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Optimal estimates for condition numbers and norms of resolvents in
terms of the spectrum
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In numerical analysis it is often necessary to estimate the condition number CN(T) =
IT| - |7~ and the norm of the resolvent ||(¢ —T)~*| of a given n x n matrix T. We derive
new spectral estimates for these quantities and compute explicit matrices that achieve our
bounds. We recover the well-known fact that the supremum of CN(T") over all matrices with

|T] < 1 and minimal absolute eigenvalue r = min;—y, ., |A;| > 0 is the Kronecker bound

%ﬂ. This result is subsequently generalized by computing the corresponding supremum of

H (¢c-T)t H for any |[¢| < 1. We find that the supremum is attained by a triangular Toeplitz
matrix. This provides a simple class of structured matrices on which condition numbers and
resolvent norm bounds can be studied numerically. The occuring Toeplitz matrices are so-
called model matrices, i.e. matrix representations of the compressed backward shift operator
on the Hardy space H> to a finite-dimensional invariant subspace.
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I. INTRODUCTION

Let M,, be the set of complex n x n matrices and let |T| denote the spectral norm of
T € M,,. We denote by o = o(T') the spectrum of T and by my its minimal polynomial.
We denote by |myp| the degree of myp. In this article we are interested in estimates of the

type
|R(¢, T)| < @(|mr],0,¢) (1)

where R(¢, T) = (¢ — T)~! denotes the resolvent of T at point ( € C — o and ® is a
function of |myp|, o and (. We present a general method that yields optimal estimates
of the above type and allows us to pinpoint the “worst” matrices for this problem. As
it turns out for any ¢ ¢ o among these matrices are so-called analytic Toeplitz matrices.
Generally, Toeplitz matrices are characterized by the existence of a sequence of complex
numbers a = (ak)zzﬁ;il with

a G-1 .- . G—_nt1
aj
T =
a—1
Ap—1 . .aq a

We call T, an analytic Toeplitz matrix if ap = 0 for all £ < 0 and we will denote by
Tn C M,, the set of Toeplitz matrices and by 7, C 7T, the analytic Toeplitz matrices.

We will think of an estimate of the above type as an extremal problem. That is,
under certain constraints on the set of admissible matrices 1" and fixed (, we are looking to
maximize |R(¢, T')| over this set. To guarantee a finite bound we at least need a constraint
on the norm and the spectrum of possible T'. In our discussion we will generally impose that
IT| <1 and call such T a contraction. Note that this condition can always be achieved
by normalization T/ |T|. C, C M, denotes the set of contractions. To ensure that the
resolvent is finite, ¢ must be separated from o. Depending on the situation it will be
convenient to measure this separation in Fuclidean distance

d(z, w):=|z—w| , z,weC
or pseudo-hyperbolic distance

zZ—w
1—2zw

p(z, w) = , 2z, w e C.

The case ( = 0 in (1) corresponds to the study of the condition number CN(T) =
T - HT_1H. It was shown by Kronecker in the 19th century that

sup{HT*IH : TE€Cy, p(0,0)=r}= L (2)

rn’



The upper bound can be seen using polar decomposition [NN1, p. 137]. To prove the
reverse inequality, one can use A. Horn’s theorem (see [AH| and also [MO, Chap. 9, Sect.
E]) that gives a converse to the famous Weyl inequalities [NN1, p. 137].

The case || = 1 was studied by Davies and Simon and applied to characterize the
localization of zeros of random orthogonal polynomials on the unit circle [DS]. The corre-
sponding estimate for |(| =1 is

sup {d(C, o) [R(, )| : T € Cu} = cot(-). (3)
Note that || = 1 implies that we have p((, o) = 1 for any o such that we could add this
condition to the optimization problem. In this paper we provide an approach, which

1) allows us to treat the problems (2) and (3) simultaneously and generalize them to
any [¢] < 1,

2) strengthens the result (3) for |(| = 1, by considering the sup over T' € C,, with fixed
minimal polynomial and

3) provides explicit analytic Toeplitz matrices that achieve the estimates (1), (2) and
(3).
Already for ¢ = 0 it is a non-trivial question which matrices achieve the estimate
(2). A theoretic classification of such matrices was given in [NN1|. However, it seems
rather difficult to compute explicit matrix representations from this classification. It was
suspected in [RZ] that the estimate (2) is not reached by any Toeplitz matrix; this claim
is refuted here.

II. RESOLVENT BOUNDS

Before we state our main results we need to introduce some further notation. We denote
by D ={z € C: |z| < 1} the open unit disc in the complex plane, D is its closure and oD
its boundary. For any finite set o C D we define

-\
1= X

s(¢, o) ::max{ A€o, p(¢, N) =p((, a)}.

The function s is related to the Stolz angle [JC, p. 23] between ( € D — ¢ and A € 0. For
T € C, the function ¢ + s(¢, o(T)) is bounded on D by 1+ p(T') < 2, where
p(T) :=max{[A\: A€ o(T)}

is the spectral radius of T'. Of particular importance to our discussion will be the analytic
Toeplitz matrix X, g given entry-wise by

0 ifi <j
(Xr,ﬁ)ij = { ! ifi=j (4)
Brr=(=it if § > j

with 7 € [0,1] and 3 € [0,2]. The spectral norm of X, g is computed below in Proposi-
tion II.6.



A. Optimal upper bounds

Theorem I1.1. Let T € C,, with minimal polynomial m and spectrum o. For any ( € D—o,
it holds for the resolvent of T that

1 1
1 X sl (5)

IRC T < s

where X, g is the |m| x |m| analytic Toeplitz matriz defined in (4), r = p(¢, o) and B =
s(¢, o). Moreover, for any ¢ € [—1, 1] and A € (=1, 1), A # ( the analytic n x n Toeplitz
matric

A 0 .0
1— )2 A
T"=1 —x1-x2) 1-22 A R P
: .. 0
(N)"2(1=2%) . A1 =A%) 1A% )

is a contraction of minimal polynomial m = (z — X\)" that achieves (5).
Remarks:

1. Setting ¢ = 0 in Theorem II.1 we recover Kronecker’s result for condition numbers.
Moreover, an analytic Toeplitz matrix is extremal for the Kronecker maximization
problem (2). This answers the questions raised in [RZ].

2. Considering Theorem II.1 for ¢ € dD, and bounding

%1, scompll < X0 140 | < 1X0,21,

we recover the resolvent estimate of [DS] as | X1, 2| = cot(g;) (cf. Proposition I1.6
below). However, if e.g. p(T") is known we can improve on [DS].

3. Equality is achieved by a so-called model matriz corresponding to a fully degenerate
spectrum. This matrix arises as a representation of the compressed backward shift
operator of Hy with respect to the Malmquist- Walsh basis, see Section 111 below for
details. The model matrix is a natural generalization of a simple Jordan block of
size n to the situation when the spectrum is o = {a} C D.

The next proposition treats the case o(T) C ID.

Proposition I1.2. Let T € C,, with spectrum o C 0D. Then for any ( € C — o

1
d(¢, o)’

|R(¢, T <



It follows that if T is a contraction such that o(7") C 0D then it satisfies a Linear
Resolvent Growth with constant 1, see [BN]. Clearly, any diagonal matrix in C,, achieves
the inequality (6).

Theorem II.1 has the disadvantage that the upper bound depends on the slightly un-
yielding quantity | X, g|. Taking together Theorem II.4 with Proposition II.6 (both below)
leads directly to the following.

Theorem I1.3. LetT' € C,, with minimal polynomial m and spectrum o. For any( € D—o
let p(¢,0) = r denote the pseudo-hyperbolic distance of { to o. Then it holds for the
resolvent of T that

1 1
(1,6¢) rimi(1 —r(¢])

The estimate is sharp in the limit of large |m|.

IR T)] < -

B. Constrained maximization of the resolvent

For any given ¢ € D and r € [0, 1] we study the quantity

RAC, r) = sup{d(1, aQ) |[R(C, T)| : T €Cn, p(¢,0) =7}, (7)

where @ = {\: A € 6}. R also depends on n but we keep the notation simple and do not
write this explicitly.

Theorem I1.4. For any ( € D and r € (0, 1) we have that

1
R(C? T) = ,r__n ||X7’7ﬁmax ” )

where Bmax = 11:—7@ The estimate is achieved by an analytic Toeplitz matriz and in the

limit of large matrices we find

1 1

1=

R(C, 7) ~

as mn — OQ.

Recall that Kronecker’s result (2) is

Davies and Simon (3) have shown that
R(C, 1) =cot(y-), ¢ €D —{1},

which can be seen in the above theorem by continuously moving ¢ to dID. Note, however,
the fundamental difference in the large n behavior of the resolvent for ( € D and ¢ € 9D.
This is a consequence of the fact that for ¢ inside the unit disk | X, g| is bounded from
above, see Proposition II.6.



Finally for ¢ € 0D and a polynomial P, with zero set o so that p(¢,0) = 1 we can
compute the constant

K(¢, Py) = sup{d(C, o) |R(C, T)| : T € Cpn, mr = Fs}, (8)
which is bounded by R((, 7).

Proposition I1.5. Let P, be a polynomial with zero set 0 = o1 Uoo, 01 C D and o9 C 0D
so that Py =Py, Py,. For any ¢ € 0D — o, we have

K(¢, P,y) < max(1, |

™
X1 s¢,on|) < 1X1,2] = COt(—4|P |), 9)
g1

where X1 ¢, q), X1,2 € ./\/l‘pal|((C). Moreover, fizing ¢ € OD—o, n1, no > 1 and0 < p; <1
and taking the supremum of K(C, Py) over all sets ¢ = o1 U o with ny = |Py,| and
ng = | Py, | such that maxyc,, |A| < p1 we get:

sup K(¢, Py) = ”X1,1+01 I (10)

where X114y, € My, (C). In particular, the supremum of the above quantity taken over
0 < p1 <1 is equal to

™
t(—).
cot (71-)

C. Computing | X, s

In this subsection we study the quantity | X, g| for » € (0,1] and 8 € [0,2]. We provide
an implicit formula for | X, g|.

Proposition I1.6. Let X, g with r € (0,1] and 5 € [0,2] be the n x n matriz introduced
in (4). The following assertions hold.

i) If B=1—12 then | X, 5| = 1.
i) At fized n, | X, g| grows monotonically with r and [3.
iii) At fized r and 1 —1? < B, | X, g| grows monotonically with n.

w) Let U, denote the n-th degree Chebychev polynomial of second kind, i.e. Uy (cos(0)) =
) g ychev poly ,
W, If B # 1 —1?% then | X, g| = |\*|, where \* is the largest in magnitude
solution of the polynomial equation

w e, (%) + 1" (A% =28 — 1)) Uy (%) =0 (11)

with 1= X2 4+r?""2(8 = 1) and v = —A2(r + 1/r) + r*"2(r + 1(8 — 1)?).



v) Ifr € (0,1) and 1 — r% < 8 we have the limit

B
1—r2’

1 Xy, 8] — n — 00.

vi) For any n, r € (0,1), Buax € (0,2] and 1 —r? < B < Bmax we have

max
|1 < 2222

The equations in 7v) (see (11)) are discussed in Lemma I1.7 below. For instance we can
recover known values of | X g| from Proposition I1.6, 7). In this case

1 2
|1 X1, 8l = 5\/@ —2)2+ W7

where 6* is the unique solution of (11) in [#2=17, 7) and it follows, see [OS], that

1

2sin( g7 )’

[ X1l =1, [X1a] =

™
1,21 = cot(1-).

Lemma IL.7. Let r € (0,1] and B € (0,2] such that 3 — 1+ 1% # 0. We consider the
equation

2-p)r 1 r?—(8-1)

cotnd) + S -1 P (B-1)

cot(f) = 0. (12)

1. If r =1, then (12) has exactly 2n distinct solutions in [—m, ).

2. If r =B — 1] ¢ {0, 2}, we distinguish two subcases:

(a) if B < 1, then (12) has ezactly 2n — 2 distinct solutions in [—m, ) for any
n>1,

(b) if B> 1, then (12) has exactly 2n — 2 distinct solutions in [—m, ) if and only
if n > ﬁ Ifn < ﬁ, then (12) has exactly 2n distinct solutions in

[—7, 7).
3. If B>1, and r ¢ {1, B — 1}, we distinguish two subcases:

(a) if 1 < B < 14, then (12) has exactly 2n — 2 distinct solutions in [—m, 7)

) . 2 2
if and only if n > (17671)(1,7:[371) Ifn < (1—6)(17:6—1)’ then (12) has ezactly 2n

distinct solutions in [—m, ).

(b) If B > 1+r, andn > 2, then (12) has exactly 2n—4 distinct solutions in [—m, )
. . B—1+4r2 B—14r2 B—1+4r2
if and only if n > (eI If G-y < < T then (12)

has exactly 2n — 2 distinct solutions in [—m, 7). Finally, if n < %,

then (12) has exactly 2n distinct solutions in [—m, ).



4. If B <1, and r ¢ {1, 1 — B}, we distinguish two subcases:

(a) if 1 —r? < B <1, then (12) has exactly 2n — 2 distinct solutions in [—7, ) if
; B—1+r?
and Only an > m,
(b) if 0 < B < 1—r% we distinguish two subcases:

i. if0< B <1—r, then (12) has exactly 2n — 4 distinct solutions in [—m, )
. . -1 2 -1 2
if and only if n > (1_67’)(7,71%_1) Ifn < (1—6)&7—:%—1)’ then (12) has ezactly
2n distinct solutions in [—m, ).

i If 1 —r < B <1—172 then (12) has evactly 2n — 2 distinct solutions on
[—m, m) for any n > 2.

5. If B =1 then (12) has exactly 2n — 2 distinct solutions in [—7, m) if and only if
n > 1. If n < 15, then (12) has exactly 2n distinct solutions in [—m, 7).

III. MODEL SPACES AND MODEL OPERATORS

This section lays down the theoretical framework on which our results are footed. We
refer to [NN3| for an in-depth study of the topic. To the minimal polynomial m = mp of
T € M,, we associate a Blaschke product

Z_)\i
B(z) := H T,

i

The product is taken over all ¢ such that the corresponding linear factor z — A; occurs
in the minimal polynomial m. Thus, the numerator of B as defined here is exactly the
associated minimal polynomial. The space of holomorphic functions on D is denoted by
Hol(D). The Hardy spaces considered here are

27
Hy = {f € Hol(D): |fI3, == sup — [ |f(ré®)2ds < oo},

o<r<1 27 Jo
and
Hy = {f € Hol(D) : HfHHoo = su]g]f(z)] < oo}.
ze
Let B be the Blaschke product associated to the minimal polynomial of T' € M,,. We
define the |m|-dimensional model space
Kp:= Hy© BHy := Hy N (BHy)*t,

where we employ the usual scalar product from L?(9D). The model operator Mpg acts on
Kp as

MB: KB —)KB
f= Mp(f) == Pp(zf),



where Pp denotes the orthogonal projection on Kg. In other words, Mp is the compression
of the multiplication operation by z to the model space K. Multiplication by z has
operator norm 1 so that [Mp| < 1. Moreover, it is not hard to show that the eigenvalues
of Mp are exactly the zeros of the corresponding Blaschke product, see [NN2].

For our subsequent discussion we will assume that T' can be diagonalized. This does
not result in any difficulties since the upper bounds obtained in the special case extend by
continuity to bounds for non-diagonalizable T', see [OS]. One natural orthonormal basis
for Kp (for diagonalizable T') is the Malmquist-Walsh basis {ex}y—1,... m| With ([NN3, p.
137])

(1— M2 52—
1— Az le—)\z

ex(z) ==

with

(1= M)

61(2) - 1-— 5\12

IV. PROOFS

A. Proofs of Theorem II.1 and Proposition II.2

We recall [OS, Theorem II1.2] that given a finite Blaschke product B = Hz 1155, of
degree N > 1, with zeros v; € D), the components of the resolvent of the model operator
Mp at any point ¢ € C—{vy,...,vn} with respect to the Malmquist-Walsh basis are given

by

0 ifi<j

1 1 e
- M = — v HS 7 Us lfl _-] . 13
((C B) )1§i,j§N B(¢) %1 ‘f‘ )1/7;(11 |Vf)1/2 (13)

C—Vs ip -
T 1o sg(y,.iy Twac 1>
We begin by proving Proposition I1.2.

Proof of Proposition I1.2. We consider T' € C,, and assume for a moment that o(7") C D.
It follows from [OS, Theorem II1.2] that for any ¢ € C—o(T) the resolvent of T" is bounded
by

IR(C, T < |R(C, MB)],

where B is the Blaschke product associated with my. We conclude from (13) that

0 if i < j

_ 1 . s .
<(C_MB) 1) | |: C—As .y ifi=j .

1<i,j<|m A=aHY2 A= INPDY2 18 1=2C wp s

T W e Hk:j o >



10

Taking the limit |[)\;| — 1 we have that for ( € C — ¢(T) the norm of the resolvent is
bounded by the norm of the diagonal matrix

. . 1
which is @) O

Proof of Theorem II.1. We begin by showing that (5) holds. As before we suppose o(T') C
D. The more general case o(T) C D follows immediately by continuously moving the
eigenvalue towards 0. As before we have that |R((, T)| < |R(¢, Mp)| and that

L e

((¢—np)™") W o
1<i, j<|m| A=HV2 (A=Y g ifi>j

I e T, by /

C=Xi
1=
A = (aj;), the condition |a;;| < aj; implies that |A| < |A’|. Hence, we estimate

where we abbreviated by, = Recall that for any n x n matrices A = (a;;) and

>

SL~

J
0 if i < j
1 1 e
oy <{ Tham
7 (A-[br, )2 (=lox, )2 i
-1 T, loxg| J

where we made use of the well-known [JG]| fact that

LA 1= 1a(QP

L = , A #C.
TP 1o LP
By assumption min; |by,| = p(¢, o) = r and for any [ with |by,| =  we have
0 ifi<y
1 1 . .
‘(C_MB)'il“S =Xl T lfl_],
2W) _ 2
o LoV COL S B PR
1|7 rar e =>j

and since

L= oa P _1=nP? 1 1-NfP B
T—[¢F =N~ d(L,a¢) |1 —N¢| ~ d(1,5¢)

with 8 = s((, o) we conclude that



11

0 if i < j
[ml—1 ifi=j.
Briml=(=i+1) if § > 4

1 11
‘(C_MB)M‘ = (L, 50) Fml

Next we discuss the sharpness of (5). We consider ¢ € [—1,1] and the model operator Mp

with B = b} and X € (-1, 1). In this case d(1,5¢) = |1 — X| and p((, o) = |br(¢)| and
2

s(¢, 0) = LD We find that

[1=A(]
(0 if i < j
_ n—1 oo .
(T LN (Y15} =]
b d 1, B —|A]2 n—(i—1i p - .
(1,6¢) B(C) ‘ll_lg\d(bA(C)) (=+1) if § > j
If bx(¢) > 0 then the equality
1 1
|R(C, MB)| =

— X
d(l,&() rn ” 7’75”

is clear. If by(¢) < 0 equality still holds because the Toeplitz matrices a = (aj)r>0 and
b = ((=1)*as)k>0 have the same norm. To see this write D = diag(—1,...,—1) and note
that DT, DT = Ty. As D is unitary |T,| = |T3|. O

B. Proofs of Theorem I1.4 and Propositions I1.5, I1.6

Lemma IV.1. For any ¢ € D and r € (0, 1)

Ra(C, ) = Ra([C], 7).

Proof. Indeed, writing ¢ = [(|exp(if) we have [1—X(| = [1—exp(if)A|¢|| and
|R(C, T)| = H(|C| - eXp(—i@)T)_lu, which entails that

d(1, o(T)C) [R(C, T)| = d(1, o(T") [¢]) | R(ICI T

with 7" = exp(—if)T. Clearly T € C,, & T' € C,, and p(¢, o(T)) = p(|¢], o(T")). The
same argument implies T € 7, < T" € T° O

The lemma says that for our optimization task it is sufficient to consider real (.

Proof of Theorem II.4. We consider a matrix T' € C,, with p(¢, o(T")) = r and the function

2
sin (5). The function A — \1:‘5\)&” is maximized on the pseudo-hyperbolic circle of center
: — 1—|Amax 2 —p2
|| and radius r at Apax = jﬁ‘—r'a and takes the value Bpax = 17‘)“;%"(' = 117r7|1<\' Thus

using Lemma IV.1 and Theorem I1.1 we find that R, (¢, r) = Ry (/¢], 7) < 5 [ X g |-
According to the proof of Theorem II.1 the model operator corresponding to Blaschke
product B = b} with A € (—1,1), A # [(] satisfies

1 1

|R([C], MB)| = A0 ™ 1Xr 8] -
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We choose Apax = 1‘9—;'2‘ and have p(|¢|, o) = r and s(|¢|, 0) = Pmax = 11_7‘12‘. It follows

that R, (¢, 7) > % | X, g| and the “worst” matrix for the extremal problem in (7) is the
analytic Toeplitz matrix Mp with B = b} .

The monotonicity properties and the asymptotic behaviour of R,,(¢, r) are consequences
of our study of | X, g,..[, which is summarized in Proposition II.6. O

Proof of Proposition I1.5. We first prove (9). We consider T € C,, with spectrum o and
assume for a moment that oo C D. It follows from [OS, Theorem III.2] that for any
¢ € C — o the resolvent of T' is bounded by

IR(C, T < |R(C, MB)],

where B is the Blaschke product associated with P,. We conclude from (13) that the
matrix of the resolvent of the model operator Mp at any point ¢ € C — o (with respect to
the Malmquist-Walsh basis) is given by a block-diagonal matrix

A 0

0 As )’
where A; € M\p, |(C) and Ay € M|p, |(C) are respectly defined by (taking now the limit
as |u| — 1 for p € o9):

0 ifi<j

— fi=
(A1)1<@' '<| = C=Ai ' J

<irj <[P A=A HY2 A=\ P2 i A 7
—|A j [ T VIGEEY I :
1-X; (¢ 1-X,¢ Hk:j =k ifi>
and
1
C—1
AQ - T )
1
Cfﬂng

where p; are the unimodular eigenvalues of Mp. To conclude, it remains to remark that
the spectral norm of R({, T') is nothing but

max(| A, [As]),

that |As| = m, while the inequality

1
JAL] < 4@, o) 1X1, scon ] »

follows directly from Theorem II.1. This proves the first inequality in (9). The second one
is due to the fact that s({,01) is bounded from above by 2 and the equality refers to the
resolvent estimate in [DS| or more generally to our Proposition I1.6.
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Now, let us prove (10). We consider T" € C,, with spectrum o = 01 Uog, n1 = | Py, | and
ng = |P,,| such that maxyeq, |A| < p1. We fix ( € 9D — 0. The last inequality, combined
with the trivial observation that s(¢,01) < p1, proves that

[ ALl < 1X1,pul -

To complete the proof of (10), we first remark that by rotation invariance (as in the proof of
Lemma IV.1) the sup defined in the statement of (10) does not depend on ¢ and coincides
with its value at point ( = 1. We consider the spectrum ¢ = o1 U 09 defined by setting
P,, = (z—p1)™ and P,, = (z + 1)"2. Let B be the Blaschke product associated with P,.
We repeat the proof of (9) to the model operator Mp. The matrix of its resolvent at point
1 (with respect to the Malmquist-Walsh basis) is given by the block-diagonal matrix

A O
0 Ay )’

where
1 1 0 ifi<j
(isissn = G o B0 | oty e s
- Llonl (g, (1))~ if >
X171+P1
1= p1l
and Ay = % ny, Where I, is the identity matrix of M, (C). Thus,
1 1

R(1, M = — | X —
IR Mp)| = max(—— | Xi 110l 5)

but d(1, o) = d(1, o1) = |1 — p1|, and as a consequence:

11— p1l
2 )

The above maximum is equal to | X, 14,,| : indeed, according to Proposition I1.6,

1

d(1, o) |[R(1, Mp)| = max(| X1, 144,

1X1, 140 = |1 X1,1] =

(4n1+2)

and the latter quantity Wlﬂ) is always greater than l (increasing with nj) since
4n

1+2

ny > 1. The last part of the statement relies again on Proposmion 11.6 and the fact that
p+ | X1, 14, is increasing on [0, 1]. O

Proof of Proposition I1.6. Our approach is guided by the methods developed in [EE, DS,
OS]. Often it will be convenient to transform the Toeplitz matrix X, g to an associated

Hankel matrix )?T,g, see [DS, OS]. We set 5(:7’,6 = X, gJ, where

1
J:



14

X is a Hermitian Hankel matrix that satisfies |X| = | X+, g|. Hence, in our discussion we
can focus on the largest in magnitude eigenvalue of X. (We omit indices in X for simpler
notation.)
i) In the case f = 1 — r? we have
1 1 [0 ifi <y
o 1 e s -1
e e =g = (M )i e
(1-— TQ)Tn_(Z_j+1) ifi>j

where the second equality is (13). It is well known [NN1, Theorem 3.12, p.147|, |OS,
Lemma II1.5] that (see the cited articles for a discussion)

, 1 1
HMBIH =11/2l g /B = [B(0)| = H o

In particular, we find HM o

| = and |X,,50 = 1.

i1) X is an entry-wise non-negative matrix. A standard result in Perron-Froebenius
theory [HM, Theorem 4.2] asserts that the spectral radius of such matrices is a non-negative
eigenvalue and the corresponding eigenvector is entry-wise non-negative!. Furthermore the
spectral radius is monotonically increasing in the matrix-entries [HM, Corollary 2.1], i.e.
X < B entry-wise implies p(X) < p(B).

i11) Here, we show a simple proof for § > 1. The more general discussion under the
condition 1 — 72 < 8 can be found below. Let X,, € M,, and Xn+1 € Myps1. We show
|1 Xn| < [ Xpi1]. Let 2* with |z*| = 1 and X,2* = | X,|z*. Computing entries of vectors

and using § > 1 we see that
%o (0]

iv) We turn to the case 7“2%: B—1 # 0. The discussion is guided by [EE|. The eigenvalues
of X? are the eigenvalues of X squared. Hence, we are looking for the largest A\? such that

] <

0 = det(X? — A?) = det(X — A) det(X + A).

The matrix X2 — A2 can be computed explicitly. We display this matrix for n = 5 for
simplicity, see Appendix V for the general matrix. If n = 5 we have

X2 - >\2 =
62 1— , 1'-2;1 +r 8 62 1 7‘ + @7" ﬁQ 2 1 1" + Br ﬁQ 3 1 1" + Br ﬁ?’A
52 1 r? +BT )\2+52 211 r? +T 52 31 r? +67‘ 52 41 r? +67‘ 57'5
62 21 r? +67‘ 52 311T22+Br 52 41 r? +T 52 51 r? +67‘ BTG
62 31 r? +57’ ﬁ2 41 r? +57’ ﬁ2 51 r? +57’ —>\2+ﬁ2 61 r? +7,. ﬁ?"7
Br4 Brs ﬁrﬁ ﬁr7 A2 48

The determinant of the above matrix is transformed by the following steps.

! In fact, as can be seen easily by computing powers, X is primitive.
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1. We divide the k™ column and the k™ row of (X2 — A\2) by rF~1

2. In the determinant resulting from (1), we subtract the k%" column from the (k — 1)
and leave the nt" unchanged.

th

3. In the determinant resulting from (2), we subtract the (k — 1) row from the k"

and leave the n'® unchanged. We obtain the determinant of a tri-diagonal n x n

matrix.
4. In the determinant resulting from (3), we multiply the k™ row by r2¢—1,
We obtain that det(X? — \2?) = 0 iff
vy 0 - 0 Yy op 0 -~ 0
a v o noy p
O=det| g o -. . 0 =det | L .0 1>
: . -y o e T YoM
0 -+ 0 o vy 0 - 0 pn vy

where oo = A2r 47?1 (B-1), o/ = S,y = —rA2 4+ Land v = =A% (r+1/r)+r2" 2 (r+
1(8 —1)?) and we set u = a/r in the last step. We have that

T

yop 0 - 0
Koy
det 0 u .0
ey
0 0 n vy
vy n 0 0 Yy ok O -0
By veoyop
= det 0 u 0 + det 0 u 0
N v 0
0 - 0 pn v 0 - 0 n y—n
vy n 0 0 Yy 0 -0
oy p Koy op
=det | g u o | +@w—2)det| g w0 |
0-- 0 pu ~ 0-- 0 pu ~

where in the last sum the first determinant is of order n, while the second is of order n — 1.
The assumption p = 0 is equivalent to A2 = r2"~2(1 — 3) and the determinant equation
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turns into yy = 0. In this case we obtain a solution if 3 = 0 or 72 + 3 — 1 = 0 but these
choices of (3 are treated differently. (Note that A = 1 implies  # 0.) For the determinant
of a tri-diagonal Toeplitz matrix we have the well known formula [MV, EP, EE, OS]

a 1 0 0
1 a 1
det | 9 1 o | =Un(a/2),
: .ooa 1
0--- 0 1 a

where U,, denotes the n-th degree Chebychev polynomial of the second kind. Hence the
eigenvalues of X correspond to the roots of the polynomial equation

ntig (L "y —N\Uny [ =) = 0.
1 n<2u>+u(y ) n—1<2M

v) We make use of properties of U, to reveal properties of the roots of equation (11).
Let us consider A\? so that there is real  with /2u = cos(#), i.e.

a(n—1) (B — 1)? +7% = 2r(8 — 1) cos(6)

M=r 1+ 724 2rcos(d) (14)
Using U, (cos(0)) = W Equation (11) turns into
sin((n + 1)6) 1)\2 —r2=2(3 — 1)2 sin(nf) _0
sin(6) r A2+ r22=2(B—1) sin(0) '
which plugging back A\? is
cot(nf) + L -1 @2=fr 1 =0. (15)

tan(f) r24+3—-1  r2+ 5 —1sin(h)

Similarly, if v/2u € [1,00) we set v/2u = cosh(f) with 6 € [0,00), which leads to [MH,
Section 1.4]

A2 — 2(n—1) (B—1)2+7r%—2r(B — 1) cosh(9)

1
1+ 72 + 2r cosh(6) (16)

with

sinh ((n + 1)8) _ (2= pB)r +2(1 — ) cosh(#) (17)
sinh (nf) 2+ -1 .

Finally, in case that v/2u € [—1, —o0) we set v/2u = — cosh(f) with 6 € [0, 00) and recall
that U, (—z) = (—=1)"U,(x) [MH, Section 1.4] to find

2 _ o1 (B = 1)? +7% +2r(8 — 1) cosh(9)

A
1+ r2 — 2r cosh(6)

(18)
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with

sinh((n+1)0) (2 B)r —2(1 — ) cosh(f)
sinh (nf) r24+p8—-1 ’ (19)

We consider the first case. Any solution ), of (15) leads to a solution A2 of det(X? —
A?) = 0 via (14). An important point about Equation (14) is that all such solutions |Ag|?
can be bounded by a function that decays exponentially with n. This allows us to study
properties of | X | by counting solutions of equation (15). We observe that

1

sin(@)_)—i_oo as 0 —0" and m%—i—oo as 0 — 0"
1

m—)‘i‘oo as 6—)71'7 and m—)—oo as 6—>7T7.

It follows that if 1 — 72 < 8 < 1+ 7 then (see Lemma I1.7 for details)
IR CI ST L
tan(0) 2 +5—-1  r2+4+ 3 —1sin(h)

1 2-B-1) ©2-8r 1
tan(f) r24+38—1 12+ — 1sin(0)

— 400 as 6 —0"

— 40 as 00— 7 .

As — cot(nf) has n branches in the interval [0, 7] and since

—cot(nf) = —oo as 6 — 0"
—cot(nf) —» +oo as O — 7,

we conclude that Equation (15) has n — 1 solutions 0 € (0,7) (if n is large enough, see
Lemma I1.7). The corresponding eigenvalues A of X approach 0 exponentially fast, so
that for the largest eigenvalue of X we have A\* — Tr(X). On the other hand direct
consideration of the trace shows that at fixed § and r we have

= B
Tr(X) — T2

as N — OQ.

If 5> 1+ r we have only n — 2 real solutions 6 to Equation (15), see Lemma II.7. We

consider Equations (16), (17) and Equations (18), (19). As n gets large %

converges to ¢’ with 6 € [0,00). By the intermediate value theorem (17) has a solution for
B > 1+ r and sufficiently large n. Any A2 as in Equation (16) decays exponentially with
n. Hence, in case 8 > 1+ r we obtain n — 1 eigenvalues that decay exponentially with n,
as before. In the asymptotic limit of large n we find that e®") =1 /7 becomes a solution of
(19) and A* in (18) does not decay exponentially with n, which identifies the latter as the
largest in magnitude solution for large enough n. Hence, we have that | X| — /(1 —r?)
as n — o0.

iii) (second part) We have already seen that | X, g| grows monotonically with nif 3 > 1.
Hence, we consider 1 — r? < 8 < 1. As outlined in v) there are for large enough? n, see

quickly

2 When there are n solutions to (15), monotonicity of |X,. 5| can be readily be seen in (14) and (15).
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Lemma I1.7, n—1 solutions 6}, to Equation (15) and the corresponding eigenvalues, see (14),
can be bounded as

2 2
p2(n=1) (1 - —1f > < ) < 2 (1 - b > . (20)
r —7r

We write X(™ and X1 for the matrix X in n and n — 1 dimensions. Let || 5 denote
the Frobenius norm. Direct computation shows that

2 2

HX("_U H = nr2n=1) 4 (n— 1)527‘2("_2) —(n— 1)7“2("_2).

e
FR

FR

On the other hand it is well known that | X2, =30, \)\En)\Q, where the )\En)N are the
eigenvalues of X(™ . Writing A*(™ for the largest in magnitude eigenvalue of X(™ and
making use the mentioned properties and the estimates (20) we find that

’)\*,(n)‘Q - P\*,(n—l),Q

> nr2(n71) + (n - 1)/82T2(n72) - (n - 1)742(1172)

(n— 12D <1_ B )2

1—r

2
+ (n —2)r2=2 (1 b ) :

147

The lower bound is a degree-2 polynomial in /3, which is convex if r € (0,1/2). Hence,
the lower bound is an increasing function of 8 € [1 —r2,1]. As 8 = 1 — 72 implies
|IA5() 12 — | A%(=1)|2 = ( this proves monotonicity in n if € (0,1/2). The range for r can
be extended by using better bounds in (20). Here we note that at the endpoints of the
interval for 8 we already have established monotonicity for any r. Furthermore the norm
is a monotonous, convex functions in . Any of the branches of — cot(nf) is convex and
the terms

2 (5 1) (2 B)r
wrpo1 ™ pysoa

in (15) are decreasing in 3 € [1 — r2,1]. It follows that the solutions 9,(:) of (15) satisfy
05" (Bo) — 0" (B1) < 0" (Bo) — 00"V (1)
for By < B1. In conclusion the quantity

n—2 n—1
nr2m=1) 4 (n— 1)182T2(n—2) —(n— 1)7,2(71—2) + Z |>\](€n71)|2 _ Z |)\](€n)|2
k=1 k=1

is increasing in .
vi) is a direct consequence of i) and v). O
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Proof of Lemma I1.7. For fixed 8 € [0, 2], r € (0, 1] we for now focus our attention on real
values of 6 and write shortly

2= (1)

or (0) = R cot(0) +

2-p)r 1
B —1+r2sin(0)

such that Equation (12) becomes
©r, g(0) = — cot(nb), 0 € [—m, m).
We start with some elementary observations.

1. We restrict to the interval [0, 7) as all functions are symmetric with respect to the
point (7, 0).
2. cot(n#) has poles in [0, 7) at 6 = %7‘(‘, k=1,..,n—-1
3. The functions m and cot(f) have poles at 0 and w, cot(d) ~ m as 6 tends to
0% and cot(6) ~ —m as 6 tends to 7.
4. Looking at the polynomials:
Ps(r)=r*—2-Br—(B—-1)=(r—-1)(r—-(1-8)),

and

Qs(r)=r’+2=B)r—(B-1) = (r+1)(r—(8-1)),

we have that Pg(r) < 0 for r € (1— 4, 1) and Pg(r) > 0 elsewhere, while Q3(r) < 0
for r € (=1, B — 1) and Qg(r) > 0 elsewhere.

5. Taking (c) and (d) into account, we have

0) ~ rP+2-Fr—-(B-1) 1  Qs(r) 1
Pr,8(0) ~, ot B—1+12 sin(f) B —1+r2sin(9)’
while
0o @ (-n 1 ) 1
Pr, 8 Om— B—1+12 sin(6) o B—1+7r2 sin(@)'

We now prove the points in the lemma.

1. The case r = 1. In this case, the structure of (12) is discussed in [OS, Section B].
We now suppose that r € (0, 1).

2. The case r = |5 — 1| ¢ {0, 2}.
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We have that

o s(0) = E2F fi)n(((;f;sﬁw) +1)

(a) The subcase § < 1.

)

= —o00, while

and as a consequence, ¢, 3 < 0 on (0, 7), limy g+ ¢, (0)
lim ¢r,g(0) = 0. Thus, the graph of ¢, g intersects n — 1 times with

the graph of 6 — — cot(n#) on [5-, 7). Moreover,
©r, 3(0) _ (@2 B) sin () sin(nd)
—cot(nf)  Bcos(nh)(1— cos())’

and in particular, for any 6 € (0, 5-), ipcrc’)f(fé) > 1, which can be seen by

computing derivatives with respect to 6: 6 — _@g{,)f((:;) is increasing on (0, 5-),

with

prpf) _ 2n(2-P)
650+ —cot(nf) I6] z2n>1

The graph of ¢, g does not intersect the one of § — — cot(né) on |0,
conclude that in this case (12) has 2n — 2 real solutions 0 in [—7, 7).

We have that

_ (=24 B) (cos(d) — 1)
r.5(0) = sin(6) 8

(b) The subcase § > 1.

)

and as a consequence, ¢, g is increasing on (0, ), ¢, g > 0 on (0, 7),

lim ¢, g(0) =0,

0—0t

while lim__ ¢y 5(0) = +oo. Hence the graph of ¢, 5 intersects n — 1 times

the one of — cot(n#) on (0, W] Moreover,

©r, 3(0) _ (2 — B)sin(f) sin(nd)
—cot(nf)  Beos(nb)(1+ cos(f))’

2n—1)7 ), er, 5(6) N 2"(%*5) using the fact

and in particular, for any 6 € (( T — ot (nd)
(as above) that 6 — f;’)f((gz)) is this time decreasing on ((2712_71 Dug ), with

o prpl) _ 2n(2-5)
61—137?* —cot(nf) g

r, (0 n—1)m
548 on (2505, ),

Adding the positivity and the continuity of 6 —

- 50
orp®) _

AL — cot(nb)



From

21

the intermediate value theorem guarantees that the graph of ¢, g does not

intersect the one of § — — cot(nf) on (W, 7) if and only if w > 1
(ien > ﬁ) We conclude that in this case (12) has 2n — 2 real solutions

O in [—m, m) if and only if n > ﬁ

now on, we suppose that r £ 1 — 3, and r # § — 1. Let us first notice that in

case B — 1412 # 0, we have

and

prpd) _nd+r)(B-1-r)

elg(r)l+ —cot(nf) B—1+r2 ’
prop) _n(l—r)(r+5-1)
im =
§—m— — cot(nb) g—1+1r2

Below, we repeat the reasonings of (2) for the remaining cases (3), (4) and (5).

. The

case f > 1, and r ¢ {1, 5 —1}. With (e), P3(r) <0, for any r € [0, 1). In

particular, for any r € [0, 1),

while

lim ¢, (0) = +oo,

00—

lim ¢, 3(0) =

0—0t

—o0 ifrel0, f—1)
+oo ifre(p-1,1)

because of the property of Qg(r) in (d).

(a)

The subcase 1 < § < 1+ 7. In this case, ¢, g > 0 on (0, 7) and

lim ¢, g(#) = lim ¢, g(#) = +o0.

0—0t 60—~

Moreover, ¢, g has a global minimum at some point 6y € (0, 7) such that
©r, g is decreasing on (0, #y] and increasing on [fp, 7). Thus, the curve of

©r, g intersects the one of § — — cot(n#) exactly n — 1 times on (0, W]
On the interval (W, m), the curve of ¢, g does not intersect the one of
0 — —cot(nf) if and only if limg_, - f;’)f((gg) > 1, (else, the number of real

intersections on [0, 7) is n). Indeed as before, § > =2 @ i (positive, con-
cot(n@)
tinuous and) decreasing on (W, 7). We conclude that in this case (12)

has 2n — 2 real solutions 0 in [—m, 7) if and only if n > (1_6)_(}"717;_1)
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(b) The subcase § > 1+ r. In this case, ¢, g is increasing on (0, 7), and

limg_,o+ ¢r p(0) = —oo, while lim__ ¢, 5(0) = +oo. Thus, the curve of
©r, p intersects the one of § — — cot(nf) exactly n — 2 times on [, (2"2;1)”].

T (2n—1)w

Moreover, on (0, 3-) U (~=5—=, 7), 6 — er,(0)

~eot(nd) 18 positive and continuous; it

(2n—1)mw
2n

T
’ 2n
s

does not intersect the one of  — — cot(nf) on (0, 5-) (resp. on ((Qn;nl)w, m))

if and only if limg_,o+ % > 1 (resp. limg_,,— f;’)f((gz)) > 1). We conclude

that in this case (12) has 2n — 4 real solutions 0 in [—m, 7) if and only if
B—1+r? : B—14r? B—14r?
U e R (s e I () (R

is increasing on (0, 5=) and decreasing on ( m). Thus, the curve of ¢, 5

4. The case f < 1 and r ¢ {1, 1 — 8}. With (e), Qg(r) > 0, for any r € [0, 1). In
particular, for any r € [0, 1),

lim ¢, g(0) =

0—01

+oo if B—=14+72>0
—0 iff—14r2<0"’

while

+oo if B=14+72>0
lim ¢, g(f) = ¢ +o0 if 3—1+7r2<0 andre[0,1-7),
b —o0 if B—1+7r2<0 andre (1-2,1)

because of the property of Ps(r) in (d).

(a) The subcase 1 — r? < B < 1. In this case, .53 > 0 on (0, 7), and
limg_,o+ ¢r, p(0) = lim____ ¢, s()) = +00. Moreover, ¢, 5 has a global min-
imum at some point #y € (0, 7) such that ¢, g is decreasing on (0, fp] and
increasing on [0y, ). We conclude as in (3)-(a) that in this case, (12) has

2n — 2 real solutions 0y in [—7, m) if and only if n > %

(b) The subcase 0 < 3 < 1 —1r2.

i If 0< B <1—=r,ppis increasing on (0, ), lim__ . ¢ 5(0) = —oc, and
limg_, - ¢y, 3(8) = +00. We conclude by a similar reasoning as the one in

(3)-(b) that in this case also (12) has 2n — 4 real solutions 6y in [—7, 7) if
B—1+4r2 < B—1+4r2
(1) < T=nr+5-1"

i If1—r<pB<1—72 p.5(0) <0, V0 € (0, ), and limy_,g+ ¢r s(0) =
lim, ¢ g(f) = —oco. Moreover, ¢, s has a global maximum 6y € (0, )
such that ¢, g is increasing on (0, 6] and decreasing on [fy, 7). Thus, the
curve of ¢, g intersects the one of § — — cot(n#) exactly n — 1 times on
[3;, 7). in the interval (0, 5-), the curve of ¢, 3 does not intersect the one

. B—1+r2 :
and only if n > A= op=T) Since

of 6 — — cot(n#) if and only if limg_, o+ —=2 @ - 1. The latter condition

— cot(nf)
is always satisfied since "(lg’jﬁﬁf”) = "(lti)él_;gw) > n. We conclude

that in this case, (12) has 2n — 2 real solutions 6 on [—7, 7).
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5. The case S = 1. In this case,

_ 1 +47cos(0)
orp(0) = rsin(6)

and thus ¢, 5(0) > 0, V0 € (0, 7), and limg_,+ ¢, 5(0) = lim,___ ¢y 5(0) = +o0.
Moreover, ¢, g has a global minimum at some point 6y € (0, ) such that ¢, g
is decreasing on (0, fy] and increasing on [fp, 7). In particular, the graph of ¢, 3
intersects the one of 6 — — cot(nf) exactly n — 1 times on (0, M] On the

2n
interval (W, ), the function 6 +— f&’)f((gz)) is decreasing and thus the curve of

er, 5(6)
—Cof(n@) > 1.

We conclude that in this case, (12) has 2n — 2 real solutions 6y on [—m, m) if and
only if n > 17 (else (12) has 2n real solutions in [—7, 7)).

©r, g does not intersect the one of § — — cot(nd) if and only if limgy_,, -

0

V. APPENDIX

The columns Cj, i = 1,...,n of the n x n matrix X — A2 are:

Cl )
,32 7”"73(1 + 742) + 5rn+1
,82 T’n_2 + B,rn
i gt 1

B2r3(1 4 2 4 p2(—4)) | gp2(n=1)1
CZ )
52 7nnfl + ,87“”+1
L gre |




Cs =

Cy =

o Ch3 = B2 rIn=10(1 4 2 4 pt) 4 p20—4

B2r2(1 + 12 4 p2(n=9) 4 gp2(n—1)=2
B2r3(1 4 2 4 p2(n=9) 4 gp2(-1-1
24 B2 (1 4 12+ .. 2Dy g2 ])
B2r5(1 4 12 4 ... 4 r2(0=9)) 4 gyp2(n=1)-1

B2ri(1 4 r2) 4 grnts
,82 rt 4 B’I“n+2
,37’"+1

52 3(1 +T —|—T‘2 (n—5) )+,8T2 (n—1)—

52 4(1+7“ +742 (n— 5))+,37“2 (n— 1)

52 5(1+7“ +7“2(n 5))4_/8742(11 1)—
52 6(1+ r24 . 4 2.(n— 5))+T2 (n—1)

52 7(1+7“ +742 (n 6))+,37“2 (n—1)—

B2r(1 4 1r2) + Brntd
,82 rn+1 + Brn+3
ﬁrn—f—Z

B2t et 4 gt T

52 7,2n79(1 4 r2 4 7,4) 4 r2n—3
_)\2 + ,82 r2n—8(1 + 72 + 7“4) + p2n—2
,32 r2n77(1 + 742) + /87,21173
52 T2n—6 + B,,ﬂQn—4

i ,8 7,21175

52 n— 3( )+,8Tn+1
52 n— 2( )+,8Tn+2

Cho = 52 r2n79(1 4 7,2) 4 /8742n75 ,
52 ,r2n—8(1 + ’1“2) + ,8T2n_4
52 r2n77(1 4 7,2) 4 /8742n73

_)\2 + /82 7“2”_6(1 + TZ) + p2n—2

52 T2n—5 + /8 T2n—3
,8 742n74

24
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,827“”_2 —|—,8’I“n
52741171 —i—,@?“nJrl
,82’1“” —|—57’n+2

52 7,,2n—5 + /8 T2n—3
_)\2 + 52 7n2n74 + T,2n72
/8 7,,2n—3

and

/Brnfl
Bre

/BrnJrl

,8 702‘1174
/8 T2n—3
_)\2 + T,2n72
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