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Abstract

The Degasperis-Procesi equation possesses well-known peaked solitary waves that are called
peakons. Their stability has been established by Lin and Liu in [5]. In this paper, we localize
the proof (in some suitable sense detailed in Section 3) of the stability of a single peakon. Thanks to
this, we extend the result of stability to the sum of N peakons traveling to the right with respective
speeds ci, ..., cn, such that the difference between consecutive locations of peakons is large enough.

1 Introduction
The Degasperis-Procesi (DP) equation
Ut — Utzg + AUy = BUpUpe + Ulgae, (t,x) €ERL X R (1.1)

is completely integrable (see [1]) and possesses, among others, the following invariants

E(u) :/Ryv and F(u)z/Ru?’, (1.2)

where y = (1 — 02)u and v = (4 — 92)~u. Substituting u by 4v — v, in (1.2) and using integration by

x
parts (we suppose that u(+00) = v(+00) = v,(+oc) = 0), the conservation laws can be rewritten as

E(u) = / (4v® + 502 +v2,) and F(u) = / (—v3, 4+ 12002, — 480 vy, + 640°%) . (1.3)

R R
One can see that the conservation law E(-) is equivalent to || - ||%2(R). Indeed, using integration by parts
oy = [ o = [0 —oma)? = [ (160 4802+ 2,) < 4B, (1.4

and applying Plancherel-Parseval identity

1+W2 ~ 2 / ~ 2 2
E = = < = , 1.5
(u) /Ryv /RLLJFWQIUW)I < RIU(W)I l[ullZ2(r) (1.5)

where u denotes the Fourier transform of u. In the sequel we will denote

[ullz = v E(u). (1.6)



Note that, by reversing the operator (1—92)(+) in (1.1), the DP equation can be rewritten in conservation
form as

1 3
uy + Eamzﬁ + 5(1 — ) '0,u* =0, (t,z) eR; xR, (1.7)
The DP equation possesses solitary waves called peakons (see Fig. 1a) and defined by
u(t,z) = pe(x — ct) = cp(x — ct) = ce 177 ceR*, (t,z) € RY xR, (1.8)

but they are not smooth since . ¢ C1(R) (see Fig. 1b). The peakons are only global weak solutions of
(1.7). It means, for any smooth test function ¢ € C*°(R; x R), it holds

+oo 1 +oo 9
| [ee—etonttaras+ 5 [ [ e —ctron e piuas

3 [T
w3 [ [a-o e - asttoitds + [ p@)00.0)d =0,
0 R R
The goal of our work is to prove that ordered trains of peakons are stable under small perturbations in
the energy space H (equivalent to L?).

Definition 1.1 (Stability). Let ¢ > 0 be given. The peakon ¢, is said stable in H, if for all e > 0, there
exists 6 > 0 such that if
l[uo = @elln <6, (1.9)

then for all t > 0, there exists £(t) such that

u(t, ) = @c (- = &) ln <, (1.10)

where u(t) is the solution to (1.1) emanating from ug.

Lin and Liu proved in [5] the stability of a single peakon under the additional condition that (1 —
02)ug € MT(R). Using this result and the general strategy introduced by Martel, Merle and Tsai in [7]
for the generalized Korteweg-de Vries (gKdV) equation and adapted by El Dika and Molinet in [3] and
[2] for the Camassa-Holm (CH) equation, we prove here the stability of the sum of N peakons for the
DP equation.

Before stating the main result we introduce the function space where will live our class of solutions
to the equation. For I a finite or infinite time interval of R, we denote by X'(I) the function space !

X(I)={ueC(LH'R)NL>®(I;W"(R)), u, € L (I;BV(R))}. (1.11)
The main result of the present paper is the following theorem.

Theorem 1.1 (Stability of the Sum of N Peakons). Let be given N welocities c1,...,cn such that
0<c <...<cn. Letue X([0,T]), with 0 <T < 400, be a solution of the DP equation. There exist
C >0, Lo > 0 and g9 > 0 only depending on the speeds (c;)X.,, such that if

yo = (1 — 02)up € MH(R) (1.12)
and
N
uo—Zgoci(-—z?) <& with 0< e < &g, (1.13)
=1 H
for some 29, ..., 2% satisfying
2 < <2 and 2 —2) > L, with L>Lo>0, i=2,...,N, (1.14)

LW L1(R) is the space of L!(R) functions with derivatives in L!(R) and BV (R) is the space of function with bounded
variation.



then there exist &1 (t),...,EN(t) such that

=Y al-— &) C(Ve+L7Y%), vte0,T] (1.15)
=1 H
and
Eit) — € 1(t)>§, vt [0,T[, i=2,...,N, (1.16)

where £}(t),..., &N (t) are defined in Subsection 4.1.

2 Preliminaries

In this section, we briefly recall the global well-posedness results for the DP equation and its consequences
(see [4] and [6] for details).

Theorem 2.1 (Global Weak Solution; See [4] and [6]). Assume that ug € L*(R) with yo = (1 — 92)ug €
MT(R). Then the DP equation has a unique global weak solution v € X(R.) such that

y(ta ) = (1 - ai)“(ta ) € MJF(]R)a vt € RJr' (21)
Moreover E(-) and F(-) are conserved by the flow.

Remark 2.1 (Control of L Norm by L? Norm). From (2.1), it holds

€7I z Foo o
u(x):T/ dz+—/ Yda'
+oo ,
— ——/ "dz' + — 5 / e " y(a')da',

lug(z)] < u(zx), VreR. (2.2)

Then, using the Sobolev embedding of H!(R) into L>°(R) and (2.2), we infer that there exists a constant
Cs > 0 such that

and

which lead to

[ull®) < Csllullm @) < 2Cs||ullL2@)- (2.3)
Lemma 2.1 (Positivity; See [6]). Let u € H*(R) with y = (1 — 0*)u € MT(R). If k1 > 1, then we have

(k1 £ 02)u(x) >0, VzeR. (2.4)

Lemma 2.2 (Positivity; See [6]). Let w(x) = (k1 £0,)u(z). Assume thatu € H*(R) withy = (1—-0%)u €
MT(R). Ifky > 1 and ko > 2, then we have

(ko &+ 0,)(4 — 03 tw(z) >0, VxR (2.5)

3 Stability of a single peakon

The proof of Lin and Liu in [5] is not entirely suitable for our work, because it involves all local extrema of
the function v = (4 — 92)"!w on R, and thus is not local. For our work, we have to localize the estimates.
Therefore, we need to modify a little the proof of Lin and Liu. We do this first for a single peakon.



Theorem 3.1 (Stability of Peakons). Let u € X([0,T]), with 0 < T < +o00, be a solution of the DP
equation and . be the peakon defined in (1.8), traveling to the right at the speed ¢ > 0. There exist C > 0
and g9 > 0 only depending on the speed ¢ > 0, such that if

Yo = (1— 8i)uo e M*(R) (3.1)

and
lluo — @ells < €2, with 0< e < e, (3.2)

then
Ju(t,) = @e(- = &1(1) I < CVe, Vt€0,T], (3.3)

where & (t) € R is any point where the function v(t, ) = (4 — 82) " u(t,-) attains its maximum.

To prove this theorem we first need the following lemma that enables to control the distance of F(u)
and F'(u) to respectively E(¢.) and F(¢.).

Lemma 3.1 (Control of Distances Between Energies). Let u € H'(R) with y = (1 — 82)u € MT(R). If
lu — @ell3 < €2, then
|E(u) — E(gc)| < O(?) (3-4)

and

|F(u) - F((pc)l < O(EQ)a (35)
where O(-) only depends on the speed c.

Proof. For the first estimate, applying triangular inequality, and using that ||u — p.||% < €2 and
lleelln = ¢/V3, we have

|E(uw) = E(ee)| = [[ulln = lleellal (lullz + llpelln)
< lu = @ella (lu = @ella + 2lleelln)

<é? (eQ + %)
< 0(e?).

For the second estimate, applying the Holder inequality, and using that |Ju — ¢.||3 < €2 and (2.3), we
have

F(u) - F(ge)| < / lu? — |

S/IU*%I(U2+U%+5&§)
R
1/2
< lu = @l 2wy (/(u2 +wpc+sﬁ§)2>
R

= llu = @ell2r) ( /R (u* + 2u%pc + 3”@l + 2up? + wﬁ)) -
< llu = eell2w)
8 1 A\2
(4Bl ge) + 4cCsluley + 3l + 5 Csllulioge) + 3¢
<0(e?),
where we also use that the L? norm of u is bounded and the following measures of peakon:

.2 1
leclloe® =¢, lecllzam = {/gc and |l¢cllLaw) = %C-



This proves the lemma. O

Now, to prove Theorem 3.1, by the conservation of E(-), F(-) and the continuity of the map ¢ — wu(t)
from [0,7[ to H'(R) < H (since H ~ L? and |Jul|r2r) < |Jullgr(w)), it suffices to prove that for any
function v € H(R) satisfying y = (1 — 92)u € M+ (R), (3.4) and (3.5), if

inf ||u — @ (- — < el/t 3.6
glgRllu P(- =&l <7, (3.6)

then
Ju—@e(- = &)lln < CVe, (3.7)

where & € R is any point where the function v = (4 — 92)~lu attains its maximum.
We divide the proof of Theorem 3.1 into a sequence of lemmas. In the sequel, we will need to introduce
the following smooth-peakons defined for all x € R by:

pel) = eplw) = (4= 92)Mpelw) = ge T — 22, (3.8)

One can check that p. € H3(R) — C?(R) (by the Sobolev embedding) since ¢. € H'(R). Indeed, we
have

lodl = [ SELL NP < [(+2IEP < leelfng =26 (3.9)
® 7 Jp (4+w?)? -~ Jr B

Moreover, p. is a positive even function which decays to 0 at infinity, and admits a single maximum c/6
at point 0 (see Fig. la-1c).

Lemma 3.2 (Uniform Estimates). Let v € H*(R) with y = (1 — 0*)u € MT(R), and ¢ € R. If
lu = pe(- = )lla < /%, then

It = pe(- = )ll @) < OE*) (3.10)
and

[0 = pe(- =€)l o) < OEMY), (3.11)
where v = (4 — 02)"Yu and p. is defined in (3.8).

Proof. For the second estimate, applying the Holder inequality and using assumption, we get for all
r € R,

oe) = pela =1 < 7 [ ¢ fuleo = o') = e [fo = o') €]l s’

1/2 1/2
< i (/Re—4m |d$') (/]R lu(z’) — pola’ —§)|2d1‘/)

1
< Q—ﬁHU — (- = )ln
< O(Yh).

For the first estimate, note that the assumption y = (1 — &2)u > 0 implies that u = (1 — %)~y > 0
and satisfies (2.2). Then, applying triangular inequality, and using that |¢.| = ¢. on R and (2.3), we
have

v = @c(- =@ < lullarw + el m®)
< 2[|ull 2wy + 2[|@ell L2 r)
<2|u = pe(- = 2w + 4llecll L)
<O@EY*Y) +0(1).



Now, applying the Gagliardo-Nirenberg inequality and using assumption, we obtain

.~ @el- = €)l|p(m) < Callu — gel- — )l oty I — (- — Ol ey

< 0(1/%) (0(51/8) + 0(1))
< O(eY®).

This proves the lemma.

/\

08|

|
07t / y‘
0.6 l {

" \
04f
03}
02}

0.1F
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(b) ¢’(x) and p'(z) profiles. (¢) (1—82)p(x) = 280 and (1—82)p(x) = (1/2)e~21*| profiles

Figure 1: Variation of peakon and smooth-peakon at initial time with the speed ¢ = 1.

Lemma 3.3 (Quadratic Identity; See [5]). For any u € L*(R) and £ € R, it holds
5 c
B(u) = B(pe) = |[u— el = Ol +4e (v(©) - 2. (3.12)

where v = (4 — 02)7Yu and ¢/6 = p.(0) = maxyer pe(z — &).



Sketch of proof. The proof follows by direct computation, with the aid of two integration by parts,
and using that (1 — 8%)p.(- — &) = 2¢d¢, where d¢ denotes the Dirac mass applied at point €. O

Let u € HY(R) with y = (1—02)u € M*(R), and assume that there exists £ € R such that (3.6) holds
for some £ € R. We consider now the interval in which the peakon (respectively the smooth-peakon) is
concentrated, and we will decompose this interval according to the variation of v = (4 — 82)~u in the
following way: we set

and [ = inf {:c > &, v(x) c } . (3.13)

~ 2400

a:sup{:c<§, v(z) = TCOO}

According to Lemma 3.2, we know that v is close to p.(- — §) in L* norm with p.(0) = ¢/6. Therefore v
must have at least one local maximum on [«, 8]. Assume that on [a, 8] the function v admits k+ 1 points
(Ej)fill with local maximal values for some integer k > 0, where &; is the first local maximum point and
k41 the last local maximum point?. Then between &; and &1, the function v admits k points (7, );?:1
with local minimal values. We rename a = 19 and 8 = 141 so that it holds

N <& <m < ...<§j <y <§j+1 <Njt1 < ... <Mk < Ept1 < Mit1- (3.14)
Let
M;=v(5), j=1,...,k+1, and m; =v(y;), j=1,....k (3.15)
By construction
vp(x) >0, Ve eni—1,§], j=1,....k (3.16)
and
ve(x) <0, VYo el§,ml, j=1,....k+1 (3.17)
We claim that .
<—, VzeR 3.18
,U(:L') — 300’ T e \ [770a77k+1]a ( )
c
u(@) < 5550 V2 € R\ [0, 1], (3.19)
and there exits Cy > 0 such that
(10, Mk+1] C [§ — Co, & + Col. (3.20)
Indeed, for some 0 < & < 1 fixed, using (3.11) we have
, e 1/4y _ _ ¢ 1/4y < _c
pelio — ) = vlm) + O(h) = =i 4 OV < -

Please note that, we abuse notation by writing that the difference between v and p.(- — £) is equal to
O(e'/*). Therefore, using that p.(- — £) is increasing on | — 0o, ], it holds for all z €] — oo, 7],

= pelx — 01/4<i 01/4<i.
o(#) = pele — €) + 0 < 25 O < 2
Proceeding in the same way for x €]ny.t1, +00[, we obtain (3.18).
One can remark that for all x € R,
@o () — 6pe(z) = ce™1® — 6 (gefm - %(372‘1‘) = —ce Il 4 2ol < 0. (3.21)

Thus, combining (3.10), (3.21) and proceeding as for the estimate (3.18), we infer (3.19).

Finally, from (3.11) we have
(o — &) = L0V = £ Loy > &
pe(no — &) = v(mo) (/%) 2400 +0(e/) = 3000

2In the case of an infinite countable number of local maximal values, the proof is exactly the same.




Therefore, since p. = (¢/3)e~ 'l — (¢/6)e~2I'l and that = — (1/3)e~ 1l — (1/6)e=2I*I is a positive even
function decreasing to 0 on R (see Fig. 1a), there exists a universal constant Cy > 0 such that (3.20)
holds.

We now are ready to establish the connection between the conservation laws. Please note that, we
will change the order of the extrema of v = (4 — 92)~1u while keeping the same notations as in (3.15).

Lemma 3.4 (Connection Between E(-) and the Local Extrema of v). Let u € HY(R) and v = (4 —
0%)~tu € H3(R). Define the function g by

20 + Upp — 30, x < &y,

204 Vpp + Uz, & < x <My,
glz) = w34 A (3.22)
20+ Vg — 30, M < x < g,

2v + Vyx + S’UI) T > €k+1)

Then it holds
k k
/ g*(@)de = B(u) =12 [ > M7, =) m? | . (3.23)
R j=0 j=1

Proof. We have

/R ¢ (x)dz = / i ¢*(z)dz + il /g jj“ ¢*(x)dz + / - ¢*(x)dz. (3.24)

Ekt1

For j=1,...,k,

Ei+1 nj ) Ei+1 5
/ g*(z)(z)dx = / (20 4+ gy + 305)" + / (20 + Vg — 3Uy)

&j &j nj
=J+1I
Let us compute I,

Ejt1

I

4v? + vil + 91)5 + 4vvg, — 1200, — vavm)

I,
Ei+1 Ei+1 Ei+1 Ei+1
/ (41}2 + vil + 905) + 4/ VVgpp — 12/ VVp — 6/ -
n
/

j 5 M35 5
Eit1

® + 02, +902) + I + I + 1.

J

Applying integration by parts and using that v (§;) = vz(n;) =0, we get

Sit+1 Eit+1 Sit1
I = 74/ v, I = 76/ 0:(v?) = —6v%(&j41) + 60%(n;) and I3 = 73/ 9 (v2) = 0.

nj nj nj
Therefore ¢
J+1
I= / (4v® + 502 4+ v2,) — 6v*(&j41) + 6V (n;). (3.25)

nj

Similar computations lead to

7 &1 &1
J = / (40* + 502 4+ v2,) —60°(&)+6v%(n;), / g*(z) dx = / (4v® + 502 +v2,) —6v°(&1) (3.26)

&5 —00 —o00



and

—+oo —+oo
/ g (x)dx = / (40 + 502 + v2,) — 60 (Epg1)- (3.27)
Ekt1 Eht1
Adding I and J, and summing over j € {1,...,k}, we obtain
o Sl 2, 2 - 2 : 2 : 2
/ g (x)dx:/ (4v® + 502 + v2,) —GZ’U (&+1) —621} (@)—i—lQZU (n;)- (3.28)
1 1 j=1 j=1 j=1
The lemma follows by combining (3.24) and (3.26)-(3.28). d

Lemma 3.5 (Connection Between F(-) and the Local Extrema of v). Let u € HY(R) and v = (4 —

02)~1u € H3(R). Define the function h by
Ugg — 6Uy + 160, x < &y,
— VUge + 06U, + 160, & < x < nj,
h(z) = & A P ) (3.29)
— Vg — OV, + 16’0, n <z< §j+1,
— Ugg + 60Uy + 160, = > Epy,
Then it holds
k k
/ h(a)g? ()da = F(u) — 144 | 3 M8, =S md (3.30)
R =0 j=1
Proof. We have
&1 k Ei+1 +oo
/h(:z:)g2(x)dx :/ h(z)g*(x)dx + Z/ 2(2)dx —|—/ h(z)g*(x)dz. (3.31)
R —0 1 JE; Ert1
j=1 J +

For j=1,...,k,

Sit1 nj
/ h(x)g?(z)dx = / (—Vpe — 60, + 160) (20 4 vy — 30,)°
&

Ei+1
+ / (—Vge + 6V, + 160) (20 + vy + 3%)2
nj

=J+ 1

Let us compute I,

Eiv1
1=
)

J
§i+1 §i+1
— 108/ T — 216/ v2u, + 216

Wi Wi Ui
/€j+1 (
n;

J

5J+1 5J+1
+12vv + 640> + 600> vm —54/ vy +27/ U%m
;4

J N3
5]«#1

— 12m) s T 64v3 + 60v vm)

fj+1
—54/ VB I+ I3+ 1.

nj

Applying integration by parts and using that v(§;) = vz(n;) =0, we get

€i+1 §i+1 Ejt1
I = 9/ 0:(v3) =0, I, = 54/ v, I3 = —72/ 0:(v3) = —=7203(&51) + 7203 (n))
n

J nj ;5



and

Ei+1 Ei+1
I = 108/ 0z (V*)vy = —108/ V2V
n; n;
Therefore c
J+1
I= / (—v2, + 12007, + 640° + 600%0,,) — T20%(&41) + T20°(n;). (3.32)
n;
Similar computations lead to
n;
J = / (—v3 4+ 12002, 4 640° + 60070, ) — T20°(&;) + 720° (i), (3.33)
3
&1 &1
/ h(z)g*(z)dx = / (=03 + 12002, 4 640° + 60070, ) — T20°(&1) (3.34)
and
+oo +oo
/ h(z)g*(z) dx = / (—v3 4+ 12002, 4 640° + 6007045 ) — T20° (Ep1). (3.35)
[ ki1

Adding (3.25) and (3.33), and summing over j € {1,...,k}, we obtain

Skt1 Ekt1 k
/ h(z)g*(z)dx = / (—v2 + 12002, + 640° + 60v%0,,) — 72 Z 03 (&j41)

&1 1 j=1
k k
=723 (&) + 72> v (). (3.36)
j=1 j=1
The lemma follows by combining (3.31) and (3.34)-(3.36). O

Lemma 3.6 (Connection Between E(-) and F(:)). Let u € HY(R), with y = (1 — 02)u € M*(R), that
satisfies (3.6) for some & € R. Assume that v = (4 — 02) " u satisfies (3.13)-(3.20), with local extrema on
[0, Mk+1] arranged in decreasing order in the following way:

MlZMQZZMkJrlZO, mlzmQZkaZO, Mj+12mj, jil,,k (337)

There exists eg > 0 only depending on the speed ¢, such that if 0 < € < g, then it holds
1 1
M} — ZE(u)M1 + 5F(u) <0. (3.38)

Proof. The key is to show that h < 18 M; on R. Note that by (3.6) we know that 18M; > ¢/4. We
rewrite the function h as

— Ugy — 6V, + 160, = < g,

— (92430, +2)v—3v, + 180, no <z <&,

— (02 =30, +2)v+3v, + 180, & <z <y,

h(z) = (”; ) “ "] j=1..k
—(8z+3az+2)v—3vm+181), N < <&y,

— (02 =30, +2) v+ 3v, + 180, &1 < T < Mpga,s

— Ugg + 6Ug + 16V, T > Mgy,

First, one can remark that for all z € R,

e~ e

x 2x +oo
v(z) = 1 / 2 u(x')dx' + T/ e 2" u(z')dx'

10



and

6—21 T , 621 o0 ,
vy (1) = — 5 / e u(x')dx' + 7/ e 2 u(x)dx'.
Then using that u = (1 — 8%)~'y > 0 on R, we get
|vz(z)| < 2v(x), Vo eR. (3.39)

Next, if x € R\ [1o, Mk+1], using that v, = 4v — u, (3.18), (3.19) and (3.39), it holds
h < |vga| + 6|vg| + 160 < u + 320 < g.
If o < & < &1, then v, > 0, and using that y = (1 — 92)u > 0, it follows from Lemma 2.2 that
h = —(92 4 30, + 2)v — 3v, + 18v

= —(240,)(4 -0 1+ 0,)u — 3v, + 18v
< 18wv.

If & < x < nj, then v, <0, and similarly using that y = (1 — 8%)u > 0, it follows from Lemma 2.2 that

h = —(07 — 30y + 2)v + 3v, + 18v
=—(2-0,)(4—02)""(1 - 0u)u+ 3v, + 18v
< 18uw.

Therefore, it holds
h(z) < 18 maxw(x) = 18M;, Vz e R. (3.40)

zeR

Now, combining (3.23), (3.30) and (3.40), we get

k k
Fu)—144 | Y M7 =Y md
§=0 j=1
:/h(x)QQ(x)d:c
R

< Il / ¢ (x)dz
R
k k
<I8M; [E(u) =12 (Y MF, = m}
=0 =1

For j=1,...,k, we set
A;j :Mf+1—m3 and Bj :Mf+1—m2

J 727

and our inequality becomes

1 1 3
3 2 :
On the other hand, using that M;;1 > m;, we have
3 1
Aj = 5MiBj = =5 (Mjs1 —my) (3Mymyj + 3M My — 2Mj ymy —2M7  —2m?) < 0. (3.42)
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Finally, combining (3.41) and (3.42), we obtain the lemma. d

Proof of Theorem 3.1. We argue as El Dika and Molinet in [3]. As noticed after the statement of
the theorem, it suffices to prove (3.7) assuming that v € H*(R) satisfies (3.1), (3.2) and (3.4)-(3.6). We
set M7 = v(&) = maxgerv(x) and 6 = ¢/6 — M. We first remark that if 6 < 0, combining (3.4) and
(3.12), it holds

lu = pe(- =€) Iu < |E(uo) — Epe)[V/? < Ofe),

that yields the desired result. Now suppose that 6 > 0, that is the maximum of the function v is less
than the maximum of p.. Combining (3.4), (3.5) and (3.38), we get

1 1
M} = 2 E(pe) My + = F(pe) < O(?).

Using that E(¢.) = ¢?/3 and F(p.) = 2¢3/3, our inequality becomes

(M1 - §)2 (M1 + g) < 0(?).
Substituting M; by ¢/6 — § and using that (M; + ¢/3)~! < 3/c, it holds

52 <0(£?) = § < O(e). (3.43)
Finally, combining (3.4), (3.12) and (3.43), we obtain

lu = pe(- = &1)lln < CVe,

where C' > 0 only depends on the speed c¢. This completes the proof of the stability of a single peakon.

4 Stability of the trains of peakons

For v > 0 and L > 0, we define the following neighborhood of all the sums of IV peakons of speed ¢, ..., cn
with spatial shifts z; that satisfied z; — z;_1 > L,

Uy, L) = {u € H (R);  inf

zi—zi—1>L

N
u= ¢e (- —z) Sv}- (4.1)
i=1 H

By the continuity of the map ¢ +— u(t) from [0, T[ into H'(R) < H, to prove Theorem 1.1 it suffices to
prove that there exist A > 0, g > 0 and Ly > 0 such that for all L > Ly and 0 < € < g¢, if ug satisfies
(1.12)-(1.14), and if for some 0 < to < T,

u(t) e U (A(\/EJF L7, g) , Yt e0,t), (4.2)
then A ol
u(ty) €U <§(\/E+L1/8),?>. (4.3)

Therefore, in the sequel of this section we will assume (4.2) for some 0 < € < g9 and L > Lo, with A,
and Lo to be specified later, and we will prove (4.3).

Remark 4.1 (Distance Between v and the Sum of N Smooth-peakons). From the definition of E(-) and
H (see respectively (1.3) and (1.6)), one can clearly see that [ully is equivalent to ||v|| g2 (r), where v =

(4—02)"'u. Let t; € [0, o] fixed, if u(t1) € U(vy, L/2), then there exists Z = (%)Y, with Z,—2;_, > L/2,
such that v(t;) € H3(R) < C2(R) stays close to 31| pe. (- — %) in the H? norm, where p,., is defined in
(3.8).
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4.1 Control of the distance between the peakons

In this subsection, we want to prove that the different bumps of u (respectively of v) that are individually
close to a peakon (respectively a smooth-peakon) get away from each others as time is increasing. This
is crucial in our analysis since we do not know how to manage strong interactions.

Lemma 4.1 (Decomposition of the Solution Around ¢.). Let ug satisfying (1.12)-(1.14). There exist
Y >0, Lo > 0 and Cy > 0 such that for all 0 <y < vy and 0 < Lo < L, if u(t) € U(~, L/2) on [0, to]
for some 0 < tg < T, then there exist N C* functions Z1,...,Zn defined on [0,to] such that
N
u(t) =Y e — ()| <O0(), (4.4)
i=1 H
N
i=1 C(R)
[3i(0) — i <72 (0() + 0™, i=1,...,N, (4.6)

and
3L (Ci — Ci_l)t

B(t) — & () 2 4 e, 0= 2N (4.7)
Moreover, fori=1,...,N, setting J; = [y;(t), yi+1(t)], with
Y1 = —0,
yilt) = z171(t)2+ zrz(t)7 i=2 ... N, (4.8)
YN+1 = +00,
it holds
60 -] < 550 =L, 4.9
where £1(t), ..., &N () are any point such that
v (t,& 1) = gg)fv(t,z), i=1,...,N, (4.10)

and where v = (4 — 92)~u and O(-) only depends on the speeds (c;)Y_;.

Proof. We will slightly modify the construction done by El Dika and Molinet in [3]. One can remark
that the peakons ¢, (- — ¢;t) and the smooth-peakons p., (- — ¢;t) travel at the same speed ¢;, thanks to
this, we will do our construction with v = (4 — %) 1u instead of u. We do that because the H (equivalent
to L?) approximation (4.2) does not permit us to construct a C'! function, which is crucial for application
of the Implicit Function Theorem. We note that the same approach can also be used for the CH equation.

For Z = (21,...,2n) € RY fixed such that |z; — 2;_1| > L/2, we set

N N
Rz() = pel==) and Sz() =Y eul =) (a.11)

For 0 < v < 79, we define the function

y : (_73’7)]\[ X BHQ(RZ/Y) %RNa
(ylv"'avav) = (yl(yla'"avav)v'-'7yN(y17'-'7vav))

13



with
Y (yi,-- Y, ) —/ U—ch] — 25— ) | Oupe.(- — 2 — yi).

Y is clearly of class C*. Fori=1,...,N

3

oY?
ay.(ylﬂ"'7yNﬂv>:7/ U= Z pCj('fzjiyj) agpci('iziiyi)
[ R

1<j<N
K
and for j # i, '
oY*
Wi YN V) = | Oupe; (- — 25 = Y5)0upe, (- — 2z — i)
dy, R
Hence

oY’ 2 c%
ayi (0 0 RZ) - HaIpQ L2(R) 4 — 54

and for j # 4, using the exponential decay of ¢, and that |z; — z;—1| > L/2, for L > Lo > 0 with Lo > 1,
it holds

‘ay (07"'705RZ)

y;

mpcj a - )azpc a( *Zi>

‘/cha - me (l( 721')

< (cZ —a)(e; — ) {/ e~ lr=zil=le=zilgy 4 2/ e~ lr=zil =2zl gy
9 R i

+1/6_2|Z_Zj‘_‘m_zi|d$+/6_2|I_Zj|_2‘m_zi|d$
2 R R

< O(e~ L/,

We deduce that, for L > 0 large enough, D, yN)y(o, ...,0,Rz) = D + P where D is an invertible

diagonal matrix with ||[D=!|| < (c1/3v/6)~2 and | P|| < O(e~%/*). Hence there exists Ly > 0 such that for
L > Lo, Dy, ,..y)Y(0,...,0, Rz) is invertible with an inverse matrix of norm smaller than 2(c1/3v6)72
From the Imphmt Functlon Theorem we deduce that there exists By > 0 and C* functions (y1,...,yn)
from Byz2(Rz, o) to a neighborhood of (0,...,0) which are uniquely determined such that

y(yl(v>a e ,yN(’U>,’U> = Oa Yo S BHZ (RZaﬂO)'
In particular, there exists Cy > 0 such that if v € Byz(Rz, ), with 0 < 8 < Sy, then

N

> lyi(v)] < Cop- (4.12)

i=1

Note that By and Cj only depend on ¢; and Ly and not on the point (z1,...,zx). For v € By2(Rz, o)
we set Z;(v) = z + yi(v). Assuming that By < Lo/8Co, (#1(v),...,Zn(v)) are thus C! functions on
By2(Rz, 8) satisfying

ZZ'Z(’U) — jifl(’U) =Z; — Zi—1+ yz(’l)) — yifl(’l)) > g — 2005 > % (413)
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For L > Ly and 0 < v < 9 < fp/2 to be chosen later, we define the modulation of v in the following
way: we cover the trajectory of v by a finite number of open balls in the following way:

{o(t),te 0.t} € |J Bu2(Rze,2v).

This is possible thanks to Remark 4.1. It is worth noticing that, since 0 < v < vy < 3p/2, the functions
Z;(v) are uniquely determined for v € By2(Rzx,2v) N B2 (R4, 27). We can thus define the functions
t — Z;(t) on [0, to] by setting Z;(t) = Z;(v(t)). By construction

N
{00 =30 e = 20 | Qupsc = ) o (4.14)

For 0 < 7y < 79, with 7o < 1, using that u € U(v, L/2) and (4.12), we have

[u(t) = Szl

N
< lu(t) = Sz(O)lln + Z [P (- = 2i) = pei (- = 2zi = 5i((D) L2 w)

3 1/2
<~ \/_; (/R oz, (v)dr — /R%i (= 2i) e, (x — 2 — yz(v(t)))dz)
_ fﬁ: (1 el |yi(v(t))|€_‘yi(v(t))l)1/2
N
<7+ Ol w®))

where we apply two time the mean value theorem with the function ¢ on [0, |y;(v(t))|] for substituting
(1 — e~ 1w by |y (v(t))|e™?, with 6 €]0, |y;(v(t))|[, and this proves (4.4) (see Fig. 2a-2b).

The estimate (4.5) follows directly by using (4.4), Remark 4.1 and the Sobolev embedding of H?(R)
into C*(R).

To prove that the speed of Z;(+) stays close to ¢;, we set

Si(t) = e, (- = &(1)), er(t) =u(t) = S;(t)

and

Rj(t) = pcj'(' - jj(t))a 52(t) = U(t) - ZRJ(t)

j=1
One can notice that
O2R; = 4R; — S, (4.15)
and using the Fourier transformation
1
1-02)"1(4 — 92)-1(.) = F-1 )
(-2 870 =7 | o O
" 1 _ 1 .
=7 [3(1 +w?)  3(4+w?) )
1 _ 1 _
= 2= () - 3=, (416)
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(@) (fZ |¢(x — 10) — p(x — 10 — 1079)]2)/? ~ 1070 (b) log (S lp(x — 10) — p(z — 10 — 1079)|2)/? ~ —20.72

Figure 2: Distance between two very close peakons (at time t = 10 with respective speeds 1 and 1+10710).

Differentiating (4.14) with respect to time and using (4.15), we get

/8,5526ZR¢ Z.i'l(t) (4/52Ri_/525i>
R R R

and thus
<& (t)| (4lle2l L@ | Rill 1wy + lle2ll no @) 1Sl L))

/ Gtsgc’)mRi
R

we point out that [|Sil| 1) = c and ||Ri[| ;1 () = ¢/2. Substituting u by e1 + Zj\]:l S; in (1.7) and using

< & (t) — i O(y) + O(y), (4.17)

that S; satisfies
3

: 1
S; = —(2;(t) — ¢;)0:5; — 5815*]2 — 5(1 —02)719, 53,

we infer that e; satisfies on [0, o],

N
Qier — Y (#(t) — )05,
j=1
1 N >N
j=1 j=1
5 N >N
— 5895(1*85)_1 €1+ZS]' *ZSJQ
j=1 j=1
Multiplying by (4 — 92)71(:) and using (4.16), we get
N 1 N >N
Oren — Y (&(t) — ¢;)0uR; = —50:(1~ ) e+ D S| -> 8
j=1 j=1 j=1
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Taking the L? scalar product with 0, R;, integrating by parts, we find
@0 - ) [ @R
R
= */ 8t€28zRi + Z (jj(w — C])/(amRz)(azR])
R R

1<j<N
3
2
1 N N
v /(1 —o e+ 308 | — S0 s | 2R, (4.18)
R j=1 Jj=1
We set )
N N N
Q= €1+ZSj —ZSJZZE%—FQEl ZS] + Z SiSj,
= j=1 j=1 1<i,j<N
%
then

N
1-0)7'Q=01-)"g+2) (1-) " (@S)+ >, (1-0)7"(5S))
=1 1<4,j<N
i#i

=I+J+K.

We have the following estimates

, 1 1
= _/eilxw le2@’) < Zlle Mpe@llellio@ = = lletlem),
A : 5 ®llerllzz@ = 5llenlzam)

N N
J = Z/ e ey (2)S;(2') < [le” M@ llenllzam) D ISz = | D¢ | lerllze
j=1 R j=1 Jj=1
and ) .
K= - /e*\z*z’lsj(x’)si(x’) <= Y /sj(x')si(x’).
— R 2 = R
1<i,j<N 1<i,j<N
J# J#i

Thus, using (4.4) and the exponential decay of S;, it holds

1(1 = 82)7' @l roe(my < O(7) + Oe™ /%)

and then
1 _ 1 _
5 [0 -0 QR < 510 -0 Qi 2R
<O0(y) + 0™/, (4.19)

where H&%RZ-HLI(R) = ¢/3. Now, combining (4.17), (4.19), and using the exponential decay of 9, R;, it
holds _ '

|2 (1) = ci] 10eRill 72y < |2:(t) — ci| O(7) + O(7) + O(e™ /),
then

2

50— e (£ - 00) < 06) + 01,
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which yields (4.6).
Taking 0 < v < 79 and L > Ly > 0 with 79 < 1 and Lo > 1, combining (1.12)-(1.14), (4.6) and
(4.13), we deduce that

:i'z(t> — jifl(w = i‘z(()) — ji71(0> + (Ci - Cifl)t

i i— t
ZL*QC’oVoJr(C 26 )
3L (Cifczfl)t
> —
= + 5 )

this proves (4.7).
From (4.5), we infer that

v(z) = chj (x —Z;)+O(v), VzeR,

please note that we abuse notation by writing e2(z) = O(y). Applying this formula with x = & and
v(&}) = max,e s, v(z), and using (4.7), it holds

v(&)

N
max chj(x—fcj) + O(v)
j=1

z€J;

= 24+ 0(e7) +0(7)
(&)

> —.

-7

On the other hand, for x € J; \ [Z;(¢t) — L/12, Z;(t) + L/12], we get

v(z) < %e_L/m +0(e HY 1 0(y) < %.

This ensures that &} € [7;(t) — L/12, ;(t) + L/12], and this concluded the proof of the lemma. O

4.2 Monotonicity property

Thanks to the preceding lemma, for €9 > 0 small enough and Ly > 0 large enough, one can construct
N C! functions #1,...,Zy defined on [0,%o] such that (4.4)-(4.8) are satisfied. In this subsection, we
state the almost monotonicity of functionals that are very close to the energy at the right of ith bump,
i=1,...,N —1 of u (respectively of v). Let 1) be a C*° test-function (see Fig. 3) such that

0<(z) <1, ¥'(x) >0, z € R, (4.20)
[ @ (z)] <10¢'(2), ¢ =2,3,4,5, z € [-10,10], '
and
o(z) efm, r < —10, (4.21)
) = )
1—e Il 2> 10.
Setting ¥ = (-/K), we introduce for i = 2,..., N,
Tk (t) = / (40% + 503 + v3,) Vi (1), (4.22)
R
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Figure 3: (9 (z), ¢ = 0,1,2,3,4, 5, profiles. Note that 1(®) will not be used.

where ¥; k(t,x) = Yr(x — y;(t)) with y;’s as in (4.8). Note that J; x(t) is close to |\u(t)|\%(z>yi(t))
(respectively to Hv(t)||%,2(m>yi(t))) and thus measures the energy at the right of the (¢ — 1)th bump of u
(respectively of v). Finally, we set

1
oo = Zmin{cl,CQ—cl,...,CN—cN,l}. (4.23)

We have the following monotonicity result.

Proposition 4.1 (Exponential Decay of the Functional J; k (t)). Let u € X([0,T]), with 0 <T < 400,
be a solution of equation (1.1) that satisfies (1.12)-(1.14) and (4.4)-(4.5). There exist v9 > 0 and Lo > 0
only depending on ¢1 such that if 0 < v <~y and L > Lo > 0, then for any 4 < K < VL,

Tirc(t) — Jiic(0) < O(e™5%), Vte[0,ty], i=2,...,N. (4.24)
The proof of Proposition 4.1 relies on the following Virial type identity.

Lemma 4.2 (Virial Type Identity). Let u € X([0,T]), with 0 < T < 400, be a solution of equation (1.1)
that satisfies (1.12)-(1.14). For any smooth space function g : R — R, it holds

% ; (41}2 + 5v§ + vim) g

2 1 1
:—/u39’74/u2vg’7—/uQUg’”Jr—/u2vzg”+/uhg’
3 R R 2 R 2 R R

1 1
+—/uhmg”f §/vhmg”*2/vxhg”+ —/vhzg(4) (4.25)
2 Jr 2 Jr R 2 Jr
where y = (1 — 02)u, v= (4 — 92)"tu and h = (1 — 92)~tu?.

The full proof of Lemma 4.2 is given in the Appendix 4.4.

Proof of Proposition 4.1. We first note that, combining (4.6) and (4.8), it holds for i = 2,..., N,
. t%i— t) + QLCZ' t
Ci—1+ ¢
e
>ci-1+0(7)
C1
> —. 4.26
> ¢ (4.26)
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Recall that the assumption (1.12) ensures that v > 0 and v > 0 on R. Now, applying the Virial type
identity (4.25) with g = ¢, x and using (4.26), we get

d 2
—Jix(t) = _?Ji/ (4U2 + 507 + ”?gz) Vi + 5 / WY g — 4/ W i
dt R B 3 R ) R )

1 1 1
- / WPl + = / Wl + / whipl g+ / who
2 R 2 R R 2 R

5 1
3 / ohat! e — 2 / Ve e + = / vhab.
2 R ’ R ’ 2 R ’

2 1
<o [ (@0 w50 ) b+ 3 [t g [t
R ' 3 Jr ’ 2 Jr ’
1 2 " / l "o § "
+ uY; e + | uhi; g+ uha s g vhe i
2 R B R ) 2 R ) 2 R B
1
- 2/Umh"/)zl'/}( + 5 / 'thi/}(i)(
R ’ 2 Jr "
. 8
<% [ (@45 el) Y+ > i (4.27)
2 Jr 7 k=1

We claim that for k =1,...,8, it holds
C 1
Je < 5 / (40% + 503 +v2,) ¥ i + o uollfe ™ = 0TS, (4.28)
20 Jo KT
We divide R into two regions D; and Df with
Di = {f“(tw—,:&i(t) 21, i=2,...,N.
Combining (4.7) and (4.8), one can check that for « € Df,

—y(t)] > 2 e
o~ pilt) = TR

> Ci70i71t+ L
- 4 8

L
g

T; (ﬁ) — .i'i_l(ﬁ) £
4

> oot +

(4.29)

Let us begin by an estimate of J;. Using (2.3), (4.29) and the exponential decay of ¢} ;- on Df, we get

2 3 _2/ 3 2/ 3
B/RU%',K—?) DVU Q/Ji,K"’g Dg“ (%

i

IN

2 2
§||U||L°°(Di) /RUQ"/);,K + §|W§,K||L°°(Dg) |ull oo @) ull 2y

IN

2 C _ (g
Slullicon [ i+ o lull sy # o), (130)
Note that, using the exponential decay of |}k | on Df, [¢]"| < (10/K2)1/)1{,K on D;, with K > 4, and
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that ||ul|3 = ||uol|%, we have

[uvts= [ (o= on)ui
R R
— 16/1}21/1271(4—/03696 ;1K—8/uvm¢gyK
R R R
= 16/1}21&271(—1—/092696 ;1K+8/in;1K+4/8I(U2)1/1§fK
R R R R
:16/U21/’§K+/U92m £K+8/Ui¢;K_4/U2¢§HK
R ’ R ’ R ’ R ’
< [Qor 2z inra [ il va [ ol
R D; D¢
40 C ;
= / (160% + 807 + v3,) Vi i + 2 / oY e + FHUOH%W_?(UUHL/&
R R
C Cite
< 5/]R (40% 4+ 502 + v2,) ¥l i + ﬁlluOII%e L (oot+L/8) (4.31)

Now, using the exponential decay of ., on D;, (4.4), and proceeding as for the estimate (3.10) (see
Lemma 3.2), it holds

N N
||u||L°°(D¢) < v — Z Pe; ( - jJ(t)) + Z H%:j ( - i'J(t))HLoo(DZ)
=1 L=y 971
<OWY?) +0(e L3, (4.32)

Therefore, for 0 <y <79 and L > Ly > 0, with 79 < 1 and Lo > 1, combining (4.30)-(4.31), we obtain
C1 C _ 1y
J1 < 20 /R (40* 4+ 502 + v2,) V) g + ?HUH%Z(R)‘? & (oot+L/8)

Next, the estimate of J, on Df gives us

1
2 "
5 u U%‘,K
2 Jpg
K2

Note that, applying the Holder inequality, we have for all x € R,

v(x) L

Z/]Re—2|z—z/\u(ml)dx/

1 / 1/2 1/2
- /6_4‘1_I|d$1 /|u($')|2dx’
4 \Jr R

1
< Skl Lo (o) 10l oo () [l 2y -

IN

1
= mHUHL?(R) (4.33)
and thus, using (4.33) and the exponential decay of [);"| on Df, it holds
3 [ o] < s e ¥, (4.34)
2 Jpg T 8V2KS
Using that [} | < (10/K?)y; ;- on D;, the estimate of Jo on D; leads to
o[ el < 2ol ' (4.35)
5 Dvuv PK| S 702 ul| Lo (D;) Ruvz/}iyK. .
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Also, one can notice that, using the exponential decay of [¢)]"x| on Df, [¢]"}| < (10/K?)¢; x on R, with
K >4, and that |Ju||% = ||uo||%, we have

/UUQ/’;K :/(4U_UII)MP1/'K
R ’ R ’
:4/1)21/’;1(‘*'/@(“1/1;}()“
R ’ R ’
4 [P [ i+ [ el
R R R
1
/(41} + v )1/)”( —/ 21/1”’
R
1
/]R(4v 4+ ),l/)ZK+2/ 2|’l/}”/ |+ / 2|’l/}”/
5 C (o
< [ @ a2y vt g [0t gplolie ko
R R ’ K

C
<2 [ (407 4502 02 e+ gzl RO, (4:3)

Therefore, for 0 < v < 79 and L > Lo > 0, with 79 < 1 and Ly > 1, combining (4.32), (4.34)-(4.36), it
holds

c1 C 1l
J2 < o5 /R (40* + 502 + v3,) ¥j ) + F||u||3L2(]R)e k(oot+L/8)
In the same way, using that |v;| < 2v on R (see (3.39)), and the definition of ¢; k (see (4.20) and (4.21)),

we deduce the estimate of J3.
Let us tackle now the estimate of J;. On Df we have

/ uht; g < ||7/1§,K||Lw(Dg)/Uh

D¢ R
= 1! el (e) / ul(1— 02)"\u?]
= 1! el (s) / W2[(1 - 82) ]

< H"/%KHLOC(DC 1(1—07)" U||L°o(R)||U||L2(R)

Remark that, applying the Holder inequality, we have for all x € R,

1 ,
(1—0*"tu(z) < = / e~ 1Ty (2 ) da'
2 Jr
1 / 1/2 1/2
<3 (/ e 2le-e |dm’) (/ |u(:z:')|2d:z:')
2 \Jr R
1
= 5 llullzzm (4.37)
and thus, using (4.37) and the exponential decay of 1; x- on Df, it holds
1
uht)} o < |3 o gy e~ % (F0IHL/8) 4.38
[t < s lull (1.39)

i
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The estimate of J4 on D; leads to
m/ uhﬁaK»snuanuL>/ﬁw;KK141ﬁ>-%ﬂ1
D; R
:nuanu%>jgu2K14iﬁ>—lw;Ky (4.39)

On the other hand, using that [¢]"| < (10/K?)4] ; on R, we have

(1= B0 (o) = ) = o) 2 (1= 35 ) Vo), Vo€,

and since K > 4, it holds

-1
(-3 ik < (1-73) v, wer (4.40)

Therefore, for 0 < v < 79 and L > Lo > 0, with 79 < 1 and Lo > 1, combining (4.32), (4.38)-(4.40), it
holds

a 2 2, .2 Ch s — & (oot+L/8
Ji < %/R(% 502 4 02,) Bl +  fulldagge RO,

Noticing that for all x € R,

e’ ‘ x' ) 20,0 / e’ e —x’ 20, /
h(z) = 5 e” v’ (a")dz' + 5 e " u(z")dx
and
e’ ‘ x', 20, 1 / e’ oo —a' 2/ 1 /
he(z) = — 5 e’ u®(z")dx +? e " ut(a)da',
we infer that
|he(x)] < h(z), VzeR. (4.41)

Then, combining (4.20), (4.41), and proceeding as for the estimate of Jy, we deduce the estimate of Js.
Now, combining (4.33) and (4.37), we have for all z € R,

(1= 0 o(a) = 3 (1 - 02) M ula) — 50()

1 _ 1
< 3 (1 —82) 1U’HL°°(]R) + §|\U||Lw(R)

442

<
- 24

l[ull L2w) (4.42)

and using the exponential decay of p., on D; and (4.5), it holds

N N
||UHL°°(D1') < - chj ( - j](t» =+ Z Hpcj ( - jj(t»”L‘x’(Dl)
i=1 L=(p;) 7
< O(v) +0(e™L/%). (4.43)

Therefore, combining (3.39), (4.20), (4.41)-(4.43), and proceeding as for the estimate of Jy, we deduce
the estimates of the remaining terms.
Finally, combining (4.27), (4.28) and using that ||u||z2®) ~ [[uol|%, it holds actually

d C e
= Tuc(t) < - Juolfe™ (0L,
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Integrating between 0 and ¢, we obtain

C K 1. K _ o

Foret) = Foac(0) < 3 ol (— poe koo 4 Kot
C L
< —J|ugl|3e” 5k
< Z uolie,

and this proves the proposition for smooth initial solutions.

For u € X([0,T][), we will use that for any Ty > 0 and any sequence (ug,)n>1 C L*(R) such that
(o, — O%up n)n>1 C MFT(R) and ug,, — ug in L*(R), the sequence of emanating global weak solutions
(Un)n>1 to the DP equation satisfies

. 72

Un —— u in C ([0, To); L*(R)) , (4.44)

where u is the global weak solution emanating from wug. This fact can be easily deduced from the proof

of the existence of the global weak solutions in [4]. Indeed, by the same arguments developed in this

proof, we obtain that, up to a subsequence, (uy)n>1 converges in C ([0, Tp); L?(R)) towards a solution of

the DP equation emanating from ug. (4.44) then follows by the uniqueness result. Combining (4.44) and
Remark 4.1, it follows that

v, — v in C([0,Tp); H*(R)), (4.45)

n—-+o0o

where v = (4 — 92)~tu. For all t € [0, T, we set

Tict) = Tok(un(®) = [ (@02 4562, + 02 ) vi(0), (4.46)
R
and we claim that
lim  sup |7 %(t) — ik (t)| = 0. (4.47)

n—+00 0<t<T

Let ¢ € [0,T[ be fixed, we compute

T () — Trxe(t) = 4 / (02 — )i (t) +5 / (02, — o) e (1) + / (02 0 — 02 )i (1)
— K2 () + KJ(t) + K2 (t). (4.48)

Then it is easy to check that

KD ()] < 4 / [om — ](un + V) (8)

= 4o, — vl L2 lvn + vl L2) 195, x | Lo )
< O([[vn — vl L2(w))
—0 as n— +oo, (4.49)

and

K3 (1) < 5 / [0z — Vs [0 + o] 0.1 (1)
R

= 4||'Un,z - UIHLZ(]R) ||'Un,z + 'Um”Lz(]R) ||wi,K||L°°(]R)
< O(|lvn,z = vallL2(w))
—0 as n— 4oo. (4.50)
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Recalling that v, = 4v — u and thus v2, = 16v? 4+ u? — Suv, we also get
KO <16 [ fon = ol(vn + 0)iac(®) + [ fun = ulun + w0
R R

+8/Run|vn—U|wi,K(t)—|—8/Rv|un—u|1/1i,K(t)

< 16[lvn — vl L2@)llvn + vl Le@) 19, k|| Lo (R)
+ llun — ullL2w)llun + ull L2@)l1¥i,x [ L ®)
+ 8llunll 2 ®)llvn — vz @) |19i,k || Lo (r)
+ 8[|vl| Lerllun — ullL2@) 19,k | Lo w)
<O (lun — ullL2@®)) + O|[vn — vl L2(R))
—0 as n — +oo. (4.51)

Combining (4.48)-(4.51), we obtain (4.47).
Thanks to (4.47), the monotonicity formula (4.24) holds for any u € X([0,T[), with 0 < T' < 4o00. O

4.3 A localized and a global estimate

Let K = /L/8 and define the function ¢; = ¢;(t,z) (see Fig. 4) by
o1 =1—t2x =1—9Yk(-—y2(t))
¢i =ik — Vi1, xk = V(- —yi(t) — V(- —yir1(t), i=2,...,N -1, (4.52)
N =Un .k =VYr(—yn(t)),

where 9; x’s and y;’s are defined in Subsection 4.2. One can see that the ¢;’s are positive functions and
that vazl ¢; = 1. We take L/K > 4 so that ¢; satisfies fori=1,..., N,

L L
11— ¢ < 2e7%F on ]yi+§,yi+1—§{ (4.53)
and . ,
|63 < 2e”3% on R\]yi_gayi-ﬂ‘i‘g[- (4.54)
We will use the following localized version of the conservation laws defined for i =1,..., N by

Ei(t) = /R (40® + 502 +0v2,) ¢i(t) and Fi(t) = /R (—v3, + 12002, — 480V v,, + 640°) ¢;(t).  (4.55)

One can remark that the functional E;(-) and F;(-) do not depend on time in the statement below since
we fix —co=y; <Yz < ... <yny < Yn4+1 = +00.
Fori=1,...,N, we set Q; =]y; — L/8,y;+1 + L/8|. First, one can notice that

N
N pey (@ — &) = pe,(x — F) + O(e™H/Y), VreQ;, (4.56)
j=1

we abuse notation by writing p., (x — ;) = O(e=%/%) for all z € R\ Q;. We will now decompose this
interval according to the variation of v = (4 — 92)~!u in the same way as in Section 3. We set

} and ﬂi:inf{:c>:ii, o(z) = — } (4.57)

o; = sup{z < Ty, v(x) — 5100

2400

25



80

Figure 4: Localization-function @green(z) = ¥(z — 15) — ¢(x — 65) (at time ¢ = 10) profile. Also, the
peakon 4p(x — 40) and the smooth-peakon 4p(z — 40) (at time ¢ = 10 with speed ¢ = 4) profiles. In this
example, one can see that @green is close to 1 on ]25,55[, and decays exponentially to 0 on R\]10, 70].

According to Lemma 4.1, we know that v is close to vazl pe(- — &;) in L norm with pe, (0) = ¢;/6.
Therefore v must have at least one local maximum on [«;, 5;]. Assume that on [a;, 8;] the function v
admits k; + 1 points (f;)f:tl with local maximal values for some integer k; > 0, where &} is the first local
maximum point and &, ,, the last local maximum point®. Then between &} and &}, ,, the function v

admits k; points (1})¥_, with local minimal values. We rename o; = 0§ and 8; = nj,, so that it holds

my <& <M <. <& < <& < << <& <My (4.58)
Let ' . . '
M;=wv(&), j=1,....;k+1, and mj=v(n;), j=1,... k. (4.59)
By construction _ _
UI(:C) Z 07 VZ‘ E [77;7155‘;]7 ] = 17"',k7; (4'60)
and o
ve(2) <0, Yoeel[§,nl, j=1,....k+1 (4.61)

Proceeding as for (3.18)-(3.20), we also have

Ci

Ci i
u(zr) < 300° Vo € Qi \ 09, Mk, +1)s (4.63)
and taking L > Ly > 8CY, it holds
i ~ - L L
(0> Mk, +1) C [¥i — Co, Ti + Co] C |yi + FRiaciird (4.64)

where Cy > 0 is the universal constant appearing in (3.20).

We now derive versions of Lemma 3.4, Lemma 3.5 and Lemma 3.6 where the global functional E(-)
and F(-) are replaced by their localized versions F;(-) and F;(-). Please note that, we will change the
order of the extrema of v = (4 — 92)~'u while keeping the same notations as in (4.59).

3In the case of an infinite countable number of local maximal values, the proof is exactly the same.
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Lemma 4.3 (Connection Between E;(-) and the Local Extrema of v). Let u € H'(R) and v = (4 —
92)7lu e H3(R). Fori=1,...,N, define the function g; by
20 + Vgy — 3V, ZC<E§,
20 4 Vgp + 3vg, €8 <z <1t
gi(z) = ’ ’ j=1,... k. (4.65)
2'U+’Uzz_3vma 77_; <x<§;’+1a
20+ Vgg + 30y, @ >€Iici+1’

Then it holds

ki ki

[ @) = B =12 | 00007060 = Do Peutny) | + WlFOET). (460)
j=0 j=1
Proof. We have
¢ " o
| st@o@ar= [ o dw+z / 92 (w)6:(a)do + /5 @la)de. (46T)

FOI‘].:L...,]{IZ',

Eji'+1 J §;+1
/ g2 ()i (x)dx = /77 (20 + Uy + 3?}95)2 ¢i(x)dx + / (20 + Vgy — 3’UI)2 oi(x)dx
-

i 7

J

=J+1

Computing I , we obtain

&
I = / (41}2 + viz + 91)926 + 4vvg, — 1200, — 6vzvm) o3
n

J

€41 5 o ) €1 €41 €1
= / (4U + Ve T 9’Uz) bi + 4/ VU Qi — 12/_ VU P — 6/ Vg VUse i
U] n;

n; ;
i+ 2, 2 2
/ (4 +02, +902) ¢+ L + L+ Iy (4.68)
nl
with
£ +1 ST €41 41 ST
4/ 0, (1 )0z = / o2 —4/ Vo, = 74/ o2 —2/ (v2).
n; n; n; n; n;
24 /i 200N 4l (i g;“2 E”i'“2//
= —20%( j+1)¢i(§j+1) +2v (Uj)@(ﬁj) —4 ) V@i + 2 _ V7P, (4.69)
;i n;
o 2 24 i 2 i i o 2,
I, =-6 ) 0z (v = —6v7( j+1)¢i(€j+1) + 6v (Wj)@'(”j) +6 _ v, (4.70)
n; n;
and
i1 ) € 5
13 =-3 az(’l}z)(bl =3 Um¢i' (471)
" "
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Adding (4.68)-(4.71), we get

E;+1 X . . .
T [0 052 02,) 01— B0 640) + 602000
;

= 20%(&5, 1) 95 (€5 41) + 207 ()i (n}) + Ru, (4.72)
where using that K = \/Z/ 8, we have

€
IR1] < 6(164] oy + 1167 | 2 ) / |

n

Similar computations lead to
; o o
J= / (40% + 503 + 07, ) 61 — 6™ (&)1 (&) + 607 (1) i (1))

7

+20(§)¢1(&5) — 20° ()¢5 (1) + R, (4.73)

& & _ ) ) .
/ 2 (@)éi(z) dz = / (40 4502 +02,) 6 — 62 (E)Gi(€]) — 2A(ENHED + Ry (4T4)

— 00 — 00

and

[ @ee= [ (i) 6= 60 )+ 2706 )6l ) + R (475
with

: ¢
(v +02), |Ra| < O(L2) /

— 00

+oo
(v? + %) and |R4|§O(L‘1/2)/_ (v? 4+ v2).

gii+1

n
IRo| < 0<L—1/2>/

i

Then, adding (4.72) and (4.73), and summing over j € {1,...,k;}, we infer that

fii+1 fii+1 ki ) ) ki ) .
/_ g; ()i (w)d = / (407 + 507 +v3,) i =6 v*(€141)i(E5 1) — 6 v*(€)i())
j=1

i i
1

j=1
ki ki
+12Z 77] )oi( 77] 221)2 ]+1 g+1 Z 51 + R, (4.76)
i=1 =
with v
Ellci+1
Rl <o) [T a2,
1
Finally, adding (4.74)-(4.76), and recalling that ||v| g1 < ||u||%, we obtain the lemma. O

Lemma 4.4 (Connection Between F;(-) and the Local Extrema of v). Let u € H*(R) and v = (4 —
02)lu e H3R). Fori=1,...,N, define the function h; by
— Vg — B, + 160, x < £
— Vge + 6V, + 160, o< i-,
hi(z) = 5]. K j=1,... k. (4.77)
Vgz — 6vz + 160, 0 <z <&y,

— Vgy + 60V, + 160, x> f};iﬂ,
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Then it holds

ki ki

/R ha()g2 (2)6s(x) = Fy(u) — 144 | SO(ME 30000 — S (mi)an(t) | + [ull,0(L7172). (4.78)

7=0 j=1

Proof. We have
51 J+1
/Rhi(x) / hi(x)g; (z)¢i(x)dx + E / ()i (x)d

+ /E T hi(@)g (@) (2)dx

i
ki+1

For j=1,...,k;,

& ;
/ hz(x)gf(x)ﬂsz (:L')dl' = / (7’UII — 6vg + 161}) (2U + Vgz — 3v1)2 bi

7 i

J

3
+ / ’ (—Vgz + 6V, + 160) (20 + vy + 31}35)2 i
n

=J+1I
Computing I, we obtain
it €41 5 €41 )
I = / (—v3, + 12002, + 64v° + 60v vm) b; — 54/ v b + 27/ VoUza
1 1 1
€511 ST €511
- 108/ vvmvm(bi7216/ v2vz¢i+216/ V2 ¢
n’ UK n’

i 7

41 &1
:/] (—vie + 12007, + 64v% + 60v UII)¢i_54/J i+ L+ L+ 15+ 14
i .

J

with
fi'+1 Eriurl
n=9 [ oo =0 [T utel,
UK n’
€51 €541 &1 €51
I = 754/ vam(vi)gbi = 54/ 8z(v¢i)vi = 54/ viqﬁz + 54/ vvi(b;,
n’ n’ Ul n’
= 3 3/ i 3/ i i 2 3 4
I3 = *72/_ 02 (v°) i = —=T20°(&41)Pi (E41) + 720" ()i (1)) +72/v VPG,
n; n;
and
5;'+1 9 §;+1 9 5;'+1 9 5;'+1
Iy = 108/ 0z (V) by = —108/ 020, (Vp;) = —108/ V Vpr i — 108/
n; n; n; n;
3 I3
= —108/ 0 g0 i —36/ 8 (v°)
n’ Ul
3¢t / / 1 §;+1 2 §;+1 3 .1
= —360°(&),1) ¢ (1) + 360° (1)) 5 () — 108/_ V Vg0 Pi +36/_ v ;-
n; n;
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Adding (4.80)-(4.84), we get

= /nfl (=02, + 12002, + 640° — 48v%0,0) 61 — T20% (€04 )bs(EL41) + T20% () (11}

= 360°(§41)97(&5 1) + 3607 (n) ¥} (n]) + R, (4.85)

where using that [|v]|c1r) < Cgllv| g2@) (with Cg the constant of Sobolev), and v g2®) ~ [ul|4, the
estimate of R leads to

€41
[RI < (18]l o= ®) + 167 l| L= ) ) (V]| oo () + HUI”L‘X’(R))/v (v* +v3)
771

j
€1
<Ow ull [ 07 442,
;i
Similar computations lead to

J:/n (=3 + 12002, 4 640° — 480 v4q) @5 — T20°(E1) i (€}) + T20° (1)) i (1))

i
J
i

. ) . . ;
+360° (€)04(6]) = 30070k 0) + O™l [ 707 +42), (4.86)

'3 3
/ hi(z)g; (x)¢i(z) = / (=03, + 12002, + 640° — 48020, b — T203(€1) i (£])

7

. . &
~ 30001 + O ull [ (02 +2) (457)

and

+o00 +oo . .
/_ ha(2)g? (2) () = / (=02, + 12007, + 640 — 480%0,0) 65 — T20%(EL 1)Su(EL 1)

€ €

+300°(E G )+ O M ulle [ P 4ed). (wss)

Eki+1

Adding (4.85) and (4.86), and summing over j € {1,...,k;}, we get

fii +1
/ hi(2)g2(2) s ()

i
1

7

5ki+1
:/ (=02 + 12002, + 640° — 480%0,,) 17722 €6
&1
—722 (€)en(€]) +144Z (1) (] 7362 S )0 (E)
Jj=1 j=1

Elici+l
+362 o€ + O(L 1/2)||u||7.[/_ (W* + 02). (4.89)
13

i
1

Finally, adding (4.87)-(4.89), we obtain the lemma. O
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Lemma 4.5 (Connection Between E;(-) and F;(+)). Let u € H*(R), with y = (1 — 0?)u € M+ (R),
that satisfies (4.2). Let be given N — 1 real numbers —oo = y1 < y2 < ... < Yyn < Yn41 = +00 with
Vi — Yi—1 > 2L/3. Fori = 1,...,N, assume that v = (4 — 92)"tu satisfies (4.57)-(4.64), with local
extrema on [n}, n,ii 41} arranged in decreasing order in the following way:

M{>M;>...>M, >0, mi>mh>...>mj >0, M, >m,

j=1,... k. (4.90)

There exist vo > 0 and Lo > 0 only depending on the speeds (c;)N.,, such that if 0 < v < v and
L > Lo > 0, then defining the functional E;(-)’s and F;(-)’s as in (4.52)-(4.55), it holds

Fi(u) < 18MIE;(u) — 72(M})? + ||u|3,0(L~Y?), i=1,...,N. (4.91)
Proof. Combining (4.53), (4.64) and (4.66) with K = +/L/8, we get
[ @) = Biw) =12 | SO0 = 3 om)? | + Julo ). (4.92)
=0 j=1
Similarly, combining (4.53), (4.64) and (4.78), we get
[ @@t = R =144 | Y0000 =S | + 0@, (@)
j=0 j=1

Now, let us show that h; < 18 M7 on ;. Note that by (4.5) and (4.56), one can check that 18 M7 > ¢; /4.
We rewrite the function h; as

— Uge — OV, + 160, x < 776,

— (02 +30, +2)v—3v, +18v, nj <z <&,

— (02 =30, +2) v +3v, +18v, & <a<n,

hi(z) = (2 ) J g j=1,..., k.

— (81+381+2)v73%+18v, n; < <&y,

— (02 =30, +2) v+ 3v, + 18v, & oy < <M}, 41,

— VUgy + 6V, + 160, x > n};iﬂ,

Then, if z € Q; \ [778,77};#1], using that v, = 4v — u, (3.39), (4.64) and (4.65), it holds
hi < [Vax| + 6[ve] 4+ 160 < u + 320 < %

If nf < x < &, then v, > 0, and using that y = (1 — 92)u > 0, it follows from Lemma 2.2 that

hi = —(02 + 30, + 2)v — 3v, + 18v
= —(24+0,)(4— 02" (1 + 0x)u — v, + 18v
< 18wv.

If f} <z< n;, then v, <0, and similarly using that y = (1 — 82)u > 0, it follows from Lemma 2.2 that

hi = —(02 — 30, + 2)v + 3v, + 18v
=—(2-0,)(4— 02" (1 - 0u)u+ 3v, + 18v
< 18wv.
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Therefore, it holds
hi(z) <18 ng(v(z) = 18M;, Vx € Q. (4.94)
xell;
Now, taking ¢; = 1 on R in (4.66), we have ||g;|[z2r) < |lull3. Also, from the definition of h;, and
using (2.3) and Remark 4.1, we have [|h;[| Lo ®) < |[ullpo®) + 32[|v| Lo @) < O(|lull3). Then, combining
(4.92)-(4.94), we obtain

ki ki

Fi(u) — 144 Z(M;H)s - Z(mzﬁ

j=0 j=1
_ / hi(2) 92 (%) s (w)dz + [|ull5,0(L~1/2)

— /Q. hi(z)g? (2)¢i(x)da +/ ha(2)g2(x) i (x)dz + ||ul|3,0(L~/2)

Qe

<18M [ g @)or(a)d + il e oy I 103 o + O 2)

ki ki

<I8MY | Ei(w) — 12 [ S (My, )2 = (md)? | | + [lul3,0L713).
3=0 J=1

Therefore, using that M;_H > mz» and proceeding as in Lemma 3.6 (see (3.42)), we infer that

k.
Fiw) < 18ME () - 2000+ 1413 { [ 0)° - %) = 3 (0107 = m)?] |
j=1
+ ulO@2)
< ISM{E.(u) 7200 + [ LO(LY2),
This proves the lemma. (I

The lemma below is the generalization of Lemma 3.3.
Lemma 4.6 (General Quadratic Identity). Let Z = (z;).; € RN with |2; — z;_1]| > L/2, and u € L*(R).

It holds
N

N
B(u) = " B(ge) = lu— Szl +4Y e (v() - ) + 074, (4.95)

i=1 i=1
where Sz is defined in (4.11) and O(-) only depends on (c;)X_,.
Proof. Let us compute
lu— Szl = /[(1 —07)(u—Sz)][(4 - 07) " (u— Sz)]
R
= Ilull3, + 11Sz11% - 2/R[(l — 8;)Sz][(4 — 92) ']

N
= Ll + 18213 ~2 3 [ (0= g lo = 0l
1=1

N
= [lull3, + 1S213, — 4D cv(=), (4.96)

i=1
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where we use that
(1= 02)pe, (- — 21) = 2¢:0,
with d,, the Dirac mass applied at point z;. We also have

15712, = / [(1 - 92)82][(4 — 82)715]

= Z /]R[(l — ai)@ci (x — 2z)][(4 — ai)—lsz]

=2 i<5zla(4_a2)7lsZ>H71 ol
=1

i zla 4 62) (Pc]'(' _Zj)>H—17H1

3,j<N

||
'Mz A

(4= 02) o (0) +2 Y ey ) eI, (4.97)

K2

i
A
—
2
<
N
Z

where (-,-) -1 g1 denote the duality H~'/H"', and we recall that d., € H'(R) since ||, ||g-1(r) < Cs,
with C'g the constant appearing in (2.3). Now, using that |z; — z;_1| > L/2,

R

1 1
_ ge—|zi—z]'| . _6—2\zi—z]~\
= O(e L/, (4.98)
and combining (4.97) and (4.98), for L > Lo > 0 with Ly > 1, we get
N
15213 =D Eee,) +O(e"/%). (4.99)
i=1
Finally, combining (4.96) and (4.99), we obtain the lemma. O

The last lemma is the localized version of Lemma 3.1.

Lemma 4.7 (Control of the Distances Between Local and Global Energies at t = 0). Let ug € H'(R)
satisfying (1.12)-(1.14). Then it holds

N
E(uo) = Y B(pe,)| < O(%) +0(e™/1), (4.100)
|E;(uo) — E(¢e,)] < O(%) +O(e™VE), i=1,...,N, (4.101)
and
|Fi(uo) — F(pe,)] <O(2) +0(eVE), i=1,...,N, (4.102)

where O(-) only depend on (c;)N;.
Proof. For the first estimate, applying triangular inequality and (1.14), we have

|E(uo) — E(Sz0)| = [lluollae = 1520 l#| (luolla + 1520 [I%)
< Jluo - SZOHH (||Uo = Szollm + 2[5z 1)

<e <€ + == Z cz> . (4.103)
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Thus, combining (4.99) and (4.103), it holds

E(Uo)*ZE(%) < [E(uo) — E(Sz0)| + E(SZO)*ZE(%)

<eX(e2+0(1)) + 0t
< O(E%) 4+ 0(e™H/.

For the second estimate, using the exponential decay of ¢.,’s and the ¢;’s, and the definition of F;(-),
we have

| Ei(uo) — E(pe, )|

< [lwolua) = IpeilByan | + OeF)

= [lluollr(as — e, (lleoll ey + llpe,

() ) + 0@V

IN

N
2 _
uo — Szollagees) + Z l0e; l2¢(02:) [uo — Szolln + 73 ch +0(e ﬁ)
1<j<N j=1
J#i

IN

(52 + O(e*L/S)) (24 0(1)) + O(e VL)
<O(?) +0(eVE).

Similarly, for the third estimate, using the exponential decay of ¢.,’s and the ¢;’s, and the definition
of F;(+), we have

|Fi(uo) — F(pe,)

| - soii)\ 10T

Q.

7

<

(42 +uope, + ¢2,) + O(e~VE)

N\ /2
< luo = e, || L2 (/ (ug + wowpe, + ¢2.) ) +0(eVE)
B VI
< lluo = Szollz@y + D llee @, | -O1) +0(e™VE)
1<j<N
i
< (52 + O(e—L/8)) -0(1) + 0(eVE)

< 0(2) +0(e V).

This proves the lemma. (I

4.4 End of the proof of Theorem 1.1

Let u € X([0,T]), with 0 < T' < +00, be a solution of the DP equation satisfying (1.12)-(1.14) and (4.2)
for some to €]0, T[. Let M} = v(to, & (to)) = maxgey, v(to, z), with J;’s as in (4.8), and &; = ¢;/6 — M.
First, from (4.7) and (4.9), we know that for i = 2,..., N,

2L

& (to) — & (to) > 3

|
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Applying (4.95) and (4.100) with u(tg), we get

N 2

u(to) = 3 e — € (t0))

=1

N
<4) b+ O(e%) + O(e M. (4.104)
H 1=1

In the same way, from (4.91) we get
Fi(u(to)) < 18MIE;(u(ty)) — T2(M?)® + O(L~1/?),

which leads to

N

Flu(to)) = Y Fi(ulto)) < 18 MiEi(ulto)) — 723" (M{)* + O(L7/2), (4.105)

=1 =1

by summing over i € {1,..., N}.
Now, we will use the following notation: for a function f : Ry — R, we set

AR f = f(to) = £(0). (4.106)
From (4.105) and the fact that F(-) and F(-) are conservation laws for u, we obtain
N N
0=APF(u)=> APFi(u) <18  M{APE;(u)
i=1 i=1
Z —T2(M})® + 18M}E;(uo) — Fi(ug)] + O(L™Y/?). (4.107)

Note that, from (4.101) and (4.102), for 0 < ¢ < g9 and L > Ly > 0 with €9 < 1 and Ly > 1, it holds

S [=72(Mi) + 18M{E;(uo) — F :—72262(M1 )+0( 240 VE).  (4.108)

i=1

Combining (4.107) and (4.108), we get
1L
252 (07 +5) < T MEARE @) + 0 + 0L,
i=1
and using the Abel transformation with MY = 0, we obtain
N .
252 (M) = § 300 - M)A 0 + 0L, (1109)

where J; i (t) is defined in (4.22). From (4.2) we know that u(to) € U(y,L/2), on account of Lemma
4.1 there exists X = (&1,...,4n) with #; € J; such that E (u(tg) — Sg) < O(y?), where Sg is defined
n (4.11). Recalling that v(to, &} (t0)) = maxges, v(to,z) and using (4.95), we obtain E (u(tg) — Se,) <
O(v?) + O(e E/%), with & = (€],...,&N). From (4.5), we deduce that

N
*chj(- — & (t)) < O(y) +0(e™1/%).

Le=(R)

35



Thus, we infer that

Zp@ —€(t)) +0(y) +O(e™ %), vz eR,

and applying this formula with = & (o) and using that & (to) — & (to) > L/2, we get
v(€} (to)) Z pe; (€1 (to) — &l (t0)) + O(7) + O(e™ /%)

Z 4+ Y pe,(Ei(to) — El(t0)) + O(y) + O(e /%)
SIEN

=5 +00)+ 0 ).

We take v = A(ye + L™Y®), then M} = ¢;/6 + O(yv/€) + O(L~'/8). Therefore, for 0 < € < &y and
L> Lo > 0, with g0 < 1 and Lo > 1, it holds

0< M <M:<...<M]. (4.110)

Combining (4.109), (4.110) and using the monotonicity estimate (4.24), it holds

252 (Ml )<o( 2y 4 O(L~Y3).

Therefore, using that (M} + ¢;/3)~! < 3/¢;, there exists C' > 0 only depending on (¢;)¥_; such that
6; <Cle+L7Y%, i=1,...,N. (4.111)

Now, combining (4.104) and (4.111), we obtain

N
=3l =€)

and the theorem follows by choosing A = 2C.

C(Ve+L7V8),

H

Remark 4.2 (The Role of the Number of Extrema). In the case where v = (4 — 92)"'u admits a
countable infinite number of local maximal values on some [«;, §;] (see (4.57)), with ¢ € {1,..., N}, it
suffices to change the finite sums over j by infinite sums in Lemmas 3.4-3.5 and Lemmas 4.3-4.4.

Appendix. Proof of Lemma 4.2

The aim of this subsection is to prove Lemma 4.2. Let us first assume that u is smooth solution. The
case u € X([0,T]) will follow by a density argument.
We compute the time variation of the following energy:

d
—/yvg:/ytvg—i—/yvtg
dt Jr R R

=I1+J
Applying the operator (1 — 92)(-) on both sides of equation (1.7), we get

1 3
Yt = *5(1 — 83)8931;2 — §8Iu2
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and substituting y; by this value, I becomes

By computing

and

with

and

I

2 2 3 2
1= [ 0-020. g~ [ [0.u)]ug
=1+ Is.

1 1
= —/ (1= 02)u?] vag + —/ (1 - 82)u?] vy’
2 Je 2
=13+ 14
1 1
Iy = 3 /}Ru%zg - 5 02 (u*)veg
1
o U vzg+ a ’ng)
2 Jr
1 /
a ’LL Uz g + a Umxg + (9 ng
2 Jr
: 20,(v129) ~ / 20,(v,4/)
= — = | w0, (Vg u .
5 Ru zd 2 | g B . g
1/ 2 1/ 9 / 9 , 1/ o
Py U Vg — 3 U Vpgxd — U Vg — = U Vgg
2 Jr 2 Jr R 2 Jr
1
Iy = uvg' — = / 02 (u*)vg'
2 Jr

—— T —
:NJ
S
b\
_|_
|

—
&
=

[\v}
T
]
e}
_|_
|

= N= R NN
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and adding (4.112) and (4.115), we get

1
1:2/u2vmgf_/u2vzzzgf§/uzvxxg/
R 2 Jr 2 Jr
1 2 2 3 2 4 2 /
h 4—0%,] g+ 2 9
ol [ () ]
1

The first two integrals give us

1 2 2 1/2 1/ 3 1/3/
5 [ola-ae)o=3 [wtug—g [otg=—5 [

and

Finally, we obtain

4 3 1
I= —/ugg'74/u20g'— —/uQUzg”— —/u%g”/. (4.116)
3 Jr R 2 Jr 2 Jr

We set h = (1 — 92)~*u?. Applying the operator (4 — 92)~1(-) on both sides of equation (1.7) and using
(4.16), we get

1 1
v = _5(1 — 0% 1ou’ = _§hz' (4.117)

Substituting v; by this value, J becomes

1
S Ry
J Q/Ry g

1 1
== [ yohg+= | yhg
Q/Ry 9+2/Ry9

By computing

= N N N = N = N

Jo =

T~ — T — i
£
_|_

2
/ 1 1 "
R R 2 R



and

~

hg

/(uxfuzzz
R
1
/Uzhgf_
R 2
1 1
= — =h —
Q/RU 9+ 3
1 1
= — =h —
2/R“ 9+ 3
=Js+Js+ J5
1 1 1 ’
Jg = —— uam(hg) = —= thg_ o Uhg ) (4119)
2 Ju 2 Ju 2 Je

1
Ji= =5 [ wsnng)
2 R
= *1 / uthg/ - l/uacth
2 R 2 R
1 ’ 1 "
5 uam(hzg ) + 5 uam(hg )
2 R 2 R

1 1
= —/uhmg’+/uhmg”+—/uhg/” (4.120)
2 Jr R 2 Jr

N = N =

—

1
R

with

and

I
|
T
g
&
~
>
8
8
s
+ N | —
| =
T
g
&
~
>
8
Q\

(4.121)

I
[
T
e
>
8
8
8
o
+
T
g
>
8
8
Q\
+
[
T
e
>
8
Q\

Adding (4.118)-(4.121), we get

1 1 1
J=—= / ’U,hzg + = / Uh:nzzg + / Uhxxg/ + 5 / thg”'
2 R 2 R R 2 R

Using that hg, = —u? 4+ h and hper = —2utiy + hy, We have

/uhmg’:/u(—u2+h)g/:—/u3g/+/uhg’
R R R R

1 1
—/uhmmg: —/u(—2uum—|—hz)g
2 Jr 2 Jr
[tuas |
=— | uuzg+ 5 [ uhgg
R 2 Jr
1 o 1
= 3 T = hz
3/ﬂ£8(u)g+2/Ru g

1 3,1
= = [ uhgg.
3/Rug+2/Rug
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At this stage it is worth noticing that the term fR uh,g cancels with the one in J. Finally, we obtain

2 1
J:——/ugg/+/uhg’+—/uhmg”.
3 Jr R 2 Jr

Combining (4.116) and (4.122), we get

d 2/ 3 7/ / 2 / 3/ 2 " 1/ 2 " / / 1/ "
— [ yvg== [ u’g —4 | uvg — = | vv9" — = | uvg" + | uhg + = | uhyg".
dt Jx 3 Jr R 2 Jr 2 Jr R 2 Jr

Now, substituting u by 4v — v,, and using integration by parts, we rewrite the energy as
/yvg = / v [(1 - 55)(41) - Um)} 9
R R

:4/v2g—5/vvmg+/v(8§v)g
R R R

:4/1}29+K1+K2-
R

By computing

K| = 5/ 0z (vg) vy
R

:5/v§g+5/vvzg’
R R
— 2 § ) 2\ 1
*5 ng+2 I(v )g

R R

5

:5/1’9%9*5/“29”

R R

and
K2 = */ ax(“f])’”xmx
R
= - / Ve Vgxad — / vvxmxg/
R R
=Ks+ K4
with
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(4.125)
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and

=
|
T
Q
<
S
S
8
8

:/Uzvzzg/+/vvmxg//

R

1

//7/ ig”f/vvzgw

///

\ \
\
Q

\
810

<

v2a®

N[W N|wWw N+~

%\\\
\
Y
\
&

<
8N
QQ\
+

N |

%\
Q

Combining (4.124)-(4.127), we get

1
/yvg*/ 41) +51) +’Uzz)g+2/ ((4) 59//)72/ ig”
R

and differentiating with respect to time

d d
= — [ (40® + 502 + 02 Ly + Lo.
7 yvg dt/R( v? + 50 +v2,) g+ L1+ Lo

5 1
L, = / vur (g — 5g") = = / vheg" — = / vhyg™®
R 2 Jr 2 Jr

Ly = 74/ VpVing = 2/ Vehezg' = —2/u2vzg”+2/ vzhg” .
R R R R

Lemma 4.2 follows by combining (4.123) and (4.128)-(4.130).

Using (4.117), we have

and

(4.127)

(4.128)

(4.129)

(4.130)

O
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