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EXOTIC TILTING SHEAVES,
PARITY SHEAVES ON AFFINE GRASSMANNIANS,
AND THE MIRKOVIC-VILONEN CONJECTURE

CARL MAUTNER AND SIMON RICHE

ABSTRACT. Let G be a connected reductive group over an algebraically closed
field IF of good characteristic, satisfying some mild conditions. In this paper we
relate tilting objects in the heart of Bezrukavnikov’s exotic t-structure on the
derived category of equivariant coherent sheaves on the Springer resolution of
G, and Iwahori-constructible F-parity sheaves on the affine Grassmannian of
the Langlands dual group. As applications we deduce in particular the missing
piece for the proof of the Mirkovié—Vilonen conjecture in full generality (i.e. for
good characteristic), a modular version of an equivalence of categories due to
Arkhipov-Bezrukavnikov—Ginzburg, and an extension of this equivalence.

1. INTRODUCTION

1.1. Introduction. Let F be an algebraically closed field, and let G be a connected
reductive group over F which is a product of simply-connected quasi-simple groups
and of general linear groups. We assume that the characteristic p of F is very
good for each quasi-simple factor of G. Let also G be the complex Langlands
dual group. The main result of this paper is an equivalence of categories relating
tilting objects in the heart of Bezrukavnikov’s exotic t-structure on the derived
category of G X Gp,-equivariant coherent sheaves on the Springer resolution N of
G, and Iwahori-constructible parity sheaves on the affine Grassmannian Sr of G,
with coefficients in F (in the sense of [JMW]).
We provide several applications of this result; in particular

(1) a proof that spherical parity sheaves on Gr, with coefficients in a field of
good characteristic, are perverse, which provides the last missing step in
the proof of the Mirkovié—Vilonen conjecture [MV] on stalks of standard
spherical perverse sheaves on Gr in the expected generality;

(2) a construction of an equivalence of categories relating DP Coh®*®m(N)
to the “modular mixed derived category” of Iwahori-constructible sheaves
on Gr (in the sense of [AR2]), which is a modular generalization of an
equivalence due to Arkhipov—Bezrukavnikov—Ginzburg [ABG];

(3) an “extension” of (2) to an equivalence relating D® Coh®*®= (g) (where g is
the Grothendieck resolution of G) to the modular mixed derived category
of Iwahori-equivariant sheaves on Gr.

C.M. thanks the Max Planck Institut fiir Mathematik in Bonn and MSRI in Berkeley for excel-
lent working conditions. Research done at MSRI is supported by the National Science Fondation
under Grant No. 0932078000.
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A weaker version of (1) was obtained earlier by Juteau—Mautner—Williamson
[JMW2] using a case-by-case argument. The application to the Mirkovié—Vilonen
conjecture is due to Achar—Rider [ARd]. In the case p = 0, the equivalence in (2)
plays an important role in the representation theory of Lusztig’s quantum groups
at a root of unity, see [ABG, Be, BL]. We expect our equivalence to play a compa-
rable role in the modular representation theory of connected reductive groups. A
similar result has been obtained independently by Achar-Rider [ARd2], under the
assumption that spherical parity sheaves are perverse. Our methods are different
from theirs; see §1.7 below for a detailed comparison.

1.2. Main result. To state our results more precisely, let us choose a Borel sub-
group B C G, and a maximal torus T C B. Let b be the Lie algebra of B. Then
the Springer resolution N is defined as

N:={(€,gB) € g x G/B |, = 0}.
This variety is endowed with a natural action of G x Gy, defined by
(g,Z) : (é-vhB) = (2_29 : &ghB),

so that we can consider the derived category DP CohG*Cm (/\7 ) of G X Gp-equiva-
riant coherent sheaves on A. This category possesses a remarkable t-structure,
called the ezotic t-structure, defined by Bezrukavnikov [Be] in the case p = 0, and
studied in our generality in [MR]. The heart 5%Cm(A) of this t-structure has
a natural structure of a graded highest weight category, with weights the lattice
X = X*(T) of characters of T, and “normalized” standard, resp. costandard, ob-
jects denoted A}/, resp. V}/. In particular, we will be interested in the category

Tilt (G *Cm (N)) of tilting objects in E*Cm (N} (i.e. those objects which possess
both a standard filtration and a costandard filtration). This category is Krull-
Schmidt, and its indecomposable objects are parametrized in a natural way by
X x Z. For A € X, we denote by 7 the indecomposable object attached to (X, 0).
Then for any n € Z the object associated with (\,n) is 7*(n), where (n) is the
n-th power of the functor (1) of tensoring with the tautological 1-dimensional Gy,-
module (see §5.2 for details). For any 7 in Tilt(6E*C= (N)), u € X and m € Z, we
denote by (T : A;\V(m}), resp. (T : V%(m)), the multiplicity of the standard object
AJ’\\7<m>7 resp. of the costandard object V;\T/(m% in a standard (resp. costandard)
filtration of T.

Let now G be a complex connected group, with a maximal torus 7' C G, and
assume that (G, T) is Langlands dual to (G, T), in the sense that the root datum of
(G, T) is dual to that of (G, T). In particular, we have an identification X = X, (7).
We let B C G be the Borel subgroup containing 7' whose roots are the coroots of B
(which we will consider as the negative coroots). Let € := C[z]] and % := C((z)).
Then the affine Grassmannian Gr of G is defined as

Gr:=G(X)/G(0),

with its natural ind-variety structure. We denote by I the Iwahori subgroup of G (0)
determined by B, i.e. the inverse image of B under the morphism G (0) — G defined
by the evaluation at z = 0. Then I acts naturally on Gr via left multiplication on
G’(Ji/ ), and the orbits of this action are parametrized in a natural way by X; we
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denote by Gry the orbit associated with A and by iy : Gry < Gr the inclusion. We
let
Parity 7 (5, F)
be the category of parity sheaves on Gr, with coefficients in F, with respect to
the stratification by I-orbits (in the sense of [JMW]). This category is defined as
an additive subcategory of the derived category D?i)(ST,IF) of I-constructible F-
sheaves on Gr. It is Krull-Schmidt, and its indecomposable objects are parametrized
in a natural way by X x Z. We denote by £, the indecomposable object attached
to (A, 0); then for any n € Z the object associated with (A, n) is Ex[n)].
The main result of this paper (whose proof is given in §6.1) is the following,.

Theorem 1.1. There exists an equivalence of additive categories
(1.1) © : Parity (G, F) = Tilt(£9*%=(N))
which satisfies the following properties:

(1) ©cfl]=(-1)06;
(2) for allm € Z, A € X and & € Parity j(5r,F), we have

(O(&) : Ax(m)) = dimg (H™ = E =2 (Gr_y 0% \€));
(O(&) : Vi (m)) = dimg (H™ =™ E" =2 (Gr_y i \€));
(3) O(E\) =T~ for any X € X.

1.3. Outline of the proof. Our strategy of proof of Theorem 1.1 is based on the
description of both sides in (1.1) in terms of an appropriate category of “Soergel
bimodules.”’ This idea is very classical, see e.g. [S1, BY, Do] for examples in
characteristic zero, and [S3, AR1] for examples in positive characteristic.

On the “constructible side” (i.e. the left-hand side in (1.1)), this description is
obtained using the total cohomology functor. The arguments in this section are
rather classical; see §1.8 below for a discussion of the only new idea that is needed.

On the “coherent side” (i.e. the right-hand side in (1.1)), we adapt a construc-
tion due to Dodd [Do] in characteristic zero, which uses a “Kostant—Whittaker
reduction” functor. This construction uses modular (and integral) versions of some
classical results of Kostant, which are treated in the companion paper [R3]. Our
constructions are slightly different from Dodd’s, however, in that we do not use
a deformation to (asymptotic) D-modules, but only to coherent sheaves on the
Grothendieck resolution

g:={(yB) €g" xG/B|{,n =0},
where n is the Lie algebra of the unipotent radical of B. (On the constructible side,
this deformation amounts to replacing the category Parity j, (Gr,TF) by the category
Parity;(Gr, F) of I-equivariant F-parity sheaves on Gr.)

Our proof of fully-faithfulness of the Kostant—Whittaker reduction functor is
also different from the proof in [Do]. One of the crucial ideas in our proof, which
we learnt in papers of Soergel [S1, S3] and was used also in [AR1], is to use the
comparison between parity sheaves and Soergel bimodules to prove some properties

Lour “Soergel bimodules” are in fact not bimodules over any ring, but rather modules over a
certain algebra built out of two copies of a polynomial algebra. We use this terminology since
these objects play the role which is usually played by actual Soergel bimodules.
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of Hom-spaces between the latter, which we use in the proof on the other side (here
the “coherent side”); see the proof of Theorem 5.14 for more details.

We also use some ideas from categorification, related to the fact that both cate-
gories appearing in (1.1) provide categorifications of the spherical module Mgpy, of
the affine Hecke algebra H,g attached to G (in the sense that their split Grothen-
dieck groups are equipped with natural actions of H,g, and are naturally isomorphic
to Mgpn). On the left-hand side this uses the realization of H,g in terms of con-
structible sheaves on the affine flag variety of G, and on the right-hand side this
uses the Kazhdan—Lusztig—Ginzburg description of H,g in terms of equivariant co-
herent sheaves on the Steinberg variety of G, a “categorical” counterpart of which
is provided by the “geometric braid group action” studied in [R1, BR2].

Note that, surprisingly, our proof does not use the geometric Satake equivalence
from [MV].

1.4. Equivalences of triangulated categories. One of our motivations for the
study of the equivalence in Theorem 1.1 was the desire to obtain a “modular version”
of an equivalence of categories due to Arkhipov—Bezrukavnikov—Ginzburg [ABG] in
the case p = 0. This equivalence uses the “modular mixed derived category”

D?}i)x(g,r.’]F) = KP PaI‘itY(j)(SraF)'

This category is studied (in a more general setting) in [AR2]. In particular, it
can be endowed with a “perverse t-structure” and a “Tate twist” autoequivalence
(1), and possesses “standard objects” AP (XA € X) and “costandard objects” Vix
(A € X) which have the same properties as ordinary standard and costandard
perverse sheaves. For A € X, we denote by Ef\“ix the object &, considered as an

object of D?}i)x(gr, F). In case F = Q,, the category D?}i)"(gr, F) is equivalent to the

bounded derived category of the category P of [BGS, §4.4], see [AR2, Remark 2.2].

As an immediate application of Theorem 1.1 we obtain the following theorem,
whose proof is given in §6.2, and which provides a “modular analogue” of the equiv-
alence of [ABG, Theorem 9.4.1].

Theorem 1.2. There exists an equivalence of triangulated categories
® : D (Sr,F) =5 D" CohS*E (A7)
which satisfies
Po(l) = (D[1]od, DAY =AY, VI =V sENT) =T
for all X € X.

Remark 1.3. One should think of ® as some kind of “Ringel-Koszul duality,” i.e. a
composition of a Koszul duality (as in [BGS, Theorem 2.12.6], which sends simple
objects to projective objects) and a Ringel duality (which sends projective objects
to tilting objects). The relevance of such equivalences in Lie-theoretic contexts was
pointed out in [BG]; see also [BY]. The idea that, in a modular context, simple
perverse sheaves should be replaced by parity sheaves in “Koszul-type” statements
goes back to [RSW].

As explained in §1.3, our proof of Theorem 1.1 is based on the consideration of
a “deformation” of the picture, replacing I-constructible sheaves by I-equivariant
sheaves, and equivariant coherent sheaves on N by equivariant coherent sheaves
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on g. Using these considerations, we define objects A3 and V3 in DP Coh®*Cm(7)
which satisfy
Li*(A3) = A%, Li*(V3) =Vy

for all A € X, where i : N’ < § is the inclusion (see §5.3). We also define an additive
and Karoubian subcategory Tilt of DP Coh®*®=(g), stable under the shift (n) for
any n € Z, and indecomposable objects 7> in Tilt satisfying Li*(7?) = 7> and
such that Tilt is Krull-Schmidt with indecomposable objects 7*(n) for A € X and
n € Z, see §6.3. On the other hand, we consider the equivariant modular mixed
derived category

DP™(Gr,F) := K" Parity;(Sr, F),

and denote by A}ni;, resp. vrlpi;, the standard, resp. costandard, object associated
with A € X. For ahy AeX, the parity complex £, can be naturally “lifted” to the
category Parity;(Gr,F); we again denote by Sflix this object viewed as an object
in D}nix(gr, F).

The following “deformation” of Theorem 1.2 is proved in §6.3. (In case p =0, a
similar result can be deduced from the main result of [Do], though this equivalence

is not explicitly stated there.)
Theorem 1.4. There exists an equivalence of triangulated categories
U : D¥(Gr,F) = D" Coh®*®m(g)
which satisfies
Vo (l)= ([1]oW, WAPYN) =AY, W(VIH) 2V, gEp) =7
for all X € X.

In §6.4 we also prove that the equivalences ¥ and ® are compatible in the natural
way, and that they send the (mixed) Wakimoto sheaves to the natural line bundles

on g and N, respectively.

1.5. Parity, tilting and the Mirkovi¢—Vilonen conjecture. Our other main
motivation for the study of Theorem 1.1 comes from the Mirkovié—Vilonen conjec-
ture [MV, Conjecture 13.3]. In this subsection, we let G be more generally any
split connected reductive group scheme over an arbitrary commutative ring k. As
before, we fix a (split) maximal torus T and let X denote the weight lattice. We
again let G and T' C G denote the unique (up to isomorphism) complex connected
reductive group and maximal torus with Langlands dual root datum, and consider
its affine Grassmannian Gr := G(#)/G(0).

The geometric Satake equivalence, proven by Mirkovié—Vilonen [MV] for any k
which is Noetherian and of finite global dimension, is an equivalence of abelian
categories

Skt Pervig(gy) (Sr. k) = Rep(G),

where Perv (g, (9r,k) is the category of G(0)-constructible k-perverse sheaves
on Gr, and Rep(Q) is the category of algebraic G-modules which are of finite type
over k. (This equivalence is compatible with the natural monoidal structures on
these categories.)

After a choice of positive roots, the G(&)-orbits on Gr are parametrized in a
natural way by the set of dominant weights X C X; we denote by Gr* the orbit



6 CARL MAUTNER AND SIMON RICHE

associated with A € X+, and by i* : §r* < Gr the inclusion. For any A € X*, we
consider the perverse sheaf

Ti(\ k) := P(i%)1kg,a [dim(Gr)).

By [MV, Proposition 13.1], these objects correspond, under Si, to the Weyl G-
modules associated with A\. Towards the end of their paper, Mirkovi¢—Vilonen state
the following conjecture.

Conjecture 1.5 (Mirkovié—Vilonen [MV]). The cohomology modules of the stalks
of Ti(N\, Z) are free.

We understand this conjecture was formulated based on evidence in type A and
as part of an attempt to produce a “modular analogue” of results of Bezukavnikov
and collaborators (in particular, the equivalence of [ABG, Theorem 9.4.1]), like the
one we prove as Theorem 1.2.

Using [MV, Proposition 8.1(a)—(b)], one can also state this conjecture equiva-
lently as the property that, for any field k, the dimensions

dimy (H™ (97, 75T (M k)

are independent of k. Note that, by [MV, Lemma 7.1], if k has characteristic zero,
we have Z;(\, k) = ZC(Sr™, k), and the graded dimensions of stalks of these objects
can be computed in terms of affine Kazhdan—Lusztig polynomials [KL] and vanish
in either all odd or all even degrees.

It was realized by Juteau [Ju] that Conjecture 1.5 does not hold as stated, namely
that the cohomology modules of the stalks of Z,(\, Z) can have p-torsion if p is a
prime number which is bad for G.

On the other hand, if Z;(\,Z) does not have p-torsion for any A € X, then it
follows that for any field k of characteristic p, the tilting objects in Perv g oy (Gr, k)
are parity complexes, or equivalently that all the parity sheaves £ for A € —XT
(i.e. the parity sheaves which are G(&)-constructible) are perverse. (The equiva-
lence between these properties follows from [JMW2, Proposition 3.3].)

The statement that the parity sheaves £, for A € —X* with coefficients in a
field k of characteristic p are perverse, was proved using a case-by-case analysis by
Juteau-Mautner—Williamson [JMW2, Theorem 1.8] provided that p is bigger than
explicit bounds. The bounds in [JMW2] are a byproduct of the method of proof
and are in general stronger than the condition that p is good (most notably when
G is quasi-simple of type C,,, in which case the bound is p > n).

Achar-Rider [ARd] then proved that if all the parity sheaves £, for A € —X*
with coefficients in a field k of characteristic p are perverse, then the cohomology
modules of the stalks of the perverse sheaves Z,(\, Z) have no p-torsion.

In §6.5 we give a uniform proof of the following.

Corollary 1.6. If p is good for G, then for any A € —X* the parity sheaf Ex is
perverse.

By the main result of [ARd], this implies:

Theorem 1.7 (Mirkovié¢-Vilonen conjecture). If p is good for G, then the coho-
mology modules of the stalks of the perverse sheaves I)(\,Z) have no p-torsion.

Our proof of Corollary 1.6 is based on the explicit description of the tilting
objects T* for A € X* obtained in [MR].
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1.6. Other applications. Now, let us come back to our assumptions on G and p
from §1.1. In this subsection we state some other applications of Theorem 1.1. Most
of these results are already known (at least when p = 0), but their proof usually
requires the geometric Satake equivalence of §1.5. We find it useful to explain how
these results can be derived directly using our methods.

We denote by Parity ¢4 (97, F) the subcategory of Parity ;) (5r,F) consisting
of objects which are G/(&)-constructible, i.e. which are direct sums of objects Ex[i]
where A € —X* and i € Z. We also denote by PParity(G(ﬁ))(Sr, IF) the subcategory
of Parity 5))(97‘, F) consisting of objects which are perverse sheaves. By Corol-
lary 1.6, this category consists of objects which are direct sums of parity sheaves
&\ where A € —=XT.

To conform to the notation used most of the time in this context, for A € X+t we
set EX 1= Eyyr (Where wy is the longest element in the Weyl group W of (G, T)),
and (as in §1.5) Grt = Uuewagr,. We also denote by Ly the unique T-fixed point
in Gry, and by ¢ : {Lx} < 9r the inclusion.

We denote by Tilt(G) the additive category of tilting G-modules, and by T()\)
the indecomposable tilting G-module with highest weight A (for A € X*). We also
denote by M(A) and N(\) the standard and costandard G-modules with highest
weight A respectively (see [MR, §4.3]). We denote by (T(A) : M(u)) and (T(N) :
N(u)) the corresponding multiplicities.

From Theorem 1.1 one can deduce the following result (see §6.6).

Proposition 1.8. There ezists an equivalence of additive categories

Sk : PParity gy (97, F) = Tilt(G)
which satisfies Sp(E) =2 T(N) for all A € Xt. Moreover, for A, € X+ we have
(1.2) ) dim(HFIE g R)) vE = 3 (T() - N(—wor)) - M, "0k (v2),

k€EZ keZ
vext

where M¥(v) is Lusztig’s q-analogue [L1].

In case p = 0, M(\) and T(\) both coincide with the simple G-module with
highest weight A, so that (T(\) : M(v)) = dx,. On the other hand we have
EXN = IC(Sr*, F). By [KL], the dimensions of the stalks of this perverse sheaf can be
expressed in terms of Kazhdan—Lusztig polynomials for the affine Weyl group W,g
of G. Hence in this case, (1.2) provides a geometric proof of the relation between
affine Kazhdan—Lusztig polynomials and Lusztig’s g-analogue, conjectured in [L1]
and proved by different methods in [Ka.

Once it is known that the parity sheaves £* are perverse, as remarked in [JMW2,
Proposition 3.3], it follows that Sp(€*) = T()\) (where Sg is the geometric Satake
equivalence, see §1.5). Hence one can obtain a different construction of an equiv-
alence Sp by simply restricting Sp. In this setting, a sketch of a different proof
of (1.2) is given in [J]MW2, Remark 4.2].

One can also apply our results to describe the (equivariant) cohomology of spher-
ical parity sheaves and their costalks (see §6.7 for the proof).

Proposition 1.9. (1) For any A € X7, there exist isomorphisms of graded
vector spaces, resp. of graded H;(pt; F)-modules,

H*(9r, €M) =T(\),  H}(Sr,&Y) =T(\) @ Hi(pt; F),
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where the grading on T(\) is obtained from the Gy, -action through the
cocharacter given by the sum of the positive coroots.

(2) For any M\, u € XT, there exist isomorphisms of graded vector spaces,
resp. of graded H}(pt; F)-modules,

H.—dim(ST“)(ZLgA) ) ( N ® F(J\7, Oﬁ(—woﬂ)))Ga
&) =

T
o—dim 7"‘“ a G
Hi dim(§ )(Z!u (T()\) ® I'(g, (95(*100#))) )

where in both cases T(\) is in degree 0, the global sections are equipped
with the grading induced by the G, -actions on N and g, and the HS (pt; F)-

action on (T(A) ® T'(g, O5(—won)))€ is induced by the natural morphism
g — Lie(T) = Spec(H}(pt; IF)).

The first isomorphism in (1) can be alternatively deduced from the fact that
Sr(E*) = T(N), see the comments after Proposition 1.8. Then one can deduce the
second isomorphism using [YZ, Lemma 2.2]. In case p = 0, the isomorphisms in (2)
are proved in [GR, Corollary 2.4.5 and Proposition 8.7.1].2

1.7. Comparison with [ARd2]. As mentioned already, in [ARd2] Achar and Rider
have obtained a different proof of Theorem 1.2. Their methods are quite different
from ours, and closer to the methods used in [ABG]. In fact, while for us most
of the work is required on the “coherent side,” in their approach the most difficult
constructions appear on the “topological side.” Moreover, the exotic t-structure
does not play any role in the construction of their equivalence.® Another important
difference is that their arguments rely on the geometric Satake equivalence, while
ours do not.

The assumptions in [ARd2] are also different from ours: in fact they assume that
the field F is such that any spherical parity sheaf with coefficients in F on Gr is
perverse. Hence Corollary 1.6 allows to extend the validity of their results to all
good characteristics.

1.8. A key lemma. A very important role in our arguments is played by the
following easy lemma (see [BY, Lemma 3.3.3]).

Lemma 1.10. Let k be an integral domain, and let K be its field of fractions. Let
A and B be k-algebras, and let p: A — B be an algebra morphism. If the morphism
K®re: Koy A — K®, B is an isomorphism, then the “restriction of scalars”
functor

Mod(B) — Mod(A)
18 fully-faithful on modules which are k-free.

We learnt how useful this observation can be in [BY]. It also plays an important
role in [AR1]. In practice, this lemma can be used when we are interested in modules
over a k-algebra B which is “complicated” or not well understood, but for which we

2The conventions for the choice of positive roots and the normalization of line bundles are
different in [GR], which explains the formal difference between the two formulas. A more important
difference is that in [GR] we construct an explicit and canonical isomorphism, while here we only
claim the existence of such an isomorphism.

3The relation between their equivalence and the exotic t-structure is studied in [ARd2, Sec-
tion 8], but only after the equivalence is constructed.
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have a “simplified model” A which is “isomorphic to B up to torsion”; i.e. such that
we have a k-algebra morphism A — B inducing an isomorphism K®, A = K®y, B.

For instance, on the “constructible side” of our proof of Theorem 1.1, working over
F directly we would have to consider the equivariant cohomology algebra H}(Sr; F).
Using the results in [YZ] (which rely on the geometric Satake equivalence) one
can obtain a description of this algebra in terms of the distribution algebra of the
universal centralizer associated with G. This algebra is a rather complicated object;
in particular it is not finitely generated over F. On the other hand, if K is a field of
characteristic zero, the algebra H$(9r; K) has a nice description (in terms similar to
the description of the cohomology of a finite flag variety as a coinvariant algebra)
which follows from [BF, Theorem 1].* Hence, instead of working over I, our main
constructions are done with coefficients in a finite localization 2R of Z. In this case,
we do not have a very explicit description of the algebra H}(Sr; ). But the same
construction as the one used by Bezrukavnikov—Finkelberg in the case of K provides
a “simplified model” for this algebra, which is isomorphic to H;—(QT; R) “up to R-
torsion,” see §3.5. Since the modules over this algebra that we want to consider are
all R-free, using Lemma 1.10 we can replace the “complicated algebra” H}(Sr; R)
by its “simplified model” without loosing any information.

Given this strategy, we also have to work over R on the “coherent side.” Most
of the complications appearing in this setting are treated in [BR2] and in [R3].

1.9. Contents. In Section 2 we prove some preliminary technical results, and in-
troduce some objects which will play an important role in the later sections. In
Section 3 we describe the left-hand side in (1.1) in terms of our Soergel bimodules.
In Section 4 we define the Kostant—Whittaker reduction functor, building on the
main results of [R3]. In Section 5 we use this functor to describe the right-hand side
in (1.1) in terms of Soergel bimodules. Finally, in Section 6 we prove the results
stated in the introduction.

1.10. Some notation and conventions. All rings in this paper are tacitly as-
sumed to be commutative and unital.

If A is an algebra, we denote by Mod(A) the category of left A-modules. If A is a
Z-graded algebra, we denote by Mod®*(A) the category of Z-graded left A-modules.
We denote by (1) the shift of the grading defined by (M (1)), = M,_1. If M is a
free graded A-module of finite rank, we denote by grk 4 (M) € Z[v,v~1] its graded
rank, with the convention that grk 4, (A(n)) = v™.

If X is a scheme, we denote by Ox its structure sheaf, and by O(X) the global
sections of Ox. If' Y is a scheme and X is a Y-scheme, we denote by Qx/y, or
simply Qx, the sheaf of relative differentials, and by Q(X/Y), or simply Q(X), its
global sections.

If k£ is a ring and V is a free k-module of finite rank, by abuse we still denote
by V the affine k-scheme Spec(S;g(Homk(V7 k:))), where S denotes the symmetric
algebra.

If R is a finite localization of Z, we define a geometric point of R to be an
algebraically closed field whose characteristic p > 0 is not invertible in R. If F is

4This simpler description is related to the preceding one using the fact that, over a field
of characteristic zero, the distribution algebra of a smooth group scheme is isomorphic to the
enveloping algebra of its Lie algebra.
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a such a geometric point, then there exists a unique algebra morphism R — F, so
that tensor products on the form F ®g (—) make sense.

If X is a Noetherian scheme and A is an affine X-group scheme, we denote by
Rep(A) the category of representations of A which are coherent as Ox-modules.
If A is flat over X, then this category is abelian.

At various points in the paper we consider certain schemes and affine group
schemes that could be defined over various base rings. When it is not clear from
context, we will use a subscript to specify the base ring. For example, we write
Xz, resp. Xy, to denote the Z-scheme X, resp. its base change to F. In order to
avoid notational clutter, we will affix a single subscript k£ to some constructions
like fiber products, for example writing (X Xz Y), and O(X xz Y), rather than
Xk Xz, Y, and O(Xj, X 2, Yi), or categories of equivariant coherent sheaves, writing
Coh%(X); instead of Coh®*(X}). We will also use the abbreviation DE(X);, :=
DY Coh®* (X},).

1.11. Acknowledgements. Soon after we started working on this paper, we were
informed by Pramod Achar and Laura Rider that they were also working on a
similar project, which was completed in [ARd2]. We thank them for keeping us
informed of their progress, and for useful discussions.

2. PRELIMINARY RESULTS

2.1. Reminder on parity sheaves. Let X be a complex algebraic variety, and

X:|_|XS

seS
be a finite (algebraic) stratification of X into affine spaces. For any s € .7, we
denote by is: X; — X the embedding. If k is a Noetherian ring of finite global
dimension, we denote by Dgp(X , k) the .7-constructible derived category of sheaves
of k-modules on X. Note that any k-local system on any stratum X, is constant.
If k' is a k-algebra which is also Noetherian and of finite global dimension, we will
denote by
K'(=): D%(X,k) — D% (X,K')

the derived functor of extension of scalars.

The following is a slight generalization of [JMW, Definition 2.4] (where it is
assumed that & is a complete local principal ideal domain).

Definition 2.1. An object F in D% (X, k) is called *-even, resp. l-even, if H" (i1F),
resp. H"(i\F), vanishes if n is odd, and is a projective k-local system if n is even.
It is called even if it is both *-even and !-even.

An object F is called *-odd, resp. !-odd, resp. odd if F[1] is x-even, resp. !-even,
resp. even.

Finally, an object is called a parity complex if it is isomorphic to the direct sum
of an even and an odd object.

We will denote by Parity (X, k) the full subcategory of D" (X, k) consisting of
parity complexes; it is stable under direct sums and direct summands. It is clear
also that if k' is a k-algebra satisfying the assumptions above, then the functor
k' (—) restricts to a functor from Parity o, (X, k) to Parity (X, k') (which we denote
similarly).
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We now assume that a connected complex algebraic group A acts on X, sta-
bilizing each stratum X;. We will assume that H7 (pt; k) vanishes if n is odd,
and is projective over k otherwise. Then one can consider the .#-constructible A-
equivariant derived category DEL (X, k) in the sense of Bernstein-Lunts. We let
For: D27y(X, k) — D% (X, k) be the forgetful functor. More generally, if A’ C A is
a closed subgroup satisfying the same assumption as A, we have a forgetful functor
For: Dzy(X, k) — Dz,,y(X, k). We say that an object F in Dg’y(X, k) is a par-
ity complex if For(F) is a parity complex in the sense of Definition 2.1. We denote
by Parity 4 (X, k) the subcategory of D27y(X, k) consisting of parity complexes.
For k' a k-algebra satisfying the assumptions above, we also have an “extension of
scalars” functor k'(—) in this setting. If . is the stratification by A-orbits, we will
omit it from the notation.

We refer to [JMW] for the main properties of parity sheaves, in the case k is a
complete local principal ideal domain. Here we will only need the properties below,
which follow from [JMW, Proposition 2.6]. (Note that the proof in loc. cit. does
not use the running assumptions on the ring of coefficients.)

Lemma 2.2. (1) If F is in Parity 4 o (X, k), then HY (X, F) is a finitely gen-
erated projective module over H$ (pt; k). If A’ C A is a closed subgroup as
above, then the natural morphism

HY (pt; k) @ms (pi;) HA (X, F) — HY, (X, For(F))
is an isomorphism. If k' is a k-algebra as above, then the natural morphism
E op HY (X, F) = HY (X, K (F))
s also an isomorphism.
(2) If 7, G are in Parity 4 (X, k), then Homb%’y(xtk) (F,G) is a finitely gen-

erated projective HY (pt; k)-module. If A" C A is a closed subgroup as above,
then the natural morphism

H% (pt; k) @me, (ptsk) Hom'Dgyy(ka)(]:, G)— Homz)z/‘y(xwk)(For(f), For(G))
is an isomorphism. If k' is a k-algebra as above, then the natural morphism
E ®j Homz)zy(XJC)(.7-'7 g) — Hombg,y(x,k')(k/(f% K(G))
18 also an isomorphism. O

Remark 2.3. Assume that every finitely generated projective k-module is free,
e.g. that k is a principal ideal domain. Then one can replace “projective” by “free”
everywhere in Lemma 2.2.

We will also use the following observation.

Lemma 2.4. Assume that k is complete local. If F is an object of Parity 4 (X, k)
which is indecomposable, then its image For(F) in Parity (X, k) is also indecom-
posable.

Proof. Under our assumptions on k, Parity 4 o (X, k) and Parity ., (X, k) are Krull-
Schmidt categories (see [JMW, Remark 2.1]). Hence to prove the indecomposability
of For(F) it suffices to prove that Endpy (x x) (For(F)) is alocal ring. By Lemma 2.2
the ring Hom'Dgﬁ(X,k) (For(F), For(F)) is a quotient of Hom'Dz’y(X’k) (F,F). Hence
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EndD;(X,k)(For(}")) is a quotient of End i, y(X,k)(]:)' Since the latter is local, the
former is also local, which finishes the proof. (I

Assume from now on that every finitely generated projective k-module is free.
To X one can associate the free Z[v,v~!]-module My with basis e, indexed by .7,
and to any F in Parity 4 (X, k) the elements

chy (F) = ) rke (B (X, i F)) -V ey,
seS
JEZ
chiy (F) = > vk (B X (X, i F)) v - e
ses
JEZ
We also define a bilinear form (—, —) on My, with values in Z[v,v~!], by setting
(Vieg,vTe) = v T, .

The following result is also an easy application of [J]MW, Proposition 2.6], whose
proof is left to the reader.

Lemma 2.5. (1) If F is in Parity 4 o (X, k), then its Verdier dual Dx(F) is
also in Parity 4 (X, k), and moreover we have

chix (Dx (F)) = ch’ (F).
(2) If F, G are in Parity 4 (X, k), then we have

grkH;‘(pt;k) (Hom.Dz’y(X,lc) (F, g)) = <Ch§( (F), Ch‘X(g» O

Remark 2.6. In the paper we will also use the straightforward generalization of
the notions and results of this subsection to the case of ind-varieties, in the setting
of [IMW, §2.7].

2.2. Equivariant coherent sheaves. Let X be a Noetherian scheme, and let H
be an affine group scheme over X. Consider a Noetherian X-scheme Y endowed
with an action of H, i.e. we are given a morphism a: H xx Y — Y of X-schemes
which satisfies the natural compatibility property with the group structure on H.
Let also p: H Xxx Y — Y be the projection. Then one can define the category
CohH(Y) of H-equivariant coherent sheaves on Y as the category of pairs (F, ¢)
where F is a coherent sheaf on Y and ¢: p*(F) — a*(F) is an isomorphism which
satisfies the usual cocyle condition. If H is flat over X, then this category is abelian.
We define the “universal stabilizer” as the fiber product

(21) S::YXYXXY (H Xx Y)

where the morphism Y — Y x x Y is the diagonal embedding (which we will denote
by A), and the morphism H xx Y =Y xx Y is a x p. Then S is an affine group
scheme over Y, and the natural morphism S — H X x Y is a closed embedding of
Y -group schemes.

The goal of this subsection is to recall the construction of a faithful functor

(2.2) Coh™(Y) — Rep(S)

whose composition with the forgetful functor Rep(S) — Coh(Y") coincides with the
natural forgetful functor Forff: Coh™(Y) — Coh(Y).
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We begin with a remark. Let X’ be a Noetherian X-scheme. Then one can
consider the X’-group scheme H’ := H X x X', which acts naturally on Y’ :=Y x x
X'. If f: Y’ — Y is the natural morphism, then we remark that the usual pullback

functor f*: Coh(Y) — Coh(Y”) induces a functor from Coh™(Y) to CohH,(Y')7

which we also denote f*. In particular, using this construction for the morphism
Y — X, we obtain a functor

pi: Coh™ (V) = Coh™xY (Y xx V),

where Y X x Y is considered as a Y-scheme through the second projection.
Using this functor we can define (2.2) as the composition

Coh™(Y) 2L Coh®**Y (Y x V) = CobS(Y xx ¥) 25 CohS(Y) = Rep(S),

where the second arrow is the restriction functor, and S acts trivially on Y. (Note
that A is an S-equivariant morphism of Y-schemes.)

More generally, if Z C Y is a (not necessarily H-stable) closed subscheme, one
can consider the restriction Sz := Z xy H, and the composition

Coh™(Y) — Rep(Sy)

of (2.2) with restriction to Z. The composition of this functor with the forgetful

OrH
functor Rep(Sz) — Coh(Z) is the composition Coh™ (V") Torv, Coh(Y) — Coh(Z),
where the second functor is restriction.

2.3. Deformation to the normal cone. Let k be a ring, let X be an affine’
k-scheme, and let Y C X be a closed subscheme, defined by an ideal I C O(X).
Then the deformation to the normal cone Nx(Y') is, by definition (see e.g. [Fu,
Chap. 5]), the spectrum of the subalgebra of O(X)[A*!] generated by O(X)[A]
together with the elements of the form A~1'f for f € I. There exists a canonical
morphism Nx(Y) — X x A, associated with the inclusion O(X)[h] — O(Nx(Y)).

Lemma 2.7. Let X' be an affine k-scheme, and let X' — X be a flat morphism.
We set Y' := X' xx Y, a closed subscheme of X'. Then there exists a canonical
isomorphism of k-schemes

NX/(Y/) =X/ X x Nx(Y)

Proof. The morphism X’ — X defines an algebra morphism O(X) — O(X’), and
our assumption implies that O(X’) is a flat O(X)-module. It follows that the
natural morphism

O(X') ®o(x) O(Nx(Y)) = O(X') ®@o(x) OX) '] = O(X")[*]

is injective. The image of this morphism is clearly O(Nx/(Y")), which provides the
desired isomorphism. (I

5The construction of the deformation to the normal cone makes sense for non-affine schemes,
but only the affine case will be used in this paper.



14 CARL MAUTNER AND SIMON RICHE

2.4. Two lemmas on graded modules over polynomial rings. Let k£ be a
ring, and let V' be a free k-module of finite rank. We denote by A be the symmetric
algebra of V' over k, which we consider as a Z-graded k-algebra with the generators
V C A in degree 2. We consider the trivial A-module k as a graded module
concentrated in degree 0.

Lemma 2.8. (1) Let M be a graded A-module which is bounded below for the
internal grading, and assume that

k& M is graded free over k and Tor®,(k, M) = 0.

Then M is graded free over A.

(2) Let M be an object of the bounded derived category of graded A-modules,
and assume that the cohomology modules of M are all bounded below for
the internal grading. Assume that the complexr k @4 M is concentrated in
degree 0, and graded free over k. Then M is concentrated in degree 0, and
is graded free over A.

Proof. (1) Let M’ be a free graded A-module and let f: M’ — M be a morphism
such that the induced morphism k ® 4 M’ — k ®4 M is an isomorphism. (Such an
M’ exists by our first assumption.) By the graded Nakayama lemma, f is surjective.
Let M" be its kernel, and consider the exact sequence

Tor (k, M) 5 k@s M" - k@ M' = k®s M — 0.

This exact sequence shows, using our second assumption, that k ® 4 M"” = 0. By
the graded Nakayama lemma again, we deduce that M = 0, which finishes the
proof.

(2) An easy argument using the graded Nakayama lemma shows that M is con-
centrated in non-positive degrees. Now, consider the truncation triangle

TeoM — M — HO(M) 2

Applying the functor k ®ﬁ (—) we obtain a distinguished triangle

L L L 11
k®AT<0M—>k’®AM—>k’®AH(M)—>.

Considering the associated long exact sequence of cohomology, we obtain that

Tor?, (k,H(M)) = 0, hence HO(M) is free by (1). Considering again the long

exact sequence we obtain that k®L 7.oM = 0, hence that 7-oM = 0 by the graded

Nakayama lemma, which finishes the proof. ([

Now we let R be a finite localization of Z, and Vix be a free R-module of fi-
nite rank. We assume we are given a finite collection $) of “hyperplanes” in Vi,
i.e. submodules H C Vix such that Vix/H is free of rank one over 2R. Then, for any
geometric point F of R, we set

Ve = F ®x Vi, VH;I:VHT\ U(F@)%H)’
HeH

We consider O(Vi) as a Z-graded R-algebra by assigning the elements in the sub-
space Homgs (Viz, R) degree 2.
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Lemma 2.9. Let M, N be free graded O(Vix)-modules of finite rank, and let
@w: M — N be a morphism of graded modules. Assume that grko(vm)(M) =
grko(vy) (), and that the morphism

¢x: O(Vy) ®o(ve) M = O(VE) ®o(vey) N
induced by p is injective for all geometric points F of R. Then ¢ is an isomorphism.

Proof. We prove the claim by induction on the rank of M (and N).

Let ip = min{i € Z | M; # 0}. We claim that the morphism ¢;,: M;, — N,
induced by ¢ is an isomorphism. Indeed, since M;, and N;, are free of the same
rank over R (by our first assumption), to prove this it suffices to prove that the
induced morphism F ®un M;, - F ®x N;, is injective for all geometric points F of
R. This fact follows from our second assumption.

Once we know that ¢;, is an isomorphism, it follows that ¢ induces an isomor-
phism

O(Vir) - My, — O(Vaw) - Nig.
By induction, the morphism
M/(O(Va) - My,) = N/(O(Vix) - Niy)

induced by ¢ is an isomorphism. By the five-lemma, we deduce that ¢ is also an
isomorphism. O

2.5. Affine braid groups and associated Hecke algebras. Let (X, ®, X, <i>) be
a root datum, and let ®+ C ® be a system of positive roots. We will assume that
X /Z® has no torsion (or in other words that the connected reductive groups with
root datum (X, P, X, <i>) have a simply-connected derived subgroup). For o € ®,
we denote by a the corresponding coroot, and by s, the associated reflection.

Let W be the corresponding Weyl group, and W,g := W x X be the associated
affine Weyl group. To avoid confusions, for A € X we denote by t) the corresponding
element of Wyg. We let Z& C X be the root lattice; then the subgroup Wa%ox =
W x (Z®) C W,g is a Coxeter group; we choose the Coxeter generators as in [L2,
§1.4]. The simple reflections which belong to W will be called finite; the ones which
do not belong to W will be called affine.

Let us consider the length function ¢ : Wag — Z>¢ defined as follows: for w € W
and A € X we set

(2.3) fw-t)= S e+ 3 11+ (O av)].

aedtNuw—1(dt) aedtNuw—1(—dt)

Then the restriction of ¢ to Wa(%fx is the length function associated with the Cox-
eter structure considered above. We denote by ) the subgroup of W,g consisting
of elements of length 0; it is a commutative group isomorphic to X/Z® via the
composition of natural maps Q — W x X - X — X/Z®. Moreover, any element
of Wag can be written in the form wv for unique w € 2 and v € Wgﬁx. (For all of
this, see [L2, §1.5].)

We will also consider the braid group B.g associated with W,g. It is defined as
the group generated by elements T, for w € W,g, with relations Ty, = T,T,, for
all v,w € W,g such that {(vw) = ¢(v) + £(w). There exists a canonical surjection
B.g — Wag sending T, to w. One can define (following Bernstein and Lusztig), for
each A € X, an element 6 € B.g, see e.g. [R1, §1.1] for details. (This element is
denoted Ty in [L2, §2.6].) Then B, admits a second useful presentation (usually
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called the Bernstein presentation), with generators {T,,, w € W} and {0, A € X},
and the following relations (where v,w € W, A\,u € X, and « runs over simple
roots):

(1) T,Ty =Ty i L(vw) = L(v) + £L(w);

(2)
(3) Tsae,\ = HATS if <)\, aV> = 0;
(4) 9,\—T 9)\ o é if <)\,O(v>:1.
(See [BR1] for a proof of this fact in the case X/Z® is finite; the general case is
similar.)
The following lemma is proved in [R2, Lemma 6.1.2].

Lemma 2.10. For any affine simple reflection sg, there exist a finite simple reflec-
tion t and an element b € B,g such that Ts, =b-T; - b—L. O

We define the affine Hecke algebra H,g as the quotient of the group algebra of
B.g over Z[v,v~!] by the relations

(T +v ) (Ts —v) =0

for all finite simple reflections s. (Note that the same formula for affine simple
roots automatically follows by Lemma 2.10.) We denote by Hy, the subalgebra of
H.g generated by Z[v,v~!] and the elements T}, for w € W, and by My, the Hyy-
module which is free of rank one over Z[v,v~!], and where T} acts by multiplication
by v for each finite simple reflection s.

We define the “spherical” right H,g-module

Msph = Mtriv ®HW Haff~

We denote by mg € Mg, the element 1 ® 1. For A € X, we denote by wy the
shortest representative in Wity C W,g, and set my := myg - T, . Then the elements
my, A € X, form a Z[v,v~!]-basis of Mg,,. We define a bilinear form (—, —) on
Mpn, with values in Z[v,v™!], by setting

(vimA, vjmu> = v*j*ié)\%

For any sequence of simple reflections s = (s1,---,s,) and any w €  we will
consider the element

m(w,s) :=mg-T,, - (Ts, +v 1) ---(Ts, +v 1) € Mph.

3. CONSTRUCTIBLE SIDE

3.1. Overview. In this section we describe the category Parity(j)(Sr,IF) in terms
of an appropriate category of Soergel bimodules using a “total cohomology” func-
tor. Similar constructions appear in [S1, S3, AR1] for flag varieties of reductive
groups, and in [BY] for flag varieties of Kac-Moody groups (with coefficients in
characteristic 0). The main difference with these works is that in our case the co-
homology algebra is much more complicated. To overcome this difficulty we work
over a certain ring fR of integers, which allows to replace this cohomology algebra
by a “simplified model,” see §1.8 for a discussion of this idea.

After setting the notation in §3.2, we introduce our “Soergel bimodules” in §§3.3—
3.4. In §3.5 we study the equivariant cohomology of Gr. In §3.6 we explain how the
category Parity j)(9r, F) can be recovered from a certain category of (equivariant)
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“Bott—Samelson parity sheaves” over $R. Then in §3.7 we introduce our “total coho-
mology functor,” and in §§3.8-3.9 we prove that this functor induces an equivalence
between “Bott—Samelson” parity sheaves and Soergel bimodules. Finally, in §3.10
we derive a formula for the graded rank of the space of morphisms between certain
Soergel bimodules, which will play an important role in a proof on the “coherent
side” (see §5.8).

3.2. Notation. In this section we let G be a connected reductive algebraic group
over C, with a chosen Borel B C G and maximal torus 7 C B. We let X := X*(T)
be the lattice of characters of T', and ® C X be the roots of G. We also fix a finite
localization R of Z. In the whole section we will make the following assumptions:

(1) X/Z® has no torsion (or in other words the connected reductive groups
which are Langlands dual to G have a simply-connected derived subgroup);

(2) all the torsion primes of the “refined root system” ® C X (in the sense
of [De, Section 5]) are invertible in R.

In the later sections we will apply our results in the case G is a product of simple
groups (of adjoint type) and general linear groups; in this case the first condition is
automatic, and the second condition means that the prime numbers which are not
very good for some simple factor of G are invertible in fR.

Let 0 := C[z]] and % := C((z)). We consider the affine Grassmannian

Sr:=G(A)/G(0),

with its natural ind-variety structure. We denote by I the Twahori subgroup of G(&)
determined by B, i.e. the inverse image of B under the morphism G(&) — G defined
by the evaluation at z = 0. Then I acts naturally on Gr via left multiplication on
G(#). We also let the multiplicative group Gy, act on Gr by loop rotation, so that
we obtain an action of the semi-direct product I x Gy,.

The main players of this section are the categories

Parity;,c, (9r,%), Parity;(r,®) and Parity; (5r,R).

Here, in the right-hand side, we use the notation Parity( j)(gr, R) for the category

Parity ., (Gr, ) where . is the stratification of Gr by orbits of I. We also fix a field
F (which is not necessarily algebraically closed) whose characteristic is invertible in
R, and consider the unique algebra morphism R — F. We will also consider the
corresponding categories

Parity;, g, (97, F), Parity;(Sr,F) and Parity ;) (Sr,F).

We let X := X, (T) be the lattice of cocharacters of T, and ® C X be the coroots
of G (with respect to T). The choice of B determines a system of positive roots:
more precisely we denote by @+ C @ the roots which are opposite to the T-weights
in the Lie algebra of B. We denote by ®+ C & the corresponding system of positive
coroots. To these data one can associate the affine Weyl group W, and its length
function ¢ as in §2.5.

Recall that the I-orbits on Gr are parametrized in a natural way by Wag /W =X,
and that each I-orbit is stable under the action of I x G,,. More precisely, any
A € X defines a point 2 € T(#) C G(A#). We set Ly := 2*G(0)/G(0) € Sr,
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and Gry := I L. Then we have
r = |_| Grx.
AexX

To facilitate the comparison with the constructions in the later sections, instead
of working with Gr it will be more convenient to work with the ind-variety

S = GONG(X)

and the I-action defined by h - (G(0)g) = G(O)gh™! for g € G(#) and h € I.
We also have a natural action of G,, by loop rotations. For A € X we set L, :=
G(O)\G(0)z* and Gr) := I - L, = G(O)\G(€)2*I. Then we have

Gr' = |_| Sr'y and dim(Gry) = £(wy).

For any w € t\W we also set 97"21, = 91“’/\.
For E =R or F, we consider the corresponding categories

Parityme(Sr/,E), Parityf(gr',E), Parity(f)(gr',E)
of parity complexes. The morphism gG(&) — G(€)g~" induces an I-equivariant
isomorphism Gr = Gr'; we deduce natural equivalences of additive categories
ParityinGm(Sr,]E) = ParityMGm(ST/,]E),
(3.1) Parity ;(Gr, E) = Parity;(5r', E),
Parity (57, E) = Parity(j)(Sr/,E).

In case E =T, the categories appearing in (3.1) are all Krull-Schmidt, and their
indecomposable objects can be described using [JMW]. In fact, for any A € X
there exists a unique indecomposable object £y in Parity;,c (57, F), resp. £} in

Parity ixGm(ngvF) which is supported on Gry, resp. on Gy, and whose restriction
to Gra, resp. to §rh, is Fg, [dim(Gry)], resp. Fg,. [dim(Gr))]. Moreover any inde-
composable object in Parity;, g (9r,F), resp. in Parity ;¢ (Gr', ), is isomorphic
to Ex[n], resp. Ex[n], for some unique A € X and n € Z. By Lemma 2.4, the
images of &y, resp. £4, under the appropriate forgetful functors to Parity;(Sr,F)
and Parity ;) (57, F), resp. to Parity ;(Gr', F) and Parity j, (Gr',F), remain indecom-
posable; for simplicity these images will still be denoted by &y, resp. £5. The
same description of indecomposable objects as above applies in the categories
Parity;(Gr,F), Parity;(9r',F), Parity(j)(gr,ﬂ?) and Parity(j)(gr',IF). Under the
equivalences in (3.1), £y is sent to £’ in each case.

The connected components of Gr’ are parametrized by €; for w € Q we denote
by 9r’(w) the corresponding component. (In fact, if we identify Q with X/Z® as
in §2.5, then Sr’(w) is the union of the orbits G, where X has image w in X/Z®.)

Below we will also use the affine flag variety

U = 1\G(X),

with its natural ind-variety structure, and the natural I-action. The I-orbits on FI’
are parametrized in a natural way by W,g, and are stable under the loop rotation
action. If FI/, is the orbit associated with w € W,g, then we have dim(F1,,) = £(w),
and the image of I/ under the natural projection 1" — Gr’ is Gr!, . For each simple
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reflection s, the orbit FI/ is isomorphic to A}, and its closure ?l/g is isomorphic to
PL.

We define

t:= Xz R, t* := Homgp (tn, R) = X @7 K.

(In fact, t is the Lie algebra of the M-torus which is Langlands dual to 7'.) Then
there exists a canonical isomorphism of graded fR-algebras
(3.2) O(t") = S(t) = H3(pt; R),
where t is in degree 2, and S(t) is the symmetric algebra of t. Using [To, Theo-
rem 1.3(2)], we deduce, under our assumptions on R,° a canonical isomorphism
(3.3) O(t" /W) = H,(pt; R).
We will also identify H (pt; ) with R[h] (where h is an indeterminate, in degree

2) in the natural way.

Lemma 3.1. The R-scheme t*/W is isomorphic to an affine space. Moreover,
O(t*) is free over O(t*/W).

Proof. The claims follow from [De, Théoreéme 2(c) & Théoréme 3] and our assump-
tion on R, since O(t*/W) = Sz(X)V @7 R. O

Remark 3.2. The main result of this section will be proved in the I-equivariant
setting; the I x Gy-equivariant setting will be used only for technical purposes.
However, similar results hold in the I x Gp-equivariant setting. On the “coher-
ent side”, replacing I by I x G, amounts to deforming coherent sheaves on g to
asymptotic D-modules on %; see [Do] for details in the characteristic 0 case.

3.3. Some algebras. We denote by A C t*/W x t*/W the diagonal copy of t*/W.
Then one can consider the scheme
T = Nt*/Wxt*/W(A)
obtained by “deformation to the normal cone”, see §2.3. (Here the ideal of A in
Ot /W x t* /W) is generated by elements of the form f@1—-1® f for f € O(t*/W).)
We will also consider the scheme
‘3:2 =t Xt*/W Tl,
where the morphism Ny /yy ¢+ yw (A) — t*/W considered here is the composition
Ne jwsee yw (D) = € /W x /W x Ay 22 € /W
By Lemmas 2.7 and 3.1, there exists a canonical isomorphism
Ty = N yw e (A7),
where A’ C t* /W x t* is the image of the graph of the projection t* — t*/W under
swapping t* and t*/W.
Finally, let
13 = 3’2 Xt*/W t*
Using again Lemmas 2.7 and 3.1, we obtain a canonical isomorphism

T3 = N (8 Xy 7).

6Recall that the torsion primes of G (in the sense of [To]) are the same as the torsion primes
of the “refined root system” ® C X (in the sense of [De]).



20 CARL MAUTNER AND SIMON RICHE

Lemma 3.3. (1) The two natural projections Ty — t* /W x Ak, are flat.
(2) The natural projections Tz — t*/W x Al and To — t* x AL, are flat.
(3) The two natural projections T3 — t* x A}, are flat.

Proof. First we treat (1). To fix notation, we prove the claim in the case of the
first projection; the other case is similar. By Lemma 3.1, t*/W is isomorphic to an
affine space. Hence there exist isomorphisms

N yw e yw (A) = Newjyy ey (8 /W x {0}) = 7 /W x Ny ({0})
compatible with the projections to t*/W x Al. Then the lemma follows from the
observation that, for n > 1, the scheme Nyx ({0}) is flat over Ag. (In fact, it is
isomorphic, as an Aj-scheme, to A% x Aj,.)

The second claim in (2) is an immediate consequence of (1). To prove the first
claim we decompose the morphism as the composition To — T; — t*/W x Al. Now
the first morphism is flat since the projection t* — t*/W is flat (see Lemma 3.1)

and the second one is flat by (1), which proves the claim.
Finally, (3) can be proved by similar arguments. O

We will consider the Z-graded algebras’
Ch=0(%), Cp:=0(%3), C:=Cp/h-Cp,  C:=Cy/h-Ch.

Here the grading is induced by the grading on O(t*) and R[h] from §3.2.
The two projections T3 — t* x Al define two graded algebra morphisms

J1, f2: O()[A ]—>Ch,

in particular this endows Cj, with the structure of a graded O(t*)[A]-bimodule. In
fact this algebra has a natural structure of bialgebra in the category of graded
O(t*)[A]-bimodules, constructed as follows. Consider the :[h]-algebra morphism

(3.4) Ot* x t)[h] — éﬁ ®o)[h) 55
sending any x in the first copy of O(t*) to fi(x)®1, and any y in the second copy of
O(t") to 1® f2(y). One can easily check that the image under this morphism of any
element of the form g®1—1® g with g € O(t*/W) belongs to i (Ch Ro(t+)[K] Ch).
Using Lemma 3.3(3) one can check that Cﬁ@@ )[R C, is flat over R[h]; in particular
it has no h-torsion. Hence (3.4) factors in a unique way through a graded RI[h]-
algebra morphism _ _ _

Ch = Cr ®o(t)n) Ch,
which provides our comultiplication morphism. Using this structure, if M and N
are graded 5,5—1)[10dules7 then we obtain that the tensor product M ®o¢-)p N has
a natural structure of graded 6h—m0dule.

Similar constructions provide a structure of graded (O(t*/W)[A], O(t*)[A])-bimo-
dule on C}, and a graded R[A]-algebra morphism

Cr — Ch Qo (t+)[h] 55.
Hence, if M is a graded Cx-module and N is a graded éh—module, we obtain that

the tensor product M @ ¢y N has a natural structure of graded Cp-module.

"Here the letter “C” stands for “coinvariants,” since these algebras will play the role played by
the coinvariant algebra in [S1, S3, AR1].
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Applying the functor R @gxp (—), we also obtain graded algebra morphisms
é—)é@o(t*)é, C—)C@o(t*)é,
and the corresponding structures for tensor products of graded modules.

3.4. “Algebraic” Bott—Samelson category. The group W,g acts naturally on
" x A}R, via the formulas

v~(§,z):(v~§,z)7 tA'(gaz):(§+Z)‘7z)

for £ € t*, 2 € Ak, v € W and X € X. For this action, the subspace t* = t* x {0} C
" x A}K is stable, and the action of W,og on this subspace factors through the
natural action of W = W,g/X. The W,g-action on t* x Aég induces an action on
the graded algebra O(t*)[h] = O(t* x AL). If w € W, we denote by (O(t*)[h])"
the subalgebra of w-invariants.

Below we will need the following easy lemma.

Lemma 3.4. For any simple reflection s, the morphism
R oy (O(E)[A])” = O(t7)°
induced by the restriction morphism O(t*)[h] — O(t*) is an isomorphism.

Proof. If s is finite, then the claim is obvious. The general case follows, using
Lemma 2.10. O

For any w € W,g, we define the graded O(t* x t*)[A]-module E" as follows.
As a graded R-module, we have Ef' = O(t*)[h]. The right copy of O(t*)[h] in
O(t" x t*)[h] = O(t")[h] @x,ip O(t")[A] acts in the natural way, by multiplication.
And any f in the left copy of O(t*)[h] acts by multiplication by w=! - f. Since the
induced action of O(t* x t*) on E! /h- Bl factors through an action of O(t* X ¢ /iy t*),

there exists a unique extension of the action of O(t* x t*)[h] to an action of C on
E". By restriction, one can also consider E” as a graded Cp-module.
If s is a simple reflection, we also consider the graded O(t* x t*)[A]-module

Dy = O(t) 1] @0 s O)[A]{~1).

Using the same arguments as above and Lemma 3.4, one can check that the action
of O(t* x t*)[h] on D" extends in a canonical way to an action of Cj, so that D
can be considered as a graded 5h—m0dule.

Now, using the constructions of §3.3 one can define, for any w € € and any
sequence s = (81, - , 8,) of simple reflections, the graded Cx-module

Di(w, 5) := El @0 D @og)m -+ ®o(eyn DL,
We will also consider the corresponding constructions for C-modules: we set
E,:=E'/h-E'  D,:=D"/h-DI
and then
D(w,s) := Dp(w, s)/h- Dp(w, s) = E, ®o(t+) Ds; ®o(t) =+ ®o(t+) Ds, -
Note for later use that, by Lemma 3.4, we have a canonical isomorphism
(3.5) Dy = O(t") ®o(e)= O(t").

With these definitions one can define the category BS*# with
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e objects: triples (w,s,i) with w € Q, s a sequence of simple reflections
indexed by (1,---,n) for some n € Z, and i € Z;

e morphisms: for w,w’ € Q, s and ¢ sequences of simple reflections, and
i,j €L,

HomBSalg ((w7§7 Z)u (w/7£a .7)) =

Homygoger () (D(wg)(—z’), D(w@)(—j)) if w=w';
0 if w=#£w'.

3.5. Equivariant cohomology of Gr'. The graded algebras Cj and C defined
in §3.3 can be used to describe the algebras HS s (Gr'; ;M) and H;(ST'; R) “up to
torsion,” as follows. There exists a natural graded algebra morphism

* (3.2 ° °
o) n P2 Ey (ot 9R) = H (5599

On the other hand, we have a canonical isomorphism

H}XGm(S’I"I; %) = Hé(ﬁ))«({}m(é(%)/[v7 %)7

so that there also exists a natural graded algebra morphism

% (3.3) . .
ot /W) — Hé(ﬁ)(pt;%) — H”Gm(grl;%).

induced by the multiplication of G(&) on G(.#) on the left. Combining these
morphisms we obtain a morphism

(3.6) Ot /W x £)[h] — H} . (G5 R).

Lemma 3.5. Morphism (3.6) factors in a unique way through a graded R[h]-algebra
morphism

Yrt Cp = H o (Gr';M).

Proof. There exist natural converging spectral sequences

E? = Hg(ﬁ)xGm(pt;%) ®n HY(Sr'; R) = H%‘E;MGH](ST';%),
B} =HE . (pt; %) @ HI(Gr'sR) = HILL (53 9R).

In both cases, the spectral sequence degenerates since the left-hand side vanishes
unless p and ¢ are even. This implies in particular that H$ . (Gr'; R) is R[A)-free,
proving the unicity of the factorization. It also follows that the natural morphism

H, 6, (Pt R) O (Pt;R) H'G-(ﬁ)x]@m(gr’;m) - H}m@,m(%/;iﬁ)

G(0)%Cm
is an isomorphism. Using this, we see that to prove the existence of the factorization
it suffices to prove that the natural algebra morphism

(3.7) O /W x £ /W)[H] = H e (S R)

defined in a way similar to (3.6) factors through O(%1).
The latter property can be proved as follows.® Using the same spectral sequence
argument as above, one can check that H, (O)xC (Gr'; M) is R[h)-free, and that the

8A similar claim is asserted without details in [BF]. We thank V. Ginzburg for explaining this
proof to one of us.
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natural morphism
R npp Hé(ﬁ)NGm(ST’; R) — Hé(ﬁ)(gr'; R)

is an isomorphism. From these facts we see that it suffices to prove that the mor-
phism
O /W xt* /W) — Hé(ﬁ)(Qr';iﬁ)

defined as for (3.7) (but with the G,,-equivariance omitted) factors through O(A).

Now we make the following observation. Let H be a topological group, acting on
a topological space X, and let Y := X x H. We endow Y with an action of H x H
via (h1,ho) - (2,k) = (h1 - x,hikhy ). Then there exists a natural morphism

(3.8) Hp e (06 R) = Hi e i (V3 R).

We claim that (3.8) factors through the morphism HY,, ,(pt;?R) — H} (pt; R)
induced by restriction to the diagonal copy of H. Indeed one can consider the
composition

(3.9) xu (Y3 R) = Hy (Y R) = Hy (X5 R),

where the first morphism is induced by restriction to the diagonal copy, and the
second morphism by restriction to the H-stable subspace X = X x {1} C Y.
Since Y identifies with the induced variety (H x H) xf X (via the morphism
[(h1,h2) : 2] + (hy - 2, hihyt)), (3.9) is an isomorphism. Since the composition
of (3.8) and (3.9) clearly factors through H$, (pt; 2R), the same holds for (3.8).

Now we take for H a maximal compact subgroup of G, so that we have iso-
morphisms Hé( o) (pt; M) = HE, (pt; R) = Hy, (pt; R). Similarly, using the Kiinneth
formula (which is applicable here since our cohomology spaces are free over JR) we
obtain isomorphisms

Ot /W x t* /W) = Hé(ﬁ)xé(ﬁ) (pt; M) = ;{xH(pt;m)a

and one can identify the morphism O(t*/W x t*/W) — O(A) with the morphism
HY; ., ;7 (pt; R) — HS, (pt; R) considered above.

If QH denotes the group of loops from the unit circle to H, then as in [G2, §1.2]
we have a natural homeomorphism Gr' = H\QH. Writing QH = Q°H x H (where
QVH is the space of based loops, i.e. those sending the base point of the circle to
the identity) we obtain isomorphisms

H g (G R) = Hy (H\QH; R) = S (QOH x H;R).

Hence we are in the setting considered above, with X = Q°H, and the desired claim
follows from our general observation. O

Using a spectral sequence argument as in the proof of Lemma 3.5, one can check
that the natural morphism

H;(pt; m) ®H}>«¢;m(pt?m) H}x({}m(gr/; m) - H}(gr/§ m)
is an isomorphism. We denote by
v: C = H;(gr’;m)

the composition of R @y v with this isomorphism. Then v is a graded algebra
morphism.
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Since G’ is the disjoint union of its connected components 9r’(w) (w € Q) which
are I x Gy, -stable, there exist natural isomorphisms of graded algebras
3, (973 %) = [ My, (S ®),  HHG %) = [ Hi(Gr); %)
weN weN
For any w € ), we denote by
O HY g (Sriwy M), resp. ) C o HY(Gr,)R)
the composition of vy, resp. v, with the projection on the factor parametrized by

w.

(w

Proposition 3.6. For all w € €2, the morphisms Q ®@ux vy, ) and Q @x Y@ are

isomorphisms.

Proof. 1t is sufficient to prove the claim for %(iw). By construction of this morphism,

it is sufficient to prove that the similar morphism
O(%) — HG(@)NG (97”/@)?%)

becomes an isomorphism after applying Q ®y (—). However, since Q is flat over R,
by Lemma 2.7 we have a natural isomorphism

Q®@n O(T1) = O(Ngyywxiz/w (D)),

where t7, := Q ®x t* and Ag is the diagonal copy of tj /W. Similarly, we have
/ . ° / .
Q O Hc(ﬁ)xo (7w R) = He(6) %G (57w Q)-

Hence our claim follows from [BF, Theorem 1]. O

Remark 3.7. Unlike for the case of QQ, the morphisms Wéw) and v) are not isomor-
phisms. In fact, C, is a finitely generated R-algebra, whereas H$ . (9r’(w); R) is

not finitely generated in general, see [YZ].

3.6. “Topological” Bott—Samelson category. Let E be either R or F. Recall

the standard convolution product on the category D IxG. (F1',E), defined by

F*G:= u*(}"gg),
where F1' x F1' is the quotient of FI' x (G(#') x G,,) by the natural diagonal action
of I x G, p: FUI' xFI' — F1' is defined by u([Ig : h]) = Igh, and FXG is the
“twisted external product” of F and G, i.e. the unique object whose pullback to

FU' x (G(H) x Gy,) is the external product of F with the pullback of G. A similar
construction provides a bifunctor

(=) *(=): D} s (Sr',E) x D}, o (F1,E) = D} . (57,E).

We now introduce some “Bott—Samelson objects” in Parity; ¢ (9r',E), as fol-
lows. Each connected component 97"2“)) contains a unique 0-dimensional I-orbit; we
denote by 6E the constant (skyscraper) sheaf on this orbit (with coefficients E). On
the other hand, for any simple reflection s, we have the I x Gy-equivariant parity
complex & 1= E?l, [1] on FI'. Then, if w € Q and if s = (s1,--- ,s,) is a sequence
of simple reflections, we can consider the object

Ep(w,s) ==0u % &L pr-*xE g
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in D}?XGm (Gr',E). The arguments in [JMW, §4.1] or in [FW, §5.5] show that & (w, s)
belongs to the subcategory Parity g (Gr',E). We will denote similarly the images
of this object in Parity;($r', E) and in Parity(j)(gr', E).
We define the category BS™P with
e objects: triples (w,s,i) with w € €, s a sequence of simple reflections
indexed by (1,---,n) for some n € Z, and i € Z;
e morphisms:

HOInBS“’p ((UJ, S, Z)7 (wlv t, J)) = HomParityj(Sr/,S‘i) (gil)f{(wv §) [2]7 gil)f{(w/a t) []])

Proposition 3.8. The category Parity(j)(gr/, F) can be recovered from the category
BS'™P, in the sense that it is equivalent to the Karoubian closure of the additive
envelope of the category which has the same objects as BS*™P, and morphisms from
(w,s,1) to (W', t,7) which are given by the (j —i)-th piece of the graded vector space

F ®H; (pt;R) (@ HOIHBS“’p ((w7 S, O)? (wla L TL))) .
neEZ

Proof. Denote (for the duration of the proof) by A the category which has the

same objects as BS*™P, and whose morphisms are defined as in the statement of the

proposition. Then, using Lemma 2.2(2) and the canonical isomorphisms

F(En(w.5)) = &p(w, s)

(where the “modular reduction functor” F(—) is defined as in §2.1), we see that the
assignment (w, s,17) — E(w, s)[¢] defines an equivalence of categories from A to the
full subcategory A’ of Parity(j)(gr',lﬁ‘) whose objects are of the form &g (w, s)[i].

Now we observe that, by the results of [JMW], the category Parity Iv)(ST’, F) is
a Krull-Schmidt, Karoubian, additive category, and moreover that any indecom-
posable object in this category is isomorphic to a direct summand of an object of
the form &;(w, s)[i]. It follows that Parity f)(9r’, F) is equivalent to the Karoubian
closure of the additive hull of A’, which finishes the proof. O

Remark 3.9. More precisely, the results of [JMW, §4.1] imply that if A € X and if
wy = wsy - S, is a reduced expression for wy, then S& can be characterized (up
to isomorphism) as the unique direct summand of & (w, (s1,--- ,s,)) which is not
a direct summand of any object of the form &;(w',t)[i] where w’ € Q, i € Z, and ¢
is a sequence of simple reflections of length at most r» — 1.

3.7. Equivariant cohomology functors. For any w € 2, we define the functor
Hive, : ParitijGm(Sr', R) — Mod® (Cy,)

as the composition

Hf g, (97)
(3.10)  Parity;,, (G, %) —2=" T Mode" (H3(Sr'; ) — Mod® (Cy),

where the second functor is the “restriction of scalars” functor associated with the
morphism 7. We define similarly a functor

H;: Parity;(9r', %) — Mod® (C).

The goal of this subsection is to prove the following.
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Proposition 3.10. For any w € Q and any sequence s of simple reflections, there
ezists a canonical isomorphism of graded C-modules

Hi(Ex(w, ) = D(w, s).

Before proving the proposition, we remark that the same constructions as in §3.5
allow to define graded algebra morphisms

Cp —HY, o (FU5%)  and  C— HY(IU; ),

and then functors
Hige,  Parityz,g (FU,%) — Mod®(Cr),  H;: Parity (51, %) — Mod® (C).

Lemma 3.11. (1) For any w € Q, there exists a canonical isomorphism of
graded Cr-modules
foG,],((S?) = EL}Z

(2) For any simple reflection s, there exists a canonical isomorphism of Ch-
modules
i ~ Ph
HfNGm (5;,%) = Ds'

Proof. (1) By definition, if w = vty (with v € W and A € X) we have

Hivg, (00) = H} g (5r,60) = H} 5. (G(O) X Gu\(G(O) % Gp) - 2% R).

We deduce a canonical isomorphism

RN\ ~ ° S Al
HIme(‘Sw) = H(G(ﬁ)xgm)x(jx]@m)((G(ﬁ) X Gm) -2 ,9‘{).

Now the assignement (a,b) — a - vz* - b1

(G(O) X Gp) x (I xGp)/K = (G(O) x Gy) - 27,

where K = {(a,b) € (G(O) X Gp) x (I xGy)|a=(vz*)b(vz*)~'}. This group is
isomorphic to (I xGy,) (through b — ((vz*)b(vz*)~1,b)); hence we obtain canonical
isomorphisms

induces an isomorphism

Hig,, (00) = Hi (pt; R) = HY, o (pt; R).
The right-hand side is isomorphic to O(t*)[h] (see (3.2)), with the natural ac-

tion of the subalgebra O(t*)[A] C Cj. And, via this isomorphism, the subalgebra
Ot*/W)[h] C C}, acts via the composition of multiplication and the morphism

few™

1
* * -f *
Ot /W)[h] < O(t")[n] ———— O(t")[A].
Hence we have constructed a canonical isomorphism of O(t*/W x t*)[h]-modules
HIVNGm((Sgt) = Eﬁ
Since these spaces have no Ai-torsion, this isomorphism is automatically an isomor-
phism of Cj-modules.
(2) Using Lemma 2.10, one can assume that s is finite, with associated simple
root a.
By definition we have

Hiwe,, (Elo) 2 HY o (F15R)(-1).

Since 1, is isomorphic to P¢, it is well known (see e.g. [FW]) that the morphism

H}XGm (FU;R) — H.TxGm (pt; M) ® H'Tvam (pt; R)
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induced by restriction to the fixed points I\I and I'\I - s induces an isomorphism

between HS,_ . (FI;R) and

'DI":= {(a,b) € O(t")[h] @ O(t")[h] | @ = b mod &}.

(Here, the right copy of O(t*)[h] in C, acts diagonally, while any f in the left copy of
O(t*)[h] in C, acts by multiplication by (f, s(f)).) Now we consider the morphism
D" — "D defined by f ® g + (fg,s(f)g). By our assumptions on R, there exists
fi € X ®z % such that (ji,a) = 1 (where a € X is the coroot associated with c).
Then our morphism sends the basis of D" as an O(t*)[h]-module (via the action of
the right copy of O(t*)[h] in Cj,) consisting of 1 ® 1 and /i @ 1 to the basis of ‘D"
consisting of (1,1) and (f, ft — «); hence it is an isomorphism.
We have constructed an isomorphism of O(t* x t*)[A]-modules

I ~Y h
HfNGn)( ;,SR) = Ds'

Since both sides have no A-torsion, this isomorphism is automatically an isomor-

phism of Cr-modules. O
Proof of Proposition 3.10. The arguments in [JMW, §4.1] imply that for any F in
Parity ;. (G, %) and any sequence s = (s1,---,s,) of simple reflections, the
convolution

/ !
f*gsl,m*"'*gsn,m

belongs to Parity;,g (Gr',MR). Then the same arguments as in the proof of [BY,
Proposition 3.2.1] (using Lemma 2.2(1) instead of [BY, Corollary B.4.2]) imply that
there exists a canonical isomorphism of graded O(t*/W x t*)[A]-modules

HixGm(}—*g;l,m L *gén,m) =

Hiwe, (F) o) Hivg,, (€6 ) @oeym - Qo) im Hixg,, (€5, 5)-

m

Applying this remark to F = 62} and using Lemma 3.11, we obtain a canonical
isomorphism of O(t* /W x t*)[h]-modules

foGm (E{R(w’ §)) = DFL(W’ §)'

Since both sides have no h-torsion, this isomorphism is automatically an isomor-
phism of Cs-modules. Specializing & to 0, we deduce the isomorphism of the propo-
sition. ([

3.8. Equivalence. The proof of the following proposition (which is independent
of the rest of the section) is postponed to §3.9.

Proposition 3.12. For any w,w’ € §), any sequences s,t of simple reflections, and
any n € Z, the morphism

HomParityj(Sr’,%) (SE/R (W7 §)7 EE/R (wl? L) [n])
— Homrodsr (us (grs0%)) (HH(S7, E (w, 8)), HY(Gr", € (w', 1) [n]))
induced by the functor H;(ST/, —) is an isomorphism.

Now we define a functor

Hgs: BS'P — BS®
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as follows. This functor sends an object (w, s,1) of BS*P to the corresponding object
(w, s,4) of BS™&. Then if (w,s,1) and (w',t,7) are objects of BS*P the morphism

Homggtor ((w, 5,7), (W', ¢, 5)) — Hompguis ((w, s, 1), (W', 1, §))

is defined as the trivial morphism if w # w’ (in which case both Hom-spaces are 0),
and as the morphism induced by H; if w = w’, using the canonical isomorphisms

Hi(En(w, s)[i]) = D(w, s)(=i),  Hi(Ex(w',D)[]) = D', 1) (=)

deduced from Proposition 3.10.
The main result of this section is the following.

Theorem 3.13. The functor Hgs is an equivalence of categories.

Proof. The functor Hgs clearly induces a bijection on objects. So, what we have to
prove is that if (w,s,i) and (w1, ) are objects of BS™P, then the corresponding
morphism

Hompggtop ((w,g, i), (w’,t,j)) — Homggaie ((w,g, i), (w',j,j))

is an isomorphism. This is obvious if w # w'.
Now, assume that w = w’. Then both parity complexes are supported on Sr'(w),
so that our morphism is induced by the composition

HY(Sr{y,—
Parity (97, R) 1577

Mod®* (H}(Sr'(w); R)) — Mod® (C),

where the second arrow is the “restriction of scalars” functor associated with ().
Now the first functor is fully faithful on objects of the form £ (w,s) by Proposi-
tion 3.12, and the second functor is fully faithful on objects which are fR-free by
Lemma 1.10 and Proposition 3.6. Since the R-modules H}(Sr’(w), Ex(w, s)) are free
by Lemma 2.2(1), this finishes the proof of the theorem. |

3.9. Proof of Proposition 3.12. The proof below is a simple variant of the main
result of [G1]. The key observation is from [ARd, Theorem 4.1], where it is shown
that the arguments from [G1] involving weights can be replaced in a parity sheaf set-
ting by parity arguments. Another exposition of Ginzburg’s proof in an equivariant
setting appears as [BY, Lemma 3.3.1] (for coefficients in characteristic zero).

To avoid unnecessary notational complications, in this proof we will say that an
object & in Parity;(Sr’, R) is a Bott-Samelson parity complex if it is isomorphic to
Ex(w, s)[i] for some w € , s a sequence of simple reflections, and i € Z.

Let us fix an extension of the partial order on X corresponding to the closure
relations among the orbits Sr/)\ to a total ordering C on X, such that (X,C) is
isomorphic (as an ordered set) to Zs( with its standard order. Let Gr{-, denote
the union of all 97"; where ¢ C A, and igy : 97“/@\ — G¢’ the closed embedding. Let
also Acy = H}(ST/;)\; R). We define analogously Gr(,, ica, and Ar.

We begin with a number of preliminary lemmas.

Lemma 3.14. For any A € X, there exists a canonical exact sequence of Z-graded
R-modules

0— H;Iv(g’/‘/)\;m) — AEA — AE)\ — 0.
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Proof. The lemma can be proved by induction, using the fact that the existence of
the exact sequences for smaller \’s implies that A, is concentrated in even degrees,
and the adjunction triangle

-/ -/ . . 1]
(ZA)!(Z/\)*XST/D\ - ﬁST’gA - ZEA*ZE)\XST/EA -

where Zl)\ Sr')\ < G’ is the inclusion. O

Let again A € X. To simplify notation, we set Z = 97“‘/:)\, X = 97“'9\, U= Gry,
and denote by i : Z — X, resp. j : U — X, the closed, resp. open, embedding. A
key ingredient we will need is the following lemma.

Lemma 3.15. Let £ be a Bott-Samelson parity complez, and let F be either it \E
or i!g/\é'. Then the adjunction triangles induce short exact sequence of Arx-modules.

(3.11) 0 — HY(X,jij"F) = H}(X, F) = H}(X,i,i"F) — 0,
(3.12) 0 — H}(X,i.i'F) — HYX, F) — HY(X, j.j*F) — 0.

Proof. For F = i, &, resp. i!EAé', F is either *-even or *-odd, resp. either !-even
or l-odd, and (3.11), resp. (3.12), is obtained using the long exact sequence of
equivariant cohomology associated with the adjunction triangle jij*F — F —

1
i1t F u> because by induction the various terms are concentrated either all in
even degrees, or all in odd degrees.
Consider now the sequence (3.12) for F = i, £. In this case it is shown in [FW,
]9

Proposition 5.9]” that the composition of restriction morphisms

is surjective, where ky: {L\} <= G’ is the inclusion. Since the second morphism is
an isomorphism by [FW, Proposition 2.3], the first one is also surjective. And since
this first morphism factors through the morphism

H3(Sreas ita€) = Hi (S, Eisry)

considered in (3.12), the latter morphism is also surjective, which finishes the proof
in this case.

Finally, let us consider the sequence (3.11) for F = i-,&. In this case, the
arguments are similar to the ones used in the preceding case, using the fact that
the natural morphism

H7({LA}, KAE) — HY(S',€)
is injective. (This fact is shown in the proof of [FW, Proposition 5.9]: in fact this
morphism identifies with the morphism considered in [FW, Proposition 5.8(2)].) O

Since U = Gr', is isomorphic to an affine space, the graded H}(pt;?ﬁ)—module
H? j(U ;R) is free of rank one. Moreover, the natural morphism

B 9O (U @) - HZ O (U )

9n [FW], this result (as well as the other results used in this proof) is stated for a coefficient
ring that is a complete local principal ideal domain, but the same proof applies verbatim for
general coefficients.
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2dim(Gr})

c,I
2dim(9r:\) . ~ . . . .

of He (U;M) 2 R (as an R-module), then z) gives a basis of H?® ;(U;R)

over H;(pt; R). We still denote by z the image of this element in Ay, under the

injection of Lemma 3.14.

is an isomorphism, and if z) € H (U;fR) is the inverse image of a generator

Lemma 3.16. Let & be a Bott-Samelson parity complex, and let F be either it-, &
or z'!EAé’. Then the morphism

° o+2dim (G

H} (X, F) - H} ) (x, F)

given by the action of xx € Acy factors as a composition
Hy(X, F) - HY(X, juj"F) S Hy 2O (x e F) o 1O (X, 7))

where the first, resp. third, morphism is the morphism appearing in (3.12), resp.
(3.11), and the second one is an isomorphism.
Proof. The element z) € Ay acts trivially on the modules H}(X,i.i*F) and
H}(X, i.i'F). Hence its action on the module H3 (X, F) factors through a morphism
HY(X, juj* F) — H;H dim(gr;)(XJgj*]:). To show that the latter morphism is an
isomorphism, we observe that j*F is a direct sum of shifts of constant sheaves Ry,

(since & is a parity complex), and that our morphism is the corresponding direct
sum of shifts of the isomorphism

. ~ . ~ e+2dim(Gr}
H3 (U3 %) = H3 (pt; %) = B 20O ;01
2dim(§r})
e,I
Lemma 3.17. Let &1, &, be Bott-Samelson parity complezes. If ¢: H}(X,if\&1) —

H}(X,itl\é’g) is a morphism of Acx-modules, then the composition

determined by our choice of z) € H (U;R). O

(3.13) HY (X, it0&1) 2 HY(X, i 0 E2) — HY(X, j. 5 i1E)

(where the second morphism is the surjection appearing in (3.12)) factors uniquely
through a morphism of Acx-modules

¢ HY(X, juj itnE1) = HH(X, juj icaE2).
Moreover, we have ¢’ = 0 iff ¢ factors as a composition
H} (X, itr61) — HY(Z,00361) o HY(Z,i0E) = HY (XL, 6)

where ¢" is a morphism of A-x-modules and the other morphisms are the ones
appearing in (3.11) and (3.12).

Proof. Using Lemma 3.15, we see that the first claim is equivalent to the statement
that the composition

H3 (X, i*i!i*;Agl) — H} (X, i) 2, H3 (X, ii;,\gz) - H3(X, j*j*i%;,\&)
vanishes. And using Lemma 3.16, to prove this it suffices to prove that the compo-
sition

H$ (X, i*ili*g/\gl) — H}(X, it &) 2, H3 (X, Z'i;/\52) 25 H}(X’i};,\&)

vanishes. This follows from the fact that ¢ commutes with the action of =, and
that x acts trivially on H}(X, i*i!z'*p\él).
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Now we consider the second claim. The “if” direction is easy. Conversely, assume
that ¢’ = 0. Then the composition (3.13) vanishes, hence the image of ¢ is included
in the image of the embedding H;(Z,i::)\gz) — H}(X, ii;/\é'g) of Lemma 3.15. On
the other hand, using Lemma 3.16, this also implies that the composition of ¢ with
the action of =) on ]HI}(X, ii;/\é'g) vanishes hence, since ¢ is a morphism of Agj-
modules, that ¢ vanishes on the image of the action of z) on H}(X,if,&1). By
Lemma 3.16, we deduce that the composition

HE (X, jij iEnEr) = HY(X,it0Er) B HYX, i) &)

vanishes which, in view of Lemma 3.15, proves the existence of a morphism of Ag -
modules ¢ : H} (X, i.if \&1) — H;(X,i*i::AgQ) as in the lemma. Finally, the fact
that ¢” is a morphism of Arx-modules follows from Lemma 3.14. O

Now we are ready to prove Proposition 3.12. We will proceed by induction on A €
X, showing that for any Bott—Samelson parity complexes &1, s, the cohomology
functor induces an isomorphism of graded vector spaces

(3.14) Homérb(i*;Aé’l,i!;Aé’g) = Homag, (H(Srey, imaE1), HY(GrEy, ipaE2)).

If \ is minimal, then Gr) is a point and it\&1 and i::/\gQ are also parity. On the
other hand, the cohomology functor induces an equivalence of categories between
Parity;(Gr), ) and the full subcategory of the category of finitely generated graded
Arx-modules consisting of free modules. Thus (3.14) is indeed an isomorphism in
this case.

Now fix A € X, and suppose that (3.14) is an isomorphism for all A’ = A\. We
use the same notation as above for X, Z, U, i and j. Note that Lemma 3.17 is
equivalent to the existence of a natural sequence

HomA[A (H;(Za iE/\gl)v H;(Zv ’L|E/\g2)) —
(3.15) Homu, (H}(X,if\&), HY(X, i) E2)) =
Homygs (1,00 (H} (U, 5 iE561), H} (U, 57020 E2))
which is exact at the middle term. It is also easy to check (using Lemma 3.15) that

the first morphism is injective.
Consider the adjunction triangle

. N N C ok (1]
iraipaEo = iy €2 = Juj i & —

and the long exact sequence
-+ — HomY (it \ &1, i1 E2) — Hom’x (it \E1, i \E2)
— Hom{, (j*iE\E1, j iaE2) =

obtained by appying the functor Homx (if,&1,—). Using parity considerations
and [JMW, Corollary 2.8] one can check that the connecting morphisms in this
long exact sequence are trivial, so that the maps form short exact sequences in each
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degree. Then one can consider the commutative diagram

® [ % . H"(Zv_) . - . .
Homy (i% &1, \Es) ————— HomAD(Hj(Z,zEA&)’Hj(Z,zi:)\gg))

H}(va)

Exty (it \E1, iy E2) ———— > Homa, (H3(X, it &), HY(X,i2,Es))

f ) !

Exty; (75t \E, 5 iErE2) —— Homzs 7,00) (H} (U, j* i\ 1), HS (U, j*it5E2)),

where the right-hand column is the sequence (3.15), and both column are exact at
the middle term. By induction, the upper horizontal arrow is an isomorphism. The
lower one is an isomorphism because the cohomology functor induces an equivalence
of categories between Parity ; (37}, ) and the full subcategory of free modules in the
category of finitely generated graded H;(Sr’)\; R)-modules. By the five-lemma, this
implies that the middle horizontal arrow is also an isomorphism, which completes
the induction step.

Remark 3.18. It can be easily checked that the proof of Proposition 3.12 applies to
any ring k of coefficients which is Noetherian and of finite global dimension, and also
in the I x G,-equivariant setting, or for other partial flag varieties of Kac-Moody
groups. If k is a complete local principal ideal domain, one can also work directly
with the categories Parity;, g (Sr', k) and Parity ;(Gr', k) instead of restricting to
“Bott—Samelson objects.”

3.10. Graded ranks of Hom spaces. We identify the Z[v,v~!]-module Mg as-
sociated with F1" and its stratification by I-orbits as in §2.1 with H,g, where m,,
corresponds to T,. We also identify Mg, (where Gr’ is stratified by I-orbits) with
Mgpn, where my of §2.1 corresponds to my of §2.5.

Lemma 3.19. Let E be either F or fR.
(1) For any F, G in Parity;(F1',E), we have

chlsy (F % G) = chlyy (F) - chlyy (G)  and  chiyy (F * G) = chlyy (F) - chiyy (G)

m Haﬁ‘.
(2) For any G in Parity;(F1',E), we have

chlgrl (6 %G) =myg - chlyy(G)  and ch§, (67 x G) = my - chiy (G)
m Msph-

Sketch of proof. The case E = R follows from the case E = F, so we concentrate on
the latter case. Also, in each case, the formula for ch* follows from the formula for
ch' using Lemma 2.5(1), so we only consider this case.

(1) First we consider the case F = &  for some simple reflection 5. We let Js be
the minimal standard parahoric subgroup of G(.% ) associated with s, and define
sFI = J\G(A). Welet py: F1' — *FI’ be the projection, and set *F1., := p,(F1.,)
for w € W,g. Then we have

F*G=ExxG=pips.Gll],
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and chlrﬂ,(é';’m) = Ty + v~ !. The formula in this case can be checked by a direct
computation, using the fact that
H* (F,, (i0)")'pseG) = H(F,,, (i3)'G) @ B (I, (17,)'G)

for w € Wag, which can be derived from the base change theorem and [JMW,
Proposition 2.6]. (Here i7", i3 and i7! are the obvious inclusions.)

The case F is the sky-scraper sheaf EL;E at the I-fixed point given by the unique
point in FI., (for w € Q) is easy.

Using these special cases one deduces that the formula holds when F is of the
form

(3.16) ELp*EL

s, FX K 5;,.7]F[n]
where w € ), n € Z, and sq, - - - , s, are simple reflections. Then one can prove the
formula when F is indecomposable by induction on the dimension of its support,
using the fact that any indecomposable parity complex appears as a direct summand
of an object of the form (3.16) with r the dimension of the support, see [JMW, §4.1].
The general case follows.

(2) We have 67 « G = p.G, where p: FI' — Gr’ is the natural projection. Then
the lemma can be checked by a direct computation, using the formula

H* (974, (i3)'p.F) = P H(IL,, (i5)'0)

weWity
for all A € X, which can be derived from the base change theorem and [JMW,
Proposition 2.6]. (Here i} : Gy < G’ is the inclusion.) O

Remark 3.20. Using similar arguments one can show that Chér/ (FxG) = Ch;rx (F)-
chiy/ (G) for any F in Parity;(Gr',E), G in Parity;(F1,E) and ? =! or *.

Proposition 3.21. For E =R orF, for any sequence s of simple reflections, and
for any w € Q we have
chig, (E5(w, 8)) = ch, (Ex(w, 5)) = m(w, 5).
Proof. This follows immediately from Lemma 3.19, using the facts that Ch!rfl/ (‘%JE) =
chy (€L 5) = (T +v~1) and ch§,. (65) = chg,. (65) = mq - T,,. O
The following consequence of Theorem 3.13 will play a crucial role in Section 5.

Corollary 3.22. For any any w,w’ € Q and any sequences s, t of simple reflections,
the graded O(t*)-module

@ Homgga ((w, 5,0), (', 1, n))
nez
is free. Its graded rank is equal to (m(w,s), m(w’,t)).
Proof. The first assertion follows from Theorem 3.13 and Lemma 2.2(2). The second

one follows from Lemma 2.5(2) and Proposition 3.21. O

4. KOSTANT-WHITTAKER REDUCTION

In this section and the next one we work with derived categories of equivariant
coherent sheaves, and usual derived functors between them. See [MR, Appendix A]
for a brief reminder of the main definitions and properties of these objects.
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4.1. Overview. The goal of this section is to introduce and study the “Kostant—
Whittaker reduction” functor for equivariant coherent sheaves on the Grothendieck
resolution of G. This construction is a mild adaptation of a construction in [BF]; it
relies in a crucial way on geometric results proved in [R3]. A related construction
also appears in [Do]. This functor is used in Section 5 to obtain a description of
the category Tilt(ES*Cm(A)) in terms of “Soergel bimodules.”

After introducing our notation and assumptions in §4.2, we recall the definition
of the “geometric braid group action” of [R1, BR2] in §4.3, and the main results
of [R3] in §4.4. In §4.5 we define our functors. Then, after some preparation in
§4.7, in §4.8 we prove the main result of the section, a certain compatibility property
between Kostant—Whittaker reduction and the geometric braid group action.

4.2. Notation. Let Gy be a group scheme over Z which is a product of split simply
connected quasi-simple groups, and general linear groups GL,, 7. In particular, Gy
is a split connected reductive group over Z. We let Bz C Gy be a Borel subgroup,
Ty C By be a (split) maximal torus, and B} C Gy be the Borel subgroup which
is opposite to By, (with respect to Tz). We denote by r the rank of Gy.

We let N be the product of all the prime numbers which are not very good for
some quasi-simple factor of Gz, and set R := Z[1/N]. Throughout the section, we
use the letter F to denote an arbitrary geometric point of R. We use the letter E
to denote either R or F.

We let Gz, Bz, Tz, BS‘; be the groups obtained from Gz, By, Ty, Bg by base
change to R, and gm, bm, ta, b;g be their respective Lie algebras. We also denote
by U, resp. U;, the unipotent radical of B, resp. B;, by n,, resp. n;g, its
Lie algebra, by W the Weyl group of (G, Ts), and by X := X*(Tsx) the weight
lattice.

We also set

Gr := Spec(F) Xgpec(m) G,

denote by gr the Lie algebra of Gy, by Br, T, BI‘F|r , Ur, U];f the base change of
By, T, B;, U, US;, and by by, tr, bI‘F", ng, nl‘F" their respective Lie algebras.
Note that we also have X = X*(Tp).

If V is an E-module, we set V* := Homg(V,E). In this section we will consider
the Grothendieck resolution

gz == (G xP (g/n)")e = (G/B x g")e

The scheme gg is a vector bundle over the flag variety %g := (G/B)g. It is endowed
with an action of Gg x G, g, where Gg acts naturally, and the action of G, g is
induced by the action on (gg/ng)* where 2z € G, g acts by multiplication by 272.
We will consider the derived categories of equivariant coherent sheaves DS*Cm (g)g
and DE(g)g. We denote by (1) the functor of tensoring with the free rank one

tautological Gy, g-module, and by
F(=): D" (@) — D Cm (@), F(=): DE(@)x — DE(@)r

the “modular reduction functors” induced by the functor F @& (—).

For any A € X we denote by Oz, ()) the line bundle on % associated naturally
with A, and by Oy, ()) the pullback of Oz, (\) to ge.

We will also consider the morphism

V:ng[E—)th
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which is defined as follows. Consider the restriction morphism (gg/ng)* — t5. It is
easily checked that this morphism is Bg-equivariant, where Bg acts trivially on tj.
Therefore, our morphism defines a morphism (G x® (g/n)*)g — 5, which is our
morphism v. There is also a natural morphism

W:ﬁﬁ—)gﬁ

induced by the coadjoint action.

By [R3, Lemma 4.2.3] there exists a Gg-invariant symmetric bilinear form on
g which is a perfect pairing. We fix once and for all such a bilinear form, and
we denote by »: gosx — g the induced (Gg-equivariant) isomorphism. We denote
similarly the induced isomorphism gg — gi.

In the case E = F, we let g C gp° C gr be the open subsets consisting of
regular semisimple elements and regular elements respectively (see [R3, §2.3]), let
gr'" C gy’ ® C gi be their image under s, and let g C gy ® be the inverse
images in gr. Then there exists a natural action of W on gp*® stabilizing gif and
commuting with the Gp x Gy, p-action, see [BR2, §1.9]. Moreover, the restriction
Vreg: Op > — ti is W-equivariant, where W acts naturally on ti. (Indeed, this
property is easily checked for the restriction of 14es to g"; then the claim follows
by a density argument.)

4.3. Geometric braid group action. We let X be the lattice of cocharacters of
Ty, and denote by ® C X, resp. ® € X, the roots, resp. coroots, of (Goy, Tor).
We denote by ®T the positive roots, i.e. the roots appearing in b;;. To these data
one can associate the affine Weyl group W,g and the affine braid group B.g as
in §2.5. We will also denote by " the coroot associated with a root «, and by p
the half-sum of positive roots.

Let s be a finite simple reflection, associated with a simple root «. Recall the
associated subscheme ZF C g X g: gg defined in [BR2, §§1.3-1.5]. (If E = F, then
Z% is the closure of the graph of the action of s on gg ®.) We denote by

TS, S&: DE*E (g)g — D (g)e

the Fourier-Mukai transforms with kernels Ozz(—1) and Ozz(—p,p — a){—1) re-
spectively. (Here, Ozz(—p, p — ) denotes the tensor product of Oz with the line
bundle on gg X gg which is the pullback of the line bundle O g, (—p) X Oz, (p — @)
on g x $Br.) By [BR2, Lemma 1.5.1 & Proposition 1.10.3], these functors are
quasi-inverse equivalences of categories. We will use the same symbols to denote
the similar autoequivalences of the category D& (g)g.

By [BR2, Section 1], there exists a right action'® of the group B.g on the category
DG*Cm (g)g, resp. DE(§)g, where T, acts by the functor ’]I‘% (for any finite simple
reflection s), and where 6y acts by tensoring with the line bundle Og, (A) (for any
A € X). (The same remarks as in [MR, §3.3] on the difference with the conventions
of [R1, BR2] apply here: the (right) action considered in the present paper differs
from the (left) action of [R1, BR2] by the composition with the anti-automorphism
of B.g fixing all generators Ty for s a simple reflection and 6, for A € X.) For

10Here by a (left) action of a group on a category we mean a group morphism from the given
group to the group of isomorphism classes of autoequivalences of the category. As usual, a right
action of a group is a left action of the opposite group.
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b € B.g, we denote by
Jy: DS (g)g = DE*Cm (g)p

the action of b. (This functor is defined only up to isomorphism.) It is easily checked
that we have an isomorphism of functors

(4.1) Foll' T oF

for any b € B,g.

For s a finite simple reflection, associated with a simple root «, we also set
08 = G xP: (g/(ps)")%, where PE is the minimal standard parabolic subgroup
of G associated with s, and (p%)! is the Lie algebra of the unipotent radical of
PE. There exists a natural morphism 7, : gg — g=-. By [R1, Corollary 5.3.2] there
exists natural exact sequences

(42) OAE[E <2> — Oﬁxasﬁm - OZEEv OZE(_/); pP— a) — Oﬁxﬁsﬁm - OAE]E

in AG*Cu (g x §)g, where in each sequence the surjection is induced by restriction
of functions, and where Agg C g X gg is the diagonal copy. (In fact, in [R1] only
the case E = F is treated, but one can easily check that the same arguments apply
in the case E = R.)

4.4. Kostant section and universal centralizer: reminder on [R3]. We de-
note by ®5 C ® the subset of simple roots. As in [R3, §4.3],*! for each o € —®° we
choose an element e, € gz which forms a Z-basis of the a-weight space in gz, and

set
e := Z Cq € gn-
ac—os
We will consider the cocharacter o, := Y ac_at oV, and the G, sr-actions on gmn
and g3, defined by
2o =220 (2)
for 2 € Gmm and z either in gi or in g5;. With these definitions, s is Gy m-
equivariant, e is fixed by the action, and b; and n; are Gy, m;-stable.

By [R3, Lemma 4.3.1], the quotient b*/[e,ng] is free of rank r; therefore one
can choose a G, s;-stable S3-submodule s C b;g such that b;; =snx D [e, n;g] We
set

Spz = %(6+5)m, S :ZSXQ* Em
The G, sm-action on g defined above stabilizes S, and contracts it to s«(e) as
t — oo. Similarly, the action on ggy defined by

2-lg: g =Pe(2)g: 277
(for z € Gmm, 9 € Go and £ € (g/n)};) stabilizes Sm, and is contracting (see [R3,

§3.5] for details). We will denote by S, resp. Sy, the scheme obtained from Sy,

resp. S,:, by base change to F.
The following result is proved in [R3, Propositions 3.5.5 & 4.5.2]. Here we con-
sider the G, g-action on t where z acts by multiplication by z~2.

HNote that, compared to [R3], we have switched the roles of positive and negative roots. An-
other difference which appears below is that we work with g* instead of g, using the identification
.
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Proposition 4.1. The morphism v: gg — tg induces a Gy, g-equivariant isomor-
phism of E-schemes

Vs: gE =5t
The following result is proved in [R3, Lemmas 3.5.1 & 4.5.1].
Lemma 4.2. The morphism
a: G x Sg — e

induced by the Gg-action on gr is smooth. When E = T, a induces a surjective
morphism G X Sp — g °

We denote by I the universal centralizer associated with the action of Gg on
9E, see (2.1). We will also denote by TE the restriction of I¥ to Sg. Then by [R3,
Corollary 3.5.8 & Proposition 4.5.3], IE is a commutative smooth group scheme
over Sg. We denote by 3% its Lie algebra; it is a locally free sheaf of commutative
Og, -Lie algebras (see [R3, §2.1]).

Recall that the quotient /W is a smooth scheme, isomorphic to an affine space
(see [De, Théoreme 3 & Corollaire on p. 296]). We will denote by g: t; — /W
the quotient morphism; then we denote by ns: g]]«: — /W the composition

St 25t 2 65/ W.

The following result follows from [R3, Theorems 3.5.12 & 4.5.5], using the fact
that the natural morphism Sg — t;/W is an isomorphism (see [R3, Theorems 3.2.2
& 4.3.3], combined with [R3, Propositions 2.3.2 & 4.2.1]).

Theorem 4.3. There exists a canonical isomorphism of sheaves of commutative
(’)gIE—Lie algebras

= (1) Qe yw-

For the remainder of this subsection, let us consider the case E = F. First we
recall that there exists a unique smooth commutative group scheme J¥ over t whose
~reg

pull-back under vyg is the restriction IF of IF to gp -, see [R3, Proposition 3.3.9].

reg

Now by [R3, Remark 3.5.9], the composition
Coh®(§"%)s — Rep(IL,) — Rep(L5) = Rep(J")

is an equivalence of categories, where the first functor is the functor (2.2) in our
particular situation, the second functor is induced by restriction to S. , and the last
functor is induced by the isomorphism of Proposition 4.1.

Similarly, let s be a finite simple reflection, let W, := {1,s} C W, and consider
the natural morphism g5 — #5/W,. Let also g8 C g% be the inverse image of
g;"°® under the natural morphism gt — g, and let IF be the universal stabilizer
associated with the action of Gp on gf. Then the same arguments as in the case of gg
(see in particular [R3, Remark 3.5.7]) show that there exists a unique commutative
group scheme jf on t /W, whose pull-back under the morphism ghree /W is
the restriction of TIE to gh'r®8; moreover, as above we have a natural equivalence of
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categories Coh® (greg)y = Rep(j]g). There exists a canonical Cartesian diagram

L

i ¢

t —— /W,

so that the direct and inverse image functors under the quotient morphism t; —
t:/W, induce functors Rep(J¥) — Rep(J¥) and Rep(JF) — Rep(JF) respectively.
Under the equivalences considered above, these functors correspond to the direct
and inverse image functors under the restriction of 7, to gy °, respectively.

4.5. Definition of the functors. Let us denote by T(t;/W) the tangent bundle
of the smooth E-scheme t;; /7W. We consider the G, g-action on tj;/W such that the
corresponding grading on O(t},/W) = O(5)" is obtained by restriction of the grad-
ing on O(t;) where the generators tg C O(t};) are in degree 2, so that the morphism
o0 of §4.4 is Gy, g-equivariant. This action induces a Gy, g-equivariant structure on
Q¢ yw. We consider the Gy, g-action on T(t;/W) such that O(T(t;/W)) is the
symmetric algebra of {2 yw(—2) as a graded algebra. In other words, the Gy, k-
action on T(t;/W) is the combination of the action induced by the action on ¢ /W,
with multiplication by 22 in the fibers of the projection T(t/W) — t5/W.

We will consider the bounded derived categories of (equivariant) coherent sheaves
DS (t* Xy T(4*/W))g and D(t* Xy T(£*/W))g. In this context also we have
“modular reduction functors”

F(=): DO (€ ey T(E/W))or = D (8 Xy T(E /W),
F(=): D(t" Xy T(t"/W))x — D(t" Xy T(t/W))p.

Now we can explain the construction of the “Kostant—Whittaker reduction” func-

tors

(4.3) kg DE*Cn(@)g — DO (t° Xy T(E/W))g;
(4.4) Fr: DE(@)r — D(t* Xy T(t*/W))g.
First, consider the functor

Fi: Coh®(§)g — Coh(t")g

defined as the pullback functor associated with the embedding gE — gg, where we
identify Sg with t; using the isomorphism vs from Proposition 4.1.

Remark 4.4. Consider the closed subvariety Tr C gr defined in [R3, §3.5], and the
analogously defined closed subscheme Ym C gm. Then Ug acts freely on TE, and
v induces an isomorphism of E-schemes T/ Ug = ;. (In the case E =T, this fact
follows from [R3, Proposition 3.2.1, Theorem 3.2.2 & Proposition 3.5.5]; the case
E = fR is similar.) Using this isomorphism, the functor % can be described more
canonically as the composition of restriction to TE with the natural equivalences
CohY (T)g =5 Coh(T/Ug) = Coh(t).

Lemma 4.5. The functor Rf is ezact.

Proof. Our functor can be written as the composition

Coh®(@)z 25 Coh®(G x S)g = Coh(S)e =2 Coh(t)g,

~
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where a is the morphism considered in Lemma 4.2, and the middle arrow is the ob-
vious equivalence. Now a is a smooth (in particular, flat) morphism by Lemma 4.2,
which implies exactness. O

Now we can explain the definition of Kg. This functor will be induced by an exact
functor Coh® (g)g — Coh(t* X yw T(t°/W))g, which we denote similarly. In fact,
starting from an equivariant coherent sheaf F on gg, its restriction to gE is naturally
endowed with an action of the universal centralizer T%, see §2.2. Differentiating this
action we obtain an action of the Lie algebra 58 of TE By Theorem 4.3 one can
identify SE with (WS)*Qt[E sw considered as a sheaf of commutative Lie algebras on
Sk. Identifying Sg with t; via vs (see Proposition 4.1), we obtain an action of the
commutative Lie algebra 0*Q¢: sy on ®(F), hence also an action of its symmetric
algebra Q*Soti sw(Q¢/w). This action defines a coherent sheaf Fg(F) on t* X/
T(t*/W)g whose direct image under the affine morphism t* x ¢y T(t*/W)g — t5
is B (F). It follows from Lemma 4.5 that the functor

Fr: Coh®(g)r — Coh(t* xy- yw Tt /W))g

that we have just defined is exact. Then the functor (4.4) is defined as the induced
functor between bounded derived categories.

The construction of the functor kg is similar, simply keeping track of the appro-
priate Gy, g-actions. More precisely, recall the action of Gy, g on g’E defined in §4.4.
One can “extend” this action to the group scheme Gg x g]E via

2 (g,2) = (ho(2)gha(2) 2 2)

for 2 € G g, g € Gg and = € gE. Then the subgroup i% is Gy g-stable, and the
projection f% — S‘]E is Gm,g-equivariant. This action induces a G, g-equivariant
structure of the coherent sheaf J% (on g]E), and it is easily seen that the isomorphism
of Theorem 4.3 is Gy, g-equivariant, where the action on the right-hand side is
induced by the action on T(t}/W) considered at the beginning of this subsection
(see [R3, Proof of Theorem 3.4.2]). Now if F is in Coh®*®=(g)g, then the restriction
of F to gﬂ; is a Gy g-equivariant coherent sheaf, and the action of T]E is compatible
with this structure in the obvious sense, which allows to define the exact functor

kg: Coh®*Cm(g)g — Coh®m(¢* X T(E/W))E

by the same recipe as for Kg. Then the functor (4.3) is defined as the induced
functor between bounded derived categories.
The proof of the following lemma is easy, and left to the reader.

Lemma 4.6. There exist canonical isomorphisms of functors
Fokrg ZXkpol, Fokm ZXkpol,

where, in both equations, the functor F on the left-hand side is the modular reduction
functor on the R-scheme (t* x ¢y T(t*/W)):, and the functor F on the right-hand
side is the similar functor on ge. (I
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4.6. Another geometric braid group action. The goal of this subsection is to
define a “geometric” (right) action of the group B.g on the category D%m (t* x JW
T(t*/W))g. We begin by defining an action of W,g.

First, there exists a natural action of W on the E-scheme (t* X y T(t*/W))E,
induced by the action on t;. For w € W, we denote by

'KE s DO (6 X T(E/W))g = D= (8 x ey T(E/W)g

the pullback functor associated with the morphism given by the action of w.

Then, let A € X. To define the functor associated with ¢) we will identify
DO (t* Xy T(t*/W))g with the derived category of finitely generated graded
modules over the commutative O(t;)-Lie algebra O(t*) ®@o = w) QU /W)e. We
define a module F¥ for this Lie algebra as follows. As an O(t;)-module, FY is free of
rank one. Then to define the action of the commutative Lie algebra O(t*) ®o ¢+ /w)
Q(t*/W)g it is enough to define a morphism of O(t;;)-modules

(4.5) O(t") @o - yw) QU /W)E = O(tg).

In order to do so, we interpret the left-hand side as the module of sections of the
projection

(4.6) (" X pw THE/W))E — g,

where T*(t;/W) is the cotangent bundle of the smooth E-scheme tj;/W. The mor-
phism p: t; — /W defines a natural morphism

d*o: (" gy T(/W))E — T ().

Now since t is an affine space, the right-hand side is canonically isomorphic to
5 x tg. Hence, starting with a section o of (4.6) the composition of o with

(E ey THE /W) 28 T () 2t x tg > tg 25 E
defines an element in O(tf;). This construction provides the definition of (4.5),
hence also of the module FY. It is clear that if A,y € X and w € W we have
canonical isomorphisms of O(t*) ®@o - wy Q(t* /W )g-modules

(4.7) FY Qo) Fiy 2 Fxy, and "KG(FY) = Fyay.

(In the first isomorphism, the left-hand side is endowed with the natural action on
the tensor product).
With this definition at hand, we define the functor

'Kt DO (X T(E /W) =5 DO (8 x oy T(H/W))g

as the functor of tensoring (over O(t;)) with the module F}.

Using (4.7) one can easily check that we have canonical isomorphisms

500 20, oK G G0 K, o'

for all v,w € W and A\, u € X. In other words, these functors define a right action
of the group W on the category D% (t* Xy T(£*/W))g. For w € Wag, we
denote by 'KE the functor giving the action of w.

Now we “renormalize” this action as follows. For w € W and A € X, we set

K, ="Kg(—Lw)),  Kg, ="5 (AX))-

w
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Then these functors extend to a right action of Bag on D= (t* x .y T(t*/W))E.
For any b € B,g, we denote by K the action of b. Note that if b is the image of b
under the canonical surjection B,g — Wag, then there exists n(b) € Z such that

(4.8) Ky = 'K (n(b)).
Note also that if w € € then we have necessarily
(4.9) n(T,) =0,

since T,, has finite order in B,g.

4.7. Kostant—Whittaker reduction of line bundles. The goal of this subsec-
tion is to prove the following result (whose proof is quite technical, even though the
statement is very natural).

Proposition 4.7. For any A € X, there exists an tsomorphism
re(Og, () 2 FX(A(Xo)).

We start with two preliminary results. The first lemma is a generalization of a
lemma in [GK].

Lemma 4.8. If g € Gy and £ € (g/n); are such that g - € € Sy, then g € Uf - Bp.

Proof. Our assumption ensures that [g : &] € Sr. Recall the contracting G, -
actions on Sp and S defined in §4.4. We have lim,_ o0z - [g : & = [1 : »(e)],
hence lim,_, o0 Ao (2)gBr = 1By. Since 1By belongs to the Ao-stable open subset
U*tB/Br C %r, we deduce that gBF also belongs to UTB/By, which finishes the

proof. O

Lemma 4.9. Let A € X. Let M be an object of Coh®™ (* x ¢ /i T(t*/W))m
which is flat over R, and whose direct image to &, is coherent. Assume that
for any geometric point F of R there exists an isomorphism F @u M = Fg m
Coh®m (¢* X yw T(E/W))g. Then there exists an isomorphism M = F}*.

Proof. Tn this proof we identify the category Coh®= (t* Xy T(8 /W), with the
category of finitely generated graded O(t* x ¢ yy T(t*/W))sm-modules, and similarly
for F.

First we construct an isomorphism of graded O(t};)-modules O(t};) = M. In
fact, if My denotes the degree O-part of M (a free SR-module of finite rank), our
assumption ensures that dimc(C ®x M) = 1; we deduce that My has rank 1.
Choosing any basis for this module, we obtain a morphism of graded O(t};)-modules

¢: O(ty) — M.
Our assumption implies that the induced morphism O(t;) — F ®x M is an iso-
morphism for all F. Since all graded pieces in O(t};) and M are free R-modules of
finite rank, we deduce that ¢ is an isomorphism.

We claim that ¢ induces an isomorphism of graded O(t* xi,y T(t"/W))nx-
modules F{® = M. In fact, it is enough to prove that for all w € Q(ty /W) we
have w - ¢(1) = (d\)(w’) - #(1), where w' is the image of w in Q(t};) = tw Qn O(t)
as in §4.6 (and we still write dA for the morphism (dA\) ®1: tn ®x O(th) — O(ty)).
However, the embedding

Endyoqs (0t x - T(t/W))e) (Fx ) = Endygoasr(o(e)) (FY)
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is an isomorphism, since the right-hand side is reduced to scalars. Hence C ®gp ¢
induces an isomorphism of O(t* x ¢y T(t*/W))c-modules Fy = C @y M. We
deduce that the image of w - ¢(1) — (dA)(w') - ¢(1) in C @ M is 0; it follows that
this element is zero, which finishes the proof. O

Proof of Proposition 4.7. Using Lemmas 4.6 and 4.9, it is enough to prove the iso-
morphism in the case E = F. For simplicity, in the proof we omit the subscripts
“F.”

We denote by g° the inverse image in g of the open subset UTB/B C %; more
concretely we have g° = UtB xB (g/n)*. This open subset is stable under the
action of G, obtained by restricting the action of G x Gy, along the embedding
G — G x Gy, sending 2 to (Ao(2), z). Moreover, by Lemma 4.8, we have S C §°.

First, we claim that there exists a canonical isomorphism of Gy,-equivariant line
bundles (in other words a canonical trivialization)

(4.10) O'g*()\)"g*o = OEO ()\(5\0».

In fact, consider the variety X := G xY (g/n)*. This variety is endowed with a
(free) action of T defined by ¢-[g: &] = [gt7! : t- €], and g is the quotient of X
by this action. It is also endowed with a natural action of G x Gy, such that the
quotient morphism ¢: X — g is G x G -equivariant. Moreover, it follows from the
definition that we have
O5(A) = (¢.0x)" 7
as G X G -equivariant line bundles, where on the right-hand side we mean sections
on which T acts by the character —\. Consider now the following commutative
diagram:
T x Ut x (g/n)* —=UTB xY (g/n)*—= X
| i I
Ut x (g/n)" ———=U*B x® (g/n)*——73.
Here ¢° is the projection, the right arrows are the natural (open) embeddings,
and the left arrows are defined by (¢,u,&) — [ut™ : t-¢] and (u,&) — [u : ]
respectively. All the maps in this diagram are Gy,-equivariant, if G, acts on X and
g via the morphism G,, — G X Gy, considered above, and on T x Ut x (g/n)*,
resp. UT x (g/n)*, via
2 (b €) = (64 (), A2l ()27 hel2) - ),
vesp. 2+ (1,€) = (Ao(2)uds 2 (2), 7 2ha(2) - €).

We deduce an isomorphism of G,-equivariant line bundles

~ T,—A
O5(N)jut x(a/m)- — ((6°)+O1xu+ x(a/m))
Now we have (¢°)«Oryxu+x(g/m)- = F[T] @ Ou+x(g/n)-, and the subsheaf where
T acts by —X is (FA) ®F Ou+x(g/n)=- We deduce (4.10).
Using (4.10) we obtain a canonical isomorphism of G,-equivariant O-modules

(4.11) K(O5(N) 2 O (A(A)).

To conclude we have to identify the action of Q(t* /W) on x(Oz(N)).
In order to do so we can restrict to the open subset t*** C t* (the complement
of the coroot hyperplanes). Note that we have v~(t*™) = g™. To compute the
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action we will use another, more elementary section of the restriction of v to g*s.
Namely, we set
= {1B} x #(t) C g° € G/B x g%,

where t* := g™ Nt. Clearly, v restricts to an 1somorphlsm er = 15, Hence, if
S = =g"N S we have canonical identifications Srs Iy grrs Zowrs I fact, since
the restriction of I to g™ is the pullback of the group scheme J on t*, we also
obtain a canonical identification of the corresponding restrictions of I, and then of
their Lie algebras:

Lie(T%) — > Lie(J"*) <~— Lie(I¥)
(4.12) | J/
grs ~ ors ~ s

(Here, for A a smooth group scheme over a scheme X, Lie(A) denotes the vector
bundle whose sections are the Lie algebra of A, considered as an O x-module; the
superscript “rs” means restriction to the regular semisimple locus, and TYES is the
restriction of I to X))

Using the notation we have just introduced, Theorem 4.3 defines an isomorphism
Lie(irss) 5 8 X re T*(S™). In fact, since the morphism S™ — 8™ is étale (because
the restriction of g: t* — t*/W to t*™ is étale, see [R3, Proof of Lemma 3.5.3]),
this can be rewritten as an isomorphism Lie(igs) =5 T*(8™). Now we clearly have
Trxb =T x ¥ C G x ¥, hence Lie(frzs) =t x X' = T*(¥'), where we identify t
with »(t)* = g/(n* @ n) in the natural way. We claim that the following diagram
commutes, where the horizontal isomorphisms are induced by the identifications
in (4.12) and the vertical isomorphisms are the ones we have just defined:

Lie(T%) — > Lie(L%)
(4.13) ) i/g

T* (grs) ~ T*(Ers)
In fact, let y € s(¢), and let 7 the point of ™ corresponding to § = (y, 1B) € ¥
under the identification in (4.12). Let us also fix g € G such that Z = g - §. Then,

unravelling the various definitions (see in particular [R3, Remark 3.3.4]), we see
that the fiber over Z +» § of (4.13) can be described as

~

9

[ H

g

%A//_\\ adg,l RN \LI
w(s)* <—g<—lg,9 y|* — [g,y]*C g s(t)".

Now we have g,., = [g,9 - y]* and g, = [g,y]*, so the commutativity is obvious.
With this comparison at hand, we can now identify the restriction of x(Og(\))
to t*'° with Oz(\)|sr, endowed with the action of 7%, identified with t ® Os:s as
above. But the restriction of Og(A) to {IB} x (g/n)* is O(g/n)- ®@r Fx (where Fy
is the one-dimensional B-module defined by A), and we finally deduce that (4.11)
defines an isomorphism x(O5()\)) = F)(\(As)), as desired. O
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4.8. Kostant—Whittaker reduction and geometric actions. The main result
of this subsection is the following.

Proposition 4.10. (1) For any b € Bag, there exists an isomorphism of func-
tors
K¥ o kp = kpodt.
(2) Let b € Bag, and let F be an object of DS*Cm(g)sx such that ke (F) is
concentrated in degree 0, and R-free. Then rkw o I3 (F) is concentrated in
degree 0 and R-free, and moreover there exists an isomorphism

K3t o ke (F) = kg 0 3 (F)
in DO (t* x ¢y T(E/W))mr.

Remark 4.11. It is probably true that there exists an isomorphism of functors
KR o key = kg 0J3'. The weaker statement in Proposition 4.10(2) will be sufficient
for our purposes.

Before proving this result we need a preliminary lemma. In this lemma we fix
a finite simple reflection s, and consider the morphism Z¥ — gg induced by the
second projection.

Lemma 4.12. (1) The Cartesian square

(S x5 Zo)p—> ZF

S ——
is tor-independent in the sense of [Li, Definition 3.10.2].
(2) The embedding Z7 — (g% §)r identifies (S x5 Zs)g with a closed subscheme
of (§ x S)g. Then, identifying Sg with t; via the isomorphism of Propo-
sition 4.1, (S X3 Zs)g identifies with the graph of the action of s on t.

Proof. (1) We decompose our Cartesian square into two squares:
(S x5 Zs) = G x (S x5 Z), — ZF

¢ ¢ l

S (G xS — =T

Here the left arrows are induced by the embedding Spec(E) < Gg given by the
identity. The left-hand hand square is obviously Cartesian and tor-independent
(since Gg is flat over Spec(E)), and the right-hand square is Cartesian by Gg-
equivariance, and tor-independent since a is flat (see Lemma 4.2). The claim follows.

(2) The first claim is a consequence of the definition of Sg and of the fact that
Z% is included in (g x4+ §)r. Now we consider the second claim.

In the case E = F, the claim follows from the definition of Z¥, using the facts
that S is included in gp° (see [R3, Equation (3.1.1)]), and that the morphism vyeg
is W-equivariant (see §4.2).

Now, let us deduce the case E = 2. It follows in particular from the first claim
that (S x5 Zs)m is an affine scheme. Since G x (S x5 Zs)m is flat over Z2' (see
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the proof of (1)), which is itself flat over R, and since R is a direct summand in
O(Gg), the scheme (S Xg Zs)m is also flat over R.

Let us denote by f the morphlbm (8 Xg Zs)m — Sot induced by the first projec-
tion. We claim that f is an isomorphism. In fact, consider the morphism

F5: O(Sn) = O(S x5 Zo)w

Since f is projective, the right-hand side is finite over O(gg)f{). Moreover, the mor-
phism F ®g (f*) is an isomorphism for any geometric point F of R, by the case of
fields treated first. Using [BR2, Lemma 1.4.1] we deduce that f* is an isomorphism,
which finishes the proof of the claim.

Now, consider the morphism 7: gg{ — gg{ defined as the composition of the
inverse of f with the natural projection (S XgZs)m — Sor. The induced morphism
S(c — Sc coincides with the action of s (via the identification 3<c = t¢). It follows
that the morphism 75 itself coincides with the action of s, finishing the proof. [

Proof of Proposition 4.10. In each case, it is sufficient to prove the claim when
b =T for s a finite simple reflection, or when b = 6, for some A € X.

First, assume that b = ). Since kg is compatible with tensoring with a line
bundle, Proposition 4.7 implies that there exists an isomorphism of functors fKIgA o
kg = kg o Jy , which proves the claims in (1) and (2) in this case.

Now we consider the case b = T;. In this case we have TJ% >~ R(ps)«oL(gs)*(—1),
where pg, qs: Z — gg are induced by the first and second projections, respectively.
Let xf be the composition of kg with the direct image under the (affine) morphism
St (8 Xy T(t/W))E — t;. (In other words, g, is the composition of restriction
to Sg with the functor (vs)..) By Lemma 4.12(1) and the base-change theorem
(see [Li, Theorem 3.10.3]), we have sy o J5 = R(p). o L(¢})* o ki(—1), where
L, gl (3‘ X5 Zs)E — t are the compositions of s with the morphisms obtained by
restriction from py, ¢s. Using Lemma 4.12(2), we deduce a canonical isomorphism

(4.14) K 0 I, 2 (10)" o Kg(~1),

where 7} : t; — t is the action of s.

In the case E = F, since the automorphism 7, : g]y = g]p‘ is the restriction of a
Gy X Gy, p-equivariant automorphism of gp ®, isomorphism (4.14) is induced by an
isomorphism of functors

K% o KF = KF OJ];S,
which finishes the proof of (1). Then the case E = 2R follows from the case E = C:
indeed by (4.14) we have an isomorphism

(4.15) G (KT, 0 kor(F)) & 6 (kox 0 IF (F)).

Hence if key(F) is concentrated in degree 0 and MR-free, the same is true for ke, o
J3 (F). And in this case, since the image of (4.15) under C ®@x (—) is O(t* X/

(t*/W))C linear, we deduce that (4.15) is O(t* Xy T(t*/W)),-linear, which
finishes the proof of (2). O

We finish this section with the following variant of Lemma 4.12, to be used later.
In this lemma we consider the morphism (g x3, g)r — g induced by the second
projection.
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Lemma 4.13. (1) The Cartesian square
(S x5 (8 %5, 8) s (@ x5, 9=

! l

Si© Ok

is tor-independent in the sense of [Li, Definition 3.10.2].

(2) Identifying g’E with t via the isomorphism of Proposition 4.1, the fiber
product (g x5 (8 %3, ﬁ))E identifies with the closed subscheme of (t* x t*)g
given by (£ X ¢, t¥)E.

Proof. The proof of (1) is identical to the proof of Lemma 4.12(1). The case E =F
of (2) follows from the observation that the intersection of (g x5, 9)r with gy ® x g
is the union of the diagonal copy of g ® and the graph of the action of s. Now, let
us deduce the case E = R.

By the same arguments as in the proof of Lemma 4.12(2), the fiber product

(5’ x5 (8 %3, E))m is a flat fR-scheme, and a closed subscheme of the affine scheme
(S x 8)g. Consider the algebra

A= O(g Xg (a XFs a))%
We claim that A is R-free. Indeed, consider the contracting G, w-action on gm
considered in §4.4. The diagonal action on (S x S)m, stabilizes the subscheme

(g x5 (8 X3, 8))m, so that A is endowed with a Z-grading. Each graded piece of A
is finite over R, and flat, hence free, which proves our claim.
Now, consider the surjection

O(t* X f*)m — A.

For any « € O(t})®, the image of t ® 1 — 1 ® x in A becomes zero in C ®x A, by
the case E = C. Since A is R-free, this implies that this image is 0, hence that our
morphism factors through a surjection

(O(t*) Ro(t+)s O(t*))m — A.

This surjection is compatible with the Z-gradings, and on both sides the graded
pieces are free of finite rank over fR. (In fact, this property has been proved above
for A. For the left-hand side, we have O(tf;) = O(t;)° @ O(t;)° - §, where 6 € tn
is any element such that (§, @) =1 — see e.g. [EW, Claim 3.9] — which implies our
claim.) Hence to conclude we only have to prove that the induced morphism

F @n (O() @0y O(t)) 5, ~ Fon A

is an isomorphism for all geometric points F of R.
Using again the case E = T treated above, we only have to prove that the natural
morphism

F @ (O(1) @oe)r O(t)) = (O() @o(e) O(t))

is an isomorphism. In turn, this follows easily from the decompositions O(t;) =
O;)* ®O(t)® - d for E =R and F (where ¢ is as above, and we denote similarly
its image in tp). O
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5. TILTING EXOTIC SHEAVES

In this section we use the same notation as in Section 4.

5.1. Overview. In this section we give a description of the category of tilting
objects in £G*Gm (/\7) in terms of “Soergel bimodules.” This description is based
on a “Bott—Samelson type” description of these tilting objects, due to Dodd [Do] in
the case p = 0 and generalized to the modular setting in [MR], and on the use of
the “Kostant—Whittaker reduction” of Section 4.

In §5.2 we review the basic definitions and results on Bezrukavnikov’s exotic
t-structure, and in §5.3 we introduce and study some variants of the associated
“standard” and “costandard” objects. In §5.4 we recall the “Bott-Samelson” de-
scription of tilting objects in €*Cm(A). In §5.5 we compute the graded ranks of
Hom-spaces between our “Bott—Samelson objects.” Finally, in §§5.6-5.8 we obtain
the desired description in terms of Soergel bimodules.

5.2. Reminder on the exotic t-structure. In this section we will consider the
Springer resolution
Ni = (G x® (g/0)")& — P& x o,

a sub-vector bundle of the Grothendieck resolution or studied in Section 4. We
denote by i: Ng < gg the inclusion. For A € X we denote by O (A) the restriction
of Og,(A) to Niz. We will consider the derived categories of equivariant coherent
sheaves DG*Cm (N)g and DG (N)g.

By [BR2, Section 1], the geometric braid group actions considered in §4.3 “re-

strict” to the categories DE*Cm(AN)g and DS (N)g in the following sense. For
s a finite simple reflection, associated with a simple root a, we define Z’* :=
ZE N (Ng x Ng), and denote by

T%, S0 DO (N)g — D (Vg

the Fourier-Mukai transforms with kernels Oz (—1) and Ozi=(—p, p — a)(-1) re-
spectively. We use the same symbols for the analogous endofunctors of DG(J\7 )E-
(Here Oz (—p, p — a) is defined by the same recipe as for Oze(—p, p — @) in §4.3.)
Then '11‘/'5\7 and Sj\? are quasi-inverse equivalences of categories, and there exists a
right action of the group B.g on the categories DG*Cm (/\N/)E and DG(/\N/')E such
that T acts by Tj\Nf for any finite simple reflection s, and ) acts by tensoring with
O, (A) for any A € X.
For b € B,g, we denote by
iy DE*Cn(N)g = DS (N)g

the action of b. Then there exist isomorphisms of functors

(5.1) J¥ o Ri, = Ri, o J%, Li* o JF = g% o Li*
and
(5.2) Fod) =gt oF.

Recall the elements wy € W,g defined in §2.5. We set
A ._ qE _ A ._qE _
v]\7,]E " 3ka (ONE)’ A/V,]E T H(Tw;l)*1 (ON]E)
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By (5.2), these objects satisfy

A ~ A A >~ A
(5.3) F(Vﬁ,m) =Vep F(Aﬁ/,m) - AJ\7,]F'

Remark 5.1. For any w € W we have g7, (Of,) = O (—l(w)). (See [MR, Equa-
tion (3.10)] for the case E = F; the case E = % can be deduced using the arguments
in the proof of [BR2, Proposition 1.4.3], or proved along the same lines.) Therefore,
as in [MR], for any w € Wty we have

Ve =207, (O ) (—tw) +Lw),  A¥ o =3 )1 (Og ){—L(w) + L(wy)).

In the case E = F, the objects V}CF and AJ)\V,F were studied in [MR] (see in

particular [MR, Proposition 3.7]). In fact, if we denote by D= resp. D20, the
subcategory of DG*®m(A)p generated under extensions by the objects Aj‘\? pn)m]

withn € Z and m € Zx>, resp. by the objects V}/ F(n) [m] with n € Z and m € Z<,

then the pair (D<°, DZ0) constitutes a bounded t-structure on DS*Cm(A)g, called
the ezotic t-structure. We denote by £G*Cm (./\7 )r the heart of this t-structure.

By [MR, Corollary 3.10], the objects A;\\IF and V;\WF belong to €G*Cm(A)g.
Let us fix an order <’ on X as in [MR, §2.5]. Then by [MR, §3.5], the category

EGXCm (./\7 )r is a graded highest weight category with weight poset (X, <’), standard
objects {AN P A € X} and costandard objects {V, - A € X}. In particular, it

makes sense to consider the tilting objects in EG*Cm (J\~f )r, i.e. the objects which
admit both a standard filtration (i.e. a filtration with subquotients of the form
AJ’\\?F<m> with A € X and m € Z), and a costandard filtration (i.e. a filtration

with subquotients of the form V}/Fﬁn) with A € X and m € Z). The subcategory

consisting of such objects will be denoted by Tilt(&S*Cm (A)g).

If X admits a standard filtration, resp. a costandard filtration, we denote by (X :
A;\\~/7F<m>), resp. (X : V;\\77F<m>), the number of times A;\\~/7F<m>, resp. V;\v’F(m), ap-
pears in a standard, resp. costandard, filtration of X. (This number does not depend
on the filtration.) The general theory of graded highest weight categories implies
that for any A € X there exists a unique (up to isomorphism) indecomposable
object 7™ in Tilt(€G*C= (N)p) which satisfies

(T : Aj‘v’F) =1 and (T: AJ‘%JF(m)) #0=pu<" A

Moreover, every object in Tilt(ES*Cm(A)g) is a direct sum of objects of the form
T*m) for some A € X and m € Z. (See e.g. [AR2, Appendix A] for references on
this subject.)

Recall also from [MR, Equation (2.3)] that we have

F if \=pandn=m=0;

_ A © —
(54) HomDGXcII,M(AN,F,vﬁ,F<n>[mD—{0 L

Remark 5.2. One can easily check that none of our constructions depends on the
choice of the order <’.

5.3. More “standard” and “costandard” objects. If H is an affine group

scheme over a ring k, we denote by Inv? the functor of derived H-invariants;
see [MR, §A.3].
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Lemma 5.3. For any F,G in DG*Cn (N, the complez of R-modules
RHomDGXGm(ﬁ)m(]", g)

is bounded, and has finitely generated cohomology modules.

Proof. By [MR, Proposition A.6], we have a natural isomorphism

RHOchxGm(N) (F,G) = InvG‘“ o Inv SR (RHome Coh(ﬁm)(}‘vg)).

Since the natural morphism Ny — g5 (the restriction of the morphism 7 from §4.2)
is projective, by [Ha, Theorem II1.8.8] R Hom,, Coh(K/m)(}-’ G) is a bounded com-
plex of finitely generated O(gy;)-modules, which implies that the complex of RR-
modules InvG’“ " (RHom,, Coh( J\N/m)(]: ,G)) is bounded, and has finitely generated
cohomology modules. Hence the claim follows from the fact that if M is a G-
module which is finitely generated over R, then Invgm (M) is a bounded complex
of finitely generated SR-modules, see [J1, Lemma II1.B.5 and its proof]. O

Proposition 5.4. For \,p € X and n,m € Z we have

R if \=pandn=m=0;
Hom pq ey, (N)m( N R’ vu < Jml) = {0 otherwise.

Moreover, the natural morphism

F @ Hom pa e (77 (Aifva%M n)[m]) — Hom pe e, N)F(AX/]F’V%’FWHWLD

is an isomorphism

Proof. By the same arguments as in [MR, Proof of Lemma 4.11], there exists a
canonical isomorphism of complexes of F-vector spaces

L
F@mRHomDG%m(mm(ANm,V“ (n)) = RHom pa e (7, (AQF,V%F@@».

By (5.4), the right-hand side is isomorphic to F if A = g and n = 0, and is 0
otherwise. Using Lemma 5.3, we deduce the claim. O

As in [MR, §4.1], for A € X, we set
Voe =1, (0%),  Aje:=Tr 1 Ox).

Then by (4.1) we have

F(Vem) = Ver  F(A§w) = Afx,
and by (5.1) we have

- A A
(5.5) Li*(Vig) = Ve
Recall that for F,G in DS*®m(g)g the morphism

@HOIHDGXG", (]: g< >) — HomDG(ﬁ)E (]:7 g)

nez

-5 A ~ AA
LZ (AE,E) = AK/,]E

induced by the forgetful functor is an isomorphism. In particular, this isomorphism
endows the right-hand side with a natural Z-grading.
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Proposition 5.5. For A\, u € X and m € Z there exists an isomorphism of graded
O(4;)-modules

OF;) if A=pandm=0;
HOmDG(a)E (A%\,]E? Vg’m[m]) = { ( ]E)

0 otherwise.
Moreover, the natural morphisms
E®oy) HomDG(E)m(Aé\,E’ Vg,E[m]) — Hompe (57, (A% NE’ V” [ )

(induced by Li* via isomorphisms (5.5)) and

F@m HomDG(a)m(Ag%,V“ [ ]) *)HOIDDG(E)F(AQIEWV [ ])
are isomorphisms.
Proof. As in [MR, Lemma 4.11], for F,G in D€(g)g we have a canonical isomor-
phism

L
E ®o(z) RHompe ), (F,G) = RHompe 7, (Li* F,Li*G).

Choosing F = Ai‘E and G = VBE and using (5.5), we deduce an isomorphism

E ®O(t*) RHompe ), (A3 g, V) = RHompe ), (A% 5 Vi o)

Using Proposition 5.4, the right hand side is concentrated in degree 0, and isomor-
phic either to E (when A = p) or to 0 (when A # u). By Lemma 2.8(2), this implies
the first claim, and the first isomorphism.

The proof of the second isomorphism is similar to the proof of the corresponding
claim in Proposition 5.4. O

5.4. “Coherent” Bott—Samelson objects. Asin [MR, §4.2], if s is a finite simple
reflection, we denote by

Es: DO (g)p — DO (g)g

the Fourier-Mukai transform associated with the kernel Og,_ 5.(—1) (see §4.3 for
the notation). We also make a similar definition for sg an affine simple reflection:
by Lemma 2.10 we can choose (once and for all) a finite simple reflection ¢ and an
element b € B,g such that Ty, = bT3b~ ', and set Z§ := Jf_, o Ef o J;. One can
easily check that for any simple reflection s € W,og there exists an isomorphism
(5.6) Fo=R ==FoF.

For s = (s1, -+, Sn) a sequence of simple reflections and w € Q, we set

Mi(w,5) = E5 o---0E; oIz (Og,).
By (4.1) and (5.6), these objects satisfy
F(Mn(w,s)) = Mr(w, s).

Our interest in the objects Mg(w, s) comes from the following result, which is

proved in [MR, Corollary 4.2].

Proposition 5.6. For any sequence s of simple reflections and w € , the ob-
ject Li* (Mr(w, s)) is in EG*Cm (J\7)]F, and is tilting. Moreover, any indecompos-
able object of Tilt(ES*Cm(N)g) is a direct summand in an object of the form
Li* (Mg (w, 5)). O
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The properties of Hom-spaces between objects of the form Mg(s,w) are sum-
marized in the following proposition.

Proposition 5.7. For any sequences s and t of simple reflections, for w,w’ € €,
and for k € Z, we have

HOmDG(E)E (Mg (w, 8), Mg(W', t) [k]) =0
unless k = 0. Moreover, the graded O(t};)-module
HomDG(ﬁ)]E (Mg (w, s), M]E(w’, t))

is graded free, and the functor Li* induces an isomorphism

E ®o(:) Hompa ), (ME(w, s), Me(W', 1))
5 Hom e g, (Li* (Ma(w, 5)), Li* (M (&, ).
Finally, the functor F(—) induces isomorphisms of graded F-vector spaces
F ®n HomDG(E)m (ng{(w,ﬁ), Mm(w/,i)) = HOmDG(‘g*)F (M]F(w>§)7 MF(let))

and

F ®x Hom e (57, (Li" (Mmn(w, 5)), Li* (Mn(w',1)))
= Hom g 7, (Li* (Mz(w, 5)), Li* (Mg (W', 1))

Proof. By [MR, Lemma 4.1], the objects of the form Mg (w, s) belong to the subcat-
egory of DG*Cm (g)g generated under extensions by the objects V% g{m) for A€ X
and m € Z, and also to the subcategory generated under extensions by the objects
A—g]E(m) for A € X and m € Z. (In [MR] only the case E = F is considered, but the
same proof applies in the case E = fR; in fact this proof relies on the existence of the
exact sequences (4.2).) Then the claims follow from Propositions 5.4 and 5.5. O

5.5. Graded ranks of Hom-spaces. Recall the H,g-module My, of §2.5. If F is
an object of £€&*®m (N)p which admits a standard filtration, we define

cha(F) == Z(]:: AM(n))-v"-my € Mg

N
reX
nez

Similarly, if G is an object of £&*Gm (/\N/ )r which admits a costandard filtration, we
define

chy(G) = Z(g : V;‘\7<n>) v omy € Mgy.

rex

neEZ
One can easily check that for F,G tilting objects in €&*Cm (ﬁ)w we have
(5.7) grkF(HomDG(ﬁ)F(}“,g)) = (cha(F),chy(G)).

Proposition 5.8. For any sequence s of simple reflections and any w € ) we have

cha (Li* Mp(w, 5)) = chy (Li* Mp(w, s)) = m(w, s).
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Proof. We only consider the case of cha; the case of chy is similar. For any w € W,g
we set

A%’F = H(Tw71)*1(0/\~/’]F)a A%U’F = j(wal)*l(OEF)

and m,, := mg - Ty, € Mgp. Then Aj\-“v/ . is a standard object in £&*Cm (/\~/')IF, and
we have 7

cha (AX)N/,IF) =1m,,.

Indeed, the formula holds by definition if w is minimal in Ww. For a general
w € Wag, write w = uv with v € W and v minimal in Ww. Then T,-1 = T,,-1T),-1,
so that we have

Ajr=dw, 1 Og) =dw, )@, ) (OF,)
=dr, 1)1 09, 1)1 (Og,) =dr,_1)-1(OF,) (l(u))
(see Remark 5.1), so that

ChA(A’X}—?,F) = V@(u) ChA(A;}\yﬁ]F) = Ve(u)mv =m,,.

Using this fact and the proof of [MR, Lemma 4.1], one can check that for all w €
Wag and all simple reflections s, the object Li* (EE(A%”F)) belongs to £GXCm (N)p
and admits a standard filtration, and that moreover we have

cha (Li*(E5(AYR))) = my - (To +v 1) = cha (Li*(A¥R)) - (T +v7 ).

Then one deduces that for any object F in the subcategory of DG*®m (§)r generated
under extensions by the objects A§F<n> (A € X, n € Z), the object Li*(ZX(F))

belongs to EGXGm (A)p and admits a standard filtration, and that moreover we
have

cha (Li*(E5(F))) = cha(Li*(F)) - (Ts +v ).
Since, for w € 0, we have
cha (Li*(97, (0g,))) = cha (glmel)ﬂ(om)) = cha(A% ) = my = mg - T,

the formula follows. O

Proposition 5.9. Let s,t be sequences of simple reflections, and let w,w’ € .
Then the graded O(t})-module

Hoch(g)m(Mm(w,§),./\/lm(w’,z))
is graded free, of graded rank (m(w,s), m(w’,t)).

Proof. The first assertion follows from Proposition 5.7. For the second assertion,
we observe that, by Proposition 5.7 again, the graded rank under consideration is
equal to the graded dimension of the graded F-vector space

Hom e ., (Li* (Mr(w, ), Li* (M (o, 1))

(where F is any geometric point of %R). Then the formula follows from (5.7) and

Proposition 5.8. (]
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5.6. “Coherent” Bott—Samelson category. We define a “coherent” category of
Bott—Samelson objects BS™ as follows. The objects in this category are the triples
(w,s,mn) as in §3.6. The morphisms are given by

Homgsgeon ((w, 5,1), (W', £,m)) = Hompexem §)y (Mnr(w, 5)(—n), M (W', £)(—m)).

Proposition 5.10. The category Tilt(ES*C(N)g) can be recovered from the cate-
gory BSY | in the sense that it is equivalent to the Karoubian closure of the additive
envelope of the category which has the same objects as BSCOh, and morphisms from
(w,s,n) to (w',t,m) which are given by the (m — n)-th piece of the graded vector
space

F®o(tz,) (@ Homgseon ((w, 5,0), (v, ¢, k))) .

kEZ

Proof. Consider the category which has the same objects as BSCOh, and whose
morphisms are defined as in the statement of the proposition. By Proposition 5.7,
this category is equivalent to the full subcategory A’ of DG*Cm (/\7 )r whose objects
are of the form Li*(Mp(w,s)). It follows from Proposition 5.6 that the category

Tilt(EG*Cm (N)p) is equivalent to the Karoubian closure of the additive envelope
of A’; the claim follows. O

5.7. Kostant—Whittaker reduction and Bott—Samelson objects. Let us con-
sider the constructions of §§3.3-3.4, with X now defined as X*(Twx). Then the space
t* of Section 3 coincides with the space denoted t3; in the present section, and we
can define the algebra C' and the category BS of “Bott-Samelson” C-modules
with the present data. We use the same notation as in §3.4 for the modules F,, and
Dy.

Lemma 5.11. There exists a natural W-equivariant isomorphism of graded alge-
bras
c = (’)(t* X /W T(t*/W))%.

Proof. By definition, the algebra C' is generated by O(t;) and the images of the
elements of the form h™1(f®1—1® f) € Cy, for f € O(t)". On the other hand,
the algebra O (t* x ¢y T(t* /W))% is the symmetric algebra (over O(t5;)) of the
module

o) Qo yw Q" /W),
(Note that this module is free of finite rank since t}/W is an affine space, see
Lemma 3.1.) One can easily check that the assignment

RN fel-1 f)—d(f)
induces a morphism of graded O(ty)-algebras C' — O(t* X /w/ T(t*/W))%7 and
[

that this morphism is a W-equivariant isomorphism.

From now on we identify the two algebras in Lemma 5.11 via the isomorphism
constructed in its proof. Then one can consider the functor kg of §4.5 as a functor
taking values in D® Mod®*(C).

Proposition 5.12. For any sequence s of simple reflections, any w € €, and any
n € Z, there exists an isomorphism

fm (Man(w, 5)(n)) = D(w, s)(n) in D Mod®" (C).
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Before proving the proposition we begin with a lemma.

Lemma 5.13. Let s be a finite simple reflection. Let F be an object of DS*Cm (g)g
such that ky(F) is concentrated in degree 0, and R-free. Then ky o EX(F) is
concentrated in degree O and R-free, and moreover there exists an isomorphism of
graded C-modules
Koy 0 23 (F) = ks (F) Qo) Ds-

Proof. The proof is very similar to the proof of the case b = T, of Proposi-
tion 4.10(2). In fact, using the same notation as in this proof, by Lemma 4.13
and the base change theorem (and using also (3.5)) we have a canonical isomor-
phism of functors

(5.8) kg © Z5(—) = k(=) ®o() (E @ D)

for E =R or F. (Note that D is free over O(t};) — see the proof of Lemma 4.13(2)
— so that the tensor product on the right-hand side makes sense in the derived
category.)

When E = F, using the fact that = = L(7,)*oR(7,)« (see [R1, Proposition 5.2.2])
and the remarks at the end of §4.4, one can check that this isomorphism is induced
by an isomorphism of functors

KF © EISF(—) > kp(—) Qo(t) (F @ Ds)

(where the tensor product on the right-hand side is defined a similar way as in the
case of !R). Then we can come back to the case E = R: if kx(F) is concentrated
in degree 0 and M-free, (5.8) shows that the same holds for rg 0 22 (F). And the
final claim follows from the case E = C treated above. (]

Proof of Proposition 5.12. We remark that the statement of Lemma 5.13 also holds
when s is an affine simple reflection, by definition of =, in this case and Proposi-
tion 4.10(2) (see also (4.8)). This observation reduces the proof of Proposition 5.12
to the proof that
m(j?w (Oﬁm)) = E,
when w € Q. However by Proposition 4.10 (see also (4.8) and (4.9)) we have
k(7 (0g,)) = 'K (Oy),
where t3; is identified with the zero section in t* Xy T(t"/W ). Now writing
w = vty (with v € W and X € X) we have
'K (O ) 2 'Ky 0 'K (O ) 2 'K (O ) 2 FY

Similarly we have E,, = E},, and one can check that F )ﬁ\“ and E;, are isomorphic
under our identification C' = O(t* x ¢/ T(t*/W))m. O

5.8. Equivalence. Let us fix isomorphisms as in Proposition 5.12, for all s and w.
Then the functor kg induces a functor

KBS : BSCOh — BSalg.
The main result of this section is the following.
Theorem 5.14. The functor ks is an equivalence of categories.

Before proving the theorem we first establish a lemma. In this statement, we
identify quasi-coherent sheaves on Sg; with (’)(Sm) modules, and denote by Rep(ﬁ Js )
the abelian category of representations of the commutative O(Sm) Lie algebra ﬁm
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Lemma 5.15. The natural functor
Rep(I3) — Rep(J3)

defined by differentiating the action is fully faithful on representations which are
free over O(Sn).

Proof. The group scheme T? is smooth over Sx (see §4.4), hence it is infinitesimally
flat as an O(Sy)-group scheme (in the sense of [J1, §1.7.4]) by [SGA6, Exposé VII,
Proposition 1.10]. This group scheme is also integral, since it is flat over gm and its
pullback to S¢ Ngg is irreducible. (In fact, it can be deduced from [R3, Lemma 2.3.3]
that the restriction of I to gt identifies with T x g{f.) Using [J1, Lemma 1.7.16]

we deduce that, if we denote by Dist(f?) the distribution algebra of this group
scheme, the natural functor

Rep(f?) — Mod(Dist(i?))

is fully faithful on representations which are projective over O(Sy).
Now, consider the natural algebra morphism

U

oG (I3) — Dist(13),

where the left-hand side is the universal enveloping algebra of 5?, see [J1, §1.7.10].
If K denotes the fraction field of O(Sx), we claim that this morphism induces an
isomorphism

(5.9) K ®o(n) uo(gm)(ﬁ?) = K ®ps) Dist(IZ).

Indeed, the left-hand side is isomorphic to Uk (K ®4 g, 5?) and, if we set Iy :=
Spec(K) x g f?, by [R3, Lemma 2.1.1] and [J1, §1.7.4, Equation (1)] respectively,
there are natural isomorphisms
K ®pg, 98 = Lie(lx), K@y, Dist(I3) 2 Dist(Tx),
so that (5.9) gets identified with the natural morphism
U (Lie(Ix)) — Dist(Tg).

Since K is a field of characteristic zero, the latter morphism is an isomorphism
by [J1, §1.7.10, Equation (1)], which finishes the proof of our claim.
Now that the claim is established, the lemma follows from Lemma 1.10. ([l

Proof of Theorem 5.14. By definition, kgs is essentially surjective. Hence what we
have to prove is that for any sequences s, t of simple reflections and any w,w’ € Q,
the morphism

Hompe (g), (Mn(w, 5), M (w', 1)) = Home (D(w, 5), D(w', 1))

induced by Rx (via the isomorphisms of Proposition 5.12) is an isomorphism. By
Corollary 3.22 and Proposition 5.9, both sides are graded free over O(t};), of the
same graded rank. Hence, using Lemma 2.9, to finish the proof it suffices to prove
that the image of our morphism under the functor O(t;") ®o(tz,) (—) is injective
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for any geometric point F of . Then, using the definition of Kg; (see §4.5) and
Lemma 5.15, it suffices to prove that the morphism

O(ts x) ®o(s,) Hompe g), (Ma (w, 5), M (W', 1))
— O(t]F’rg) ®O(tg{) HomRep(Tg;)(Mm(w,Q‘gm,Mm(w/,ﬁ)‘gm)

induced by restriction to Sw is injective. And finally, to prove this injectivity it
suffices to prove that the natural morphism

O(tz™) ®o(1z,) Hompe ), (Mu(w, s), Mg (W', 1))
- Homcoh(g;s) (Mrp(w, s) 1G58 Me (W', t) \g%s)
is injective.
Consider the following chain of isomorphisms:

O(t5"™) ®@o(1y,) Hompe ), (Mn(w, 5), M (W', 1))
= O(™) ®o(er) (F ®x Hompa ), (M (w, 5), Mx (W', 1))
= O(t™) ®o(t) (Hompe g) (MF(W s), Mr(w',1)))
= Homgo,G (gre), (Mr(w, 8), - s Mp(W', 1)), )

Here the second isomorphism follows from Proposition 5.7, and the other ones are
easy. (Observe that, on the last line, the objects Mp(w, s)... and Mp(w',t)_,. are
9F 9F

concentrated in degree 0, i.e. equivariant coherent sheaves.) Using these identifica-
tions, the morphism under consideration is the morphism

Hom,pes gy (Me(w; 5) e Meg(w', 1) ~)
— Homgp, e, (Mr(w, 5) Srs,/\/l]p(w t)‘srh)

induced by restriction to g Then injectivity follows from the observation that
the functor Coh®(§™)r — Coh(S™) is faithful, since it can be written as the
composition

Coh®(3%)r — Coh®(G x 8™)p = Coh(S™)g
where the first functor is the inverse image under the natural morphism a™: Gy X

§H}S — gi® (which is faithful since a™ is smooth and surjective, see Lemma 4.2), and
the second functor is the natural equivalence. ([l

6. PROOFS OF THE MAIN RESULTS

In this section (except in §1.6) we come back to the assumptions on §1.1: G is a
product of simply-connected quasi-simple groups and general linear groups over F,
and the characteristic p of F is very good for each quasi-simple factor of G. Such a
group can be obtained by base change to F from a split connected reductive group
Gz over Z, and we set Gy = Spec(R) Xgpec(z) Gz, where R is the localization of
Z at all the prime numbers which are not very good for a quasi-simple factor of G.
These data satisfy the assumptions of Sections 4-5, and we use the same notation
as in these sections. (The only exception is that we drop the subscripts “F,” since
the geometric point will not vary anymore.)

We let also G be the complex Langlands dual group. This group and R satisfy
the assumptions of Section 3, and we also use the notation of this section. (Note
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a slight conflict of notation: t denotes X ®z 9% in Section 3, while in the present
section it will denote X ®z F.) We assume that the roots of B with respect to T'
are the coroots of B with respect to T.

6.1. Proof of Theorem 1.1. Combining Theorem 3.13 and Theorem 5.14 we
obtain an equivalence of categories

(6.1) BS*P =, BSeoh

which is the identity morphism on objects. Then using Proposition 3.8 and Propo-
sition 5.10 we deduce an equivalence of additive categories

©': Parity (G, F) = Tilt(£S*C(N)),
which satisfies

(6.2) O’ (&f(w, s)) = Li* Mgp(w, s)

~

for any sequence s of simple reflections and any w € 2, and which satisfies ©’o[1] =
(—1) 0 ©'. Composing this equivalence with the natural equivalence

Parity ;) (5r, F) = Parity ) (Gr',F)

(see (3.1)) provides the desired equivalence ©. This equivalence satisfies prop-
erty (1) by construction.

Next, we prove property (3). In fact it suffices to prove that we have ©'(€4) = T2
for any A € X. This property follows from (6.2) using induction on ¢(w)) and
standard arguments (see in particular Remark 3.9 and [MR, Remark 4.3]).

Finally we prove property (2). In fact, this property can be expressed as the
following equalities for any £ in Parity j)(gr/, F):

(6.3) ch§, (€) = cha(©/(£));  chg,(€) = chy(O'(€)).

However these formulas hold when £ = &p(w,s) by Proposition 3.21, Proposi-
tion 5.8, and (6.2). And one can easily check that if they hold for £ then they hold
for £[1]. Using these observations one can prove, by standard arguments, that the
formulas (6.3) hold when & = &{[i] for some A € X and ¢ € Z, by induction on
£(wy). The general case follows.

6.2. Proof of Theorem 1.2. We construct the equivalence ® as the composition

mix . Kb(@) . Y
D(i) (Gr,F) := K Parlty(j)(gr,]F) — K Tilt(£8%Cm ()

o~ DGXGm (J\N/‘),

where the last equivalence is provided by [MR, Proposition 3.11]. Then it follows
from this construction and the properties of © proved in Theorem 1.1 that we have

Do (l)=(1)[1]Jod®  and  BEP™) =T A
It remains to prove that

PAYM) =AY and  P(VRX) =V

These properties are equivalent to

(A =AY and  @(VAM) = VR,
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where ®': DE‘};"(ST’, F) = DGxGm(N) is defined by the same recipe as @, replacing

O by ©', and AR V/mix are the standard and costandard mixed perverse sheaves
in DE‘}E"(ST’,F). We explain the proof of the first isomorphism; the proof of the
second one is similar.

Our proof is similar to the proof of a similar claim in [AR2, Lemma 5.2]. Namely,
we prove the isomorphism by induction on £(wy). If £(wy) = 0, then we have
AR 22 g0 and A%, = T2, hence our claim is clear. For a general A, we consider
a non-zero morphism A;\T/ - T (which is unique up to an invertible scalar), and

the associated triangle

(6.4) I U

Then N belongs to the triangulated subcategory of DG*Gm (./\7 ) generated by the
objects A (m) with m € Z and p € X which satisfy Grl, € Gri and pu # X (see
Theorem 1.1(2)—(3)). In particular, using induction we deduce that (®')~1(N) is

!/ /
supported on Gry \ Gr).
Using again induction we also observe that

Hom prase (6,75 ((2) 71 (AR), AR (m)[n]) = 0
for all n,m € Z and p € X such that 97‘2 C 977‘/)\ and p # A. Hence the triangle

(@)7HAY) = & = (@)1 (V)

obtained from (6.4) satisfies the two properties which characterize uniquely the
triangle whose first arrow is the unique (up to scalar) non-zero morphism A™* —
Emix Tn particular, we deduce the wished-for isomorphism (&’ )_1(Aj(7) o~ Afmix,

Remark 6.1. The equivalence K Tilt(£G*Cm(A)) = DG*Cm(Af) used in the proof
of Theorem 1.2 is the composition

(6.5) K Tilt (€87 Cm (N)) < KPECGXCn (A7) [, DGXEun (A7)

where real is the functor constructed in [BBD, Lemme 3.1.11]. On the other hand
it follows from [MR, Corollary 4.16] that the objects in Tilt(EG*Cm (A1) are con-
centrated in degree 0, so that one can also construct such an equivalence as the
composition

(6.6) K Tilt(€G*Cm(N)) < K Coh®*Cm(N) £ DGXCm (N,

where can is the canonical functor. We claim that (6.5) and (6.6) are isomor-
phic. Indeed, it is clear that can coincides with the realization functor from [BBD,
Lemme 3.3.11] associated with the tautological t-structure on DS*€m(A). Then
the claim follows from the observation that if ¥ and %’ are the hearts of two
bounded t-structures on DP.of for some abelian category <7, then the following

diagram commutes up to isomorphism:

KP(€N¢"—> K>

[ Jes

Kb @ Dby,
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6.3. Proof of Theorem 1.4. Before considering the proof of Theorem 1.4, we
need some preliminary results.

First, recall that we use the same notation for the indecomposable objects in
Parity ;(§7', F) and in Parity ;) (Gr', ), see §3.2. We define the additive subcategory
Tilt of DG*Cm(g) as the Karoubian closure of the additive hull of the subcategory
generated by the objects Mp(w, s) for s a sequence of simple reflections and w € Q.
Using (6.1) it is not difficult to construct an equivalence of categories
(6.7) Parity;(Gr',F) = Tilt
sending & (w, s)[n] to Mp(w, s){(—n).

The category Tilt is Krull-Schmidt, and one can transfer the known classifi-
cation of indecomposable objects in Parity j(gr/,F) proved in [JMW] to deduce a
classification of the indecomposable objects in Tilt. Namely, for any A € X, if
wy = ws1 -+ - Sy Is a reduced decomposition, then there exists a unique indecompos-
able factor T* of Mg(w, (s1,--- ,s,)) which is not isomorphic to any object of the
form Mp(w’,t)(m) where m € Z, w' € Q, and ¢ is a sequence of simple reflections
of length at most » — 1. This object does not depend on the choice of the reduced
decomposition up to isomorphism. Moreover, any indecomposable object in Tilt is
isomorphic to some 7*(m) for some A € X and m € Z. Finally, the image of &}
under (6.7) is 7.

The following lemma implies that the objects T are “deformations” of the tilting
exotic sheaves 7.

Lemma 6.2. For any A € X we have Li*('f”‘) =NES

Proof. The result easily follows if we can prove that Li*(7>) is indecomposable.
However, since 77 is a direct summand in an object of the form Mgp(w,s), it
follows from Proposition 5.7 that the functor Li* induces an isomorphism

F ®O(tx) EndDG(E) (%A) = EndDG(ﬁ) (LZ*(%A))
Then the proof proceeds as for Lemma 2.4. O

Lemma 6.3. The subcategory Tilt generates DG*Cm () as a triangulated category.

Proof. Looking at the proof of [MR, Corollary 4.2], one can check that the trian-
gulated subcategory generated by Tilt coincides with the triangulated subcategory
generated by the objects A%‘ (m) for A € X and m € Z. By [BR2, Lemma 1.11.3(2)],
for w € W we have I, (Oz) = Og(—£(w)). We deduce (as in Remark 5.1) that we
have
A2 = Tq, 1 (Og)(—L(tr) + L(wy)).-

Then, using [MR, Lemma 2.3] and [BR2, Lemma 1.11.3], one can check that the
triangulated subcategory generated by the object A%‘(m) coincides with the trian-
gulated subcategory generated by the objects Og(\)(m) for A € X and m € Z.
Hence the claim of the lemma is equivalent to the claim that DS*®m(g) is gener-
ated by this collection of objects, which can be proved by the same arguments as
the corresponding claim for A in [A1, Corollary 5.8]. d

Lemma 6.4. There exists an equivalence of triangulated categories
KPTilt = DG*Cm(g)
commuting with (1) and sending T> to T for any A € X.
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Proof. Tt follows from [MR, Corollary 4.16] that the complexes 7> are concentrated
in degree 0. Using Lemma 6.2 and Lemma 2.8(2) (over an affine open covering of g)

we deduce that the complexes 7> are also concentrated in degree 0. We construct
the functor of the lemma as the composition

KPTilt — K" Coh®*®m (g) — D*Cm(g).

It follows from standard arguments, using Proposition 5.7 and Lemma 6.3, that
this functor is an equivalence of categories. [

Proof of Theorem 1.4. As in §6.2, to construct an equivalence ¥ as in Theorem 1.4
it is enough to construct an equivalence

' DPX (G, F) = DE*Cm(g)
which satisfies
Vo ()= (1o W, WAM)ZAN W(VEN 2, v (g =T
for any A € X. (Here, A’jm;" and V’Ivm;" are the standard and costandard objects in
D’I-“ix(Sr’, IF), respectively.) We define this equivalence as the composition

DP¥(Gr' F) == K Parity(9r', F) 7 KPTilt Lm0 p6xGa(g)

~

By construction, this equivalence satisfies ¥/ o (1) 2 (1)[1] o ¥/ and W' (E5mix) = T
The isomorphisms involving standard and costandard objects can be proved using
the same arguments as for their counterparts in Theorem 1.2. ([

6.4. Compatibilities. In this subsection we prove some compatibility proper-
ties for the functors ® and ¥ as constructed in §§6.2-6.3. We denote by For :
D’j“ix(Sr, F) — DE‘};"(ST, F) the “forgetful functor” induced by the forgetful functor

Parity;(9r,F) — Parity j (57, F).
Proposition 6.5. The following diagram commutes up to isomorphisms of func-

tors:
mix GXGm (¥
Dj (9T7 F) ~ D x (g)

For\L l/l—’i*

DI(Gr, F) ——=—> DSXCn ().

Proof. 1t is clear from construction that the diagram

Parity ; (Sr, F) ©D Tilt

Forl/ \L L~

Parity (97, F) (14:)> Tilt(EG*Cm (./\7))

commutes. Hence to conclude we only have to prove that the diagram
KbTilt = DG*Cm(g)

Kb(Li*)l/ lu*

KP Tilt(EE*Cm (A)) —— DG*Cn (g)
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commutes, where the horizontal arrows are the functors considered in §6.3 and §6.2
respectively. The latter fact follows from Remark 6.1 and the fact that the objects
in Tilt, considered as equivariant coherent sheaves, are acyclic for the functor i*
(see Lemma 2.8(2)). O

For simplicity, we state the next two results for the equivalences ® and W’
of §86.2-6.3; we leave it to the interested reader to translate these statements into
results about ® and W.

First, it is well known that there exists a right action of the affine braid group B.g
on D}?(Sr/, F), where T, acts by convolution (on the right) with the I-equivariant
perverse sheaf (iil/)*Egrlfw [dim F7]. (See §3.10 for the notation.) A similar con-
struction (see [AR2]) yields a right action of B,g on D}f‘ix(Sr',F); we denote by

. )mix ! ~ mix ! .
Ly : DF*(Gr, F) — DP™(Gr', F) the action of b € Bag.

Lemma 6.6. For any w € W5 and any F in D}nix(Sr/,IF), there exists an

isomorphism
V' oLy, (F) 2y, oV (F).

Proof. Tt is enough to prove the claim when w = s is a simple reflection. In this case,
it follows from construction that there exists a canonical isomorphism of functors

Ey oW 2 U o (—xEMX),

Moreover, under this isomorphism, the morphism id(1) — Z; induced by the first
morphism in the left-hand triangle in (4.2) corresponds to the morphism induced
by the canonical morphism &;(1)[—1] — &, in Parity;(F1',F). Now for any F in
D}iﬂix(Sr/,IF) there are canonical distinguished triangles

F)[-1] = FxEMX & £ (F) and W/(F)(1) = Z, 0 U(F) = I, o U'(F).

Identifying the image under W’ of the first triangle with the second one, we obtain
the isomorphism of the lemma. O

Remark 6.7. We expect that for any b € B,g there exists an isomorphism of functors
W' o Ly =T, 0¥, but we were not able to prove this stronger claim.

Following Mirkovi¢ (see e.g. [ABG, §8.3]), we define the (mixed) Wakimoto
sheaves on Gr' as follows. Let A € X, and choose dominant weights s, such
that A =y — v. The corresponding Wakimoto sheaf is then

——mix

WA = Ly, (AF)(B(—v)[=5(m)] € DF™(Sr',F).

(Standard arguments show that this object does not depend on the choice of u and
v, up to isomorphism. See [ARd2, §5] for a thorough study of these objects.)

Corollary 6.8. For any A\ € X, there exist isomorphisms

VWV, 2 05(=N), @ (For(Wy ) =2 Og(=N).
Proof. Let us write A = p — v with g, v dominant and pu € Z®. Using Lemma 6.6
and the fact that Ty, = 6, (since p is dominant), we have

——mix

VOV,T) =0 0 Ly (A5 (6(=v))[=6(w)]) = Tp, o W' (ATE)(3(~=v)).
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Now by Theorem 1.4 we have ¥’ (A’Im_‘xy ) = A7 Y. And arguments similar to those
in [MR, Proof of Proposition 3.7] show that Aﬁ_” = Og(—v)(—6(—v)). This proves
the first isomorphism. The second one follows, using Proposition 6.5. O

6.5. Proof of Corollary 1.6. We begin with an easy lemma. We let k be a field,
and X = | |,. , X be an algebraic variety endowed with an algebraic stratification,
where X is simply connected for any s € .. We denote by Dx the Grothendieck—
Verdier duality functor.

Lemma 6.9. Let F be an object in D" (X,k) which satisfies Dx(F) = F and
Hom(F, F[n]) =0 for any n € Z«_1. Then F is perverse.

Proof. Assume that F is not perverse, and let N = max{n € Z-¢ | PH"(F) # 0}.
Then since Dx (F) = F, N is also the largest integer such that PH~V (F) # 0, and
we have H~N(F) = Dx(HY(F)). In particular, we deduce that top(H™(F)) =
Dx (soc(H~N(F))). Under our assumptions each simple .#-constructible perverse
sheaf on X is stable under Dy, hence we deduce that there exists an isomor-
phism top(HY (F)) = soc(H =N (F)); in particular there exists a non-zero morphism
¢: HN(F) — HN(F). Now consider the following morphism (where the first and
third morphisms come from the appropriate perverse truncation triangles):

pi F o 1V (F)[-N) 2L -V (7) - N) = F[-2N].

Then PH™ () # 0, hence 1 is a non zero element in Hom(F, F[—2N]), contradicting
our assumption. O

Proof of Corollary 1.6. By standard reductions (see e.g. [J]MW2, Lemma 3.6]) one
can assume that G is a product of quasi-simple groups not of type A and general
linear groups. Then G and F satisfy the assumptions of Theorem 1.1.

Using Lemma 6.9, to prove our claim it suffices to prove that for A € —X* and
n < —1 we have

Hompasity ;, (5r,7) (Ex: Ex[n]) = 0

However we have ©(&,) = 7> by Theorem 1.1(3), hence ©(&) = T(=X) ® O
by [MR, Corollary 4.8]. We deduce that

Homparity ;, (5r,5) (Ex; Ex[N]) = Hom pa e, 7y (T(=A) © O, T(=A) @ Ogp(—n)).
Now by [MR, Proposition A.6] the right-hand side is isomorphic to
HO (1InvE o Inv® (T(=A)* ® T(~=A) @ RN, O ) (—n)))
~ HO(lnvG (T(=N)" ® T(=\) ® InvE= (RT(W, oﬁ)<—n>))).
Now, using the same arguments as in [BR2, Lemma 1.4.2] one can check that
Inv® (RT(N, Og)(—n)) =0

unless n € 2Z>. The claim follows. O
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6.6. Proof of Proposition 1.8. Recall the equivalence ©' considered in §6.1. This
equivalence satisfies ©(€3) = T(A) ® O for all A € XT (see [MR, Corollary 4.8]).
Now we observe that, by the same arguments as in the proof of Corollary 1.6 and
since Iny®= (RI‘(./\N/, Og)) =F, the functor

Tilt(G) - DS (N): Vs Ve Og
is fully faithful. Hence ©' induces an equivalence

sending &} to T(A) for all A € X T, where PParity(G(ﬁ))(Qr/) is the subcategory of
Parity j)(STI) consisting of parity sheaves which are G(&)-constructible and per-
verse (i.e. which are direct sums of objects £ with A € X*).

Now by [MV, Proposition 2.1] the categories of G(&)-constructible and G(&)-
equivariant perverse sheaves on Gr are canonically equivalent. Hence the same
property holds for Gr’, and we can consider the canonical equivalence

PerV(é(ﬁ))(gr) :—> PeI‘Vé(ﬁ)(QT) :—> PerVé(ﬁ)(g'r/) :—> PerV(é(ﬁ))(grl)7

which restricts to an equivalence PParity s (¢))(57) = PParity ¢ ﬁ))(ST/) sending
EN = Eygr to &, for any A € X+. Composing this equivalence with (6.8) provides
the equivalence Sg.

Formula (1.2) follows from the following chain of equalities for A, u € XT:

Z dim (kadim(gr“) (Zzg)\)) ’ Vk - Z dim(Hkidim(gerM)(97”111011,7 i*wougwoh)) ’ Vk
keZ kEZ

— Z(T—w(,)\ : A}[wou> v

kEZ

= Z (T(=wo)) : M(v)) - M w0k (v=2)

veX+

= > (TN : N(=wpv)) - M 0 (v=2).
kEZ
vexXt

Here the second equality follows from Theorem 1.1(2), the third one follows from the
formula for cha (T(—woA)®0O5) provided by [MR, Proposition 4.6}, and the last one
from the fact that (T(—woA) : N()) = (T(A) : M(—wov)) (since T(A)* = T(—wpA)).

6.7. Proof of Proposition 1.9. Before giving the proof of the proposition, we
start with a lemma describing the objects 7> introduced in §6.3 in the case A € X+.
Lemma 6.10. For A\ € XT, we have T 2 T(\) ® Oz in DG*Cn(g).

Proof. Recall that, by [MR, Corollary 4.8], we have 7* 2 T()\) ® O . Using this
fact, the isomorphisms

Li*(TH =T, LT e0;) =T\ e 0y

(see Lemma 6.2), and the same arguments as in the proof of Proposition 5.5, one can
check that the graded O(t*)-modules Hompe g)(T*, T(A) @ Of), Hompe ) (T(A) ®
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05, T*), Endpe g (T?) and End pe 5 (T(A) ®Of) are free, and that the morphisms
F ®0(1-) Hompe ) (7>, T(A) ® Og) = Hom pe 5 (T, T(N) ® Op),
(T @ Og, T,
F ®o(¢) Endpe ) (T7) — End e, (T),

i)
F®O(t*) HomDG(g)( ( ) & OE,TA) — HOHIDG(N—)

)

F ®o@+) Endpe g (T(A) ® Of)

— EndDG(/\N/)(T(/\) & Oﬁ)

induced by Li* are isomorphisms. Since End e 7 (T(A) ® Og) = EndDG(ﬁ)(T)‘)
is concentrated in non-negative degrees (see the proof of Corollary 1.6), we deduce
that the morphisms

Endpexem @) (’7-)\) — End pe ey, (ﬁ/)(TA)v
Endpexem (E)(T(A) & OE) — EHdDchm (/\*/)(T(A) ® O/\7)

induced by Li* are isomorphisms.

Choose a pair of inverse isomorphisms f: 7 = T(A\) @O and g: T(\)@0 4 —
7> in DG*Gm(A). Then by the preceding observations there exist morphisms
f:T TN @0z and ¢': T(\) ® O — T* in DG*Cm(g) such that Li*(f') = f,
Li*(¢') = g. And these observatlons also show that the fact that g o f = id,
resp. f o g = id, implies that ¢’ o f’ =id, resp. f/ o ¢’ = id. O

Proof of Proposition 1.9. First we prove (1). It follows from the construction of our
equivalence (6.7) that the following diagram commutes:

6.7
Parityj(gr/, F) (6.7) Tilt

~

H}(ST\*)‘ /

Mod® (O(t)).

(In both down arrows, we omit the forgetful functor from graded C-modules to
graded O(t*)-modules.) It is clear that x(T(\) ® Og) = T(\) ® O(t*), with the
grading indicated in the statement of the proposition. On the other hand, we have

H3(Sr, &) = H3(pt; F) Dy, ., (or:F) He g (57 &Y
=~ H; (pt, F) ®H.@(ﬁ)(pt?F) Hé(ﬁ)(gr/, 5;\) =~ H}(Sr/, g;\)
(Here we have used the fact that the two natural morphisms Hé( ) (pt;F) —
G( ﬁ)(Sr F) coincide, see the proof of Lemma 3.5.) These observations prove
the second isomorphism in (1). The first one follows, using Lemma 2.2(1).
Now we prove the first isomorphism in (2). By adjunction, for m € Z we have

HomD"“x(gr ]F (A/mlx S/IIHX< m>)
= HomDE’};"(SrL,]F) (Egr;{dim(gr;)}a (i;)lgﬁ\mix{m})-

(Here, as in [AR2], {1} = (—1)[1] is the autoequivalence of the triangulated cat-

egory D?}‘)"(Sriu F) = K Parity I)(Srw F) induced by the cohomological shift in

Parity(l)(Sr ,IF).) By [AR2, Remark 2.7], (7 ) E{Mix s the complex whose 0-th term
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is the parity complex (z;)' 1, and whose other terms vanish. We deduce that

Hom pis 6,7 ) (B {dim(§r,)}, (5,) €2 {m}) = H" =57 (G, (7,)'€3).

Finally, using the same considerations as in §6.6, we deduce a canonical isomorphism

Hom e g,y (A, EX(—m)) 2 =4 (5, £%).

On the other hand, using the equivalence ®’ of §6.2, we obtain that

Hom By g,y (A", E47 (=) 2 Hom e e, i) (M, T (=m)).

Using [MR, Equation (4.10)] and the fact that 7> = T()\) ® O &, we deduce that

m mix mix ~ Ve G
HomDEf}i)X(Sr’,]F)(A;L ,EXM (—m)) = (T()\) @ TN, Oﬁ/(—wou))m) )

where the subscript “m” denotes the m-th graded part. This finishes the proof.
The proof of the second isomorphism in (2) is similar, using Lemma 6.10 and
replacing DE‘};"(QT', F) by D‘Ipix(gr',ﬂ?), ordinary cohomology by equivariant coho-

mology, ® by ¥, and N by 3. O
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[AR1]

[AR2]
[ARd]
[ARdA2]
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[ABG]

[BBD]

[BG]
[BGS]
[SGAG]
[Be]
[BF]
[BL]

[BR1]
[BR2]
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