0(7) + O(e—L/4)) L i=1,...,N, (4.6)

and

il(t)—fcl_l(t)>Z+ 5 , 1=2,...,N. (4.7)
Moreover, fori=1,...,N, setting J; = [y;(t), yi+1(t)], with
y1 = —oo,
yi(t)zw, i=92.. N (4.8)
YN+1 = +00,
it holds
|5 (t) — z:(t)] < % i=1,...,N, (4.9)
where £X(t),...,EN(t) are any point such that
v (¢, (1) :LnEaJi(v(t,x), i=1,...,N, (4.10)

and where v = (4 — 02)~u and O(-) only depends on (c;)I,.

Proof. We will slightly modify the construction done in [3]. One can remark that the functions
e, (- — ¢it) and pg, (- — ¢;t) travel at the same speed ¢;, thanks to this, we will do our construction with
v = (4—0%)"1u instead of u. We do that because the H (equivalent to L?) approximation (4.2) does not
permit us to construct a C! function, which is crutial for application of the implicit function theorem.
We note that the same approach can also be used for the CH equation.

For Z = (z1,...,2n) € RY fixed such that |z, — z;_1| > L/2, we set

N N
Rz() =) pe(-—z) and Sz() =) we,(- — 2). (4.11)
i=1 i=1

For 0 < v < 9, we define the function

y : (_777)1\[ X BHZ(RZa’Y) _>RN7
(ylv"'vvav)'_} (yl(ylv"'7vav)7"°7yN(y17"‘7yN7v))

with

N
Vi) = [ 0= 30 0o =5 - w) | Oapele = 2 - ).
R =

13



Y is clearly of class C*. Fori=1,...,N

)

oY!
8y_(y1a'~'7yNa’U):_/R v — Z pCJ(_Z]_y]) aipcl(_zz_yz)

1<j<N
i
and for j # 1, '
A%
n (Y1, YN, v) = i Oupe,; (- — 2j = Y;)0upe, (- — 2 — yi)-
j
Hence ) )
A% 9 G o
. = T2 >
ayl ( ’O’RZ) Hawpcl L (R) 54 = 54

and for j # 4, using the exponential decay of ¢, and that |z; —z;—1| > L/2, for L > Lo > 0 with Lo > 1,
it holds

oY? ’/
O RZ axch mpcl — Z
50 (=)
pe; (- = 2))03pe, (- — 2i)
R
1 —|z—z|—|z—2;] —|z—z;|—2|x—2z|
< —cicj e 7 de +2 [ e g dx
9 R R
+2/€2|ij||xz,;d'r+4/62|mz]'|2xzi|dl,}
R R
< O(e H/.
We deduce that, for L > 0 large enough, Dy, ., V(0,...,0,Rz) = D + P where D is an invertible
diagonal matrix with [|[D~|| < (¢1/3v/6) 2 and ||P|| < O(e *L/4). Hence there exists Ly > 0 such that for
L > Lo, Dy, ,..y)Y(0,...,0, Rz) is invertible with an inverse matrix of norm smaller than 2(c1/3v6)72
From the 1mph(21t functlon theorem we deduce that there exists 8y > 0 and C! functions (yi,...,yn)

from Bp2(Rz, Bo) to a neighborhood of (0, ...,0) which are uniquely determined such that

y(yl(v)v o 7yN(U)7U) = Oa Yv € BHQ(RZaBO)'

In particular, there exists Cy > 0 such that if v € Beo(Ryz, 8), with 0 < 8 < Sy, then

Z i (v)] < Cops. (4.12)

Note that 8y and Cy only depend on ¢; and Ly and not on the point (z1,...,2x). For v € By2(Rz, 5o)
we set Z;(v) = z + yi(v). Assuming that 8y < Lo/8Co, (#1(v),...,Zn(v)) are thus C! functions on
Byz2(Ryz, 3) satisfying

:iz(v) — :ii_l(v) =Z; — Zi—1 +y1(’0) — yi—l(v) > g — QC()B > g (413)

For L > Ly and 0 < v < v < Bo/2 to be chosen later, we define the modulation of v in the following
way: we cover the trajectory of v by a finite number of open balls in the following way:

{v(t),t € [0,t0]} C U By2(Rzk,2y).
k=1,...,.M

14



This is possible thanks to Remark 4.1. It is worth noticing that, since 0 < v < 9 < Bo/2, the functions
Z;(v) are uniquely determined for v € By2(Ryzx,2v) N By2(R i, 27). We can thus define the functions

t — &;(t) on [0, o] by setting Z;(¢t) = Z;(v(¢)). By construction

N
(e = 00, =350 | e =) = (4.14)

For 0 < 7y < 7y, with 7o < 1, using that u € U(v, L/2) and (4.12), we have
[u®) = S lln

N
< () = Szl + D e (- = 2:) = pei (- = 20 = WD) |2y

N B 1/2
<+ VaY ([ a@an = [ pute - wpate -5 - mleo)as )
i=1
N 1/2
=y +v2Y ¢ (1 _elm®)l _ |yi(v(t))|e—|yi<v<t>)|>
N =1
+ > Olyi(v(®)))
i=1

<7
< 0(),
where we apply two time the mean value theorem with the function ¢ on [0, |y;(v(t))|] for substituting
(1 — e~ 1) by |y (v(t))|e=?, with @ €]0, |y;(v(t))|[, and this proves (4.4) (see Figures 2a-2b).
The esitmate (4.5) follows directly by using (4.4), Remark 4.1 and the Sobolev embedding of H?(R)

into C*(R).

1
0.9 [
0.8
07t |
06 I
05t f
0.4r |

0.3

0.2 |

o1l /
0 J i i i i i i i i -34 i i i i i i
o 5 10 15 20 25 30 3 40 45 50 o 5 10 15 20 25 30

i i i
35 40 45 50

(a) (JF lo(x = 10) — p(z — 10— 1079)|2) " = 100 (b) log (S ¢(z — 10) — p(z — 10 — 109)[2)/? ~ —20.7233
Figure 2: Distance between two very close peakons (at time ¢ = 10 with respective speeds 1 and 14+10710)

To prove that the speed of Z;(-) stays close to ¢;, we set

i) = e, (- = 2;(1), ex(t) = u(t) =Y 55(t)
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and

One can notice that
O?R; = 4R; — S, (4.15)

and using the Fourier transformation

1
_92y=li4 _ 92y-1/y _ -1 )
(=)= =7 e | O

-7 o~ s O

1 _ 1 _
S LT -7, (4.16)
Differentiating (4.14) with respect to time and using (4.15), we get
/at&‘zazRi Z.i‘l(t) (4/52Ri _/EQSZ‘>
R R R
and thus
AatgzazRi < |Zi(t)] (4lle2ll Lo @) | Rill 2 @) + lle2ll Lo @)1l Lt =)
(4.17)

< |&(t) — eilO(y) + O(y).

Substituting u by &1 + Z;\le S; in (1.7) and using that S; satisfies

. 1 3 _
8tS_j = —(.]Zj(t) — Cj)ag;Sj — §6LS]2 — 5(1 — 83) 180LS_]2,

we infer that e; satisfies on [0, o],

N

Qier — > (#5(t) = ¢)0.5,;
j=1
1 N 2 N
2
=—50s a+y S| =Y. S;
j=1 j=1
3 N 2 N
—5630(1—83)—1 e+ S| =S
j=1 j=1

Multiplying by (4 — 92)~! and using (4.16), we get

N ' 1 N 2 N
Digz — Y (#(t) — ;) 0, R; = —50.(1-97)7" || e+ > 8] =8

j=1
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Taking the L? scalar product with 9, R;, integrating by parts, we find
(i) - ) [ @R
/atsgﬁR + > (@ —c])/(éR)(ﬁR)

1<j<N
J#i
2
1 N N
by fa-a | las X ) X8| oRe (4.18)
R j=1 j=1
We set )
N N
= 51+ZS’ —ZS?:&%—FQQ ZS’j + Z SiS;,
j=1 j=1 1<ij<N
i
then

N
(1-3)7'Q=01-R)"ed+2) (1-8) " (@s)+ Y, (1-)7"(5:S))

=1+J+K.

We have the following estimates

1 [ Lo 1
I=5 [ = 183@) < e liem et < gl
R

N N
J = Z/R “le=2ley ()8 (2') < |le” HHLM(R)|\€1||L2(R)Z||S l2®) < (ch) leillz2r)

j=1 j=1
and .
E=- Y / e~ 171G, (2)Si(2") < 5 > / S;(x")S; ().
1<i,j<N /R < R
i PES
Thus, using (4.4) and the exponential decay of S;, it holds
(1= 02)"' Q| L) < O(y) + O(e™"/*)
and then

1 1
‘ /[(1 —9) 1 QIOZR;| < LS 92) 7 Qll oo w107 Rs | 1 m)
R

2
<O0(y) +0(e /%), (4.19)
Now, combining (4.17), (4.19), and using the exponential decay of 9, R;, it holds
|2:(t) = ci| 110 Rill 72y < [2:(t) — ¢i] O(7) + O(7) + O(e™ /%),

then

13:00) — ( - ow) < 0(3) + O(e~"),
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which yields (4.6).
Taking 0 < v < 79 and L > Ly > 0 with 79 < 1 and L > 1, combining (1.12)-(1.14), (4.6) and
(4.13), we deduce that

i)t
> L —2Cov0 + (e 261 )
3L (Ci—Ci_l)t
>
— 4 + 2 ’

this proves (4.7).
From (4.5), we infer that

N
v(z) = chj (x — %)+ O(v), VzeR,

please note that we abuse notation by writing ex(x) = O(v). Applying this formula with z = £! and
v(&}) = max,e s, v(z), and using (4.7), it holds

N
(&) =max Y pe; (@ — &) p +0(7)
j=1

zeJ;
J
= 2+ 0 + o)
C;
> —.
=7

On the other hand, for z € J; \ [Z;(¢t) — L/12, Z;(t) + L/12], we get

(x) < %efﬁ/w L0 Y 1 0() < %

This ensures that & € [;(¢t) — L/12, #;(t) + L/12], and this concluded the proof of the lemma.

4.2 Monotonicity property

Thanks to the preceding lemma, for £9 > 0 small enough and Ly > 0 large enough, one can construct
N C* functions Z1,...,%x defined on [0,tg] such that (4.4)-(4.8) are satisfied. In this subsection we
state the almost monotonicity of functionals that are very close to the energy at the right of ith bump,
i=1,...,N—1of u. Let ¥ be a C* test-function (see Figure 3) such that

0<y(z) <1, ¢'(x) >0, z €R, (4.20)
WD ()| <104/ (z), ¢ =2,3,4,5, x € [-10,10], '
and
= {7 T (421)
X) = .
1—e Il 2 >10.
Setting ¥ = (-/K), we introduce for i = 2,..., N,
Tix(t) = / (40 + 502 + v2,) Yi k (1), (4.22)
R

18



Figure 3: 99 (), ¢ = 0,1,2,3,4, 5, profiles.

where ¥; k(t,r) = Y (z — y;(t)) with y;’s as in (4.8). Note that J; x(t) is close to ||u(t)||’2}-[(:c>y71(t)) and
thus measures the energy at the right of the (¢ — 1)th bump of u. Finally, we set

1
gg — Zmin{cl,CZ—cl,...,cN—cN_l}. (423)

We have the following monotonicity result.
Proposition 4.1 (Exponential decay of the functional J; k(t)). Let uw € X([0,T]), with 0 < T < 400,

be a solution of equation (1.1) that satisfies (1.12)-(1.14) and (4.4)-(4.5). There exist yo > 0 and Lo > 0
only depending on c1 such that if 0 < v <~y and L > Lo > 0, then for any 4 < K < VI,

Tirc(t) — T (0) < O(e™5K), Vte[0,ty], i=2,...,N. (4.24)
The proof of Proposition 4.1 relies on the following Virial type identity.

Lemma 4.2 (Virial type identity). Let u € X([0,T]), with 0 < T < 400, be a solution of equation (1.1)
that satisfies (1.12)-(1.14). For any smooth space function g : R — R, it holds

% A (47)2 + 51)925 + vix) g

2 1 1
:f/u?’g/—4/u2vg'—f/uQUg”’—i—f/u%wg”—i—/uhg’
3 Jr R 2 Jr 2 Jr R
1 5} 1
—l—f/uhwg”—f/vhmg”—Z/vwhg"—i—f/vh,;g(‘l) (4.25)
2 Jr 2 Jr R 2 Jr

where y = (1 — 0*)u, v= (4 —92) " u and h = (1 — 92)~1u?.

The proof of Lemma 4.2 is given in the appendix.
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Proof of Proposition 4.1. We first note that, combining (4.6) and (4.8), it holds for i = 2,.. .,

. L;UZ-, t +‘%z t
Ci—1+ ¢
=k o
> i1 +0(y'?)

C
>
2

(4.26)

Recall that the assumption (1.12) ensures that u > 0 and v > 0 on R. Now, applying the Virial type

identity (4.25) with g = v; x and using (4.26), we get

d .
—Tik(t) = —yi/ (4112 + 502 + vfm) 1#1 x+= / 3% K — / u%ﬂ/}LK
dt R 3 R

1 1 1
R R
5 " 1 (4)
— = [ vhyy g — Ur}“/h += UhTQZJ
2 Jr ' 2

2 1
< 7yl/ (41)2 —+ 51}925 + vgm) d);,K + g / USwz{,K _ 5‘/ 2 w///
R R

1 1
+1 / gl + / whifl g + = / whal! g — 2 / ohatl g
2 Je KT K79 !

/vzh,l/}ZK—’_ ;/'I_}hmw(4)

<——/ 411 + 502 +vm) zKJFZJk

k=1
We claim that for £k =1,...,8, it holds

C _
T g [0 502 +02,) U+ e luolfe

We divide R into two regions D; and Df with

L L
4’ 4
Combining (4.7) and (4.8), one can check that for « € D¢,

D; = {fil(t) +

—yi(t)| >
= a0 = == :
C; —Ci—1 L
7t —
- 4 +8
L
200t+§.

Let us begin by an estimate of J;. Using (2.3), (4.29) and the exponential decay of ¢} ;- on Dy,

2 3 _2/ 3 2/ 3
S/RUwi’K_S D“%,K‘f‘?) fuwi,K

i

2 2
< Slulmco [ w2t + 510 allimwpllul mce e

2 C _
< Sl [ w0+ g lulmye

20

L) —=|, i=2,...

Zi(t) —Fia(t) L

F(oot+L/8)

,N.

%(Uot—&-L/S).

(4.27)

(4.28)

(4.29)

we get

(4.30)



Note that, using the exponential decay of [¢/xc| on Df, [¢ic| < (10/K*)if s, with K > 4, and that
lu|l2 = ||uol|%, we have

/u%’-,K = /(4U - Uzz)2¢§,K
R R

=16 [ ot [l [ o
R R R

=16 [ it [t +s [ vl [ 0.6k
R R R R

=16 [ Pulse+ [ aars [dule—a [ 2ol
R R R R

< / (160* + 8vF +v37,) Vi g +4 / V2] | + 4 / Vel
R D; D¢

40

C y
= / (160* + 807 +v2,) ] x + 2 / U] g+ ﬁHUO”%e w (oot +L/8)
R R

S 5/R (47}2 + 51}% + Uim) '(/J;’K + ﬁ”’donie—%(aot"rl‘/g). (431)

Now, using the exponential decay of ., on D;, (4.4), and proceeding as for the estimate (3.11) (see
Lemma 3.2), it holds

N N
lull oo pyy < || =D e, (- = &5(1) + 3 [le, = & @)y )
i=1 L=y 77!
<ONY?) +0(e18). (4.32)

Therefore, for 0 <y < vy and L > Ly > 0, with 79 < 1 and L > 1, combining (4.30)-(4.31), we obtain
G 2 2 2 / ¢ 3 — A (oot+L/8)
‘]1 S % - (41} + 5vac + Uxac) wi,K + EH’UJHLQ(R)e K .

Next, the estimate of J, on DY gives us

1
5 | il
D¢

i

1
< §||77/1§:'K||L00(Df) |v||L°°(R)||uH%2(JR)'

Note that, applying Holder inegality, we have for all € R,

1 ’
v(x) = Z/Re*mzfz lu(a")da'

1 / 1/2 1/2
- / 674|m7x |d]}/ / |U(1'/)|2dl'/
4 R R

1
= — 4.33
4ﬁ||u||L2(R) (4.33)

and thus, using (4.33) and the exponential decay of [} | on D, it holds

1
2 "
5 u m/)i,K
2 Jpe
K2

IN

1 3 — L (cot+L/8)
SW”UHLZ(R)e R : (4.34)
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Using that [¢j"s| < (10/K?)¢); g, the estimate of J, on D; leads to

1
5 ) il
D;

Also, one can notice that, using the exponential decay of |7 | on Df, [¢| < (10/K?)¢; -, with
K >4, and that |Ju|l% = ||uol|#, we have

/U’U%K :/(4”*%1)711/);1(
R ' R '
:4/1121/)21("‘/81(”7/)21()”%
R ' R '
:4/021/)}1(‘?/”3%1(‘#/%17/1;/1(
R ' R ' R '
1
= [ ) uis - 5 [ el
R R
1 1
< [y [ Ry [ R
R D, D¢

5
= ﬁH“HLw(Di)/uv%K- (4.35)
R

10 C 1
2 9N 2 1 2~ L(oot+L/8
S/R(Zlv *%)%,KJFTKQ/RU wi,KJrﬁHUOHHB e (o0t+L/8)
c L
S Q/R (40 + 507 + v, ) ¥k + ﬁ”uo\\%{@ i (001 L/8) (4.36)

Therefore, for 0 < v < 79 and L > Ly > 0, with 79 < 1 and Ly > 1, combining (4.32), (4.34)-(4.36), it
holds

C1 C Ry
J2 < o5 /R (4% + 502 + V2, ) V) ) + FHUH%Q(R)G % (oot+L/8).

In the same way, using that |v;| < 2v on R (see (3.40)), and the definition of ¢; i (see (4.20) and (4.21)),
we deduce the estimate of J3.
Let us tackle now the estimate of Jy. On Df we have

/ uht; ¢ < ||¢§,K|\L°°(D;)/Uh
D¢ R
— e e / ul(1 - 02) " \u?]

— 8!l ) / W2[(1— 62) M
< 15 kel (o) 11 = 02) " ull Lo my llull 72 -

Remark that, applying Holder inegality, we have for all z € R,

(1 —0%) " tu(x) %/Re_lw_‘”/‘u(x’)dx’

1 / 1/2 1/2
- (/ e—2|w—w d.’EI> (/ |U($/)|2d$l>
2 R R

1
= §||UHL2(JR) (4.37)

IN

IN

and thus, using (4.37) and the exponential decay of ¥ x- on Df, it holds

1 i
/D i e < gl 7S, (4.38)

i
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The estimate of J4 on D; leads to

L/ uh¢ax»snuanux>/gw;Kul—wﬁ>—%ﬂ1

i

=nuanux>/gu2K1—wﬁ>-lwaKy (4.39

On the other hand, using that [¢]"| < (10/K?)4;] ;, we have

1 10
(1= )0 aee) = V(o) = iz 0lcle) > (1= 3 ) vlele), Vo€,

and since K > 4, it holds

—1
(-8 o) < (1-55) vixloh WweR (1.40)

Therefore, for 0 < v < 9 and L > Lo > 0, with 79 < 1 and Ly > 1, combining (4.32), (4.38)-(4.40), it
holds

C1 C _1l(s
Jis g /R (40* + 507 + v2,) Vi i + EH“H%Q(R)e e (F0t+L/8),
Noticing that for all x € R,
e " [* x' ) 20,1 ;e e —x’ 20 1 /
h(m)ZT e’ u®(x")dx —I—? e T u(z")dx
and
e " (7 x' ) 20,0 ;e oo -z’ 20 1 /
hgg(x):—2 eu(x)dx—i—? e~ u(z")da’,
we infer that
|he(z)| < h(z), VxeR. (4.41)

Then, combining (4.20), (4.41), and proceeding as for the estimate of Jy, we deduce the estimate of Js.
Now, combining (4.33) and (4.37), we have for all z € R,

1 1
(1-02)""o(z) = g(l —07) u(x) — gv(f)
1 _ 1
< 3 [(1—82) 1UHL00(R) + §||UHL°°(R)
442
< —51 lullee@, (4.42)

and using the exponential decay of p., on D; and (4.5), it holds

N N
||U||L°°(Di) < - ZpCJ( - jj(t» + Z Hpcj ( - 'i‘j(t))HLOO(Dl)
j=1 j=1

Lo (Di)
< O() +O0(e™H/8). (4.43)
Therefore, combining (3.40), (4.20), (4.41)-(4.43), and proceeding as for the estimate of Jy, we deduce

the estimates of the remaining terms.
Finally, combining (4.27), (4.28) and using that [|u||2(r) ~ [|uol|%, it holds actually

d C 1y
%%,K(t) < EH“OH%—LG wc (o0t L/8),
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Integrating between 0 and ¢, we obtain

e

A

K

C. s o
—_— 8K
luolfe ™.

C K K
Tore(®) = T (0) < Tluolfy (=204 Eems )
0o o)

IN

and this proves the proposition for smooth initial solutions.

For u € X([0,T[), we will use that for any Ty > 0 and any sequence (ug,)n>1 C L*(R) such that
(uo.n — O2ug n)n>1 C MT(R) and ug,, — ug in L%(R), the sequence of emanating global weak solutions
(un)n>1 to the DP equation satisfies

. 72

Un —3 U in C ([0,To]; L*(R))) , (4.44)

where u is the global weak solution emanating from wg. This fact can be easily deduced from the proof

of the existence of the global weak solutions in [4]. Indeed, by the same arguments developed in this

proof, we obtain that, up to a subsequence, (u,),>1 converges in C ([0, Ty]; L?(R))) towards a solution

of the DP equation emanating from ug. (4.44) then follows by the uniqueness result. Combining (4.44)
and Remark 4.1, it follows that

v, — v in C([0,Tol; Wh™(R)), (4.45)

n—-+oo

where v = (4 — 92)~1u. For all t € [0, T, we set

Tk () = Jix (un(t)) = / (4vp + 507, +vh ) Vi (1), (4.46)
R
and we claim that
lim  sup |Jk(t) — Jik(t)| = 0. (4.47)
n—+00 o<t T

Let t € [0, T be fixed, we compute
Tk () = Tik(t) = 4/(”2 — o)y k() + 5/(03@ — o)k (1) + /(Ui,wz — 07, )i i (1)
R R R
= KI'(t)+ K2(t) + K3 (). (4.48)

Then it is easy to check that

KD ()] < 4 / o — oo + 001 1 (2)

= 4flvn, — vl Loe ) [l + V| oo ) 19,5 | 1 ()
< O([lvn = vl Lo ()
—+0 as n— +o0 (4.49)

and

K3 (8)| <5 / [0n.z — Vgl (V0 + 025 1 (8)
R

= 4||vn,z — vallLoo®)|Vn,2 + VallLo @) 191, k[ L1 (R)
< O(|lvn,e = vallLew))
—0 as n— +o0. (4.50)
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Recalling that v, = 4v — u and thus v2, = 16v? + u? — Suwv, we also get
KO <16 [ on = ol + 0)isclt) + [ fin =l + 0001100
R R

+8/Run|vn—v\wi7K(t)—&-8/Rv|un—u\¢i,1((t)

< 16llvy — vl Lo @)llvn + vl Lo @) 190, K [ L1 (R)
+ [Jun — ullL2®) lun + ull L2 ) |¥i x| Lo (R)
+ 8l|un Lo ) llvn — vl Loo ) 190, 1 | L1 ()
+ 8[[v[| Lewllun — ull L2 ) 1Y, i | oo (R)
<0 (”un - UHL?(R)) + O(flvn — U||L°°(R))
—0 as n— +oo. (4.51)

Combining (4.48)-(4.51), we obtain (4.47).
Thanks to (4.47), the monotonicity formula (4.24) holds for any u € X ([0, T[), with 0 < T < +o0.

4.3 A localized and a global estimate
Let K = +/L/8 and define the function ¢; = ¢;(t,x) (see Figure 4) by
o1 =1—t2x =1—9Yk(-—y2(t))

¢ =ik —VYit1,k = V(- —yi(t) —¥r (- —yit1(t), i=2,...,N—1, (4.52)
én = YNk = Vi (- —yn(t)),

where 9; i’s and y;’s are defined in Subsection 4.2. One can see that the ¢;’s are positive functions and
that ZZJ\LI ¢; = 1. We take L/K > 4 so that ¢; satisfies fori =1,..., N,

L L
11— ;| <2e"5% on }y¢+8,yz—+1—8[ (4.53)
and . .
|¢i| < 2e75F on R\]yi—g,ymﬂtg{. (4.54)
We will use the following localized version of the conservation laws defined for i =1,..., N by

E;i(t) = /R (40® + 502 +v2,) ¢;(t) and Fi(t) = /]R (—v3, + 12002, — 48070, + 640%) ¢4(t).  (4.55)

One can remark that the functionals F;(-) and F;(-) do not depend on time in the statement below since
we fix —co=y1 <y2 <...<yny < Yny1 = +00.
Fori=1,...,N, we set Q; =|y; — L/8,y;+1 + L/8]. First, one can notice that

N
chj(x—ij) = pe,(x — &) + O(e /%), Vo e, (4.56)
j=1

we abuse notation by writing p., o (z —#;) = O(e™ /%) for all € Q; when j # i. We will now decompose
this interval according to the variation of v = (4 — 92)~1u in the same way as in Section 3. We set

(&5
2400

} and B; =inf {x > Z;, v(x) i } . (4.57)

@; = sup {x < Ty, v(z) = = 5100
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3.5 4

25k : 4

N
T
i

1.5 n!

o] i i A i \
10 20 30 40 50 60 70

Figure 4: Localization-function @green(z) = (2 — 15) — ¢p(x — 65) (at time ¢ = 10) profile. Also, the
peakon 4p(z — 40) and the smooth-peakon 4p(xz — 40) (at time ¢ = 10 with speed ¢ = 4) profiles. In this
example, one can see that ¢green is close to 1 on |25, 55[, and decays exponentially to 0 on R\]10, 70][.

[

i

o
(&)1

80

According to Lemma 4.1, we know that v is close to Zi\;l pc(- — ;) in L™ norm with p, (0) = ¢;/6.
Therefore v must have at least one local maximum on [«;, 5;]. Assume that on [a;, 5;] the function v
admits k; + 1 points (5;)?;11 with local maximal values for some integer k; > 0, where &} is the first local
maximum point and &, the last local maximum point®. Then between & and &}, |, the function v

admits k; points (né)?gl with local minimal values. We rename c; = 1 and S3; = 7;,; so that it holds

My <& <M <. << <& <y <<k < Ehrr < Tt (4.58)
Let ‘ ‘ ‘ ‘
M;=wv(&), j=1,...;k+1, and mj=v(n;), j=1,... k. (4.59)
By construction A A
ve(2) 20, Vo e n_,§l j=1,....k (4.60)
and o
ve(2) <0, Ve e[§,mnl, j=1,....k+1 (4.61)
Proceeding as for (3.19)-(3.21), we also have
Ci i
v(r) < 300 Vo € Qi \ [06; Mk, 1], (4.62)
Ci i
u(z) < 300° Ve € O\ 06, M4 (4.63)
and taking L > Lg > 8Cy, it holds
i - - L L
(16> M +1) C [0 — Co, & + Co] C |yi + P (4.64)

where Cy > 0 is the universal constant appearing in (3.21).

We now derive versions of Lemmas 3.4, Lemma 3.5 and Lemma 3.6 where the global functional E(-)
and F(-) are replaced by their localized versions F;(-) and F;(-). Please note that, we will change the
order of the extrema of v = (4 — 92)~1u while keeping the same notations as in (4.59).

3In the case of a infinite countable number of local maximal values, the proof is exactly the same.
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Lemma 4.3 (Connection between E;(-) and the local extrema of v). Let u € HY(R) with u > 0. For

i=1,...,N, define the function g; by
20 + Vgg — vy, ;E<§i,
20 + Ugy + 30, &<z <1l
gi(x) = g g 1,k (4.65)
20+ Vg — vz, M < <&y,
2V + Vgp + 30y, x>§,ii+1,
Then it holds
k; ki
/Rg?(x)fbi(%) = Bi(u) =12 [ > (M} 1)?¢i(&r) = Y _(m5)*¢i(n;) | + [lull3,0(L712). (4.66)
7=0 Jj=1
Proof. We have
2 g <,
[ st@o@iar= [ @i+ Z / g2(x)6,(x)da + / G()oi()de.  (4.67)
R - 41
FOI‘j = 17...,1412',
& 9 ; 9 & 9
/ g; ()i (x)dx = / (20 + Vg + 3v,)” Gi(x)dx + / (20 4 Ugy — 3v,)” ¢i(x)dx
; o
=J+1.
Computing I , we obtain
Ean 2, .2 2
I = / (41} +vi, + Y, + dvvg, — 1200, — 6111111,;) oy
"
338 €5 & €5
— / (41}2 + vfm + 91}%) ¢; + 4/ VVpr i — 12/ VUL P; — 6/ Vg VUzz Pi
n m 7 "
€41
"
with
&5t 41 §it1 ST Eit1
I, = 74/ O (Vi) vy = 74/ Vi — 4/ VUL P = 74/ V2 — 2/ (v*) o)
; m;j n’ 7t i
2 / 5;“ 2 §§+1 241
=—2v (£]+1)¢ (§]+1) + Q’U ( )(b (77]) 4/ Ux(b’b +2/ v ¢7, (469)
; n;
i+ 2 2/ i € 2
=6 [ 7 0,076 = ~00%(§) )66 ) + st +o [l (am0)
nj nj
and
& 3
B=-3 [ ae=s [ (4.71)
n’ n}



Adding (4.68)-(4.71), we get

G . : , ,
= / (407 Bug ot 0g) 61— 60 (E10) (81 + 607 () i)
;

= 20%(&541) 87 (& 1) + 20° ()05 (n]) + R, (4.72)

where using that K = v/L/8, we have

e
Ra] < 600N + 190 ) |

n

38

(v? +v2) < O(L 1/2)/ (v? 4+ v32).

i
J

Similar computations lead to

i

K , , . .
I= [0 ) - 066 + 6ot

i

+20%(&5) 9 (&5) — 20 (1) 0 (n) + Re, (4.73)

& & . ) ) )
/ (@) i(x) dr = / (40 4 502 +02,) s — 602 (E)di(E]) — 2A(ENSIED + Ry (474)

— 00 — 00

and

/5  P@ei)de = /f (07 502 4 02,) 6 — 60%(E)Bi(€h 1) + 207 (€, 41 (€l 4a) + Ra, (4.75)
k;+1 k;+1
with

5 51
IRo| < O(L™12) / Y 4 0?), |Rsl < O(LY2) /
&

— 00

+oo
(v2 +v2) and |R4\§O(L*1/2)/ (v +v2).
§

i
ki+1

Then, adding (4.72) and (4.73), and summing over j € {1,...,k;}, we infer that

& S ks
/_ g; ()¢ (x)d = / (40° + 507 +02,) —GZU 41)8i(Er) — 6 0 (E)di(E))
j=1

1 1
—|—122v 77] Yo ( 77] —221} J+1 g+1 +22v fl )+ R, (4.76)

with v
‘fllci+1
Rl 02 [T R 0t
1

Finally, adding (4.74)-(4.76), and recalling that ||v|g: < ||lu||3, we obtain the lemma.

Lemma 4.4 (Connection between F;(-) and the local extrema of v). Let u € H'(R) with u > 0. For
1=1,..., N, define the function h; by
Vg — 6V, + 160, = < €1
— Vg + 6V, + 160, i-<x<77i»,
hi(z) = 53_ ! j=1,... k. (4.77)
Vgz — 6V + 160, 0 <o <&y,

— Ugy + 60, + 16V, = > §,"€i+1,

28



Then it holds
ks ki

./h D)2 (@) 0i(w) = Filw) — 144 [ S, )%00(€40) — S (miPn(rl) | + Jull, 0L %), (4.78)

Jj=0 j=1

Proof. We have
[ siie) /m“gl@ m+z/ (2)61(@)da

+ / hi(2)g? () ¢i(x)da. (4.79)

€1 ;
/ hl(x)gf(x)qbz(:t)dw = ‘/?7 (_vxz - 6Um + 167}) (2U + Vgz — 37)90)2 (bi

Eita
+ / (Ve + 6v; + 160) (20 + vy + 31};5)2 i
-

=J+1

Computing I, we obtain

&+ £.§+1 5_;"4-1
I= / (0l + 12007, 4 6407 + 6007 05,) ¢; — 54 / V2 + 27 / V2000
n i Uk

j j i
& & &
—108/ vvzvmqbi—216/ vzvz¢i+216/ V02 ¢
m; m; n;
i+ &
= / ( s T 121}’0 z T 6403 + 60v ’Ugm) ¢; — 54/ 'Ui(bz + L4+ L+ 13+ 14 (480)
n; n;
with
& 3T
I = 9/ Dz (v3) gy = 79/ v, (4.81)
) %
€41 ) &1 ) €1 3 €41 5
I, = —54/ 0, (V) = 54/ Oz (v vy = 54/ v ¢; + 54/ VUED; (4.82)
n; n; n; nj
i 3 3 (i i 30, i S 34
= —72 / T 0,08 )b = —T2(EL ) )n(EL ) + T2 ()l + 72 / e, (4.83)
n; ;
and
€ 3 €41
I, = 108/ Hvpps = —108/ 020, (v ;) = —108/ V203005 — 108/ V20, )
nj n; n;
1 ) €1 5
= —108/ VUi — 36/ 0, (v°) P
nj n;
3¢ r(gi RYIRATIA S 2 S 341
= —=36v°(&j11) 05 (1) + 3607 () B (1) —108 [ v veahi +36 [ v gl (4.84)
n; m;
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Adding (4.80)-(4.84), we get

&1 . . . .
I = / ( z T 12’[)'[} s T 640> 481)2'1)11) ¢; — 7203(€;+1)¢i(§;’+1) + 72’[)3(77;)¢1(77;)
n

= 360°(&]41)¢7(E)41) + 360° ()¢5 () + R, (4.85)

where using that ||v||c1(r)y < C4llv]|g2®), and [[v||g2®) ~ ||ull3, the estimate of R leads to

3
|R| < (195l o) + 1107 | Lo ) (0] oo ) + |Vz ]| oo (m)) / (v* +02)
”

J
3T
gmrmwm/,w%ﬁ»
nj

Similar computations lead to

J:/7 (=3 + 12002, 4 640° — 480%v4y) @5 — T20°(E)$i(€}) + T20° () i (n))

. . ) ) 5
+860°(€])61(6]) — 360" + 0Ll |07 442, (4:56)

J

& ' ) ,
/‘mmﬁMQ@:/ (=02, + 12007, + 640 — 4800, 65 — T20%(ED)u(ED)

; , €l
—%f@w%@+mvﬂmmm/ (02 +12) (4.57)
and
+o0 +oo . .
. hi(x)g3 (x)pi(x) = . (—v2, + 12007, + 640° — 48v%v,,) ¢ — T20° (&4, 1) i (Ek 41)
i1 kj+1 | | o
+%ﬂ%HM@MHv@megﬁ 0+ (48Y)

Adding (4.85) and (4.86), and summing over j € {1,...,k;}, we get

flici+1
[ ml)g@on(e)ds

K
1

Syt ki . )
=/, (=02 + 12002, + 640° — 480%0,,) 6 — 723 03(€0, 1 )di(€l4 )
31 j=1

—m2v8@8HMva@m—%ZvJH%&n

Jj=1 Jj=1 Jj=1

€hya1
+362v (€)¢i(€h) + O(L 1/2)||u||7.1/€_ (v + ). (4.89)

1

Finally, adding (4.87)-(4.89), we obtain the lemma.
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Lemma 4.5 (Connection between E;(-) and Fj(-)). Let u € HY(R), with y = (1 — 9?)u € M+ (R),
that satisfies (4.2). Let be given N — 1 real numbers —oo = y1 < ya < ... < ynv < Yn4+1 = +00 with
Yi — Yi—1 > 2L/3. For i = 1,...,N, assume that v = (4 — 02)"u satisfies (4.57)-(4.64), with local
extrema on [no,nk +1] arranged in decreasmg order in the following way:

M{>Mg>...>M; >0, mi{>my>...>mj >0, Mj,, >m}, j=1,.. k. (4.90)
Then, defining the functional E;(-)’s and F;(+)’s as in (4.52)-(4.55), it holds
Fi(u) < 18M{E;(u) — 72(M})* + [[u|3,0(L7"/?), i=1,...,N. (4.91)
Proof. Combining (4.53), (4.64) and (4.66) with K = v/L/8, we get
k; ki
/9?(56)@(56) = Ei(u) =12 | Y (Mj4)* =Y (m)? | +[|ul3,0(L7/2). (4.92)
R j=0 j=1
Similarly, combining (4.53), (4.64) and (4.78), we get
ki

/R ha()g () 6s(x)da = Fi(w) — 144 [ SO0 = S (mi)? | + Jull,0(L2). (4.93)

Jj=0 Jj=1

S?

Now, let us show that h; < 18 M7 on €2;. Note that by (4.2) and (4.56), one can check that 18M; > ¢;/4.
We rewrite the function h; as

— Ugz — 6V, + 160, = < 776,

- (8§+33m+2)v73vr+18v, ny<ax <&

— (02 =30, +2) v +3v, + 180, & < <7,

hi(x) = (2 ) J " i=1.. k.

— (02430, +2) v —3v, + 180, nj <z <&,

— (02 =30, +2) v+ 3v, + 180, & <z <m}, 41,

— Vg + 6V, + 160, x > n,iiﬂ,

Then, if z € Q; \ [7767772#1], using that v, = 4v — u, (3.40), (4.64) and (4.65), it holds
hi < |vge| + 6Jvg] + 160 < u + 320 < %

If ni < o < & then v, > 0, and using that y = (1 — 8%)u > 0, it follows from Lemma 2.2 that

hi = —(0% + 30, + 2)v — 3v, + 18v
= (24 9,)(4 — 02" (1 + 02)u — v, + 18v
< 18wv.

It 5; <z< 17;-, then v, <0, and similarly using that y = (1 — 92)u > 0, it follows from Lemma 2.2 that

—(02 =30, +2)v + 3v, + 18
—(2-9,)(4— 9711 — du)u + v, + 180
< 18w.

Therefore, it holds _
hi(x) < 18 maxwv(z) = 18 M7, Vx € Q. (4.94)

z€Q;
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Finally, combining (3.24), (4.33), (4.54) and (4.92)-(4.94), we obtain
k; ki

Fi(u) — 144 (Z(M;+l)3 - Z(mé)?’)

7=0 j=1
- / ha(2)g?(2)u(2)dz + [ullL,0(L~Y/2)

= | hi(@)gi(@)gi(x)dx + | hi(x)g} (@)¢i()dz + [[ul3,0(L7/?)

Q Q¢
< 18Mf/9 93 (@) (x)dzx + 18[| i Lo ) 19317 2 ) | 63| L= (25 + [[ull3, O(L)
ki ki
< 18Mj | Ei(u) — 12 (M4 1)% =Y (m)? | | + [lul3,0(L71?).
j=0 j=1

Therefore, using that M, > m} and proceeding as in Lemma 3.6 (see (3.43)), we infer that

kq
Fiu) < 1ML (w) = 2001 +140 3 { (4] )° - (%) = 203 [0, - (e
j=1

+ [lull30(L~?)
< I8M{Ei(u) — 72(M{)* + [[ul 3, 0(L™1/2).

This proves the lemma.
The lemma below is the generalization of Lemma 3.3.

Lemma 4.6 (Quadratic identity). Let Z = (z;)Y; € RY with |z; —z;_1| > L/2, and v € L*(R). It holds

N
B(u) =Y B(ge) = lu— Szl +4Y i (v(z) = T ) + 075, (4.95)

i=1 i=1
where Sz is defined in (4.11) and O(-) only depends on (c;)_,.
Proof. Let us compute
lu— Szll3, = /[(1 — 07)(u—Sz)][(4 - 87) " (u— Sz)]
R

=Vl + 15213 —2 [ 00— 92821164 - )"
N
= Il + 520~ 23 [ 10— gl =l

N
= [lullf + [1Szl3 — 4201'0(21'), (4.96)

=1

where we use that
(1 - ag)‘)DCL( - zl) = 2Ci62i

32



with 6., the Dirac mass applied at point z;. We also have

ISzl = /R[(l —92)S7][(4—02)7'Sz]
N
=3 [10-pute—lla- )5

N
=2 ¢ (0.,,(4=02)7"Sz) 1

=1
=2 Z Ci <52i7 (4- a§)71<pcj(' - Zj)>H—17H1
1<i,j<N
N
=2) (4= e (0)+2 Y (-3 teT Il (4.97)
i=1 1§€£J3N

where (-,-)g-1 g1 denote the duality H'/H', and we recall that 6., € £ (H '(R),H'(R)) since
162 |- (r) < Cs, with Cg the constant appearing in (2.3) . Now, using that |z; — z;_1| > L/2,

(4 — 82) eIzl = i/e—2|x/—(zi—zj>\e—\x'\dx/
R

1 1
= §e—lzi—zjl — Ze2lzi—l
= O(e L/, (4.98)

and combining (4.97) and (4.98), for L > Lo > 0 with Ly > 1, we get

N
1Sz13, =Y E(pe,) +O(e ). (4.99)

i=1

Finally, combining (4.96) and (4.99), we obtain the lemma.
The last lemma is the localized version of Lemma 3.1.

Lemma 4.7 (Control of the distances between local and global energies at t = 0). Let ug € H'(R)
satisfying (1.12)-(1.14). Then it holds

N
E(ug) = > E(pe,)| < O(e?) + O(e™ /%), (4.100)
=1
|E;(uo) — E(pe,)] < O(2) +0(eVE), i=1,...,N, (4.101)
and
|Fi(uo) — F(pe,)| <O+ 0(eVE), i=1,...,N, (4.102)

where O(-) only depend on (c;)N;.

Proof. For the first estimate, applying triangular inequality and (1.14), we have

|E(uo) — E(Sz0)| = [l[uollz — 1Szo 2] (l[wollz + 1S zol|2)
< |Jug — Szol|n (Jluo — Szo|l2 + 2||Sz0(|1)

< e? (52 + % ; cz-> . (4.103)
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Thus, combining (4.99) and (4.103), it holds

N
< |E(uo) — E(Sz0)| + |E(Sz0) — ZE(%,-)

i=1

E(uo) = 3 Elp.,)

| N
i=1

<+ 0(1) +0(e™ M)
< 0(e2) 4+ 0(e™E/4.

For the second estimate, using the exponential decay of ¢.,’s and the ¢;’s, and the definition of E;(-),
we have

|Ei(uo) — E(pe;)

+0(e™VE)

< |luoli3i,) = el

(luollm@s) + l9e: l#can) +Oe™VE)

= ‘HUOHH(Qi) = |lee H(Q)

N
2 -
< | o = Szollen + 32 leeslncay | | o = Szollie+ 723 e | +0(e™)
1<G<N j=1
J#i
< (52 + O(e‘L/S)) (2 +0(1)) + 0(eVE)

<0(2) +0(eVE).

Similarly, for the third estimate, using the exponential decay of ¢.,’s and the ¢;’s, and the definition
of F;(+), we have

| Fi(uo) — F(ee,)|
[ = e[+ o

< / o — ¢, | (42 + uope, + 92) +O(e™VE)

2

<

1/2
2 _
L2(9) (/ (ug + uoe, + 2, ) +0(eVE)

< ||u0 — Pe;
, VI
< | lluo = Szollzoy + D e, Iz | -O(1) +0(e V)
1<j<N
J#i
< (52 +0(e—L/8)) -0(1) + 0(e~VE)

<O + O(e*ﬁ).

This proves the lemma.

4.4 End of the proof of Theorem 1.1

Let u € X([0,T]), with 0 < T < +00, be a solution of the DP equation satisfying (1.12)-(1.14) and (4.2)
for some to €]0, T[. Let M{ = v(to, & (o)) = max,ey, v(to, z), with J;’s as in (4.8), and 6; = ¢;/6 — M.
First, from (4.7) and (4.9), we know that for i = 2,..., N,

& (to) — & " (to) = 2L/3 > L/2.
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Applying (4.95) and (4.100) with u(tg), we get
2

N
<4 i+ 0(E%) + O™, (4.104)
H i=1

Z (Pcl 51 tO

In the same way, from (4.91) we get

Fz(U(t0)> < 18MfEi(u(t0)) _ 72(Mf)3 + O(L_1/2)7

which leads to

N

N N
Flu(to) = 3 Filulte)) < 18" MiEi(u(to)) — 723" (Mi)* + O(L~1/2), (4.105)

i=1 i=1

by summing over i € {1,...,N}.
Now, we will use the following notation: for a function g : Ry — R, we set

Al g = g(to) — 9(0). (4.106)

From (4.105) and the fact that E(-) and F(-) are conservation laws for u, we obtain

N N
0=AFPF(u)=> APFi(u) <18 M{AYE;(u)
1=1 =1
N . .
+ 3 [-72(M7)? + 18M; E;(ug) — Fi(uo)] + O(L™Y/?). (4.107)

i=1

Note that, from (4.101) and (4.102), for 0 < € < g9 and L > Ly > 0 with ¢g < 1 and Ly > 1, it holds

Mz

~72(ME)? + 18MIE; (ug) — F :772252(1\41 )+O( 210 VE).  (4.108)

i=1

Combining (4.107) and (4.108), we get
N . | N
Y62 (M; n i) < 23 MiAPE;(u) + O(%) + O(L™V/?),
, 3 4 4
i=1 =1
and using the Abel transformation with M} = 0, we obtain

N N
g 1 , ,
S0z (Mi+ S) < DM - M)Ak + O() + O(L Y2, (4.109)
i=1 i=1
where J; i (t) is defined in (4.22). From (4.2) we know that u(to) € U(y,L/2), on account of Lemma
4 1 there exists X = (Z1,...,Zn) with &; € J; such that E (u(to) — Sg) < O(~?), where Sy is defined
(4 11). Recalling that v(to, (to)) = maxgey, v(to,x) and using (4.95), we obtain E (u(tyg) — Se,) <

i
O( 2) + O(e /%), with & = (¢1,...,&N). From (4.5), we deduce that

N
v(to) = Zp%(' - 5{@0)) <O(y)+ O(e_L/S),

= Lo (R)
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Thus, we infer that

chj — & (t)) + 0(7) + O(e™*/%), Va eR,

and applying this formula with x = £ (o) and using that f{(to) — 5{71(150) > L/2, we get

V(i (1)) chJ (El(to) — € (t0) + O(3) + O(e /%)

= g + Z pCj ﬁ(to) - 5{(150)) +O0(y) + O(efL/S)
N

- % +0(7) +0(e 13,

We take v = A(y/e + L™Y/®), then M} = ¢;/6 + O(yv/€) + O(L~Y/®). Therefore, for 0 < £ < gy and
L > Ly >0, with eg < 1 and Ly > 1, it holds

0<M{ <ME<...< M), (4.110)

Combining (4.109), (4.110) and using the monotonicity estimate (4.24), it holds

ZéQ(Ml ) O(?) + O(L~V/3).

Therefore, using that (M} + ¢;/3)~! < 3/c;, there exists C' > 0 only depending on (c;)X; such that
6; <Ce+L~Y*, i=1,...,N. (4.111)

Now, combining (4.104) and (4.111), we obtain

N
=Y el —Eilh)
i=1

and the theorem follows by choosing A = 2C.

C(Ve+L7Y8),

Remark 4.2 (The role of the number of extrema). In the case where v = (4—92%)~1u admits a countable
infinite number of local maximal values on some [a;, 5;] (see (4.57)), with ¢ € {1,..., N}, it suffices to
change the finite sums over j by infinite sums in Lemma 3.4-3.5 and Lemma 4.3-4.4.

Appendix. Proof of Lemma 4.2

The aim of this subsection is to prove Lemma 4.2. Let us first assume that u is smooth solution. The
case u € X([0,T[) will follow by a density argument.
We compute the time variation of the following energy:

d
—/yvgz/ytvg—&—/yvtg
dt Jr R R

=I+J
Applying the operator (1 — d2) on both sides of equation (1.7), we get

1 3
Yy = —5(1 — 82)@&2 — iamuz
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and substituting y; by this value, I becomes

By computing

and

with

and

DO = 1\3\'—\ w\»—n [\D\H m\H

I= —%/R [(1 — 8§)8mu2} vg — g/ [8z(u2)] vg

R
=11+ I.
_ § 2 _ § 2 § 2,1
I2—2/Ruam(vg)—Q/Ruvmg—&—Q/Ruvg
1 2y, 2
I == [(1 — 0 u ] 0z (vg)
2 Jr
= 1/ [(1—92)u?] vngrl/ [(1—92)u?] vy’
2 Jr 2 Jr
=I3+ 1
uzvmg— /82 Vzg
w?v,g + = /8 0z (vzg)

Ummg + - / a Uzgl

/ @0u(020) ~ 5 [ 10 (029)

1
—/u2vmg/—§/u2vwg”
R R

l\DM—* NJM—* MO m\»—x m\._x
zi
c
35
b

%\%\%\%\%\
=, =,
@ C
8 8
Q Q
I +

\ \
S &
N
<
8
g
Q

%\%\%\%\

T
=4
<
Q\

|

%\
e
<
8
8

Q\
|

5
e

[V
<
8
Q\
|
|
=
<
DN
<
Q\

Adding (4.113) and (4.114), we get
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and adding (4.112) and (4.115), we get

1 3
122/’“2@1:9_ */U2UZII9—*/’U,2U$I9/
R 2 R 2 R
/ 2,/ 3/ 2 " 1/ 2,1
+2 | uvg — = | uvg" — = | u‘vg
R 2 R 2 R
1 3 4
3 1
_i/Ruvag”_i/Rugvgm‘

The first two integrals give us

3 [ la-etn]o=3

and

Finally, we obtain

4 3 1
I= 7/u3g'—4/u21)g’—7/u2vwg”—f/uQUg”'. (4.116)
3 Jr R 2 Jr 2 Jr

We set h = (1 — 82)~1u?. Applying the operator (4 — 92)~! on both sides of equation (1.7) and using
(4.16), we get

v = %(1 — )1 ou? = f%hr. (4.117)

Substituting v; by this value, J becomes

1
J=—= hy
2/Ry g
1 1
== =N - hg'
Q/Ry g+2/ﬂ{yg
=J| + Jo.
By computing
1 /
J2:§ (U — Ugy ) g
R
1 1
:f/uhg/ff/umhg/
2 Jr 2 Jr
*l/uhur}/ua(h’)
=9 e g 2 Ju 20z NG
1 1 1
— h/ - zhz/ = :Eh/I
2/Rug+2/Ru g+2/Rug
:l/uhg’—l/uaz(hzg’)—l/u@m(hg”)
2 Jr 2 Jr 2 Jr
_1 Vi 1 ! 1 1 "
== [ uhg' — = [ uhgeg — | vhyg” — = | uhg (4.118)
2 Jr 2 Jr R 2 Jr



and

1
- 5/Rugghg—i—5/}}{1@035835(lzg)

1 1 1
- 3 wh 5 wwhx 5 wwhl
2/Ru g—|—2/]Ru g—|—2/]Ru g

=Js+Jy+ Js5

ngfl/uaz(hg) = *E/thgfl/Uhgl, (4.119)
1
R

__1 1 "

= 2‘/Rumhmg 2/Ruxhg
1 ’ 1 "
= By (heg) + = | udi(hg”)
2 R 2 R

1 1
f/uhmg’—&-/uhxg”—i—f/uhg'” (4.120)
2 R R 2 R

2 R

1 1
= -3 zhxa: . zhx !
2/RU g Q/RU g

= l/uax(hmg)—&-l/uaz(hzgl)
2 R 2 R

1 1
f/uhmmg—i—/uhmg’—i—f/uhmg”. (4.121)
2 Jr R 2 Jr

Adding (4.118)-(4.121), we get

1 1 1
J=—— / Uha:g + = / 'U/hma::rg + / thzg/ + 3 / ’U,hzg”.
2 R 2 R R 2 R

Using that hg, = —u? 4+ h and hype = —2ut, + hs, we have

/uhmg’:/u(—u2+h)g'=—/u39’+/uhg/
R R R R

1 1
2 Jr 2 Jr
Jtuaa+ [
=— | v ug+ = [ uhyg
R 2 Jr
1 g1
= —_— T —_ hz
3/Ra(u)g+2/Ru g

1 [ 5, 1/
- - = | uhag.
3/Rug+2 | thag

39

with

and

and



At this stage it is worth noticing that the term fR uh;g cancels with the one in J. Finally, we obtain

2 1
J:—f/u?’g’—f—/uhg'—i—f‘/uhxg”.
3 Jr R 2 Jr

Combining (4.116) and (4.122), we get

d 2/ 3 ./ / 2,/ 3/ 2 " 1 / 2, / ! 1 / "
— [ yvg== [ uwg —4 | vvg — = [ uv,g" —= [ uvg" + [ uhg' + = [ uh,g".
dt Jg 3 Jr R 2 Jr 2 Jr R 2 Jr

Now, substituting v by 4v — v,, and using intergration by parts, we rewrite the energy as
[ o= [ o[-0 - )] g
R R

:4/1}29—5/vvxxg+/v(6ﬁv)g
R R R

:4/v29+K1+K2.
R

By computing

and
K2 = _/ a:r(vg)va:a:a:
R
= - / VgpVgxxd — / vvwa:a:g/
R R
= K3+ Ky
with

40

(4.122)

(4.123)

(4.124)

(4.125)
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and

K4:/am(vg/)v:c:c
R

:/vmvmg’—i—/vvmg"
R R
1
—5 [ 0:2)5 = [ 2u0g" e
R R
_ _l/vig//_/vig//_/vvmg///
2 Jr R R
3 21 1/ 2 "
= —— — — aw
2 /vag 2 R ('U )g
3 1
:—f/vig”—&—f/vzg(‘l). (4.127)
2 Jr 2 Jr

Combining (4.124)-(4.127), we get

1
/yvg:/ (4% + 502 +v2,) g+ f/v2(g(4) —59") —2/1}59”
R R 2 R R

and then J J
— [ yvg=— [ (40*+50+v2,) g+ L1+ Ls. (4.128)
dt Jr dt Jr
Using (4.117), we have
(4) " 5 " 1 (4)
Ly = | vu(¢" —59") == | vhyg" — = | vhyg (4.129)
R 2 Jr 2 Jr
and
Ly = —4/vzvmg” = Q/Uzhmg” = —2/u2vxg”—|—2/v:,3hg”. (4.130)
R R R R

Lemma 4.2 follows by combining (4.123) and (4.128)-(4.130).
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