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Abstract

1 Introduction

To the best of our knowledge, loop measures first appeared in the work of
Symanzik on Euclidean quantum field theory, [11], where they are referred to
as ‘blob measures’. They next appear in the work of Lawler and Werner, [6].
In both works, the loop measure is that associated with Brownian motion. In
[7] loop measures associated with a large class of Markov processes are defined
and studied. In all these cases it is assumed that the underlying Markov
process has transition densities. The goal of this paper is to define and study
loop measures for Markov processes without transition densities.

Let X =(Q, Fi, Xt, 0;, P*) be a transient Borel right process [10] with state
space S, which we assume to be locally compact with a countable base. We
use the canonical representation of X in which € is the set of right continuous
paths paths w : [0,00) — SaA = S UA with A ¢ S, and is such that w(t) = A
for all ¢ > ¢ = inf{t > 0|w(t) = A}. Set Xi(w) = w(t).

Let m be a Borel measure on .S which is finite on compact sets. We assume
that with respect to m, X has strictly positive potential densities u®(x,y),
a > 0, which satisfy the resolvent equations. We set u(z,y) = u’(x,y), and
assume that u(z,y) is excessive in z for each fixed y.

Let h,(x) = u(x, z). If we assume that u is finite, then the h,—transform
of X is a right process on S, see [10}, Section 62], with probabilities Pr/h= | Let
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Q** = u(z, z)PZ/hZ. We can then define the loop measure as

nir) = [ @ (f) dm(z), (1.1)

for any F measurable function F'. Loop measures for processes with finite
potential densities but without transition densities are discussed in [4]. In the
present paper we assume that the potential densities u(z,y) are infinite on
the diagonal, but finite off the diagonal. In this case the construction of the
measures P?/"= given in [I0] breaks down. Assuming that all points are polar,
we show how to construct a family of measures Q%*,z € S, which generalize
the measures Q%% = u(z, z) P*/"= in the case of finite u(z,y).

After constructing Q*%, z € S and defining the loop measure p using ,
we show how to calculate some important moments. We assume that

sup/ (u(z,y) + uly, z))* dm(y) < oo (1.2)
K

T

for any compact K C S. For exponentially killed Brownian motion in R? this
means that d < 3.

Theorem 1.1 For any k > 2, and bounded measurable functions fi,..., fu
with compact support

k 0
an | ) a (1.3)

k
= Z /u(ml,xz)U(m,JC?,)"'U(wlmfﬂl)waj(xj)dm<f’3j):

wepg Jj=1

where 73’,? denotes the set of permutations of [1, k| on the circle. (For example,
(1,2,3), (3,1,2) and (2,3,1) are considered to be one permutation w € 773? .)

Our assumption (1.2]) will guarantee that the right hand side of (1.3) is
finite. Note that if £ = 1 our formula would give

w([ 1) = [uteos@ ant) = . (1.4

for any f > 0, by our assumption that the potentials u(z,y) are infinite on
the diagonal.



For f1,..., fr as above consider more generally the multiple integral

| ey (Xe) - Jy (), (15)
0<r <<t

7767’]9

where T, denotes the set of translations 7 of [1, k] which are cyclic mod k,
that is, for some ¢, m(j) = j + 4, mod k, for all j = 1,... k. In the proof of
Theorem [L.T] we first show that

k
o (ML I) = /u(xl,xz)u(xmg).-.u(xk,xl)jl:[lfj(xj)dm(xj). (1.6)

(1.3]) will then follow since

k o]

f‘ll' 7~-~7f7'r
H/O Fi(Xy)dty = > M (1.7)
j=1

7r€’Pk®

There is a related measure which we shall use which gives finite values even
for k = 1. Set

v(F) = /Qz’z (F) dm(z). (1.8)

Assume that for any a > 0, any compact K C S, and any K which is a
compact neighborhood of K

sup  u%(z,x) < oo. (1.9)
2€K¢, 2€K

Theorem 1.2 For any k > 1, a > 0, and bounded measurable functions
fi,-.., fr with compact support

k o]
v g /0 £i(Xy,) dtjec (1.10)

k
= Z /uo‘(z,wl)ua(:nl,xg) ceu (g, 2) Hfﬂj (xj) dm(x;) dm(z),

TEP 7j=1

where Py, denotes the set of permutations of [1,k], and both sides are finite.

We call i the loop measure of X because, when X has continuous paths,
i is concentrated on the set of continuous loops with a distinguished starting



point (since Q™" is carried by loops starting at x). Moreover, in the next
Theorem we show that it is shift invariant. More precisely, let p, denote the
loop rotation defined by

w(s+wumod ((w)), if0<s<((w)
A, otherwise.

puw(s) = {

Here, for two positive numbers a, b we define a mod b = a — mb for the unique
positive integer m such that 0 < a —mb < b.

For the next Theorem we need an additional assumption: for any § > 0
and compact K C S

/ Ps(z,dx)u(z, z) dm(z) < oo. (1.11)
K

Theorem 1.3 p is invariant under py, for any u.

Note that if we have transition densities ps(z,z) then

/KPg(z,dm)u(m,z)dm(z) = //Kp(;(z,w)u(a:,z)dm(m)dm(z) (1.12)

_ /K</:opt(x,x)dt> dm(z).

In our work on processes with transition densities, it was always assumed that
sup,, f;o pe(z,x) dt < oo for any § > 0, which indeed gives .

For the next Theorem we assume that the measure m is excessive. With
this assumption there is always a dual process X (essentially uniquely deter-
mined), but in general it is a moderate Markov process. We assume that the
measures U (+,y) are absolutely continuous with respect to m for each y € S.

For CAF’s L', ... L/* with Revuz measures vy, ..., v, let
A = N / AL, 7D - dLr ™, (1.13)
71_677? 0<r1<---<rp<t

We refer to A% as a multiple CAF.

Theorem 1.4 For any k > 2, and any CAF’s L{",...L/* with Revuz mea-
SUTES V1, ..., Vk,

k
- /u(xl,xg)u(mg,x?)) cu(zg, 21) H dvj(xj). (1.14)

Jj=1



and

k k
HL& Z/ u(xy, xo)u(xe, x3) - - (ﬂck,xl)H dvy, (z;). (1.15)
j=1

rePP i=1

The finiteness of the right hand side of will depend on the potential
densities u(z,y) and the measures v, ..., v,. For a more thorough discussion
see [8, (1.5)] and the paragraph there following (1.5).

With the results of this paper, most of the results of [4, 8 9] on loop
measures, loop soups, CAF’s and intersection local times will carry over to
processes without transition densities.

2 Construction of Q%7

Let us fix z € S and consider the excessive function h,(x) := u(z, z), finite and
strictly positive on the subspace S, := {x € S : z # z}. Doob’s h-transform
theory yields the existence of laws P%*, x € S, on path space under which
the coordinate process is Markov with transition semigroup

h=(y)
Pi(x,dy) := Py(x,d . 2.1
t(x7 y) t(.fU, y)hz(x) ( )
See, for example, [10, pp. 298-299]. Now consider the family of measures
n; (dx) := Pi(z,dzx)h,(x). (2.2)

Since we assume that the singleton {z} is polar, the transition semigroup
(P;) will not charge {z}, so these may be viewed as measures on S, or on S.
Adopting the latter point of view, it is immediate that (77);>0 is an entrance
law for (P7?). There is a general theorem guaranteeing the existence of a right
process Wlth one-dimensional distributions (7;7) and transition semigroup (F7);
see [0, Proposition (3.5)]. The law of this process is the desired Q**. Aside
from the entrance law identity n7P? = nf,,, their result only requires that
each of the measures 7 be o-finite, which is clearly the case in the present
discussion.
With this we immediately obtain, for 0 < t; < --- < tg,

k k
Q| [[H (X)) | = ni(da) HPt-—tJ (1, dj) H 2)
=1 7=2 7=

k
= Hptj—tj 1 wj 1,d$] H xk? )
J=1 J=1



with tp = 0 and xy = z. Hence

k
Q7 <~/O<t1< <tk<001;[ dtj) (24)

k
= /u(z, rp)u(xy,x2) - u(zg, 2) H fi(x;) dm(x;),
j=1

so that

k o)
Q* (X)) dt; (2.5)
(1150500

k
= Z /u(z,xl)u(xl,xg)u(xk,z)nfﬂj(xj)dm(x])
j=1

TEPy

Returning to (2.3) with 0 < ¢; < --- < ¢} and using the fact that ¢ > t;
implies that ( = t;, + ( o 0y, we have

k

T
j=1
k

(i

k . k

H b —t;_1 (Tj—1, dxj) H 2(zg) P*** <e*ac>.

Note that by (2.1) and the fact that X has a-potential densities for all
a>0

P (/o e_atl{s}(Xt)dt> B /0 e P (Lisy(Xy) dt - (2.7)




Combining this with our assumption that the a-potential densities satisfy the
resolvent equation we see that

ha(a) P (7€) = () P (1 Ca /0  mat dt) (2.8)
— ha(on) — ah(z) P (/ sy (X)) )
— (w2 / (2, 9)uly, =) dm(y) = u® (g, ).

Using this in (2.6) we obtain

k
T £i(Xe)e (2.9)
=1

k k
=TI P, (o, dag)u(an, 2) [ ] £(=)-

j=1 j=

—_

We then have

k
0> [ ¢ / H (X1,)d (2.10)
o<t1<- <tk<oo

k
= /uo‘(z,:ﬂl)ua(asl,xg) cu®(x, 2) H fi(@;) dm(z;),

=1

and consequently

k [eS)
2,2 efag . " ’ )
Q ( H/O fg(Xg)dt) (2.11)

k
=> /u“(z,xl)uo‘(m,m)"'ua(fﬁk,z)Hfm(xj)dm(ij)-
j=1

TEPy

3 The loop measure and its moments

ur) = [ @ (?) am(z). (3.1)

Set



Proof of Theorem We use an argument from the proof of [4]
Lemma 2.1], which is due to Symanzik, [11].

It follows from the resolvent equation that the potential densities u? (x,y)
are continuous and monotone decreasing in 3, for x # y. Using this together
with the resolvent equation and the monotone convergence theorem we obtain
that for xp # 1

/ua(xk,z)ua(z,xl) dm(z) = —diua(xk,xl). (3.2)
S (0%

Hence using (2.10)

/QZ’Z (e_acMgé""fk> dm(z) (3.3)
k
. /ua(m,wz)uo‘(zrz,mg)---ua(mk_l,xk)ciéuo‘(xk,:ﬁl)Hfﬂj(a:j)dm(mj)
7r67’k® J=1
k
= —% /ua(xl, xo)u®(ze, x3) - - - u*(xp—_1, T )u* (), 1) H fi(x;) dm(z;).
j=1

For the last step we used the product rule for differentiation and the fact that
in the middle line we are summing over all translations mod k.
Since, as mentioned, u®(z,y) is monotone decreasing in « for = # vy,

v(z,y) = lim u®(z,y) (3.4)

a—00

exists and

[ o1 dmiy) =t 0°° e [ Py fmyai =0, @5)

a—r 00

Hence v(z,y) = 0 for m—a.e. y. Integrating (3.3) with respect to a from 0
to oo and using Fubini’s theorem we then obtain (1.6). (1.3) then follows by
.

To show that the right hand side of ([1.3]) is finite we repeatedly use the
Cauchy-Schwarz inequality and our assumption ((1.2). See the proof of [8|
Lemma 3.3]. O

Proof of Theorem [1.2; The formula (1.10) follows immediately from
(2.11). When k£ > 2, the right hand side of (1.10|) can be shown to be finite
by repeatedly using the Cauchy-Schwarz inequality, our assumption ((1.2)) and



the fact that u(x, z) is integrable in z for any a > 0. When k = 1, if K is a
compact set containing the support of f; and K is a compact neighborhood
of K, then

//ua(z,x)ua(x,z)fl(x) dm(z) dm(z)
—[/ua(z,x)ua(x,z)fl(w) dm(x) dm(z)
K
—i—/v(i/uo‘(z,x)uo‘(ac,z)fl(:v) dm(z) dm(z).
Using
/u“(z,a})ua(x,z)fl(m) dm(x)) dm(z) (3.6)
K) sup/uo‘(z,:x)ua(x,z)fl(x) dm(z) < oo,
and using

/ / u(z, 2)u(z, 2) fi(x) dm(zx) dm(z) (3.7)
=C /( u®(z, z) dm(z )) fi(x)dm(x) < oo.

4 Subordination

The basic idea in our proof that the loop measure is shift invariant is to show
that the loop measure can be obtained as the ‘limit’ of loop measures for
processes with transition densities. These processes will be obtained from the
original process by subordination.

We consider a subordinator 73 which is a compound Poisson process with
Levy measure ci so that

f(X1)) Z e~ / E® (f (X,)) ™ (ds). (4.1)

Jj=1 ‘]'



sI—1g3 —80
Ty € ds

si—1gJ
e E* (f 2 e 0ds. 4.2
/ )TG) (4.2)

If we take 7 to be exponential with parameter 6, then 1/*/ (ds) =
so that we have

oo

E* (f (X1,)) = Z

7j=1

Hence the subordinated transition semigroup

[e.9]

: —ct 5197 —50
(z, dy) = Z ]| P (z, dy)—— o) ds. (4.3)

J=1

Noting that

00 ) dj—l 00 dj—
j—1_—s6 _ —s6 0
/0 Py(z,A)s' e " ds = 2651 /0 Py(z,A)e™*" ds = T U (2, A),  (4.4)

we see that ]Bt(;r, dy) is absolutely continuous with respect to the measure m
on S, and we can choose transition densities pi(z,y).
From now on we take § = ¢ = n, and use (n) as a superscript or subscript

to denote objects with respect to the subordinated process, denoted by Xt(n).

Lemma 4.1 )

T ). (4.5

ut () =

In particular,

10



Proof:

Uiy, dy) = /000 e_O‘tPt(n) (x, dy)dt (4.7)
| no\’ 517 -
- a—|—n;/0 <a—|—n> Fs(e, dy) L'(4) o
R P R T R D) Cau i WY
= ), P (ZI rG) ) !

2

_ n ) / <€sn2/(a+n)e—sn) Ps(x, dy) ds
0

(v +n)?
2 00 n2
- v / e_s<n_m)P5(a:, dy)ds
(a+n)* Jo
n? na/(atn)
— na/(arn d
(a+n)2u ($,y) m(y)
1
- - a/(l14a/n) d
O
Lemma 4.2 For any a,aj,j = 1,...,k and continuous compactly supported
fii=1,...,k
k
lim / H QL Hf] Je | T dts (4.8)
n—o00 Rl-ckj 1 =1

/Rk H gty e (HfJ (X.,) ag) ﬁ gt

+ j=1 =1

Proof: Recall (2.9). For 0 <t; <--- <ty

k
(H fj(th)eQC) (4.9)

k k
H i—ti—1 x] 17dxj) (g, 2 H 1‘3

J=1 Jj=1

11



with the corresponding

k
o/ Hfj<X£;”>e“<) (4.10)
j=1
k k
= [T P25 ey, gy (a2 T £iy)
Jj=1 j=1
Using (4.10) we see that
k
/ [[ar Hf] e | L et (411)
le—j 1 7j=1
k

k
= E e % %2 (n) —a( d
ePy /{ogt1§-~-§tk§oo}jl_ll P (H w() (X ) H tj

k
(n)7a+zk:<04
- Z /{O<t < Hptj—tj—l = l(xj—l,dxj)
Sl1>

TPy Stp<oo} iy
k k
uio s 2) [ L) I dt
Jj=1 J=1

TEP j=1 7=1
k k

a+3F a
TEPy j=1 j=1

(4.8) now follows from (4.6)), (1.2)) and the dominated convergence theorem. 0

It follows from (4.8) that for a.e. ¢y, -« ,t

k
lim Q) (H £ (X QC) = Q" (H fj(Xt].>ea<) : (4.12)
j=1

12



Lemma 4.3 For any o, o, = 1,...,k and continuous compactly supported
fig=1,...,k

[ G ) | R ) O

+ j=1

/ He atiy Hf] (Xt;) H dt;.
RE o1

+ j=1

Proof: By
/Rk He Yy Hf] e H dt; (4.14)

+ j=1

=2 /H“ail_] (1, 25 )uy) (s 2

TEPy

i (@g) dm(z;) dm(2).

Hz?r

If k£ > 2, then using the resolvent equation we see that

k
(Z“l>/ et Hf] e Hdt (4.15)
= R

+ j=1

k
Z /H iy o l‘j—lal'j)u((xn)(xk?xl)Hf”(j)(xj)dm(xj)
A

. atyr at+Y)
Z /H =3 CL'j 1, %5)U (n) =Y (e, x) Hfﬂ (xj) dm(x;),
TEPy j=2

and for £ > 2 then follows from , and the dominated conver-
gence theorem. Here we repeatedly use the Cauchy-Schwarz inequality. See
the proof of [8, Lemma 3.3].

When k£ =1,

/ ey (X)) dty (4.16)
Ry

—//u?;go‘l(z,x)u‘(xn)(:c,z)fl(w) dm(z) dm(z).
Note that by 1} we have u‘("n) (z,2) <u*?(x,z) for n sufficiently large. We

can then use the argument from the proof of Theorem [I.2] and the dominated
convergence theorem to get (4.13) for k& = 1. i

13



It follows from (4.13) that

k : k
Jim. /Rk [Tebve [ [THEM9@ ) [T (1)
=1 =1

+ =1
k k k
:/ He_ajtju Hfj(th)g(O H dt;
Ry 52 j=1 J=1

for all continuous exponentially bounded functions g. We will be particularly
interested in g of the form

[T, (1 —e7M6)
H§:1(1 —em9¢)

where 0 < hs(¢) < 1 is a continuous function with h4(¢) = 0 for ¢ < s.

9(¢) = e~ hy(C) (4.18)

5 Invariance under loop rotation

Proof of Theorem[1.3} Because the lifetime ( is rotation invariant (¢(pyw) =
¢(w) so long as ((w) < 00), the rotation invariance of the loop measure

w(F) =v <§> (5.1)

is equivalent to that of the measure v.

We note that by
v(f(Xs)) = /P(;(Z, dx) f(x)u(x, z) dm(z) < oo (5.2)

for any § > 0 and bounded measurable f with compact support.
We next recall some ideas from [4]. Let us define the process X to be the
periodic extension of X; that is,

~ _ thqﬁa lchgt<(Q+1)C7q:07l72a
X _{ X, if ¢ = o0 (5:3)

It will be convenient to write

I.(f) = /OOO e F(Xy) dt, I,(f) = /OO e f(Xy) dt. (5.4)

0

14



The key observation is that

for all @ > 0. This follows from

L) = [ e

0

X rlat1)¢ L
= / €_atf(Xt) dt
q=0 q¢

S~ e—oa [ oo Io(f)
= qzz;] e qc/o e tf(Xt) dt = m .

The rotation invariance of p or v is equivalent to the following Lemma.

Lemma 5.1

! k
v 1A X lpeey | =7 [ [T HE )<y (5.6)

Jj=1 J=1

for all0 <ty < --- <ty andr > 0 and all f; > 0 continuous with compact
Support.

Let 0 < hs(¢) < 1 be a continuous function with hs(¢) = 0 for ¢ < s. To
prove Lemma [5.1] we first prove the following.

Lemma 5.2 For allk > 1, and 0 < tq1,--- ,t;, < s and all f; > 0 continuous
with compact support

k k
v T1H X | =v [ [T £H(Ee)hs(0) | - (5.7)
j=1 j=1

15



Proof of Lemma Using first (5.5) and then (4.17) we have that

[, e ({15, (558) - s9nio) [

— By

k
- [ T (T (30 = denio ) T

+ j=1

:/RkH a””(HfJXt 1:670;4 (G )Hdt

+ j=1 j=1

k
/Rk He iy (H £i(Xy) (1 — e Pi¢)eChy(¢ ) H (5.8)

+ j=1

It follows from this that for a.e. 0 < tq,---,#g

T}LII;OV (Hf (X(” ) 1—ePi¢ )eachs(C)) (5.9)

J=1

=v (H Fi(Xe) (1 = eﬁjc)eachs(é)) -

The same calculations show that for any r > 0,

nhﬁlrrgO o H fi (X(" £ +T> (1 — e Pi%)e ™ Chy(C) (5.10)
=V H fj(ytfrr)(l - 6_ng)€_achs(<)
j=1
for a.e. 0 < ty,---,t;. Since v is invariant under loop rotation, see [4

Lemma 2.4] for the simple proof, it follows from our last two displays that for
ae 0< 14, -tk

k
175X (1 = e %59)e () (5.11)

j=1

k
[T /(X)) —e P9 *hy(C)

J=1

16



We now use an argument from [4] (see from (5.31) there until the end of the
paragraph). By Fubini we can find a set T' C (0, s) with full measure such that
for all t1 € T we have that holds for a.e. to,...,t; € (0,s). Using
with § = ¢, the boundedness and continuity of the f; and the right continuity
of X; it follows from the Dominated Convergence Theorem that holds
for all (t1,to,...,t;) € T x [0,5)*1. Let now f1,n be a sequence of continuous
functions with compact support with the property that f; , T 1. By the above,
with f; replaced by fi, holds for all (¢1, s, ..., tx) € T;, X [0, )1 for an
appropriate T, C (0, s) with full measure . In particular T, = N, T, # 0, and
we can apply the Monotone Convergence Theorem with t; € Ty to conclude
that

k
v|(1—e o) H £i(Xtyqr) (1 — e P9)e ™ hy () (5.12)
k
S (o) ST Rt
for all ta, ..., tx < s. Applying once again the Monotone Convergence Theorem

for B; — 0o, — 0 we obtain

k k
£ & nhs(©) | =v | TT £(Xe)hs(0) (5.13)
j=2 j=2
for all t9,...,tx < s. Since k is arbitrary, we obtain our Lemma. O

Proof of Lemma Fix 0 < t1 < --- < t. Choose a sequence s, | ti.
It is clear that we can choose hs, so that hs,(¢) T 1y, <¢}- Lemma then
follows from Lemma by the Monotone Convergence Theorem. O

6 The loop measure and continuous additive func-
tionals

Before proving Theorem we will need two facts about continuous additive
functionals (CAFs). The first says that to each CAF A of X is associated a
measure v4 on S such that for any measurable function f

Uaf(zx / f(Xy) dA, = /Su(as,y)f(y) va(dy), Ve S. (6.1)

17



v4 is referred to as the Revuz measure of A. The second fact we need is that
if a CAF has Revuz measure v with respect to X, it has Revuz measure h - v
with respect to the h-transform of X. Following the proof of Theorem we
will discuss these facts and provide references.

Proof of Theorem To prove it is enough to prove the
additive functional version of . We consider first our Borel right process
X. These considerations will then be applied to the h-transform of X using
hy; = u(-, z) for fixed z € S.

Let A7 (j = 1,2,...) be CAFs of X with Revuz measures v;. Using the
Markov property, see for example Theorems 28.7 and 22.8 of [10], and
at the last step

n

B / Al (6.2)
{0<t1<ta< - <tp<oo} j=1 /

= E° / / dA? | 06, dA
0 {0<to< - <tn<oo} jUQ b th

= E° / EXn / dA? | dA}!

0 {0<to<-<tn<oo} JHQ € h

n

:/u(:n,:vl)E’“ / HdAg_ v1(dzy),
S {0<ta< <tp<oo} j=2 !

and then by induction

E” /{ [Td47 (6.3)

0<ty <tp<w-<tn<oo} jy
n
— [ uwayutan.a) - ulnr,mn) [ vy,
n
j=1

Notice that by our assumption that u(z,x1) is excessive in x for each x1, the
expressions in (6.3]) are excessive functions of z. Thus if n = (1) is an en-
trance law, then writing £" for the measure under which the one-dimensional
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distributions are given by the entrance law we have

n

E" / dAl (6.4)
{0<t1<tg<---<tn<oo}jl_I1 €

=1 lim / mi(dr) B / a4y,
tl0 Jg {0<t1<ta<-- <tn<oo}H

=1 lgf(r)l Snt(dl‘) /Sn U(%m)u(ﬂﬁbm)‘"U(iﬁn—biﬁn)HVj(dxj)

= /n gl@n)u(zy, z2) - u(wn_1,2n) [ [ vidzy),
j=1

where g(z1) :=1 limy o [ ne(dz)u(z, z1).

Now apply the above to the h-transform of the original process X, with
h, = u(-, z) for a fixed z € S, as described in Section This process has poten-
tial density u"*(x,y) = u(z,y)/h.(z) with respect to the measure h (y) m(dy).
Also, if a CAF has Revuz measure v with respect to X, it has Revuz measure
h. - v with respect to the h-transform process. Thus by

n

o /{ 0<t1<t2<...<tn<oo}]1;[dAgj (6.5)
[ ) s H (03) vj(day)

= hztaz) /n u(z, z1)u(zr, z2) - - - u(Tp—1, ) 1j1 j(dzj)

= hztl’) /n u(z, xy)u(zr, x2) - w(Tp_1, Tp) u(xy, 2 li[ j(dj).

When we use the entrance law 77 (dz) = P;(z,dx)h,(z), the function g of the
preceding paragraph is

0 ltifél n? (dx)uh (z, 1) =71 ltil%l Pz, dz)u(z,z1) = u(z, x1). (6.6)

Thus, using the definition of Q%* from Section

n
, t
Q“/ H dA —/ u(z, z1)u(zr, z2) - u(xy, 2 H (d;).
o<t <- <tn<oo n
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Similar considerations work for the a-potentials, and the argument given in

the proof of Theorem proves ((1.15)). O

We now discuss the facts mentioned at the beginning of this section.

Given a right-continuous strong Markov process X (more precisely, a Borel
right Markov process) and an excessive measure m, there is always a dual
process X (essentially uniquely determined), but in general it is a moderate
Markov process: the Markov property holds only at predictable times.

In what follows f and g are non-negative Borel functions on .S. By duality

/ F(@)Ug(x)m(dz) = / 0 f (4)g(y)m(dy), (6.8)
S S

where the kernel U is the potential kernel of the moderate Markov dual of X.
Under our assumptions it follows from [I, VI, Theorem 1.4] that the potential
density u can be chosen so that z — wu(x,y) is excessive for each y, and
y — u(z,y) is co-excessive (that is, excessive with respect to the moderate
Markov dual process X ) for each x. implies that

Uf(y) = [5 u(, ) f () m{de), (6.9)

for m-a.e. y. Since both sides of are co-excessive, they agree for all y.
By [3, (5.13)] we have the Revuz formula

/ F(@)Ung(z) m(dz) = / 01 (4)g(w)valdy), (6.10)
S S

where v4 is the Revuz measure of the CAF A with respect to m. Feeding

into (6.10) and varying f we find that
Uagla) = [ ulm)oto) va(dy). (6.11)

first for m-a.e. x, then for all = because both sides of are excessive.
This proves .

One subtlety: the laws P* of X are only determined modulo a class of
sets (“m-exceptional”) defined in [3], see (3.4) for the definition of the term,
and then Remark (5.14); but that class is not charged by v, so the exception
causes no problem.

To establish the second fact that we needed, let 74 be the right continuous
inverse of Ay, and let f be a positive measurable function. Using the change
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of variables formula, [2, Chapter 6, (55.1)] and then Fubini

E*/h ( /0 h F(Xy) dAt> = E/h < /0 h F(Xrw) du) (6.12)

= /oo Ex/h (f(XT(u)>) du.

0

Using [10} (62.20)] and then Fubini we have
[e.e] 1 o0
/ B (X)) du = s / E* (f(Xr@)h(Xrw) du (6.13)

0 0

- h(lm)E ( /0 " (X)) (X)) du) -

Using the change of variables formula once again, the last two formulas show
that

E*/h (/Ooo f(Xt)dAt> = h(lx)Ex </Ooo f(Xt)h(Xt)dAt> . (6.14)
Using we see that

ok ( [ ex dAt) ~ i L weadn. 615

This shows that if a CAF has Revuz measure v with respect to X, then it has
Revuz measure h-v with respect to the h-transform of X. (Recall that we use

% for the potential densities of the h-transform process).
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