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We study the thermodynamical properties of black holes when described as gases of in-
distinguishable punctures with a chemical potential. In this picture, which arises from loop
quantum gravity, the black hole microstates are defined by finite families of half-integers spins
coloring the punctures, and the near-horizon energy measured by quasi-local stationary ob-
servers defines the various thermodynamical ensembles. The punctures carry excitations of
quantum geometry in the form of quanta of area, and the total horizon area aH is given by
the sum of these microscopic contributions. We assume here that the system satisfies the
Bose–Einstein statistics, and that each microstate is degenerate with a holographic degener-
acy given by exp

(

λaH/ℓ
2

Pl

)

and λ > 0. We analyze in detail the thermodynamical properties
resulting from these inputs, and in particular compute the grand canonical entropy. We
explain why the requirements that the temperature be fixed to the Unruh temperature and
that the chemical potential vanishes do not specify completely the semi-classical regime of
large horizon area, and classify in turn what the various regimes can be. When the de-
generacy saturates the holographic bound (λ = 1/4), there exists a semi-classical regime in
which the subleading corrections to the entropy are logarithmic. Furthermore, this regime
corresponds to a Bose–Einstein condensation, in the sense that it is dominated by punctures
carrying the minimal (or ground state) spin value 1/2.

I. INTRODUCTION

One of the notable achievements of loop quantum gravity (LQG hereafter) [1–3] is its ability to
describe the quantum geometry of black holes and the nature of the microstates contributing to the
Bekenstein–Hawking entropy [4–10]. This computation relies on the quasi-local notion of isolated
horizons [11], which has been introduced as a way to describe stationary spacetimes while still
allowing for exterior dynamical processes to happen, and has the advantage of also accounting
for cosmological horizons. In this framework, the computation of the entropy relies essentially
on the idea that the macroscopic horizon area is realized as the sum of microscopic contributions
(quanta of area) carried by spin network edges puncturing the horizon, and the counting of the
microstates leads to the Bekenstein–Hawking area law provided that a free parameter of the theory,
the Barbero–Immirzi parameter, is fixed to a particular finite and real value.

However, although this description has the advantage of being background-independent and
mathematically rigorous, it makes quite hard the contact with other existing semi-classical results
on black hole kinematics and dynamics. For this reason, a complementary approach has been
recently developed, based on how near-horizon stationary observers would describe a black hole
space-time within LQG [12, 13], and whose setup is essentially as follows. First, one considers
observers at a fixed distance ℓ ≪

√

aH/(4π) from the horizon, with four-velocity uµ = ξµ/
√
ξ · ξ,

where ξµ is the Killing vector corresponding to the null normal to the horizon. Then, with a
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careful treatment of the boundary terms in the Hamiltonian framework, one can show that there
is a well-defined notion of near-horizon energy measured by these observers. This latter is simply
given by

E =
aH
8πℓ

, (1.1)

where the horizon area aH can be written with the usual area operator of LQG, and where 1/ℓ is
the acceleration (of uµ) needed in order for the observers to remain at rest. Finally, because of this
acceleration and of the local correspondence between the Rindler geometry and that of the black
hole spacetime, one assumes that the observers measure a near-horizon temperature given by the
Unruh temperature TU = ℓ2Pl/(2πℓ) [14].

With these inputs, one arrives at a statistical mechanical picture in which the near-horizon
observers describe the black hole as a gas of punctures whose thermodynamical properties are
encoded in a grand canonical partition function ZGC(β, µ), where µ is the chemical potential
conjugated to the number n of punctures and β is the inverse temperature. Because of the usual
equivalence between thermodynamical ensembles, one can choose to work in the canonical ensemble
with partition function ZC(β), which requires to fix the chemical potential to µ = −T (∂SGC/∂n)|E ,
where SGC is the entropy in the grand canonical ensemble and T = β−1 is the temperature. Since
the area operator (or rather its eigenvalues) of LQG entering the definition of the near-horizon
energy E is a function of the Barbero–Immirzi parameter γ, this equation can be used to determine
the chemical potential as a function µ(γ) of γ. Then, one can decide on a value of the chemical
potential, which in turn determines a value for γ. In this work we are not going to focus or to
comment on the precise fixation of the Barbero–Immirzi parameter, but rather study the role of
the chemical potential itself.

In fact, the appearance of an a priori non-vanishing chemical potential leads to both conceptual
and technical questions. On the one hand, one can argue that, since the level spacing between
successive area eigenvalues vanishes for large eigenvalues (and therefore for large horizon areas),
the energy required to create or annihilate a puncture becomes arbitrarily small for large black
holes, which in turn implies that the chemical potential can be set to zero. A consequence of this
choice is that the number n of punctures is not an observable (i.e. the punctures behave in some
sense like photons). As such, this picture is more easily compatible with the usual semi-classical
understanding that we have of black holes. On the other hand, one can assume that the chemical
potential is not vanishing, which implies that the number n of punctures becomes an observable,
just like the number of molecules for a gas in a box. This would seem to indicate that, in addition
to the usual macroscopic charges (the mass M , the electric charge Q, and the angular momentum
J), a quantum notion of black hole hair, or global charge n, arises from the underlying LQG
description. It is not clear at present which point of view should be adopted, and what the full
consistent picture is. Furthermore, besides this question about the role of the chemical potential,
the description of a quantum black hole as a gas of punctures depends on additional inputs that
are not yet derived from first principles. In particular, one has to decide on a choice of statistics
for the punctures, as well as on a degeneracy for the microstates.

Because of this freedom in choosing the various parameters defining the statistical physics
description (i.e. the partition function), it is important to study in a systematic manner the
different possibilities and see if they are compatible with our semi-classical understanding of the
thermodynamical properties of black holes. This investigation was started in [15], where it was
shown that the grand canonical entropy for large black holes reproduces the Bekenstein–Hawking
formula under the assumptions that i) the chemical potential is vanishing, ii) the punctures are
indistinguishable (with either a bosonic or fermionic statistics), iii) the degeneracy of the punctures
is exponential in the area, i.e. of the form exp

(

λaH/ℓ
2
Pl

)

with λ > 0, as justified from the expected
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QFT behavior of entanglement entropy [15, 16]. Furthermore, with these assumptions, it was
shown that the number of punctures scales as n ∝ √

aH/ℓPl, that the system is dominated by large
spin contributions, and that the holographic bound is satisfied in the sense that λ = 1/4. However,
the subleading corrections to the entropy that follow from these inputs are of the form

√
aH/ℓPl,

which is larger than the corrections in log
(

aH/ℓ
2
Pl

)

appearing in other treatments [17–19]. The
present paper is partly devoted to the study of these subleading corrections, and of the conditions
under which they can be logarithmic.

Even if the case µ = 0 is appealing because it eliminates the need for explaining the physical
meaning of the new black hole charge n, here we would like to study the consequences of having (at
least to start with) an a priori non-trivial chemical potential and a given quantum statistics for the
punctures. Furthermore, we would like to understand whether phenomena such as condensation
can actually be realized for a gas of bosonic punctures. We are in fact going to show that Bose–
Einstein condensation can indeed be achieved (under suitable conditions), in the sense that there
exists a phase in which the system is dominated by punctures carrying spin 1/2, and that in this
phase the subleading corrections to the entropy scale as log

(

aH/ℓ
2
Pl

)

.

Outline

In this paper we consider the description of black holes as gases of punctures with a chemical
potential, and study the thermodynamical properties of such statistical mechanical models. The
black hole microstates are defined by (almost empty) families of integers ~nj such that the horizon
area is aH =

∑

j njaj , where the expression for the quanta of area aj is recalled in (2.1). We
assume that the degeneracy of the microstates is holographic in the sense of equation (2.7) below.
Our study is organized as follows.

In section II, we assume that the punctures satisfy the Maxwell–Boltzmann statistics, and
compute the grand canonical partition function and related physical quantities such as the entropy,
the mean energy, and the mean number of punctures. We show that with a fine tuning of the
chemical potential it is possible to obtain logarithmic subleading corrections to the entropy, and
that the corresponding value of the chemical potential depends on whether the degeneracy saturates
the holographic bound or not.

In section III, we consider the Bose–Einstein statistics for the punctures, and perform a com-
plete analysis of the thermodynamical properties of the system. We start by assuming that the
holographic bound is saturated and that the temperature approaches the Unruh temperature at
the semi-classical limit. In this case, we show that there exists a regime in which the subleading
corrections to the entropy are logarithmic, and that this regime cannot be attained if the chemical
potential is assumed to vanish from the onset. Furthermore, in this regime one observes a conden-
sation, i.e. a domination of the number of punctures carrying a spin 1/2. If we relax the condition
that the holographic bound be saturated, and assume that the black hole temperature is fixed to
the Unruh temperature, then the quantum corrections of the entropy can no longer be logarithmic.
We conclude with a discussion in section IV.

Some notations

Throughout this paper, we will use the symbol ≃ to denote an equality between two functions of
variables δ1, . . . , δk, which holds up to subleading terms when δi ≪ 1 (with possible conditions on
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the variables δi), i.e.

f ≃ g iff lim
δ1,...,δk→0

f(δ1, . . . , δk)

g(δ1, . . . , δk)
= 1. (1.2)

Furthermore, we will use the symbol f → g to denote the fact that f tends to g in the semi-
classical limit. In the core of the article, this arrow will only be used to denote a behavior at the
semi-classical limit.

II. BLACK HOLES AS GASES OF PUNCTURES

In this section, we briefly review some aspects of the description of black holes as gases of punctures.
For this, let us first focus on the microcanonical ensemble. This latter is defined by an energy
E = aH/(8πℓ) (which is the near-horizon energy measured by a stationary observer at distance ℓ
from the horizon [13]) and a number n of punctures. These punctures, which we label by integers
e ∈ J1, nK, can be thought of as being inherited from bulk LQG spin network excitations crossing
the horizon of the black hole, and each carry a quantum of area taking the discrete values

ae = 8πγℓ2Pl
√

je(je + 1). (2.1)

Here ℓPl is the Planck length, γ ∈ R is the Barbero–Immirzi parameter, and the labels je are SU(2)
half-integer spins. Heuristically, the punctures can be interpreted as (locally) non-interacting
particles living on the horizon of the black hole.

A. Degeneracy of the microstates

Let us now consider a labeling of all the punctures by a set of spins ~e = (j1, . . . , jn). We call
this assignment of spins a “quantum configuration” of the black hole. The key quantity for the
computation of the microcanonical entropy and for the generalization to other thermodynamical
ensembles is the degeneracy D(~e) of states corresponding to a fixed black hole configuration (i.e.
with fixed number of punctures p and fixed set of spins ~e). Typically, this degeneracy is given
by the dimension of the Hilbert space of Chern–Simons theory on a sphere with n punctures.
Explicitly, the formula for this dimension is

D(~e) =
2

k + 2

k+1
∑

d=1

sin

(

πd

k + 2

)2−n n
∏

e=1

sin

(

πdde
k + 2

)

, (2.2)

where k is the level of the Chern–Simons theory (which is proportional to the horizon area aH and
which can be sent to infinity at the semi-classical limit), de = 2je + 1 is the classical dimension of
the spin je representation space, and where the spins are restricted to half-integers values between
1/2 and k/2. Starting from this dimension, we can obtain the total number of states for a black
hole with n punctures by summing over all the spin labels. This defines the quantity

N(n, k) =
∑

~e

D(~e), (2.3)

where the sum runs over all possible spin values at each puncture, and therefore treats the punctures
as being distinguishable.

Now, if one is interested in computing the microcanonical entropy by using the method of most
probable configuration, it is convenient to switch from the representation in terms of spins labels
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to the representation in terms of spin occupation numbers. Using the multinomial formula, one
can show that the above number of states can be written in the form

N(n, k) =
∑

~nj

n!
∏k/2

j=1/2 nj!
D(~nj), (2.4)

where

D(~nj) =
2

k + 2

k+1
∑

d=1

sin

(

πd

k + 2

)2−n k/2
∏

j=1/2

sin

(

πddj
k + 2

)nj

. (2.5)

In this new (but equivalent) expression, the occupation number nj represents the number of punc-
tures carrying a spin label j. In the limit of large level k, the degeneracy (2.5) can be viewed as
the Riemann sum of an integral over an angle (which gives the well-known formula for the num-
ber of classical SU(2) invariant tensors), and when the spins are large it is easy to show that its
leading order term tends to logD(~nj) ≃

∑

j nj log(2j+1), where the sum is taken over all possible
half-integers. More precisely, one can show that

D(~nj) ≃ P (~nj)
∏

j

(2j + 1)nj , (2.6)

where P (~nj) is a rational function of the occupation numbers nj (and does not include an expo-
nential function). It is this expression for the degeneracy (with P (~nj) = 1) which was taken in
[12] as the starting point for the study of the statistical mechanics of the quantum black holes in
various thermodynamical ensembles. In a series of papers [20–22], it was shown that an analytic
continuation of the Barbero–Immirzi parameter to γ = ±i leads to a holographic behavior for (2.5).

In the present work, at the difference with [12] and following [15], we are going to assume
that the punctures are fundamentally indistinguishable, and that the degeneracy factor D(~nj) is
holographic but does not necessarily saturates a priori the holographic bound. In the following
subsection we briefly review the interesting physical properties that arise from these assumptions.

B. Setup and results

Let us consider an almost-vanishing family of integers ~nj = (n1/2, n1, . . . ) labeling a quantum
microstate of the black hole. This set of occupation numbers is such that the number of punctures
is given by n =

∑

j nj, while the area of the horizon is aH =
∑

j njaj . Furthermore, we assume
that the quantum state is degenerate, with a degeneracy given by a holographic law. Following
the notations of [15], we write this degeneracy as

D(~nj) = exp

(

λ
aH
ℓ2Pl

)

=
∏

j

exp
(

2πγ(1 − δh)nj

√

j(j + 1)
)

, with λ =
1

4
(1− δh). (2.7)

The free parameter δh measures the failure to saturate the holographic bound, which is obtained
for δh = 0.

The study of this statistical system has been carried out in details in [15] under the assumptions
that the punctures have no chemical potential µ. Hence, the fugacity z = exp(βµ), where β is the
inverse temperature, was fixed to z = 1. Furthermore, the area spectrum (2.1) was replaced by
the linear expression ae = 8πγℓ2Pl(je + 1/2), which is only valid in the limit of large spins (this
approximation is however self-consistent with the fact the system was shown to be dominated by
large spins in the semi-classical limit).
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Based on these assumptions, the grand canonical partition function and related thermodynam-
ical quantities (such as the mean energy, the mean number of particles, and the specific heat) have
been computed in [15] at the semi-classical limit for the Maxwell–Boltzmann, the Bose–Einstein,
and the Fermi–Dirac statistics. For these three choices of statistics, it can be shown that:

1. The requirement that the semi-classical limit occurs at the Unruh temperature TU for the
local observers, which corresponds to the inverse temperature βU = 1/TU = 2πℓ/ℓ2Pl, imposes
that the the holographic degeneracy (2.7) be saturated, i.e. that λ−1/4 ≪ 1 or equivalently
that δh ≪ 1.

2. The large spins dominate at the semi-classical limit, in the sense that the mean spin of the
punctures tends to infinity when aH becomes large.

3. The entropy of the gas of punctures reproduces the Bekenstein–Hawking result S = aH/4ℓ
2
Pl+

Scor with the correct factor of 1/4, while the subleading corrections are of the form Scor ∝√
aH (the precise value of the multiplicative factor is not important and depends on the

statistics). This large entropy is mainly due to the fluctuations of the number of punctures
at the semi-classical limit.

These results are physically very encouraging, a part from the subleasing corrections Scor to the
entropy. Indeed, these corrections are typically expected to be logarithmic (as functions of aH), and
therefore one should look for a mechanism able to suppress the too large

√
aH contributions. It has

been shown in [22] that the introduction of a non-vanishing chemical potential allows to eliminate
these too large corrections and to replace them by logarithmic ones, at least in the case where
the (undistinguishable) punctures satisfy the classical Maxwell–Boltzmann statistics and when the
holographic degeneracy is saturated (i.e. δh = 0). To understand how this comes about, let us
briefly reproduce the main steps of the calculation in [22] when δh 6= 0 (for the sake of generality).

C. Grand canonical partition function in Maxwell–Boltzmann statistics

When the punctures are taken to be undistinguishable, with a non-vanishing chemical potential µ,
with a Maxwell–Boltzmann statistic, and with a degeneracy (2.7), the grand canonical partition
function for the gas of punctures is given by

ZM(β, µ) =
∑

~nj

D(~nj)
∏

j nj!
zn exp(−βE). (2.8)

Here the sum runs over the set of almost-vanishing families ~nj of integers, E is the quasi-local
energy of the gas, n =

∑

j nj represents the number of punctures, D(~nj) is the degeneracy (2.7),
and z = exp(βµ) is the fugacity. The partition function can be written in the simpler form

ZM(β, µ) = exp
(

zQ(β)
)

, with Q(β) =
∑

j

exp
(

(βU−δhβU−β)Ej

)

, and Ej =
aj
8πl

.

(2.9)
Using the notations of [15], where δβ = β/βU − 1 and δ = δh + δβ , we can further write that

Q(β) =
∑

j

exp

(

−δ
aj
4ℓ2

Pl

)

. (2.10)

This expressions shows immediately that Q(β), and therefore ZM(β, µ), are only defined for δ > 0.
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Thermodynamical quantities, such as the mean energy Ē and the mean number of punctures
n̄, are immediately obtained from the derivatives of ZM(β, µ) as

Ē = − ∂

∂β
logZM(β, µ) = z

∑

j

Ej exp

(

−δ
aj
4ℓ2Pl

)

, and n̄ = z
∂

∂z
logZM(β, µ) = zQ(β).

(2.11)
The mean horizon area āH = 8πlĒ follows directly from this.

D. Holography and entropy

Following [15], let us set the temperature to be the Unruh temperature at the semi-classical limit,
which schematically means that δβ → 0 when ℓPl → 0. More let us define the semi-classical limit
by āH ≫ ℓ2Pl and δβ = 0. Note that the condition δβ = 0 is only possible when δh 6= 0, which
is what we are going to assume for the time being. We are going to show that the black hole
degeneracy necessarily saturates the holographic bound (i.e. δh → 0) at the semi-classical limit.
More precisely, we can prove that the mean horizon area becomes macroscopic (with respect to
ℓ2Pl) when β = βU = T−1

U only in the regime where δh ≪ 1. In order to do so, we can write the
mean energy in the form

Ē = zπγTU

∞
∑

k=1

√

k(k + 2) exp
(

−πγδ
√

k(k + 2)
)

, (2.12)

and use the inequalities

zπγTU

∞
∑

k=1

k exp
(

− πγδ(k + 1)
)

≤ Ē ≤ zπγTU

∞
∑

k=1

(k + 1) exp(−πγδk), (2.13)

which follow from the fact that k ≤
√

k(k + 2) ≤ k + 1. This in turn leads to the inequalities

zπγTU

exp(−2πγδ)
(

1− exp(−πγδ)
)2

≤ Ē ≤ zπγTU

1
(

1− exp(−πγδ)
)2

. (2.14)

As a consequence, in order for the mean energy to be larger than a given value, the parameter
δ = δβ + δh has to be small. We can write the asymptotic inequalities

zUTU

1 + x−δβ + y−δh
πγδ2

+O(1) ≤ Ē ≤ zUTU

1 + x+δβ + y+δh
πγδ2

+O(1), (2.15)

where zU = exp(βUµ) is the value of the fugacity at the Unruh temperature, and (x±, y±) are
constant whose explicit form is not necessary. This implies immediately that there is a pair (x, y)
of real parameters such that

Ē = zUTU

1 + xδβ + yδh
πγδ2

+O(1). (2.16)

Therefore, we obtain that Ē and āH = 8πlĒ scale as δ−2
h when β = βU. This means that the mean

horizon area becomes large only if the degeneracy saturates the holographic bound, i.e. if λ = 1/4
in (2.7).

In order to go further and to derive the entropy, we need to compute the mean number of
particles and the partition function itself. These two quantities are simply related by

n̄ = z
∂

∂z
logZM(β, µ) = zQ(β) = z

∞
∑

k=1

exp
(

−πγδ
√

k(k + 2)
)

. (2.17)
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The same strategy as above then leads to the asymptotic expansion

n̄ = logZM(β, µ) =
zU
πγδ

+O(1). (2.18)

As a consequence, the grand canonical entropy SM = β(Ē − µn̄) + logZM(β, µ) evaluated at the
Unruh temperature simplifies at the semi-classical limit (δh ≪ 1 and δβ ≪ 1) and takes the form

SM =
āH
4ℓ2

Pl

+
zU
πγδ

(

δβ

[

1

δ
− βUµ

]

+ 1− βUµ

)

+O(1), (2.19)

where O(1) is defined with respect to both variables δβ and δh. The explicit values of x and y
introduced in (2.16) are not relevant for this calculation. As a consequence we get that

SM =
āH
4ℓ2Pl

+
zU
πγδh

(1− βUµ) +O(1), when δβ = 0. (2.20)

The entropy of the black hole agrees at leading order with the Bekenstein–Hawking formula but,
since āH ∼ 4πγℓ2Pl/δ

2, the subleading corrections are generically of order
√
āH. These corrections

are too large compared to the expected logarithmic corrections. However, one can see that for the
particular value µ = TU of the chemical potential this contribution vanishes.

In this thermodynamical system, there exists another way of attaining the semi-classical limit.
It consists in assuming from the onset that the degeneracy (2.7) saturates the holographic bound,
i.e. that λ = 1/4. In that case, the semi-classical limit is obtained only when δβ → 0, which means
that β approaches the inverse Unruh temperature. This was studied in [22], where it was shown
that the asymptotic expansion of the entropy takes the form

SM =
āH
4ℓ2Pl

+
zU

πγδβ
(2− βUµ) +O(1), when δh = 0. (2.21)

One can see that in this case the subleading corrections can be eliminated by choosing µ = 2TU.
In summary, one has that in both cases above a fine tuning of the chemical potential can

eliminate the too large subleading corrections to the entropy, which in turns leaves room for hypo-
thetical logarithmic corrections. This expectation is realized in [22], where it has been shown that
taking into account polynomial corrections to the degeneracy (which come from the asymptotic
expansion of the number of black holes microstates in LQG) leads to the appearance of logarithmic
corrections.

III. BOSE–EINSTEIN STATISTICS AND CONDENSATION

The goal of this section is to reproduce the statistical physics analysis outlined above, but now
assuming that the punctures satisfy the Bose–Einstein statistics. We are going to show that, under
certain conditions, the presence of a non-vanishing chemical potential leads to the elimination of
the too large subleading corrections to the entropy. The analysis is however more involved than
in the case of punctures satisfying the Maxwell–Boltzmann statistics. Furthermore, we will see
that at the semi-classical limit the corrections to the entropy are indeed logarithmic only when a
condensation phenomenon appears, in the sense that the number n1/2 of punctures carrying a spin
1/2 becomes much larger to the number of “excited” (i.e. with spin j > 1/2) punctures.

First, in order to simplify the analysis, let us assume that the degeneracy (2.7) saturates the
holographic bound. This means that δh = 0. The case δh 6= 0 will be treated later on, in subsection
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IIIC. When δh = 0, our starting point is the computation of the grand canonical partition function
ZB(β, µ) which, following [15], is defined by the expression

ZB(β, µ) =
∏

j

Zj(β, µ), with Zj(β, µ) =
(

1− z exp(βUEj) exp(−βEj)
)−1

. (3.1)

The product runs once again over the set of half-integers. There is an important difference between
this black hole partition function and usual bosonic partition functions of quantum physics. The
difference lies in the “degeneracy” term exp(βUEj), which appears here in the denominator whereas
“degeneracies” typically appear in the nominator in standard quantum systems. The presence of
this term here can be traced back to the holographic hypothesis, which postulates the form (2.7)
for the degeneracy of quantum microstates. One consequence of this fact is that the partition
function is defined only when the following condition is satisfied:

(β − βU)Ej − βµ > 0, ∀ j ∈ N/2. (3.2)

The mean energy and the mean number of punctures are respectively given by

Ē =
∑

j

Ej n̄j and n̄ =
∑

j

n̄j, with n̄j =
(

z−1 exp
(

(β − βU)Ej

)

− 1
)−1

, (3.3)

and where n̄j represents the mean number of punctures colored with the spin representation label
j. The condition (3.2) ensures that n̄j is always positive and thus well-defined. In what follows, it
will be useful to decompose the mean number of punctures as n̄ = n̄1/2 + n̄ex, where the number
of excited punctures is given by

n̄ex =
∑

j≥1

n̄j. (3.4)

The same decomposition can be done with the mean energy in the form Ē = Ē1/2 + Ēex, with

Ē1/2 = E1/2n̄1/2, and Ēex =
∑

j≥1

Ejn̄j. (3.5)

We now want to tackle the study of the thermodynamical properties (in particular the entropy)
of the system of punctures at the semi-classical limit. If we require only that the mean energy
Ē (or equivalently the mean horizon area āH) become large in Planck units at the semi-classical
limit, then this semi-classical limit is ill-defined. The reason for this is that, in the grand canonical
ensemble, the system admits two intensive free parameters, which are the (inverse) temperature
β and the chemical potential µ. Indeed, one can achieve the “large” energy condition by tuning
independently only one out of these two parameters. Therefore, we need an extra condition in
order to define more precisely the semi-classical limit.

In the first subsection, IIIA, we are going to impose that the temperature is fixed to βU at
the semi-classical limit. Physically, this condition is easily understood from the point of view of
quantum field theory in curved space-time. We will show that for the system to become semi-
classical, its chemical potential must approach zero. This ensures that the punctures behave as
photons at the semi-classical limit and that their number is not fixed.

In the second subsection, IIIB, we are then going to assume that µ is fixed (at least in the semi-
classical limit) to a non-vanishing (fundamental) value. In this case, we can show that β → βc at
the semi-classical limit, where βc is a priori different from the Unruh temperature. However, when
µ is “small”, then βc approaches βU.
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The outcome of these two detailed computations will be the entropy SB (where the subscript B
refers to the Bose–Einstein statistics). We are going to show that the leading order term of SB re-
produces as expected the Bekenstein–Hawking formula, but that the subleading corrections depend
specifically on the choice of semi-classical regime. The corrections turn out to logarithmic only
when the black hole exhibits a condensation phenomenon, i.e. when the spin 1/2 representations
are dominate in the sense that n̄1/2 ≫ n̄ex.

A. First semi-classical regime, µ → 0 and β → βU

Standard Bose–Einstein condensation (i.e. for usual systems) occurs for a gas of particles when
one controls the total number n of particles and the (inverse) temperature β. There are only two
free parameters in the theory. The total energy and the fugacity (or equivalently the chemical
potential) “adapt” themselves to a situation in which n and β are fixed. For instance, the fugacity
is fixed by the equation n = n̄, where n̄ is the mean number of particles. In this section, we assume
that the gas of punctures describing the black hole is defined at first sight in a similar way, i.e.
that there exists a virtual physical process where one controls the number of punctures and the
temperature of the black hole. From this point of view, (3.2) should be interpreted as a condition
on the chemical potential of the system, i.e.

µ <

(

1− βU
β

)

Ej , ∀ j ∈ N/2. (3.6)

This condition takes a very different form depending on wether we are above or below the Unruh
temperature:

if β > βU, then µ <

(

1− βU
β

)

E1/2, (3.7a)

if β < βU, then µ = −∞. (3.7b)

From this point of view, the value β = βU appears to be very peculiar, and marks a certain
transition. At high temperature (β < βU), the system necessarily has a negative infinite chemi-
cal potential, and therefore it could in principle be described by a classical Maxwell–Boltzmann
statistics1. At low temperature, the system is well-described by a quantum statistics. Therefore,
a quantum-to-classical transition seems to occur at β = βU. In what follows, we are going to focus
on the “quantum” (or low temperature) regime β > βU.

In what follows, we are first going to give a brief characterization of the low temperature regime
and of the associated physical properties, and then we are going to derive these results more
precisely.

1. Semi-classical limit and Bose–Einstein condensation

As we said in the introduction to this section, we are interested in situations in which the mean
energy (or equivalently the mean horizon area) becomes macroscopic (in Planck units). Indeed,

1 However, the “classical” Maxwell–Boltzmann partition function (2.9) is only formally defined, and one should
regularize properly the condition µ = −∞ in order to make it mathematically well-defined. There exists a simple
and natural way to do so, which consists in first truncating the sum over j in the canonical partition function
Q(β) to a maximal value jmax, then fixing the chemical potential to an arbitrary value µ < (1− βU/β)Ejmax

, and
finally taking the limit where jmax → ∞.
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this is the minimal requirement in order for the system to be semi-classical. For the time being
and for the sake of generality, let us impose no specific conditions on the temperature other than
β > βU. From the expression (3.3), it is immediate to see that the mean energy becomes large at
a fixed temperature only when the chemical potential approaches a particular value given by the
condition ǫ = 0, where the quantity ǫ (which has the dimension of an energy) is defined by

ǫ =

(

1− βU
β

)

E1/2 − µ. (3.8)

More precisely, the straightforward inequality

Ē > Ē1/2 =
E1/2

exp(βǫ)− 1
(3.9)

ensures that the horizon area can be arbitrarily large provided that ǫ is sufficiently small. On the
contrary, if ǫ is finite, one can see that the mean energy is bounded from above, and therefore
that the black hole cannot become semi-classical. In fact, when β 6= βU, one recovers the usual
Bose–Einstein condensation phenomenon which occurs at small temperatures (with respect to the
Unruh temperature). Indeed, it is easy to see that the mean number of punctures carrying a spin
label 1/2 is given by

n̄1/2 =
1

exp(βǫ)− 1
, (3.10)

which is not bounded from above and can take any arbitrarily large value provided that the chemical
potential is such that2 ǫ → 0. In contrast to this, the mean number n̄ex of excited punctures is
necessarily bounded according to

n̄ex ≤ n̄max
ex , where n̄max

ex =
∑

j≥1

1

exp
(

(β − βU)(Ej − E1/2)
)

− 1
. (3.11)

Here we have assumed that we are below the Unruh temperature. Exactly as in Bose–Einstein
condensation, when the total number n̄ of punctures increases at a given fixed temperature and
exceeds the maximal value n̄max

ex for n̄ex, the punctures “condensate” in the spin 1/2 representation.
Therefore, the number of punctures carrying a spin 1/2 becomes macroscopic.

2. Low temperature regime, β ≫ βU

In order to make the previous observation more precise, it would be interesting to obtain a simple
expression for n̄max

ex in terms of β. Unfortunately, this is not possible in general because the series
(3.11) cannot be written in a simple closed form. Nevertheless, it becomes possible to simplify
the expression for n̄ex if we assume for instance that the temperature is way below the Unruh
temperature, i.e. that β ≫ βU. This hypothesis is furthermore consistent with the fact that Bose–
Einstein condensation occurs experimentally at “low” temperatures. In this case, it is easy to show
that

when β ≫ βU, n̄max
ex ≃ exp

(

− β(E1 − E1/2)
)

, and n̄1/2 ≃
1

β(E1/2 − µ)
. (3.12)

2 When βU = 0 (i.e. for usual statistical systems), this condition reduces to the well-known condition that the
chemical potential µ must tend to the energy E1/2 of the ground state.



12

Therefore, we can conclude that at very low temperatures there are almost no excited punctures,
and that almost all of the punctures are colored with representations of spin 1/2. Concerning
the chemical potential, its values approaches the minimal energy E1/2 at the semi-classical limit
according to

µ ≃ E1/2 −
1

βn̄
. (3.13)

However, the low temperature regime is not the one we are interested in because we would like the
black hole temperature at the semi-classical limit (i.e. when the energy is large) to be given by the
Unruh temperature and not by T = 0.

This is the focus of the next subsection, which is devoted to the study of the properties of the
system close to the Unruh temperature.

3. At Unruh temperature, δβ ≪ βU

Now, we assume that the temperature is very close to the Unruh temperature and we introduce, as
in [15], the parameter δβ = β/βU−1 (so we have δβ ≪ βU). Furthermore, we impose the condition
ǫ ≪ 1 which, in the case in which δβ ≪ βU, is equivalent to µ ≪ 1 for the black hole at the
semi-classical limit. Therefore, we study the case µ → 0 and β → βU. As we said, the limit µ → 0
is physically interpreted by the fact that systems of punctures (here quantum excitations of the
gravitational field) behave in a way analogous to systems of photons when the chemical potential
vanishes [15].

In addition to being physically relevant, the regime in which ǫ → 0 and δβ → 0 (which implies
µ → 0) is also technically interesting because it allows for explicit calculations (for asymptotic
quantities). In this regime, the mean number of particles in the representation of spin 1/2 is
necessarily large, and its asymptotic expansion is given by

n̄1/2 =
1

exp(βǫ)− 1
≃ 1

δǫ
, with δǫ = βUǫ. (3.14)

Contrary to what happens in usual Bose–Einstein condensation, the number of excited punctures
is also large when δβ approaches zero. This can be seen on the expression

n̄ex =
∑

j≥1

n̄j

=
∑

j≥1

1

exp
(

βǫ+ βUδβ(Ej − E1/2)
)

− 1

=
∞
∑

k=2

1

exp
(

βǫ+ πγδβ
(
√

k(k + 2)−
√
3
)

)

− 1

≃ 1

πγδβ

∫ ∞

δβΓ

dx

exp(δǫ)ex − 1
, (3.15)

where we have introduced Γ = βU(E1 − E1/2). The analysis of the last integral leads immediately
to the result

n̄ex ≃ − log(Γδβ + δǫ)

πγδβ
, (3.16)
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which shows that the number of excited punctures increases when β approaches the Unruh tem-
perature. Therefore, at first sight, it seems that there is no condensation phenomenon at Unruh
temperature. However, the situation is not that simple. Indeed, even if n̄ex can be arbitrarily large
when β approaches βU, it can still be negligible when compared to n̄1/2. This is the case when

n̄ex

n̄1/2
≃ − δǫ

πγ

log δβ
δβ

≪ 1, ⇒ δǫ ≪ − δβ
log δβ

. (3.17)

Conversely, there are situations in which at the semi-classical limit the number of punctures col-
ored with spin 1/2 is very small. This happens when the condition δǫ ≫ −δβ/log δβ is satisfied.
Therefore, there are different semi-classical regimes depending on the way in which β approaches
βU compared to the way in which µ approaches 0.

In order to have a more physical meaningful characterization of these conditions, it is useful to
rewrite them as conditions involving the mean number n̄ of punctures and the mean energy Ē. This
is in principle possible because, as we said previously, in the presence of a chemical potential the
system admits two independent parameters which can be fixed independently and can be chosen
freely. To achieve this we need to compute the mean energy, and a straightforward calculation
shows that its asymptotic expansion is

Ē = Ē1/2 + Ēex, with Ē1/2 ≃ E1/2
1

δǫ
; and Ēex ≃ π

6γβU

1

δ2β
, (3.18)

when δǫ ≪ 1 and δβ ≪ 1. Now, we have all the necessary ingredient to classify the different
semi-classical regimes. For this, we need to compare n̄ given by (3.14) and (3.16) to Ē given by
(3.14). We will assume here that γ is a constant of order 1.

1. There is a semi-classical regime such that n̄ ≪ βUĒ. For this to be the case, we must
necessarily have δǫ ≫ δ2β , and therefore the mean energy reduces to

Ē ≃ π

6γβU

1

δ2β
. (3.19)

Then, to extract the leading order term in the expression for n̄, we have to further distinguish
between the two following subcases:

(a)
(

δ2β ≪
)

δǫ ≪ − δβ
log δβ

, ⇒ n̄ ≃ n̄1/2 ≃
1

δǫ
, (3.20a)

(b) δǫ ≫ − δβ
log δβ

(

≫ δ2β
)

, ⇒ n̄ ≃ n̄ex ≃ − log(Γδβ + δǫ)

γπδβ
. (3.20b)

Note that there is a condensation in the first subcase.

2. There is a semi-classical regime such that log n̄ ≃ log(βUĒ). For this condition to be satisfied,
necessarily δǫ = O(δ2β), which implies immediately that

log(βUĒ) ≃ − log δǫ, and n̄ ≃ 1

δǫ
. (3.21)

The first condition means that Ē scales as δ−1
ǫ . Note that there is again a condensation in

this semi-classical regime. To be more explicit and to extract precisely the leading order
term in the expression of Ē, one distinguishes the two different sub cases:

(a) δǫ ≃ αδ2β ⇒ Ē ≃
(

E1/2 +
απ

6γβU

)

1

δǫ
, (3.22a)

(b) δǫ ≪ δ2β ⇒ Ē ≃ E1/2
1

δǫ
. (3.22b)
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These two regimes are qualitatively the same.

3. There is no semi-classical limit such that n̄ ≫ βUĒ. This is clear given the fact that
Ēj = Ej n̄j for any j, with βUEj = 2πγ

√

j(j + 1). This implies that there exists a constant
C such that βUĒ > Cn̄. Therefore, it is not possible to have n̄ ≫ βUĒ.

Finally, one can say about the chemical potential that it vanishes at the semi-classical limit
according to the following behavior:

µ ≃ E1/2δβ − TUδǫ. (3.23)

Note that the case µ = 0 has been studied in great details in [15]. With our notations, this situation
is equivalent to setting δǫ = βUE1/2δβ (when β is close to βU), which corresponds to the case 1(b).
As expected from quantum physics, there is no condensation with zero chemical potential.

4. Entropy and corrections to the area law

Now that the different (asymptotic) semi-classical regimes have been properly defined and classified,
we can go further into the study of thermodynamical properties of the system. The next step is
the computation of the semi-classical entropy SB. The leading order term is easily obtained, and
an immediate calculation shows that

SB =
āH
4ℓ2Pl

+ Scor, with Scor = δββUĒ − βµn̄+ logZB(β, µ). (3.24)

Now, let us compute logZB(β, µ) at the semi-classical limit. It is given by

logZB(β, µ) = −
∑

j

log
(

1− exp
(

βµ+ (βU − β)Ej

))

(3.25)

≃ − log
(

1− exp(−δǫ)
)

−
∑

j≥1

log
(

1− exp
(

δββU(E1/2 − Ej)− δǫ
))

. (3.26)

Here we have distinguished the spin 1/2 contribution to the (logarithm of the) partition function
from the excited contributions, and we have neglected terms proportional to δβδǫ in the argument
of the last exponential because we are interested only in the leading order terms. An immediate
calculation now leads to the asymptotic expression

logZB(β, µ) ≃ − log δǫ −
∞
∑

k=2

log
(

1− exp
(

−πγδβ(
√

k(k + 2)−
√
3)− δǫ

))

(3.27)

≃ − log δǫ −
1

πγδβ

∫ ∞

Γδβ+δǫ

dx log
(

1− e−x
)

. (3.28)

Here we have used the fact that the series can be viewed as a Riemann sum and therefore can be
approximated by its corresponding Riemann integral when δβ ≪ 1. The integral obtained in this
way converges, and its main contribution, when the parameters δβ and δǫ are small, is simply given
by

∫ ∞

Γδβ+δǫ

dx log
(

1− e−x
)

≃
∫ ∞

0

dx log
(

1− e−x
)

= −π2

6
. (3.29)
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Finally, we end up with the following expression for logZB(β, µ) in the semi-classical regime:

logZB(β, µ) ≃ − log δǫ +
π

6γδβ
. (3.30)

We now have all the necessary ingredients to compute the subleading correction to the entropy
as a function of the two independent parameters Ē and n̄. There is no simple and explicit formula
for Scor in general, but from the previous study we can say that the leading order term to Scor is
necessarily given by the leading order term of the following sum:

π

3γδβ
+

1

πγ

(

βUE1/2 −
δǫ
δβ

)

log(Γδβ + δǫ)− log δǫ. (3.31)

To write down the leading order term as a function of the macroscopic variables Ē and n̄, we need
to distinguish between the different cases that were studied in the previous subsection.

1. Case δ2β ≪ δǫ. In this case, δβ is directly related to the mean energy through

δβ ≃
√

π

6γβUĒ
. (3.32)

The subleading correction to the entropy is then dominated by the first term in (3.31), which
can be written as

Scor ≃
√

2π

3γ
βUĒ. (3.33)

For the sake of completeness, let us give formulae which express the remaining physical
parameters µ and n̄ in terms of the small parameters δǫ and δβ . In order to do so, we further
need to distinguish between different subcases.

(a) When δ2β ≪ δǫ ≪ −δβ/ log δβ , we have

δǫ ≃
1

n̄
, and µ ≃ E1/2δβ . (3.34)

(b) When δǫ ≫ −δβ/ log δβ , we have again to distinguish between different subcases.

i. If δǫ ≫ δβ , then

δǫ ≃ exp

(

−πn̄

√

γπ

6βUĒ

)

, and µ ≃ −TUδǫ. (3.35)

ii. If δǫ ≃ δβ, there exists a constant C ∈ R such that δǫ ≃ Cδβ, and then

δǫ ≃ C

√

2π

3γβUĒ
, and µ ≃ (E1/2 − CTU)δβ . (3.36)

iii. If δǫ ≪ δβ , then the expression for δǫ in terms of Ē and n̄ is rather complicated
and not very useful. For this reason, we will not write it. However, the chemical
potential it is given by µ ≃ E1/2δβ .
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2. Case δǫ = O(δ2β). We have seen that in this regime we have Ē ≃ E0n̄, where E0 = E1/2 when

δǫ ≪ δ2β (see (3.22b)), and E0 = E1/2 + απβ2
U/(6γ) when δǫ ≃ αδ2β (see (3.22a)). Therefore,

we have that

δǫ ≃
1

n̄
, and δ2β ≃ π

6γ

1

βU(Ē − E1/2n̄)
, (3.37)

which implies that the subleading corrections are of the form

Scor ≃ log(βUĒ) +
π

3γ

1

δβ
. (3.38)

The study of all these different asymptotic cases leads to the conclusion that the corrections
to the entropy cannot be logarithmic in Ē (and therefore in aH) in case (1), where they indeed

turn out to be of the form O(
√
Ē). However, the correction can be logarithmic in case (2) if, in

addition, the condition −δβ log δǫ ≫ 1 (implying that δ−1
ǫ ≫ exp(δ−1

β )) is satisfied. In this case,
we see that (3.38) leads to

SB ≃ āH
4ℓ2

Pl

+ log āH. (3.39)

The physical meaning of the condition −δβ log δǫ ≫ 1 is not so clear, but at the mathematical level
it says that δǫ approaches zero much faster (in fact at least exponentially faster) than β approaches
βU. This happens for instance when δβ is small (compared to βU) but constant. In this case, when
the black hole horizon becomes larger and larger, a Bose–Einstein condensation occurs (at “high”
temperature). When expressed in terms of means values, the previous condition can be written as

Ē ≃ Ē1/2 ≫ E1/2 exp

√

6γβU
π

Ēex. (3.40)

Then, asking that the energy of the punctures carrying a spin 1/2 be exponentially larger than the
square root of the excited energy, one gets logarithmic subleading corrections to the entropy.

B. Second semi-classical regime, µ 6= 0

Now, we investigate the case in which the chemical potential is a fundamental constant of the
theory (at least at the semi-classical limit), and does therefore not depend on the number of
punctures or on the temperature. This is in sharp contrast to what usually happens in Bose–
Einstein condensation. There is only one free parameter in the theory. Furthermore, we assume
that there exists a physical process (matter collapse for instance) which causes the horizon area
(or equivalently the energy of the black hole) to increase and to become macroscopic. The number
of punctures and their colors change during this process, and we are going to show how these two
quantities behave when the horizon area becomes macroscopic.

As opposed to the case in which µ → 0, there exists here only one semi-classical regime for
which the horizon area becomes macroscopic. We are going to see that this semi-classical regime is
also characterized by a condensation of the spin labels to the value 1/2. However, this condensation
occurs at a temperature different from the Unruh temperature.
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1. Asymptotic expansion of n̄ and Ē at the semi-classical limit

In order to characterize the semi-classical limit when µ is fixed, it will be convenient to use the
following expression for the mean number of punctures colored by the spin j:

n̄j = (expΦj − 1)−1, with Φj = βU(Ej − µ)δµ + µβU
Ej − E1/2

E1/2 − µ
, (3.41)

where we have introduced

δµ =
β − βc
βU

, with βc =
E1/2

E1/2 − µ
βU. (3.42)

Note that δµ=0 = δβ (where δβ was introduced in sections). The system is the only defined when
Φj > 0, which implies necessarily that

µ < E1/2, and δµ > 0. (3.43)

Since µ is now fixed, the condition on β is now changed, and the semi-classical limit occurs a priori
at βc 6= βU. However, we will see later on that it is possible to take the limit µ → 0 in order to fix
the inverse temperature to βU at the semi-classical limit.

Now, notice that we have

Φ1/2 = βU(E1/2 − µ)δµ, and Φj≥1 > µβU
Ej − E1/2

E1/2 − µ
. (3.44)

This ensures that Φ1/2 can be as close to zero as we want, whereas the quantities Φj have non-zero
minima when j ≥ 1. These minima are reached when β approaches βc. These properties are the
signature of a condensation phenomenon when β approaches βc. Notice that this is a priori no
longer true when µ = 0, since in this case every Φj can approach zero with no restriction when β
tends to βc.

The bound (3.44) on Φj implies immediately that n̄ex and Ēex are bounded from above, and
cannot exceed the maximal values Nmax

ex and Emax
ex defined by

Emax
ex =

γπ

βU
ξ

(

µβc√
3

)

, with ξ(x) =

∞
∑

k=2

√

k(k + 2)

exp
(

x
(
√

k(k + 2)−
√
3
)

)

− 1
, (3.45)

Nmax
ex = ζ

(

µβc√
3

)

, with ζ(x) =

∞
∑

k=2

1

exp
(

x
(
√

k(k + 2)−
√
3
)

)

− 1
. (3.46)

Since µ is fixed (to a non-vanishing value), Nmax
ex and Emax

ex depend only on the fundamental
constants of the theory.

One consequence of this fact is that when the mean energy Ē (or equivalently the mean horizon
area) exceeds the value Emax

ex , only spin 1/2 punctures contribute to the increasing energy (or mean
horizon area), and we recover the Bose–Einstein condensation. Furthermore, the energy becomes
macroscopic only when the temperature approaches the critical temperature, i.e. when β → βc. In
this case, we have the asymptotic expansion

Ē1/2 =
E1/2

βU(E1/2 − µ)

1

δµ
+O(1), (3.47)
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where Ē1/2 is viewed as a function of δµ. As a consequence, when the temperature approaches the
critical temperature such that the mean area is large enough, i.e.

āH
4ℓ2

Pl

> γπξ

(

µβc√
3

)

, (3.48)

then the number of excited punctures is “saturated” and any increase in the area of the horizon is
due to the addition of punctures carrying a spin 1/2. In this case, the mean area is related to the
temperature as follows:

āH
4ℓ2

Pl

=
βc
βU

1

δµ
+O(1). (3.49)

Outside of this regime, the equation of state is more complicated to obtain explicitely. For the
same reasons, the asymptotic behavior of the mean number of punctures when δµ → 0 is given by

n̄ = n̄1/2 +O(1), with n̄1/2 =
1

βU(E1/2 − µ)

1

δµ
+O(1) =

1

γπ
√
3

βc
βU

1

δµ
+O(1). (3.50)

Therefore, at the semi-classical limit, when the mean horizon area āH becomes macroscopic, the
number of punctures carrying spin 1/2 increases drastically. There is a condensation of spin 1/2
representations, exactly as there is a Bose–Einstein condensation of particles in the ground state
in usual quantum physics. The condition for the condensation to occur is given by

n̄1/2 ≫ ζ

(

µβc√
3

)

. (3.51)

2. Entropy and corrections to the area law

In order to compute the entropy, we need to compute the asymptotic expansion of logZB(β, µ) in
the limit β → βc. Using the notations introduced above, the partition function is given by

logZB(β, µ) = −
∑

j

log
(

1− exp(−Φj)
)

. (3.52)

Again, we study separately the contribution from the punctures with spin 1/2 and from the excited
punctures. The contribution of the punctures carrying spin 1/2 is given by

− log
(

1− exp(−Φ1/2)
)

= − log
(

1− exp
(

βU(µ− E1/2)δµ
))

= − log δµ +O(1). (3.53)

The contribution of the excited punctures is irrelevant for the asymptotic of logZB(β, µ) when β
approaches βc. Indeed, when δµ = 0 (i.e. when β = βc), contribution from the excited punctures
is well-defined (i.e. the series is convergent), as we now show. First, if β = βc,

∑

j≥1

log
(

1− exp(−Φj)
)

=
∑

j≥1

log

(

1− exp

[

µβc

(

1− Ej

E1/2

)])

. (3.54)

This series is easily proven to be convergent since the summand is equivalent (when j becomes
large) to

log

(

1− exp

[

µβc

(

1− Ej

E1/2

)])

≃ − exp

[

µβc

(

1− Ej

E1/2

)]

≃ − exp

[

µβc

(

1− n√
3

)]

, (3.55)
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whose series is convergent. As a consequence, we obtain the asymptotic expansion

logZB(β, µ) = log δµ +O(1). (3.56)

The computation of the semi-classical expansion of the entropy SB = β(Ē − µn̄) + logZB(β, µ) is
therefore immediate and leads to

S =
āH
4ℓ2Pl

+ log āH +O(1). (3.57)

We recover the Bekenstein–Hawking expression with logarithmic corrections.

3. The limit µ → 0

To finish with this case, let us finally assume that we start with a finite value of µ, first consider
the limit δµ → 0 (as we did in this section), and then we assume that µ → 0 together with the
condition (3.51). This condition ensures that a condensation occurs and also that the corrections
to the Bekenstein–Hawking entropy are logarithmic.

To show that this is indeed the case, it is useful to establish a relationship between the classical
regime describe here (µ fixed to a non-zero value) and the regimes described in the previous
subsections. A straightforward calculation shows that the limit β → βc corresponds to

δβ = δµ +
µ

E1/2 − µ
→ µ

E1/2 − µ
, and TUδǫ = −µ+

β − βU
β

E1/2 → 0. (3.58)

Therefore, if we first take the limit δǫ → 0 with µ fixed, and then send µ to zero, we are clearly in
case (2), where δǫ ≪ δ2β. In this case, the correction to the entropy is indeed logarithmic.

C. Holographic bound with a chemical potential

This last subsection is devoted to the study of the case δh 6= 0, i.e. when we do not assume from
the beginning that the holographic bound is saturated. The expressions for the grand canonical
partition function (3.1) and the related thermodynamical quantities (3.3) are formally the same
as above, simply with βU replaced by (1 − δh)βU. Therefore, the system now admits three free
parameter: the temperature (or equivalently δβ), the chemical potential µ, and the holographic
parameter δh. There is a priori more freedom to reach the semi-classical regime.

1. Semi-classical regime and holographic bound

An immediate analysis shows that in order for the black hole to become macroscopic, we must
impose that the parameter ǫh (which satisfies ǫh > 0), defined by

ǫh =
βU
β

E1/2δ − µ, with δ = δh + δβ , (3.59)

approaches zero, i.e. ǫh ≪ 1. Note that ǫh=0 = ǫ, with ǫ given by (3.8).
If in addition to this we add the condition that the (inverse) temperature tend to βU, then we

get necessarily that δβ ≪ 1, and the condition ǫh ≪ 1 becomes

E1/2δh − µ ≪ 1. (3.60)
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As shown in [15], the requirements that the area be large and the temperature be fixed to βU
necessarily imply that the holographic bound is saturated when there is no chemical potential
µ = 0. We also recover what we have just shown in the previous section, namely that the two
previous semi-classical requirements imply that the chemical potential vanishes in the semi-classical
regime if we set δh = 0 from the beginning.

Here, we see that neither δh nor µ are uniquely fixed by the requirement of semi-classicallity, as
opposed to what could have been expected from the introduction of a new free parameter in the
model. However, in light of the physical reasons discussed in the previous section, an additional
natural requirement is to ask that the chemical potential of the black hole be “small” (βUµ ≪ 1) in
the semi-classical regime. This condition implies at the end of the day that the degeneracy bound
must be saturated in the semi-classical regime, which can be summarized as follows:

Semi-classical regime

(

β → βU, µ → 0,
āH
ℓ2
Pl

→ ∞
)

, ⇒ δh → 0. (3.61)

Adding the condition µ → 0 as a requirement for the semi-classical limit makes the system equiv-
alent (in this semi-classical limit) to the one studied in [15] where µ = 0. Therefore, it is not a
surprise that we here recover the saturation of the holographic bound.

2. Entropy and corrections to the area law

The study of the asymptotic expansion of the mean numbers of punctures (n̄1/2 and n̄ex) and the
mean energies (Ē1/2 and Ēex) is exactly the same as in subsection (IIIA 3). The only difference
here is that we simply have to replace the small parameter δβ by the small parameter δ = δβ + δh.
However, the analysis of the semi-classical entropy and of the subleading corrections could differ.

Following exactly the same analysis as that of the previous subsection, we have

Scor ≃ βU(δβĒ − µn̄) + logZB(β, z), (3.62)

whose leading order term is necessarily the leading order term of the sum
(

1 +
δβ
δ

)

π

6γδ
− βUE1/2

δh
δǫ

+
1

πγ

(

βUE1/2 −
δǫ
δ

)

log(Γδ + δǫ)− log δǫ. (3.63)

Note that, at the difference with the mean energy and the mean number of punctures, the entropy
is not symmetric under the exchange δβ ↔ δh because of the first term in (3.62). For this reason,
the behavior of the entropy at the semi-classical limit is different from what was studied in the
previous subsection.

When δh = 0, we recover the asymptotic expansion (3.31). If we assume that δh is “small
enough” in comparison to δβ and δǫ, the analysis of subsection (IIIA 4) still holds as well. The
general case, in which δh = O(δβ) (which means that δβ does not tend to zero faster than δh), is
more subtle to study. Since it is not physically relevant for the present study, we will not perform
its analysis here.

Here we are more interested in the case δβ = 0, which means that we fix the temperature to
be the Unruh temperature (as in [15]). The novelty compared to the previous subsection is the
presence of a term proportional to δh/δǫ in the asymptotic expansion (3.62). This implies that for
the subleading corrections to the entropy to be logarithmic it is necessary to satisfy the following
requirements:

1. The term − log δǫ dominate the asymptotic expansion, which implies in particular that

−δǫ log δǫ ≫ δh. (3.64)
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2. The condition δǫ ≪ δ2h must hold in order to have δǫ ∝ 1/Ē (i.e. we are in the case (2)
studied above).

These conditions are clearly contradictory. Therefore, the entropy cannot a priori have loga-
rithmic corrections if we impose β = βU and δh 6= 0, even if δh is arbitrary small.

IV. CONCLUSION

In this paper, we have studied the thermodynamical properties of a black hole viewed as a system
of non-interacting punctures with an a priori non-vanishing chemical potential. We have started by
assuming that the punctures satisfy the classical Maxwell–Boltzmann statistics. With this choice
of statistics, we have shown that a fine tuning of the chemical potential (to a non-vanishing value)
leads to logarithmic corrections to the entropy, and eliminates the large

√
aH corrections found

previously in [15] when µ was fixed to zero from the beginning. On the one hand, this result
is appealing because it allows to reproduce the expected corrections for the entropy, but on the
other hand it requires a non-zero value for the chemical potential, which should be given a physical
explanation. The value of µ is of the order of TU, and could therefore be related to the fact that
the black hole is in equilibrium with the emitted radiation. So far, we cannot propose any physical
interpretation for this result, which therefore should be viewed only as a toy model where it is
shown explicitly that the presence of a chemical potential can change the subleading corrections
to the entropy.

Then, we have made the assumption that the punctures satisfy the Bose–Einstein statistics, and
considered also an a priori non-vanishing chemical potential. We have studied the semi-classical
properties of the system in great details, and have shown that there exist different inequivalent semi-
classical regimes. From the physical point of view, there is a particularly interesting regime in which
the corrections to the entropy are logarithmic (as in the case of the Maxwell–Boltzmann statistics).
Furthermore, the logarithmic corrections come together with a Bose–Einstein condensation of
the punctures, in the sense that the system is dominated by punctures carrying the minimal (or
ground state) spin value 1/2. The idea that a Bose–Einstein condensation could occur for black
holes in LQG is very appealing and is clearly compatible with the usual result stating that small
spins dominate at the semi-classical limit. However, this requires the hypothesis of a holographic
degeneracy to be valid all the way down to the deep Planckian regime. This can unfortunately no
longer be justified by the standard quantum field theoretical argument used in [15], which is an
argument coming from low energy effective field theory.

To summarize, we have seen that one can recover logarithmic corrections in a non-trivial way
when a chemical potential is present, even if at the semi-classical limit this chemical potential can
eventually vanish (which is the case with the Bose–Einstein statistics but not with the Maxwell–
Boltzmann statistics). However, when the chemical potential is chosen to be vanishing from the
onset the corrections are larger than logarithmic corrections. Therefore, the presence of a chemical
potential seems to be related to the logarithmic corrections in this description of quantum black
holes as gases of punctures, and it would be interesting to study and understand this relationship
further. A possible interesting generalization of the present work would be to investigate the case
in which the area spectrum is continuous, which appears in the context of the analytic continuation
of the black hole entropy calculation [20, 22].
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