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Optimal sampled-data control, and generalizations on time
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Abstract

In this paper, we derive a version of the Pontryagin maximum principle for general finite-
dimensional nonlinear optimal sampled-data control problems. Our framework is actually
much more general, and we treat optimal control problems for which the state variable evolves
on a given time scale (arbitrary non-empty closed subset of R), and the control variable evolves
on a smaller time scale. Sampled-data systems are then a particular case. Our proof is based on
the construction of appropriate needle-like variations and on the Ekeland variational principle.
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1 Introduction

Optimal control theory is concerned with the analysis of controlled dynamical systems, where one
aims at steering such a system from a given configuration to some desired target by minimizing
some criterion. The Pontryagin maximum principle (in short, PMP), established at the end of the
50’s for general finite-dimensional nonlinear continuous-time dynamics (see [16], and see [30] for
the history of this discovery), is certainly the milestone of the classical optimal control theory. It
provides a first-order necessary condition for optimality, by asserting that any optimal trajectory
must be the projection of an extremal. The PMP then reduces the search of optimal trajectories
to a boundary value problem posed on extremals. Optimal control theory, and in particular the
PMP, has an immense field of applications in various domains, and it is not our aim here to list
them.

We speak of a purely continuous-time optimal control problem, when both the state ¢ and the
control u evolve continuously in time, and the control system under consideration has the form

q(t) = f(t,q(t),u(t)),  forae. teRT,

where ¢(t) € R™ and u(t) € @ C R™. Such models assume that the control is permanent, that
is, the value of u(t) can be chosen at each time ¢t € Rt. We refer the reader to textbooks on
continuous optimal control theory such as [4, 13, 14, 18, 20, 21, 33, 42,43, 46, 47, 49, 50] for many
examples of theoretical or practical applications.

We speak of a purely discrete-time optimal control problem, when both the state ¢ and the
control u evolve in a discrete way in time, and the control system under consideration has the form

qdrk+1 — 4k :f(kaqkauk)a k €N7

where ¢ € R™ and up, € Q@ C R™. As in the continuous case, such models assume that the
control is permanent, that is, the value of uy can be chosen at each time k € N. A version of the
PMP for such discrete-time control systems has been established in [32, 39, 41] under appropriate
convexity assumptions. The considerable development of the discrete-time control theory was
in particular motivated by the need of considering digital systems or discrete approximations in
numerical simulations of differential control systems (see the textbooks [12, 24, 45, 49]). It can
be noted that some early works devoted to the discrete-time PMP (like [27]) are mathematically



incorrect. Some counterexamples were provided in [12] (see also [15]), showing that, as is now well
known, the exact analogous of the continuous-time PMP does not hold at the discrete level. More
precisely, the maximization condition of the continuous-time PMP cannot be expected to hold in
general in the discrete-time case. Nevertheless, a weaker condition can be derived, in terms of
nonpositive gradient condition (see [12, Theorem 42.1]).

We speak of an optimal sampled-data control problem, when the state ¢ evolves continuously
in time, whereas the control u evolves in a discrete way in time. This hybrid situation is often
considered in practice for problems in which the evolution of the state is very quick (and thus
can be considered continuous) with respect to that of the control. We often speak, in that case,
of digital control. This refers to a situation where, due for instance to hardware limitations or to
technical difficulties, the value u(t) of the control can be chosen only at times ¢t = kT, where T > 0
is fixed and k& € N. This means that, once the value u(kT') is fixed, u(t) remains constant over the
time interval [kT, (k + 1)T). Hence the trajectory g evolves according to

i(t) = f(t,q(t),u(kT)),  for ae. te [kT,(k+1)T), keN.

In other words, this sample-and-hold procedure consists of “freezing” the value of u at each con-
trolling time t = kT on the corresponding sampling time interval [kT, (k+ 1)T), where T is called
the sampling period. In this situation, the control of the system is clearly nonpermanent.

To the best of our knowledge, the classical optimal control theory does not treat general nonlin-
ear optimal sampled-data control problems, but concerns either purely continuous-time, or purely
discrete-time optimal control problems. It is one of our objectives to derive, in this paper, a PMP
which can be applied to general nonlinear optimal sampled-data control problems.

Actually, we will be able to establish a PMP in the much more general framework of time
scales, which unifies and extends continuous-time and discrete-time issues. But, before coming to
that point, we feel that it is of interest to enunciate a PMP in the particular case of sampled-data
systems.

PMP for optimal sampled-data control problems. Let n, m and j be nonzero integers.
Let T > 0 be an arbitrary sampling period. In what follows, for any real number ¢, we denote by
E(t) the integer part of ¢, defined as the unique integer such that E(t) <t < E(t) + 1. Note that
k = E(t/T) whenever kT <t < (k+1)T. We consider the general nonlinear optimal sampled-data
control problem

mm/ 2, q(7),u(kT)) dr, with k = E(t/T),

(OSDCP)HI\%; q(t) = f(t,q(t),w(kT))), with k= E(/T),
u(kT) € Q,
9(q(0),q(ty)) €S.

Here, f : R x R" x R™ — R™ and f° : R x R® x R™ — R are continuous, and of class ¢! in (¢, u),
g:R"xR" — RJ is of class €, and Q (resp., S) is a non-empty closed convex subset of R™ (resp.,
of R7). The final time ¢; > 0 can be fixed or not.

Note that, under appropriate (usual) compactness and convexity assumptions, the optimal

control problem (OSDCP)E; has at least one solution (see Theorem 2 in Section 2.2).

Recall that g is said to be submersive at a point (q1,¢2) € R™ x R™ if the differential of g at
this point is surjective. We define the Hamiltonian H : R X R™ x R™ x R x R™ — R, as usual, by

H(t7Qap7pO7u) = <paf(taQ7u)>]R" +p0f0(t,qau)'



Theorem 1 (Pontryagin maximum principle for (OSDCP)E;). If a trajectory q, defined on [0,ty]

and associated with a sampled-data control u, is an optimal solution of (OSDCP)E;, then there
exists a nontrivial couple (p, p°), where p : [0,t5] — R™ is an absolutely continuous mapping (called
adjoint vector) and p° < 0, such that the following conditions hold:

e FExtremal equations:

0H 0H

g(t) = %(t,q(t),p(t)7p°7U(kT)), pt) = —afq(tvQ(t),p(t),po,u(kT)),

for almost every t € [0,ty), with k = E(t/T).

o Mazimization condition:
For every controlling time kT € [0,t¢) such that (k+ 1)T < ty, we have

(p((k +1)T), hy ((k +1)T))gn +p°hiy <0, (1)
for every y € Q, where hy, is the unique solution on [kT,(k + 1)T] of the linear Cauchy
problem

() = 5 (1. a(0), u(KT) 1y (6 + 5 (1. a(6), ulkT) (v = u(hT)), HGT) =0, (2
and
(DT 75 10 afo
= [ (G k) )+ G ) ) (- T ) a3

In the case where kT € [0,ty) with (k+ 1)T > t;, the above mazimization condition is still
valid provided (k + 1)T is replaced with ty.

e Transversality conditions on the adjoint vector:
If g is submersive at (q(0),q(ts)), then the nontrivial couple (p,p°) can be selected to satisfy

p<o>=—(§i<q<o>,q<tf>>) " p(tf>=(ag <q<o>,q<tf>>) "

94z
where —1 belongs to the orthogonal of S at the point g(q(0),q(ts)) € S.

e Transversality condition on the final time:

If the final time is let free in the optimal control problem (OSDCP)g;, iftg > 0 and if f
and f° are of class €' with respect to t in a neighborhood of t¢, then the nontrivial couple
(p,p°) can be moreover selected to satisfy

H(tfa Q(tf)»p(tf)»PO» u(kT)) =0,
where k = E(ty/T) whenever t; ¢ NT, and k = E(t;/T) — 1 whenever t; € NT.

Note that the only difference with the usual statement of the PMP for purely continuous-
time optimal control problems is in the maximization condition. Here, for sampled-data control
systems, the usual pointwise maximization condition of the Hamiltonian is replaced with the more
complicated inequality (1). This is not a surprise, because already in the purely discrete case, as
mentioned earlier, the pointwise maximization condition fails to be true in general, and must be
replaced with a weaker condition.



The terms hy((k + 1)T) and hj in the maximization condition (1) depend on the value of
only at the controlling time ¢ = kT (see (2) and (3)). As a consequence, the condition (1), which
is satisfied for every y € 2, gives a necessary condition allowing to compute u(k7T') in general,
and this, for all controlling times kT" € [0,t). It follows that, despite appearences, the conditions
(1)-(2)-(3) are not difficult to exploit. We will provide in Section 3.1 a simple optimal consumption
problem with sampled-data control, and show how these computations can be done in a simple
way.

Note that the optimal sampled-data control problem (OSDCP)&; can of course be seen as
a finite-dimensional optimization problem where the unknowns are u(kT'), with k& € N such that
kT € [0,tf). The same remark holds, by the way, for purely discrete-time optimal control problems.
One could then apply classical Lagrange multiplier (or KKT) rules to such optimization problems
with constraints (numerically, this leads to direct methods). The Pontryagin maximum principle
is a far-reaching version of the Lagrange multiplier rule, yielding more precise information and
reducing the initial optimal control problem to a shooting problem (see, e.g., [51] for such a
discussion).

Extension to the time scale framework. In this paper, we actually establish a version of
Theorem 1 in a much more general framework, allowing for example to study sampled-data control
systems where the control can be permanent on a first time interval, then sampled on a finite set,
then permanent again, etc. More precisely, Theorem 1 can be extended to a general framework
in which the set of controlling times is not N7 but some arbitrary non-empty closed subset of R
(i.e., a time scale), and also the state may evolve on another time scale. We will state a PMP for
such general systems in Section 2.3 (see Theorem 3). Since such systems, where we have two time
scales (one for the state and one for the control), can be viewed as a generalization of sampled-data
control systems, we will refer to them as sampled-data control systems on time scales.

Let us first recall and motivate the notion of time scale. The time scale theory was introduced
in [34] in order to unify discrete and continuous analysis. By definition, a time scale T is an
arbitrary non-empty closed subset of R, and a dynamical system is said to be posed on the time
scale T whenever the time variable evolves along this set T. The time scale theory aims at closing
the gap between continuous and discrete cases, and allows one to treat general processes involving
both continuous-time and discrete-time variables. The purely continuous-time case corresponds to
T = RT and the purely discrete-time case corresponds to T = N. But a time scale can be much
more general (see, e.g., [29, 44] for a study of a seasonally breeding population whose generations
do not overlap, and see [6] for applications to economics), and can even be a Cantor set. Many
notions of standard calculus have been extended to the time scale framework, and we refer the
reader to [1, 2, 10, 11] for details on that theory.

The theory of the calculus of variations on time scales, initiated in [8], has been well studied
in the existing literature (see, e.g., [7, 9, 17, 28, 35, 38]). In [36, 37], the authors establish a
weak version of the PMP (with a nonpositive gradient condition) for control systems defined on
general time scales. In [16], we derived a strong version of the PMP, in a very general time scale
setting, encompassing both the purely continuous-time PMP (with a maximization condition) and
the purely discrete-time PMP (with a nonpositive gradient condition).

All these works are concerned with control systems defined on general time scales with per-
manent control. The main objective of the present paper is to handle control systems defined on
general time scales with nonpermanent control, that we refer to as sampled-data control systems
on time scales, and for which we assume that the state and the control are allowed to evolve on
different time scales (the time scale of the control being a subset of the time scale of the state).
This framework is the natural extension of the classical sampled-data setting, and allows to treat
simultaneously many sampling-data control situations.



Our main result is a PMP for general finite-dimensional nonlinear optimal sampled-data control
problems on time scales. Our proof is based on the construction of appropriate needle-like variations
and on the Ekeland variational principle. In the case of a permanent control, our statement
encompasses the time scale version of the PMP obtained in [16], and a fortiori it also encompasses
the classical continuous and discrete versions of the PMP.

Organization of the paper. In Section 2, after having recalled several basic facts in time scale
calculus, we define a general nonlinear optimal sampled-data control problem defined on time
scales, and we state a Pontryagin maximum principle (Theorem 3) for such problems. Section 3
is devoted to some applications of Theorem 3 and further comments. Section 4 is devoted to the
proof of Theorem 3.

2 Main result

Let T be a time scale, that is, an arbitrary non-empty closed subset of R. Without loss of generality,
we assume that T is bounded below, denoting by a = min T, and unbounded above.! Throughout
the paper, T will be the time scale on which the state of the control system evolves.

We start the section by recalling some useful notations and basic results of time scale calculus,
in particular the notion of Lebesgue A-measure and of absolutely continuous function within the
time scale setting. The reader already acquainted with time scale calculus may jump directly to
Section 2.2.

2.1 Preliminaries on time scale calculus

The forward jump operator o : T — T is defined by o(t) = inf{s € T | s > ¢} for every t € T. A
point ¢t € T is said to be right-scattered whenever o(t) > t. A point ¢ € T is said to be right-dense
whenever o(t) = t. We denote by RS the set of all right-scattered points of T, and by RD the set
of all right-dense points of T. Note that RS is at most countable (see [23, Lemma 3.1]) and that
RD is the complement of RS in T. The graininess function u : T — R is defined by pu(t) = o(t) —t
for every t € T.

For every subset A of R, we denote by A = ANT. An interval of T is defined by It where
is an interval of R. For every b € T\{a} and every s € [a,b)r N RD, we set

VP ={8>0|s+p € s blr}. (4)
Note that 0 is not isolated in V.
A-differentiability. Letn € N*. The notations ||-||g» and (-, -)g» respectively stand for the usual

Euclidean norm and scalar product of R™. A function g : T — R"™ is said to be A-differentiable at
t € T if the limit

_ i () = a(s)

exists in R™, where ¢° = g o 0. Recall that, if £ € RD, then ¢ is A-differentiable at t if and only if
the limit of % as s — t, s € T, exists; in that case it is equal to ¢®(t). If t € RS and if ¢ is
_ “®)—aq@®)

continuous at ¢, then ¢ is A-differentiable at ¢, and ¢ (t) e (see [10]).

Mn this paper we only work on a bounded subinterval of type [a,b] N'T with a, b € T. It is not restrictive to
assume that @ = min T and that T is unbounded above. On the other hand, these two assumptions widely simplify
the notations introduced in Section 2.1 (otherwise we would have, in all further statements, to distinguish between
points of T\{max T} and maxT).



If g, ¢ : T — R"™ are both A-differentiable at ¢ € T, then the scalar product (g,q )gn is
A-differentiable at ¢ and

(0,4")&~(t) = (¢ (1), "7 (O))re + (q(t), ¢ (£))rn = (@™ (), ¢ ())rn + (@7 (1), ¢ (E))rn.  (5)

These equalities are usually called Leibniz formulas (see [10, Theorem 1.20]).

Lebesgue A-measure and Lebesgue A-integrability. Let ua be the Lebesgue A-measure
on T defined in terms of Carathéodory extension in [11, Chapter 5. We also refer the reader to
[3, 5, 23, 31] for more details on the pa-measure theory. For all (c,d) € T? such that ¢ < d, one
has pa([c,d)r) = d — c. Recall that A C T is a pa-measurable set of T if and only if A is an usual
pr-measurable set of R, where py denotes the usual Lebesgue measure (see [23, Proposition 3.1]).
Moreover, if A C T, then
palA) = pr(A)+ Y plr).
re ANRS

Let A C T. A property is said to hold A-almost everywhere (in short, A-a.e.) on A if it holds
for every t € A\A’, where A’ C A is some pa-measurable subset of T satisfying pa(A4’) = 0. In
particular, since pa ({r}) = u(r) > 0 for every r € RS, we conclude that, if a property holds A-a.e.
on A, then it holds for every r € ANRS.

Similarly, if A C T is such that pa(A) =0, then A C RD.

Let n € N* and let A C T be a ua-measurable subset of T. Consider a function ¢ defined
A-a.e. on A with values in R". Let A = AU(r, 0(r))reanrs, and let § be the extension of ¢ defined
pr-a.e. on A by G(t) = q(t) whenever t € A, and by §(t) = q(r) whenever t € (r,a(r)), for every
r € ANRS. Recall that g is pa-measurable on A if and only if ¢ is pr-measurable on A (see [23,
Proposition 4.1]).

Let n € N* and let A C T be a pua-measurable subset of T. The functional space L (A, R"™)
is the set of all functions ¢ defined A-a.e. on A, with values in R™, that are pua-measurable on A
and bounded A-almost everywhere. Endowed with the norm [|g|| e (arn) = supess 4 [|q(7)|rn,
it is a Banach space (see [3, Theorem 2.5]). The functional space LL(A,R™) is the set of all
functions ¢ defined A-a.e. on A, with values in R", that are ua-measurable on A and such that
Salla(7)|[rn AT < +00. Endowed with the norm [lgllLiagny = [, l9(7)[[rn A7, it is a Banach
space (see [3, Theorem 2.5]). We recall here that if ¢ € LL(A, R") then

Jamar= [ anir= [ amar+ ¥ utriaw.

A reANRS

see [23, Theorems 5.1 and 5.2]. Note that if A is bounded then L$°(A4,R") C Li(A,R™).

Absolutely continuous functions. Let n € N* and let (¢,d) € T? such that ¢ < d. Let
% ([¢, d]T,R™) denote the space of continuous functions defined on [¢, d]r with values in R™. En-

dowed with its usual uniform norm || - ||eo, it is a Banach space. Let AC([c,d]r,R™) denote the
subspace of absolutely continuous functions.
Let tg € [¢,d]r and q : [e,d]r — R™. It is easily derived from [22, Theorem 4.1] that ¢ €

AC([e, d]r, R™) if and only if ¢ is A-differentiable A-a.e. on [c, d)1 and satisfies ¢ € Li([e, d)7, R™),
and for every t € [c,d|r one has ¢(t) = q(to) + f[to,t)T q® (1) AT whenever t > tg, and q(t) =
q(to) — f[t,to)'ﬂ' ¢ (1) At whenever t < tg.

Assume that ¢ € Li([c,d)r,R"), and let @ be the function defined on [c,d]r by Q(t)
f[to,t)nr q(7) AT whenever t > to, and by Q(t) = _f[t,to)'[r q(7) AT whenever t < t;. Then Q €
AC([e,d]t) and Q? = q A-a.e. on [c,d)r.



Note that, if ¢ € AC([c,d]r,R™) is such that ¢® = 0 A-a.e. on [c,d)r, then ¢ is constant on
[e, d]T, and that, if ¢, ¢ € AC([¢, d]T, R™), then (g, ¢')r» € AC([c,d]T, R) and the Leibniz formula (5)
is available A-a.e. on [c, d)t.

For every ¢ € Li([¢,d)r,R™), we denote by Z. 4).(q) the set of points t € [¢,d)r that are
A-Lebesgue points of ¢. It holds pa(Zc,q),(¢)) = na(lc,d)r) = d — ¢, and

1
lim  — q(1) AT =q(s),
B_?dﬁ [s,8+8)T1
Bevs

for every s € %, a),(q) NRD, where V*% is defined by (4).

2.2 Optimal sampled-data control problems on time scales

Let Ty be another time scale. Throughout the paper, T; will be the time scale on which the control
evolves. We assume that T; C T.?

Similarly to T, we assume that min T; = a and that Ty is unbounded above. As in the previous
paragraph, we introduce the notations o1, RSy, RDq, V; ’b, A1, etc., associated with the time scale
T;. Since T; C T, note that RS C RS; and RD; € RD. We define the map

®: T — Ty
t — O()=sup{seTi|s <t}

For every t € Ty, we have ®(t) = t. For every ¢ € T\Ty, we have ®(t) € RS; and ®(¢) < t <
01(®(t)). Note that, if ¢ € T is such that ®(¢) € RDy, then t € T;.

In what follows, given a function u : T; — R, we denote by u® the composition wo ® : T — R.
Of course, when dealing with functions having multiple components, this composition is applied
to each component. Let us mention, at this step, that if u € L3 (T, R) then u® € L°(T,R) (see
Proposition 1 and more properties in Section 4.1.1).

Let n, m and j be nonzero integers. We consider the general nonlinear optimal sampled-data
control problem on time scales

min /[ )t ) A

(OSDCP);, g (1) = f(t,q(t), u® (1)), (6)
u e L%i (Tl, Q),
g(q(a),q(b)) € S.

Here, the trajectory of the system is ¢ : T — R™, the mappings f : T x R® x R™ — R" and
fO: T xR" x R™ — R are continuous, of class ¢! in (¢,u), the mapping g : R® x R® — R7 is
of class €1, and € (resp., S) is a non-empty closed convex subset of R™ (resp., of R7). The final
time b € T can be fixed or not.

Remark 1. We recall that, given u € LY (T1,R™), we say that g is a solution of (6) on I if:

1. I is an interval of T satisfying a € It and It\{a} # 0;

2Indeed, it is not natural to consider controlling times ¢ € T at which the dynamics does not evolve, that is, at
which ¢ ¢ T. The value of the control at such times ¢t € T1\T would not influence the dynamics, or, maybe, only on
[t*, 4+oo[r where t* = inf{s € T|s > t}. In this last case, note that t* € T and we can replace T1 by (T1 U {t*})\{t}
without loss of generality.



2. For every c € IT\{a}, ¢ € AC([a, c]T,R™) and (6) holds for A-a.e. t € [a,¢)r.

Existence and uniqueness of solutions (Cauchy-Lipschitz theorem on time scales) have been estab-
lished in [15], and useful results are recalled in Section 4.1.2.

Remark 2. The time scale T; stands for the set of controlling times of the control system (6).
If T = Ty, then the control is permanent. The case T = T; = R* corresponds to the classical
continuous case, whereas T = Ty = N coincides with the classical discrete case. If Ty ¢ T, the
control is nonpermanent and sampled. In that case, the sampling times are given by ¢ € RS; such
that o(t) < o1(t) and the corresponding sampling time intervals are given by [t, o1 (t))r. The clas-

sical optimal sampled-data control problem (OSDCP)E; investigated in Theorem 1 corresponds
to T=R" and Ty = NT, with T" > 0.

Remark 3. Let us consider two optimal control problems (OSDCP)%1 and (OSDCP)%27 posed
on the same general time scale T for the trajectories, but with two different sets of controlling times
T, and Ts, and let us assume that Ty C T;. We denote by ®; and ®5 the corresponding mappings
from T to Ty and Ty respectively. If u; € LS (Ty,) is an optimal control for (OSDCP)%1 and

if there exists up € Lg; (To, ) such that ug?(t) = ul'(t) for A-a.e. t € T, it is clear that us is an
optimal control for (OSDCP)%z. We refer to Section 3.1 for examples.

Remark 4. The framework of (OSDCP)%1 encompasses optimal parameter problems. Indeed,
let us consider the parametrized dynamical system

> ) = f(t,q(t),)\), A-ae teT, (7)

with A € Q. Then, considering Ty = {a} U [b, +o00[r, (6) coincides with (7) where u(a) plays the
role of A. In this situation, Theorem 3 (stated in Section 2.3) provides necessary conditions for
optimal parameters X\. We refer to Section 3.1 for examples.

Remark 5. A possible extension is to study dynamical systems on time scales with several
sampled-data controls but with different sets of controlling times:

> (t) = f(t,q(t),uy* (1), uz?(t), A-ae teT,

where T; and T, are general time scales contained in T, and ®; and ®- are the corresponding
mappings from T to T; and Ty. Our main result (Theorem 3) can be easily extended to this
framework. Actually, this multiscale version will be useful in order to derive the transversality
condition on the final time (see Remark 30).

Remark 6. Another possible extension is to study dynamical systems on time scales with sampled-
data control where the state ¢ and the constraint function f are also sampled:

g (1) = f(@1(t), 4 (), u™ (1)), A-ae teT,

where T, Ts and T3 are general time scales contained in T, and ®;, ®> and ®3 are the correspond-
ing mappings from T to Ty, Ty and T3 respectively. In particular, the setting of [16] corresponds
to the above framework with T = Rt and T; = Ty = T3 a general time scale.

Although this is not the main objective of our paper, we provide hereafter a result stating
the existence of optimal solutions for (OSDCP)%ﬂ under some appropriate compactness and
convexity assumptions. Actually, if the existence of solutions is stated, the necessary conditions
provided in Theorem 3, allowing to compute explicitly optimal sampled-data controls, may prove
the uniqueness of the optimal solution. We refer to Section 3.1 for examples.

Let M stand for the set of trajectories ¢, associated with b € T and with a sampled-data control
u € LS (T, ), satisfying (6) A-a.e. on [a,b)r and g(q(a),q(b)) € S. We define the set of extended
velocities W(t,q) = {(f(t, q,u), fO(t,q,u))" | u € Q} for every (t,q) € T x R™.



Theorem 2. If ) is compact, M is non-empty, ||q|lcc < M for every g € M for some M >0, and
if W(t,q) is convex for every (t,q) € T x R™, then (OSDCP)%1 has at least one optimal solution.

The proof of Theorem 2 is done in Section 4.4. Note that, in this theorem, it suffices to assume
that g is continuous. Besides, the assumption on the boundedness of trajectories can be weakened,
by assuming, for instance, that the extended dynamics have a sublinear growth at infinity (see,
e.g., [25]; many other easy and standard extensions are possible).

2.3 Pontryagin maximum principle for (OSDCP)%1
2.3.1 Preliminaries on convexity

The orthogonal of the closed convex set S at a point « € S is defined by
Os[z] = {2’ € RI | V2" €8, (2/,2" — x)p; <0}

It is a closed convex cone containing 0.

We denote by dg the distance function to S defined by dg(x) = inf,reg || — 2'||rs, for every
x € RJ. Recall that, for every x € R/, there exists a unique element Pg(z) € S (projection of 2 onto
S) such that dg(x) = ||z —Pgs(z)||gs. It is characterized by the property (x—Pg(z), 2’ —Ps(x))ri <0
for every ¢’ € S. In particular, z — Pg(z) € Og[Ps(z)]. The function Pg is 1-Lipschitz continuous.
We recall the following obvious lemmas.

Lemma 1. Let (z1)ren be a sequence of points of R7 and ((i)ren be a sequence of nonnegative
real numbers such that z — x € S and (p(zx — Ps(zr)) — 2’ € RV as k — +o00. Then 2’ € Oglx].

Lemma 2. The function d% : z + ds(z)? is differentiable on R7, with dd(z)(z') = 2(x —
Ps(x), 2 )
2.3.2 Main result

Recall that g is said to be submersive at a point (q1,¢2) € R™ x R™ if the differential of g at this
point is surjective. We define the Hamiltonian H : T x R® x R™ x R x R™ — R of (OSDCP)%1

by H(t,q,p,p°,u) = (p, f(t.q, u,t))rn + p°fO(t, ¢, u).

Theorem 3 (Pontryagin maximum principle for (OSDCP)%I). If a trajectory q, defined on [a,b|t

and associated with a sampled-data control u € LS (T1,Q), is an optimal solution of (OSDCP)%N
then there exists a nontrivial couple (p,p°), where p € AC([a,blt,R™) (called adjoint vector) and
p° <0, such that the following conditions hold:

e FExtremal equations:

0H oOH

qA(t) = aip(LQ(t)vpa(t)?povU(I)(t))v pA(t) = —Tq(t,q(t),pa(t),po,u(b(t)), (8)

for A-a.e. t € [a,b)T.
o Maximization condition:

— For Ai-a.e. s € [a,b)r, NRDy, we have

u(s) € argmax H(s, q(s), p(s),p’, 2).
z€Q
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— For every r € [a,b)r, NRSy such that o1(r) < b, we have

(p(o1(r)), hy(o1(r)))rn +p hy, <0, (9)
for every y € Q, where hy is the unique solution on [r,o1(r)|r of the linear A-Cauchy
problem

0 0
B0 = S (ta(0). () B + G (1 ale).u) = ), h) =0,
and

0 _ (97‘]007_ T), ulr T 87f07— ). ulr ~ulr .
hy—/[ml(rm L ), ) )+ 2 ) ) 0 — ) 7

In the case where r € [a,b)y, N RS1 with o1(r) > b, the above mazimization condition
is still valid provided o1 (r) is replaced with b.

e Transversality conditions on the adjoint vector:
If g is submersive at (q(a),q(b)), then the nontrivial couple (p,p°) can be selected to satisfy

) = (5 <a>,q<b>>)T g o) = (8g<q<a>,q<b>>)T " (10)

oq 1 0q2

where — € Os[g(q(a), q(b))].

e Transversality condition on the final time:
If the final time is let free in the optimal control problem (OSDCP)gl, if b belongs to the
interior of T (for the topology of R), and if f and fO are of class €* with respect to t in
a neighborhood of b, then the nontrivial couple (p,p°) can be moreover selected such that
the Hamiltonian function t — H(t,q(t),p(t), p°, u®(t)) coincides almost everywhere, in some
neighborhood of b, with a continuous function vanishing at t = b.

In particular, if u®(t) has a left-limit at b (denoted by u®(b™)), then the transversality con-
dition can be written as

H(b,q(b),p(b),p%,u®(b7)) = 0.
Theorem 3 is proved in Section 4. Several remarks are in order.

Remark 7. As is well known, the nontrivial couple (p,p°) of Theorem 3, which is a Lagrange
multiplier, is defined up to a multiplicative scalar. Defining as usual an extremal as a quadruple
(q,p,p°, u) solution of the extremal equations (8), an extremal is said to be normal whenever
p® # 0 and abnormal whenever p° = 0. In the normal case p® # 0, it is usual to normalize the
Lagrange multiplier so that p¥ = —1.

Remark 8. Theorem 3 encompasses the time scale version of the PMP derived in [16] when the

control is permanent, that is, when T; = T. Indeed, in that case, for every r € [a,b)r N RS,

r € [a,b)r, N RS; and o1(r) = o(r) < b. Then hy(o1(r)) = u(r)%(r,q(r)m(r)) (y — u(r))
0

and h) = u(r)%(r, q(r),u(r)) (y — u(r)), and therefore the condition (9) can be written as the

nonpositive gradient condition

0H

S (1), p(o (1), 7 u(r) (y = u(r)) <0,

11



for every y € ). Moreover, in the case of a free final time, under the assumptions made in the
fourth item of Theorem 3, b also belongs to the interior of Ty = T, and then in that case we recover

the classical condition

max H (b, q(b), p(b),p°, ) = 0.
z€Q

A fortiori, Theorem 3 encompasses both the classical continuous-time and discrete-time versions
of the PMP, that is respectively, when T = T; = Rt and T = T; = N.

Remark 9. If the final time is free, under the assumptions made in the fourth item of Theorem 3,
and if moreover b ¢ Ty (or if b is a left-scattered point of T), u?® is constant on [p1(b), b)r where
p1(b) = max{s € Ty | s < b} < b (and thus, in particular, u® has a left-limit at b), and therefore
H(b,q(b),p(b), p°, u(p1(b))) = 0. This is similar to the situation of Theorem 1.

Remark 10. Let us describe some typical situations of terminal conditions g(g(a),¢(b)) € S in
(OSDCP)%l, and of the corresponding transversality conditions on the adjoint vector.

e If the initial and final points are fixed in (OSDCP)%I, that is, if we impose g(a) = ¢,
and ¢q(b) = @, then j = 2n, g(q1,¢2) = (¢1,¢2) and S = {¢g.} X {@}. In that case, the
transversality conditions on the adjoint vector give no additional information.

e If the initial point is fixed, that is, if we impose g(a) = ¢4, and if the final point is left free
in (OSDCP)%I, then j = n, 9(q1,92) = @1 and S = {q,}. In that case, the transversality
conditions on the adjoint vector imply that p(b) = 0. Moreover, we have p # 0% and we can
normalize the Lagrange multiplier so that p® = —1 (see Remark 7).

e If the initial point is fixed, that is, if we impose ¢(a) = ¢4, and if the final point is subject to the
constraint G(g(b)) € (R*)* in (OSDCP)%I, where G = (G1,...,GF) : R® — R* is of class
%' and is submersive at any point ¢go € GT1((RT)F), then j = n + k, g(q1,¢2) = (q1,G(q2))
and S = {q,} x (RT)*. The transversality conditions on the adjoint vector imply that

k
p(b) = Z Xi0g, G (q(D)),

with \; >0,i=1,....k.

e If the periodic condition g(a) = ¢(b) is imposed in (OSDCP)%17 then j =n, g(q1,92) = ¢1—qo
and S = {0}. In that case, the transversality conditions on the adjoint vector yield that
p(a) = p(b).

We stress that, in all examples above, the function ¢ is indeed a submersion.

Remark 11. In the case where g is not submersive at (¢(a), (b)), to obtain transversality condi-
tions on the adjoint vector, Theorem 3 can be reformulated as follows:

If a tragectory q, defined on [a,blr and associated with a sampled-data control u €
L% (T1,Q), is an optimal solution of (OSDCP)%N then there exists a nontrivial cou-
ple (¥,p%) € RI x R, with —p € Oslg(q(a),q(b))] and p° < 0, and there exists
p € AC([a, blt,R™) such that the extremal equations, the mazimization conditions and
the transversality conditions are satisfied.

3Indeed, if p° = 0, then the adjoint vector p is trivial from the extremal equation and from the final condition
p(b) = 0. This leads to a contradiction since the couple (p,p°®) has to be nontrivial.
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However, with this formulation, the couple (p,p°) may be trivial* and, as a consequence, the result
may not provide any information. We refer to Sections 4.3.3 and 4.3.4 for more details.

Remark 12. In this paper, €2 is assumed to be convex only for technical reasons and in order
to simplify notations. The convexity assumption can actually be removed by using the concept of
stable Q-dense directions (see [16, Section 2.2] for details).

On the other hand, the closedness of 2 is used in a crucial way in our proof of the PMP.
Indeed, the closure of 2 allows us to define the Ekeland functional on a complete metric space (see
Section 4.3.2). However, if the initial point is fixed, that is, if we impose g(a) = ¢,, and if the
final point is left free in (OSDCP)%17 then Theorem 3 can be proved with a simple calculus of
variations, without using the Ekeland variational principle. In this particular case, the closedness
assumption can be removed.

Remark 13. If the cost functional to be minimized in (OSDCP)%1 is f[a’b)T fo>r, q(r),u® (7)) AT+
{(b,q(a),q(b)), where £ : T x R™ x R® — R is continuous, of class ¢! in (g1, q2), then the transver-
sality conditions on the adjoint vector become p(a) = — (9, 9(q(a), MONKY — %9y, £(b, q(a), q(b))
and p(b) = (94,9(4(a), 4(b))) " ¥+ p°0y,L(b,q(a), 4(b)).

Moreover, in the fourth item of Theorem 3, if £ is of class €' in a neighborhood of b, the
transversality condition on the final time must be replaced by:

The nontrivial couple (p,p°) can be selected such that the Hamiltonian function t
H(t,q(t),pt),p°, u®(t)) coincides almost everywhere, in some neighborhood of b, with
a continuous function that is equal to —p°9yl(b, q(a),q(b)) at t = b.

To prove this claim, it suffices to modify accordingly the Ekeland functional in the proof of Theo-
rem 3 (see Section 4.3.2).

3 Applications and further comments

In this section, we first give, in Section 3.1, a very simple example of an optimal control problem
on time scales with sampled-data control, that we treat in details and on which all computations
are explicit. The interest is that this example provides as well a simple situation where it is evident
that some of the properties that are valid in the classical continous-time PMP do not hold anymore
in the time-scale context. We gather these remarks in Section 3.2.

3.1 A model for optimal consumption with sampled-data control

Throughout this subsection, T and T; are two time scales, unbounded above, satisfying T; C T,
minT = minT; = 0 and 12 € T. In the sequel, we study the following one-dimensional dynamical
system with sampled-data control on time scales:

> () = u®(t)q(t), A-a.e. t €10,12)r, (11)

with the initial condition ¢(0) = 1, and subject to the constraint u(t) € [0,1] for Aj-ae. t €
[0,12),. Since the final time b = 12 is fixed, we can assume that 12 € T; without loss of
generality.

The above model is a classical model for the evolution of a controlled output of a factory during
the time interval [0, 12]p (corresponding to the twelve months of a year). Precisely, ¢(¢) € R stands

4Indeed, if p° = 0 and ¢ belongs to the kernel of (8q2g(q(a)7q(b)))-r, then the couple (p,p®) is trivial. This
situation leads to a contradiction if g is submersive at (g(a), ¢(b)).
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for the output at time ¢ € T and wu(t) € [0,1] stands for the fraction of the output reinvested
at each controlling time ¢t € T;. We assume that this fraction is sampled at each sampling time
t € Ty such that t € RS; and o(t) < 01(t), on the corresponding sampling interval (¢, o1(¢))r. In
the sequel, our goal is to maximize the total consumption

u) = —u®(r 7) AT.
C(u) /[0’1%(1 ()a(r) A (12)

In other words, our aim is to maximize the quantity of the output that we do not reinvest.

Remark 14. In the continuous case and with a permanent control (that is, with T = T; = R™),
the above optimal control problem is a very well-known application of the classical Pontryagin
maximum principle. We refer for example to [48, Exercice 2.3.3. p.82] or [40, p.92]. In this section,
our aim is to solve this optimal control problem in cases where the control is nonpermanent and
sampled. We first treat some examples in the continuous-time setting T = R™ and then in the
discrete-time setting T = N.

The above optimal sampled-data control problem corresponds to (OSDCP)%1 with n =m =
j=1,a=0,b=12 (fixed final time), Q@ = [0,1], g(¢1,92) = ¢1 and S = {1} (fixed initial value
q(0) = 1 and free final value ¢(12)), f(¢,q,u) = ug and f°(t,q,u) = (u—1)q (our aim is to minimize
—C(u)).

Since f and fO are affine in u and since  is compact, Theorem 2 asserts that (OSDCP)%1
admits an optimal solution ¢, defined on [0, 12]r and associated with a sampled-data control u €
L (T4, [0,1]). We now apply Theorem 3 in order to compute explicitly the values of u at each
controlling time ¢ € [0,12)r,. The nontrivial couple (p,p°) satisfies p° = —1 and p(12) = 0 (see
Remark 10). The adjoint vector p € AC([0, 12]r, R) is solution of

p2(t) = —u®Wp°(t) +u®(t) =1,  A-ae. t€[0,12)r. (13)
Moreover, one has the following maximization conditions:

1. for Aj-a.e. s € [0,12)7, NRDy,

u(s) € argmax (z(p(s) — 1) + 1)q(s). (14)
z€[0,1]

2. for every r € [0,12)r, N RS; such that oq(r) < 12,

(p(o1(r)), hy(o1(r)))rn — hy <0, (15)

for every y € [0,1], where h,, is the unique solution of the following linear A-Cauchy problem
on [r,o1(r)]T:
W3 (8) = u(r)h(t) + q(t)(y —u(r)),  h(r) =0, (16)
and where
hy = /[ o) (u(r) = Dhy(7) + a(7)(y — u(r)) AT. (17)
o1 (r)r

Since ¢ is solution of (11) and satisfies ¢(0) = 1, one can easily see that ¢ is monotonically increasing
on [0,12]r and then ¢ has positive values. From (13) and since p(12) = 0, one can easily obtain
that p is monotonically decreasing on [0, 12]y and then p has nonnegative values.
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3.1.1 Continuous-time setting T = R*

Case Ty = RT (permanent control). Since ¢ has positive values, one can conclude from (13)
and (14) that:

u(t) = 1 for a.e. t such that p(t) — 1 > 0, (1) = —p(t) for a.e. t such that u(t) =1,
“ 1 0 for ae. tsuch that p(t) — 1 <0, ] -1 for a.e. ¢ such that u(t) = 0.

Since p(12) = 0, one can easily prove that the optimal (permanent) control u is unique and given by
u(t) =1 for a.e. t € [0,11) and u(t) = 0 for a.e. t € [11,12). The associated optimal consumption
is O'(u) = e'! ~ 59874.142. We refer to [18, Exercice 2.3.3. p.82] or [10, p.92] for more details.

Case T; discrete (sampled-data control). From (11), (16) and (17), we obtain that ¢(t) =
q(r)e =) and h,(t) = q(r)(y — u(r))(t — r)e"E) for every r € [0,12)y, and every t €
[r,o1(r)], and

W [ ) (14 i (r)u(r)(ulr) = 1) =1] it u(r) £0,

oty (r) (1- 57 iFufr) =0,

0
ho =

for every r € [0,12)1, and every y € [0, 1]. Then, (15) can be written as q(r)(y —u(r))T'(u(r)) <0,
where T'; : [0,1] — R is the continuous function given by:

. 5 [1= e (14 a1~ plon() - )] iz £0,
= p(r) (p(m (r) + MIQ(T) - 1) if x =0.

Since (15) holds true for every y € [0,1] and since ¢ has positive values, the following properties
are satisfied for every r € [0,12)r,:

e if ', has negative values on (0, 1], then u(r) = 0;

if I, has positive values on [0, 1), then u(r) = 1;

it I',(0) > 0, then u(r) # 0;

it I'r(1) < 0, then u(r) # 1;

if u(r) ¢ {0,1}, then u(r) € (0,1) is a solution of the nonlinear equation I',.(z) = 0.

Note that I', depends only on uq(r) and p(o1(r)). As a consequence, the knowledge of the value
p(12) = 0 and the above properties allow to compute u(rg) where rg is the element of [0,12)r,
such that o1(rg) = 12 (and pi(rg) = 12 — 1). Then, the knowledge of u(rg) allows to compute
p(ro) from (13). Then, the knowledge of p(rg) and the above properties allow to compute u(rq)
where r is the element of [0,12)r, such that o1(r1) = ro (and pi(r1) = ro — r1), etc. Actually,
this recursive procedure allows to compute u(r) for every r € [0,12)r,. Numerically, we obtain the
following results:
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T, =N u(t) = { (1) i i < {12 Lo 10F 1 gy — 11 o 5o874.142
T, = 2N ult) = { (1) i ; < {1% 246,881 o) = 2010 ~ 44052.932
T, = 3N ult) = { 1.4536 ii i{go 3,6} CO(u) ~ 28299.767
B 1 ifte {04 N
T, = 4N ult) = { 06302 if s C(u) =~ 20013.885
1 ift=0
T, = 9N ult) = { 04536 i/ — 0 O(u) ~ 28299.767
T, = 12N u(0) ~ 0.9083 C(u) ~ 5467.24
1 =0
T, = 12NU{10,11.5} | w(t)={ 0.9072 ift=10 O(u) ~ 49476.604
0 ift =115

Remark 15. In this example, Theorem 2 states the existence of an optimal solution. In all cases
above studied, the Pontryagin maximum principle proves that the optimal solution is moreover
unique.

Remark 16. The case T; = N can be easily deduced from the permanent case T; = RT (see
Remark 3). Similarly, the case T; = 9N can be deduced from the case Ty = 3N.

Remark 17. The case T; = 12N corresponds to an optimal parameter problem (see Remark 4).

Remark 18. For the needs of Section 3.2, let us give some details on the case Ty = 2N. In
that case, g(t) = e’ on [0,10] and ¢(t) = €'° on [10,12]. Moreover, p(t) = 2¢!°~¢ on [0,10] and
p(t) = 12 — ¢ on [10,12]. Hence, for every ¢ € [10,11), argmax,.q H(t,q(t),p(t),p° 2z) = {1}.
The Hamiltonian ¢ — H(t,q(t), p(t),p°, u®(t)) is equal to t + 2¢* a.e. on [0,10) and is equal to
t — e!% a.e. on [10,12). Finally, the maximized Hamiltonian ¢ — max,cq H (¢, q(t), p° (t),p°, 2) is
equal to t — 2¢'% on [0,10), to t — (12 — t)e'® on [10,11) and to t — e1? on [11,12).

Case T; hybrid (sampled-data control). In this paragraph, we study the hybrid case T; =
[0,6] U {10} U [11.5,400). Similarly to the permanent case Ty = R™, one can easily conclude
from (14) that:

u(t) = 1 for a.e. t €[0,6)U[11.5,12) such that p(t) — 1 > 0,
“ 1 0 forae. tel0,6)U[11.5,12) such that p(t) — 1 < 0.

Since p(12) = 0, one can easily prove that u(t) = 0 for a.e. t € [11.5,12), and then p(11.5) = 0.5.
From the knowledge of p(11.5) = 0.5 and using similar arguments than in the previous paragraph,
one can compute u(10) ~ 0.9072. From (13), it gives p(10) ~ 2.2462. From the knowledge of
p(10) ~ 2.2462, one can compute u(6) = 1. From (13), it gives p(6) ~ 122.6402. Since p is
monotonically decreasing, we conclude that p(t) — 1 > 0 for every ¢ € [0,6). We finally conclude
that the optimal sampled-data control u is unique and is given by u(t) = 1 for a.e. ¢t € [0,6),
u(6) =1, u(10) ~ 0.9072 and u(t) = 0 for a.e. ¢t € [11.5,12). The associated optimal consumption
is C'(u) ~ 49476.604.

Remark 19. The discrete case Ty = 12N U {10,11.5} can now be seen as a consequence of the
hybrid case Ty = [0,6] U {10} U [11.5,400) (see Remark 3).
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3.1.2 Discrete-time setting T =N

In the discrete-time setting T = N, similarly to the continuous-time one, we can prove that (15)
can be written as q(r)(y — u(r))A,(u(r)) < 0, where A, : [0,1] — R is the continuous function
given by:

. S RO (L e - ploa()) - 1) +2)] i #0,

) (oo () + 2 0=2) o=

The same recursive procedure (than in the previous section) allows to compute u(r) for every
r € [0,12)r,. Numerically, we obtain the following results:

Ty = 2N | u(t) = (1) ﬁi{l%zllw} O(u) = 2'1 = 2048
T, = 3N { 135%036} Clu) = 3-2° = 1536
T, = 4N | u(?) { (1) )5 i: igo’“ C(u) = 1108.882
T, = 6N { (1) — ii _ g C(u) ~ 674.787
T, = 12N u(0) ~ 0.8145 Clu) = 159.647

Remark 20. In the permanent discrete case T = T; = N, the optimal control is not unique.
Indeed, every control u satisfying u(t) = 1 for every ¢t € {0,1,...,9}, ©(10) € [0,1] and u(11) =0
is optimal. Let us give some details on the proof and let us note that the PMP does not provide
any constraint on the value u(10) in that case.

With » = 11 and p(12) = 0, A, has negative values on (0, 1] (constantly equal to —1), then
u(11) = 0 from (15). From (13), we compute p(11) = 1. With » = 10 and p(11) = 1, A, is
constantly equal to 0 and then (15) does not provide any constraint on the value u(10). Actually,
it does not matter since p(10) can still be computed from (13) (p(10) = 2) and the recursive
procedure can be pursued. We obtain u(t) = 1 for every t € {0,1,...,9}. From (12), we have

C(u) = (1= u(10))g(10) + ¢(11) = (1 = u(10)) - 2'° + (1 + u(10))g(10) = 2- 2" = 2.

Finally, if u(11) = 0 and u(t) = 1 for every ¢t € {0,1,...,9}, the value of u(10) € [0, 1] does not
influence C(u). This concludes the proof and the remark.

Remark 21. The case T1 = 2N can be seen as a consequence of the permanent case T1 = N (see
Remarks 3 and 20).

Remark 22. The case Ty = 12N corresponds to an optimal parameter problem (see Remark 4).

3.2 Non-extension of several classical properties

In this section, we recall some basic properties that occur in classical optimal control theory in
the continuous-time setting and with a permament control, that is, with T = T; = RT. Our
aim is to discuss their extension (or their failure) to the general time scale setting and to the
nonpermament control case. We will provide several counterexamples in the discrete-time setting
with a permanent control (T = Ty = N) and in the continuous-time setting with a nonpermanent
control (T; ¢ T = R™). In the following paragraphs, except the last one, the final time b € T can
be fixed or not.
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Pointwise maximization condition of the Hamiltonian. In the case T = T; = RT, an opti-
mal (permanent) control satisfies the maximization condition u(t) € arg max,.q H(t, q(t),p(t),p°, 2)
for a.e. t € [0,b). We refer to [16, Example 7] for a counterexample showing the failure of this
maximization condition in the case T = T; = N. We refer to Remark 18 for a counterexample in
the case Ty ¢ T = R™T.

Continuity of the Hamiltonian. In the case T = T; = R™, it is well known that the Hamilto-
nian function t — H (¢, q(t), p(t), p°, u(t)) coincides almost everywhere on [0, b] with the continuous
function ¢ — max,cq H(t,q(t),p(t),p°,2). Remark 18 provides a counterexample showing the
failure of this regularity property in the case Ty ¢ T = RT.

Remark 23. Nevertheless, in the case of a free final time, under the assumptions of the fourth item
of Theorem 3, the Hamiltonian function ¢ — H (¢, q(t), p(t),p", u®(t)) coincides almost everywhere,
in some neighborhood of b, with a continuous function.

The autonomous case. In the case T = T; = R, if the Hamiltonian H is autonomous (that
is, does not depend on t), it is well known that the function t — H(q(t),p(t), p°, u(t)) is almost
everywhere constant on [0, b], this constant being equal to the maximized Hamiltonian. We refer
to [16, Example 8] for a counterexample showing the failure of this constantness property in the
case T = T; = N, and we refer to Remark 18 for a counterexample in the case T; ¢ T = R (and
there, even the maximized autonomous Hamiltonian is not constant).

Saturated constraint set ) for Hamiltonian affine in u. In the case T = T; = RT, if the
Hamiltonian is affine in u, that is, if it can be written as

H(ta Q(t)vp(t)7p07 u(t)) = <H1 (tv q(t>’p(t)ap0)a u(t)>R"” + HQ(tv q(t),p(t),pO%

one can easily prove that Hy(t,q(t), p(t),p°) € Oqlu(t)] for almost every t € [0,b). It follows that
an optimal (permament) control u must take its values at the boundary of Q for almost every
t € [0,b) such that Hi(t,q(t),p(t),p") # 0 (saturation of the constraints).

Remark 24. This classical property can be extended to the case T = T; = N. Indeed, in that
case, the nonpositive gradient condition is given by

<auH(t7 q(t)ap(t + 1)ap0a u(t))a Y- u(t»R’” = <H1 (tv q(t)ap(t + 1),}70), Y- u(t»R’" < 07
for every y € Q, that is, Hq(t,q(t), p(t +1),p°) € Oqlu(t)].

Remark 25. Remark 20 provides an interesting example in the case T = Ty = N. Indeed, in that
case, the control defined by u(t) = 0 for every ¢t € {0,...,9}, ©(10) = 1/2 and u(11) = 1 is an
optimal (permanent) control. However, it does not saturate the constraint set Q at ¢ = 10. It is
not a surprise since, in that case, Hi(t,q(t),p(t +1),p°) = 0 at ¢t = 10.

Note that, in the case T; = 4N, Section 3.1.2 provides a counterexample showing the failure
of this classical property in the case Ty & T = N. Similarly, Section 3.1.1 in the case T; = 3N
provides a counterexample in the case Ty G T = RT.

Remark 26. Figure 1 represents the values of the optimal sampled-data control u of Section 3.1.1,
in the case Ty = 12NU{A}, with A € (0,12). In that case, u(0) (resp., u(A)) saturates the constraint
set 1 =[0,1] A € (0,11.9245) (resp., for A € (9.9866, 12)).
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Figure 1: Optimal sampled-data control .

Vanishing of the maximized Hamiltonian at the final time. We assume that the final
time is let free. In the case T = T; = R™, under the assumptions of the fourth item of Theorem 3,
it is well known that the maximized Hamiltonian vanishes at ¢t = b (see Remark 8). In Theorem 3,
we have established that this property is still valid in the time scale setting under some appropriate
conditions, the main one being that b must belong to the interior of T. In the discrete case T = N,
the interior of T is empty and then the latter assumption is never satisfied. The Hamiltonian at

the final time may then not vanish, and we refer to [16, Example 8] for a counterexample with
T=T; =N.
4 Proofs

The section is structured as follows. Subsections 4.1, 4.2 and 4.3 are devoted to the proof of
Theorem 3. In Subsection 4.1, we recall some known Cauchy-Lipschitz results on time scales and
we establish some preliminary results on the relations between v and u®. In Subsection 4.2, we
introduce appropriate needle-like variations of the control. Finally, in Subsection 4.3, we apply the
Ekeland variational principle to an adequate functional in an appropriate complete metric space,
and then we prove the PMP. In Subsection 4.4 (that the reader can read independently of the rest
of Section 4), we detail the proof of Theorem 2.

4.1 Preliminaries
4.1.1 Relations between u and u®
We start with a lemma whose arguments of proof will be used several times.

Lemma 3. Let m € N* and let ¢ < d be two elements of T with ¢ € Ty. Let u, v : [¢,d)y, = R™

be two functions. Then, u =v Aj-a.e. on [c,d)T, if and only if u® = v® A-a.e. on [c,d)r.

Proof. Without loss of generality, we can assume that v is constant equal to Ogm. Let us define
A= {t € [e,d)r, |u(t) # Ogrm} and B = {t € [c,d)r|u®(t) # Ogm}. Since ®(t) = t for every
t € Ty, the inclusion A C B holds. Firstly, let us assume that pa, (4) = 0. Hence, A C RD;
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and pa, (A) = pr(A) = 0. Since A C RD; C RD, we deduce that pua(A) = pr(A) = 0. On the
other hand, for every t € B, ®(t) € A C RDy, then t € T; and ¢t = ®(¢t) € A. We conclude that
A = B and pa(B) = 0. Secondly, let us assume that pa(B) =0 and pa, (A) > 0. Since A C B,
we deduce that pa(A) =0, A C RD and pa(A) = pr(A) = 0. Since pr(A) =0 and pa, (A) > 0,
we conclude that there exists ¢y € RS; N A € RS; NRD. Consequently, u® is constant (different
of Ogm) on [tg, min(oq(tg),d))r. As a consequence, pa(B) > min(oq (tp),d) — to > 0. This raises a
contradiction. O

Proposition 1. Let m € N* and let ¢ < d be two elements of T with ¢ € T;.

1. For every u € qurl([c, d)r,, R™), we have u® € Li([e,d)r,R™) and

u® llL (e dyr rmy < el (te.aye, - (18)
2. For every u € LY ([¢,d)r,,R™), we have u® € L ([¢,d)r,R™) and

u® L2 (jedye mm) = ullLge (e.dyr, -

Proof. Let u € Li, ([¢,d)r,,R™). We first treat the pua-measurability of u®. From Lemma 3, we
can consider that u is defined everywhere on [c,d)r, and is pa,-measurable on [c,d)r,. Let us
prove that u?® is ua-measurable on [c, d)y. We introduce d’ = inf{s € T, |s > d} € T;. Note that
d' > d, with equality if and only if d € Ty. From [23], w is pa,-measurable on [c,d)t, if and only
if the extension @ defined on [¢,d') by

ﬂ(t):{ u(t) if teTy,

u(r) if te (r,o1(r)), wherer € RSy,
is pr-measurable on [¢,d’). By hypothesis, @ is pup-measurable on [c,d’) and consequently, the
restriction 4, , is pr-measurable on [c,d). Still from [23], u?® is pa-measurable on [¢,d)r if and
only if the extension u® defined on [c, d) by

7 (t) = u®(t) if teT,
Y T w®(r) if te(r,o(r)), wherer € RS,

is pu-measurable on [c, d). Hence, it is sufficient to see that u® = @
t € [c,d), we have:

.- This is true since, for any

e cither ¢ € Ty, and then ¢ € T and thus E‘g(t) =u®(t) = u(®(t)) = u(t) = a(t).

e either t € T\Ty, and then ¢t € (®(t),01(P(¢t))) where ®(¢) € RS; and thus 17‘5(75) =u®(t) =
u(®(t)) = u(t).

e cither ¢t ¢ T, and then t € (r,o(r)) where r € RS and then t € (®(r),o1(P(r))) where
O(r) € RS; and thus u®(£) = u®(r) = w(®(r)) = a(t).

This establishes the ua-measurability of u® on [¢, d)r.
Considering ||lu||gm instead of u, we can consider that m = 1 and u € Ly ([¢,d)r,,RY).
From [23], we have

/ u® (1) Ar = / 7}5(7’) dr = / ay, , (T)dT
[e,d)T [e,d) le,d)
[ amydr— [ aydr= / w(r) At — (d — dyu(®(d)).
[e,d’) [d,d") e.d)r,
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Noting that (d’ — d)u(®(d)) > 0 concludes the proof of the first point.

Let us prove the second point. Let u € L3 ([c, d)r,, R™). The ua-measurability of u® is already
proved since L ([¢,d)r,,R™) C Ly, ([¢,d)r,,R™). Let M > 0 be a constant. With the same
arguments as in the proof of Lemma 3, we can prove that ||u(t)||gm < M for Aj-a.e. t € [¢c,d), if
and only if ||[u®(t)||gm < M for A-a.e. t € [c,d)r. As a consequence, we get u® € L ([c,d)r, R™)
and [[u®||Lee (e, yr2m) = [tz ey, 2m)- O

Remark 27. From the proof above, we see that the inequality (18) is an equality if and only if
d € Ty or u(®(d)) = 0. Then, considering T =N, T; =2N, m =1, ¢ =0, d = 1 and u the constant
function equal to 1 provides a counterexample. Indeed, in that case, we have u € L?1T1 (e, d)r, ,R™)
and u® € Ly([e, d)r, R™) with [[u® [y ((e.ayepm) = 1< 2= [[ullig (teaye, zm)-

4.1.2 Recalls on A-Cauchy-Lipschitz results

According to [15, Theorem 1], for every control u € L3 (T1, R™) and every initial condition ¢, € R",
there exists a unique maximal solution of (6) such that ¢(a) = ¢,, denoted by ¢(,u,q,), and
defined on a maximal interval, denoted by It(u,q,). The word mazimal means that ¢(-,u,q,) is
an extension of any other solution. Moreover, we recall that (see [15, Lemma 1])

Vi€ In(u,qa)s qlt,usda) = o + /[ S0 g0) () B
a,t)r

Finally, either It(u,q,) = T, that is, ¢(-,u,q,) is a global solution of (6), or It(u,q.) = [a,¢)r
where ¢ is a left-dense point of T, and in that case, ¢(-,u,q,) is unbounded on It(u,q,) (see [15,
Theorem 2]).

Definition 1. For a given b € T, a couple (u,q,) € LS (T1,R™) x R" is said to be admissible on
[a, b]T whenever b € IT(u, q,).

For a given b € T, we denote by Q" the set of all admissible couples (u,qq) on [a,b]r. It is
endowed with the norm ||(u, g,)lyor = Hu||L11r1([a»b)T1 &y T [|gallrn

4.2 Needle-like variations of the control, and variation of the initial
condition

Throughout this section, we consider b € T and (u,q,) € U 0°. We are going, in particular, to
define appropriate needle-like variations. As in [16], we have to distinguish between right-dense
and right-scattered times, along the time scale Ty. We will also define appropriate variations of
the initial condition.

4.2.1 General variation of (u,q,)

In the first lemma below, we prove that 4/Q° is open. Actually we prove a stronger result, by
showing that ¢/ Q" contains a neighborhood of any of its point in L11T1 x R™ topology, which will be
useful in order to define needle-like variations.

Lemma 4. Let R > |[ullre ((a,b)y, ). There exist vg > 0 and nr > 0 such that the set
1

Er(u,qa) = (EL%T([{I,IJ)1I1 &) (0, R) OEL}Tl([a,b)Tl &y (U, VR)) X Brn (qa; NR)

1s contained in U Qb.
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Before proving this lemma, let us recall a time scale version of Gronwall’s Lemma (see [0,
Chapter 6.1]). The generalized exponential function is defined by ey (¢, ¢) = exp(f[c’t)T Eur) (L) AT),
for every L > 0, every ¢ € T and every t € [c, +00)T, where &, (L) = log(1+Lu(7))/uu(7) whenever
u(1) >0, and ,()(L) = L whenever u(1) =0 (see [10, Chapter 2.2]). Note that, for every L > 0
and every ¢ € T, the function ey, (-, ¢) is positive and increasing on [c, +00)t.

Lemma 5 ([10]). Let ¢ < d be two elements of T, let Ly and Ly be two nonnegative real numbers,

and let ¢ € €([c,d]T,R) satisfying 0 < q(t) < L1 + Lo q(1) AT, for every t € [c,d]r. Then
0 <q(t) < Lier,(t,c), for every t € [c,dr. et
Proof of Lemma 4. By continuity of ¢(-,u, q,) on [a, b]r, the set

Kr={(t,z,v) € [a,blr x R" x Brn (0, R) | |z — q(t, v, ¢a) |2 < 1}

is a compact subset of R” x R™ x T. Therefore ||0f/0q| and ||0f/0u|| are bounded on Kpr by
some Lpr > 0 and then, from convexity and from the mean value inequality, it holds:

[f(t; w2, 02) = f(t 21, v1)[len < Lr(ll22 — 21]l2n + vz — 01][Rm), (19)

for all (¢, x1,v1), (¢, 22,v2) € Kg. Let vg > 0 and 0 < ng < 1 such that (ng + vgrLgr)er,(b,a) < 1.
Let (v, q,) € Er(u,q,). Our aim is to prove that b € It(v/, ¢},). By contradiction, assume that
the set

A={telr(, q,)Nablr | lla(t,v',q0) — a(t, v, ¢a) lrm > 1}

is not empty and let ¢t = inf A. Since T is closed, to € It(v/, q},) Na,b]t and [a, to]r C IT(v/,¢,) N
[a,b]r. If tp is @ minimum then |q(to, v, q),) — q(to, u, qa)|lgn > 1. If tp is not a minimum then
to € RD and by continuity we have ||g(to, v, q,) — q¢(to, u, qo)||rr > 1. Moreover one has ¢ty > a
since [q(a, v, q;) — q(a, v, ¢a)||lr» = [lg; — Gallr < nr < 1. Hence |lq(7,v, ¢5) — q(7,u, ga)[[rr < 1
for every 7 € [a,to)r. Therefore (q(7,v,q.),w'®(7),7) and (q¢(7,u,qq),u®(7),T) are elements of
Kp for A-a.e. T € [a,to)r. Since one has

q(t, v, ) = q(t, v, qa) = qq — 4o + / (f(r (' ), w® (7)) = f(7.a(7,u, 40), u® (7)) AT,

[a,t)—ﬂ-

for every t € It(v/,q}) N [a,b]T, it follows from (19), from Lemma 5 and from Proposition 1 that,
for every t € [a, to]T,

la(t, v, ) — a(t, w, ga)llrn < [} — Gallrn + LR/ [u'® (1) — u® (7)|[rm AT

la,t)r
Ty /[ RUCTRARY(ARAINS
a,t)r
< (g = qallrn + Lrllu® = u® |11 (a,p)e mm))eLn (b, a)

< (g — al
< (7’}]{ + VRLR)GLR(ZL(J,) < 1.

R~ + LRHU/ - UHL%H([a,b)Tl ,Rm))eLR(b» a)

This raises a contradiction at ¢ = t5. Therefore A is empty and thus ¢(-, v, q,) is bounded on

Ir(v', q,) N [a, b]r. Tt follows from [15, Theorem 2| that b € It(u/,q,), that is, (v/,q.) € UQ®. O

Remark 28. Let R > [JulLs ((a.b)-, rm) and (v, q;) € Er(u,g,). With the notations of the above
1 1

proof, since [a, blr C IT(v,¢),) and A is empty, we infer that ||q(¢, v, ¢},) —q(t, u, ¢)|| < 1, for every

t € [a,b]y. Therefore (1,q(T,u',q.),u'®(7)) € Kg for every (v,q,) € Er(u,q,) and for A-a.e.

T € [a,b)ﬂ‘.
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Lemma 6. Let R > HUHL%’([a,b)Tl ®m). The mapping
1

Fr(u,q0) : (Er(u,¢a)s || - llugr) —  (€([a,0]r,R™), || - [|oc)
(v q0) +— q(u',q,)
is Lipschitzian. In particular, for every (v',q.,) € Er(u,q.), q(-,v,q)) converges uniformly to

q(-,u,qa) on [a, bl when ' tends to w in LL ([a,b)t,,R™) and ¢, tends to q, in R™.
T, 1 a

Proof. Let (v/,q),) and (u”,q)) be two elements of Eg(u,q,) C U Q°. Tt follows from Remark 28
that (7,q(7,u”,q"),u"® (7)) and (7,q(7,v’,q,),u'*® (7)) are elements of K for A-a.e. 7 € [a,b).
Following the same arguments as in the previous proof, it follows from (19), from Lemma 5 and
from Proposition 1 that, for every ¢ € [a, b]T,

1

la(t,u", qq) — a(t, v’ @3)llen < (g — dallen + Lrllu” = w'llis (o), zm))eLy (b, a)-

The lemma follows. O

4.2.2 Needle-like variation of u at a point r € RS;
Let r € [a,b)T, NRS; and let y € R™. We define the needle-like variation IT = (r,y) of u at r by

u(r) +aly —u(r)) if t=r,
un(t @) = { u(t) ! if t#mr,

for Aj-a.e. t € [a,b)r, and for every a € [0, 1]. In the sequel, let us denote by o5 (r) = min(oq(r),b).
Lemma 7. There exists 0 < ag < 1 such that (uri(-, @), qq) € UQY for every o € [0, o).

Proof. Let R = max(|[ullLee (ja.6)s, o) [[0(r) [ + [[Yllem) = [lullLe (fa,p)r, &) We use the nota-
tions Kr, Ly, vg and ng, defined in Lemma 4 and in its proof. One has |Jur (-, a)HL;f‘l’([a,b)qu rm) SR
for every a € [0,1], and

[um (- @) = ullLs (fap)e, memy = w2 (r)lun(r, @) —u(r)|zm = api(r)lly = u(r)||zn.

Hence, there exists 0 < ap < 1 such that [Jun(-, @) — ullL1 ((a,p)., &) < VR for every a € [0, aql,
1 1
and hence (ur(+, @), q.) € Eg(u,g,). The claim follows then from Lemma 4. O

Lemma 8. The mapping

Fr(u,qa) : ([0,a0),|-[) — (€([a, b7, R"), || - o)
a Q('qu('va)vqa)

is Lipschitzian. In particular, for every a € [0,a0], q(-,un(-,@),qq) converges uniformly to
q(-yu,qq) on [a,blr as a tends to 0.

Proof. We use the notations of the proof of Lemma 7. It follows from Lemma 6 that there exists
C > 0 (the Lipschitz constant of Fr(u,q,)) such that

(- un (s a2), o) — q(- un (-, 1), ga)lloo < Cll(un (-, a2), qa) — (ur (-, @1), ga)llor
= Clag — ar|pr (n)lly — u(r) ||,

for all oy and ag in [0, ap]. The lemma follows. O
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We define the so-called first variation vector hy(-, u, q,) associated with the needle-like variation
IT = (r,y) as the unique solution on [r, o5 (r)]r of the linear A-Cauchy problem

B (0) = Sttt w0 alr) B + 5t g0)ulr) (- ulr)), ) =0, (20

The existence and uniqueness of hy(-,u, ¢,) are ensured by [15, Theorem 3].

Proposition 2. The mapping

Frn(u,q0) : ([0,a0)s |- ) — (€[, o7 (M), R™), || - [loo)
a — q(un(,®),qa)

is differentiable at 0, and one has DFr(u, qq)(0) = hn(-, 4, qq)-

Proof. We use the notations of the proof of Lemma 7. Recall that (7, q(7, urni (-, @), qa), u(7,0)) €
Kp for A-a.e. 7 € [a,b)r and for every a € [0, ap] (see Remark 28). For every a € (0
every t € [r,o7(r)]r, we define

, ] and

q(t7 uH('7 04)7 Qa) B Q(t7 u, Qa)
(0%

EH(tﬂa) = - hH(t»UaQa)~

It suffices to prove that (-, ) converges uniformly to 0 on [r, o7 (r)]r as « tends to 0. For every
a € (0, apl, since the function er(-, &) vanishes at ¢ = r and is absolutely continuous on [r, o5 (7)]T,
en(t,a) = f[r e e8(7,a) At for every t € [r, 0 (r)]r, where

f(Tv Q(Ta uH('v CY), Qa)a ’LL(?") + a(y — U(T))) — f(Ta (](T, U, qa)v U(T))

en(r,a) =
of of
- 87(1(7_3 q(Ta u, Qa)a U(T)) hH(Ta Uu, Qa) - %(7—) Q(Ta Uu, qa)v U(T)) (y - U(T)),
for A-a.e. 7 € [r,07(r))r. Using the Taylor formula, we get
1
sﬁ(r,a) :/ g(*gm)de en(r, @)
o Oq
1
([ Htssarr 0~ L0001 (.00

Lof of
+ </0 %(*Goﬂ') df — %(T’Q(Tvua qa),u(r))> (y - u(r))’

where

*0ar = (T,4(T, 4, qq) + 0(q(T,un (-, @), qa) — q(T,u,qa)), u(r) + 0a(y — u(r))) € Kg.

It follows that ||e5 (7, a)|lgn < xu1(7, @) + Lgllen (7, a)|/gn, where
tof of
XH(T7 O() - H (/0 %(*907’) df — Fq(Ta Q(Ta u, qa)7 U(T))) hH(T7 u, Q(I) B

(] Y )0 - L gt o)) (v = )

Rn
Therefore, one has

len(t, @)l < /

xr (T, a) AT + LR/ llen (7, @)||rn AT,
[rof(r)r

[T,t)'[
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for every t € [r,of(r)]r. From Lemma 5, |len(t,a)|rn < YTu(a)er,(oi(r),r), for every t €

[r, o5 (r)]T, where Yr(a) = f[r,rf{(r))nr xm (7, ) AT.

To conclude, it remains to prove that Yy(«) converges to 0 as « tends to 0. Since q(7, ur (-, @), ga)
converges uniformly to ¢(7,u,q,) on [r,o}(r)]r as a tends to 0 (see Lemma 8) and since df/9q
and 0f /Ou are uniformly continuous on K, the conclusion follows. O

Then, we define the so-called second variation vector wr(-,u, q,) associated with the needle-like
variation IT = (r,y) as the unique solution on [o7] (r), b]t of the linear A-Cauchy problem

of " .
wh(t) = a*q(tq(t,u,qa%uq’(t))W(t% w(oy(r)) = hu(o1(r), u, qa)- (21)
The existence and uniqueness of wr (-, u, g,) are ensured by [15, Theorem 3].

Proposition 3. The mapping

Fn(u7qa): ([05040]’|'| — (
a — q(
is differentiable at 0, and one has DF(u,q,)(0) = w(-, u,qq)-
Proof. We use the notations of the proof of Lemma 7. From Proposition 2, the case o (r) = b is
already proved. As a consequence, we only focus here on the case o} (r) = o1(r) < b.

Recall that (7, q(7,un(:, @), q.), uh (1, @) € Kg for A-a.e. 7 € [a,b)r and for every a € [0, ag]
(see Remark 28). For every a € (0, ap] and every t € [o1(r), b]t, we define

q(t7 uH('a 04)7 Qa) B Q(t, u, QG)
«

Z':H(t3 a) = _wn(tvuvqa)'

It suffices to prove that ep(-, &) converges uniformly to 0 on [o1(r), b]T as « tends to 0. For every
a € (0, ap), since the function e (-, ) is absolutely continuous on [o1(r), b, we have e (t, ) =
en(o(r),a) + f[al(r) e g5 (1, @) At for every t € [o1(r), b]r, where

f(ra(r,un(, ), ga), u® (7)) = f(7,4(7, U, 4a), u® (7))

eﬁ(r, ) =

- %‘5(77 Q(Ta U, Qa)v u@(,}_)) wH(Ta u, Qa)a

for A-a.e. 7 € [01(r),b)r. Using the Taylor formula, we get

1
A(r a) = /O %5(*9@7) b en(r, )

1
+ < o %é(*@ar)de— Zg(ﬂCJ(Tvuvqa)’u@(T))) wH(T’“’qa)’

where:
*oar = (7—7 Q(T, U, Qa) + 9((](7’, uH('a Oé), Qa) - Q(T, U, Qa))’uq>(7_)) € K.
It follows that |le5 (7, )|l < xm(7, @) + Lr|len(r, @)||, where

wlre) = 01 L anry a0 = S a0, 8()) w0

R
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Therefore, one has

X (7, @) AT—i—LR/ llen (T, a)||gn AT,

len(t, o) llrn < [len(on(r), @)z +/
[o1(r)t)r

lo1(r),b)r
for every t € [o1(r),b]p. It follows from Lemma 5 that |en(t, a)||rr < YThn(a)er, (b, o1(r)), for
every t € [o1(r), b]t, where Yr(o) = |len(o1(r), @) ||rn + ‘f[o'l(r),b)jl‘ xm (7, o) AT.

To conclude, it remains to prove that Yr(«) converges to 0 as « tends to 0. First, from
Proposition 2, it is easy to see that |lerr(o1(7), o) || converges to 0 as a tends to 0. Second, since
q(T,un (-, &), qo) converges uniformly to ¢(7,u, q,) on [o1(r), bt as « tends to 0 (see Lemma 8) and
since 0f/0q is uniformly continuous on Kpg, we infer that f[ol(T%b)T X1 (7, @) AT converges to 0 as
a tends to 0. The conclusion follows. O

Lemma 9. Let R > HUHL%’([a,b)TI &) and let (ur, ga,k)ren be a sequence of elements of Er(u, qa)-
1

If ug, converges to u Aj-a.e. on [a,b)r, and qqr converges to q, in R™ as k tends to +oo, then
hii (-, Uk, ga,k) converges uniformly to hi(-,u,q,) on [r, o5 (r)]r as k tends to 4+o0.

Proof. We use the notations Kr, Lr, vr and ng, defined in Lemma 4 and in its proof.

Let us consider the absolutely continuous function defined by € = hr (-, Uk, ga.x) — b (-, 4, ga)
on [r, 05 (r)]r. Let us prove that €, converges uniformly to 0 on [r, o5 (r)]r as k tends to +00. Since
er(r) = 0, one has

cult) = /[ , g—ﬁ;m(a W G ) k(1)) €4 (7) AT

+ -/[r,t)T (gg(’ra q(Tv U, qa,k), Uk (T)) %‘5(77 Q(Ta U, qa)’ U(T))) hH (Tv U, qa) At
u

’ /[r,t)r (g’{b(ﬂ 27 s o), k(1) g(ﬂ q(7, u, qa),u(r))) (y —u(r)) At

+ /[nt)T %(T,Q(T, Uk Ga k), (1)) (u(r) — ug(r)) AT

for every t € [r,o7(r)]r and every k € N. Since (ug,qo.ix) € Er(u,qq) for every k € N, it follows
from Remark 28 that (7,q(7,uk, qa k), uf (7)) € Kg for A-a.e. 7 € [a,b). Hence it follows from
Lemma 5 that ||ex(t)||rr < Yrery(b,r), for every t € [r, o5 (r)]T, where Yy is given by

Ty = Lrppa (r)|u(r) — uk(r)|zm

o,
[roi (r)r
°)

[roi (r)r

Since pa, ({r}) = pi(r) > 0, ug(r) converges to u(r) as k tends to +oo. Moreover, from the
Lebesgue dominated convergence theorem, (uy,qq,x) converges to (u,qq) in (Er(u,qa), | - o)
and, from Lemma 6, q(-, uk, ¢q.r) converges uniformly to q(-,u,q,) on [a,blr as k tends to +oo.
Since 0f/0q and Jf/Ou are uniformly continuous on Kg, we conclude that Y converges to 0 as
k tends to +o0o0. The lemma follows. O

A a0~ L (gt u(r»H s (7, ) [ A7

oL (v, uslr) = S ratr ) )| Iy = ) o

Lemma 10. Let R > ||u||L§f°([a,b)1rl rmy and let (ug, Ga,x)ken be a sequence of elements of Er(u, qa).
1

If ug, converges to u Aj-a.e. on [a,b)r, and qq 1 converges to g in R™ as k tends to +o00, then
wrr(+y Uk, Qo) converges uniformly to wr (-, u, qq) on [o5(r),blr as k tends to +oo.
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Remark 29. With the same arguments of the proof of Lemma 3, the hypotheses of Lemma 10
give the convergences of u% to u® A-a.e. on [a,b)r and, from the Lebesgue dominated convergence
theorem, of (ulm(Ia,k) to (uvqa) in (ER(U,qa), || : HL{Qb)'

Proof of Lemma 10. We use the notations Kr, Lr, vg and ng, defined in Lemma 4 and in its
proof. From Lemma 9, the case o (r) = b is already proved. As a consequence, we only focus here
on the case o} (r) = o1(r) < b.

Let us consider the absolutely continuous function defined by e = wri (-, uk, ¢a,k) — wn (-, «, gq)
on [o1(r), b]T. Let us prove that ej converges uniformly to 0 on [0 (r), b]t as k tends to +00. One
has

ek(t)zek(al(r))+/[ o %{;(T,Q(T,umqa,k),uf(T))Ek(T)AT

0 0
+ / (f(’r» Q(T’ U, qa,k)a u(lf(’r)) - l(’r» Q(T, u, QG)v u(I) (T))> wH(Ta u, Qa) ATa
o1 (r).t)r \ 04 9q

for every ¢ € [o1(r),b]r and every k € N. Since (ug, 1) € Er(u,qq) for every k € N, it follows
from Remark 28 that (7, q(7, uk, o), uy (7)) € Kg for A-a.e. 7 € [o1(r),b)r. Hence it follows
from Lemma 5 that

ler@®)llrn < (ex(o1(r)) + Tr)ery (b, 01(r)),

for every ¢ € [o1(r), b]r, where T} is given by

Ty = /
[o1(7),b)r

Since (g, ¢a, k) converges to (u, ¢q) in (Eg(u, ¢a), ||-|ly1ovr) and from Lemma 6, q(-, ug, ¢a,1) converges
uniformly to ¢(-,u,q,) on [a,blr as k tends to +oo. Since df/dq is continuous and bounded
on Kp and since uf converges to u® A-a.e. on [a,b)r, the Lebesgue dominated convergence
theorem concludes that Ty converges to 0 as k tends to +oco. Finally, from Lemma 9, one has
ep(o1(r)) = wn(o1(r), Uk, qak) — W (o1(r), w4, ¢o) = hr(o1(r), Uk, g k) — A (o1(7), u, ¢o) converges
to 0 as k tends to +00. The lemma follows. O

0 0
3—£<T,q<r, s ae)s u® (7)) — 3—£<7,q<r,u,qa>7u¢<r>> ‘ (7, @, ga) |z» AT

4.2.3 Needle-like variation of u at a point s € RD;

Let s € ,,?”[ayb)T(f(yq(-,u,qa),u‘b)) N RD; and z € R™. Note that s € T; and then ®(s) = s. We
define the needle-like variation I = (s, z) of u at s by

[z if tels,s+B)m,
uu(t,ﬁ)—{ u(t) if t¢[s,s+ﬁ)gl~

for Aj-a.e. t € [a,b)r, and for every 8 € Vit c Vst

Lemma 11. There exists By > 0 such that (un (-, 8),q.) € UQY for every B € Vf7b N[0, Bo]-

Proof. Let R = max(||u||L%i([a7b)T1 &), [|2]|Rm) > ||7VL||L%T([QJ,)Trl rm). We use the notations Kg, Lg,

vg and 7g, defined in the proof of Lemma 4. For every 3 € Vls’b, we have ||ur (-, 6)\\L$([a7b)T rm) <
1 1
R and

s B) = wlly oy = |l u(r)lan Aar < 2R5.
[s,5+8)1,

Hence, there exists 8y > 0 such that for every 8 € Vi** N0, Bol, [|uw(-, 8) — ullLs (fa,byr, By S VR
1
and thus (un (-, 8),¢a) € Er(u,ga). The conclusion then follows from Lemma 4. O
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Lemma 12. The mapping

Fu(u,ga): 700,80 ]-1) — (€([a, b, R™), | - [|oo)
6 — Q('vu]-[('aﬁ)7qa)

is Lipschitzian. In particular, for every 8 € V'f’b N[0, Bo], q(-,unr (-, B), qa) converges uniformly to
q(-,u,qq) on [a,blr as B tends to 0.

Proof. We use the notations of the proof of Lemma 11. From Lemma 6, there exists C' > 0
(Lipschitz constant of Fr(u,q,)) such that

||(J('7UH('752),(]a) - Q('7UH('7ﬁ1)vqa)||oo < C”(”H('vﬂ?)an) - (UH('aﬁl)vqa)”l/lQb

< 20R|B2 — Bl
for all B and By in Vi* N[0, Bg]. The lemma follows. O
According to [15, Theorem 3|, we define the wvariation vector w(-,u,q,) associated with the

needle-like variation IT = (s, z) as the unique solution on [s, bjt of the linear A-Cauchy problem

wh(t) = %ﬁ(t,Q(tu, ga),u” () w(t), w(s) = f(s,q(s,u,40),2) = f(5,9(5,u,40),u(s).  (22)

Proposition 4. For every § € V5°\{0}, the mapping

Fu(u,qa): VPP 0[0,8l 1) — (€([s+ 8,00, R™), || - [l)
g — Q('auﬂ('aﬁ)aqa)

is differentiable at 0, and one has DFu(u,q,)(0) = wi(-, u, ga)-

Proof. We use the notations of the proof of Lemma 11. Recall that (7, q(7,unu (-, 8), qa), u (7, B))
and (7, q(1,un(+, 8),qa), z) belong to K for every € Vf’b N[0, Bo] and for A-a.e. T € [a,b)r (see
Remark 28). For every g € Vf’b N (0, Bo] and every t € [s + 3, b]t, we define

(tqu('vﬁ)a QG) - Q(t7ua a)
B

It suffices to prove that ey (-, §) converges uniformly to 0 on [s + 3, b]r as 3 tends to 0. Note that,
for every § € V**\{0}, it suffices to consider 3 < §. For every 3 € Vf’b N (0, Bol, the function
en(-, B) is absolutely continuous on [s + 3, b]r and en(¢, 8) = en(s + B, 5) + f[5+37t)11‘ eh (r, B) AT,
for every t € [s + 3, b, where

f(ra(m un (s B), 4a), u® (7)) — f(7, (7, 4, 4a), u® (7))
B

EH(t7ﬂ) = 1

- U}H(t, u, Qa)-

Eﬁ(Ta 6) =

0
- aif(T7 Q(T7 u, Q(I)a uq)(T)) wH(T7 u, QCL)a

q
for A-a.e. 7 € [s+ 3,b)r. Using the Taylor formula, we get
1
0
Ar0) = | 5L oane) dbeu(rp)
o 04 . of of
gJ _ Y97 @

# ([ Lvamao - Eiratrnan).at o)) wno )
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where:
*08r = (T,Q(Tauv Qa) + G(Q(Ta uH('a 5)7‘](1) - Q(Ta u, Qa))auq)(T)) € KR-
It follows that ||e5 (7, 8)||g» < xu (7, 8) + Lzllen(r, B)||g», where

xu(r, B) = H ( 1 X twase) a0~ L gt u%») wir (75, 42)

0 Rn

Therefore, one has

len(t, &)l < llen(s + 8, 8) e + /

xu(r, B) At + Ly / len(r, )|l A,
[s+8,b)T

[s+8,t)r
for every ¢ € [s + 3, b|r, and it follows from Lemma 5 that |leni(¢, 8)|| < Yu(B)er, (b, s), for every
t € [s+ B,b]t, where Yi1(8) = |len(s + 3, 8)||r» + f[erB,b)T xu(r, B) Ar.

To conclude, it remains to prove that Yp1(5) converges to 0 as 8 tends to 0. Since q(-, urr (-, ), ga)

converges uniformly to ¢(-,u,q,) on [s + 3,b]T as 3 tends to 0 (see Lemma 12) and since Jf/dq
is uniformly continuous on Kpg, we first infer that f[ ) X1 (1, 8) AT converges to 0 as 8 tends

s+3,b
to 0. Secondly, let us prove that |lerr(s + 3, 8)||gn converges to 0 as § tends to 0. By continuity,

wir(s 4+ B, u,qq) converges to wi(s,u,q,) as S to 0. Moreover, since q(-, ur (-, 8), ) converges
uniformly to ¢(-,u,q,) on [a,b]T as B tends to 0 and since f is uniformly continuous on Kg, it
follows that f(-,q(-,un(+, 8),qa), z) converges uniformly to f(-,q(-,u,qs), z) on [a, blt as S tends to
0. Therefore, it suffices to note that

1

E (f(Tvq(Taua%L)vZ) *f(TaQ(Tau7qa)7uq)(T))) AT
[s,54+8)T

converges to wir(s,u, ¢a) = f(s,q9(s,4,¢a), 2) — f(s,q9(s,u,qa),u(s)) as 5 tends to 0 since s is a A-
Lebesgue point of f(-,q(-,u,qa), z) by continuity and of f(-,q(-,u,q,),u®(+)) by hypothesis. Then
ller(s + B, B)|| converges to 0 as 8 tends to 0, and hence Y;(8) converges to 0 as well. O

Lemma 13. Let R > ||1L||IJ1?<;([,1J7)1r1 rmy and let (ug, Ga,x)ken be a sequence of elements of Er(u, qa).
1

If uy, converges to u Aq-a.e. on [a,b)r,, uk(s) converges to u(s) and qq ) converges to q, as k tends
to 400, then wii (-, Uk, ¢ k) converges uniformly to wi (-, u,qqs) on [s,blr as k tends to +oo.

Proof. The proof is similar to the one of Lemma 10, replacing o1 (r) with s. O

4.2.4 Variation of the initial condition ¢,
Let ¢, € R™.
Lemma 14. There exists o > 0 such that (u,qq +vq,) € UQ" for every v € [0,7].

Proof. Let R = ||u||L'<][>*o([a7b)T1 &rm). We use the notations K, Lr, vg and ngr, defined in the proof

of Lemma 4. There exists 7o > 0 such that ||g, +7¢), — ¢allrn = Y||¢,|lr < nr for every v € [0, 7o),
and hence (u, ¢, +7¢,) € Er(u,q,). Then the claim follows from Lemma 4. O

Lemma 15. The mapping

Fyr(uyq0) 0 (0,7, ) — (€([a, b1, R™), || [l0)
v o q(u, 0 +4q,)

is Lipschitzian. In particular, for every v € [0,70], ¢(-,u, ga+7¢,) converges uniformly to q(-,u, q,)
on [a,blt as v tends to 0.
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Proof. We use the notations of the proof of Lemma 14. From Lemma 6, there exists C' > 0
(Lipschitz constant of Fr(u,q,)) such that

||Q('7’U,, Ga + 72(]:1) - (Z(',U, Qo + '71(11/1)”% < Cll(u7qa + ’72(le> - (u7qa + qu(/z)HZ/lQb
= Clv2 — nlllgallzn-
for all 4 and 72 in [0, o). O

According to [15, Theorem 3], we define the variation vector wq (-, u,q,) associated with the
perturbation ¢/, as the unique solution on [a, b]t of the linear A-Cauchy problem

0
w0 = Lt atu0). u" O w), wl) = o (23)
Proposition 5. The mapping
Fy(uqa) © ([0,7%)]-]) — (€(la, b, R"), [ - [lo0)
v o (e +74g)
is differentiable at 0, and one has DFy (u,qq)(0) = wy (-, U, qa)-

Proof. We use the notations of the proof of Lemma 14. Note that, from Remark 28, (7, q(7,u, ¢, +
vq.),u® (1)) € Kg for every v € [0,7] and for A-a.e. 7 € [a,b)7. For every v € (0,70 and every
t € [a,b]T, we define

q(t,u, o +vq,) — q(t, u, qa)
v

5q(’l (tvry) = - wq(/l (t7u7qa)

It suffices to prove that €4 (-,7) converges uniformly to 0 on [a,b]r as v tends to 0. For every
v € (0,70], since the function e, (-,) vanishes at ¢ = a and is absolutely continuous on [a, b,
eq (t,7) = f[a . qA;(T, v) AT, for every t € [a,b|t, where

S q(m,u, g0 +74,), u® (1)) = f(7,q(7, 1, qa), u® (7))
v

eq (1,7) =

- aiq(Tv q(7, 1, qa), UCD(T): 7) Wy, (7,4, qa),

for A-a.e. 7 € [a,b). Using the Taylor formula, we get

1
0
3 (r.y) = / OF (1) dB - gy (7.7)
@ o Oq

1
i ( / % (vanryan - gfq”w,q(ﬂu,qa),u@(r))) Wy (4, 40),

where
*yr = (7,4(7,, ¢a) + 0(a(7, 1, 40 +745) — 4(7,u, 4a)), u® (7)) € Kp.
It follows that |2 (7, 7)|lrr < Xq, (T,7) + Lrlleq, (1,7)|lrn, where

1
Yo, (1) = H ( | S arnran- g‘;(ﬂq(ﬂu,qa)yu‘b(f))) wg (7,4, g0)

Rn

Hence
XA+ L [ e (n e A

a,t)r

lewe () o < [

a,b)r
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for every ¢ € [a,b]r, and it follows from Lemma 5 that [leq (t,7)l|re < Ty (v)eLy (b, a), for every
t € [a,b]r, where Yo/ (v) = f[a’b)T Xq. (T,7) AT.

To conclude, it remains to prove that T4 (v) converges to 0 as v tends to 0. Since q(-, u, ga+7¢,)
converges uniformly to ¢(-,u,g,) on [a,b]r as v tends to 0 (see Lemma 15) and since df/0q is
uniformly continuous on K g, the conclusion follows. O

Lemma 16. Let R > ||ullLs ((a,b)r rm) and let (uk, ga,k)ren be a sequence of elements of Er(u, qa).
If ug, converges to u Aj-a.e. on [a,b)r, and qq converges to q, in R™ as k tends to +oo, then
Wyt (- Uk, Ga,k) converges uniformly to wy (-, u,qq) on [a,blr as k tends to +oo.

Proof. The proof is similar to the one of Lemma 10, replacing o1 (r) with a. O

4.3 Proof of Theorem 3

We are now in a position to prove the PMP. In the sequel, in order to avoid any confusing notations,
we denote by ¢* the optimal trajectory, associated with the optimal sampled-data control v* and
with b* € T, with b* = b if the final time is fixed. The upper star designates the optimal solution.
We set ¢& = ¢*(a).

4.3.1 The augmented system

As in [13, 16], we consider the augmented system in R™*1

g (t) = f(t,q(t), u®(t), (24)

with ¢ = (¢,¢°)T the augmented state with values in R” x R, and f : T x R**! x R™ —
R™1 the augmented dynamics, defined by f(t,q,u) = (f(t,q,u), fO(t,q,u))". Note that f
does not depend on ¢°. We will always impose as an initial condition ¢°(a) = 0, so that
q°(b) = f[a,b)nr (7, q(7),u® (7)) Ar. Hence, the additional coordinate ¢° stands for the cost.

Denoting ¢ = (¢*,0)", we have (u*,q’) € UQ” . We set 7 = q(,u,q) = (¢5,¢")7.
Hence, ¢* is solution of (24) on [a,b*]1 associated with the control u*, satisfying ¢"*(a) = 0
and g(q*(a),q*(b*)) € S and minimizing ¢°(b) over all possible trajectories g solutions of (24) on
[a,b]r, where b € T and associated with a control u € L ([a,b)r,,Q), satisfying ¢°(a) = 0 and
9(q(a), q(b)) € S.

4.3.2 Application of the Ekeland variational principle

For the completeness, we recall a simplified (but sufficient) version of the Ekeland variational
principle.

Theorem 4 ([20]). Let (E,dg) be a complete metric space and let J : E — RT, X\ — J(\) be a
continuous nonnegative mapping. Let € > 0 and \* € E such that J(\*) < e. Then, there ezists
Ae € E such that dg(Ae, \*) < v/ and, —+/ede(M\Ae) < J(A) — J(\), for every X € E.

Let R > ||U*||L§‘l>([a,b*)1r1 &m). Recall that Er(u*,q}) C uo” (see Lemma 4). We set
ER°(u", @) = {(u.4u) € Er(u",q;) | u € L ([a,6)1,, Q). @ = (44,0)}.

Note that (u*,q}) € E%O(u*,(j;). Since © is closed, it follows from the (partial) converse of

* =k

the Lebesgue dominated convergence theorem that (E%O(u +4a): ||+ [lygv) is a closed subset of
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Lt ([a,0%)r,,R™) x R™*! and then is a complete metric space. For every & > 0, we define the
functlonal TR (B W, @), || - lygee) — R by

1/2

JE(u,qa) = (((qo(b*, u, Ga) — q"F (b*) + E)+)2 + d3 (9 (¢a, q(b*, qa))))

Since g and d2 are continuous and so is Fr(u*,q}) (see Lemma 6), it follows that JZ is continuous
on (EQO( *4z), |l - llygv=)- Moreover, one has JE(u*,q*) = ¢ and, from optimality of ¢**(b*),
JE(u,qa) > 0 for every (u,q,) € E%O( *.q). It follows from the Ekeland variational principle
that, for every £ > 0, there exists (uff, g%.) € Ejy°(u*, @) such that [|(uf, gF,)—(u*, @)l o < VE
and

Vel qa) = (uf', G5 )llygr < JE(w @) = JE (uf', 3572, (25)

for every (u,q,) € ER’ (u*,q;). In particular, uff converges to u* in Ly ([a,b*)r,,R™) and ¢},
converges to @ as € tends to 0. Besides, setting

-1

* _ * [k +
Yo = W(qo(b ol @) =4 () +e) T <0 (26)
yda.e

and

7/)5 = ) (g(qﬁg,q(b ,uqu(fa)) - PS(Q(Q,I;;U(](I) ,u§7q§8)))) € RY, (27)

JEul, gl
note that [$2F|? + [E|2, = 1 and —% € Os[Ps(g(af, (b, uF, ak.))).

Using a compactness argument, the continuity of Fr(u*,q*) (see Lemma 6), the € *-regularity
of g and the (partial) converse of the Lebesgue dominated convergence theorem, we infer that
there exists a sequence (e )gen of positive real numbers converging to 0 such that ufi converges to
u* Aj-a.e. on [a,b*)r,, zjf‘sk converges to ¢, g(qk e a(b, Ek,qa &_.)) converges to g(q;, q*(b%)) €
S, dg(q¥.,,q(b*,ull ,qF_)) converges to dg(q,q*(b*)), ¥2F converges to some ¢°% < 0, and
1/12 converges to some 1 € R/ as k tends to +oo, with |[¢°F[2 + [[¢ B2, = 1 and —¢® €
Oslg(az,q"(b))] (see Lemma 1).

In the next lemmas, we use the inequality (25) respectively with needle-like variations of ufk at
right-scattered points of Ty and at right-dense points of T, and then variations of (j,fak. Hence, we
infer some important inequalities by taking the limit in k. Note that these variations were defined
in Section 4.2 for any dynamics f, and that we apply them here to the augmented system (24),
associated with the augmented dynamics f.

Lemma 17. For every r € [a,b*)r, N RSy and every y € Q, considering the needle-like variation
IT = (r,y) as defined in Section 4.2.2, one has

* ok —x 89 * k(1% T * * =%
wORwlql(b ) U 7Qa)+<<aq2(qaaq (b ))) vawH(b y U 7qa)> SO? (28)
R’n
where the variation vector wn = (wm, wy) " is defined by (21) (replacing f with f).

Proof. Since () is convex, one has ufk)n(-, a) € L§ (e, b)r,, ) and

g 115 )z (fapeye, omy < max([ufl g (a,e)ye, zem)s 1y, 11 (r, @) [[n)
< max(R, [[uf] (r)llzn + ally — ulk (7)),

for every o € [0,1] and every k € N. Since uf!

uf (r) converges to u*(r) as k tends to +oo, where |lu*(r)|

converges to u* Aj-a.e. on [a,b*)r,, it follows that
rm < R.
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Moreover, one has

[l (o) — WLt (ja,b0)e, oy < [l (o) — UiHL}rl (lab)oy k) + ludl — WLt (fab%)e, Bm)

< apa()lly — ug, ()l + vZ-

Therefore (uf (s @), gl ) € E%O( *, @) for every « sufficiently small and every k sufficiently
large. It then follows from (25) that

—VEk ||u§k,l—l('3 Oé) - ufk ||Li.1([a,b")'[r1 JR™) < Je ( sk H( )7qzlz%,5k) JR( skvqfsk)
and thus

_\/«aﬂl( )||y—u ( )||Rm Jg»(ui,n("a)’qﬁak) JR( Ek’qllREk)Q

a(Jh (Wl n(a),alie,) + JE (Wf, a,))

Using Proposition 3, we infer that

lim Ji(ui)n(ga),(jﬁ%) ']R( Ek’qfek)Z

a—0 6%
* (1% + *
( (b skvqask)iqo (b )+€k) wIQ[(b uivqfsk)
+2< (qaakvq(b* ekvqaek))_PS( (qaak7q(b* ek’qaek)))’

99 . .
B e a(® bl 002 ) w6, ol L))

Since JE (uf (-, ), gl ) converges to JE (ufl,qf.,) as a tends to 0, using (26) and (27) it
follows that

= Ve ()l = udl ()l < —2Fwi (%, ufl, 4z, )
g * TR R ZR
<(8q (qa£k7q(b ek’qaek))> w€k7wn(b ’U’Ek’ank) Rn'

By letting k tend to +o0o0 and using Lemma 10, the lemma follows. O
We define the sets
A= {te[a,b*)n, | ull (t)does not converge tow*(t) when k tends to + oo},
Ap = {t € [a,b")r, |t & Lap)a (FC. a0 ul  q000),ul?)) ), keN
Lemma 18. We have pa, (AU Ugey Ax) = 0.

Proof. Since pia, (A) = 0, it suffices to prove that ua, (Ax) = 0 for every k € N. Let k € N. We set

B = {t € [a,0")r [t ¢ Lo pyo (F( a0 0, Goiy), ull®)) ) -

We know that pa(Byk) = 0. Hence, By C RD and consequently, ua(Bg) = pur(Bi) = 0. Since
Ay C By, ur(Ax) = 0. To conclude, it suffices to prove that pa, (Ax) = pur(Ag). To see this, let
us prove that Ay C RD;. By contradiction, let us assume that there exists t € A N RS;. Since
t € Ay C RD, we conclude that uf?® is constant on [t, min(cy(t), b*))r, where (¢, min(o1(t),b*))r #

(. As a consequence, f( q(-,ul,qfty), ull®) is continuous on [t, min(oy (), b*))r and consequently
t € Lapy(FC a0 sk,qa &), ulfl?)). This leads to a contradiction. O
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We define the set of Lebesgue times ¢ € [a,b*)r, by
z[fjbi = [a,b*)1,\ (A ulYJ Ak> .
keN

Note that “Al(%aR,’bl*)T) = pa, ([a,b*)T,) and then MAI(D?[i’bl*)T NRD1) = pa, ([a,b*)r, NRDy).

Lemma 19. For every s € %f’bl*)qr N RD; and for every z € QN Brm (0, R), considering the
needle-like variation I1 = (s, z) as defined in Section 4.2.3, one has

* ok % 0 * k(1% T PR —
¢0Rw%(b , U aQQ)+ <(ag(qaaq (b ))) ¢R7wﬂ(b , U 7QCL)> S 07 (29)
q2 R™
where the variation vector wy = (wir,wY) " is defined by (22) (replacing f with f).

Proof. For every k € N and any 3 € V""", we recall that uft (-, B) € LE ([a,b*)r,, Q) and

||u5k: (- 76)||Lq?j([a,b*)1r1 Rm) S Hl?ix(”“i||L§;j([a,b*)Tl &), |[2]lrm) < R,
and
||U§k,u(wﬂ) - U*”L%rl([a,b*)qu Ry < IIui,H(~,6) - Ui ”qurl([a,b*)qu Rm) T Hufk - U*HLW}l([a,b*)Tl JRm™)

< 2RB+ .

Therefore (uf;‘c 1l ﬁ),(jﬁgk) € E%O(u*,zj;) for every 3 sufficiently small and every k sufficiently
large. It then follows from (25) that

7\/516"“29,]_[(”&)7ug€||L%1([a,b*)'ﬂ'l,Rm < Je ( sk H( B)aqﬁsk) JsR( ekﬂ‘jfsk)

and thus R . " " P
(usk,]_[('vﬁ)ﬂqa,sk) JE ( ek?(ja sk)
ﬁ( ( €k, H(76)7qa,5k)+JR(uskﬂ@1€k>)

—2R\e <
Using Proposition 4, we infer that
hm JR( Ek,H('7ﬂ)’q£6k) JR( Ek’qaREk)z
B—0 5
* * (] % +
( (b b 5k7qa5k) qO (b )+€k) wOH(b ’ui)qfsk)
+2(glaf ., (b, ull af,)) — Ps(glals, ab" uf  af,)),

99
B, e 40" 0 8ale,)) wn (6 LR,

Since JZ (uf ug, (- B), 2., ) converges to JX (ufl  g¥_ ) as B tends to 0, using (26) and (27) it follows
that

0 T X _
“2VE < 0 )~ (e a7 ) O )
Rn

By letting &k tend to +o00, and using Lemma 13, the lemma follows. O
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Lemma 20. For every g, € R™ x {0}, considering the variation of initial point as defined in
Section 4.2.J, one has

* ok —k ag * k(70 T * ok —%
ol 0 g + ( (Gt 47) 0w ) )
.
< (o)) W) . @0

R

where the variation vector wg, = (wg,,wy )" is defined by (23) (replacing f with f).

Proof. For every k € N and every v > 0, one has
1G5, + 78 = Gallznss <Y allrnsr + 1Ga'c, — Gllenrs < Y dallrnsr + Ver.

Therefore (ug,(jf;ak +73.) € E%O(u*,cj;) for every ~ sufficiently small and every k sufficiently
large. It then follows from (25) that

~Verl@ne, + 780 — @, lrnr < JE Wl Gl +7G0) — JEWE 32,

and thus rR R - " P

\/qu ” +1 < Jsk(ufk’q‘lwsk JF’Y(]a) J ( sk’qa sk)
- a||R™ = — R .
Y(IE Wl g, +7da) + Jﬁi ()

Using Proposition 5, we infer that
lim Jg(ui’(jﬁ{,&k +fyqa)2 Jf( Ek’qfsk)z
~—0 Y
_ N + _
= Q(qo(b*,ug,qf,ak) — ¢ (b*) + é‘k) wga(b*,ug,quk)
R * R -R uR
+2< (@a'epr a0, ull qr,)) = Ps(g(ane,, a0 ull )

dg
oq

99
By e 07 02 Tle)) o+ (@i a7 Uz 0ol )) g, (0, uf ),
Since JI (ulfl g +7qa) converges to JI (ull ¥ _ ) as v tends to 0, using (26) and (27) it follows
that

b 9g .
— Ve s < 60wl (67, ul gl <(8q (4l a6 ull af,))) wsk,qa>w

g . _ .
_<(a (qa6k7q(b £k7qa€k))) i’wqa(b u£7q£?€k)>]gw.

By letting k£ tend to 400, and using Lemma 16, the lemma follows. O

At this step, we have obtained in the previous lemmas the three inequalities (28), (29) and (30),
valuable for any R > [|u*||Le ((a,b)r, mm)- Recall that [¢0%[2 4+ [[¢F[}; = 1 and that —pf €
1 1

Oslg(g;,q*(b*))]. Then, considering a sequence of real numbers R, converging to +o0o as ¢ tends
to 400, we infer that there exist ¥° < 0 and ¢y € R7 such that %% converges to 1° and
converges to ¢ as £ tends to +oo, and moreover [¢°]2 + [[4||2; =1 and — € Osg(g}, ¢* (b*))].

We set ,%a by = = Meen gfi* . Note that /LAI(,,%[G b)) = pa, ([a,b*),) and consequently
uAl(Diﬂ[a,b*)T N RD ) = pa, ([a, b* )11‘1 N RD;). Taking the limit in ¢ in (28), (29) and (30), we get
the following lemma.
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Lemma 21. For every r € [a,b*)r, N RSy, and every y € Q, one has

* * =% 8 * * (1% T * PI—
P a) + (G 0) v ua)) <o, (31)
q2 R
where the variation vector wy = (wr, wh) "
w is defined by (21) (replacing f with f).
For every s € ,Zfl,b*)qr N RD; and every z € 2, one has

associated with the needle-like variation II = (r,y) of

.
¢0w%(b*7u*,(j:) + <(§;2(q;’q*(b*))> ¢,wu(b*7u*7q;)>w <0, (32)

where the variation vector wy = (wi, w))" associated with the needle-like variation 11 = (s, z) of

u is defined by (22) (replacing f with f);
For every q, € R™ x {0}, one has

_ Jg T _
0,0 * * % YT ok k(1% B * p—
w wéa(b » U 7qa)+ <(aq2(Qa7q (b ))) w’wqa(b U 7qa)>Rn

99 s xen)
S - (ai(qaa q (b ))) w: da ) (33)
q1 R™
where the variation vector wg, = (wg,,wd )" associated with the variation q, of the initial point

Yqa
qr is defined by (23) (replacing f with f).

This result concludes the application of the Ekeland variational principle. The last step of the
proof consists of deriving the PMP from these inequalities.

4.3.3 Proof of Remark 11

In this subsection, we prove the formulation of the PMP mentioned in Remark 11. Note that we
do not prove, at this step, the transversality condition on the final time.

We define p = (p,p°) " as the unique solution on [a, b*]r of the backward shifted linear A-Cauchy
problem

of ' dg U !
—At:_ 7t_*t *<I>t 57 (t —b*: **b* 0 )
A0 == (G Ot @)) 0, p07) = ( (5o 00a 6) wv
The existence and uniqueness of p are ensured by [15, Theorem 6]. Since f does not depend on ¢°,

it is clear that p° is constant with p® = ¢ < 0.

Right-dense points. Let s € iﬂ[i b*)r

is absolutely continuous and satisfies (p, Wi (-, u*, ¢%))fw+1 = 0 A-a.e. on [s,b*)r from the Leibniz
formula (5), this function is constant on [s, b*]r. It thus follows from (32) that

NRD; and z € Q. Since the function (p, wn (-, u*, @) rn+1

(p(s), wu(s,u”, Gg))ra+rr = (P(b), wu (b*, u, Gy ))rn+s
0,0 (2% , *x =x 89 * k(7% T * ok ok
:/l/) w]_[(b , U 7qa)+ (ai(qavq (b ))) 1/)7wH(b , U aqa) §O7
q2

]R’n
and since wyi(s, u*, @) = f(s,3°(s),2) — f(s,q*(s),u*(s)), we finally get

(P(s), f(5,q"(s), 2))mnr < (P(s), [ (5,0 (), u™(5)))mnsr.

Since this inequality holds for every z € 2, we have obtained the maximization condition

H(s,q"(s),p(s),p°,u*(s)) = max H(s,q*(s),p(s),p°, 2).
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Right-scattered points. Let r € [a,b*)r, N RSy and y € Q. Since (p, W (-, u*, §F))rn+1 is
absolutely continuous and satisfies (p, Wi (-, u*, @}))gns: = 0 A-ae. on [o7(r), b*)r from the Leibniz

formula (5), this function is constant on [0} (r),b*]r. It thus follows from (31) that

(p(o1(r), w(oy(r), u”, qa))rn+r = <ﬁ(b*)7wﬂ(b*»U*éq_Z)>R”“ .
= 0w, a0 + (520 a* () wowen(v,u',q0) ) <0.
992 R
We recall that wr (o} (r),u*,q") = hn(oi(r),u*, ;) where the variation vector hy = (ha, hiy)
associated with the needle-like variation Il = (r,y) of u is defined by (20) (replacing f by f).
Since f does not depend on ¢°, note that hr (-, u*, g*) and h(-,u*, %) are, respectively, the unique
solutions on [r, o5 (r)]r of the linear A-Cauchy problems

of of

R0 = 9L 40" O ) 1O + DL O ) ), ) =0,
and
180 = 2 (O, (Db + G0 O 0D - @), ) =0
In particular, we have
i) o
— [ B @ e )+ G ()= (1) A

Transversality conditions. The transversality condition on the adjoint vector p at the final
time b* has been obtained by definition (note that —¢ € Os[g(¢, ¢*(b*))] as mentioned previously).
Let us now establish the transversality condition on the adjoint vector p at the initial time a. Let
do € R"x{0}. With the same arguments as before, we prove that the function (p, wg, (-, u*, @}))grn+1
is constant on [a, b*|r. It thus follows from (33) that

(p(a), wg, (a,u”, @z))rn+r = (p(b"), Wq, (b7, u”, @g))rrir

_ 99 . _ T _
__,0,.0 * * =% YT o k(1 _ * P
= vul 0 )+ (G ) v )

dg T
< _ YT ok w gk
< ( (@) v
and since g, (a,u*, §%) = §o = (¢a,0), we finally get
dg T
YT ok sk <0.
(o) + (GG D) beze) <0

Since this inequality holds for every g, € R™ x {0}, the left-hand equality of (10) follows.

4.3.4 End of the proof

In this subsection, we conclude the proof of Theorem 3. Note that we prove the fourth item of
Theorem 3 in Remark 30 below. To conclude the proof of Theorem 3, we will use the result claimed
in Remark 11. Let us separate two cases.

Firstly, let us assume that g is submersive at (¢, ¢*(b*)). In that case, we have just to prove
that the couple (p, p°) is not trivial. Let us assume that p is trivial. Then p(a) = p(b) = 0 and, from
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the transversality conditions on the adjoint vector, 1 belongs to the kernels of (9,, g(qZ,q*(b*)))"
and (9g4,9(q%,¢*(b*)))". It follows that ¢ belongs to the orthogonal of the image of the differential
of g at (g}, q*(b*)). Since g is submersive at (¢}, ¢"*(b*)), it implies that ¢ = 0. Since the couple
(1, p°) is not trivial, we conclude that p’ # 0 and then (p,p°) is not trivial. This concludes the
proof of Theorem 3 in this first case.

Secondly, let us assume that g is not necessarily submersive at (g%, ¢*(b*)). In that case, one
has to note that if ¢ is an optimal solution of (OSDCP)%1 associated with the function g and

to the closed convex S, then ¢ is also an optimal solution of (OSDCP)%1 associated with the
function g defined by §(q1,492) = (q1,¢2) (which is submersive at any point) and to the closed
convex S = {¢*} x {¢*(b*)}. Then, we get back to the above first case, but with a different
function ¢ and a different closed convex S that would impact only the third item of Theorem 3.

Remark 30. Throughout this remark, we assume that all asumptions of the fourth item of The-
orem 3 are satisfied. As mentioned in Remark 5, Theorem 3 can be easily extended (without the
fourth item, for now) to the framework of dynamical systems on time scales with several sampled-
data controls with different sets of controlling times. To prove the transversality condition on the
final time, we use the multiscale version (without the fourth item) of Theorem 3.

Let 6 > 0 be such that [b* — 6,b* + §] C T and such that (f, f°) is of class € on [b* — §,b* +
d] x R™ x R™. Obviously, the trajectory ¢*, associated with b* and u*, is an optimal solution of
the optimal sampled-data control problem, with free final time b € (b* — §,b* + §), defined by

b

win [Pt ut (1)
(O) s+ 5.0 19] q(t) = f(t.q(t),u®(1)), forae. t€[p*—4,b),
u € LT1<T1, ),

(q(b" = 0),9(q"(a),q(b))) € {g"(b" = )} x S.

We set p*(s) = 6(s—1)+b*, 2*(s) = ¢* o p*(s) and w*(s) = 4, for every s € [0,1]. With the change
of variable z = g o p and with p = w, it is clear that the augmented trajectory (p*,x*), associated
with the augmented control (w*,u*), is an optimal solution of the optimal sampled-data control
problem, with fixed final time s = 1, defined by

1
mmAqMﬂﬁwv»uﬂw%%ﬂmﬂ
(P(0), () = (w(t), w() [ (p(t), 2(t), u® (1)), for ae. ¢ € [0,1),
(w,u) € L((0,1], [5/2, +00)) x L (T4, ),
(
(

p(0),2(0)) = (b" = 6,47 (b" — 9)),
p(1),9(¢"(a),2(1))) € [b* — 6,b" + 6] x S.

(00,1

1

In this new optimal sampled-data control problem, the sampled data controls w and u are defined
on different time scales. Its Hamiltonian H is H(p, z, Pps P PV, W, 1) = ppw + (g, wf(p,z,u)) +
p°wfO(p, x,u). Applying the multiscale version (without the fourth item) of Theorem 3, since w*
takes its values in the interior of the constraint set [§/2, +00), it follows in particular that

(575,79, Do), ()8 079, w7 () =0,

for almost every s € [0,1). Moreover, since p*(1) = b* belongs to the interior of (b* — §,b* + §),
we can select (p,,p,) such that p,(1) = 0 (usual transversality condition on the adjoint vector). It
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follows that

(p(5), F(P* (), 2% (), u™T" (8)) + PO SO (p" (), 2% (), u™ " (5)) = —py(s),

for almost every s € [0,1]. We have thus proved that the function t — H(t,q*(t), p(t),p°, u*®(t))
coincides, almost everywhere on [b* — §,b*), with a continuous function vanishing at ¢ = b*.

Remark 31. Another method in order to prove the fourth item of Theorem 3 consists of consider-
ing variations of the final time b in a neighborhood of * and to modify accordingly the functional
of Section 4.3.2 to which Ekeland’s variational principle is applied.

4.4 Proof of Theorem 2

The following proof can be read independently of the rest of Section 4. It is inspired from [50,
Chap. 6]. We only treat the case where the final time b € T is fixed. The proof can be easily
adapted to the case of a free final time.

Let us consider a sequence (g )xen of M, associated with sampled-data controls uy, € Ly (Ty,9Q),
minimizing the cost considered in (OSDCP)%. It follows from the assumptions that the sequence
(fCoar,u), £O0, qr, uf))ken is bounded in L2°([a, b)r, R™T!). Hence a subsequence (that we do
not relabel) converges in the weak-star topology of L ([a,b)r, R"*1) to a function (F, F?). More-
over, a subsequence of (gi(a))ren (that we do not relabel) converges in R™ and we denote the
limit by z(a). We define the absolutely continuous functions x(t) = z(a) + f[a’ i F (1)A7 and
20(t) = f[a’t)T FO(1)A7. In particular, note the pointwise convergence of (gx)ren to = on [a, b]y.
Since g is continuous and since S is closed, we have g(x(a), z(b)) € S. Note that 2°(b) is equal to the
infimum of admissible costs. To conclude the proof, we have to prove the existence of u € L7 (Ty,Q)
such that z(t) = z(a) + f[w)T f(r,z(7),u®(7)) AT and 2°(t) = f[ai)T for 2(r),u®(1))AT.

The sequence (f(-,z,uy), fO(-,z,ug))ren is bounded in L ([a,b)r, R"T1). Hence, a subse-
quence (that we do not relabel) converges in the weak-star topology of L°([a, b)r, R"*1) to some
(F F ). Tt follows from the Lebesgue dominated convergence theorem and from the global Lips-
chitz continuity of f in ¢ on [a,b]r x Bra(0, M) x Q that [, @(7)F(T)AT = [, o(T)F(T)AT
for every ¢ € Li([a,b)r,R). Hence F = F (and similarly F® = F°) A-a.e. on [a,b)r.

We define the set W of functions © € L$°([a,b)r, R"*1) such that ©(t) € W(t, z(t)) for
A-a.e. t € [a,b)y. Tt follows from the assumptions that W is a closed (convex) subset of
L ([a, b)r, R™T1) with its usual topology, and thus with its weak-star topology as well (see [19]).
We infer that (F, F°) = (F,F°) € W. Hence, for A-a.e. t € [a,b)r, there exists v(t) € Q such
that (F'(t), FO(t)) = (f(t,z(t),v(t)), fO(t,2(t),v(t))). Note that v can be selected pa-measurable
on [a,b)r (see [43, p. 161]).

Since RS N[a, b)r is at most countable, using a diagonal argument, there exists a subsequence
of (ug)ken (that we do not relabel) such that wug(r) converges to some wu, € Q for every r €
RSy N [a,b)r. It follows from the Lebesgue dominated convergence theorem that z(t) = z(a) +
f[a7t)T f(r,z(7),u® (7)) AT and 2°(t) = f[w)T fO(r, (1), u® (7)) AT, where u is defined by u(t) = u,
ift =7 € RS;Nla,b)r and u(t) = v(t) if t € RD1Nla,b)y. It is easy to prove that u € LS ([a,b)r,,2)
(the pa,-measurability of u on [a,b)r, is established as in the proof of Proposition 1). This
concludes the proof of Theorem 2.
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