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ABSTRACT. In this article we give an extention of the L2 —theory of anisotropic
singular perturbations for elliptic problems. We study a linear and some non-
linear problems involving LP data (1 < p < 2). Convergences in pseudo
Sobolev spaces are proved for weak and entropy solutions, and rate of conver-
gence is given in cylindrical domains

1. Introduction

1.1. Preliminaries. In this article we shall give an extension of the L?—theory
of the asymptotic behavior of elliptic, anisotropic singular perturbations problems.
This kind of singular perturbations has been introduced by M. Chipot [6]. From the
physical point of view, these problems can modelize diffusion phenomena when the
diffusion coefficients in certain directions are going toward zero. The L? theory of
the asymptotic behavior of these problems has been studied by M. Chipot and many
co-authors. First of all, let us begin by a brief discussion on the uniqueness of the
weak solution ( by weak a solution we mean a solution in the sense of distributions)
to the problem

—div(AVu) = f
{ u=0 on 0N (1)

where Q@ ¢ RY, N > 2 is a bounded Lipschitz domain, we suppose that f €
LP(Q) (1 < p < 2). The diffusion matrix A = (a;;) is supposed to be bounded and
satisfies the ellipticity assumption on €2 ( see assumptions (2) and (3) in subsection
1.2). Tt is well known that (1) has at least a weak solution in W, (Q). Moreover,
if A is symmetric and continuous and 9Q € C? [2] then (1) has a unique solution in
WyP(€). If A is discontinuous the uniqueness assertion is false, in [15] Serrin has
given a counterexample when N > 3. However, if N = 2 and if 01 is sufficiently
smooth and without any continuity assumption on A, (1) has a unique weak solution
in WO1 P(Q). The proof is based on the Meyers regularity theorem (see for instance
[13]). To treat this pathology, Benilin, Boccardo, Gallouet, and al have introduced
the concept of the entropy solution [4] for problems involving L! data (or more
generally a Radon measure).
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For every k > 0 We define the function 7}, : R — R by
_ s Lls[ <k
Tils) = { ksgn(z) |s| >k
And we define the space 7y introduced in [4].

u : ) — R measurable such that for any & > 0 there exists
7,%(Q) = (¢n) C HY(Q) : ¢, = Ti(u) ae in Q
and (V@,,)nen is bounded in L?(Q)

This definition of ’261’2 is equivalent to the original one given in [4].In fact, this
is a characterization of this space [4]. Now, more generally, for f € L!(Q) we have
the following definition of entropy solution [4].

Definition 1. A function u € 7,*(Q) is said to be an entropy solution to (1) if
/ AVu - VTi(u— p)dz < / fTi(u—@)dz, p € D(Q), k>0
Q Q

We refer the reader to [4] for more details about the sense of this formulation.
The main results of [4] show that (1) has a unique entropy solution which is also
a weak solution of (1) moreover since 2 is bounded then this solution belongs to

N W (9.

1<r<

N
N—-1

1.2. Description of the problem and functional setting. Throughout this
article we will suppose that f € LP(Q), 1 < p < 2, (we can suppose that f ¢ L*(Q)).
We give a description of the linear problem (some nonlinear problems will be studied
later). Consider the following singular perturbations problem

—div(AVu,) = f
{ uc =0 on 99 , (2)

where € is a bounded Lipschitz domain of RY. Let ¢ € N*, N — ¢ > 2. We denote
by x = (21,...,7x) = (X1, X2) € R? x RVN=4 i.e. we split the coordinates into two
parts. With this notation we set

_ T __ ‘7X1
V = (0pyss Ouy) _<VX2 ,

where
Vx, = (02y,.,02,)" and Vix, = (0pyyys s Ozy )"
Let A = (a;j(z)) be a N x N matrix which satisfies the ellipticity assumption
IN>0:AE-€> N[¢]° VE e RN for ae z € Q, (3)
and
a;j(z) € L*(Q),Vi,5=1,2,...., N, (4)
We have decomposed A into four blocks

A A
A=
( Agr Ago )’
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where Aj1, Ags are respectively ¢ X ¢ and (N — ¢) x (N — ¢) matrices. For
0 < € <1 we have set

A o < 62A11 6A12 >
¢ €Aor  Ago

We denote Qx, = {X, € RV77: (X1, X,) € Q} and Q' = PQ where P, : RV —
RP is the usual projector. We introduce the space

v u € LP(Q) | Vx,u € LP(Q),
P71 and for ae X; € Q' u(Xy,-) € WyP(Qx,)

We equip V), with the norm

1
lully, = (Il + IVl )

then one can show easily that (Vp, |||y, ) is a separable reflexive Banach space.
The passage to the limit (formally) in (2) gives the limit problem

—divx, (A22Vx,u0(X1,)) = f (X1,-) (5)
ug(X1,) =0 on 00y, X, e !

The L?-theory (when f € L?) of problem (2) has been treated in [8], convergence
has been proved in V5 and rate of convergence in the L?—norm has been given. For
the L?—theory of several nonlinear problems we refer the reader to [9],[10],[14].
This article is mainly devoted to study the LP?—theory of the asymptotic behavior
of linear and nonlinear singularly perturbed problems. In other words, we shall
study the convergence u. — ug inV, (Notice that in [9], authors have treated some
problems involving LP data where some others data of the equations depend on p,
one can check easily that it is not the LP theory which we expose in this manuscript).
Let us briefly summarize the content of the paper:

e In section 2: We study the linear problem, we prove convergences for weak
and entropy solutions.

e In section 3: We give the rate of convergence in a cylindrical domain when
the data is independent of X;.

e In section 4: We treat some nonlinear problems.

2. THE LINEAR PROBLEM

The main results in this section are the following

Theorem 1. Assume (3), (4) then there exists a sequence (ue)o<e<1 C WOLP(Q)
of weak solutions to (2) and ug € V,, such that €Vx,ue — 0 in LP(Q), ue — up in
V,, where ug satisfies (5) for a.e X1 € QL.

Corollary 1. Assume (3), (4) then if A is symmetric and continuous and 0Q € C?,
then there exists a unique ug € V), such that ug(X1;-) is the unique solution to (5)
m Wol’p(QXI) for a.e X1. Moreover the sequence (ue)o<e<1 of the unique solutions
(in Wy () to (2) converges in V, to ug and €V x,ue — 0 in LP(S).

Proof. This corollary follows immediately from Theorem 1 and uniqueness of the
solutions of (2) and (5) as mentioned in subsection 1.1 (Notice that 9Qx, € C?). O
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Theorem 2. Assume (3), (4) then there exists a unique ug € V), such that uo(Xy,-)
is the unique entropy solution of (5). Moreover, the sequence of the entropy solu-
tions (ue)o<e<1 Of (2) converges to ug in V, and eV x,uc — 0 in LP(Q).

2.1. Weak convergence. Let us prove the following primary result
Theorem 3. Assume (3), (4) then there exists a sequence (uc, )ren C Wo* () of

weak solutions to (2) (e — 0 as k — o0) and ug € V), such that V x,ue, — Vx,uo,
e Vx,ul, =0, ue, = ug in LP(Q — weak. and ug satisfies (5) for a.e X1 € Q'

Proof. By density let (f,)nen C L2(2) be a sequence such that f,, — f in LP(Q),
we can suppose that Vn € N :||f,]|;,, < M, M > 0. Consider the regularized
problem

u € HY (), / ANVul - Vpdr = / fapdx , 0 € D(Q) (6)
Q Q

Assumptions (2) and (3) shows that u” exists and it is unique by the Lax-
Milgram theorem. (Notice that u” also belongs to W,**(2)). We introduce the
function

t

(t) = /(1 + |s[)P~2%ds, t € R
0

This kind of function has been used in [3]. We have '(t) = (1 + [t/)?"2 < 1 and
6(0) = 0, therefore we have 0(u) € H}(Q) for every u € H}(Q). Testing with 6(u?)
in (6) and using the ellipticity assumption we deduce

Ae2/ (1+ [ul )P~ |V, u? | da + A / (1 + [ul)P~2 |V x| da
Q Q

= / fnb(ul)dz < L/ | fl (1 [u )P~ da,
Q p—1Jq

where we have used [0(t)| < %
p

we have

13
/ Ve 0 P d < (/(1+|u?|)”_2|vx2u?|2daz> </(1+|u’j|)pdw>
Q Q Q

From the two previous integral inequalities we deduce

) 5
Vx,ul | dx < </ nl (14 |ug pldz) X
PR e W AL A

(/9(1 - |u2k])pda:>l_

1

IV, udll o) < <2AI(I;%_I§)> 2 (/9(1+ |“?)pdm> ’ (7)

Using Minkowki inequality we get

n|2 n
IVxoud Lo ) < O+ [[wd | Lo (o),

. In the other hand, by Hélder’s inequality

P
2

By Holder’s inequality we get



ON THE LP-—THEORY OF ANISOTROPIC SINGULAR... 5

Thanks to Poincaré’s inequality [[u'[| . o) < Ca [Vx,ug || sy We obtain

n|2 n
IVxud |10y < 'L+ IVx,ul | o)
where the constant C’ depends on p, A, mes(Q2), M and Cq. Whence, we deduce

Hu?HLP(Q)7 HVX2U’?||LP(Q) <c” (8)
Similarly we obtain
HeVXW?HLp(Q) <c”, (9)
where the constants C”, C"" are independent of n and €, so
" Const
g HWLP(Q) < — (10)

€

Fix ¢, since WP() is reflexive then (10) implies that there exists a subsequence
() en and ue € WyP(€) such that uld oy, € Wy P(Q) (as | — o) in
WLP(Q)—weak. Now, passing to the limit in (6) as [ — oo we deduce

/ AVue - Vodr = / feodx , ¢ € D(Q) (11)
Q Q

Whence u, is a weak solution of (2) (ue = 0 on 9 in the trace sense of
WP —functions, indeed the trace operator is well defined since 99 is Lipschitz).
Now, from (8) and (9) we deduce

u?l(f)

<
Lr(Q)

el ey < liminf'
l—o0
and similarly we obtain

HEVXlufnLP(Q)» ||VX2u5||LP(Q) <

Using reflexivity and continuity of the derivation operator on D’({2) one can
extract a subsequence (uc, )xen such that Vx,u., — Vx,uo, eV, ul, — 0, ue, —
ug in LP(Q) — weak. Passing to the limit in (11) we get

/ A2V x,up - Vx,odr = / fedx , € D(Q) (12)
Q Q

Now, we will prove that uyg € Vj. Since Vx,u,, — Vx,up and u,, — up in
LP(2) — weak then there exists a sequence (Up)nen C conv({ue, },cy) such that
Vx,Un — Vx,ug in LP(Q) — strong, where conv({ue, }cy) is the convex hull of
the set {uc, },cn- Notice that we have U, € W, P(€2) then -up to a subsequence-
we have U,(X,) € Wi*(Qx,), ae X; € Q. And we also have -up to a
subsequence- Vx,U,(X1,:) — Vx,uo(X1,.) in LP(Qx,) — strong a.e X; € QL
Whence uo(X1,.) € Wy *(Qx,) for a.e X; € QL so ug € V.

Finally, we will prove that ug is a solution of (5). Let E be a Banach space, a

family of vectors {e, }, o in E is said to be a Banach basis or a Schauder basis of £/

if for every x € F there exists a family of scalars (a,)nen such that o = Z Qpén,
where the series converges in the norm of E. Notice that Schauder basisndges not
always exist. In [11] P. Enflo has constructed a separable reflexive Banach space
without Schauder basis!. However, the Sobolev space VVO1 (1< 7<) hasa
Schauder basis whenever the boundary of the domain is sufficiently smooth [12].
Now, we are ready to finish the proof. Let (U; x V;);en be a countable covering of {2



6 CHOKRI OGABI

such that U; x V; € Q where U; € R9,V; € RV~9 are two bounded open domains,
where 0V is smooth (V; are Euclidian balls for example), such a covering always
exists. Now, fix ¢ € D(V;) then it follows from (12) that for every ¢ € D(U;) we
have

/ (del/ A22vx2u0 . szdeQ = / (,OXm/ f’(/JdXQ
Ui Vi Ui Vi
Whence for a.e X; € U; we have

/A22(X17')VXQUO(X1a')'VX2¢dX2 =/ f(X1,)dXs
\% Vi

i

Notice that by density we can take ¢ € Wol’p/(Vi) where p’ is the conjugate of

p. Using the same techniques as in [8], where we use a Schauder basis of W, ” l (V2)
and a partition of the unity, one can easily obtain

A22(X17 ')VquU(le ) : VXﬁpdx = / f(le )‘dev S D(Q)a
Qxl QX1

for a.c X; € Q'. Finally, since uo(X1,-) € Wy (Qx,) (as proved above) then
uo(X1,-) is a solution of (5) (Notice that Qx, is also a Lipschitz domain so the
trace operator is well defined). (]

2.2. Strong convergence. Theorem 1 will be proved in three steps. the proof
is based on the use of the approximated problem (6). In the first step, we shall
construct the solution of the limit problem

Stepl : Let u” € H}(Q) be the unique solution to (6), existence and uniqueness
of u? follows from assumptions (3), (4) as mentioned previously. One have the
following

Proposition 1. Assume (3), (4) then there exists (ul)nen C Va such that eu? — 0
in L2(Q), u® — ul in Va for every n € N, in particular the two convergences holds
in LP(Q) and V, respectively. And uf is the unique weak solution in Vs to the
problem

{ divx, (A22 (X1, ) Vx,ud(X1,) = fu(X1,-), X3 € Q!

ul(X1,-) =0 on 00x, (13)

Proof. This result follows from the L?—theory (Theorem 1 in [8]), The convergences
in V, and LP(Q) follow from the continuous embedding Vo — V},, L*(Q) — LP(Q)
(p <2). O

Now, we construct ug the solution of the limit problem (5). Testing with
¢ = O(uf(X1,-)) in the weak formulation of (13) (6 is the function introduced
in subsection 2.1) and estimating like in the proof of Theorem 3 we obtain as in (7)

||VX2u6L(X17 ')”LP(QXI)

1

1560 Moo, ) i)
= ( Ap—1) ) X(/QXI(HIUMXU)I) dXz) (14)
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Integrating over Q! and using Cauchy-Schwaz’s inequality in the right hand side
we get
%
p
I9xs08 ey < C Ul [ 1+ u7d0)
and therefore
2
IVxug o) < C'(L+ lugllLogoy)
Using Poincaré’s inequality [[uf1»q) < Cal[Vx,ugllps(q) ( which holds since
up(X1,-) € Wy P(Qx,) a.e X; € Q'), one can obtain the estimate
[ug || o (o) < C” for every n € N, (15)

where C” is independent of n. Now, using the linearity of the problem and (13)
with the test function 0(uf (X1, ) —ul'(X1,)), m,n € N one can obtain like in (14)

IV, (ug (X5 ) = ug" (X1, )l Lo ey, )

15X = Fn XM o\
S( Ap—1) ) "

( /Q 1+ [ (X1, ) — (X, ->>de2>

integrating over Q! and using Cauchy-Schwarz and (15) yields

Hsz(ug - ugl)”Lp(Q) < C an - fm”]%p(g) ’

where C' is independent of m and n. The Poincaré’s inequality shows that

1
Hug - Uomva < c’ ”fn - fm”zp(Q)

Since (fn)nen is a converging sequence in LP () then this last inequality shows
that (uf})nen is a Cauchy sequence in V,,, consequently there exists ug € V,, such
that uf — wo in V,,. Now, passing to the limit in (6) as ¢ — 0 we get

/ AssV sl -V x, pd X = / FrpdXs, ¢ € D(Q)
Q Q

Passing to the limit as n — oo we deduce

/ A2V x,up - Vx,pdXo = / JfedXs, ¢ € D(Q)
Q 0

Then it follows as proved in Theorem 3 that wug satisfies (5). Whence we have
proved the following

Proposition 2. Under assumption of Proposition 1 there exists ug € V}, solution
to (5) such that uf — ug in V), where (uf)nen is the sequence given in Proposition
1

Step2 : In this second step we will construct the sequence (ue)o<e<1 solutions
of (2), one can prove the following
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Proposition 3. There exists a sequence (uc)o<c<1 C WoP(Q) of weak solutions to
(2) such that u? — u. in WHP(Q) for every € fived. Moreover, u? — u. in 'V, and
eVx,ul — eVx,ue, uniformly in e.

Proof. Using the linearity of (6) testing with 8(u? — u™), m,n € N we obtain as in

(7)
||fn—fmm>5 (/ )

Vx,ul —ul||;p < | —= 1+ [ul —ul|)?

1V . ( s dul [(1+] )

And (8) gives

1
HVXz(u? - uzn)”Lp(Q) <C an - fm”zp

where C' is independent of € and n, whence Poincaré’s inequality implies

lug —ully, < C"lfn — fnllZs (16)
Similarly we obtain
1€V x, (ue = u) o) < C” I fn = fmll 2o (17)

its follows that
HUE — U, ||W1,P Q < — ”fn - fm”LP
() €

The last inequality implies that for every e fixed (u”),en is a Cauchy sequence in
Wy (Q), Then there exists u, € Wy (Q) such that u” — u, in WH?(Q), then the
passage to the limit in (6) shows that u. is a weak solution of (2). Finally (16) and
(17) show that u? — u. (resp eV x,ul — eVx,ue) in V, (resp in LP(2)) uniformly
in e. (]

Step3 : Now, we are ready to conclude. Proposition 1, 2 and 3 combined with
the triangular inequality show that u. — ug in V), and eVx,u — 0 in LP(Q2), and
the proof of Theorem 1 is finished.

2.3. Convergence of the entropy solutions. As mentioned in section 1 the
entropy solution u. of (2) exists and it is unique. We shall construct this entropy
solution. Using the approximated problem (6), one has a WP —strongly converging
sequence u; — Ue € WO1 P(Q2) as shown in Proposition 3. We will show that
ue € T,(R). Clearly we haveTy(u?) € HZ () for every k > 0. Now testing with
Ti(u?) in (6) we obtain

/ ANVU? - VT (u?)dz = / fnTi(ul)ds
Q Q

Using the ellipticity assumption we get

s Mk
/Q|VTk(Ue)| Sm (18)

Fix €, k, we have u — u, in LP(Q) then there exists a subsequence (u?");en such
that 4" — u. a.e x € Q and since T} is bounded then it follows that T (ul*) —
Ti(uc) a.e in Q and strongly in L2(92) whence u, € T, *(2).

It follows by (18) that there exists a subsequence still labelled T} (ul*) such
that VT (u™) — ve ) € L*(Q).The continuity of V on D’(2) implies that v =
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VT (ue), whence Ty (u™) — Ty (uc) in H(Q). Now, since Ty (u™) € H(Q) then
we deduce that T (u.) € HE(Q).
It follows [4] that

/ AVue - VT (ue — @)dr < / Tk (ue — @)dx
Q Q

Whence u, is the entropy solution of (2). Similarly the function ug (constructed
in Proposition 2) is the entropy solution to (5) for a.e X; The uniqueness of ug in
V, follows from the uniqueness of the entropy solution of problem (5). Finally, the
convergences given in Theorem 2 follows from Theorem 1.

Remark 1. Uniqueness of the entropy solutions implies that it does not depend on
the choice of the approximated sequence (fp)n.-

2.4. A regularity result for the entropy solution of the limit problem.
In this subsection we assume that 2 = w; X ws where wi, wy are two bounded
Lipschitz domains of RY, RV~9 respectively. We introduce the space

={uel’(Q)|Vx,ueL’(Q)}
We suppose the following
f e W, and Ags(x) = A (Xs) i.e Ay is independent of X; (19)

Theorem 4. Assume (3), (4), (19) then ug € WHP(Q), where ug is the entropy
solution of (5).

Proof. Let (u}) the sequence constructed in subsection 2.2, we have uj — wug in
Vp, where g is the entropy solution of (5) as mentioned in the above subsection.

Let w} CC w; be an open subset, for 0 < h < d(dwi,w}) and for X; € w} we
set 7iull = ul (X1 + he;, X2) where e; = (0, .., 1,..,0) then we have by (13)

AoV x, (Thug — ug) - Vx,pdXsy = / (Thtfn — fa)edXa , ¢ € D(ws)
wa

w2

where we have used Ags(z) = Aga(Xs).

t
We introduce the function 6;(¢ / (6+1s))P"%ds, 6 > 0, t € R we have
0

0 < 85(t) = (6 +[¢])" "> < 67 and |65(1)] < 247

)
Testing with ¢ = 05 (Thuo —ug ) € H (wa). To make the notations less heavy we
set

Thug —ug  (Thfa = fn)

= — F
v h ’ h
Then we get
05 (U) AgsV x, U - Vx, Ud X — / FO5(U)dXs

Using the ellipticity assumption for the left hand side and Holder’s inequality
for the right hand side of the previous inequality we deduce

p—1

9 5
A GO 9x0R e < 2Pl ([ 6+ o))

w2 2
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Using Holder’s inequality we derive

2—-p

VUl < ([ GO Fxvtax) ([ g™ )
<(—2 _yF /(5+|U|)de SR
- /\(p - 1) Lp(we) wo 2

Then we deduce

2 2
19501 ) < 3y Wl (]

Now passing to the limit as 6 — 0 using the Lebesgue theorem we deduce

(6 + (U] dXQ) '

2

1

2 2 P P
[ X
HVXQUHLP(wg) = /\(p o 1) HFHLP(UJQ) </w2 (|U‘) d 2) 3

and Poincaré’s inequality gives

2C,
HVXzU”LP(wz) < /\( ) H ||LP (w2)

Now, integrating over w) ylelds

) n

Thto — Yo
h

” Thfn fn)

LP(w) xws) >\ LP(w) xws)

Passing to the limit as n — oo using the invariance of the Lebesgue measure
under translations we get

T ZUO — Up H
h Lr(w) ><w2)
Whence, since f € W, then

LP(w) xws)

T;LUQ — Up

<
h =

LP(w) xw2)

where C'is independent of h, therefore we have V x,ug € LP(£2). Combining this
with ug € V), we get the desired result. O

3. THE RATE OF CONVERGENCE THEOREM

In this section we suppose that 2 = w; X ws where wi,ws are two bounded
Lipschitz domains of R? and RV 9 respectively. We suppose that Ao, Ayy and f
depend on X5 only i.e Aja(z) = A12(X2), Asa(x) = Aga(X2) and f(x) = f(X2) €
LP(w2) (L <p<2), f ¢ L*(wa).

Let uc, up be the unique entropy solutions of (2), (5) respectively then under the
above assumptions we have the following

Theorem 5. For every w} CC wy and m € N* there exists C > 0 independent of
€ such that

Hue - u0||Wp(w’1><w2) < Ce™
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Proof. Let ue, ug be the entropy solutions of (2), (5) respectively, we use the ap-
proximated sequence (ul)e.rn, (uf)r introduced in section 2. Subtracting (13) from
(6) we obtain

/ ANV (ul —uy) - Vdr =0,
Q

where we have used that v is independent of X; (since f and Agg are indepen-
dent of X7) and that Ay5 is independent of X;.

Let w} CC wy then there exists w] CC w! CC wy. We introduce the function
p € D(wy) such that Supp(p) C wf and p = 1 on w}( we can choose 0 < p < 1)
Testing with ¢ = p205(u? — ul) € H}(Q) (we can check easily that this function
belongs to Hg (£2) using approximation argument) in the above integral equality we
get

[ P~ ) AT (Wl ) - Vi — )da
Q
—/ pOs(uy —ug)ANV (ul — uy) - Vpdz
Q
= —62/ pOs(ug —ug)AnVx, (uf —ug) - Vx, pdz
Q

.y / PB5 (Ul — ul) Ara Vi, (u — ul) - Vx, pic
Q

where we have used that p is independent of Xs.
Using the ellipticity assumption for the left hand side and assumption (4) for
the right hand side of previous equality we deduce

2)\/95 ud—ug) [pVx, (ud = ug)| d$+)\/95 (ug —ug) [PV x, (ug —u0)| dx
<0 [ plbs(ut — )| |V, (a7~ u)| da
Q

e [ plosur — up)] IV (u? )| do
Q

2 b2
Where C' > 0 depends on A and p. Using Young’s inequality ab < ;L— + e for
c

the two terms in the right hand side of the previous inequality we obtain
2 A /Ion A )
3/ 05 (ul —uf) |pV x, (ul — )| do+3 ; 05 (ul —up) |V x, (ul — ug)[* der
<ecr [ o~ ap) ur ~ )
" we
Whence

A A
@5 [ o) oV 2 =) da [ =) 1oV )P da

4
< 7620// (0 + |ul — ug|)Pdx
(p - 1)2 wi Xwa 0

where C” is independent of € and n
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Now, using Holder’s inequality and the previous inequality we deduce

A n ny|2 A n ny (12
625 1PV x, (u — uO)”LP(Q) + 9 1PV x, (ug — Uo)”Lp(Q)
Jo 05(ul — ) |V x, (u? — up)[* dw

(up —
o O5(ul — uf) |pV x, (u? — uf)| da

2-p

(/ (5+|u?u8|)pdx>
wi Xwo

]’ /
< —¢ 0+ |ul —ug|)Pdx
T (wa T )

Passing to the limit as § — 0 using the Lebesgue theorem. Passing to the limit
as n — oo we get

[\v]

_|_ ™M
> >

<

1M

2 2
|V, (ue — u0)||Lp(w'1><w2) + [ Vx, (ue — UO)”LP(W'IXW) (20)

2
< 0" l(ue — o) )

Using Poincaré’s inequality

[ (ue — uO)HLF(w/l’)(g,gz) < Cu, [[Vx, (ue = UO)”Lp(w/l'sz) )

we obtain

2 2
¢ ||VX1 (ue - uO)”LP(w'leQ) + ”sz ('U,e - uO)”Lp(w'le_;Q)

2
< O ||Vx, (ue — w0) | 2 (o s

Let m € N* then there exists w] CC w] CC ...wgmﬂ) CC wi. Iterating the
above inequality m—time we deduce

2 2
||V x, (ue — UO)”Lp(w'lwa) + IV, (ue — u0)||Lp(w/1><w2)

< Cm€2m ||VX2 (Ue - uO)”ip(w(lm)Xu,z)

) +1)

Now, from (20) (with w)} and w/ replaced by wgm and w(lm

deduce

respectively) we

2 2
|V x, (ue — UO)HLP(O.)IIXOJQ) + IV, (ue — UO)”LP(UJ'IXWQ)
2
< C;n€2(m+1) ||u€ - UOHLP(M({YL*U Xwa)
Since ue — uo in LP(€2) then [lue — uol| s () is bounded and therefore we obtain
HUE - uO”WT’(w’leg) < C;;Lem

And the proof of the theorem is finished. |

Can one obtain a more better convergence rate? In fact, the anisotropic sin-
gular perturbation problem (2) can be seen as a problem in a cylinder becoming
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unbounded. Indeed the two problems can be connected to each other via a scaling

€ = ¢ (see [5] for more details). So let us consider the problem

P @
where A = (@;;) is a N x N matrix such that
a;j € L(R? x w9) (22)
IN>0: AL - € > A€ VE e RN for ae z € RY X wy, (23)

Qy = flwy; X wy a bounded domain where wi, ws are two bounded Lipschitz
domain with w; convex and containing 0.

We assume that f € LP(w2) (1 < p < 2) and Agy(z) = Agp(Xa), Aja(z) =

Apa(X2).
We consider the limit problem
- diV(A22VX2uOO) = f
{ Uso = 0 on Ows (24)

Then under the above assumptions we have

Theorem 6. Let uy, us be the unique entropy solutions to (21) and (24) then for
every a € (0,1) there ezists C > 0,c > 0 independent of { such that

HV(UZ - U’OO)HWI,p(QQI{) S Ce_ce

Proof. Let uy, us the unique entropy solutions to (21) and (24) respectively, and
let (u}) and (ul,) the approximation sequences (as in section 2). we have u} — wuy
in Wy (Q) and u”, — s in WyP(ws).Subtracting the associated approximated
problems to (21) and (24) and take the weak formulation we get

/ AV (u} —u )\Veods =0, p € D(Q) (25)
Q

Where we have used that 12122, 121127 ul, are independent of X;. Now we will use

the iteration technique introduced in [7], let 0 < £y < £ — 1, and let p € D(R?) a
bump function such that

0<p<1,p=1onfyw; and p=0on RN ({o+ w1, |Vx,p| <co

where cg is the universal constant (see [5]). Testing with p*0s(u} — u) € Hg(Q)
in (25) we get
Aot — ) AV~ ) - VO~
+ /Q pOs(ul — u YAV (uf —u”) - Vpdz = 0
Using the ellipticity assumption (23) e

/Q RO (uf — u) |V (u — ) da
14

<2 [ plostup — w)] [V — )| IVplda
Qp
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Notice that Vp = 0 on Qy,, and Qp, C Qg,+1 ( since wy is convex and containing
0). Then by the Cauchy-Schwaz inequality we get

/ P20 (up — ) [V (u — )2 da

Q

< 2¢0C p0s(ug — ul)| |V (uf —ul,)| dw
Qg+1\ Qg

2

< 2¢yC </ 0205 (uy — u™) |V (uf — ugo)de> X
Q

( / 0 — )2 B (uf — u&)ldm)
Qeo+1\ Q¢

where we have used (22). Whence we get ( since p =1 on Q)

N

[y — ) [V — )P < / PO — ) [V (uf — )2 de
20 Ji

deoC\
(CO > / (6 + |ul — ul|)Pda
p—1 Qgo+1\ Qe

From Holder’s inequality it holds that

n n (2
196 — )

< ( es<u7—u1:o>|wuz—uzo>|2dw> ( /
ng ng
2
< (4“‘)0) / 0+ 1up —ufras ) ( [
p—1 Qg 1\ Q

Passing to the limit as § — 0 (using the Lebesgue theorem) we get

2-p

p

(0 + |uf — U?’.ol)pdfﬂ>

2-p

p

(0 + fug - uwdm)

Lo

n n \|2
Hv(ué - uoo)”Lp(QgO)

<G / lup —u |V dz | x /
Qeg+1\ Qg Q

where we have used 0 < p < 1. Using Poincaré’s inequality

2-p

=
ug —ug |’ dfﬂ) ;

)

IV (uf = ui )l o,y < Con IV (uf = ui ) 1o qy,)
we get
IV (ug — ugo)”ip(ngo) < O f|ug — uTolo”ZL)p(QZOH\QeO)
Using Poincaré’s inequality

g — ugo”[,p(g%ﬂ\mo) < Cu, [[V(uf — ugo)”;;p(g,zoﬂ\géo)

190~ w22y < Ca IV (0~ 02 e vy
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Whence

IV (ug — uoo)”[ip(ﬂeo) < Citl IV (ug — uoo)||[£p(QeO+1)

Let a € (0, 1), iterating this formula starting from af we get

905 = rin, < (o) IV = )

Whence

IV (ug — UZO)HLP(QM) < e |V (uy — ugo)HLp(Qz) (26)

where ¢, ¢’ > 0 are independent of £ and n.
Now we have to estimate the right hand side of (26). Testing with 6(u}) in the
approximated problem associated to (21) one can obtain as in subsection 2.1

HVU?HLP(QZ) <cr (27)

Similarly testing with #(u’) in the approximated problem associated to (24).
we get

n a
IVus |l 1o,y < C'C2 (28)
Replace (28), (27) in (26) and passing to the limit as n — oo we obtain the
desired result. O

Corollary 2. Under the above assumptions then for every a € (0,1) there exists
C >0, ¢ > 0 independent of € such that

c
e — U010 (qy xwp) < C€ €
where ue, ug are the entropy solutions to (2) and (5) respectively

Remark 2. [t is very difficult to prove the rate convergence theorem for general
data. When f(x) = fi1(X2) + fa(z) with fi € LP(wz2) and fo € Wy we only have
the estimates

€ ||VX1 (us - UO)”LP(UJ’IXUJZ) + ||VX2 (ue - uO)||L1’(w’1><w2)

+ Hue - uOHLP(w’lxwg) < Ce

This follows from the linearity of the equation, Theorem 5 and the L?—theory [8].

4. SOME EXTENSIONS TO NONLINEAR PROBLEMS AND APPLICATIONS

4.1. A semilinear monotone problem. We consider the semilinear problem

{ —div(AVaue) = f + alue)

u. =0 on 9N (29)

Where the a : R — R is a continuous nonincreasing function which satisfies the
growth condition

Vo eR: |a(z)] < K(1+ |2]), K >0 (30)
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and f € LP(Q) where 1 < p <2, f ¢ L?(Q) and A is given as in Subsection
1.2. Clearly the Nemytskii operator v — a(u) maps L"(2) — L™ () continuously
for every 1 < r < 0o. The passage to the limit (formally) gives the limit problem

{ —divx, (A2 (X1, ) Vue(X1, ) = f(X1,") + a(uo(X1,)) (31)
uo(X1,-) =0 on 0Qx,

We can suppose that a(0) = 0. Indeed, in the general case the right hand side
of (29) can be replaced by (a(0) 4+ f) + b(xz) where b(x) = a(x) — a(0). Clearly b is
continuous nonincreasing and satisfies |b(z)| < (K + |a(0)])(1 + |z|).

First of all, suppose that f € L?(2),then we have the following

Proposition 4. Assume (3), (4) and a(0) = 0. Let u. be the unique weak solution
in HE () to (29) then eVx,uc — 0 in L*(Q) and ue — ug in Vo where uqg in the

unique solution in Va to the limit problem (31).

Proof. Existence of u, follows directly by a simple application of the Schauder fixed
point theorem for example. The uniqueness follows form monotonicity of ¢ and the
Poincaré’s inequality.

Take u, as a test function in (29) then one can obtain the estimates

elVxiuell 2y IVxatellpz2oy s l[uellp2) < C,

where C' is independent of €, we have used that [, a(uc)ucdz < 0 (thanks to
monotonicity assumption and a(0) = 0). And we also have (thanks to assumption

(30))
la(ue) | L2y < K(QI% +C)

so there exists v € L*(Q), uo € L*(Q), Vx,up € L*(2) and a subsequence
(te, )en such that

a(te,) = v, €Vx,te, — 0, Vx,ue, = Vx,uo, U, — Up i L2(Q)—Weak
(32)

Passing to the in the weak formulation of (29) we get
/AQQVXQUO -Vx,pde = / fodx —I—/ vpdz, ¢ € D(Q) (33)
Q Q Q

Take ¢ = u,, in the previous equality and passing to the limit we get

/AQQVXZUO'VX2UOd.T:/f'LLOd.’L' +/UUQd£C (34)
Q Q Q
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Let us computing the quantity
VX, e, Vx, e,
0< I, = AeV 1 7€k . 1 ek d
= /Q * < Vx, (te, — uo) ) ( Vx, (e, — o) ) v
- [ (atue)  afuo)) (s, — uo)dz
Q
= [ fuedz — e/ A12Vx,u0 - Vx, tue, do — e/ A21Vx, ue, - Vx,uode
Q Q Q
— / AQQVquEk -VXZU()dl' —/ A22vx2u0 . szuekdx
Q Q
+/ fuoda;+/ vuod:v—l—/ a(ug)ue, dx
Q Q Q
+ / a(ue, Jupdx — / a(ug)uodz
Q Q

(This quantity is positive thanks to the ellipticity and monotonicity assump-
tions).
Passing to the limit as k — oo using (32), (33), (34) we get

limI, =0
And finally The ellipticity assumption and Poincaré’s inequality show that
16V s 00 gy 19 (g = 60)ll oy » Nty — toll oy — 0 (35)
Whence (33) becomes
/AQQVX2UO -Vx,pdx = / fodz —|—/ a(ug)edz, ¢ € D(Q) (36)
Q Q Q

IV x5 (e, = o)l p2(q) — O shows that ug € V2, and therefore

/ ApVyuo - Vspde = | fode + / a(uo)pdz, ¢ € D(Qy,)
QXl QXI

Qx,

Hence ug(X71,-) is a solution to (31). The uniqueness in H}(Qx,) of the the
solution of the limit problem (31) shows that wg is the unique function in V5
which satisfies (36). Therefore the convergences (35) hold for the whole sequence
(Ue)o<e<t- (|

Now, we are ready to give the main result of this subsection

Theorem 7. Suppose that f € LP(Q) where 1 < p < 2 (we can suppose that
f & L*(Q)) then there exists ug € V,, such that uo(X1,-) is the unique entropy
solution to (31) and we have ue — ug in Vy, €Vx,u. — 0 in LP(QY), where u is the
unique entropy solution to (29).

Proof. We only give a sketch of the proof. Existence and uniqueness of the entropy
solutions to (29) and (31) follows from the general result proved in [4]. As in
proof of Theorem 2 we shall construct the entropy solution u.. we consider the
approximated problem

—div(AVul) = fn +aul)
ul =0 on N2
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We follows the same arguments as in section 2, where we use the above propo-
sition and the following

/(a(u) —a()f(u —v)dz <0
Q

Which holds for every u,v € L?(Q), in fact this follows from monotonicity of a
and 6. ([l

4.2. Nonlinear problem without monotonicity assumption. Suppose that
Q) = wy X we where w1, wo and consider the following nonlinear problem

—div(AcVu,) = f + B(ue)
{ uc=0 on 9 (37)

Where f € LP(Q), 1 < p < 2 and B : LP(Q) — LP(Q) is a continuous nonlinear

operator. We suppose that
M >0, Yu e L(Q) : |B@)| . < M (38)

Proposition 5. Assume (3), (4),and (38) then:
1) There exists a sequence (uc)o<c<1 C Wy P(Q) of an entropy solutions to (37)
which are also a weak solutions such that

€ ||VX1UG||LP(Q) ’ ”vXQuEHLP(Q) ’ HU‘E”LP(Q) < CO,
where Cy > 0 is independent of €( the constant Cy depends only on Q, A, f and
2) If (uc)o<e<1 is a sequence of entropy and weak solutions to (37) then we have
the above estimates.

Proof. 1) The existence of u. is based on the Schauder fixed point theorem, we
define the mapping I' : LP(Q2) — LP(Q2) by

ve LP(Q) — D(v) = v. € WyP(Q)
where v, is the entropy solution of the linearized problem

—div(A Vo) = f+ B(v)
{ ve=0 on N (39)

Since the entropy solution is unique then I" is well defined. we can prove easily
(by using the approximation method) that I' is continuous. As in subsection 2.1

we can obtain the estimates
elVxituelpoy s Vxatellpo) tellprq) < Co

where C is independent of € and v (thanks to (38))
Now, define the subset

K ={ue Wi (@) s €|V x,0l ooy » IVstllogey s lllnga) < Co}

The subset K is convex and compact in L?(Q2) thanks to the Sobolev compact
embedding W, ¥ () C L?(Q).

The subset K is stable under T' (since Cj is independent of v as mentioned
above). Whence T admits at least a fixed point u. € K, in other words u, is a weak
solution to (37) which is also an entropy solution, this last assertion follows from
the definition of I'.
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2) Let (ue)o<e<1 be a sequence of entropy and weak solutions to (37) u. is the
unique entropy solution to (39) with v replaced by u. and therefore we obtain the
desired estimates as proved above. O

Remark 3. In the general case the entropy solution u. of (87) is not necessarily
unique.

Now, assume that

f(@) = f(X2), A2a(z) = A2(X2), A12(2) = A12(X2) (40)
And assume that for every E C W), bounded in LP(2) we have
conv {B(E)} C Wa, (41)

where conv { B(E)} is the closed convex-hull of B(FE) in LP(€2). Assumption
(41) appears strange. We shall give later some concrete examples of operators
which satisfy this assumption. Let us prove the following

Theorem 8. Assume (3), (4), (38), (40) and (41). Let (uc)o<e<1 C WyP() be
an entropy and weak solution to (37) then for every Q' CC Q there exists Cqr > 0
independent of € such that

VG . ||U€HW1’P(Q’) S CQ/

Proof. The proof is similar the one given in our preprint [14]. Let (€2;),en an open
covering of 2 such that Q; C Q;;. We equip the space Z = Wlif(ﬂ) with the
topology generated by the family of seminorms (p;);en defined by

pi(w) = [luellwis ;)

Equipped with this topology, Z is a separated locally convex topological vector
space. We set Y = LP(Q) equipped with its natural topology. We define the family
of the linear continuous mappings

A:Y =7
defined by: g € Y, A.(g9) = v, where v is the unique entropy solution to

—div(A Vo) =g
ve =0 on 0N

The continuity of A, follows immediately if we observe A, as a composition of
Ac: Y — Y and the canonical injection Y — Z

Now, we denote Z,, Y, the spaces Z, Y equipped with the weak topology
respectively. then A, :Y,, — Z, is also continuous.

Consider the bounded (in Y') subset

By ={ueW, |l < Co}

where Cj is the constant introduced in Proposition 5. Consider the subset
G = f + conv{B(Fy)} where the closure is taken in the LP—topology. Thanks
to assumption (41) and (38) G is closed convex and bounded in Y. Now for every
g € G the orbit {A.g}, is bounded in Z thanks to Remark 2. And therefore {Acg},
is bounded in Z,,.
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Clearly the set G is compact in Y,,. Then it follows by the Banach-Steinhaus
theorem (applied on the quadruple A., G, Y,, Z,) that there exists a bounded
subset F' in Z,, such that

Ve: A(G)C F

The boundedness of F' in Z,, implies its boundedness in Z.i.e For every j € N
there exists C; > 0 independent of € such that

Ve :pi(Ac(G)) < Cj
Let u, be an entropy and weak solution to (37) then we have u, € Ey as proved
in Proposition 5 then A (f + B(u.)) = u. € F for every e, therefore
VG . ||U€HW1’1"(QJ') S Cj
Whence for every ' CC Q there exists Cr > 0 independent of € such that

Ve : ||u6HW1‘,,(Q,) < Co

Now we are ready to prove the convergence theorem. Assume that
B: (LP(),7rr ) — LP(Q) is continuous (42)

where (LP(Q),7r» ) is the space LF((2) equipped with the LY (Q)-topology.
Notice that (42) implies that B : LP(Q2) — LP(Q2) is continuous. Then we have the
following

Theorem 9. Under assumptions of Theorem 8, assume in addition (42), suppose
that Q is convex, then there exists ug € V), and a sequence (ue, )ren of entropy and
weak solution to (37) such that

eeVx e, — 0, Vx,ue, — Vx,up in LP(Q) — weak

and u., — wug in L} () — strong

Moreover ug satisfies in D'(wz) the equation
—divx, (A22Vx,uo(X1,7)) = f + Bluo)(X1,)
for a.e X1 € w,

Proof. The estimates given in Proposition 5 show that there exists ug € LP(€2) and
a sequence (U, )gen solutions to (37) such that

eV U, — 0, Vx,ue, — Vx,ug and u., — ug in LP(Q) — weak (43)

As we have proved in Theorem 3 we have ug € V,. The particular difficulty
is the passage to the limit in the nonlinear term. This assertion is guaranteed by
Theorem 8. Indeed, since €2 is convex and Lipschitz then there an open covering
()jen, Q; C Q41 and Q; C Q such that each €2 is a Lipschitz domain (Take an
increasing sequence of number 0 < 3; < 1 with lim 8; = 1. Fix z9 € Q and take
Qj = B,;( — o) + o, since Q is convex then Q; C Q. The Lipschitz character is
conserved since the multiplication by 3, and translations are C'> diffeomorphisms).

Theorem 8 shows that for every j € N there exists C; > 0 such that

Huenwl,p(Qj) < Cq,
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Since ©; is Lipschitz then the embedding W1?(Q;) — LP(Q;) is compact [1]
and therefore for each k there exists a subsequence (u_ )x C LP(€2;) such that
k
Ued |0, = uo o,
By the diagonal process one can construct a sequence (ue, )r such that u., — ug

in LP(Q;) for every j, in other words we have

. — uo in LY (Q) — strong (44)

Ue loc
Now passing to the limit in the weak formulation of (37) we deduce
—divx, (A22Vx,u0(X1, ) = f + B(uo) (X1, ),

where we have used (43) for the passage to the limit in the left hand side. For
the passage to the limit in the nonlinear term we have used (44) and assumption
(42). O

Example 1. We give a concrete example of application of the above abstract analy-
sis. Let Q = wy X wo be a Lispchitz convexr domain of R? x RNV=9 gnd let A be a
bounded (N — q) x (N — q) matriz defined on wy which satisfies the ellipticity as-
sumption. Let us consider the integro-differential problem

~div, (A(X)Vixy) = FO62) + [ BX] X, Xaalu(X, Xa)dX]
w(X1,) =0 on dwsy .
(45)

where h € L®(wy x Q) and f € LP(w3), 1 < p < 2, and a is a continuous real
bounded function.

This equation is based on the Neutron transport equation (see for instance [10])

A solution to (45) is a function u € V,, Which satisfies (45) in D’(w2). suppose
that

leh(X{7X1,X2) S Loo(wl X Q)
Then we have

Theorem 10. Under the assumptions of this example, (45) has at least a solution
in V, in the sense of D'(w2) for a.e X1 € wy

Proof. We introduce the singular perturbation problem
—divx (AVue) = f(Xa) + | h(X1, X1, X2)a(u(X], X2))dX]
ue =0 on 0N '

where
el 0
ac= (94
Clearly A, satisfies the ellipticity assumption and it is Clear that the operator

U — (X1, X1, Xo)a(u(X], X3))dX]

wi

satisfies assumption (38).
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We can prove easily that the above operator satisfies assumption (42). Indeed,
let u,, — w in L} () then there exists a subsequence (un,) (constructed by the
diagonal process) such that u,, — w a.e in . Since a is bounded then it follows
by the Lebesgue theorem that

/ W], X, X )a(un, (X, Xo))dX, — / B(X], Xy, Xo)a(u(X], X2))dX]
w1

w1

in LP(). Whence by a contradiction argument we get

/ h(Xilea XQ)Q(UW(XLXQ))dX{ - h(Xilea X2)a(u(X{7X2))dXia
w1

w1
in LP(Q)
We can prove similarly as in [14] that (41) holds, therefore the assertion of the
theorem is a simple application of theorem 9 O

Remark 4. Notice that the compacity of the operator given in the previous example
is not sufficient to prove a such result as in the L? theory [10]. This shows the
importance of assumption (41) wich holds for the above operator.

Does operator whose assumption (41) holds admit necessarily an integral repre-
sentation as in (45)7.

Example 2. We shall replace the integral by a general linear operator. Let us
consider the following problem: Find u € V), such that

—divx, (AVx,u) = f(X2) + gP(ha(u))
uw(Xy,) =0 on Jdwsy
(46)
where a, A and f are defined as in Example 1.
We suppose that g, h € L>°(Q) with Supp(h) C Q compact. Assume Vi, g €
L*°(Q) and P : LP(Q) — L?*(wz) is a bounded linear operator.
When P is not compact then the operator u — gP(ha(u)) is not necessarily

compact, if this is the case then this operator cannot admit an integral representa-
tion.

Theorem 11. Under the assumptions of this example there exists at least a solution
u €V, to (46) in the sense of D'(w2) for a.e X1 € wy

Proof. Similarly, the proof is a simple application of theorem 9. (I

5. SOME OPEN QUESTIONS

Problem 1. Suppose that oo > p > 2. Given f € LP and consider (2), since
f € L?then ue — g in Va. Assume that Q and A are sufficiently reqular .Can one
prove that ue — ug in V,?

Problem 2. What happens when f € L'? As mentioned in the introduction there
exists a unique entropy solution to (2) which belongs to ﬂ Wy (). Can one
1<r<

N

N—-1

prove that ue — ug in V, for some 1 < r < %? Can one prove at least weak
. N . .

convergence in L" for some 1 <r < 5~ as given in Theorem 47
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