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LOCAL AND GLOBAL WELL-POSEDNESS OF THE FRACTIONAL
ORDER EPDIFF EQUATION ON R

MARTIN BAUER, JOACHIM ESCHER, AND BORIS KOLEV

ABSTRACT. Of concern is the study of fractional order Sobolev—type
metrics on the group of H*-diffeomorphism of R? and on its Sobolev
completions D?(R?). Tt is shown that the H*-Sobolev metric induces a
strong and smooth Riemannian metric on the Banach manifolds D* (R%)
for s > 1+ %. As a consequence a global well-posedness result of the
corresponding geodesic equations, both on the Banach manifold D?® (Rd)
and on the smooth regular Fréchet-Lie group of all H*°-diffeomorphisms
is obtained. In addition a local existence result for the geodesic equation
for metrics of order 2+ < s < 1+d/2 is derived.
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1. INTRODUCTION

In 1966 Arnold observed in his seminal article [2], that the incompressible
Euler equations can be interpreted as the geodesic equation on the group
of volume-preserving diffeomorphisms with respect to the right invariant
L? metric. Subsequently, it has been shown that there exists a geometric
interpretation for many other physically relevant PDEs; e.g.:

e Burgers’ equation as the geodesic equation on Diff(S') with the L2-
metric;
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e the Camassa-Holm equation [10] on Diff(S') with the H'-metric
in [31];

e the Degasperis-Procesi equation on Diff (S') with a non-metric con-
nection [16] (it has also been described previously as an evolution
equation on the space of tensor densities, see [25, 36], in the spirit
of the Euler-Poincaré formalism);

e the KAV equation on the Virasoro-Bott group with the L?-metric
in [30];

e the Hunter-Saxton equation on the homogeneous space Diff(S')/S!
with respect to the homogeneous H'-metric [34, 35];

e the modified Constantin—Lax—Majda equation [13] as the geodesic
equation on the homogeneous space Diff (S')/S! with respect to the
homogeneous H'/2-metric [45, 19].

These geometric interpretations as geodesic equations on infinite dimen-
sional manifolds have been used to obtain existence and stability results for
the corresponding PDEs: Ebin and Marsden [15] proved local well-posedness
of the geodesic initial value problem for the incompressible Euler equations.
Their method is based on an extension of the metric and the geodesic spray
to the Hilbert manifold of Sobolev diffeomorphisms. Using similar tech-
niques Constantin and Kolev showed in [12] that the geodesic equation of
the right-invariant Sobolev metrics of integer k& > 1 on Diff(S!) is locally
well-posed. In [18] this result was extend by Escher and Kolev to the class
of fractional order Sobolev metric of order s > % and in [17] they proved
global existence of geodesics on Diff(S!), provided that the order s satisfies
s> 3.

Fo2r diffeomorphism groups of a general (possibly) higher dimensional,
compact manifold M the situation has been only studied for integer order
metrics: metrics of order one have been studied by Shkoller in [40, 41] and
Gay-Balmaz in [21]; in [39] Preston and Misiolek showed that the geodesic
equation on Diff (M) is locally well-posed for Sobolev metrics of integer
order k£ > 1. This result can also be found implicitly in [15, 7]. In a recent
preprint [9], by Bruveris and Vialard, metric and geodesic completeness on
the Banach manifold D*(M) have been studied provided that the metric
is smooth and strong. Using a result of [15], see also [39], this is true
for the class of Sobolev metrics of sufficiently high integer order. This is in
correspondence with the results of Mumford and Michor in [38], where global
well-posedness on the group of H*-diffeomorphisms of R? for integer order
metrics is proven, see also [44]. However, so far both local and global well-
posedness was left open for fractional order Sobolev metrics. This article
serves as a contribution towards this goal, as it discusses local and global
well-posedness for fractional order Sobolev metrics on the diffeomorphism
group of R?. Our main result is the following:

Theorem 1.1. Let M be either the d-dimensional Torus T¢ or the Euclidean
space R?. Let G° be the fractional order Sobolev type metric of order s on
the group of H®°-diffeomorphisms Diff (M).
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(1) Let s > 1. Then, given any (po,vo) € TDIF(M), there exists a
unique non-extendable geodesic (p,v) € C*(J,TDiff(M)) defined
on the mazximal time interval J, which is open and contains 0.

(2) All geodesics exist globally, provided s > %l + 1.

Remark 1.2. In all of the article we will only treat the case M = R%. The
proofs work without any substantial change for M = T¢.

Outline of the article. In the following we give a short overview of the struc-
ture of the article: In Section 2, we introduce the diffeomorphism groups
studied in this article and review basic results on their manifold and group
structure. In Section 3, we define the class of right-invariant metrics — and
in particular of right-invariant Sobolev metrics — and present their geodesic
equation. The metrics in this article are defined via Fourier multipliers of
class 8", which is the content of Section 4. In Section 5, we show that
these metrics induce a smooth metric on the Sobolev completions D?(R?),
for sufficiently high ¢ and r. This is then used to prove local (Section 6) and
global (Section 7) well-posedness. Some facts on Fourier multipliers which
are needed in our analysis are collected in the Appendices A and B. Fi-
nally, the technically most involved computations for the symbols of higher
derivatives of the conjugation are postponed to Appendix C.

2. THE GROUPS OF SMOOTH AND SOBOLEV DIFFEOMORPHISMS
In this paper, we will be mainly interested in the diffeomorphism group
(2.1)  Diff jroo (RY) := {id 4 f; f e H®(RYRY) and det(id + df) > 0} .
Here H* (Rd, Rd) denotes the space of Re%-valued H*®-functions on R%, i.e.,
HOO(Rd’Rd) — ﬂ Hq(]Rd,Rd),
q=>0

where H7(R? R?) denotes the (R%valued) Sobolev space on R?, see Sec-
tion 2.1. In addition we will need the Hilbert approximations D9(R%) of
Diff g (RY):

DIRY) = {id +f: f e HIRERY) and det(id + df) > o} ,

defined for ¢ > % + 1. In this section we will recall the basic definitions
and results to rigorously define these groups. For a more detailed treatment
of the groups DI(RY) we refer to the monograph [29] and for the group
Diff o (RY) to [27, 37].

2.1. The Sobolev space H¢(R¢,R%). The Fourier transform F on R¢ will be
defined as

FEN© = [ f(a) da

where ¢ is the independent variable in the frequency domain. With this
convention, its inverse F ! is given by:

(F ) = [ Amieig(e)de.

Rd
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For ¢ € RT the Sobolev H9-norm of an R%valued function f on RY is

defined by
2 2\ 4 2
1 = [0+ 1e™3Fs| -

Using this norm we obtain the Sobolev spaces of — possibly non-integral —
order ¢:

HYR!,RY) = {f € L2RLRY : | fllyre < o0} -

These spaces are also known under the name Liouville spaces or Bessel
potential spaces. To make a connection with other families of function spaces,
we note that the spaces H9(R? R?) coincide with

HIRY, RY) = Bh(RY,RY) = F(RY,RY)
the Besov spaces BgQ(Rd,Rd) and with the spaces of Triebel-Lizorkin type
Fi,(R? R?). Definitions of all these spaces and an introduction to the gen-
eral theory of function spaces can be found in [42, 43].

In the following lemma, we collect two important properties of these
spaces that we will use throughout this article.

Lemma 2.1. Let g > 0 be any non-negative real number. Then we have:

e The space of smooth and compactly supported functions C2°(R?, R?)
is a dense subset of HI(RY,RY).

o If ¢ > d/2 then the space HIt"(RY R?Y) can be embedded into the
space C§(RY RY) of all C"-functions vanishing at infinity for any
integer r.

e Ifqg>d/2 and p > 1 with p < q then pointwise multiplication extends
to a bounded bilinear mapping

HIY(R? RY) x HP(RY, RY) — HP(RY,RY).
Proof. The proof of this Lemma can be found in [29, Section 2]. O

2.2. The Hilbert manifold D?(R%). We are now able to rigorously define the
Hilbert manifold D4(R%). We will follow the presentation of [29]. Given any
q > % + 1, we let

DI(RY) = {(p € Diffl (RY) : o —id € Hq(Rd,Rd)} .

Here Diff! (R?) denotes the set of orientation-preserving C-diffeomorphisms
on R? In [29] it has been shown, that equivalent definitions of this group
are given by

DI(RY) = {(p . ¢ is bijective, ¢, € id + Hq(Rd,IR{d)}
_ {¢ —id+ f: f € HY(RLRY), det(id + df) > o} .

Note, that for a compact manifold M, this has already been proven in [14].
Furthermore the mapping

DIRY) — HIRLRY), ¢ p—id
provides a smooth chart for D4(RY) for any ¢ > % + 1. Thus we have given
DI(RY) the structure of a smooth Hilbert manifold.
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Remark 2.2. Note, that the tangent bundle TD?(R?) is a trivial bundle
TDY(R?) = DI(R?Y) x HI(RY, RY),
because DI(R?) is an open subset of the Hilbert space HY(RY R%).

Remark 2.3. By the definition of D4(R?) we can bound the norm of the
Jacobian determinant of any diffeomorphism ¢ € DY(R?) from below, i.e.,

ldet(dg) |l > Ci(p), Ve € DURY).
On the other hand, we also have a similar bound from above, i.e.,
[det(de)l|, < Caly), Ve € DIRY).

2.3. The topological group D?(R?). The following lemma shows that the
manifold DI(R?) is in addition a topological group but not a Lie group, as
composition and inversion in D9(R%) are continuous but not smooth. More
precisely we have:

Lemma 2.4 (Proposition 2.6 in [29]). Given any real number q with ¢ > 2 +1,
the Hilbert manifold DI(RY) is a topological group, but never a Lie group;
the mappings

p: DI(R?) x DI(RY) — DIRY), () = ot
v : DR — DIRY), 0 @1
are continuous, but not smooth.

We will also need the following result concerning the right action of D?(R?)
on Sobolev functions.

Lemma 2.5 (Lemma 2.7 in [29]). Given any two real numbers q,p with q >
g +1 and q > p > 0, the mapping

pP o HP(RY,RY) x DYRY) — HP(RE,RY),  (u,¢) = uogp
1s continuous. Moreover, the mapping
R,:u—wuop

is locally bounded. More precisely, given C1,Cy > 0, there exists a constant
C =C(p,C1,C3) such that

1Rl tm 0y < C:
for all ¢ € DI(R?) with

|l —id||e <Ci1 and inf (det(dp(z))) > Cs.
z€RY
Note, that the first part of this result is the R? version of Corollary B.3
in [18]. In the one-dimensional case more exact bounds for the composition
have been derived in Corollary B.2 in [18].
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2.4. A complete metric structure on DI(R9). In this section we will gener-
alize a complete metric on D4(S1), as introduced in [17, Section 3], to the
situation studied in this article.

Definition 2.6. Given any ¢ > % + 1, we define the distance function

dy(1,02) = o1 — pall e + ||det(dior) ™! — det(dga) 7| . -

Theorem 2.7. Given any q > % + 1, the space (Dq(Rd),dq) is a complete
metric space and the metric topology is equivalent to the Hilbert manifold
topology.

The main ingredient of this proof is a bound on the Jacobian determinant
on bounded subsets of (D(R%),d,).

Lemma 2.8. Let ¢ > % + 1. Given any (non-empty) bounded subset B of
(Dq(Rd),dq), we have

inf ( inf det(d >0.

Jnf, <ylean et( w(y))>
Proof. We consider some fixed ¢g in B and let

g:= !

" diam(B) + ||1/ det(d)||loo
Since B is bounded and ||1/ det(dpy)
€ > 0. Suppose that

< 400 — c.f. Remark 2.3 — we have

oo

inf (inf det(dcp(y))) = 0.

pEB \ ycRd

Then there exists a ¢, such that inf det(dy1(y)) < e. But then we have
yeR

dy(p1,p2) > ||det(dipr) ™t — det(dipa) 7|
> [|det(dip1) |, = [ldet(di2) ™|
1 1
> — + diam(B) — —
€ €
= diam(B).
This yields a contradiction to ¢ being an element of B. O

Using this lemma, the proof of Theorem 2.7 is werbatim the same as in
the one-dimensional periodic situation, see [17, Section 3].

2.5. The Lie group Diff o (R%). The following result concerning the Lie-
group structure of Diff 7= (R?) has been first shown in [26].

Theorem 2.9 (Hermas & Djebali [26]). The space Diff g (R?) as defined in
(2.1) is a regular Fréchet-Lie group with Lie-Algebra Xoo(RY) = H>®(R? R?)
the space of H -vector fields.

The Lie-group structures of the related groups Diff.(R), Diff5(R%) and
Diff 5(RY) have been studied in [38]. It has been shown, that Diff.(R?) is a
simple group. However, this result does not carry over to the larger group
Diff 7 (R?), as both Diff.(R%) and Diffs(R?) are normal subgroups of it.
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3. THE EPDIFF EQUATION

3.1. Right-invariant metrics on Lie groups. A right-invariant Riemannian
metric on a Lie group is defined by its value at the unit element e of the
group, that is, by an inner product on the Lie algebra g of G. For historical
reasons going back to Euler [20], this inner product is usually represented
by a symmetric' linear operator

Arg—g,

called the inertia operator. Given a curve g(t) on G, the Eulerian velocity
(also called the (right) logarithmic derivative) is defined as

u:=TRj1.gt,

where R, stands for right translations on G. With these notations, the
geodesic equations can be written as

gt = TRy.u, up = —B(u,u),

where

B(u,v) = % (ad(u)Tv + ad(v)Tu> , U,VEQ

and ad(u)" is the adjoint of the operator ad(u), with respect to the inner
product on g. The first order equation on u is called the Arnold-Euler
equation and the bilinear operator B is called the Arnold operator.

As noted by Arnold [2], the theory can be extended to diffeomorphism
groups (and more generally Fréchet-Lie groups) but with two restrictions:

(1) The metric does not induce, generally, an isomorphism between the
tangent space T,G and its dual;
(2) The geodesic spray may not exist.

3.2. Right-invariant metrics on Diff o (R?). To define a right invariant met-
ric on Diff o (RY), it suffices to prescribe an inner product on the Lie al-
gebra H®(RY R?). Therefore let A : H*(R? RY) — H>*(RY R?) be an
L?-symmetric, positive definite, continuous linear operator. Then A induces
a positive inner product on the Fréchet space H Oo(Rd,Rd), given by

(ug,ug) := / Auq - us du,
R4

where - denotes the Euclidean product on R%. We can use this inner product
to define an inner product on each tangent space T, Diff o (RY). For any
¢ € Diff o (R?) and vy, vy € T,Diff g (RY) it is defined by

Gy(v1,v2) = (v1op Lvgop ) = ) A(wi o™l (va0p da.
R

Using the notation A, = R, 0 Ao R -1 we can rewrite — via a change of
variable — the above equation to obtain

Gy(vi,v2) = /d (Apvy - v2) Jyda
R

14 is symmetric if (Au,v) = (Av,u) for all u,v € g, where the round brackets stand
for the dual pairing of elements of g and its dual space g*.
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where J, denotes the Jacobian determinant of the coordinate change . The
operator A is also called the inertia operator of the metric G.

In the next theorem we will calculate the corresponding Euler equation,
assuming that the inertia operator is invertible. This equation is known
in the literature as the EPDiff equation (Euler-Poincaré equation on the
diffeomorphism group).

Theorem 3.1 (EPDiff equation). If the inertia operator
A: H®RYRY) — H®(RY RY)

is invertible, then the Arnold operator B exists and the corresponding FEuler
equation is given by

(3.1) mi 4+ Vom 4+ (Vu) m 4+ (divu)m =0, m = Au.
Proof. Let V be the canonical covariant derivative on R?. For w,v,w €
C>(R?, R?) we calculate
(u,ad(v)w) = —/ Au - [v,w] dx
Rd
= —/ Au - (Vyw — V) dx
Rd
= / [— grad(Au - w) - v+ (VyAu) - w + (Vv) Au - w] dz
Rd
= / [(Au - w)dive + (VyAu) - w + (Vo) Au - w] dx
Rd
= / (VyAu + (Vo) Au + (divv)Au) - wdz.
Rd

Since C°(RY, R?) is dense in H*°(R?, R?) and both sides of the equation are
continuous, the same relation holds for u,v,w € H>®(R% R?). We deduce
therefore that

ad(v) 'u = A7 (V,Au + (Vv)f Au + (div v)Au),
and the Euler equation (3.1) follows. O

Remark 3.2. Note that the hypothesis that the inertia operator is invertible
is only a sufficient condition for the existence of the operator B. A weaker
hypothesis is that the symmetric part of the bilinear operator ad(v)'u is
defined, which is the case if

VoAu + (Vo) Au + (dive) Au + V, Av + (V) Av + (divu) Av
belongs to the range of A for all u,v € H®(R? RY).

The geodesic spray, if it exists, is defined as the Hamiltonian vector field
of the energy function

1
E(p,v) = §G¥,(v,v), (p,v) € TDiff goo (Rd)
for the (weak) symplectic structure on TDiff e (R?) induced by the metric.
As pointed out by Arnold [2], the geodesic spray exists as soon as the Arnold
operator B exists.
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Theorem 3.3. Given a right-invariant metric on TDiff groo (RY), the geodesic
spray exists if and only if the Arnold operator B exists.

Sketch of proof. If the spray exists, it is uniquely defined and right-invariant.
It can be checked that, if the operator B exists, then the spray is given by

F(p,v) i= (p,0,0,5(v)),
where S,(v) := R, 0S50 R,-1(v) and
S(u) :== Vyu — B(u,u).
Conversely, if the spray exists, then a solution B of the equation
(B(u,v),w) = % ((v,ad(u)w) + (u, ad(v)w))
is given by the polarization of the quadratic operator
B(u,u) :== Vyu — Sig(u). O

Ezxample. In the following we present an example of a right invariant metric,
where the Arnold operator B — and thus the geodesic equation — does not ex-
ist. For this we consider the homogeneous H'-metric on the diffeomorphism
group of the real line Diff oo (R):

(u, v) ;1 ::/ux-vxdx, for u,v € H*(R,R).
R

This defines a Riemannian metric on Diff e (R), since there are no constant
vector fields in the Lie-Algebra H*>°(R).

One can formally derive the equation for the Arnold bilinear operator to
obtain:

B(u,v):/ Uy - Vg dy + (U - V) .

—00

Thus, if B(u,v) is an element of the Lie algebra H*°(R), then

o0
/ Ugp - Ve = 0.
— 0o

For w = v this would imply that u, = 0. Therefore the Arnold bilinear
operator does not exist for all u,v € H*(R).

In the article [5] possible extensions of the group Diff o (R) have been
discussed in order to guarantee the existence of B. However, this is only
possible if one uses either the group of compactly supported or rapidly de-
creasing diffeomorphisms, but not for H*°-diffeomorphisms that are treated
in this article.

Note that a similar phenomenon would also occur for any homogeneous
metric of order s > 0 on Diff ;7o (R%).

This is in contrast to the periodic case. To study the H! metric in the
periodic case one has to pass to the homogeneous space Diff(S')/St of dif-
feomorphisms modulo rotations. Then the geodesic equation exists and is
given by the Hunter-Saxton equation. Furthermore, the induced geometry of
the H'-metric is an open subset of an infinite dimensional sphere, cf. [34, 35].
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3.3. Sobolev metrics on Diff 7 (R%). A class of metrics of particular im-
portance is given by the family of (fractional order) Sobolev metrics. As
described in the previous section we only need to define the metric on the
Lie algebra H>°(R? R?) and obtain a metric on all of Diff e (R?) via right
translation. We will first consider the Sobolev metric of integer order k € N.
Therefore we define the inner product:

k
(3.2) <U1,UQ>Hk = Z / Vjul . VjUQ d.%',
7=0

where uy,us € H®(RY R?) and - is the natural extension of the Euclidean
inner product on R? to higher tensors. The Laplacian of a vector field u will

be defined as
Au = tr Vi = Z V%haju.
i
Due to the identity
div(Vuy - ug) = Aug - ug + Vug - Vug,

the H! inner product can be rewritten as

(uy,ug) g = /(1 —A)uy - ugde.

This suggests to introduce a modified but norm-equivalent version of the
H*-inner product (3.2), namely

(U1, u) e = /(1 — ANFuy - ugda.

The fact that both norms are equivalent is based on the inequality
2\ ¥ . 2 2\ ¥
(1+16?) s S 1e s (1+1¢P)
=0

Similarly as in Section 2.1, this definition can be extended via the Fourier
transform to obtain Sobolev metrics of non-integer order s > 0:

(3.3)  (ur,un) g ::/(1 A uy - updr = / <1+ yg\z)sal - fip da,

where - is the Hermitian inner product on C¢.
In the spirit of the previous section, it is natural to consider the corre-
sponding inertia operator A of the norm (3.3):

A=A (14 |5|2)S (D).

This operator belongs to the family of Fourier multipliers of class S**, which
is defined in the following section.
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4. FOURIER MULTIPLIERS OF CLASS S”

It is a well-known fact (see for instance [15, Appendix A]) that, given any
differential operator A of order r with smooth coefficients, the mapping

¢ Ay, =Ry0AoR,1, DR — L(HYRYRY), HT" (R R?))

is smooth for ¢ > 1+d/2 and g—r > 0. It is the aim of this section to extend
this result to a larger class of operators, the so-called Fourier multipliers of
class 8™, which are defined below.

Let A be a differential operator with constant coefficients, then

(Au)(§) = a(©)a(),  uwe HX([RRY),
where a : R* — £(C?) is a polynomial function. This observation suggests
to define, for a more general function a : R? — £(C?), a linear operator by
the following formula

a(Dyu:=F Yaw), uwe H®RYLRY,

where F is the Fourier transform on R?. Such an operator, a(D) (also
noted op (a(§))), is called a Fourier multiplier with symbol a. Of course,
some regularity conditions are required on the symbol a to insure that the
operator is well-defined. We redirect to Appendix A for a detailed discussion
on these conditions. In the following, we will restrict ourselves to a class of
symbols for which this operation is well-defined on H>(R? R?) and leads
to operators with nice properties.

Definition 4.1. Given r € R, a Fourier multiplier a(D) is of class S" iff
a € C®(R?, L£(C?)) and satisfies moreover the following condition:

loea(€)ll s (1+ 1¢P

for each o € N%, where |a] := a1 + -+ + ag.

) (r—lal)/2

)

Example. Any linear differential operator of order r with constant coeffi-
cients is in this class. Furthermore, op ((1 + |§|2)7’/2) belongs to this class.

Remark 4.2. Note that a Fourier multiplier a(D) of class 8" extends to a
bounded linear operator

HYRYRY) — HI"(RY, RY)

for any ¢ € R, where H9(R%,RY) is defined as the Banach dual space of
H~9(RY RY), if ¢ < 0.

In this paper, we are mainly interested by inner products of the form

(ug,ug) := Auq - ug dr,
R4
on H®(R4 R%), where A = a(D) is a Fourier multiplier of class S”. A nec-
essary and sufficient condition for such an inner product to be L?-symmetric
and positive definite is that the symbol a is Hermitian and positive definite
almost everywhere. Moreover we will require an ellipticity condition on A
in order to prove the existence and smoothness of the spray of the week
right-invariant metric generated by the inertia operator a(D). A detailed
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discussion on ellipticity for Fourier multipliers can be found in Appendix B.
For our purpose, we will adopt the following definition.

Definition 4.3. A Fourier multiplier a(D) in the class S" is called elliptic if
a(€) € GL(CY) for all ¢ € R? and

—r/
la@ ) s (1+162) ", veert

Remark 4.4. A sufficient (but not necessary) condition for ellipticity is the
following

—dr/2
deta(©)l 2 (1+1€?) T, veeR?
Remark 4.5. An elliptic Fourier multiplier of class 8" induces a bounded
isomorphism between HI(R% R%) and HI"(R%,RY) for all ¢ € R.

We summarize our considerations by introducing the following class of
inertia operators which will be denoted £".

Definition 4.6. An operator A € L(H>®(R% R%)) is in the class & iff the
following conditions are satisfied:

(1) A=a(D) is a Fourier multiplier of class S";
(2) A=a(D) is elliptic;
(3) a(€) is Hermitian and positive definite for all £ € R,

Since a positive definite Hermitian matrix has a unique positive square
root which depends smoothly on its coefficients, we can define formally the
square root B := op (a(&)l/z) of an operator A in the class £".

Lemma 4.7. The positive square root B of an operator A in the class E”
belongs to the class /2.

The proof of this result relies on the following elementary lemma.

Lemma 4.8. Let a,b,x € My(C) be three matrices, where b is assumed to be
Hermitian and positive definite. Suppose in addition that

bx + zb = a.

d
ol < /21571 e

where ||-|| denotes the Frobenius norm, i.e. ||z|| := vtrzx*.

Then

Proof. Since conjugation of the unitary group U(d) on My(C) is an isometry
for the Frobenius norm, we can assume that b = diag(A1,...,Ag). Thus
! = (N +Aj)"tal and

2 1
2 _
Il _Z SZQ)\‘)\.
irj ij "t

which yields the result. O

il
a;

J
T

< —(trb " H?|lal* <

1 d
-2 -2

16727 llall?,
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Proof of Lemma 4.7. Given ¢ € R, let b(€) be the positive square root of
a(§). Using the Frobenius norm, we get

1B(&)]* = trb(€)* = tra(¢) < Vd|a(§)] -
Thus,

r/4
)

Il s (1+1¢P)
and similarly
I s (1+162)

We will now show by induction on |« that

) (r/2=|al)/2

)

(4.1) |76l S (1+1¢P
for all @ € N, For |a| = 1, we have
dia(§) = b(£) (8:b(§)) + (9:b(€)) b(&)
and using Lemma 4.8, we conclude that
1051 S 1B 2@l S (1+ 1P

Suppose now that (4.1) is true for all || < n and let || =n + 1. We have
0%a(€) = b(E)(O"B(E) + ("OWEO) + >, 7b(§) 9*b(E),

|B1]+|B2]=n+1

)(r/2—1>/2 |

where

|0 b %06 < oo |o*pie)| < (1 + 1eP

for 1 < |B1],]52] < m, by the induction hypothesis. Thus, using again
Lemma 4.8, we conclude that

)(r—<n+1>>/2

)

1070 < (|1 [0%a©) = > 07b(¢) 07b(€)
|B1]+|B2|=n+1
g (1 n ‘5’2>(r/2—(n+1))/2

which achieves the proof. O

)

We will now turn to the main result of this section which is the following
theorem.

Theorem 4.9. Let A = a(D) be a Fourier multiplier of class S on R?, with
r>1. Let ¢ >1+4d/2 and g > r. Then the mapping

¢ Ay = R,1AR,, DR — L(HR?RY), HI"(R%, RY))
s smooth.

The main ingredient of the proof is the following lemma that shows the
boundedness of the n-th Fréchet differentials of the operators A,.
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Lemma 4.10. Let A = a(D) be a Fourier multiplier of class 8", r > 1 and
let

Ay, = O A, € LT H(RY, RY), H (R, RY))
be the (n + 1)-linear operator defined inductively by Ag = A and

Ant1(uo, ut, .- Ung1) = V, 1 (An (u0=u17---7un))
—ZA UQ, ULy - -+ s Viuyy Uk -+ -5 Un ),

where V is the canonical derivative on R%. Then, each A, extends to a
bounded multilinear operator

A, € LT (HYRERY), HI"(RY, RY)).
Remark 4.11. For n = 1, we have
Ax(uo,u1) = [V, Alug,
and for n = 2, we get

AZ(u07ul7u2) = ([VU27 [VU17A]] - [VVuQUNA])UO'

The proof of Lemma 4.10 relies on two main observations which proofs
can be found in Appendix C. The first one (Lemma C.1) is that the Fourier
transform of

Ap(ug, vy, ... up), where wg,ui,...,u, € H®(R? RY)

that we shall denote by A (to avoid lengthy notation), can be written as

42 AO=[ o b)), (6]

where dp is the Lebesgue measure on the subspace &y + -+ + &, = & of
(R4 +1 and

ap : (R — £ (c?, ¢?)
is the (n + 1)-linear map defined inductively by ag = a and

ant1(80,- - &ng1) =

(20m) 3 [an(€0, - & + vty €0) = anlos - )| @,

k=0

where ¢! is the linear functional defined by €#(X) := ¢ - X. The second one
(Lemma C.2) is an estimate on the sequence a,,, namely

43)  llan(&o,- - &)l < G <HA1 &)) oG+ )|

JCIp jed
where I,, := {1,...,n} and \.(&) := (1 + [¢]*)"/2.

Remark 4.12. An estimate for A; can be obtained directly using known
estimates on commutators (see [33] for an excellent exposition on the sub-
ject) but estimating A,, requires to control a non-trivial sequence of iterated
commutators. Hopefully, Lemmas C.1 and C.2 allow us to avoid this painful
task.
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Finally, the proof of Lemma 4.10 also requires the following estimate,
which can be found in [29, Lemma 2.3].

Lemma 4.13. Let ¢ > d/2 and 0 < p < q. Then there exists K > 0 such that
for any f € HI(R% R), g € H?(R%,R), the product fg is in HP(R?,R) and

19l e < KA f | gy 91l g1 -
Proof of Lemma 4.10. Let ug,u1,...,u, € H®(R? RY). We have

— 2
Antun,un,e ) oer = [ Qar O [Ra(6)] de.
But, due to (4.2) and (4.3), we get

|4.)] 5

Ar— RE AT e du,
chjn‘/f()'f'“"f'fnf ' 504—];]5] ‘ uo(&))‘ ‘ un(&n)| dp

because A, (§) |u(§)] = ‘ﬂ(&) , where A" := op (A-(§)). Now observe that
given n + 1 scalar-valued functions fo, fi,. .., f, € H®(R%, C), we have

SO fofte o SV fpsr o f) (6) =
/ A€o+ 6t 6) Fole) Fi(€) - Toln) di.
EotrrrHEn=¢

Thus, if we choose

e ((ﬁu\k‘) k=0,1,....n,

we get

W@‘ SY BRI T ) ©

JCIn jed keJe
and therefore

2
HAn(uo,ul,...,un)quq_r < Z Arfl(fOHfj) H T

Jciy, jel keI || pemr

Finally, by virtue of lemma 4.13, and because we assume ¢ > 1 + d/2 and
r > 1, we have

2 2 2
A T ) 1T £ SIA (R T H) II #
i€l ks || gaor i€l || gaor ke Ml gam
2 2
S]] IT #
jeJ Ha-1 keJe¢ Ha—1

n n
S Tl = TT el Zra
k=0 k=0

which completes the proof. O
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Proof of Theorem 4.9. Using Lemmas 4.10 and 2.5, the proof of Theorem 4.9
follows similarly as in [18]. The basic idea is to show that the mapping

o Ay =R, 1AR,,  DIR?) — L(HIRYRY), HT"(R? RY))
is smooth, if and only if, each A,, extends to a bounded (n+1)-linear operator
in £rTH(HIRY, RY), H7" (R, RY)). Therefore we need the local bounded-
ness of the composition operator Ry, c.f. [18, Theorem 3.4.]. The proof
of this statement does not depend on the dimension of the base manifold

and thus we will not repeat the argumentation. Now the statement of the
Theorem follows using Lemma 4.10. (]

5. SMOOTHNESS OF THE EXTENDED METRIC ON HILBERT MANIFOLDS

For general facts on Riemannian geometry on a Banach manifold we refer
to [32]. Let us recall that a Riemannian metric G on DI(R?), where ¢ >
1+d/2, is a smooth, symmetric, positive definite, covariant 2-tensor field on
DI(R?). In other words, we have for each ¢ € DI(R?) a symmetric, positive
definite, bounded, bilinear form G, on Tg,Dq(Rd) and, in any local chart U,
the mapping

¢ — Gy, U= L, (HI(R,RY),R)
is smooth. Given any ¢ € DI(RY), we can therefore consider the bounded,
linear operator
Gy : T,D)(R?) — T;DYR?),
called the flat map and defined by C?g, (v) := Gyu(v,-). The metric is strong
if C~r’¢ is a topological linear isomorphism for every ¢ € D(R?), whereas it
is weak if G, is only injective for some ¢ € DI(R?).

Suppose that A : H®(R? R?) — H>®(RY,RY) is an L? symmetric, posi-
tive definite, topological isomorphism, that extends to a bounded, injective
operator in the space

L(HIRY,RY), H (R, R7)),
where H~9(R% R?) is the Banach dual of HY(R% RY). Then A induces an
inner product on the Sobolev space H9(R%,R%), given by
(uy,uz) := (Aug,us),

where (-, -) denotes the dual pairing between H?(R? R?) and its topological
dual H~9(R% R%). To conclude that the family of inner products

G@(UMUZ) - <’U1 o @717/02 o @71>7

where ¢ € DI(R?) and vy, vy € T,DY(R?), defines a (smooth) Riemannian

metric on DI(R?) we need to show that the corresponding flat map
oG, DR — LIHI(RY,RY), HI(RY,RY))

is a smooth mapping. We will distinguish two cases:

(1) Weak metrics on DI(R?); i.e., the metric G is only injective, seen
as a mapping from the tangent bundle TD?(R?) to the co-tangent
bundle T*D?(R%)

(2) Strong metrics on DI(R%); i.e., the metric G induces an isomorphism
between the tangent bundle and the co-tangent bundle.
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5.1. Weak metrics on D9(R?). We consider first the case of an inner product
on H*(R? R?) which is given by

(ug,ug) = /Au1 - ug du,

where A is a Fourier multiplier of class 8" and r» > 1. Let ¢ > 1+ d/2
and ¢ —r > 0. We suppose further that the inertia operator A extends
to a bounded isomorphism between H?(R? R?) and H?"(R? R?). Since
H%"(R? RY) embeds continuously into H~9(R%,R%), it is sufficient to show
that the mapping

(5.1) o Gy =JyA,  DYRY — L(HYRYRY), HI7" (R, R?))

is a smooth mapping to conclude that A induces a smooth (weak) Riemann-
ian metric on DI(RY). Here J, denotes the Jacobian determinant of .

Lemma 5.1. Let ¢ > 14 d/2 and g —r > 0. Then the mapping
o Ay, DURY — LHYRY,RY), HI7"(RY,RY))
18 smooth if and only if the mapping
¢ Gy, DYRY — L(HIRYRY), HT(RY,RY))
is smooth and A induces a smooth Riemannian metric on DI(R?).

Proof. This lemma is an immediate consequence of the fact that pointwise
multiplication

(f,u) = fu,  HTYRELR) x HI7"(RY RY) — HT"(RY, RY)
is continuous for ¢ > 1+ d/2 and ¢ — r > 0. ]
Remark 5.2. If the mapping
> Ay, DIRY) — L(HYRYRY), HP(RY, RY))
is a smooth mapping for some p < ¢, then it is also a smooth mapping
DIRY) — L(HI(RY,RY), HP(RY, RY))
for each p < p.

Remark 5.3. If G is a weak Riemannian metric on D(R?) it is also a weak
Riemannian metric on DI(R?), for § > q. The converse of this statement
does not hold in general.

As a consequence of Theorem 4.9 we obtain the following result concerning
the smoothness of the metric G.

Theorem 5.4 (Smoothness of the metric). Let A be a Fourier multiplier of
class 8" andr > 1. Let ¢ > 1+ %l and ¢ —r > 0. Then, the right-invariant,
weak Riemannian metric defined on Diff g (RY) extends to a smooth, weak
Riemannian metric on the Banach manifold DI(R?).

Proof. The proof of this theorem is an immediate consequence of theo-
rem 4.9. U
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5.2. Strong metrics on D*(R?). We now consider the case where the order
of A is high enough such that it induces a strong Riemannian metric on
the Sobolev completion D*(RY). Therefore let A be a Fourier multiplier of
class £%° with s > 1 + % that extends to a bounded isomorphism between
H*(R% R?) and its dual space H~*(R% R%). If the mapping
= Gp=J,A,,  DY(RY) — L(HY(RY,RY), H*(RY, R?))
is a smooth mapping, then A induces a strong Riemannian metric on D*(R%).
Using Lemma 4.7, we can decompose the operator A as
A:= B*B: H* (R RY) — H*(RY, RY)
where B is a Fourier multiplier of class £° and B* is the corresponding
transpose of the operator B:
B:H*RYRY) — L2 RY,RY),  B*: L*(R%RY) — H*(RY,RY).

We can therefore rewrite the metric on DY(R?) as
Go(vi,v2) = / B(vy o <p_1) - B(vg 0 cp_l)dx
R4

:/ By(v1) - By(v2)J, dx
R

for vy, vy tangent vectors in TSODS(Rd). Here B, denotes the operator
By :=Ry,0BoR,-1.
Using the transpose of the operator B, we obtain

Gw(vl, ?}2) = (B:; o MJ(P o Bw(vl), UQ)H‘I(Rd,Rd)XH—q(Rd,Rd) 5

where M, is the pointwise multiplication by the Jacobian determinant J,
of the diffeomorphism ¢. Comparing this with (5.1), we obtain

BjoMj, 0B, =J,A, =G,.

The latter formula can now be used to obtain the following result con-
cerning the smoothness of this family of inner products.

Theorem 5.5 (Smoothness of the strong metric). Let s > 1+ d/2 and B €
Isom(H* (R4 R?), L2(RY,RY)). Suppose that the mapping

¢+ B,, D'(RY) — £(H*(RR?), L*(RY,RY))
1s smooth. Then the inertia operator

A:=B*B: H*(R% RY) — H*(R? R?)

induces a smooth and strong Riemannian metric on D*(R?).
Proof. Note first that, given ¢ € D*(R?), the mapping B} o M, o B,
is a topological isomorphism between H*(RY R?) and H~*(R% R?). The
smoothness is proved as follows. Since transposition and composition of

bounded operators between Banach spaces are themselves bounded opera-
tors it follows that the transpose

¢ By, DR — L(LARYRY), H*(R%,RY))
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is smooth iff

¢+ By, D(RY) — L(H*(RYRY), L2(RY,RY))
is smooth. Using that

p = My, DR — L(L*(R),RY), L*(RY,RY))
is smooth for s > 1+ d/2, it follows that the composition

BjoM;j, 0B, DR — L(H(RYRY), H ¥R R))

is smooth and that thus also the metric is smooth. The second statement
follows directly. O

6. LOCAL WELL-POSEDNESS OF THE GEODESIC EQUATION

In this section we show the local well-posedness of the EPDiff equation,
assuming a sufficiently high order r of the metric G. It turns out that the
required order r does not depend on the dimension d. The proof is based on
the same method as in the seminal article of Ebin and Marsden [15]. There-
fore we first need to show the smoothness of the extended spray. Then the
local well-posedness follows from the Picard-Lindelof (or Cauchy-Lipschitz)
theorem.

6.1. Smoothness of the extended spray. We will now prove smoothness of
the spray on TD9(RY), when the inertia operator A is in the class £ (see
definition 4.6) where r > 1 and ¢ > 1 + d/2, with ¢ —r > 0.

Theorem 6.1. Let A be a Fourier multiplier in the class E", where r > 1 and
let g >1+d/2, withq—r > 0. Then the geodesic spray

(p,v) = Sp(v) = Ry 080 Ry,-1(v),
where
(6.1) S(u) = A~ {[A, Vy]u — (Vu) Au — (divu)Au}
extends smoothly to TDI(RY) = DI(R?) x HI(R?,RY).
Remark 6.2. Note that this statement is highly non-trivial, since the metric
is only a weak metric. In Lemma 7.1, where we treat the strong metric
case, we will obtain the smoothness of the spray for free. Furthermore the
assumption on the order of the operator is sharp, i.e., for operators A of
order r < 1 the geodesic spray can never extend smoothly to some Sobolev
completion TD4(R%). This follows immediately from equation Eq. (6.1): the

term div u, which is of order one, is always present in this equation. Thus
we need the operator A~! to be a smoothing operator of at least order one.

Proof of Theorem 6.1. Set
Q'(u) == [A, VuJu, Q*(u):= (Vu)Au, Q*(u):= (divu)Au.
Then
Se(v) = AZH{Qu(v) — Q3 (v) — Q4 (v)}
and the proof reduces to establish, using the chain rule, that the mappings
(p,0) = Q(v), and (p,w) = At (w)

are smooth, for 7 = 1,2, 3.
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(a) By virtue of Lemma 4.10, we have
OpAp(v,v) = A1 p(v,v) = _leo(v)a
and therefore
(p,v) = Q4(v), DURY) x HIRY,RY) — HI"(RY,RY)
is smooth.
(b) We have Q?o(v) = (V(vo @*1))t 0 @.Ay(v). But, in a local chart, we
get '
[(V(v o <p_1))t o (p] . (z) = 096, [(dcp(m))_l]? Ot (),

where (dp(x))~! is the (pointwise) inverse of the invertible matrix dy(z).
Its coeflicients are therefore polynomial expressions of the partial derivatives
Opp? divided by the Jacobian J,. Thus

(¢, v) = (Vo ™) op
DYRY) x HIRE,RY) — L(HI™L(RE,RY), HIH(RY, RY))

is smooth since H7~1(R%, R?) is a multiplicative algebra for ¢ > 1+d/2. To
conclude that

(p,v) = Q%(v), DY(RY) x HI(RY, RY) — HI " (RY, RY)

is smooth, we use the fact that pointwise multiplication extends to a bounded
bilinear mapping

HI7Y(RY, RY) x HI"(RY,RY) — HI"(RY,RY),
ifg—1>d/2and 0 <qg—r <q—1 (cf. Lemma 2.1) and that
(p,v) = Ay(v), DURY) x HY(RY,R?Y) — HT"(RY,RY)
is smooth by hypothesis.
(c) We have Q2 (v) = (div(vo @) op)A,(v). But
divivop ) op = [(d(p)fl]g ov'
and we conclude as in (b) that
(p,v) = divivop oy, DIRY) x HIRRY) — HTHRLR)
is smooth and that
(pv) = Q3(v), DURY) x HIRY,RY) — HI™"(RY,RY)
is smooth.
(d) The set
Isom(H?(R? RY), HI~" (R, RY))
is open in
L(HYRYRY), HT (R, RY))
and the mapping
P~ P Y
Isom(H(R?,RY), HI™"(RT, R)) — L(H' (R, R?), HI(R,R"))
is smooth (even real analytic). Besides

A, € Tsom(HY(RY R?), HI™"(RY, RY)),
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for all ¢ € DI(RY), and the mapping
@ Ay, DIRY) — Isom(HY(RY,RY), HI" (R, RY))
is smooth. Thus
(p,w) = AN (w), HT"(RYRY) — HIYR? RY)
is smooth. 0

6.2. Local well-posedness. The local existence of geodesics on the Hilbert
manifold D?(R?) follows from the Picard-Lindelof (or Cauchy-Lipschitz) the-
orem, due to the smoothness of the extended spray on D?(R%):

Theorem 6.3. Let A be a Fourier multiplier in the class E" with r > 1. Let
q > 1+d/2 with g—r > 0. Consider the geodesic flow on the tangent bundle
TDYR?) induced by the inertia operator A. Then, given any (¢g,vg) €
TDY(R?), there exists a unique non-extendable geodesic

(p,v) € C%(J, TDU(R))
on the mazximal interval of existence J, which is open and contains 0.
And we obtain well-posedness of the Euler equation in H?(R? R9).

Corollary 6.4. The corresponding Euler equation has, for any initial data
ug € H1(R* R?), a unique non-extendable smooth solution

we C%J, HY(RY,RY) N CY(J, HI7H(RY, RY)).
The mazimal interval of existence J is open and contains 0.

The remarkable observation that the maximal interval of existence is in-
dependent of the parameter ¢, due to the right-invariance of the spray (cf.
lemma 6.5) was pointed out in [15, Theorem 12.1]. This makes it possible to
avoid Nash—Moser type schemes to prove local existence of smooth geodesics
in the smooth category.

Lemma 6.5 (No loss, nor gain). Given (pg,vo) € TDIH(R?), we have
Ja+1(0,v0) = J4(¢o, v0),
forq>1+4d/2 and g —r > 0.
Proof. Let u be a constant vector field on RY. Its flow
Vi(z) ==z + su
does not belong to DI(R?) because u ¢ HI(RY,RY). However, if ¢ € DI(R?),
then oyl € DI(R?) and the flow 1y may be considered as a one parameter

group of (smooth) isometries of the (weak) Riemannian manifold DI(R?).
The action on DI(R?) is defined by

(ng . cp) () == p(z+su), @E€ Dq(Rd), rzeR
and the induced action on TDI(R?) is given by
(V3 - (p,0)) (@) = (olz + su),v(z +su)),  (p,v) € TDIURY), xR

Because 1y is a Riemannian isometry, the geodesic spray Fj is invariant
under ¥¢ and the same is true for its flow ®,. Hence

Dy (t, ¢ - (po,v0)) = s - y(t, (w0, v0)),
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for all t € J,(¢o,v0) and s € R.
Now, note that if (¢,v) € TDI(R?), then?
S T,Z)g : (QO,’U), R — TDq(Rd)
is a C'! mapping, and that

d
Zov. = (To. .
T v (p,v) = (To.u, Vyv)

Therefore, if (pg,v9) € TDITH(R?), we get
d
ds |,y
and thus
D(p,0) Py(t, (w0, v0))-(Tpo.u, Vo) = (Top(t).u, Voyu(t)).

CI)Q(t7 wg : (@07 UO)) = a(go,v)CI)Q(tv (@07 Uo)).(Tth.u, Vu?)o),

But
0.0 Pq(t, (00, 0)).(Tpo.u, Vyro) € HY(RYRY) x HIY(RY,RY),
for all constant vector fields u, and hence
(p(t),v(t)) € TDITHRY)  for all ¢ € J,(o,v0).
We conclude therefore that
Jq(p0,v0) = Jg+1(¢0, vo),
which completes the proof. (]

Remark 6.6. An iteration of the above argument shows that for initial data
(¢0,v0) € TDITF(R?) with k > 1, we also have

Ja11(¢0,v0) = J4(po,v0)-

Remark 6.7. Lemma 6.5 states that there is no loss of spatial regularity
during the evolution. By reversing the time direction, it follows from the
unique solvability that there is also no gain of regularity in the following
sense: Let (pg,v0) € TDY(R?) be given and assume that (¢(t1),v(t1)) €
TDIHL(RY) for some t; € Jy(¢o,v0). Then (pg,v9) € TDIHL(RY).

We get therefore the following local existence result.

Theorem 6.8. Let A be a Fourier multiplier in the class E" with r > 1 and
consider the geodesic flow on the tangent bundle TDiff gros (R?). Then, given
any (po,v0) € TDiff oo (R?), there exists a unique non-extendable geodesic

(¢,v) € C(J, TDiff o (R))
on the mazimal interval of existence J, which is open and contains 0.

Remark 6.9. Note, that this does not prove positivity of the induced geodesic
distance. In fact, it has been shown in [4, 6, 3], that there are inertia oper-
ators with symbols in S' such that the induced geodesic distance vanishes
identically on Diff(S!). For diffeomorphism groups on general manifolds,
it has only been shown that the geodesic distance vanishes if the inertia
operator is of class 8", r > 1. The boundary case r = 1 remains open so far.

2We will avoid to write Ty, T(TRYY), ...and simply keep the notation ¥¢.
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We also obtain well-posedness of the Euler equation.

Corollary 6.10. The corresponding Fuler equation has for any initial data
ug € C®(RY) a unique non-extendable smooth solution

u € C(J,C*°(RY)).

The mazimal interval of existence J is open and contains 0.

7. GLOBAL WELL-POSEDNESS

In this section we let s > 1+d/2 and A € Isom(H*(R? R%), H~%(R?, RY))
be an invertible Fourier multiplier of class £2°. Similarly, as in Section 5.2,
we can decompose the operator as A := B*B. According to Theorem 5.5,
the operator A := B*B induces a strong and smooth Riemannian metric on
the Hilbert manifold D*(R%). In that case, the associated spray is smooth
(see [32] for instance). Thus we obtain the local well-posedness on the Hilbert
manifold D*(RY):

Lemma 7.1. Let A = B*B be an invertible Fourier multiplier of class £%°
with s > 1+d/2. Consider the geodesic flow on the tangent bundle TD*(R?)
induced by the inertia operator A. Then, given any (¢g,v0) € TD*(R?),
there exists a unique non-extendable geodesic

(p,v) € C®(J, TD*(RY))
on the mazimal interval of existence J, which is open and contains 0.

For the strong metric case we obtain a much stronger result, namely global
existence of geodesics:

Theorem 7.2. Let A = B*B be an invertible Fourier multiplier of class £
with s > 1+ d/2, such that A € Isom(H*(RY,RY), H=*(R% R%)). Then,
given any (o, v0) € TD*(RY), there exists a unique geodesic

(p,v) € CX(R, TD*(R))
that is defined for all time t € R.

Proof. In [22, Lemma 5.2] it has been shown that any manifold that is in
addition a topological group with smooth right-translation, equipped with a
smooth strong metric is geodesically complete. We have shown the smooth-
ness of the metric in Theorem 5.5 and thus the result follows. O

Remark 7.3. The smoothness of integral order metrics — and thus the global
well-posedness of the geodesic equation for these metrics — has been already
observed in the article [15]. In [9, Corollary 7.5] it has been shown that for
any smooth and strong Riemannian metric G on D*(R?) all statements of
the theorem of Hopf-Rinow hold, i.e.,

(1) The space (D*(R%), @) is geodesically complete.

(2) The space (D*(R%)o, dist”) is metrically complete.

(3) Any two diffeomorphisms in D*(R%)y can be connected by a mini-

mizing geodesic.

Here D*(R%)y C D*(R?%) denotes the connected component of the identity.
However, the smoothness of fractional order metrics has been left open in
these articles.
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Using the No-loss—no-gain-lemma (c.f. Lemma 6.5 and Remark 6.6), we
are able to transport the result to the smooth category:

Theorem 7.4. Let A = B*B be an invertible Fourier multiplier of class £%°
with s > 1+ d/2, such that A € Tsom(H*(R% R?), H=5(R% R?)). Then,
given any (o, vo) € TDiff oo (RY), there exists a unique geodesic

(¢,v) € C%(R, TDiff o (R?))
that is defined for all time t € R.

Remark 7.5. Note, that in the smooth category we do not obtain the result
that any two diffeomorphisms can be connected by a minimizing geodesic.

We finally obtain the global well-posedness of the Euler equation.

Corollary 7.6. Given the assumptions of Theorem 7.4, the corresponding Fu-
ler equation has for any initial data ug € C®(R?) a unique smooth solution

u e C°(R, C®°(RY))
that is defined for all time t.

Remark 7.7. Note, that the results of this Section apply in particular to the
H*-metric for s > 1+ d/2.

Remark 7.8. In contrast to the weak metric case, the non-vanishing of the
geodesic distance is guaranteed for any strong Riemannian metric, c.f. [32].

8. CONCLUSIONS AND OUTLOOK

In this article we study right-invariant metrics induced by Fourier mul-
tipliers on the diffeomorphism group of R?. This class of metrics includes
in particular the family of fractional order Sobolev type metrics. We prove
that, under certain conditions on the Fourier multiplier, the metric extends
to a smooth metric on the Sobolev completion D4(R?) (for sufficiently high
q). Subsequently we use this result to prove local well-posedness of the cor-
responding Euler equations on D9(RY), using a method developed by Ebin
and Marsden in [15]. Observing that there is neither loss nor gain in regu-
larity during the geodesic evolution we are able to transfer this result to the
smooth category, i.e., we obtain a local well posedness result also on the Lie
group Diff g (RY).

For metrics of order s > % + 1 we prove that they even induce a strong
and smooth Riemannian metric on D*(R?). Combining the right-invariance
of the metric with this result we obtain global well-posedness of the geodesic
equation — both in the smooth category and on D*(R%).

Although all of our results and proofs are formulated for the diffeomor-
phism group of R? they directly translate to the diffeomorphism group of
the d-dimensional torus. In the case d = 1 — i.e., Diff (S') — our results yield
a combination of the results of [18, 17].

In future work it would be interesting to generalize these results to frac-
tional order metrics on diffeomorphism groups of general manifolds. The
main obstacle towards such a result is to show that the metric extends
smoothly to some Sobolev completion DY(M). This result can be proven,
for metrics that are induced by a differential operator. For more general
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metrics one would need to derive iterated commutator estimates for elliptic
Pseudo-differential operators.

Another interesting research topic is the blow-up behavior of the boundary
case. It is well-known that the Camassa-Holm equation allows solutions to
develop singularities in finite time [11]. This equation corresponds to the
H'-metric on Diff(S!). It is proven that the geodesic equation is globally

well-posed for metrics of order s > % The question of the occurrence of
blow-up along geodesics for metrics of order s = % remains open.

APPENDIX A. TRANSLATION INVARIANT OPERATORS

Let S(R% R?) denote the Fréchet space of all rapidly decreasing smooth
vector fields on RY. We define Oy as the space of all £(C%)-valued slowly
growing functions on R?, i.e. a smooth function a € C*°(R?, £(C?)) belongs
to Oy iff given any o € N? there is m, € N and C,, > 0 such that

10%a(&)ll 2ty < Ca(L +[E1)™/?, € € RY.

Given (a,u) € Oy xS(RY, R?) it is well-known that au € S(R?, RY). Thus
we may define the Fourier multiplication operator (or Fourier multiplier for
short) induced® by a as

a(D)u = F Yaw), ueSRYRY).
Then, we have
a(D) € L(S(RY,RY), S(RY, RY)) N L(S'(RY,RY), S'(RY, RY)),
where S’ denotes the topological dual space of S, i.e. the tempered R%-valued

distributions on R?. The convolution theorem for the Fourier transform
implies that, given u € S, we have

(A1) a(Dyu = (F'a)xu in &,
Remark A.1. We are rather interested in Fourier multipliers which extend
to bounded operators on L? (and on normed subspaces of it) than on S or

on &’. Therefore we use (A.1) to extend the admissible functions from Oy
to £(C%)-valued tempered distributions on R?, i.e. to

S'(RY, £(CY)) := L(S(RY, RY), L(CT)).

In fact, given (a,u) € S'(R?, L(C?)) x S(RY,RY), it is well-known that the
convolution a*w is a well-defined element in S’(R%, R?). Thus we may define
a(D)u = FY(at) = (Fla) xu, ueSRYLRY),

by the convolution theorem. It is clear that
a(D) : S(RLRY) — S'(RY RY)
is a linear operator. Again we call a(D) a Fourier multiplier with symbol a.

Obviously any Fourier multiplier is translation invariant. Conversely, a
well-known result characterizes all translation invariant and bounded opera-
tors on L? as Fourier multipliers with symbols in L>(R%, £(C%)), cf. [28, 24].
We use this latter result to describe bounded translation invariant operators
on the Lie algebra H>®(R? RY).

30f course the Fourier transform in S(R% R%) is defined componentwise.
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Lemma A.2. Let A be a continuous linear operator on the Fréchet space
H>(R? R?). Then the following three conditions are equivalent:

(1) A commutes with any translation 7,, where u € RY.
(2) A commutes with V., for each u € R? (constant vector field).
(3) There is an element a € S'(R?, L(C%)) such that A = a(D).

Proof. (i) The equivalence of (1) and (2) is easy to verify and since we already
remarked that Fourier multipliers are translation invariant, it suffices to
verify that (1) implies (3).

(ii) Assume that A is linear and continuous on H>(R% R%) which com-
mutes with translations. The topology of H>®(R% R%) is induced by the
family of semi-norms

pm(u) == [[(1 — A)"ul| 2, m € N.

Note that Plancherel’s theorem yields |[(1 — A)_ZHZ:(L?,L?) <1foralll>0.
Thus the family (pi,)men is ordered. Consequently there exists mg € N and
C > 0 such that

(A.2) lAull o < Cpg(u),  we HRERY),

Let

Ap = Ao (1 —A)"™0,
Then, (A.2) implies that A,,, maps the space H>(R? RY) continuously
into L?(R%,R%). Thus, there is a unique bounded extension A, of A,

to L?(R%, R%). By construction A,,, is translation invariant. Thus by the
classical L2-result there is some ag € L>®(R?, £(C?)) such that

Apy = F LagF.
Given u € H*®(R?, RY), we have
Au= Apg o (1= A" (u) = F~Hao(€) (L + [€]°)™ @),

meaning that A is a Fourier multiplier with symbol (14 |£|?)™0ag(€), which
clearly belongs to S’(R?, £(C?)). O

Given r € R, a Fourier multiplier a(D) with symbol a belonging to
L} (R% £(C%) is said to be of class M"(RY) iff
r/2
la@ll s (1+1?)", ae

In this case we call r the order of a(D).

Remark A.3. By Lemma A.2, any bounded Fourier operator on H>(R? R?)
has a finite non-negative order. In particular there are no bounded Fourier
multipliers of “infinite order” on H>(R? R?).

APPENDIX B. ELLIPTIC FOURIER MULTIPLIERS

Definition B.1. A Fourier multiplier a(D) with symbol a € M7 (R9) is called
elliptic iff a(¢) € GL(C?) for almost all ¢ € R? and

la@ s (1+167) ", ae.
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Remarks B.2. (a) If a bounded translation invariant operator A on the
space H®(R%,RY) extends to a bounded isomorphism from HI(R? R?) to
H?(R% R?) for some r > 0 and ¢ > r then its order is 7 and it is elliptic.
Indeed, given r > 0 and ¢ > r and invoking Lemma A.2, we know that
there is 79 € N and a € M™(R?) such that A = a(D). The fact that A
extends to a bounded isomorphism from H9(R% R%) to H7"(R? R?) and a
similar argument as in the second part of Lemma A.2 imply that a belongs
to M"(R%) and that a(D) is elliptic.
(b) Given r € R, the operator

diag[(1 — A)/2, ..., (1 = A)/?]

is elliptic. Note that the operator —A is not elliptic in the sense of the
definition given above. We treat Fourier multipliers of this kind below with
a slightly different notion of ellipticity.

(c) Let f be a bounded and smooth function on R with

%mjnff(g) = 0.

Given r > 0, consider a(£) := f(€)(1 + £2)"/2, € € R. Then a belongs to
M7"(R) and it is invertible. But it is not elliptic.

(d) Note that we consider a quite simple class of elliptic systems. In fact
there are more elaborated notions of ellipticity for systems, e.g. in the sense
of Douglis—Nirenberg. These more general constructions allow e.g. to treat
operators of the form diag[l — A, (1 — A)?] on C*®(R?,R?). To keep the
presentation simple we do not expand this branch here.

It is an easy consequence of Plancherel’s theorem that Fourier multipliers
are bounded on the corresponding Sobolev spaces into L?. A corresponding
result is true for the inverse of an elliptic Fourier multiplier.

Proposition B.3. Let A be a bounded translation invariant homomorphism on
H>(R? R?). Then, A extends to a bounded isomorphism from H?(R? R?)

onto H17" (R4, RY) for some r > 0 and q > r iff A is an elliptic Fourier
multiplier of order r, i.e. A = a(D) with an elliptic symbol a € M"(R).
In that case, A extends to a bounded isomorphism from H q(Rd,Rd) onto
HT (R RY) for any r >0 and g > r.

We next specify conditions on the symbol, guaranteeing that the corre-
sponding Fourier multiplier is elliptic.

Remarks B.4. (a) Let 7 > 0 be given, and assume that a, € L>(R%, £(C?))
is (positively) homogeneous of degree r, i.e.

ar(A) = N ar(§) in GL(CY)
for all A > 0 and almost all £ € R%. Clearly we have a, € M"(R?) in this
situation. Note also that
(B1)  Atax(§) = W+ €)7o+ ax(&0)),  (A) € (0,00) x RY,

where
A 3

A = Y NN UG NP
TPy T e P
Obviously we have that )\g/r +1%]% = 1.
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(b) Following [1], we call a homogeneous symbol a, normally elliptic iff
given ¢ € S%1, all eigenvalues of a, (&) have positive real parts. In view
of (B.1), normal ellipticity of a, implies that, given (X, &) € (0,00) x R,
we have that A + a-(§) and Ao + ar(§o) are invertible and - recalling the
homogeneity of a, - that

M= sup ||[u+az(m)]”"
| lue

is finite, where
Kai={(1,m) € (0,00) x R p" + [l = 1} .
Hence we get
(B.2) 1+ a7y < MO + )72,
provided a, is normally elliptic.
We summarize the above considerations by noting the following result.

Proposition B.5. Let A\ > 0 and assume that a, € M"(R?) is a homoge-
neous symbol of degree v, which is normally elliptic. Then the corresponding
Fourier multiplier A + ar(D) is elliptic.

The following result is a further consequence of (B.2).

Corollary B.6. Let ¢ € R and X\ > 1 be given. Assume further that a, €
M"(R?) is a homogeneous symbol of degree v, which is normally elliptic.
Then there is a Cy, > 0 such that

Ml gro=r + llull e < Ce A+ an(D))ull go—r - u € HIR?RY).

The constant C can be chosen independently of ¢ and A > 1.

A Fourier multiplier a(D) is said to be classical if there is a homogeneous
symbol a, of degree r and a 7y < r such that a — a, € M™(R?). In this
situation we call a, the principal symbol of a. A classical Fourier multiplier
is said to be normally elliptic, iff its principal symbol is normally elliptic.

Proposition B.7. Let a(D) be a normally elliptic classical Fourier multiplier.
Then there is a Ay > 0 such that X+ a(D) is elliptic for any A > ..

Proof. (a) Let a(D) be a classical Fourier multiplier and denote by a. €
M"(R?) its principle symbol. It suffices to show that, given ¢ € R, there is
a A\ > 0 and a ¢, > 0 such that

(B.3) 1A+ a(D))ull o = exlull e, uw € HIRYRY),

provided A > A,. To do so, we shall apply the method of continuity, c.f.
Theorem 5.2 in [23].

(b) By assumption there is an o < r such that ag := a — a, belongs to
S0, Thus there is a Cy > 0 such that

(B.4) lao(DYullgor < Co lullsra-ir—roy -
Let C4 > 0 be the constant appearing in Corollary B.6. Note that

g—r<q-—(r—r <q.
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Thus, by interpolation and the weighted Young inequality there is a C; > 0
such that

1
(B-5) Co ||u||Hq7(r7r0) < f HUHHq +Ch ||U||Hq7r .

(c) By Corollary B.6 there is a Cy such that
(B.6)  Allull gar + lull e < Cull(A + an(D))ullro—r ,  w € HYRERY),
for all A > 1. Combining (B.4)-(B.6), we find

Mullga—r  Nullga [0l g

(X + ax (D) + tag(D))ul go—r > = C1 [Jull gra—r

- Cs Cx 20,
for all t € [0,1], A > 1, and u € HY(R?,R?%). Choosing A\, = max{C.C,1}
and ¢, = 1/2C, we get (B.3) from Theorem 5.2 in [23]. O

Following [8], a classical Fourier multiplier a € M"(R?) is said to be
strongly elliptic iff there is an « > 0 such that

Re (ar(€)n-n) = ¢ n]?, (&) € RTx C7.

Remarks B.8. (a) Let A € C and (§,1) € RY x C? with ReA < 0 and
|€] = |n| = 1 be given. Then

A = ax(©)]nl = Re ([=A + ax(&)]n 1) = —ReA+a >0,

showing that all eigenvalues of the principal symbol a,. do have a positive real
part. This proves that any strongly elliptic Fourier multiplier is normally
elliptic.

(b) The converse of the above remark is not true. To see this, consider

a(D) = {—OA _—tAA}

where t € R is a free parameter. Then, a;(D) is normally elliptic for any
choice of ¢, but it is only strongly elliptic if || < 2.

(c) A paradigmatic class of Fourier multipliers which fit into the above
described framework are differential operators on R% of even order* and
with constant coefficients. To be more specific, let & € N be given, and
choose coefficients a,, € £(C%), where o € N? with |a| < 2k. Consider the
differential operator

A= Z Ao (—10)°.
la| <2k
Then A = a(D), where a(§) := 3|, <o), @a&® denotes its symbol. It is clear

that a belongs to M?* and that it is classical in the above sense. Thus the
above results are applicable to A.

41t is known that normally elliptic differential operators are automatically of even order,
cf. [1].
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APPENDIX C. DERIVATIVES OF THE CONJUGATE OF A FOURIER
MULTIPLIER
Let A = a(D) be a Fourier multiplier of class S" and
Ay = R,-1AR,,

where ¢ € Diff g (RY). It was shown in [18, Lemma 3.2] that

AL (0,601,...,00n) = RyAn RN (0,001, ..., 6n),
where

A, = 0 A, € LT (H®(RYRY), H® (R, RY))

is the (n + 1)-linear operator defined inductively by Ay = A and

(Cl) An+1(UQ,U1, e ,un+1) = Vun+1 (An(uo,ul, e ,un))
n
- ZAn(UO)ul? s ,vun+1uk; s aun)a
k=0

where V is the canonical derivative on R%.

Lemma C.1. Let ug,uy,...,u, € H(R? R?). Then, the Fourier transform
of An(ug,uq,...,uy), noted for short A, can be written as

©2) A= [ el ) (@) )] d

where dy is the Lebesgue measure on the subspace &g+ - -+&, = € of (R4
and

A : (Rd)nJrl N £n+1((cd7(cd)
is the (n + 1)-linear map defined inductively by ag = a and

(03) anJrl(éOa s ,£n+1) =

n

(20m) 3 [an(€o -+ & + vt €)= anlos - )| @€

k=0
where &% is the linear functional defined by £4(X) := ¢ - X.

Before giving the proof of this result, we would like to point out that

—

(C.4) V() = —2ir /5 o (e @)oe)

for all u,v € H>®(R?, RY).

Proof of Lemma C.1. The proof is achieved by induction on n. For n = 1,
using (C.1) and (C.4), we get
B =-2in [ (a(61) - &)aléo)lin(&) dn
So+&1=¢

+ 2in / (a1(&1) - €0)a(©)[0(€0)) dp.
o+&1=¢
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Therefore, (C.2) is true for n =1 with

a1(60,&1) = 2im (aléo + &) — al&0)) @ &,
Suppose now that (C.2) is true for n. Using again (C.1) and (C.4), we get

Ania(€) = _2i7r/£ Leme (itn 1 (€ns1) - €) An(€) d

_Z/H v (o E) [i0(0), - Vi), n(60)]

By Fubini’s theorem and the recurrence hypothesis, the first term in the
right hand side can be written as

oir / (i1 (Enp1) - (Go+ - + &)
£0+ +£n+1 5

an(£0a cee agn) [a0(£0)a s aﬂn(gn)] dp,

while each term in the sum can be written as

- 22'77/ (nt1(Engr) - k)
o+ Hénr1=¢
an(&Oa cee aék‘ + £n+1a s agn) [ﬂo(&)), s ’ﬂn(gn)] dlu“
This shows that (C.2) is still true for A/n?l, with

an+1(80; - -+, &nt1) [Xo, - Xppa] =
- 22‘7"'()(71-1-1 : (50 R Sn))an(g& R 7§n) [X07 R 7Xn]

+217TZ n+1 " é-k; an(é-(]a"'a£k+£n+la"'a£n) [XOa"',Xn]a

or in a more condensed form

ant1(80,- - &ng1) =

(2im) Y [an(&), ekt bt &) —an(Eor )| @€

k=0
]

Lemma C.2. For each n € N, there exists C,, > 0 such that

(C5)  lan(Cos .- &)l < C <HA1 @)) Do Avao+>4)

JCIn jedJ
for all &, ..., & € R, where I, ;= {1,...,n} and \.(€) == (1 + |€*)"/2.

To prove Lemma C.2, we will need one further Lemma. Therefore we will
introduce first a few useful notations. Let n > 1, we set

n-times

—_——
ta() =al@) @@ - a¢
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which is an (n + 1)-order tensor. Given 1 < r < m and p; < --- < p, in
{1,...,n} we define

P (G, 6o () =) ©F @ @ § ©ovl @ 0f
~~

—~—
p1 Pr
as the tensor obtained from t,, by freezing the variable £ at position py, ..., p;,
to 507 s 757’—1-
Example.
th(&)(§) = a(§) ® & ® &,
and

5" (6. 6)(6) = a() @ & @ &f.
Let I, :={r,...,n}. We define now the following (n + 1)-order tensor

PP oy &) (s 6n) = ) el0) D (=D

0667‘ Jclr,n

tﬁh“"pr(fa(o), R ,50(7«71))(50 R 57’71 + Z gj)’

JjeJ
where |J| denotes the cardinal of J, &, is the symmetric group of order r
and €(o) is the signature of the permutation o € &,.

Remark C.3. Note that the expression
8217.“7121”(507 o 7§T—1)(§T‘7 o 7§n)

is skew-symmetric in the variables &g,...,&—1 and symmetric in the vari-
ables &.,...,&,.
Ezample.
s1(£0)(&1) = (a(&) —alé + &) ® &,
and
537 (60,€1)(&2) = (aléo + &) —aléo + &+ &) ® (§ A &)
Finally, given a sequence by, (&, . .., &,) of (n+ 1)-order tensors, we define
Rec(bn)(£05 s a£n+1) =
> [Bal€s o b+ s s En) = Bal6os o 6n)| @ €L
k=0

Remark C.4. Recall that the sequence a, satisfies
an+1 = Rec(ay) .
This will be important later, to prove Lemma C.2.

Lemma C.5. The sequence sk '™ satisfies the relation

Rec (Szr)zh.“’pr) (50’ e ,£n+1) = _SﬁlJ;.ln’pT (50’ e ,57’71)(57’, e ’£n+1)

seesPry 1
- 5Z1+1 pront (50’ cee 55T71’£n+1)(£ra cee agn)
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Proof. The expression Rec (sh"7P") (&, ...,&qp1) is the sum of two terms
r—1
Ry = Z |:S$Ll7...7pr(£0, s ’gk + £n+1’ cee ,57’71)(57’5 v ,gn)
k=0

— P (E, e ) (G0 )| @

and
Ry = Z [Sﬁl,...,pr(&)’ cee 757"—1)(57"7 IR 7§k‘ + §n+17 s 7§n)
k=r
— sPrePr(gg 1) &y E0) | @ {2
Expanding sh!" ", we get first
r—1
Ri=Y o) Y ()Y
€S, JCIrm k=0
t?zl’m’pT (50(0)’ vy &t £n+la s ,ga(r—l))(go +o &1+ £n+1 + Z 5]) ® 5]&
1 jeJ
o~ 1(k)
- t£17...7pr(§o(0)7 s 750(7’71))(50 +-+ &t Z é.j) ® 52}7

jeJ

and using the linearity of 5" "™ in the first r variables, we have

Ri=3el0) Y (-1

ceB, JCIrn

r—1
P (E ) o) (o H &1 o + &) @ (D&
k=0

jed

r—1
— B (), Eae) G0t T e+ D)@ (D€L
k=0

jeT
r—1
+Z P (Eays o Sntd s e v Ear—1)) (S0t - '+£r71+£n+1+z fj)®f;ﬁg}-
NG :
k=0 o—1(k) jeJ

For the second term R, we get

Ry= > o) 3 ()13
k=r

oc6, JCIrn
P (€)oo o+ G F 0 (R)Ena + ) &) ® 3
jeJ

- tIT)LI’m,pT (50(0)7 s 750(7‘*1))(50 +eee g?"—l + Zgj) ® glﬁ}a

jed
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where §; is the characteristic function of J. Note that, for J given, the only
non-zero terms in the sum »_;_  are those for which k belongs to J. We get
thus

Ry= > el0) Y (-1

ceS, JCIrn

tg17---7pr(§ 0)’ . 750’(7‘ 1))(50 —+ -+ é.r—l + §n+1 + Zé.]) ® (Z {5)

Jj€J Jj€J
- tzr)zh.“’pr(go((])a s 750(7’71))(50 +o+ &t Z é.j) ® (Z 5_3)}
JjeJ JjeJ
Summing up the two expressions, we obtain

Ri+Ry= Y el0) > (-1

ce6, JCI'r,n
1P (Eo)s - Sore) G0+ Gt F b + D E)
el
- tle-{—l 7pr(ga(O)a cee 750(7"—1))(50 +eot 57’_1 + Zgj)

jedJ

+Z tzr)zil 7pr7n+1 50'(0)’ ) £n+1 Yo ’ga(r—l)’gk)(g(]_{" : '+£7‘71+£n+1+z 5_7)

o1 (k) i€t
— PP 0y o1y Ent1) (€0 + o Erm + Engr + ij)}-
jed
Now
Z (—1)“‘{%5}'1"%(50(0), v o)) (o F &1+ g1 + Zﬁj)
JCIrn JjeJ
— TP (Eo(0)s - Eor-1y) (Eo - F G F Z&)}
jed
is equal to
- Z (_1)|J|tlr)z14;.1n7pT (50(0)’ s aga(rfl))(&] + o+ &+ Z gj)a
JCLmi jed
whereas
> o) Yo (-0
oeS,. JCI'rn

Z tﬁ:l ,pthrl 50(0)5 oo Sngl e aga(r—l)agk)(&)_'" - &r—1+En+ +Z é—j)

o1 (k) aet

— PN 0y oty Gt ) G b g + D §j)}

jeJ
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is equal to
- 2 o) 3 (=)
o€, 11 JCIrpn
R |
tfll-ill Pt (50(0)7 s 750'(7’71)750’(114»1))(50 +o+ &t §n+1 + Z §J)7
JjeJ
because &,41, the permutation group of {0,...,r — 1,n + 1} can be written
as
Sr1=6,U0,n+1)6,U---U(r—1,n+1)6,.
Therefore, we have finally
Rl + R2 - _Sfll_il.i.7pr(§07 o 757’—1)(57’7 o 7§n+1)
- Sﬁljll..’pr’n+1(£07 e 557“71, £n+1)(£ra e agn)a
which achieves the proof. ]

Proof of Lemma C.2. For n =1, we have

a1(80,€1) = (2im) (a8 + 1) — a(&) ) © & = (~2im)s} (€0)(E0).
By the mean value theorem and the fact a(D) is in the class &, we get

Ja€o + &) = al@)] S 6] max Aa(€)

But the function A,_; has no maximum on R¢, thus the supremum will be
achieved at the boundary of the interval [£y, &y + &1] and hence

la(€o +&1) — aléo)ll < & ()\r—l(ﬁo) + Ar—1(8o + 51)>-

Therefore, we have

la1 (€0, &1)| S 1€ol I€1] ()\r—l(ﬁo) + Ar—1(&o + 51)>7

and we get (C.5) since [£] < A1(&).

For n > 2, Lemma C.5 and (C.3) ensure that a, can be written as a

linear combination of sh"P". Now using iteratively the mean value theorem

(see [18, Lemma A.6] for the details), it can be shown that each sh' "
satisfies the estimate

‘8217.“7121"(507 e 7§7"—1)(§T‘7 e 7571)’

S (HA1(§R)> S (bt o+ ea+t Y G)
k=0

JCIrm jeJ

but

S haa(G+ o+ ea+d 6 < D A&+ ) &),

JCIrn Jj€J Jc{1,...,n} jeJ

which achieves the proof. O
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