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Multistable Lévy motions and their continuous approximations

Xiequan Fan Jacques Lévy Véhel *
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92295 Chatenay-Malabry, France

Abstract

Multistable Lévy motions are extensions of Lévy motions where the stability index is allowed to
vary in time. Several constructions of these processes have been introduced recently, based on
Poisson and Ferguson-Klass-LePage series representations and on multistable measures. In this
work, we prove a functional central limit theorem for the independent-increments multistable
Lévy motion, as well as of integrals with respect to these processes, using weighted sums
of independent random variables. This allows us to construct continuous approximations of
multistable Lévy motions. In particular, we prove that multistable Lévy motions are stochastic
Holder continuous and strongly localisable.

Keywords: (strong) localisability; multistable process; stochastic Holder continuous; stable
process; continuous approximation.

2000 MSC: Primary 60G18, 60G17; Secondary 60G51, 60G52.

1. Introduction

Recall that a stochastic process {L(t),t > 0} is called (standard) a—stable Lévy motion if
the following three conditions hold:
(C1) L(0) = 0 almost surely;
(C2) L has independent increments;
(C3) L(t) — L(s) ~ S,((t — 5)¥*,8,0) for any 0 < s < t and for some 0 < a <2, -1 < B < 1.
Here S, (0, 3,0) stands for a stable random variable with index of stability «, scale parameter
o, skewness parameter [ and shift parameter equal to 0. Recall that o governs the intensity of
jumps.

Such processes have stationary increments, and they are 1/a—self-similar, that is, for all
c > 0, the processes {L(ct),t > 0} and {c/“L(t),t > 0} have the same finite-dimensional
distributions. An a—stable Lévy motion is symmetric when S = 0. Stable Lévy motions, and,
more generally, stable processes have been the subject of intense activity in recent years, both on
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the theoretical side (see, e.g. [13]) and in applications [12]. However, the stationary property
of their increments restricts their use in some situations, and generalizations are needed for
instance to model real-world phenomena such as financial records, epileptic episodes in EEG or
internet traffic. A significant feature in these cases is that the “local intensity of jumps” varies
with time ¢. A way to deal with such a variation is set up a class of processes whose stability
index « is a function of ¢t. More precisely, one aims at defining non-stationary increments
processes which are, at each time ¢, “tangent” (in a certain sense explained below) to a stable
process with stability index «(t).

Formally, one says that a stochastic process {X (t),t € [0, 1]} is multistable [7] if, for almost
all t € [0,1), X is localisable at t with tangent process X| an «(t)—stable process. Recall
that {X(¢),t € [0,1]} is said to be h—localisable at ¢ (cf. [3, 4]), with A > 0, if there exists a
non-trivial process X}, called the tangent process of X at ¢, such that

lim X(t+ru) — X(t)

N0 h = X;(u), (1)

where convergence is in finite dimensional distributions.

Let DJ0, 1] be the set of cadlag functions on [0, 1], that is functions which are continuous
on the right and have left limits at all ¢ € [0, 1], endowed with the Skorohod metric dg [2]. If
X and X] have versions in DI0, 1] and convergence in (1) is in distribution with respect to dg,
one says that X is h—strongly localisable at t with strong local form Xj.

In this work, we will be concerned with the simplest non-trivial multistable processes, name-
ly multistable Lévy motions (MsLM), which are non-stationary increments extensions of stable
Lévy motions. Two such extensions exist [7, 8]

1. The field-based MsLM admit the following series representation:

Lp(t) = Cop™ 37 1pg(X)Y<"eO> (t e 0,17)), (2)

a(t)
(X,Y)ell

where II is a Poisson point process on [0, 1] X R with mean measure the Lebesgue measure

L, a<*> := sign(a)|al® and
o0 -1
Cy, = (/ z sin(az‘)d:c) : (3)
0

Their joint characteristic function reads:

m +o0 m 1/0‘(tj)
E exp {iZQjLF(tj)} = exp —2/ / sin® <Zﬁj2 l/a [Otﬂ(iﬂ)) dy dx
= [0,T] = Y
(4)

ford € N, (0y,...,05) € R and (¢4,...,t;) € R% These processes have correlated incre-
ments, and they are localisable as soon as the function « is Holder-continuous.



2. The independent-increments MsLM admit the following series representation:

Lit)= 3 O, (Y= (e [0,1)), (5)

(X,Y)ell

As their name indicates, they have independent increments, and their joint characteristic

function reads:
a(s)
ds} ) (6)

d d
E exp {z’Z@jLI(tj)} = exp {—/ ‘ Zejl[o, #;1(5)
j=1 Jj=1

for d € N, (6y,...,0;) € R and (¢y,...,t5) € RL These processes are localisable as soon
as the function « verifies:

<a(x) —alz+ t)) Int — 0 (7)

uniformly for all z in finite interval as ¢ \ 0 [8].

Of course, when «(t) is a constant « for all ¢, both Ly and L; are simply the Poisson representa-
tion of a—stable Lévy motion, that we denote by L,. In general, Ly and L; are semi-martingales
[11]. For more properties of Lg, such as Ferguson-Klass-LePage series representations and
Hoélder exponents, we refer to [6, 9, 10].

In this paper, we prove a functional central limit theorem for independent-increments MsLM:
we show that certain weighted sums of independent random variables converge in (D0, 1], dg)
to L;. This allows us to obtain strong localisability of these processes. Moreover, we establish
continuous approximations of MsLM and an alternative representation for the integrals of
multistable Lévy measure. Some properties of the integrals of multistable Lévy measure are
investigated. In particular, we prove that MsLM are stochastic Holder continuous and strongly
localisable.

The paper is organized as follows. In Section 2, we present the functional central limit
theorem for independent-increments MsLM. In Section 3, we establish continuous approxima-
tions of MsLM. In the last section, we give a representation of MsLM and investigate some
properties, including stochastic Holder continuous and strongly localisable, of the integrals of
multistable Lévy measure.

2. Functional Central Limit Theorems for Multistable Lévy Motions

We show in this section how to approximate the independent-increments MsLM in law by
weighted sums of independent random variables.

Theorem 2.1. Let (a,(u))n, a(u),u € [0,1], be a class of cadlag functions ranging in [a,b] C

(0,2] such that the sequence (), tends to o in the uniform metric. Let (X(k,n)),cn gy on

k

be a family of independent and symmetric o, (55

rameter, i.e., X (k,n) ~ San(%n)(l,0,0). Then

)—stable random variables with unit scale pa-



e the sequence of processes

[27u] k
. 1\ Yan(Z)
k=1

tends in distribution to L;(u) in (D[0,1],ds), where || is the largest integer smaller than
or equal to x. In particular, if o satisfies condition (7), then Li(u) is localisable at all
times.

e the sequence of processes

L% (w) = ; (%)Uanwxw,n), e 0, 1], 9)

tends in distribution to Li(u) in (D]0,1],ds), where (I';);>1 is a sequence of arrival times

o the sequence of processes

o e 1\ Van)
LPw=3 (F) " Xk, we [0,1], (10)
k=1

tends in distribution to Ly(u) in (D]0,1],ds).

Proof. We prove the first claim by the following three steps.
First, we prove that LS") (u) converges to L;(u) in finite dimensional distribution. For any
uy,us € [0,1] and us > uy, we have, for any 6 € R,

[2™uz |
. i@(L(n)(uz)—L(n>(u1)) . . N L Oén(in)
JLI{:OEG 1 1 = nhg)loexp Z 2n|9| 2 . (11)
k=|[2nuy |+1
Notice that
[27u2 | [27u2 |
1 o (- ol . 1 k k
> gl @ | < pres S () ~ol5)]
k:[2"u1j+1 k:[2"u1j+1

| 2" ug | — [2"u |
on ;

< ‘ (12)

an() = al)|| 10" 10g 10
where 7 = alp 1)(|0]) + b1y, ) (]60]). By hypothesis, we have
T [Jan() = o)l = 0.
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Thus inequality (12) implies that

[2"u2 | 1 . [2"u2 | 1 .
1 ——_|plen(zm)  — 1 _— 1g|(zw)
w2 =l > il
k:[Z"uﬂ—&-l k:LZ"ulj—i-l
u2
= / 10| ds.
ul
From (11), it follows that
u2
lim Eet®(L8” (w)-Li" @) — exp{— / |0|a(s)ds}. (13)
n—oo U1

Hence L}") (ug) — LYL) (u1) converges in distribution and the characteristic function of its limit
is defined by (13). Since Lg”) (u) has independent increments, the limit of Lg”) (u) has the joint
characteristic function (6), i.e., Lg") (u) converges to Ly(u) in finite dimensional distribution.

Second, we prove that Lg")(u) converges to L;(u) in (D[0,1],ds). By Theorem 15.6 of
Billingsley [2], it suffices to show that

P(
for u1 < uw < ug, A > 0 and n > 1, where v = alp )(A) + blg,2(A) and C' is a constant
depending only on a and b. If uy — u; < 1/2", then either Lgn)(u2> = Lgn)(u) or Lgn)(u) =
L(In) (u1); in either of these cases the left side of (14) vanished. Next, we consider the case of
ug —up > 1/2". Since L(In) (u) — Lgn)(ul) and Lgn) (ug) — Lgn) (u) are independent, it follows that

L () = L ()| > A,

D) - 10w 20) < s [l -w]

P([257 () = £ ()| 2 A, L0 (o) = £ )| > /\> _
P(‘Lﬁn)(u) - Lg")(ul)’ > )\> <‘L — L )‘ > )\>‘

Then, by the Billingsley inequality (cf. p. 47 of [2]), it is easy to see that

2/A
ZA> < é/ (1—1@@19(4")(“"””) ““))de
2 J o

A [ i .
S | —expd — — o] L) g
2 /_2/>\ ( exp{ Z A i }>

k= L2"u1J +1

P(|" () — L ()

2uJ

L (k)
. el s
—2/A

J+1

IN



2m 2
k=L2"“LL1J+1
Ci[[2"u] = [2"u]

-\ 2n ’

IN

where (] is a constant depending only on a and b. Similarly, it holds
on — |9n
P(|L0 ) - 2] 2 o) < | e 2 ) (15)

2n
where C, is a constant depending only on a and b. Using the inequality zy < (z +y)?/4 for all
x,y > 0, we deduce

P(|LE 0 = L )| 2 A, L ) = L (w)] 2 )

< C;SQ [L%J ;nLZ"ulJ] [L2"uﬂ2: sz]
_ C’ngi{LQ”uzj—LZ”uljr
-4\ 2n

< CiCy—2 2 [UQ — Ul]Q,

where the last line follows from the fact that
LQ”UQJ — LZnU1J < 2nU2 - 2nU1 +1
2n - 2n
This completes the proof of (14).

Third, we prove that if « satisfies condition (7), then L;(u) is localisable at all times.
Falconer and Liu (cf. Theorem 2.7 of [8]) have proved that the process L;(u), defined by the
joint characteristic function (6), is localisable at u to Lévy motions La,)(-) with the stability
index a(u). Here we give another proof to complete our argument. For any (ti,...,%4) € [0, 1]¢,
from equality (6), it is easy to see that

d
Li(u+rt;) — Li(u)
Eexp{ Z: ( rl/a(u)
d
v {_ / } D0y ()
j=1

< 2[u2—u1}

a(s)
ds} .

Setting s = u + rt, we find that

)
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o(u+rt)

d
= eXP{—/‘Z@'l[o, £1(t)
j=1

By condition (7), it follows that

T(a(u) a(utrt))/a(u dt}

lim pl@@=atutrd)/at) — 1 and  lima(u+rt) = a(u). (16)
™\0 ™\0
Hence, using dominated convergence theorem, we have
d
. Li(u+rt;) — Li(u) a(u)
l{%EeXp{ Zé’ ( @ = exp —/‘29]»1[07 g (O dt
]:
d
= Eexp {Z Z 0; La(u) (tj)} ,
j=1

which means that L;(u) is localisable at u to an a(u)—stable Lévy motion Lq(,)(t). This com-
pletes the proof of the first claim of the theorem.

Next, we prove the second claim of the theorem. For any wuq,us € [0,1] and us > g, it is
easy to see that, for any 0 € R,

N |2

ug |
1i iO(Ly (ug)—Ly’ (w1)) _ 1 . _= |1plon(zn)
g BT i Bep = 2, Gl
k:FLQnu1J+1

u2
exp{—/ |6\O‘(S)ds}, (17)

where the last line follows from the weak law of large numbers. Notice that Lgl)(u) also has
independent increments. The rest of the proof of the second claim is similar to the proof of the
first one. For this reason, we shall not carry it out.

In the sequel, we prove the third claim by the following two steps.

First, we prove that L' )(u) converges to L;(u) in finite dimensional distribution. It is
worth noting that L(C does not have independent increments. This property implies that we
cannot use the previous method. For any (ui,...,ug) € [0,1]¢ and any (6y,...,0;) € R? such
that 0 = ug < u; < uy < ... < uy, we have

d 2™y d k
1/an T’L)
iy ) —
Ji B — B 1Y S 3 o() T e
d 2™y d i’n )1 on
- mBew =2 2 Z Ty
=1 |27 j=l



o s el
= exp —Z/ ‘Zﬁj ds
=1 "%=-1 " j=|
d a(s)
= exp _/‘Zejl[&uj)(s) ds o,
j=1

which gives the joint characteristic function of Lj.
Second, we prove that L(C")(u) converges to L;(u) in (D[0,1],ds). Again by Theorem 15.6
of Billingsley [2], it suffices to show that

P(|28) @)~ L ()] = A, 18 () — L8 ()] 2 ) < A—(; = ulr (18)

for uy < u < ug, A > 0 and n > 1, where v = alp o)(A) + bl(o,2)(A) and C' is a constant
depending only on a and b. We need only consider the case of uy —uy > 1/2". Since L(C” ) (u) —
L(g) (u1) and L(C" ) (ug) — Lg? )(u) are conditionally independent given I'an, it follows that

P28 @) = L8 (u)| 2 A, £ () = L& ()] 2 A | T ) =

P(|LE) @) - L& (w)

>\ ‘ r2n> p((Lg><u2> - ng(u)\ >\ ‘ an). (19)

It is easy to see that

2/ ‘ N ”
P(‘Lgn(u) —L(C")(ul)‘ > ‘ F2n> < é/ (1 _E[ew@y(u)fﬂcnm)) ‘ I‘Qn])dg

2 J o
A 2/ [2"u] 1
el s ]
—2/X k=|2"u1|+1 2
A 2/ [2"u] 1
<5/ Rl
2/ on

2/A k= [27uq [+1
< Cy 2™ [|2"u] — |2"uy |

= AT 2n ’
where (' is a constant depending only on a and b. Similarly, it holds

where Cj is a constant depending only on a and b. From (19), we find

P(|LE (0 = LE )| 2 A, [LE () - LE ()] 2 )

< Cj\12€2 {LZ”UJ gnLQ”ud] |:L2nU2J2; LQ"uJ] E[(s—;r}
< % [~ ] "



where C' is a constant depending only on a and b. This completes the proof of (18). U

Remark 2.1. Let us comment on Theorem 2.1.

1. We can define the independent-increments MsLM {L;(x) : x € R} on the whole line
as follows. Let a(z), x € R, be a continuous function ranging in [a,b] C (0,2], and
satisfies condition (7) uniformly for all x in finite interval as t \, 0. Set the functions
ag(z) = a(x + k) for all k > 0 and z € [0,1]. For any ay(x), by Theorem 2.1, we can
construct MsLM

Ly (z):]0,1] - R, k> 0.

Taking a sequence of independent processes Ly (), x € [0,1], we define {L;(z) : x > 0}
by gluing together the parts, more precisely by

lz|-1
Li(z) = Ly, (z — |z]) + Z L (1), forallz>0. (21)
k=0

Similarly, for x < 0, we can define Li(z) = Li(—x), since the function B(x) = a(—x) is
defined on [0, +00).

2. Let (¢(n))nen be a sequence of numbers satisfying ¢(n) — oo as n — oo. Assume that
a(u) is continuous in [0,1]. By an argument similar to the proof of Theorem 2.1, the
sequence of processes

1\ Yelzty)
<_> " X(kvn) ) u € [07 1]7 (22)

R s
=3 (G

k=1

tends in distribution to Ly in (D]0,1],ds). Since a(u) is continuous, it is easy to see that

a (%) — a(u)  asn — oo.

By the fact that the summands of (22) verify

[¢(n)u]

(ﬁ)%( ) X gty ) ~ 8t (<¢L>)I/Q(W)’O’O)’

(n 9(n) (n

equality (22) means that the increment at the point u of an a(u)—multistable process
Li(u) behaves locally like an a(u)—stable random variable, but with the stability index
a(u) varying with u.

3. If a(u) = «a for a constant a € (0,2], then L;(u) is just the usual symmetric a—stable
Lévy motion L, (u). Hence, inequality (22) gives an equivalent definition of the symmetric
a—stable Lévy motions: there is a sequence of independent and identically distributed




(i.i.d.) symmetric a—stable random variables (Yy)ren with an unit scale parameter such

that
[ru] 1
L&n)(u) = Z _Yk ) (IS [07 1]7 (23>

nl/a
k=1

tends in distribution to L, in (D]0, 1], ds). This result is known as stable functional central
limit theorem.
. A slightly different method to construct Li(u) can be stated as follows. Assume that
1. 5 )—stable random vari-
ables with the unit scale parameter. Then it holds

[2"u]

= Z <2n>1/a(2n (an> ue [0,1); (24)

where convergence is in (D|0, 1], ds). To highlight the differences between the two methods
(8) and (24), note that X(£) = X (52), while X (k,n) and X (2k,n + 1) are two i.i.d.

2TL

random variables.
. Inspecting the construction of field based MsLM in Falconer and Lévy Véhel [7], it seems
that the sequence of processes

1\ Van(w)
=3 (5) X elo,1 25
I3 (u) Z on ( 7n)7 u [7 ]7 ( )
tends in distribution to Lp(u) in (D]0,1],ds). Unfortunately, it is not true in general.
We have the following counter example.

Example 1. Consider the case of a,(u) = a(u) = gl{ogugg} Fulp The charac-
teristic function of L(Fn) (u) is given by the following equality: for any 6 € R,

[27u]

- 1/a(u)
E@ZQL%)(H) = H EeXp {ZG( ) X(k},n)}
[2"u] %
a(zr)/a(u)
— exp Z 1] (h) (27) . uelol]. (26)
Since, for all u € (g, 1] and 0 # 0,
[2"u] Kk [27b/2]
a(zy (1 a(gm)/a(u) b2f L b/2u
> 161 (2n> > > o) o 00, N — oo, (27)
k=1 k=1
we have L 2

n)(u) 0 for all uw € (2,1]. Thus Lﬁg)(u) does not tend in distribution to
Lp(u) in (D[0, 1}, ds).

10



3. Continuous Approximation of MsLM

It is easy to see that when «a(u) is a constant, then the independent-increments MsLM
reduce to a—stable Lévy motions. It is well known that a—stable Lévy motions are stochastic
Holder continuous but not continuous. We wonder if there exists a continuous approximation
of independent increments MsLM? The answer is yes.

3.1. A continuous stable process

First, we shall construct a continuous stable process. To this end, we shall make use of the
following useful theorem.

Theorem 3.1. If the i.i.d. random variables (Z;1,);x follow an a—stable law, then it holds, for
all ¢ > 1/a,
(Uﬂ max | Z| < 2”) =1
..... 271
i=1j5>1
Proof. We only need to show that, for all ¢ > 1/a,
(mU max | Z;| > 2’C> = 0.
k=0,...,21 —1
i=1j5>1

By Borel-Cantelli Lemma, it is sufficient to prove, for all ¢ > 1/a,

ZIP (k max | k| > 2jc) < 00. (28)
To prove (28), we need the following technical lemma (cf. Property 1.2.15 of Samorodnitsky

and Taqqu [13] for details).

Lemma 3.1. Let Z ~ S, (0,3, ) with 0 < o < 2. Then
lmy e AP(Z > N) = C,800,
limy oo A P(Z < =) = Ca%aa.

Return to the proof of (28). For all ¢ > 1/« and all j large enough, we have

IP’( max |7 k|>2]’ﬂ> = 1-P(|Zp| <2 forall k=0,...,27 — 1)

29 -1

= 1-[[P(1Zul <27). (29)

11



Then, by equality (29) and Lemma 3.1, we deduce

. 1 2
P Zal>2¢) = 1-(1 O( , )
(s 21> 2) = 1= (1+0(55))

1 ,
= O(m), J — OQ.

Thus we obtain (28) for all ¢ > 1/a. O
In the following theorem, we give a construction of continuous stable process. First, we
recall the definition of the “triangle” function:

2t for t € [0,1/2)
p(t)y=4¢ 2—2t forte[l/2,1]
0 otherwise.

Define ¢;x(t) = ¢(2/t — k), for j =0,1,..., and k =0, ...,27 — 1.

Theorem 3.2. Assume the i.i.d. random variables (Z;i);x follow a symmetric a—stable law
with the unit scale parameter. Then, for all d > 1/«, the process

co 29—1

ZZQ ad kgpjk te [071]7

=0 k=0

is a continuous and symmetric a-stable process. When d = 1/a, the process X (t) is also a
symmetric, may not be continuous, a-stable process in LP(§2 x [0,1]) for any 0 < p < a.

Proof. Set X_; = 0 and define the sequence of processes (X;);en by:

271

j(t) + Z 2 gd k(pjk

First we show that the sequence of processes (X} ) ey converges almost surely uniformly. Indeed,

for all ¢,
27 -1

X;(t) = X;a(t) = > 277 Zinpi()
Since the functions (p;i);x have disjoint supports and |¢;x| < 1, it follows that

[1X5() = Xja(@)lloo =277 max [ Z3].

-----

Theorem 3.1 entails that (X;),ey converges almost surely in C([0,1], ]| - ||o) to a continuous
process X for all d > 1/a. When d = 1/a, we show that the sequence (X;);en converges to a

12



random variable X in LP(Q2 x [0,1]) for any 0 < p < a. Indeed, for any 0 < p < «,

271

1
/E|Xj(t)_Xj‘1(t)|pdt = 2 Jp/aE’ZOOVZ/ Vit
0

< _]p/aE!ZOO‘p/ oo (t)dt
0
= 27PI°E| Zy?, (30)
this entitles convergence of (X);en.

Next, we prove that X is a symmetric a—stable process. By Theorem 3.1.2 of Samorodnitsky
and Taqqu (1994), we only need to check that all linear combinations

> X (tk), d>1, ty,..,tg€[0,1] and by, ..., by real

are symmetric a—stable. We distinguish two cases as follows. Define

Dn:{g:OSkSQ”}

i) If t, € D, “then all random variables X (tx),1 < k < d, are symmetric a—stable. Thus all
linear combinations Zk:l bp X (t) are symmetric and a—stable.

ii) For t; € [0,1],1 < k < d, we have ty, € D such that tx; — t,] — co. Since X is continuous,
we have

Z ka tk = Jll)Iglo Z ka tkl

k=1
Its characteristic function has the following form:

d d
E exp {w > ka(tk)} = lim Eexp {i@ > ka(t,d)}.
k=1 k=1

It is easy to see that the scale parameter of Zizl be X (t) is

1/«
oo 21—-1 /

- (T (Z\bk\z jd 2jtkl—i)>a

7=0 =0 k=1

Since at most one summand of the sum ZQ o= Jdp(29t — 1) is non-zero and

271 d o
> (Z |bi 279 (2ty — i)) < dbr2Tie,
i=0 k=1

13



where b = max{|bg|, 1 < k < d}, then o(a) = limy_, 0y(a) exists for d > 1/a and

E exp {iezd:ka(tk)} = lim exp{ - al(a)a|0|°‘}

Jj—00
k=1

= exp{ - a(oz)“|8|a}.

This implies that all linear combinations S¢_, b, X (f;) are symmetric a—stable random vari-
ables. This completes the proof. O
One deduces the scale parameter o(t) of the process X (t) is given as follows

oo 27—-1

=33 (2_jdg0(2jt - k:))a.

j=0 k=0

By noting that at most one (27t — k) is non-zero for all j, we have the following estimation of
the scale parameter

1

1/a

pet) < olt) <
It is worth noting that when ¢ # 0,1, we have o(¢) > 0. This observation will be useful to
establish continuous approximations of MsLM in the next subsection.

3.2. Continuous approximations of MsLM

In Theorem 2.1, we establish discrete approximations of the independent-increments MsLM.
In this subsection, we shall give continuous approximations of the independent-increments M-
sLM. It is worth to noting that one cannot make use of the method of Theorem 3.2 to establish
continuous approximations of MsLM in general, since a sum of two stable random variables
with different stability indices is not a stable random variable. To obtaining continuous approx-
imations of the independent-increments MsLM, our main method is to replace the summands
in (8) by a sequence of independent and continuous stable processes starting at 0, for instance
the stable processes established in Theorem 3.2.

Theorem 3.3. Let a(u) be a continuous function ranging in [a,b] C (0,2]. Assume that

<Xa( k(1) is a family of independent and continuous a(2%)—stable random pro-

P neN, k=0,....2n 1 2"
cesses. Assume Xa(%)(O) =0 and Ja(%)(t) >0 forallt € (0,1 and alln € N, k=0, ...,2"—1,

where 0'&(2%)(15) is the scale parameter of Xa(%)(t). Define
127

B 1\ el=m) 1 LZ"uJ
Siw) = () —(%)Xauzm(“— o )

g Ty
a7

|2u]—1

Iha(d) 1 1
SO () o o
= 2 Oa(ty(zm) “2\2
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Then (Sp)nen @s a sequence of continuous processes and the process Sy(u),u € [0,1], tends in
distribution to Li(u) in (D]0,1],ds).

By the definition of S, (u) in (31), it seems that the process S, (u) restores more and more
details of L;(u) when n is increasing.

It is worth noting that when a(u) = a for a constant a € (0, 2], Theorem 3.3 gives continuous
approximations to the usual symmetric a—stable Lévy motion L, (u).
Proof. Tt is easy to see that the first item in the right hand side of (31) converges to zero in
distribution as n — oo, i.e.,

1\ ez 1 |27 |
li < ) X, [ u— =0 32
ngﬂso< T 7o () au%u(u 7 ) (32)
27l

in distribution. Notice that the summands

1 1
R N (—) (33)

in the right hand side of (31) are independent a/(2%)—stable random variables with the unit scale
parameter. Using Theorem 2.1, we find that the process S, (u),u € [0, 1], tends in distribution
to Ly(u) in (DJ0, 1], ds). O

4. Integrals of Multistable Lévy Measure

Let a = a(u),u € [0,1], be a cadlag function ranging in [a, b] C (0, 2]. Denote by

where

L,[0,1] = {f : f is measurable with ||f||o < oo},
f(=)

1 a(x)
HfHa::inf{A>0:/ : da:zl} and  |[0]]o = 0
0

Note that ||- || is a quasinorm; see Falconer and Liu [8] and Ayache [1]. Using the Kolmogorov
consistency conditions and the Lévy continuity theorem, Falconer and Liu [8] (see also Falconer
[5]) proved that the characteristic function, for all (61, ...,0;) € R%,

E exp {i(iej[(fj)) } = exp {— / ‘ igjfm) a<r>d$} (34)

well defines a consistent probability distribution of the random vector (I(f1),I(f2),...,I(fa)) €
R? on the functions f; 6 L]0, 1] Where I(f)y= [ f(z ). They called M, the multlstable
Lévy measure and I(f) = [ f(x)M,(dz) the integral Wlth respect to M,. Moreover, they also
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showed that the integrals of functions with disjoint supports are independent. In particular, it
holds

Li(u) = / 1o, (1) M(dz),  ue[0,1].

In the following theorem, we give an alternative definition of the integrals based on the
weighted sums of independent random variables.

Theorem 4.1. Let (X(k,n)), ey, 1, on be defined by Theorem 2.1. Then, for any f €
£.]0,1], it holds

/o1 f(2)Ma(dz) = ,}E&i <2_1n>1/a(2kn)f (%)X(/ﬁ,n) (35)

in distribution.

Proof. Denote by

S(k,n) = <i>1/a(§1)f(ﬁ>X(k:,n) and X, = iS(k:,n).

2n 2n
k=1

It is easy to see that, for any 6 € R,

271/

, . k
EezGXn _ HEezGS(k,n) _ exp{ - ‘6f<2_n>
k=1

a(k/2™) 1
2n |

a(z) }
dx p ,

which means lim,,_,, X,, = f01 f(z)M,(dz) in distribution by the definition of the multistable
integrals with respect to the multistable Lévy measure M,,. O

The following theorem relates the convergence of a sequence of «o(u)—multistable integrals
to the convergence of the sequence of integrands.

Hence, we have

1
li_)m Ee!0Xn = exp{—/ ’9]‘"(1’)
n o0 0

Theorem 4.2. Assume X; = fol fi(x)My(dzr) and X = fol f(x)M,(dx), for f;,j =1,2,...,f €
L,[0,1]. Then

j—oo
wn probability, or
lim (X; — X) =0

Jj—00

in distribution, if and only if
lim || f; = flla = 0.
j—00
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Proof. The convergence lim;_,., X; = X in probability is equivalent to lim; ,,.(X; —X) =01in
probability and hence to the convergence in distribution to zero of the sequence (X; —X) -1 2
If X; — X convergence in distribution to 0, then, for any 6 € R,

goee

1
1= lim Ee?C5—%) = lim exp {—/
0

j—o0 j—00

0(£(@) - ()

a(z)
dac} : (36)

which is equivalent to, for any A > 0,

1 . — o(x)
O R (I
Jj—00 0 A
This equality means lim; , ||f; — f|la = 0. O

The last theorem shows that convergence in probability of multistable integrals coincides
with convergence in quasinorm || - ||4.

The convergence lim;_,., X; = X almost surely implies the convergence lim;_,,, X; = X in
probability. Thus the following corollary is obvious.

Corollary 4.1. Assume that X;,7 =1,2,.. and X are defined by Theorem 4.2. If

Jj—o00
almost surely, then

hm Hf] - fHa = 0.
j—00

4.1. Independence

Independence of two multistable integrals imposes a stronger restriction on the integrands:
they must almost surely have disjoint supports with respect to Lebesgue measure L. Indeed,

Theorem 4.3. Let X; = fol fi(z)M,(dz) and Xy = fol fo(z)M,(dz) be two multistable inte-
grals, where f; € L£,[0,1],5 = 1,2. Assume either

[a,b] C (0,2)
or
fi(z)fa(x) >0 L —a.s. on |0, 1]. (37)
Then X1 and Xy are independent if and only if

filz)fa(x) =0 L —a.s. on |0, 1]. (38)
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Proof. Two multistable integrals X; and X, are independent if and only if, for any (6, 6;) € R?,

E exp {i(01X1 v QQXQ)} — Eexp {i@le} Eexp {zegxz}. (39)

a(x) }
dx |
a(x) }
dz p .
o)

0,/3(2)| " da. (40)

Notice that

12
Eexp {i(6:X) +6,X5) b = exp {— /O PBHC

and that

0;f(x)

2 1
E exp {z@le} E exp {Z02X2} = exp {_ ;/0

Equating the moduli of (39) gives
2

A jiejfm)\““)dx:; A

Notice that (40) implies that
a(x) /1
dr =
0

/ |
= [ ]f@)+ @

Assume [a, b] C (0,2). We argue as Lemma 2.7.14 of Samorodnitsky and Taqqu [13]. When
a € (0,2), the function r4(u) = u®/?,u > 0, is strictly concave. Therefore, for fix x € [0, 1],

f1(2) + ()] + | fi(z) — folx)|*™)

o) ([ [1(2) + fo(2)*) + Ta@ (Lfi(x) = fo(2)]?)
2

|f1(@) + fol)]? + | fr(2) — f2($)|2>
2

a(x)

dx. (41)

fi()

fa()

filz) = falx)

a() /1
dx +
0

a(z)

dx (42)

=2

< 2 Ta(x) (

= 274 (f1(2)? + fo(z)?)
< 2(|£ (@)@ + | fo(2)]*@®) (43)

with equality in the preceding relations equivalent fi(z)fa(x) = 0. Inequalities (41) and (42)

imply that
1
J

a(z)

Ao = )| e+ [ 5te) + o)

_ 2(/01 ’fl(x) a(x)da:—l—/ol ‘fg(:x)
18
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Now (43) implies that the left-hand side of the last equality is always less than or equal to the

right-hand side of the last inequality and, if they are equal, then necessarily (38) holds.
Assume (37). Then it holds |fi(x) — fa(z)| < |fi(z) + fa(z)| £ — a.s. on [0, 1]. When

a € (0,2], the function r,(u) = u®/? is increasing in u € [0, 00). Hence (42) holds if and only if

(38) holds.
This proves that (38) is a necessary condition for the independence of X; and Xs. It is also
sufficient because if (38) holds, then (40) also holds. O

The preceding result is very useful and will often be used in the sequel.

Theorem 4.4. Assume f; € L,[0,1], j =1,...,d. Assume either [a,b] C (0,2) or fi(x)fi(z) >
0 L—a.s. on [0, 1] for any subset {i, k} of{1,2,...,d}. The multistable integrals X; = fol fi(x)M,(dx),
7 =1,....d, are independent if and only if they are pairwise independent, i.e., if and only if

filx)fe(x) =0 L —a.s. on |0, 1] (45)
for any subset {i,k} of {1,2,...,d}.

Proof. Independence clearly implies pairwise independence. By Theorem 4.3, pairwise inde-
pendence implies (45). If (45) holds, then it holds, for any (6, ...,0,;) € R,

1, d a(z) d 1
/O;ijm)\ d:Z/

Thus the joint characteristic function of X1, ..., X, factorizes
d 1 d ()
E exp {z’ZHij} = exp —/ )Zﬁjf](x)’ dx
j=1 0 =1

d 1 o)
= exp{—Z/ dm}
j=1"0

d
= HEeXp {iHij}.
This proves that X, ..., X; are independent. 0

0, 4y)|" e (46)

0;f(x)

j=1

4.2. Stochastic Holder continuity

We call a random process X (u), u € 1, is stochastic Hélder continuous of exponent 5 € (0, 1],
if it holds
limsup P(|X(u) — X(r)| > Clu—7r[’) =0
u,r€l, lu—r|—0
for a positive constant C. It is obvious that if X (u) is stochastic Holder continuous of exponent
b1 € (0,1], then X (u) is stochastic Holder continuous of exponent Sy € (0, f1].
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Example 2. Assume that a random process X (u), u € I, satisfies the following condition:
there exist three strictly positive constants vy, c, p such that

E| X (u) — X(r)|" <clu—r, u,r e l.

Then X (u),u € I, is stochastic Holder continuous of exponent € (0, min{1, p/v}). Indeed, it
15 easy to see that for all u,r € I,

E|X(u) - X(r)]
_ > _ B <
P(IX(w) = X()| 2 Clu=r’) < =pr =5
_ B
< Ov’u T|P 'Y

which tmplies our claim.

The following theorem gives a sufficient condition such that the integrals with respect to
multistable Lévy measure M, are stochastic Holder continuous.

Theorem 4.5. Assume that X (t fo M, (dx) is a multistable integral, where f(t,x)
is jointly measurable and f(t, x) 6 L,]0,1] for all t € 1. If there exist two constants n > 0 and

C > 0 such that
1
[ e = o9

P(|X(t) — X(v)| > |t — v|/3) < Cup |t — U\"‘bﬁ, t,vel, (48)

a(s)

ds < C’t—v)n, t,vel. (47)

Then it holds

where Cyp is a constant depending on a,b and C. In particular, it implies that X (t) is stochastic
Hélder continuous of exponent 5 € (0, min{1,7n/b}).

Proof. By the Billingsley inequality (cf. p. 47 of [2]) and (47), it is easy to see that, for all
t,ve I and all x > 0,

P(X(t)— X(v)| >x) < g/ ( _Re(x X(”))> db
2/x
2/x 1 a(z)
= g/ < —eXp{ G(f(t,z) —f(v,z)) dz}) do
2/x
2z o(2)
< E/ f(v, z)) dzdf
2 2/x
b
< fU / 0 d&} Clt—o|'
21 <1 1<10/<2/2
x 2b+1 n
< — ) |lt—v|.
- C(a+1+b+1xb)’t U‘
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Taking z = |t — v|?, we obtain (48). This implies that X (¢) is stochastic Holder continuous of
exponent § € (0, min{1,7n/b}). O

As an example to illustrate Theorem 4.5, consider the weighted MsLM introduced by
Falconer and Liu [8]. The following theorem shows that the weighted MsLM are Holder con-
tinuous of exponent 5 € (0, min{1,1/b}).

Theorem 4.6. Let )
Y(t) = / w(x)lp, q(x)M(dx), te€[0,1],
0

be a weighted multistable Lévy motion, where the function w(z),z € [0, 1], is cadlag. Then Y (t)
is stochastic Holder continuous of exponent 8 € (0,min{1,1/b}). Moreover, it holds

P(|Y(t) = Y(v)| > [t — v|®) < Cup |t —v|*7%, t,v € 0,1], (49)

where Cyypy is a constant depending on a,b, a(-) and w(-). In particular, it implies that Li(u),u €
0, 1], is stochastic Hélder continuous of exponent € (0, min{1,1/b}).

Proof. Set f(t,x) = w(x)1lj4(x), t,x € [0,1]. It is easy to see that, for all v,¢ € [0, 1] such that

v <,
[ s =9 Tas < [ o )

1
Cw/ ].[U7 t](S)dS
0

< G, (t—w),

a(s)
ds

IN

where C, = sup,¢p lw(2)|*®). By Theorem 4.5, we get (49). This completes the proof of
Theorem 4.6. O

4.3. Strongly localisability

When the function a(x) € [a,b], z € [0, 1], is continuous, some sufficient conditions such that
the multistable integrals are localisable (or strongly localisable) has been obtained by Falconer
and Liu. In the following theorem, we give some new conditions such that localisability can be
strengthened to strongly localisability.

Theorem 4.7. Assume that f(t,x) and h(t x) are jomtly measurable; cmd that f(t x) h(t x) €
L,[0,1] for any t € [0,1]. Assume that X (t fo M, (dzx) and X (t fo M, (dz)
are two multistable integrals and have versions in D[O 1] Suppose that X( ) isl/a(x )—localzsable
at x with local form X (t). If there exist two constants n > 1 and C' > 0 such that

1 a(s)
/

for all sufficiently small r > 0, then X (t) is strongly localisable at all x € [0,1]. Moreover, if
X(t) has independent increments and (50) holds for a constant n > 1/2, then the claim holds
also.

flx+rt,s)— fx+rv,8)
rl/o(z)

ds < O&—ﬂi tve o, 1], (50)
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Notice that condition (50) is slightly more general than the condition of Falconer and Liu
(cf. Theorem 3.2 of [8]): there exist two constants n > 1/a and C' > 0 such that

t .
Hf e >1/a({)(x+rv’ )H < C‘t_v 777 tve [07 1]7 (51>
for all sufficiently small r > 0.
Proof. For any = € [0, 1), define
X - X
X, (u) = (z+ru) (z) r,u € (0, 1].

rl/a(z) ?

By Theorem 15.6 of Billingsley [2], it suffices to show that, for some § > 1 and 7 > 0,

P(’Xr(u) — X, (ug)| > A, ‘Xr(u2) - Xr(u)‘ > /\> < % |:U2 - ulr (52)

for u; <u < wg, A >0andr € (0,1], where C'is a positive constant. Since X, (u)— X, (u1) and
X, (u2) — X, (u) are symmetric, it follows that

]P(‘XT(u) — X, ()

< 4P(Xr(u> = Xp(w) + (Xeluz) = Xo(w) > 2A)

> A, )XT(UQ) _ XT(u)’ > )\)

- 4IP’<XT(u2) ~ X, (w) > 2>\>.

By the Billingsley inequality (cf. p. 47 of [2]) and (50), we have
IP(XT(UQ) = X () > 2>\> < (1 B0 (X (u2) =X (u >>d0
—1//\
[ (-
—1/A
1/ _ a(s)
< )\/ / x+ru2,s)1/ (]‘;(m+ru1,s) s df
1A oz
a(s)
(x + 19, 8) — f(x + 111, )
e ds do

1/2
Ll
—1/A
< v |:U2 - Ul} ; (53)
where p = alp,oo)(0) + bL0,1)(0),7 = alp, «)(A) + bl 1)(A) and C is a positive constant
depending only on a,b and C. Thus

B[~ ()| 2 A, [Xo) — )| 20) < B ]

/\’Y
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Hence, by (52), if n > 1, then X (¢) is 1/a(z)—strongly localisable at x with strong local form
XL(t).
If X(¢) has independent increments, then

P(‘Xr(u) . Xr(ul)‘ > ‘XT(UQ) - Xr(u)‘ > A)

— ]P( X, (u) — X, (ur)| > A) P(‘Xr(ug) - Xr(u)‘ > >\>. (54)
By an argument similar to (53), it follows that
4C "

and
P(‘XT(UQ) — Xr(u)‘ > /\> < 4—01 [u2 — u]n.

Using the inequality zy < (z + y)?/4, z,y > 0, we have

P([|X () = X(n)| 2 0 [Xom) = X)) 2 ) < S5t [ - ulrn. (55)

Thus, if 2n > 1, by (52), then X (¢) is 1/a(z)—strongly localisable at x. This completes the
proof of the theorem. O

As an example to illustrate Theorem 4.7, consider the weighted MsLM. Falconer and Liu
have proved that the weighted MsLM are localisable. The following theorem shows that the
weighted MsLM are not only localisable but also strongly localisable. In particular, it shows
that the independent-increments MsLM are strongly localisable.

Theorem 4.8. Assume that the function a(u),u € [0, 1], satisfies condition (7). Let

V() = [ wlato o@Ma(dn). e 1)

be a weighted multistable Lévy motion, where the function w(x),z € [0,1], is continuous. Then
Y (t) is 1/a(z)—strongly localisable at all x € [0,1] with strong local form w(x)Law)(-). In
particular, this implies that Li(t) is 1/a(x)—strongly localisable at all x € [0,1] with strong
local form Loy (-), an afx)—stable Lévy motion.

Proof. It is known that Y'(t) is 1/a(x)—localisable at all x with strong local form w(x)La)(-);
see Falconer and Liu [8]. Set f(t,z) = w(x)1p, 4(z), ¢,z € [0,1]. By (16), the integrand of
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Y (t) satisfies, for all ¢,v € [0, 1] such that v < ¢,

/

a(s)

flx+rt,s)— f(x+rv,58) s

rl/a(@)

UJ(S) ]-[x—l-'m), z+rt] (3)
rl/a(@)

a(s) 1
ds = /

0
- /’w(w—i—m)l[u 1(2)

c. / L, () FeE@ -0 Er2)/a@) g
< 20, (t—v),

a(z+rz)
@) -a(4r2)/a() g,

IN

for all sufficiently small r > 0, where s =z + 7z and C, = sup ¢ 1) lw(2)|*?). By the fact that
the integrals of functions with disjoint supports are independent, it is easy to see that Y (¢) has
independent increments, the first claim of the theorem follows by Theorem 4.7. In particular,
since L;(t) = fol 1y, 4(x)My(dx), the first claim of the theorem implies the second one with
w(z) =1,z €0, 1]. O

Remark 4.1. By inspecting the proof of Falconer and Liu [8], we can see that Y (t) is also
1/a(x)—localisable at all x with strong local form w(x) Lag)(t) when the function w(x),x € [0, 1],
is cadlag. Hence, Theorem 4.8 holds true when the function w(z),z € [0, 1], is cadlag.
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