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Abstract

In this paper, a guaranteed equilibrated error estimator is proposed for the harmonic
magnetodynamic formulation of the Maxwell’s system. This system is recast in two classical
potential formulations, which are solved by a Finite Element method. The equilibrated
estimator is built starting from these dual problems and is consequently available to estimate
the error of both numerical resolutions. The estimator reliability and efficiency without
generic constants are established. Then, numerical tests are performed, allowing to illustrate
the obtained theoretical results.

Key Words: Maxwell equations, potential formulation, a posteriori estimators, finite element
method.
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1 Introduction

Nowadays, a posteriori error estimation techniques have become an indispensable tool for obtain-
ing reliable results of any partial differential equation numerical resolution. There exists a vast
amount of literature on locally defined a posteriori error estimators, and we refer to the monographs
6, 8, 25, 28] for a good overview on this topic in the simplest context of continuous approximations
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in finite element methods.

During the last decade, an important issue has been to derive some estimators which give
rise to an upper bound where the constant is one up to higher order terms, leading to some so-
called "guaranteed” a posteriori estimators. The first ideas on such estimators appeared nearly
thirty years ago [5, 9, 24], and were based on the Prager-Synge identity [26]. Nevertheless, this
research field remains always very active because of lots of challenges to overcome, depending of
the approximation method as well as on the models under consideration. Among the most recent
contributions on various stationary models, we can quote e.g. [3, 7, 13, 16, 29| for conforming
methods or [2, 4, 12, 15, 20, 21, 22| for non-conforming ones.

In this paper, we are interested in a guaranteed and explicitly computable a posteriori error
estimator based on an equilibration technique for the harmonic magnetodynamic formulations of
the Maxwell system. Basically the equilibration is realized through the non-verification property
of the constitutive laws equations. Some residual a posteriori error estimators have already been
established for the A — ¢ magnetoharmonic formulation [18] as well as for the T — one [19]. Now,
we aim to derive an equilibrated a posteriori estimator for both of these dual problems, in the same
philosophy of [27], where an equilibrated estimator is proposed in the magnetostatic framework.
In other words, the estimator will be built starting from both formulations and will be available
to estimate the sum of the errors of both resolutions. The originality of this work resides in the
fact that, neglecting some higher order terms, the equivalence between the error and the estimator
is proved, without the interference of unknown constants. So, we not only derive a reliable upper
bound for the error, but also a lower one, where the constant is one up to higher order terms.
Moreover, a local in space efficiency without unknown constants is proved, this result being useful
for developing some adaptive mesh refinement algorithms.

Let us recall the model of interest. For a given time 7" > 0 and an open connected bounded
polyhedral domain D C R? with a lipschitz connected boundary I', we consider the usual Maxwell’s
system in D x (0,7") given by:

curl E = —0;B, (1)

curl H = 9,D + J, (2)

with initial and boundary conditions to be specified. Here E stands for the electrical field, B for the
magnetic flux density, H for the magnetic field, D for the displacement flux density and J for the
current flux density. We are interested in the “low-frequency approximation” [11], which consists
in neglecting the temporal variation of the displacement flux density with respect to the current
density, so that the propagation of electromagnetic waves is not taken into account. Formally the
Maxwell-Ampere equation (2) becomes:

curl H = J. (3)

The current flux density can be decomposed in J = J, + J., where J, is a known divergence
free distribution current density and J. represents the unknown eddy current, which from (3) also
clearly satisfies divJ, = 0. Moreover, the fields are linked by the material constitutive laws:

B=uH, (4)

Jo=0 E, (5)



where 1 stands for the magnetic permeability and o for the electrical conductivity of the material.
Let us note that from (1), we have div B = 0 provided that the initial condition on B is divergence
free.

In the following, D. C D denotes an open and simply connected domain with a lipschitz bound-
ary I'. = 0D, such that T.NT = ) (an example of such a configuration is displayed in Figure 1).
The electrical conductivity o is different to zero in D, where, consequently, eddy currents can be
created, while it is identically equal to zero in the domain D, = D\E

Figure 1: An example of domain configuration, where supp Js N D, = (.

Boundary conditions associated with the system (1) and (3) are given by B-n =0 on I' and
J.-n=0on I, where n denotes the unit outward normal to D and D, respectively.

Let us now explain how to derive the dual potential magnetodynamic formulations. They con-
sist in recasting the Maxwell’s system in the quasistatic approximation, that is the system (1) and
(3), with the use of some potentials: A and ¢ for the A — ¢ formulation and T and € for the
T — Q formulation.

From the properties of the magnetic flux density B, a magnetic vector potential A can be
introduced such that
B =curl Ain D. (6)

The boundary condition A X n = 0 on I' allows to guarantee B-n = 0 on I'. To ensure the
uniqueness of A, it is necessary to impose a gauge condition. The most popular one is div A =0
(so-called the Coulomb gauge). Moreover, from equations (1) and (6), an electrical scalar potential
¢ can be introduced in D, so that the electrical field takes the form:

Like the vector potential, it must be gauged and the averaged value of the potential ¢ in D, is
taken equal to zero to obtain uniqueness of the solution. From (4), (5), (6) and (7), equation (3)
leads to the A — ¢ formulation:

curl (p'eurl A) + a(@tA + V@) =Jsin D. (8)

Let us point out that ¢ does not make sense in D,, so that ¢ denotes one fixed extension of ¢ in
the whole domain D. This extension does not impact the problem since ¢ = 0 in D,. The classical



A formulation used in the magnetostatic case is easily recovered remarking that in D,, where o
is equal to zero, the second term vanishes. Recalling that the source Jg is divergence free, and
applying the divergence operator to (8), we get the divergence free condition on the eddy current:

div (0(0:A + V) =0 in D.. 9)
Once again, since divJ, = 0 in D, there exists a source term H, such that
curl H, = J, in D.

Moreover, since divJ, = 0 in the simply connected domain D,., we can define a vector potential T
such that
curl T =J. in D.. (10)

Similarly to the A — ¢ formulation, to ensure the uniqueness of T we impose the divT = 0 in
D. and the boundary condition T x n = 0 on I', allows to guarantee J.-n = 0 on I'.. Hereafter,
thanks to equation (3), we can introduce a scalar potential Q2 and obtain

H, — VQ in D,,
H= (11)
H,+T-VQ in D..

The averaged value of the potential 2 in D is taken equal to zero in order to get its uniqueness.
From equations (10) and (11) and from the material laws (4) and (5), (1) becomes:

curl (o tcurl T) + 9, (u(T — VQ)) = —0,(uH,) in D.. (12)

Taking the divergence of (12) in D, and recalling that divB = 0 in D, we get the second equation
of the T — Q formulation:

div (uVQ) = div (uHs) in D,
(13)
div (u(T — VQ)) = —div (uHg) in D..

The two potential formulations (8)-(9) and (12)-(13) constitute a key ingredient to establish
the proposed equilibrated error estimator for the numerical resolution of the harmonic formulation
of the quasistatic Maxwell’s system (1) and (3). In section 2 the harmonic A — ¢ and T —
formulations and their weak formulations (continuous and discrete ones) are recalled. In section
3 a guaranteed equilibrated error estimator for both classical formulations in term of potentials
is developed. Finally, Section 4 is devoted to some numerical results to illustrate the equivalence
between the error and the estimator.

2 Formulations of the continuous and discretized problems

2.1 Continuous weak formulations

In the following, we suppose that p € L>°(D) and that there exists po € R such that u > o in
D. We also assume that o € L>(D), o;p, =0, and that there exists oy € R such that o > oy in
D.. At last, we recall the Gauge conditions. Like mentioned in Section 1, we choose the Coulomb
one for the vector potentials A and T, and we ask for the averaged value to be equal to zero for
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the scalar potentials ¢ and €.

On a given domain D, the L?(D) norm is denoted by || - ||p, and the corresponding L?*(D) inner
product by (+,-)p. The usual norm and semi-norm on H'(D) are respectively denoted by || - [|1p
and |- |1 p. In the case D = D, the index D is dropped. Recall that H}(D) is the subspace of
H'(D) with vanishing trace on 9D. Moreover, let us introduce the following spaces:

X(D) = Hy(curl,D) = {F € L*(D)’; cwrl F € L*(D)? and F x n = 0 on 8@)},
X(0) = {FeX(D); (F,VE)p=0v¢c HYD)},
HY(D) = feH1 /fdx—()
where Hy(curl, D) is equipped with its usual norm:
IF 17 ety = IF 115 + [lcurl Ff5.
The harmonic formulation of (8)-(9) is obtained taking A(t,x) = A(x) ¢! and ¢(t,x) =
p(x) e/t where 7> = —1 denotes the unit imaginary number and w is a given real number

corresponding to the frequency. Writing from now A and ¢ instead of A and @, the harmonic
A — ¢ formulation reads:

curl (;flcurl A) +cr<ij+V<,5) =Jsin D,
div(e(jwA+Vy))=0in D,,
Axn=0onT,

c(jwA+Vy) - n=0onT,.

The corresponding weak formulation is given by (see [18]):
Find (A, ¢) € X(D) x Hl(D ) such that

a10((A,9), (A 9)) = Lig((A @) V (A ¢) € X(D) x H(D,), (14)
with aa, and l4, the bilinear and linear forms respectively defined by:

110((A0) (A" @) = (i el A carl A') + 2 (01 (jw A+ Vp).0" (jw A"+ V) ,

l1o((A @) = (J5, A).

Theorem 2.1 of [18] ensures the existence and uniqueness of the solution (A, ) € X (D) x }fﬁ(Dc)
of problem (14). Let remark that (14) occurs even for any (A’ ¢’) € X(D) x H'(D,), that is to
say that the Gauge conditions are not needed for the test functions (see Lemma 2.2 of [18]).

Likewise, the harmonic formulation of (12)-(13) is obtained taking T(t,x) = T(x) e/“? and
Qt,x) = Q(x) e?wt. Like previously, writing T and  instead of T and Q respectively, the
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harmonic T — 2 formulation reads:

curl (o7 teurl T) + jwu (T —VQ) = —jwpH, in D,.
div (u(T — VQ)) = —div (¢H,) in D .
Txn=0 on I'.,

p(H;—VQ) -n=0 on I,
where we have used a slight abuse of notation T to denote a fixed extension of T in the non
conductor domain D,, like what we did for ¢. The corresponding weak formulation is given by
(see [19]):
Find (T, Q) € X(D.) x H'(D) such that
ara((T,Q), (T, Q) = lpa(T, Q) ¥V (T,2) € X(D.) x H(D), (15)
with arq and I the bilinear and linear forms respectively defined by:

aro((T,Q), (T,Q)) = (¢ 'ecwrl T,cwrl T') ,  + (jwp(T-VQ),T -VY),

+ (JwpV VYY), ,
lro(T,Q) = —(jwpHs, T = VQ)p, + (jwpH, V) p,.

By Theorem 2.2 of [19], problem (15) admits an unique solution (T,Q) € X (D) x ﬁ(D) Once
again (see Lemma 2.3 of [19]), (15) occurs even for any (T’,Q') € X(D,) x H*(D).

2.2 Discrete weak formulations

We consider now a conforming mesh 7, made of tetrahedra, each element T of 7}, belonging either
to D, or to D.. We denote hr the diameter of the element 7" and pr the diameter of its largest
inscribed ball. We suppose that for any element 7, the ratio hy/pr is bounded by a constant
a > 0 independent of T" and of the mesh size h = maxypc7;, hy. Finally, the conductivity o and the
permeability p are supposed to be constant on each tetrahedron: we write fimax = maxryer, pr,
Omax = MAX7eT, TeD, 0|7 ANd Omin = MilreT;, TeD, O|T-

The vector fields A and T are approximated by first order edge elements and the scalar fields ¢
and €2 by first order nodal elements. Thus the considered approximation spaces are the following:

ND(T) = {Fy:T— C’ x—a+bxx, abeC’},
Xu(D) = {FieX(D);Fur e NDI(T), VT €Ty},
oND) = {& e Hi(D)itur e PUT) VT €T, },

X,(D) = {FheXh ); (1, V&) = 0 ¢ € O3(D) },
O(D) = { fh|TeP1(T)VTeﬁ}.
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The discrete A — ¢ formulation consists in looking for (A, ¢n) € j(vh(D) X éh(DC) such that
. ((An on), (AL 2h)) = Lao((Ah,¢h) YV (A}, ) € Xu(D) x O(D.). (16)

Theorem 2.2 of [18] ensures that problem (16) admits a unique solution (A, ¢1,) € X,(D)xO,(D.).
On the other hand, the discrete T — Q formulation consists in looking for (T, Q) € X,(D,) X
©4(D) such that

aro((Ths )s (Th, ) = lra((Th, Q) ¥ (T}, ) € Xa(De) x On(D). (17)

Theorem 2.4 of [19] ensures that problem (17) admits a unique solution (Tj, Q) € X5,(D.) x4 (D).
Like for the continuous cases, the test functions arising in (16) and (17) do not need to be gauged
(see Lemma 2.3 of [18] and Lemma 2.6 of [19] respectively).

2.3 Definition of the error

On one hand, we want to estimate the A — ¢ error ey, given by:

_ 2 _ . 2
eay” = ||p 1/2(:111r1e,4H + fw V2512 (jwey + Ve@)HDC ) (18)
where e4 = A — Aj and e, = ¢ — 5. From the FE resolution of the A — ¢ system, we define:

B, = curlA,,
E, = —(ijh—i—VgOh),

so that, since B = curl A and E = —jwA — Vi, the A — ¢ error (18) can be reformulated as:
_ 2 _ 2
eAWQ = H,u 1/2(B — Bh)H + ||w 1/2 51/2 (E— Eh)HDc ) (19)

On the other hand, we want to estimate the T — () error er o given by:
_ 2 _ 2
erg’ = ||(wo) 2curl eTHDc + ||[L1/2(€T — Veq)||”, (20)

where ey = T—T), and eq = Q—Q,. We recall the abuse of notation T to denote a fixed extension
of T in the non conductor domain D,, so that relation (11) can be written as:

H=H,+T—-VQin D, (21)
and ép = T- ’T‘h in D. In this case, from the FE resolution of the T — ) system, we define:

H, = H,+T,— VQ,

Je,h = CUI‘IT}L,

Therefore, recalling the continuous relations (10) and (21), the T— error (20) can be reformulated

as:
2

D.

era® = [|(wo) 23 =T |] + || PE -1 (22)

The following section is devoted to derive an a posteriori equilibrated error estimator in order
to control the total error e defined as

— eQA#, + eQT,Q : (23)



3 A posteriort error analysis

3.1 Technical results

This subsection is dedicated to establish some technical results needed to derive the equivalence
between the estimator and the error, up to some oscillation terms. Let us define

e:=—(er — Va), (24)

where er = T — T, (as already defined in subsection 2.3) and o € H}(D,) is defined as the unique
solution of

V&-VX:/ er-Vx Vxe€HD,). (25)

D, ¢

Let us note that, taking x = « in (25) and thanks to the Cauchy-Schwarz inequality, the estimation
I Va|

p. < |ler|lp.
is straightforward. Let us moreover point out that e belongs to X (D,.) and satisfies
dive =0, (26)

Moreover, since Va € X(D,.) and e4 € H(curl, D,), from the divergence theorem, we obtain

/Va-curleA:/ Cuera-eA—i-/Vaxn-eA:O,
(& c FC

which implies

(—er,curles)p, = (e,curles)p, . (27)
Let a* be the bilinear form defined as:
a*((T,Q), (T,Q)) = ara((T,),(T,Q)) (28)

= (0 'ewlT,curl T)p, — (jwpu (T —VQ), T — V).
We now introduce the weak problem that consists in finding (T., Q) € X(D,) x ﬁ(D) such that
a*((Te, ), (T, Q) = (e,T)) V (T',Q) € )?(DC) X PAI/l(D) (29)
This problem has clearly a unique solution since the form a* is coercive (by multiplication by an
appropriate factor, see Theorem 2.1 of [18]).
Lemma 3.1. Relation (29) is satisfied for any test function (T',Q)) € X(D.) x H'(D).

Proof: By Theorem 3.40 of [25, p. 66|, any T” € X(D,.) admits the following Helmholtz decom-
position
T =+ VT,
where ¢ € X(D,) and 7 € HY(D,).
In the following 7 denotes the extension of 7 by zero outside D,. Similarly to Lemma 2.3 of [19],

deﬁningﬁ’-Q’+%—1/|D|/Q’—1/|DC|/ 7, we have:
D DC

a*((Te, Q), (T, ) = a*((Te, ), (W + V7, Q) )
= (o 'cuwrlT,, cur/l\@D)DC — (Jwp (T —VQ), v+ V(Q — 7))
= a*((Teyge)’(¢>Q/))‘
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Thanks to (29) we obtain:
(T2 (T 0) = [ o5 (30)

De
The divergence theorem, joined to the relation (26), give that [ p,€ VT =0forany e H}(D.).
This property and (30) leads to the conclusion. [ |

Corollary 3.2. Let (T,,Q,) € X(D,) x ]f-ﬁ(D) be the unique solution of (29), then we have:

div (u(Te = V) =0 in D, (i)
(31)
w(Te—VQ) n=0 onl, (i)

and
curloteurl T, — jwp (T — VQ,) = e in D,.. (32)

Proof: Let D(D) be the space of infinitely differentiable functions with compact support in D.
I) By Lemma 3.1, let us take T = 0 and Q' € D(D) in (29). We have :

/ W(T— V) -V =0 VO € D(D),
D

so that (31) (¢) holds.
IT) Let us take now T/ = 0 and ' € H'(D) in (29), so that by Lemma 3.1 we have:

/ u(i—VQe)-VQ’:O v e HY(D).
D
Now, applying Green’s theorem we obtain:

0= _/ div (p (Te —VQ)) U+ < (u (fe - VQ)) n, Q >p
D
= < (u(T,— V) -n, Q >p

= 0VQ € H(D),

so that (31) (¢4) is proved.
I1I) Finally, let us take T/ € D(D,)* C X(D.) and ' = 0 in (29), so that

/ (o 'ewrl Te - cwrl T — jwp (T — VQ,)-T') =0 VT € D(D)?,

(&

which leads to (32) in the distributional sense. n

Corollary 3.3. Let us recall that D and D, are both simply connected and that the boundary
I'. is connected. Let e defined by (24) and (T, .) solution of (29). Then there exists € € (0,1/2)
such that

T, € HY**(D,), (33)
curl T, € HY*(D,), (34)
Q. € H™(D), (35)
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with

[ Tellgarep,y + |[erl Te |[g12eep,y + || Qe [|mep) < clle]l|p, (36)

where c represents a general constant independent of h.
Proof: 1) First, let us prove (33).

Since T, € X(D,) < HY**(D,) (sce Theorem 3.50 page 71 of [25]), and using the Friedrichs
inequality (see Corollary 3.51 of [25]) we have:

| Tellzzeepy < cl|lewlTel[p, + [|div Tel[p, +||T|
—_———

=0
< clcurl T, ||p, - (37)

Taking as test functions T = T, and ' = ), in (29), we get that
I o'/? curl T, ||2Dc < [a"((Te, Qe), (Te, Q) | = | (e, Te)p. | < clle]|p, |[curl T, ||p,,

D.)

where Cauchy-Schwarz and Friedrichs inequalities have been used in the last step of the estimation.
This result implies that

leurl Te[[p, < cogillelln.. (38)
With the help of the estimate (37) we get
I Tellmzrepy < comllelln. . (39)

IT) Let us prove (34). From Corollary 3.2, one can deduce that curl T, € H(div, D) verifies, in
the distributional sense,

curlcwrl T, = ojwpu (T, —VQ,) + oce € L*(D)>. (40)

Moreover divcurl T, = 0 in D, and, as long as T xn=0on I'., curl T, -n =0 on I'.. In other
words,
curl T, € Xr(D,) :={F € H(curl, D) N H(div,D.); F-n=0o0onT,}.

Theorem 3.50 of [25] ensures that X¢(D,) — HY?*¢(D,)3, so that curl T, € H'/?*¢(D,)? with :

c|lcarl Te || x7(p)
p. +[lewrl Te||p, ) (41)

‘ | curl Te HH1/2+€(DC) S
<

¢ (||curl curl T.|
Let us remark that equation (40) brings to the estimation
|lcurleurl Te[|p, < omax [[w p(Te = V)|, + max [€]lp. ,

and in particular, similarly to the point I), taking in (29) the test functions T/ = T, and ' = €.,
and using the coerciveness of a* and (37) we get

lwi(Te = V) |5, < [a*((Te, ), (Te, ) [ = (e, Te)p, | < clle]lp, [[curl Te||p, ,
the norm || curl T, ||p. is now estimate by (38), so that
lwp(Te = V) b, < copi’lle]lp..
It is now easy to deduce that (41) becomes:
[learl T [|ppizvepy < € MAX (Gmax O Omaes T [l € (42)

IIT) Let us prove (35).

10



e By Corollary 3.2 and the fact that curl (T, — V§2,) € L2(D)?, clearly T, — VQ. € X1(D, 1),
where

Xr(D,p) ={F € H(curl, D); div(uF) € L*(D) and F-n=0on T, }.
From Theorem 3.5 of [17] we have X7 (D, u) — H¢(D), as well as

HTe—er|

He(D) < C|| T, — Ve, ||XT(D::U') :

Consequently, using the Friedrichs inequality as well as (42),

| T, — V.| wep)y < clfcurl (T, — V) |22(p)
< cllewl T [[r2n,)
< c||curl T, ||H1/2+5(Dc)
< € MAX (Oumax Oy s Omaxs Tt || €, (43)

e Due to point I), T, belongs to H/?*¢(D,). In particular this implies that T, € H*(D,), and,
by Corollary 1.4.4.5 of [23], T, € H(D) with the property that

|| T |

wep) < cl[Tellmewy < el Tellgreep,) < cllelln. (44)
where the last inequality is derived from (39).

As a result of (43) and (44), VQ. € H¢(D) and it is such that || V2 |
(35) holds.

IV) Since the averaged value of Q. is zero, we get the estimation

wep)y < clle||p,, so that

| Qe [|1+epy = || Qe llm10) + | Qe |m1+en) = || Qe||m1 (D) + | Ve

HE(D) S C || VQe ||H1+5(D)

which, joined with (39) and (42), leads directly to (36). n

Theorem 3.4. Under the assumptions of Corollary 3.3, there exists € € (0,1/2) such that
lellp. < chferq, (45)
where ¢ represents a general constant independent of h.
Proof: Lemma 3.1 allows us to take TV = e and ' = Q;, — Q = —egq in (29). Thus we get
lellb, = —a"((Te, ), (er, ea)) + a*((Te, Qe), (Var, 0)).

From (26) and (29) we remark that a*((Te, §2), (Va,0)) = 0. Hence recalling the definition (28)
of a* with respect to the bilinear form argq, we get

lells, = —a"((Te, ), (er,eq)) (46)
= _aT,Q((eT7€Q)7 (Ter))
- _aT,Q((Te - Te,h7 Qe - Qeﬁ)’ (eT? 69)) ) <47>

where the last equality is possible thanks to Lemma 2.7 of [19], having taken T.;, € X,(D,.) and
Q&h - ®h<D)
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e Thanks to Corollary 3.3 and to Section 2.5.4 of [10], we can define T, j, := ZypT, (the inter-
polation operator already specified in Section 3.2) and the estimate (2.5.52) of Proposition
2.5.7 in [10] give:

| Te = Tenllp. < b (I Tellga/zrep,y + 1| Ten o)

for p > 2. On the other hand we have H/2+¢(D.) < LP(D,) for any p < 3/(1—¢). Therefore
HY?*¢(D,) — LP(D,) for any p € (2,3/(1 —¢)]. It is now immediate from Corollary 3.3
that

| Te = Tenllp. < ch**|le]lp, - (48)

Similarly, the estimate (2.5.53) of Proposition 2.5.7 in [10] and Corollary 3.3 give

ewl (T, = Toa)llp, < ch>[[ewl T, |lasepy < ch>[lelln,.  (49)

e Let us define Q. = Zf2e, where Z¢; denotes the Clément interpolation operator (see [14] for
more details). Interpolating the results of Theorem 1 of [14] we gain the following inequality:

||Qe_Qe,hHH1(D) S Ch€’|95’|H1+e(D). (50)

Corollary 3.3 together with (50) leads easily to

19 = Qenllarpy < ch®lellp,. (51)
Finally (46) becomes:
| e HQDC = —(a’lcurl (T, —T.pn),curler)p, — jw (u(Te = Tep — V(Qe — Qep)), €0 — Veq)
< w0l [|w! 2o cmrler ||, || curl (T, — Tey) ||,

|| g | 172 (81 = Veq) [ || Te = Tep = V(2 = Q) |l

so that :
—1/2 1/2

lellp. < e max (o, w2 [w] i) hera.

where we have used substantially the Cauchy-Schwarz inequality and the estimates (48), (49) and
(51). n

3.2 Definition of the estimator

Let us suppose that the magnetic source term H, belongs to H'*?(D)? with 0 < § < 1, and let us
define H, := Zyp Hy, where Zyp represents the global interpolation operator onto the Nedelec

space NDy(D,T;,) = {F € H(curl,D);Fir e ND{(T)VT € 771}, as defined in Section 2.5.4 of
[10]. Then, from Proposition 2.5.7 of [10], there exists a constant ¢ independent of h such that

|Hs — Hgp || < ch™ || Hy||g1espys - (52)

The a posteriori error estimator is defined by:

772 = Z ngzagnetic,T + Z nglectric,T? (53>

TeTh TeTL,TCD,

12



with

7772nagnetic,T = H :ul/Q(Hh - #_1Bh + HS,h - HS) H%‘ = || #l/z(HS,h + Th -V, — ;L_lcul“l Ah) ||%“7

and
Woeerior = || (W) (Jep = oEy) |7 = || (wo) ™2 (cwrl Ty, — o (jwAy + Vr)) | |7

as local error indicators.

3.3 Equivalence between the error and the estimator

Theorem 3.5. Under the assumptions of Theorem 3.4, the following relation holds:
' =e*+h.o.t., (54)
where h. o.t. denotes higher-order terms (with respect to the error e?) which are specified in (58).

Proof: Thanks to the material constitutive laws (4) and (5), we can split the estimator terms as
follows:

o= || pP(Hy = H+ T (B =By) + He — Hy) [ + || (wo) 2 (Jep = Je + 0(E—Ep)) |3,
= [, =H) |[5 + [[ 1B =Bu) [ + || #'(Hs = Hop) [[5
+ 2R ((H, — H,,, (B—By)) + (H,— H,, p(H, — H)) + (H,—H,B—B,))

| (wo) 2 Ten =T |5, + w22 (E-E) |5, + 2R (w ' (Jep =T E—E)p, ).

(55)

From the divergence theorem joined to the boundary conditions on e, we remark that

(H,—-H,B-B,) = /(HS+Th—VQh—HS—’T+VQ)-curl(A—Ah)

D
(56)
= —/(eT — Veq) - curley = —/ er-curley
D .
and, from the divergence theorem joined to the boundary conditions on ey, we remark that

o (Ja—ILE-Bp, = o [ cul(Ty- 1) GulA— A+ Vi )

C (57)

= —w‘l/ curleT-(jweA—l—Vew):j/ er-curley.

c

Recalling the definition of the error (23), the definition of the potentials and relations (56) and
(57), the identity (55) takes the form:



with

ro= 2R((H,—H,,, (B—By)) + (H, — Hyp, u(H, — H)) + (1—j) (—er,curles)p, )
| pMAHE, - Hp) |3 (58)

Let us show that r is an higher-order term with respect to the error €2, so that the conclusion (54)
directly follows. We recall that the constant ¢ will represent a generic constant, independent of h.

e Let us estimate (Hy; — Hy;,,B — By) and (H;, — H,p,, ¢ (H, — H)). The Cauchy-Schwarz
inequality and relation (52) give

|(He—H.p,(B=By)| < |[|He—Hon|| g2 | n7*(B =By) ||
< g [[H |y 1 e, (59)

|(Hy — Hyp, p(Hy —H))) [ < [|Hy — Hop || 2 || "2 (H, — H)) ||
< el | Hy||gisspy B e, (60)

where we recall that ey, (resp. ergq) is defined by (19) (resp. by (22)).

e Let us estimate now (—er, curlea)p,.
From definition (24) and relation (27), we can directly apply the result (45) of Theorem 3.4,
that gives:

| (er,curles)p, | =|(e,curleq)p, | < ||e||||curles || < chfergea,. (61)

Joining the estimates (52), (59), (60) and (61), we gain the following estimation for the term (58):
|7“’ < c(h1+6 A + h1+6 er + he era ey + h2+26). (62)

This estimate shows that r is a higher order term. Indeed if the error decays as h* with 0 < s <1,
then the estimate (62) and h'*? < ch® h? yield

7| < (b’ + B+ h*°) %,

and leads to the fact that || = o(h?*). ]

Let us state now a result concerning the local in space efficiency of the estimator.

Theorem 3.6. Let H, € H'™(D)? with 0 < § < 1 and H,, = Zyp Hy, as defined in Section 3.2.
According to the notation of Section 2.3, let

b= B =Byt ® = B ) 2@ = T+ (|0 - )
Denoting np := (nfnagnetic,T + nglecm-c,T)l/Q, the following estimate holds:
nr < 2ep+h.o.t.. (63)
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Proof: Thanks to the material constitutive laws (4) and (5), the triangular inequality and the
property (a + b)? < 2 (a® + b?), we get

2 2 2
nr = nmagnetic,T + nelectm'c,T

= || #"*(Hy, —H+p 'B — p'By) + p?(H,, — Hy) ||§ + | (wo) 2 (Jep — Jo + 0E — 0E,,

< 2| pP(H, - H) + p'?(Hy ) — HS)H2T +2| (B - By) H2T
42| (wo) 2 (Top = I H; +2||w20)V2 (E - Ey) ||2T
< 2(|| (wo) V2 T = 30) |3+ || w TV 20) 2 (B~ By 5+ || 2B - By |)

| 2, ) a2, -
< 46% + 4¢h*® Hmax || H; ||H1+5(D)3 )

where the estimate (52) is used for the last step. The conclusion (63) directly follows remembering
that (a +b*)'/2 < a +b. m

4 Numerical results

This section is devoted to the numerical validation of the error estimator. The following numerical
experiments are performed with the software CARMEL_3D [1]. The aim consists in illustrating
the equality (54) between the error and the equilibrated estimator up to higher order terms, as
well as the local efficiency result (63). This test is inspired by the one proposed in [18] devoted to
a residual error estimator for the A — ¢ harmonic formulation. Let us notice that here we have
also to manage the T — 2 formulation in order to compute our equilibrated estimator.

Let us recall the framework. As displayed in Figure 2, the geometrical domains under consid-
eration are D = [—2.5,5] x [—2,2] x [=2,2] and D. = [2,4] x [—1,1] x [—1,1]. The physical
parameters are defined by uy=1in D, o =1in D,, c =0 in D, and w = 2.

Figure 2: Configuration and regular mesh of the domains D, D, and Dj.

Thanks to (8), we define J; so that the exact solution (A, ¢) of (14) is given by:

f(x7 y? Z)
A = curl 0 inD,
0
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where
(=D —-D**—-1D* in Dy = [—-1,1)3,
0 otherwise ,

f(:c7y7z) = {

and o =0 in D.. Let us remark that D, corresponds to the support of J;. The FE resolution of
(16) and (17) gives the numerical solutions (Ay, ¢p) and (T}, Q) respectively, allowing to evaluate
the errors e4 , and er o given by (19) and (22), where we recall that:
B-B, = cul(A—-Ay),
E-E, = —(jw(A—Ap)+V(e—wn),
Je—Jen = —0(jwA+Vy)—curlT,,
H-H, = pl'curlA—H,—T,+VQ.
We are then able to compute the exact error e given by (23), the equilibrated estimator 7 given

by (53) as well as, for each tetrahedron T of the mesh, the local error er and the local estimator
nr defined in Theorem 3.6.

First of all, we check the convergence of the error e. Figure 3 shows the rate of decay of e as
a function of the total number of degrees of freedom DoF' corresponding to the A /¢ formulation.
The theoretical a priori expected order of convergence is obtained, namely —1/3, corresponding
to the order one in h for the three dimensional case, since regular meshes are used.

Then, we investigate the behavior of the equilibrated estimator 7. The order of convergence
of 1 is the same as the one of the error (see Figure 3). Moreover, we see in Figure 4 that the

effectivity index F; = ¢ is of the order one, this illustrates the equality (54) of Theorem 3.5 and

Ui
corresponds to the so-called asymptotic exactness property of the equilibrated estimator.

3 1.8
—— ln € 16} —=— EI -
250 -e- Inpy 1
slope -1/3 1.4} 1
25 B 1.2f B
e ]
1.51 1
0.81 4
1 1 0.6[ :
0.4r b
0.5f 1
0.21 i
0 L L 1 1 1 1 1 O ! ! ! ! ! ! ! ! !
6 7 8 9 10 1 12 13 14 5 6 7 8 9 10 11 12 13 14
In DoF In DoF
Figure 3: Convergence of the exact error e and the equilibrated Figure 4: Evolution of the effectivity index Ej = % with respect
estimator 7 with respect to the DoF. to the DoF.

Finally, for each tehtrahedron T" of the mesh we define its local effectivity index by:

€r
FE = -,
( I)T nr
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what allows to define the quantity

Er)pmin = min (Ep)r.
( I)mm ’II%%( I)T

From (63), we clearly expect that (E7)mm > 0.5 up to higher order terms, this is nearly the case
as we can see in Figure 6, since its value oscillates between 0.5207 and 0.4827. Since the smallest
value corresponds to a mesh with around 500000 degrees of freedom, we believe that it is smaller
than 0.5 due to computing errors. That is why we also introduce the averaged local efficiency
index (E7)minavg, defined as the averaged value of (E;)r only for the 0.1% of the tetrahedra in the
mesh for which the values of (F;)r are the smallest. Clearly, we see in Figure 6 that this quantity
is this time always larger than 0.5, as theoretically expected. Since (E})mn, is very close to 0.5 and
since (ET)minavg 18 always larger than 0.5, the use of 7 for an adaptive mesh-refinement strategy
seems very promising.

EQOOAOS

&31395

IMHWHA I
F\m HHHH‘

N

164e-6 3.13%e-7

(a) Exact error. (b) Equilibrated error estimator.

Figure 5: Local error maps in the plane z = 0.

1 T T T T T T T T
o9r - (EI)min i
0.8 —* (EI )minavg B
07} 4
06} //*,,——"'* 4
05 $_==___:$::—-—-———u— _____ —
04} .
03} 4
02} .
01 .
R 7 s s 10 " 2 3 14
In DoF

Figure 6: Evoltuion of (E7)min and (Er)minave With respect to the DoF.
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