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REGULARITY AND B-FUNCTIONS FOR D-MODULES

YVES LAURENT

ABSTRACT

A holonomic D-module on a complex analytic manifold admits always a b-function along
any submanifold. If the module is regular, it admits also a regular b-function, that is a
b-function with a condition on the order of the lower terms of the equation. There is a
weaker condition of regularity: regularity along a submanifold. We prove that a module
which is regular along a submanifold admits a regular b-function along this submanifold.

2000 Mathematics Subject Classification. 35A27.
Key words and phrases. D-module, regular, b-function.
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INTRODUCTION

Let f be a holomorphic function on an open set X of C". A b-function for f is a
polynomial b € C[s] such that there exists a differential operator P on U with parameter
s satisfying an equation:

1) b(s)f(x)* = P(s,. D;) f(x)""!
The generator of the ideal of the b-functions associated to f is usually called the Bernstein-
Sato polynomial of f (see[l] for details).

This definition has been extended by Kashiwara [3] to holonomic D-modules. Let X

be a complex manifold and Y a smooth hypersurface. Let Dx be the sheaf of differential

operators on X. Let M be a holonomic Dx-module and u a section of M. A b-function
for u along Y is an equation

(2) b(tDy)u = tP(t,z,tDy, Dy)u

satisfied by u. Here (¢,x) are local coordinates of X such that ¢ is an equation for Y. A
similar definition exits for submanifolds of X of any codimension.

The b-function is called regular if P may be chosen so that its order as a differential
operator is not greater than the degree of b.

It has been proved by Kashiwara [3] that a holonomic D-module admits a b-function
along any smooth hypersurface and by Kashiwara-Kawai [5] that a regular holonomic
D-module admits a regular b-function along any smooth hypersurface.

There is another notion of regularity, the regularity of a D-module along a submanifold.
The definition will be given in definitions 1.3 and 3.1. In the case of a hypersurface,
this is equivalent to the fact that solutions in the formal completion transversally to the
hypersurface are convergent. It has been proved that a regular holonomic module is
regular along any submanifold in [6]. It is also a direct consequence of the definition that
if a D-module admits a regular b-function along a submanifold, it is regular along it. We
will prove here that a module which is regular along a submanifold Y admits a regular
b-function along Y.

The problem is better understood after microlocalization, that is for modules over the
sheaf £x of microdifferential operators. Regularity and b-function may be defined for a
coherent Ex-module M along a conic lagrangian submanifold A of the cotangent bundle
[8]. All definitions are invariant under quantized canonical transformation. Concerning
D-modules, this will prove that the result is true not only for hypersurfaces but may be
extended to any smooth subvariety of X.

A regular holonomic £x-module is regular along any smooth conic lagrangian subvariety
of T*X. Conversely, in the definition of Kashiwara-Kawal [6], a holonomic Ex-module is
regular if it is regular along the smooth part of its characteristic variety.

In the first section of this paper, we briefly recall the definitions of b-functions and
state the result for Dx-modules. In the second section, we study the microlocal case. We
define the filtrations and bifiltrations on holonomic £x-modules In the third section, we
study the equivalent definitions of regularity along a lagrangian manifold and we prove
the existence of a regular b-function as a product of #¢ by the b-function b(6).

1. THE CASE OF DIFFERENTIAL EQUATIONS

In this first section, we briefly recall the definitions of b-functions and regularity in the
framework of Dx-modules.
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1.1. Filtrations and b-functions. Let X be a complex analytic manifold, Ox the sheaf
of holomorphic functions on X and Dx the sheaf of differential operators on X with
coefficients in Ox. Let T*X be the cotangent bundle to X with canonical projection
m:T*X — X. Let Y be a submanifold of X.

The sheaf Dx is provided with two filtrations. The first one is the filtration (Dx m)m>0
by the usual order, that is the degree in the derivations. Here, we will denote this filtration
by FDx, i.e. F,Dx = Dx,,. The corresponding graded ring gr¥Dx is identified to
mO|r= x| the sheaf of holomorphic functions on 7" X with polynomial coefficients in the
fibers of .

The second one is the V-filtration which has has been defined by Kashiwara in [4] as:

(1.1) ViDx = {P € Dxl|y |V € Z,PT}y c I:%}
where Zy is the ideal of definition of Y and Tt = Ox if £ <0.

Let 7: Ty X — Y be the normal bundle to Y in X and Op, x the sheaf of holomorphic
functions on Ty X which are polynomial in the fibers of 7. Let Ojr, x1[k] be the subsheaf
of O, x7 of homogeneous functions of degree k in the fibers of 7. There are canonical iso-
morphisms between Tt /I}k/_1 and 7Oy, x][k], between DIt /I;“,_1 and 7.O|p, x]- Hence
the graded ring gr" Dx associated to the V-filtration on Dy acts naturally on Oy x]- An
easy calculation [14] shows that as a subring of End(7.Op, x1) it is identified to 7D, x)
the sheaf of differential operators on Ty X with coefficients in O, x] -

The Euler vector field 6 of Ty X is the vector field which acts on Ojp, x[k] by multipli-
cation by k. Let ¥ be any differential operator in VoyDx whose image in gr(‘)/ Dx is 0. Let
M be a coherent Dx-module and u a section of M.

Definition 1.1. A polynomial b is a b-function for u along Y if there exists a differential
operator ) in V_;Dyx such that (b(9) + Q)u = 0.

Definition 1.2. A polynomial b of degree m is a regular b-function for u along Y if there
exists a differential operator @ in V_;Dx N F,;,Dx such that (b(J) + Q)u = 0.

The set of b-functions is an ideal of C[T7], if it is not zero we call a generator of this
ideal ”the” b-function of u along Y.
Remark that the set of regular b-function for u is not always an ideal of C[T].

1.2. Regularity. A holonomic module is regular its formal solutions converge at each
point. More precisely, if x is a point of X, Ox, the ring of germs of Ox at x and m

the maximal ideal of Ox ;, let us denote by 9] x,z the formal completion of Ox , for the
m-topology. The holonomic Dx-module M is regular if and only if:

¥j>0, VozeX, E&xth (M,0Ox,)=Exth (M,Ox,)

This is the direct generalization of the definition in dimension 1 (Ramis [12]). An
algebraic and microlocal definition is given by Kashiwara-Kawal in [6] and they prove
that, for a Dx-module, it is equivalent to this one.

A weaker notion is the regularity along a submanifold. This has been studied in several
papers [7],[8],[11]. The definition will be given in section 3 using microcharacteristic va-
rieties. Here we give a more elementary definition for Dx-modules which works only for
hypersurfaces.
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Let Y be a smooth hypersurface of X, ¢ is the vector field of section 1.1 and M be a
holonomic Dx-module M defined in a neighborhood of Y.

Definition 1.3. The holonomic Dx-module M is regular along Y if any section u of M is
annihilated by a differential operator of the form ¥V +P+Q where P is in Fy_1DxNVyDx
and Q is in FNDx NV_1Dx

Let us denote by @X|y the formal completion of Ox along Y, that is
Oxpy = lim Ox /T§
k

We proved in [9] and [11] that M is regular along Y if and only if
(1.2) Vi >0, &xt) (M,Oxy) = Ext], (M,Ox)

We can still state definition 1.3 and equation (1.2) when Y is not a hypersurface but
they are not equivalent. Correct statements will be given in section 2 in the microlocal
framework.

It has been proved by Kashiwara in [3], that if M is a holonomic Dx-module, there
exists a b-function for any section u of M along any submanifold Y of X. Kashiwara and
Kawai proved in [5] that if M is a regular holonomic Dx-module, there exists a regular
b-function for any section u of M along any submanifold Y of X.

We will prove in section 3.2 that if M is a holonomic Dx-module which is regular along
a submanifold Y then it admits a regular b-function along Y.

1.3. Explicit formulas in local coordinates. Consider local coordinates (x1,...,xp,t)
of X such that Y is the hypersurface Y = { (x,t) € X | t = 0}. Then Ty X has coordinates

(x1,...,2p,t).
The Euler vector field 6 of Ty X is 0 = ng and we can choose ¥ = tD;. Then a
b-function is an equation
b(tDy) + tQ(x,t, Dy, tDy)
and it is a regular b-function if the order of @ is less or equal to the degree of b.
The module M is regular along Y if any section of M is annihilated by an equation

(tD)N + P(x, Dy, tDy) + 1Q(x,t, Dy, tDy)
with P of order less or equal to N — 1 and @ of order less or equal to V.

2. MICRODIFFERENTIAL EQUATIONS

In this section, we review basic definitions of filtration, V-filtration and bifiltrations on
Ex-modules. Details may be founded in [1] or [14], and [8].

2.1. V-filtration on microdifferential operators. We denote by £x the sheaf of mi-
crodifferential operators of [13]. It is filtered by the order, we will denote that filtration
by Ex = |J Fx€x and call it the usual filtration.

Let O(p+x) be the sheaf of holomorphic functions on 7*X which are finite sums of
homogeneous functions in the fibers of 7 : T*X — X. The graded ring grf' € is isomorphic
to W*O(T*X) [14]

In [8], we extended the definitions of V-filtrations and b-functions to microdifferential
equations and lagrangian subvarieties of the cotangent bundle.
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Let A be a lagrangian conic submanifold of the cotangent bundle T*X and My, be a
holonomic £x-module supported by A. A section u of MA is non degenerate if the ideal
of Or=«x generated by the principal symbols of the microdifferential operators annihilating
u is the ideal of definition of A. The module MA is a simple holonomic £x-module if it is
generated by a non degenerate section uy. Such a module always exists locally [13].

Let My j, = Ex rua. The V-filtration on £x along A is defined by:

(2.1) Vilx ={P e€&x|a |V €Z,PMpy C Mp otk }

This filtration is independent of the choices of My and wy, so it is globally defined [8,
Prop. 2.1.1.].

Let Op[k] be the sheaf of holomorphic functions on A homogeneous of degree k in the
fibers of A — X and Oy = @z Oalk]. There is an isomorphism between My /M -1
and Oy ;. By this isomorphism the graded ring gr¥ Ex acts on O(a) and may be identified
to the sheaf D) of differential operators on A with coefficients in Oy).

All these definitions are invariant under quantized canonical transformations [8].

The restriction to the zero section 75X of T*X of the sheaf £x is the sheaf Dx of
differential operators. If A is the conormal bundle 7y X to a submanifold Y of X then
the V-filtration induced on Dx by the V-filtration of £x is the same than the V-filtration
defined in section 1.1. The associated graded ring is the restriction to Y of D) which is
the sheaf Dy of differential operators with coefficients polynomial in the fibers of A — X.

The correspondence between the isomorphism grV Dy ~ Dir, x) of section 1.1 and the
isomorphism gr¥ Dy ~ Diry x] s given by the partial Fourier transform associated to the
duality between the normal bundle 7y X and the conormal bundle 7y X

Remark 2.1. Consider local coordinates (x1,...,Zp, t1,...,tq) of X and Y = {(z,t) € X |
t =0}. Let (x,%) be the corresponding coordinates of Ty X and (z,7) the corresponding
coordinates of Ty X. Let 6 = Zle fiDgi be the Euler vector field of the fiber bundle Ty X
and 0x be the Euler vector field of A = Ty X

The Fourier transform is given by ¢; — —D;, and Di, — 7. So # is mapped to —d — 0,
where d is the codimension of Y.

2.2. Filtrations on £-modules. Let M be a (left) coherent £x-module. A F-filtration
(resp. a V-filtration) of M is a filtration compatible with the F-filtration (resp. V-
filtration) of £x.

A good filtration of M is a filtration which is locally of the form My = Zfil EX —k; Ui
for (uq,...,un) local sections of M and (ki,...,ky) integers. In the same way, a good
V-filtration of M is locally of the form VM = Ef\il Vie—r, Exus.

If M is provided with a good F-filtration, the associated graded module grf' M is a
coherent module over grf'&x = O+ x). Then Op«x @ —1g,7¢, 7 1grf M is a coherent
Or+x-module which defines a positive analytic cycle on T*X independent of the good
filtration. This cycle is the characteristic cycle of M and denoted by Ch(M). Its support
is the characteristic variety of M denoted C'h(M), it is equal to the support of the module
M itself.

The characteristic variety of a coherent £x-module is a homogeneous involutive subva-
riety of T*X. When its dimension is minimal, that is when it is a lagrangian, the module
is holonomic.
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If M is provided with a good V-filtration, the graded module gr¥ M is a coherent
module over grVEx = D) hence gr¥' M is a coherent D(p)-module. The characteristic
cycle of this module is a positive analytic cycle on T*A and its support is involutive.
According to [8] and [11], this characteristic cycle is called the microcharacteristic cycle
of M of type oo and is denoted by Chy(cc)(M). The corresponding microcharacteristic
variety is Chp(c0)(M). We have the following fundamental result:

Theorem 2.2 (Theorem 4.1.1 of [8]). The dimension of the characteristic variety of
gr¥' M is less or equal to the dimension of the characteristic variety of M. In particular,
gr¥' M is holonomic if M is holonomic.

As ngE x is identified to the subsheaf of D,) of differential operators P satisfying
[0, P] = kP, the Euler vector field 6 acts on gr¥' M, so we may define a morphism © by
©=0—kongr) M. As [0, P] = +kP on gr} Ex, © commutes with the action of gr"&x
that is defines a section of Endg,ve, (gr¥ M).

Definition 2.3. The set of polynomials b satisfying
b(©)grY (M) =0

is an ideal of C[T]. When this ideal is not zero, a generator is called the b-function of M
for the V-filtration along A.

The b-function depends on the good V-filtration, its roots are shifted by integers by
change of V-filtration.

The b-function is invariant under quantized canonical transform. Let Y be a submanifold
of X of codimension d. If we want to identify the b-function of definition 2.3 with that of
definition 1.1, we have to replace ¥ in definition 1.1 by —d — ¥ because of remark 2.1.

Theorem 2.4. If M is a holonomic Ex-module, there exists a b-function for M along
any lagrangian submanifold A of T*X.

This theorem has been proved first by Kashiwara for D-modules in [3]. It has been
proved for £x-module in [8] as a corollary of theorem 2.2. In fact, as gr" M is holonomic,
Endg,ve, (gr¥ M) is finite dimensional and the b-function is the minimal polynomial of ©

on gr¥ M.
2.3. Bifiltration. From the two filtrations on Ex, we get a bifiltration:
(2.2) V(k,j) € ZXZ Wi iEx = FjEx N Vi€x

To this bifiltration is associated the bigraded ring:

(2.3) gTWEX = @ gr}fjé’x with g?“,?ljgx = Wk,ng/(kal,ng + Wk,jfng)
(k.5)

This bigraded ring is equal to the graded ring of gr¥&x = D(y) (this latter with the
standard filtration). So it is isomorphic to TAxO[r+4), the sheaf of holomorphic functions
on T*A which are polynomial in the fibers of wp : T*A — A and sum of homogeneous
functions for the second action of C* on T*A. ”Second action” means action induced on
T*A by the action of C* on A.

Let M be a (left) coherent Ex-module. A good bifiltration of M is a bifiltration com-
patible with the bifiltration of £x which is locally generated by local sections (uy,...,un)
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of M This means that there are integers (p1,. .., un) and (v1,...,vy) such that Wy ;M =

>0t Wity g Ex .
The bigraded module associated to the bifiltration is defined by

(2.4) g M =P griiM  with  gril, M = Wi ;M) (W1 ;M + Wi j_1 M)
(k.)

Proposition 2.5.

(1) The bigraded module associated to a good bifiltration of a coherent Ex-module is a
coherent grWVEx = TA«Opr+p] module.

(2) The bifiltration induced on a coherent submodule by a good bifiltration is still a
good bifiltration.

This result may be found in [2] or [8], let us briefly recall its proof.
We denote by & the sheaf gr) Ex provided with the filtration induced by that of Ex

(cf [6]).

Lemma 2.6. Outside of the zero section of A, there is an equivalence between the following
data:

e q good bifiltration of M
e a coherent sub-Ey-module of M which generates M and is provided with a good
filtration.

Proof. Outside of its zero section, we may transform A into the conormal to a hypersurface
by a canonical transformation, that is in local coordinates:

A={(x,t,6,7) €T X |t=0,6=0,7#0}

Then the microdifferential operator D is invertible. It is an element of W1 1Ex.

Consider a good bifiltration W M of M which is locally generated by sections u1,...,uy
of M. Multiplying them by suitable powers of D; we may assume that (uq,...,uy) belong
to

N =Wy ;M
JEZL
Then N is the sub-Ey-module of M generated by (u1,...,uy) and, by [6, Prop. 1.1.10.],
N is an Ey-coherent submodule of M. The sections (uq,...,uy) define a good filtration

of N and M =Ex @ N.

Conversely, let N be coherent sub-Ey-module of M which generates M and is provided
with a good filtration. The good filtration is given locally by sections (u1,...,ux) which
define a good bifiltration of M. O

Proof of proposition 2.5. From [7, §2.6.] (see also [2]), we know that he filtration of &y is
”a good noetherian filtration” that is a zariskian filtration in the notation of [14]. Then
the results of [14] show that good Ey-filtrations induce good Ey-filtrations on submodules
and that the graded ring associated to a good Ey-filtration is a coherent gr&y-module.
The result may be then deduce from the previous lemma out of the zero section of A.

We get the result on the zero section of A by adding a dummy variable as usual (cf [6,
§A1)). O
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Let Or«p be the sheaf of holomorphic functions on T*A. As griyM is a mp, Oy
coherent module, Op«p RO+ 4 A" tgraq is a coherent Op«p-module. Its support is in-
dependent of the good bifiltration. It is called the microcharacteristic variety of type
(00, 1) and is denoted by Chp(oe,1)(M). This microcharacteristic variety is an involutive
bihomogeneous subvariety of T*A [7],[8].

Let us remark that the same microcharacteristic variety has been defined by Teresa
Monteiro Fernandes in [2], where it is denoted by C'x (M), and in [7] as the support of the
tensor product of the module by a sheaf of 2-microdifferential operators.

2.4. Local coordinates. Assume that the conic lagrangian manifold A is the conormal
to a submanifold Y of X. (By a canonical transformation we may always transform A
into a conormal).

Let (x1,...,2p,t1,...tq) be local coordinates of X such that Y = {(z,t) € X |t =0}.
Then A = {(z,t,£,7) € T*X |t =0, =0} and T*A has coordinates (z, T, z*, 7%).

The Euler vector field of A is 6 = Zf\il 7;D, and its principal symbol is the function
= Zf\il ;7 =< 1,7 >. The hypersurface Sy of T*A defined by the equation ¢ is a
canonical hypersurface which will be considered in next section.

For the W bifiltration, the operator x;, i = 1,...,p, is of bi-order (0,0), ¢t;, j =1,...,d
is of bi-order (—1,0), Dy, is of bi-order (0,1), Dy, is of bi-order (1,1).

The operator ¥ may be chosen here as ) ¢; Dy, it is of bi-order (0,1).

3. REGULARITY ALONG A LAGRANGIAN CONIC SUBMANIFOLD

3.1. Equivalent definitions of regularity. The Euler vector field 85 of A is a differential
operator on A, its characteristic variety is a canonical subvariety of T*A which will be
denoted by Sj. As in section 2.1, My is a simple holonomic £x-module supported by A.

Definition 3.1. Let A be a lagrangian conic submanifold of 7*X and M be a holonomic
Ex-module. The module M is regular along A if and only if it satisfies the following
equivalent properties:

i) The microcharacteristic variety Chp (c0,1)(M) is contained in Sy.

ii) The microcharacteristic variety Chy(cc,1)(M) is lagrangian.
iii) The microcharacteristic variety Ch (co,1)(M) is equal to Chy (c0)(M)
iv) Vj >0, Exth (M, My)=Exth (M,EF ®ey My)

We recall that £ is the sheaf of microdifferential operators of infinite order.

If A is the conormal bundle to a submanifold ¥ of X, we may take My = Cy|x the
sheaf of holomorphic microfunctions of [13]. Then (iv) is reformulated as:

(iv)’ Vj > 0, Sxtjgx (M, Cyix) = Sxtjgx (M’Cﬁx)

Let us now briefly remain how the equivalence between the items of definition 3.1 is
proved.

By theorem 2.2, if M is holonomic, gr" M is holonomic hence its characteristic variety
Chp(c0)(M) is lagrangian. So if C'hp (cc,1)(M) is equal to Chp(c0)(M) it is lagrangian that
is (iif)=>(i).

The microcharacteristic variety C'h (cc,1)(M) is defined by the coherent grpM-module
mA+Opr+a] hence is bihomogeneous, that is homogeneous in the fibers of T*A and homo-
geneous for the action of C* induced by the action of C* on A. By section 4.3. of [§],
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any lagrangian bihomogeneous submanifold of T*A is contained in Sy. In fact, if X is
lagrangian the canonical 2-form €2 of T*A vanishes on ¥ and if it is bihomogeneous the
vector fields v; and v associated to the two actions of C* are tangent to 3. Hence Q(vy, v2)
vanishes on ¥ and an easy calculation of [8] shows that Q(v1,v2) is an equation of Sy. So
(ii)= (i).

Finally, the main parts of the result are (i) =(iv) which is given by corollary 4.4.2. of
[10] and (iv) =-(iii) given by theorem 2.4.2 of [11].

3.2. Regular b-function. Let A be a conic lagrangian submanifold of the cotangent
bundle T*X. As before, 0 is the Euler vector field of A and ¥, is a microdifferential
operator in VyEx whose image in gr(‘)/EX is 6.

Definition 3.2. Let M be a coherent £x-module with a good bifiltration W M relative
to A. A regular b-function for WM is a polynomial b such that:

V(k,j) €ZXZ, b — EYWy ;M C Wi jinM

where n is the degree of b.
if u is a section of M, a regular b-function for u is a regular b-function for the canonical
bifiltration of the module N' = Exu that is Wi, ;N = (Wk, jEx)u.

Remark that if WM is a good bifiltration, we get a good V-filtration by setting:

ViM = | Wi ;M
JEZ
So, considering non regular b-function, we may define a b-function for W to be a b-function
for the corresponding V-filtration.

Proposition 3.3. Let M be a holonomic Ex-module which a good bifiltration admitting
a regular b-function, then M 1is reqular along A.

Indeed, the existence of a regular b-function implies immediately the point (i) of defini-
tion 3.1.

By the following theorem and its corollary, the converse is true which gives another
condition equivalent to the regularity along A.

Theorem 3.4. Let M be holonomic €x-module reqular along a the conic lagrangian man-
ifold A. Any section u of M admits locally a regular b-function.

If b(6) is the b-function of u, there exits an integer d such that 0%b(0) is a regular
b-function for u.

Proof. Let 6 be the Euler vector field of A and ¥ an operator of £x whose image in gr" Ex
is . By definition, the principal symbol ¢ of 6 is an equation of the canonical hypersurface
S of T*A.

If M is regular along A, the submodule N' = Exu is regular along A. We consider on
N the canonical bifiltration, that is Wi;N' = (W;Ex)u. By definition 3.1 of regularity,
Cha(c0,1)(N) is contained in Sy hence gr'V'M is annihilated by a power of . As the
operator ¥ is of bi-order (0, 1), there is an integer ¢ such that

ﬂqu’jN - Wk_l’j_yq/\/’-f— Wk,j+q_1./\/’
Hence there is an operator P € W_; ,Ex and an operator () € Wy 4_1Ex such that
Yu = Pu+ Qu
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We have (99 — P)?u = Q(99 — P)u + [99 — P,Qlu = Q*u + [99 — P,QJu. The com-
mutator [ — P, Q] belongs to Wy a,—1)Ex as well as Q? so (V9 — P)2u = Qou with
Q2 € Wy 2(g—1)€x- By induction we find that (97 — P)"u = Q,u with @, € Wy, (4—1)Ex-

Let b be the b-function of u. If p is the degree of b, there is some integer r such that
b(’ﬁ)Wo’j./\/’ C W717j+p+r./\/‘.
We get
b(9) (91 — A)"u C b()Wo gvN C W_i pirgN
The operator (99 — A)" is equal to ¥4 — A, where A, belongs to W_; ,,Ex. hence
b(V0)9"u C W_1 pirgN and as p + rq is the degree of b(19)9"?, this is a regular b-function
for w. O

Remark 3.5. It is clear in the proof that §9b(#) may be replaced by (6 — )?b(6) for any
complex number «.

Corollary 3.6. Let M be holonomic Ex-module regular along the conic lagrangian man-
ifold A. Any good bifiltration WM relative to A admits locally a regular b-function.

If b(0) is the b-function associated to this bifiltration, there exits an integer d such that
69b(0) is a regular b-function.

Proof. Let (ui,...,un) be local generators of the bifiltration. By definition, there are
integers (A1,...,An) and (v1,...,vy) such that
N
WM = Z Wi j—viExui
i=1

If b(0) is the b-function of the bifiltration, b(f — \;) is a b-function for the section u;. By
theorem 3.4 and remark 3.5, there exists an integer d; such that (6 — \;)%b(0 — \;) is a
regular b-function for d;. Let d be the maximum of d; for i = 1,..., V.

As remarked in section 2.2, [#,P] = +kP on QTXEX hence if P is an operator of
Wk,)\ivj,,jigX we have 9P = P(ﬁ + k- /\z) + R with R in Wk,)\i,17j,,,i(‘:x.

If u is a section of Wj,; M we have u = ) Pyu; with P;in Wiy, ;—,,Ex and (0—k)?b(6—
k) is a regular b-function for u. O

3.3. Application to Dx-modules. Previous results have been established for £x-modules
on the whole of T* X including the zero section that is also for Dx-modules.

If z is a point of the zero section X of T*X, a conic lagrangian submanifold of 7" X
defined in a neighborhood of x is the conormal Ty X to a submanifold ¥ of X. Let
B‘}’/‘ix = Hi(Ox) be the cohomology of Ox and By x = ’H[IY](OX) the corresponding
algebraic cohomology.

If Y has codimension 1 we have:

CiO/OIX/CY|X = ”_1(B§/O|X/BY|X) with 7:7yX - Y

So if M is a holonomic Dx-module condition (iv) of definition 3.1 is equivalent to

(iv)” V5 >0, SxtJDX (M, By |x) = Ext%)x (M,B;’,le)

and by [11] this is equivalent to formula 1.2.

If Y has codimension greater than 1, the situation is different. By a canonical trans-
formation, the situation is microlocally equivalent to the situation of codimension 1. But
in the definition 3.1 we have to consider points of T;}X = Ty X — Y the complementary
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of the zero section in the conormal bundle. Regularity is then local on Tf}X . The equiv-
alence between algebraic and analytic definitions that is between conditions (i) to (iii) in
definition 3.1 and condition (iv) have to be stated locally on 7% X

Let 7 : T;X — Y and U an open set of Y. If a Dx-module is regular along T;X
globally on m~'U we have

V] Z 0, EthDX (M,Byp(')’(] = 5Xt%x (M,B?/O‘X”U

but the converse is not true.

3.4. A counterexample. We give here a very simple example due to T. Oaku which
shows that the regular b-function may be different from the b-function.

Let X = C? and Y the hypersurface Y = {(z,t) € X | t = 0}. Consider the Dx-
module M = Dy /Z where Z is the ideal of Dx generated by the two operators P = D?
and Q = D; + D2.

This module is nonzero as the function 1 is a solution. Its characteristic variety is the
zero section of the cotangent bundle 7 X hence it is isomorphic as a Dx-module to a power
of the sheaf Ox of holomorphic functions on X. So, this module is regular holonomic.

Let u be the class of the operator 1 in M. As u is annihilated by tQ = tD; + tD2,
the b-function of u along Y is ¢ = tD;. But this not a regular b-function and a regular
b-function for u along Y is given by t?P = t?D? = tDy(tDy — 1) = 9(J — 1).

Remark however that M is isomorphic to (Ox)*. The function 1 in Ox is annihilated
by Dy hence its b-function is ¥ = tD; and is a regular b-function. So M is generated by
four sections for which the regular b-function is equal to the b-function ¥, that is there is
on M a bifiltration for which the b-function is a regular b-function.

We can see also on this example that the analytic cycle defined by the graded ring of a
good bifiltration depend on the good bifiltration. This situation is very different from the
case of filtrations where good filtrations define additive objects as analytic cycles which
are independent of the good filtration [14, Prop. 1.3.1].
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