N

N

Non-scattering wavenumbers and far field invisibility for
a finite set of incident/scattering directions

Anne-Sophie Bonnet-Ben Dhia, Lucas Chesnel, Sergei Nazarov

» To cite this version:

Anne-Sophie Bonnet-Ben Dhia, Lucas Chesnel, Sergei Nazarov. Non-scattering wavenumbers and far
field invisibility for a finite set of incident /scattering directions. Inverse Problems, 2015. hal-01109534

HAL Id: hal-01109534
https://hal.science/hal-01109534
Submitted on 26 Jan 2015

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01109534
https://hal.archives-ouvertes.fr

Non-scattering wavenumbers and far field invisibility
for a finite set of incident/scattering directions

ANNE-SOPHIE BONNET-BEN Duial, Lucas CHESNEL?, SERGEI A. NazArRov 45

! Laboratoire Poems, UMR 7231 CNRS/ENSTA/INRIA, Ensta ParisTech, 828, Boulevard des
Maréchaux, 91762 Palaiseau, France;

2 Centre de mathématiques appliquées, Ecole Polytechnique, 91128 Palaiseau, France;

3 Faculty of Mathematics and Mechanics, St. Petersburg State University, Universitetsky prospekt,
28, 198504, Peterhof, St. Petersburg, Russia;

4 Laboratory for mechanics of new nanomaterials, St. Petersburg State Polytechnical University,
Polytekhnicheskaya ul, 29, 195251, St. Petersburg, Russia;

5 Laboratory of mathematical methods in mechanics of materials, Institute of Problems of Mechanical
Engineering, Bolshoj prospekt, 61, 199178, V.O., St. Petersburg, Russia.

E-mail: Anne-Sophie.Bonnet-Bendhia®ensta-paristech.fr, lucas.chesnel@cmap.polytechnique.fr,
srgnazarov@yahoo.co.uk

(January 26, 2015)

Abstract. We investigate a time harmonic acoustic scattering problem by a penetrable inclusion with
compact support embedded in the free space. We consider cases where an observer can produce inci-
dent plane waves and measure the far field pattern of the resulting scattered field only in a finite set of
directions. In this context, we say that a wavenumber is a non-scattering wavenumber if the associated
relative scattering matrix has a non trivial kernel. Under certain assumptions on the physical coeffi-
cients of the inclusion, we show that the non-scattering wavenumbers form a (possibly empty) discrete
set. Then, in a second step, for a given real wavenumber and a given domain D, we present a construc-
tive technique to prove that there exist inclusions supported in D for which the corresponding relative
scattering matrix is null. These inclusions have the important property to be impossible to detect from
far field measurements. The approach leads to a numerical algorithm which is described at the end of
the paper and which allows to provide examples of (approximated) invisible inclusions.

Key words. Non-scattering wavenumbers, interior transmission problem, invisibility, energy identities,
asymptotic analysis, relative scattering matrix.

1 Introduction

Consider a reference acoustic medium, say R d = 2,3, presenting a defect (penetrable inclusion) lo-
calized in the bounded domain D. Generating incident plane waves and measuring the resulting far
field pattern of the scattered fields (the only available information far from D), one can try to recon-
struct the features of the defect in the reference medium. In particular, the classical inverse scattering
problem is to determine the support of the inclusion. In view of this aim, many methods have been
developed [40, 8], as for example, the Linear Sampling Method (LSM) [15, 19]. It seems that the LSM
works, without modifications and a priori knowledge, only at wavenumbers which are not transmission
etgenvalues. Transmission eigenvalues correspond to wavenumbers & > 0 such that there are incident
fields, generalized' combination of plane waves, which produce arbitrarily small scattered fields outside
the inclusion. This, and the fact that nice questions of spectral theory appear in its study, explains why
the interior transmission eigenvalue problems has been so intensely investigated for now more than 25
years (see [24, 17, 42] and the recent review paper [10]).

'Here, the adjective “generalized” means that the incident field can be the combination of an infinite number of plane
waves. In the literature, such a field is referred to as a Herglotz wave function.



All the aforementioned theory supposed that we can produce incident plane waves in all directions
0; € S% 1 and measure the far field pattern of the associated scattered fields for all 8¢ € S41. where
S9! denotes the unit sphere in R?. However, this is not quite realistic. Some works have been devoted
to the study of the LSM in partial aperture (see [7] and [13, 14, 18] for the corresponding numerical
experiments), that is when the observer knows only the restriction of the far field operator on a non
empty open set of S¥~!. Thanks to the analytic dependence with respect to the wavenumber, the theory
can be developed as in the case of full aperture. But again, this is not completely satisfactory for appli-
cations because in practice, one cannot access to this continuum of information. Very often, for example
in the numerical implementation of the LSM, one can produce incident plane waves and measure the
far field pattern of the associated scattered fields only in a finite set of directions. To study such a
configuration, let us consider given N distinct incident directions 01,...,0y € S%!1. We shall assume
that the emitters and the receivers are located at the same positions so that measurements can be made
only in the directions —@1,...,—0y (backscattering directions). Then, the question of the injectivity
of the far field operator amounts to the question of the injectivity of a relative scattering matrix of
size N x N denoted «/(k). In this context, we shall say that k£ > 0 is a non-scattering wavenumber if
</ (k) is not injective, equivalently, if there is a non trivial incident field, combination of the plane waves
of directions of propagation 61, ...,0y, such that the far field pattern of the associated scattered field
vanishes in the directions —61,...,—60y. Let us emphasize that in this case, unlike in the continuous
setting, the scattered field has no reason to be identically null outside the defect. The first objective of
the present article is to find criteria on the physical parameters of the inclusion to guarantee that the
non-scattering wavenumbers, defined by means of the relative scattering matrix, form a (possibly empty)
discrete set. This kind of results seems an important first step to justify the practical implementation
of reconstruction methods such as the LSM mentioned above.

On the other hand, all techniques are not equally sensitive to transmission eigenvalues. Thus, it has been
shown in [28] that the Factorization Method (FM) [25] is stable at transmission eigenvalues. Again, this
property has been demonstrated in the continuous framework. Can we hope to justify the FM in the
setting with a finite set of emitters and receivers for all wavenumbers k > 07 This is the second question
we investigate in this work. More precisely, under certain assumptions on the directions 01,...,0y, we
show that the answer is negative proving constructively that for any k£ > 0 and any domain D, there are
penetrable inclusions supported in D for which the matrix ./ (k) is null (that is equivalent to say that
o/ (k) has a kernel of dimension N). Let us underline that we consider only non dissipative isotropic
inclusions, the result being simpler to establish for dissipative or anisotropic inclusions. The above propo-
sition indicates in particular that the data of the relative scattering matrix does not uniquely determine
the position of the defect. Bearing in mind that <7 (k) belongs to a space of finite dimension while there
is an infinite number of degrees of freedom for the definition of the defect, this result is not completely
surprising. However, we do not know any existing proof in the literature. Note that in the continuous
setting, this construction is impossible. Indeed, the knowledge of the far field operator on S x S%~1
uniquely determines the parameter of the inclusion (see [16, Theorem 10.5] and the references therein:
[32, 44] in 3D, [6, 22] in 2D).

This text is organized as follows. In Section 2, we formulate the problem and introduce the nota-
tions. Section 3 is dedicated to the proof of discreteness of non-scattering wavenumbers in the setting
with a finite set of emitters and receivers. We first give a sense to the relative scattering matrix for
complex wavenumbers. Then, we establish some energy identities for purely imaginary wavenumbers
k. Using the analytic dependence on k, these equalities allow us to prove that the real wavenumbers &
for which 7 (k) is not injective form a (possibly empty) discrete set. In the process, we also consider
sound hard obstacles for which the analysis is slightly simpler. In Section 4, we adopt a different point
of view. For a given wavenumber k > 0 and a given domain D, we present a constructive technique to
demonstrate that there are non trivial inclusions supported in D for which &7 (k) is the null matrix. To
implement the approach, which was developed in [33, 4] in a context related to waveguides problems, we
need in particular to assume that the scattering directions are different from the incident directions. In
the second part of Section 4, we show that it is much more complicated (it might be impossible but we
are not able to prove it) to impose far field invisibility in the incident direction. Finally in the last part



of Section 4, we derive a numerical algorithm to provide examples of (approximated) invisible inclusions.

2 Setting

We assume that the propagation of acoustic waves in time harmonic regime in the reference medium
R? d = 2,3, is governed by the Helmholtz equation Au + k?u = 0. Here, u denotes the pressure,
k > 0 corresponds to the wavenumber proportional to the frequency of harmonic oscillations and A is
the Laplace operator. The localized perturbation in the reference medium is modelled by some bounded
open set D C R with Lipschitz boundary I' := 9D. To represent the physical properties of the penetrable
inclusion D, we introduce A € L®(R? R¥*9) and p € L>®°(R%,R), two parameters such that A = Id and
p=1in R?\ D. We assume that A(z) is symmetric for all z € D, satisfies A(x)( - ¢ > C|¢|? for all
x € RY, ¢ € R? and that p verifies p(x) > C for all € R?, for some constant C' > 0. The scattering
of the incident plane wave u; := %9 of direction of propagation 8; € S¥~!, by D, is described by the
problem
Find u such that
—div(AVu) = k2 pu in R%,

u = uj+us inRY (1)

lim r7 <8us — ikus> =0.
or

r—+400

We emphasize that in (1), u; is given. On the other hand, the last line of (1), where r = |x|, is the
Sommerfeld radiation condition which ensures that the scattered field ug is outgoing. It is known (see
for example [16]) that for all & > 0, Problem (1) has a unique solution in H{ _(R?), the Sobolev space of
measurable functions whose H'-norm is finite on each bounded subset of R%. We shall denote us(-, 8;) the
associated scattered field. Using Green’s representation formula and computing explicitly the asymptotic
behaviour of the Green’s function for the Helmholtz equation far from D, one proves (see [16, Theorem
2.6]) the expansion

us(x,6) = T (0 (6,,0) + O(1/r) ), (2)

as r — 400, uniformly in 65 € S¥"1. Here 0y is the direction of observation. The function uZ°(-,8;) :
S?1 — C, is called the far field pattern associated with u; := ¢?*9® In other words, at infinity, us(-, ;)
behaves at the first order like a cylindrical wave in 2D or like a spherical wave in 3D. The far field pattern
is given by the following integral representation

(85, 6:) := cal@yug (-, 05), e "% ) — (D (70T, us(-, 6:))r- 3)

In this expression, (-, -)r stands for the duality pairing (without complex conjugation) between H~/2(T")
and H'/2(I'). On the other hand, v denotes the unit normal vector to I' orientated to the interior of
D and J,uZ (-, 6;) refers to the normal trace of us(-, 6;)|o, with Q := R\ D. Finally, the constant cg
verifies ¢y = €'™/*/\/87k and ¢3 = 1/(4r). In particular when A = Id in R? we deduce from (3) that

U (04,0 = cak? [ (0= )W (,0) + ¢0%) e 0 g, (4)

As mentioned in the introduction, we shall assume in this article that we have a finite set of emitters
and receivers located at the same positions so that we can produce incident plane waves in some given
directions 01,...,0y € S% ! and measure the far field pattern of the resulting scattered field only in
the directions —61,...,—60y. This corresponds to knowing all elements of the relative scattering matrix
(k) € CV*N guch that

Ly (k) = 1" (=0, On). (5)

In the next section, we prove that for given physical parameters A and p, the values of £ > 0 such that
4/ (k) is not injective form a (possibly empty) discrete set. Then in Section 4, imposing A = Id in R,
for a given k > 0 and a given domain D, we construct a p supported in D such that <7 (k) is the null
matrix.



3 Discreteness of non-scattering wavenumbers

We remind the reader that the wavenumber k£ > 0 is called non-scattering wavenumber if </ (k) is not
injective. Before working on the relative scattering matrix </ (k), we investigate first the case where D
is a sound hard obstacle (rather than a penetrable inclusion). This study is convenient for pedagogical
purposes because the analysis for the sound hard obstacle is (slightly) simpler than the one for the
penetrable inclusion. On the other hand, it yields a result which is interesting by itself. Indeed, while
the discreteness of transmission eigenvalues for the sound hard obstacle in the continuous setting is
obtained for free (they correspond to the eigenvalues for the Neumann Laplacian in D), the equivalent
result is more delicate to show in the discrete framework (note that transmission eigenvalues are then
called non-scattering wavenumbers).

3.1 Sound hard obstacle

Denote = R?\ D and consider the following scattering problem

Find u such that
—Au = ku in Q
u = u;+us in§
dou = 0 onT (6)
im 5 (2% k) =0
i e (G ) =0

with u; = e*%®_ In (6), the third equation on the boundary I models the sound hard obstacle. According
e.g. to [30, Theorem 9.11], we know that Problem (6) has a unique solution in H} (R?) for all k > 0.

We call u(-, ;) and us(+, 8;) the corresponding total and scattered fields. Formula (3), which is also valid
for this problem, and a simple integration by parts on D provide the equalities

Ugo(emei) = Cd<auus(‘70i)7€_ikgslw>1"_Cd<8u(€_ikes'w)aUs('701)>1"

0 = cq(Oyui, e 0TV — (0, (e 05 ®) ).

(7)

Summing the two equations of (7) and remembering that 9, (u; + us(+,0:)) = dyu(-,0;) = 0 on T', we
deduce that '
uZ® (85, 05) = —ca(Op (e %), u(-, 6:))r. (8)

We denote %(k) € CV*N the relative scattering matrix for this problem. It is defined elementwise via
B (k) = u (=0, 0n) = _Cd<au(eik0m.m)’u('a 6n))r- (9)

As for the case of the penetrable inclusion, we shall say that & € R* is a non-scattering wavenumber
when the kernel of (k) contains a non-zero element. In the sequel, we wish to prove that the set of
non-scattering wavenumbers is either empty or discrete.

We start by giving a sense to #(k) for non real k. For k € C\ R, f € L2(Q) (the set of functions
of L2(Q) which are compactly supported) and g € H~/2(I'), the Lax-Milgram theorem ensures there is
a unique solution u € HY(Q) to the following problem

Find w such that
~Au—Fku = f inQ (10)
Oyu = g onl.

In particular, this allows us to define, for k verifying Sm k > 0, the resolvent R (k) : L2(Q) x H-1/2(T") —
HL .(Q) such that R(k)(f,g) = u. The map R can be meromorphically continued to A where A is equal
to C or to some Riemann surface according to the parity of the space dimension (the interested reader
can find more details for example in [31]). Moreover, R has no pole on (0;+00) and, according to the
limiting absorption principle, for k£ € (0; +00), we have R(k)(0, —0yui) = us where ug is defined in (6).
We deduce that the matrix valued map k — Z(k) introduced in (9) is analytic on A\ &2, &7 denoting the



set of poles of R. As a consequence, k — det #(k) is analytic on A \ & and, according to the principle
of isolated zeros, to show that the set of non-scattering wavenumbers is either empty or discrete, it is
sufficient to exhibit some k € A\ & such that (k) is injective. We will prove that this is true when &
is purely imaginary with Smk > 0 (note that {k € C|Smk > 0} is indeed included in A\ &2).

Set k = ik with k > 0. In this case, if the source terms in (10) are real valued, then the solution

in H'(Q) of Problem (10) is also real-valued. Since the functions & ~ e*%7'® are real valued, it is
sufficient to prove that Z(ix) is invertible as a matrix of RV*Y. Consider the incident field

N N
Ui = Z aneiken.w = Z ane_ﬁen‘wa (ala e 7aN)T € RN (11)
n=1 n=1

We call u the unique solution to the problem

Find u such that

_ — 2 ;
Au k“u in (12)
du = 0 onT
us = u—u; € HY Q).
If u(-, 0,,) denotes the solution of (12) with u; = e~#¥7'*  then by linearity, we have u = YN | au(-, 0,,).
Since u = ug + uj in 2 and d,u = 0 on I', we have us = v — u; and dyus = —Jyu; on I'. This allows us
to write

/ \Vug|? + k*ulde = / |Vug|? + us Aug dze
Q Q
= (Ovus,us)r = —(Opui, (u — ui))r (13)

= —/ |Vui\2+/£2u?dac—(8,,ui,u)p.
D

The “-” in front of the first term of the right-hand side of the above equation appears because v is
orientated to the interior of D. On the other hand, using (9), which also holds for k such that Sm k > 0,
we find

N N
(Opui, u)p = Z Z Um0 (B,e "0 (., 0,))r = —cgl ol Blik) a, (14)
m=1n=1

where a = (ay,...,ay)". Gathering (13) and (14), we obtain the energy identity
et o Blik)a = / |Vug|? 4+ w2l da + / Vi |? + w2u? dee. (15)
Q D

Assume that D # (). If o = (a1,...,ay)" is an element of ker Z(ix), then, according to (15), the field
u = YN | a,e "9 ® must satisfy u; = 0 on D. This implies that « is the null vector and proves that
HA(ir) is injective (or equivalently det Z(ir) # 0). Since the zeros of the analytic function k — det (k)

are isolated, we deduce the following result:

Proposition 3.1. (SOUND HARD OBSTACLE) — The set of non-scattering wavenumbers for Problem (6)
is either empty or discrete.

Remark 3.1. The case of the sound soft obstacle, for which we replace, in (6), the homogeneous Neu-
mann boundary condition by a homogeneous Dirichlet boundary condition, can be treated in a similar
way.

3.2 Penetrable inclusion

We come back to the problem of the penetrable inclusion (Problem (1)). As for #(k), the map k — 7 (k),
where <7 (k) € CV*¥ is the relative scattering matrix defined in (5), can be meromorphically continued

2Throughout the paper, the complex square root is chosen so that if ¢ = re® forr > 0 and y € [0;27), then /€ = \/?e”/2.
With this choice, there holds Sm /€ > 0 for all ¢ € C.



to A, with A equal to C or to some Riemann surface according to the parity of the space dimension.
Therefore, again, to prove that the set of non-scattering wavenumbers is either empty or discrete, it is
sufficient to exhibit some k& = ik, with x > 0, such that <7 (k) is injective. As explained above, it is
sufficient to prove that .7 (ix) is invertible as an element of RV*¥. Consider an incident field like in (11)
(we use the same notation). We call u the unique solution to the problem

Find u such that
—div(AVu) = k’pu  inR?
us = u—u; € HYQ).

As in the previous subsection, we wish to establish energy identities to show that o (ix) € RV*N ig
invertible. Using (7) and working as in (14), we derive

ctald(ik)a = (Oyud,w)r — (Ouui, us)r (16)

In the right hand side of (16), ,ul and d,u;" refer, respectively, to the normal trace of us|o and u;|q on
I'. We shall denote 0, u; the normal trace of uj|p on I'. We define similarly Ad,u~ and d,ut. Notice
that on ', we have Ad,u~ = dyu’, dyu; = dyu; and dyut = dut + d,uf. Since ui = u — us, we
obtain

<al/u;r7 ui>F - <8l/ui+7 us)F - <alju+7 Ui>F - <al/ui+7 ui>F + <8l/u;_7 Us)F - <allu+7 uS>F

_ (17)
= (Adyu~,u; — us)r — (Opu; , wi)r + (Opud, ug)r.

In the following arguments, we shall write F|V|? instead of FV - Vi when F is a matrix and ¢ is a
function. Integrating by parts, we find from (16), (17)

c;lal o (ik)a
= —/ AV -V (u; — ug) + £2pu (ui — ug) dx + / \Vus|? + k2u? dee —|—/ |Vug|? 4+ k%02 da (18)
D D Q
= /d AlVug|? + k2pu? dz + / (Id — A)|Vui|® + x%(1 — p)u? da.
R D

The above identity will allow us to conclude when Id — A is nonnegative definite and 1— p is nonnegative.
To handle the case where A —1d is nonnegative definite and p — 1 is nonnegative, now we prove a second
energy identity. Starting like in (17), we write

<al/u;_aui>1—‘ - <8Vui+>us>1—‘ = <8Vu;",u>p - <auug_aus>1" - <8Vui+aus>1"

_ (19)
= (Adyu~,u)r — (Opu; ,u+ us)r — (Dpu, us)r.

From this expression, using (16), we deduce
c;tal o (ik)a
= - /D AlVul|? + k2 pu® de + /D Vi - V(u+ us) + £2u; (u + us) de — /Q |Vus|? + k%u? dx (20)
= — /Rd \Vug|? + k*u? de — /D(A —1d)|Vul* + £2(p — 1)u? de.

The previous analysis leads us to formulate the two assumptions:

Assumption 3.1. In D, Id — A is nonnegative definite and 1 — p is nonnegative. Moreover, there exists
a constant C and a non empty open set w C D on which there hold 0 < C|¢|?> < (Id — A)¢ - ¢ for all
CERd or0<C <1 —p.

Assumption 3.2. In D, A—1d is nonnegative definite and p — 1 is nonnegative. Moreover, there exists
a constant C' and a non empty open set w C D on which there hold 0 < C|¢|? < (A —1d)¢ - ¢ for all
CeRYor0<C<p—1.



From relations (18) and (20), we obtain the following result.

Proposition 3.2. (PENETRABLE INCLUSION) — ASSUME THAT A AND p VERIFY ASSUMPTION 3.1 OR
ASSUMPTION 3.2. THEN THE SET OF NON-SCATTERING WAVENUMBERS FOR PROBLEM (1) IS EITHER
EMPTY OR DISCRETE.

Using Equalities (18) and (20), we can provide other criteria, analogous to the ones derived in the study
of the continuous interior transmission eigenvalue problem (see [3, 26, 2]), which only involve the sign of
A—1Id and p—1in DNV where V is a neighbourhood of I' = 9D. To derive such criteria, we first prove
a lemma which is very close to [43, Proposition 2.1]. For § > 0, define D;s := {x € D |dist(x,dD) < §}.

Lemma 3.1. Let A € L=®(D,R¥9) and p € L>®(D,R) be two parameters that satisfy A(x)¢ - ¢ > C|¢|?
for all x € D, ¢ € R? and p(x) > C for all x € D, for some constant C > 0. Assume that A(x) is
symmetric for all x € D. Consider some § > 0. If v € HY(D) verifies

— div(AVv) + k2pv = 0, (21)
then there exists a constant ¢ > 0 independent of v, k such that, for k > 0 large enough,

eC“/ Vv + k*?da < / v? de. (22)
D\Ds Ds
Remark 3.2. In particular, the result of this lemma ensures that for large values of Kk, functions satis-
fying (21) are more and more localized in a neighbourhood of T

Proof. We adopt an approach which is used for example in [11, §3.2]. For 6 > 0, set ®5(x) =
min(dist(x, D), §). Introduce ¢1, ¢z two positive constants such that A(z)¢ - ¢ < ¢;|¢|? for all x € Dy,
¢ € R? and p(x) > ¢y for all & € Ds. Define the function E such that E(x) = e#®(*) — 1 with
e = y/ca/cq (this ad hoc value for ¢ will be needed in (26)). It is known that for a Lipschitz boundary
0D, ®; is an element of L°°(D) such that V®; € (L>°(D))%. Moreover, there holds |[V®s| < 1 on D.
Multiplying (21) by E?v, integrating by parts and noticing that E?v = 0 on 9D, we find

/ AVv - V(E*0) + k*p (Ev)* dx = 0. (23)
D
Writing . ) )
AVv - V(E*) = E?AVv - Vv + 2EvAVu - VE
and . 3 } )
AV (Ev) - V(Ev) = E*AVv - Vv 4+ v?*AVE - VE + 2EvAVv - VE,
we deduce

AVv - V(E*v) = AV(Ev) - V(Ev) — v?AVE - VE.
Plugging this equality in (23), we get the identity

/ AV (Ev) - V(Ev) 4+ £*p(Ev)? de = / v?AVE - VE dzx. (24)
D D
Since F is constant on D \ D, from (24) we obtain

/ _ AV(Ew) - V(Ev) + k*p(Ev)? de < / v*(AVE - VE — k*pE?) de. (25)
D\Ds Ds

With our particular choice for €, on Ds we can write
(AVE -VE — k?pE?) < 12(2¢1e27%5®) _ ¢y (e5725@®) _ 1)2) < 2¢, 52659, (26)

Using (26) in (25) yields

(esné _ 1)2 5
725/ 7AV’U'VU+/€2ﬁ’U2d$§/ v de,
2o k*€FR0 Ip\D, Ds

which leads to (22) for k large enough. O



Now, we can use Lemma 3.1 to localize to I' the assumptions made on A and p.

Assumption 3.3. There is a neighbourhood of I', denoted V, such that Id — A is nonnegative definite
on DNYV. Moreover, there exists a constant C such that there holds 0 < C <1—p onDNV.

Assumption 3.4. There is a neighbourhood of I', denoted V, such that A — Id is nonnegative definite
on DNYV. Moreover, there exists a constant C such that there holdls 0 < C < p—1onDNV.

Proposition 3.3. (PENETRABLE INCLUSION) — ASSUME THAT A AND p VERIFY ASSUMPTION 3.3 OR
ASSUMPTION 3.4. THEN THE SET OF NON-SCATTERING WAVENUMBERS FOR PROBLEM (1) IS EITHER
EMPTY OR DISCRETE.

Proof. Assume that A and p verify Assumption 3.3. Introduce § > 0 small enough so that the set
Ds = {x € D|dist(x,dD) < §} verifies Ds C V. If @ = (a1,...,ay)' is an element of ker .o (ix) then,
according to (18), the field u; = 3N | a,,e ™ and the associated scattered field us must verify
0= /d AlVug® + k*pu? dx + / (Id — A)|Vui|* + x%(1 — p)u d. (27)
R D

The boundedness of A, p and Lemma 3.1 applied to u; (with A =Id and p = 1) allow to write

/ (Id — A)|Vu;|* + k*(1 — p)u? de
D

> / (Id — A)|Vu|> + 21 — p)ul dx — ¢ / |V + k2l de (28)
Ds D\Dé

> / (Id — A)|Vu;|> + (1 — p)ul dx — ¢ / u? de
Ds

Ds

where ¢ > 0 is a constant independent of x and « which may change from one line to another. Plugging
(28) in (27) and using that 0 < C' <1 — p on Ds, we deduce

0> 0&2/ u?d:c
Ds

for k large enough. This implies u; = 0 on Dgs, which is possible if and only if « is the null vector.
Therefore, o7 (ik) is injective for k large enough and the analyticity of the map k +— det <7 (k) leads to
the conclusion of the proposition. The case where A and p verify Assumption 3.4 can be treated similarly
using Lemma 3.1 applied to u with A = A and j = p. O

Remark 3.3. As mentioned previously, the technique to prove Proposition 3.3 is directly inspired by
what has been done to consider the continuous interior transmission eigenvalue problem. However, in
the discrete setting, Assumption 3.3 and Assumption 3.4 may probably be relaxed. Thus, one could
imagine that imposing conditions on the physical parameters A and p only in some particular regions of
I, associated with the directions of the incident waves, is enough to obtain the result of Proposition 5.5.
This is obvious when there is only one incident direction. And when there are more and more incident
directions, one would retrieve the conditions of Assumption 3.3 and Assumption 3./. But obtaining such
a criterion for a given finite number of incident directions is still an open problem.

3.3 Open questions

Around these questions, we can formulate a series of problems we do not know how to solve. Can we
prove that the set of non-scattering wavenumbers is discrete or empty when the scattering directions are
not equal to the opposite of the incident directions? Can we show that the non-scattering wavenumbers
for Problem (6) (resp. (1)) do not accumulate at 07 Can we relax Assumptions 3.1, 3.2, 3.3 and 3.47
Do the non-scattering wavenumbers in this discrete setting (if they exist) converge to the transmission
eigenvalues of the continuous framework when the number of incident and scattering directions tend to
“+00?



4 Far field invisibility

In this section, we change the point of view. Let us consider k£ > 0 a given wavenumber and D a given
domain. We want to construct an inclusion supported in D for which the relative scattering matrix
(k) defined in (5) is null. We assume that the physical coefficient A verifies A = Id in R? so that the
material of the inclusion is characterized only by the real valued parameter p. Then, the scattering of
the incident field u; = YN | o, €% is described by the problem

Find u € H. (R?) such that

loc
—Au = k’pu in R?,
U = Uj+us in Rd, (29)

lim r% <8us — ikus> = 0.

r——+00 or

We search for p under the form p = 1 + ey where € > 0 is a parameter small with respect to 1 and
where u € LOO(Rd,]R) is a function supported in D. We emphasize that the inclusion we wish to create
is a small perturbation of the reference material. This is a key element of the approach we will follow.
The technique we will use has been introduced in [33, 34, 36, 37, 12, 35] with the concept of “enforced
stability for embedded eigenvalues”. In these works, the authors develop a method for constructing small
regular and singular perturbations of a waveguide that preserve the multiplicity of the point spectrum
on a given interval of the continuous spectrum. The approach has been adapted in [4] (see also [5] for
an application to a water wave problem) to prove the existence of regular perturbations of a waveguide,
for which several waves at given frequencies pass through without any distortion or with only a phase
shift.

4.1 One incident direction and N scattering directions

To simplify the presentation of the method, we first assume that there is only one incident direction 6;
(i.e. in (29), we take u; = e”*¥"®) and N scattering directions 61,...,0y. For a given £ > 0, we denote
u® the solution of Problem (29) with p = 1 4+ eu. We proceed to a formal asymptotic expansion of u®.
This function admits the decomposition u® = w; + ui where u: corresponds to the field scattered by
the inclusion. We take the simplest ansatz for a regular perturbation of a partial differential equation
(23, 29]

ul =0+cet+e2u+...,

where the correction terms 4, % have to be determined and where the dots stand for higher order terms
insignificant in our asymptotic analysis. Let us point out that we choose an ansatz for the scattered field
which vanishes at the zero order because p = 1+ eu is a perturbation of order € of the parameter of the
reference material (which does not produce any scattered field). Plugging the expression of u¢ and the
expansion of uS in (29), we find that 4 and @ are uniquely determined as the solutions of the problems

Find @ € HL _(R?) such that Find @ € HL(R?) such that
—At— k0 = Kupu; in RY —Au—ka = k’pa in RY (30)
. a1 (0u . . a1 (0U .
lim r2 (— —tka)|=0 lim r 2 (— —tka ) =0.
r—+o0 or r—-+too or

From (4), we deduce that the far field pattern of uS in the direction of observation 65, denoted ug *° (s, 6;),
admits the asymptotic expansion

us > (0s,0;) = 0+ ecqk? /D PO =09 g 4 2o k2 /D pie ®T dg (31)
Observing (31), we see it is easy to find functions p such that u°°(8,,6;) vanishes at order e for
n =1,...,N. However, this is not sufficient since we want to impose u$>°(8,,0;) = 0 (at any order in
g). To control the higher order terms in 2, €3,... whose dependence with respect to p is less simple



than for the first term of the asymptotics, we will use the fixed point theorem. To obtain a fixed point
formulation, we look for p under the form

N N
=0+ Y Timbin + D Tom B2 (32)
n=1 n=1

In this expression, 71 ,, T2, are real parameters that we will tune to achieve invisibility in the directions
01,...,0N. We need 2N real parameters because we want to cancel N complex coefficients. Moreover,
in (32) po, pim, p2n are given real valued functions, supported in D, verifying

/ o cos(k(@0; —0y) - x))de = 0, / posin(k(0; — 0,) - x))de = 0

D D

/ piincos(k(0; — 0,) @) dw = & / jiinsin(k(0; — 0,) -z))dz = 0 (33)
D D

/ p2ncos(k(@;i —0,)-x))de = 0, / ponsin(k(0; — 0,) -x))de =
D D

for all n,n’ = 1,...,N. In (33), 8" denotes the Kronecker delta such that 6™ = 1 if n = n’ and
6" = ( else. At this stage, it is important to assume that there holds 8; — 0,y # 0 for n’ =1,..., N
so that we can indeed find functions pg, which satisfy the last equation of (33). In §4.4, dedicated to
numerical experiments, we will explain how to build explicit functions (i1 p, p2r, verifying (33). With this
particular choice for p, plugging (32) in (31) and using (33), we obtain, for n = 1,..., N, the expansion

u>®(0,,0;) = ccg k* (Tip +iT2n) + e2 ey k? (FT (1) +iF5 (7)), (34)

where Fy,,, F5, denote some functions (whose precise definition can be found in (38)) of € and 7 :=
(T11,- -, TLN>T21, -, To.N) |- Now, to impose u*(8,,0;) = 0 for n =1,..., N, we see from (34) that
we have to solve the problem

‘ Find 7 € R*N such that 7 = F¢(7), (35)

with
Fo(7) i= —e (F{1(7), ., Fin(7), F5 1 (7). Fs (7)) T (36)

Lemma 4.1 hereafter ensures that for any given parameter v > 0, the map F°® is a contraction of
B, := {7 € R?" | |7| < 4} for € small enough. Therefore, the Banach fixed-point theorem guarantees the
existence of some g9 > 0 such that for all € € (0;0], Problem (35) has a unique solution in B,,.

It is important to observe that because of the orthogonality conditions (33), we are sure that the con-
structed function p defined by (32) verifies u # 0 when pg #Z 0. As a consequence, we indeed defined a
non trivial perturbation of the reference medium, supported in D, which is such that the far field pat-
tern of the scattered field associated with the incident plane wave u; = ¢*9® vanishes in the directions
6,...,0y.

Let us summarize this result in the following statement.

Proposition 4.1. Let k > 0 be a given wavenumber and D refer to a given Lipschitz domain. Consider
0:,01,...,0N8 N +1 elements of S*~! such that 0,, # 0; forn = 1,...,N. Define the incident plane
wave u; := e*T_ Then, there exists a non trivial parameter p, with p — 1 supported in D, such that the
far field pattern of the scattered field defined by (29) vanishes in the directions 61, ...,0y.

In the following lemma, we show some properties of the operator F that we used in the previous analysis.

Lemma 4.1. Let v > 0 be a given parameter. Then, there exists eg > 0 such that for all € € (0;e¢], the
map F¢ is a contraction of B, = {7 € R?V | |7]| < ~}.
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Proof. We assume that v > 0 is given. Decomposing uS as uS = 0 + i + ¢2u°, where 1 is defined in
(30), we obtain that %° must be the solution of the problem

Find @€ € HL (R?) such that
—AW — k2 put = K’utt in RY, (37)

ouw L\
TETOOT : <ar )‘O‘

Therefore, using (4), we find that the functions FY,,, F5,, introduced in (34) verify

Fln — Re (/ ,LL u—i—su —ikOn-x dm) and FQn — (/ 1 U—i-eu —ikOn-x dm) ] (38)

General results of perturbations theory for linear operators (see [23, Chap. 7], [21, Chap. 4]) yield, for
€ small enough, the continuity estimate

o —a|p+||u —a'||p < Clr—1'], vr, 7' €B,. (39)

Here, C' > 0 is a constant (which can change from one line to another) independent of & while 4/, ¢’
denote respectively the solutions of (30), (37) with 7 replaced by 7’ in the definition of u (32). Using
(39) in (38), we deduce |Ff, (1) — Ff ,,(7")| 4+ |F5,, (1) — F5,,(7")| < C'|7 — 7'|. This result and definition
(36) then imply

|Fe(r) — F(7)| < Cel|r — 7|, vr, 7' € B,. (40)
Taking 7/ = 0 in (40) and remarking that |F<(0)| < C'e (use (38) and the conditions (33) imposed on
o to show the latter inequality), we find [F*(7)| < Ce for all 7 € B,. With (40), this finally allows to
conclude that the map F* is a contraction of B, for € small enough. O

Let us denote 75 € B, the unique solution of Problem (35). The end of the previous proof ensures that
there exists a constant ¢y > 0 independent of £ such that

|75 = |[Fe (73| < epe, Ve € (0;€9). (41)
Estimate (41) tells us that the function p is equal to pg at first order.

4.2 Backscattering measurements

We come back to the study of the relative scattering matrix 7 (k) € CN*N associated with (29).

We remind the reader that in the definition of </ (k), we assumed that the scattering directions are
—01,...,—0x where 01,...,0y denote the incident directions. We wish to construct an inclusion of
material for which @7 (k) = Onxn. It is well-known (see [16, Theorem 8.8]) that the far field pattern
introduced in (2) satisfies the reciprocity relation

(05, 0;) = ul(—6;,—65), VO, 0, €S
From the definition of <7 (k) (see (5)) and this property, we deduce that
Lyn (k) = uS° (=0, 0) = ul° (=0, 0,,) = T (k).

Therefore, the matrix o/ (k) is symmetric and we need to cancel only N(N + 1)/2 complex terms.
Following the approach of the previous section, we search for p under the form p = 1+ eu with

N n N n
W= po + Z Z Tlmmn W1mmn + Z Z T2,m,n H2,m,n- (42)

n=1m=1 n=1m=1
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In this expression, 71 m n, T1,m,n denote some real parameters to fix while pg, f41,m n, f42,m n refer to given
real valued functions, supported in D, verifying

/ po cos(k(6, + 6,7) - ) da = 0,
D
po sin(k(6, + 6,,/) - x)) de = 0,
D

1if (m,n) = (m/,n’) or (m,n) = (n',m’)

/Dlul,m,n cos(k(0, + 0,y) - x))dx = 0 else,

(43)
/ Ml,m,n Sln(k(an/ + am/) . x)) dm = O7

D
H2.m.n COS(k’(en/ + Hm/) . m)) de = 0,
D

3 _ / / _ / /
/,ug,m,nsin(k:(On/—i—Gm/)-:c))dm _ | Lif (m,n) = (m/,n') or (m,n) = (n',m’)
D

0 else.

The existence of such functions pg, ft1,mmn, f2,mn can be shown working as in §4.4 provided that the
N(N +1)/2 elements of the family {0, + 0, }1<m/<n/<n are all non null and all different. With such

a p, using (4) and working as in (34), we obtain, for m,n = 1,..., N, the expansion

UE ™ (—Om, 05) = £ Cak? (Timn + iTomn) + % cak? (G5 1y (T) + 0G5 (7). (44)
Here, GY,,,, G5,,, denote some functions, defined as in (38), of ¢ and 7 := (71,72), where 71 =
(T1mn)NxNs T2 = (T2.mmn)NxN. According to (44), to impose u§*°(—6,,,0,) =0 for m,n=1,..., N, it

just remains to solve the problem

| Find 7 € SV x SV such that 7 = G*(7), (45)
where SV denotes the space of symmetric matrices. In this expression, the map 7 — G¢ is defined via
G (1) == —e (Gi(7), G3(7)), (46)

where G(7), G5(7) stand for the N x N symmetric matrices made of the terms G ,, ,(7), Gi ;. ,(T)
respectively. A simple adaptation of the proof of Lemma 4.1 allows to demonstrate that for any v > 0,
there exists g9 > 0 such that for all € € (0;&0], the map G€ is a contraction of {T € SV x SV ||r] < ~}.
This final result leads to the following statement.

Proposition 4.2. Let k > 0 be a given wavenumber and D refer to a given Lipschitz domain. Consider
01,...,0N5 N vectors of ST such that the N(N +1)/2 elements of the family {0, + 6, }1<mr<ni<n are
all non null and all different. Then, there exists a non trivial parameter p, with p—1 supported in D, such
that the relative scattering matriz o7 (k) associated with (29) verifies o7 (k) = Onxn. As a consequence,
for such inclusions, for any incident field combination of the plane waves e*01®  ¢*ON'T the for field
pattern of the scattered field vanishes in the directions —01,...,—0 .

Remark 4.1. In dimension two, the assumptions of this proposition can be slightly simplified. Indeed, we
can see that if @1, ...,0x denote N vectors of S', then the elements of the family {6, + 0, F<m/<n/<N
are all different as soon as they are all non null.

Remark 4.2. We have focused our attention only on the case where the propagation of acoustic waves is
governed by the equation Au+k?>pu = 0. Let us mention that we can play similarly with the coefficients
A or (A, p) to obtain the same kind of results when the acoustic field verifies div(AVu) + k*u = 0 or
div(AVu) + k*pu = 0.
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4.3 The case of the scattering direction coinciding with the incident direction

In the previous constructions (see e.g. (33)), we needed to assume that there holds @5 # 6; to control, in
the imaginary part of uS° (0, 0;), the terms of orders 2, €3, ... by the term of order e. When 65 = 6;
(see Figure 1), the approach we proposed cannot be 1mplemented. To cope with this problem, one could
consider a complex valued parameter p or an anisotropic material characterized by some matrix valued
coefficient A. But imagine that we want to use non dissipative isotropic materials with A = Id only. For
a given wavenumber k£ > 0, can we find a real valued parameter p for the inclusion D such that the far
field pattern associated with the incident plane wave u; := €% vanishes in the direction 6;? In the
sequel, we shall assume there is only one scattering direction (N = 1).

Incident direction 6; Scattering direction 85 = 6;

— D —

Figure 1: Scattering problem with 05 = ;.

According to (4), we know that the far field pattern in the direction 6y of the scattered field solution of

the problem
—Au = k’pu in R?,

u = uia—i—us in Rd, (47)
lim r7 < Us ikus> =0,
r—+00 or
is given by
ug®(0s, 6;) = cq k2/ (p—1)ue 0= qg. (48)
D
When 65 = 6;, we find, using the relation —Aug — k2pus = k2 (p — 1) u,
<(0:,0,) = cq kQ/ (p— 1) (us + us) T
D
= cdk2/ (p—1) |ui|* dx — cq / us Aug + k2pus d (49)
D D

= cgk? /D(p -1) |ui|2 dx + cq /D |Vus|2 - l<:2,0]us|2 dx + cq (Oypus, us)r-

Let us work on the last term of the right hand side of the previous equation as in the proof of [16,
Theorem 2.5]. We take R large enough such that D is contained in the ball Bg := {z € R¢||z| < R}
and apply Green formula in Bg \ D to obtain

<auu57us> = <a Us, Us 8BR+/ |VUS|2 k2‘us|2 de.

On 0Bg, v refers to the unit outward normal to Br. But us satisfy the radiation condition of (47) and
admits the decomposition (2). Therefore, there holds

Sm (3, us,usp—k/ ~(8,6;)|* do. (50)
Using (50) in (49), we conclude
m(c; ' us (85, 65) _k:/ (8, 0,)[2 do.

According to the Rellich’s lemma (see, e.g., [8, Theorem 4.1] in dimension 2 and [16, Theorem 2.14] in
dimension 3), this proves the

Proposition 4.3. Let ug refer to the scattered field, defined by Problem (47), associated with the incident
plane wave u; = €T Then the far field pattern of us vanishes in the direction 6; if and only if there
holds us = 0 in R?\ D.

13



This shows that it is much more complicated to impose far field invisibility in the direction 6; than in
other directions. In particular, if £ > 0 and p are such that the the far field pattern of ug vanishes in the
direction 6;, according to Proposition 4.3, we must have us = v — u; = 0 and dpus = 9, (u — u;) = 0 on
I'. This implies that the pair (u,u;) = (u; + us, u;) verify

Au+Ekpu = 0 inD,
Aui+k*u; = 0 inD,
umw  — 0 onl, 61)
Op(u—u;)) = 0 onl.

This is nothing else than a transmission eigenvalue problem with a strong hypothesis on w;. Compared
to the classical transmission eigenvalue problem where the restriction of the incident field to D belongs
to L2(D), here we additionally impose u; = e*%®. As a consequence, for a given p which verifies
0 <c<p<C <1inaneighbourhood of I' or 1 < ¢ < p in a neighbourhood of I', we know according
to [43] (see also [27, 41] in the case of a smooth p) that the set of wavenumbers for which (51) has a non
trivial solution is either empty or discrete. However, we cannot use the results of existence of transmission
eigenvalues (see [39, 9]) to conclude to the existence of non trivial solutions to (51) because here, we
impose a very restrictive condition for u;. More interesting for our configuration are the recent results
of [1, 38, 20]. In these articles, situations where the support of p — 1 has corners or edges are considered.
In this context, the authors provide sufficient criteria on p which ensure that all non trivial incident
Herglotz functions (i.e. all non trivial generalized combinations of plane waves), for all wavenumbers
k > 0, produce non trivial scattered field. For such coefficients p, the only solution of (51) is null. For
more general p, for example such that the support of p — 1 is smooth, even assuming u; = e”*%® we do
not know any result showing that (51) has only the trivial solution. Nevertheless, in any case, and this
is the important message of this discussion, it seems particularly delicate to impose far field invisibility
in the direction 6;.

4.4 Numerical experiments

We want to implement numerically the approach developed in §4.1. For a given wavenumber k£ > 0, we
consider the 2D scattering problem

Find u € HL .(R?) such that
~Au = k*pu in R?,

u = uj+us inR2 (52)
) Ous .
TETOO N ( o zk:us> =0,

with u; = €% (one incident direction 8; = (cos(vy), sin(z))). Our goal is to build p such that
the far field pattern of ug vanishes in the three scattering directions 61 = (cos(¢1), sin(¢1)), 02 =
(cos(1h2), sin(ep2)) and O3 = (cos(v3), sin(e3)). In other words, we take N = 3. Consider D a given
Lipschitz domain. Following (32), we search for p of the form p = 1+ eu, where p is a function

supported in D such that
3 3

W= o + Z Tin Mln + Z Ton M2.n- (53)

n=1 n=1
To define functions p1 5, p2, that satisfy the conditions of (33), we start by computing the matrix
Bll 1812

B pu—
BQl 1822
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where B?! = (B!2)T and

B! = (Bl )sxs with B!l = / cos(k(0; — 0,,) - x) cos(k(0; — 0,y) - x) dx
’ ' D

B2 = (B2 )33 with B2, = / sin(k(6; — 0,,) - x) cos(k(0;i — 0,y) - x) dx
’ ' D

B2 = (B® ))sxs with B* 6 = / sin(k(6; — 0.,) - x) sin(k(0; — 0,) - x) dx.
’ ’ D

Observing that {cos(k(0; — 01) - x)),...,cos(k(0; — O3) - x)),sin(k(60; — 01) - x)),...,sin(k(0; — 63) - x))}
is a family of linearly independent functions on D (when there holds 6; # 0,, for n = 1...3), we can
prove that B is invertible. We denote D its inverse. Finally, we take

3 3
i = Y Dyycos(k(0; —0y) )+ > Dy sin(k(0; — 0,) - )
n3—1 n :13
Hon = Z Dy 345 cos(k(6; — 0,) - ) + Z D3t 3+n sin(k(0; — 0,) - @).
n’=1 n'=1

Then, we construct a po that verifies the six orthogonality conditions of (33) taking

3 3
po = — > ( /D i 1 dw) fn— Y ( /D po 1 dw) 142, (54)
n=1 n=1

where Ho# is an arbitrary function such that ,u# ¢ span{p11,..., 11,3, 42,1, -, H2,3}. Here, we choose
,u# such that ,u,#(ac) =1l+4+z+y.

For the numerical experiments, we take ¥; = 0°, 11 = 90°, 1y = 180° (backscattering direction),
g = 225° and D = B (so that the inclusion in contained in the unit disk). The wavenumber £ is set to
k = 4. Now, we describe the procedure to solve the fixed point problem (35) by induction.
We denote 77 = (val, .. .,7{73,7'571, . ,7573)T (resp. p’) the value of 7 = (T11,...,7T13,T2.1,---,7T23)
(resp. p) at iteration j > 0 (we remind the reader that 7 ,, 7, are the parameters appearing in (53)).
Using formulas (34), (35), for j >0, n =1,...,3, we define

o =1~ Re((ecak?) ™ ug?>(0,,65))

. . (55)

Tt = T = Sm((ecak?) ™ < (00,6)).

In the above definition, u$’ (0, ;) denotes the far field pattern in the direction 6,, of the function ug’

satisfying the problem
Find v/ € HL (R?) such that

loc
—Augd — K21+ ep)us? = Kleplu;  in R (56
rjgloo \/; 87’ ! us N 0
According to formula (48), we know that
(8, 6:) = ca k? / e ! (ui +ug?) "0 da. (57)
D

We approximate the solution of Problem (56) with a P2 finite element method set on the ball Bg (8 is
the radius). On 0Bg, a truncated Dirichlet-to-Neumann map with 13 harmonics serves as a transparent

boundary condition. We choose 70 = (0,...,0). For the simulations of Figures 2-5, we stop the procedure
when 33 _, ]Tf;rLl — 7|+ |T§;1 — 73 ,] < 107" (corresponding to 37 iterations) and we take e = 0.15.

To obtain the results of Figures 67, we perform 10 iterations and we try several values of €. For the
computations, we use the FreeFem++" software while we display the results with Matlab® and Paraview®.

3 FreeFem++, http://wuw.freefem.org/ff++/.
4 Matlab, http://www.mathworks.se/.
5 Paraview, http: //wuw.paraview.org/.
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E.374836
1.3

‘ 71
1
0.915801

Figure 2: Coefficient p. Interestingly, the fixed point procedure converges though the coefficient p is
not a very small perturbation of the parameter (uniformly equal to one) of the reference medium. The
domain represented here is equal to Bg and the inclusion D is located in B;.

.374836
1.3
1.2
1.1

© ——— m—-
[

.915801

Figure 3: Restriction of the coefficient p to D. In this particular case, with our choice for the functions
defining 41, we have p|lz € €°°(D). The domain represented here is By.

0.781012

0.01
0.001

0.0001
5.479e-5

Figure 4: Absolute value of the approximation of the scattered field u at the end of the fixed point pro-
cedure in logarithmic scale. As desired, we see it is very small far from D in the directions corresponding
to the angles 90°, 180° and 225°. The domain represented here is equal to Bg and the inclusion D is
located in Bj.
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— — — Far field pattern at iteration O
Far field pattern at the end of the fixed point procedure y

7]

0.7

0.5f

04r

0.1f

0 50 100 150 200 250 300 350

0

Figure 5: The dashed curve represents the approximated far field pattern at iteration 0 (taking p =
1+eu® =1+epp). The solid curve corresponds to the approximated far field pattern computed for the
parameter p obtained at the end of the fixed point procedure. The dotted lines indicate the directions
where we want ug°° to vanish. From these results, and in accordance with estimate (41), we infer that
the term po in the expression of u (see (53)) determines the shape of u*°. But, we also notice that the

fixed point procedure allows to correct significantly uS > in the directions 81, 82 and 3.
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Figure 6: Curves In 32, [us7°°(8,,6;)] (see the definition of the term ug7>°(8,, ;) in (57)) with respect
to the number of iterations j for several values of €. According to (55) and (40), we know that there
holds In 323 _; [us7°°(0,,,6;)| < jlne+C, where C is a constant independent of . The results we obtain
are in agreement with this estimate. This shows that the convergence of the fixed point procedure gets
quicker as £ goes to zero. But in this case, the perturbation of the reference medium becomes smaller
and smaller, as indicated by the results of Figure 7.

5 m%n p mgx P
0.25 | 0.818267 | 1.61006
0.2 | 0.870935 | 1.49338
0.15 | 0.915802 | 1.37484
0.1 0.9436 | 1.25374
0.05 | 0.968809 | 1.1291

Figure 7: Minima and maxima of the parameter p obtained after 10 iterations for several values of €.

18



Acknowledgments

The work of the first author is supported by the Academy of Finland (decision 140998) and by the
FMJH through the grant ANR-10-CAMP-0151-02 in the “Programme des Investissements d’Avenir”.
The research of the third author is supported by the Russian Foundation of Fundamental Investigations,
grant No. 15-01-02175.

References

1]

22]

23]

E. Blasten, L. Péiivérinta, and J. Sylvester. Corners always scatter. Commun. Math. Phys.,
331(2):725-753, 2014.

A.-S. Bonnet-Ben Dhia and L. Chesnel. Strongly oscillating singularities for the interior transmission
eigenvalue problem. Inwverse Problems, 29:104004, 2013.

A.-S. Bonnet-Ben Dhia, L. Chesnel, and H. Haddar. On the use of T-coercivity to study the Interior
Transmission Eigenvalue Problem. C. R. Acad. Sci., Ser. I, 340:647-651, 2011.

A.-S. Bonnet-Ben Dhia and S.A. Nazarov. Obstacles in acoustic waveguides becoming “invisible”
at given frequencies. Acoust. Phys., 59(6):633-639, 2013.

A.-S. Bonnet-Ben Dhia, S.A. Nazarov, and J. Taskinen. Underwater topography “invisible” for
surface waves at given frequencies. Preprint, 2014.

A.L. Bukhgeim. Recovering a potential from Cauchy data in the two-dimensional case. J. Inverse
Ili-Posed Probl., 16(1):19-33, 2008.

F. Cakoni. Recent developments in the qualitative approach to inverse electromagnetic scattering
theory. J. Comput. Appl. Math., 204(2):242-255, 2007.

F. Cakoni and D. Colton. Qualitative methods in inverse scattering theory. An introduction. Inter-
action of Mechanics and Mathematics. Springer-Verlag, Berlin, 2006.

F. Cakoni, D. Gintides, and H. Haddar. The existence of an infinite discrete set of transmission
eigenvalues. SIAM J. Math. Anal., 42(1):237-255, 2010.

F. Cakoni and H. Haddar. Transmission eigenvalues in inverse scattering theory inverse problems
and applications, Inside Out 60, 2013.

G. Cardone, T. Durante, and S.A. Nazarov. The localization effect for eigenfunctions of the mixed
boundary value problem in a thin cylinder with distorted ends. SIAM J. Math. Anal., 42(6):2581—
2609, 2010.

G. Cardone, S.A. Nazarov, and K. Ruotsalainen. Asymptotic behaviour of an eigenvalue in the
continuous spectrum of a narrowed waveguide. Sb. Math., 203(2):153, 2012.

F. Collino, F. M’Barek, and H. Haddar. Numerical and analytical studies of the linear sampling
method in electromagnetic inverse scattering problems. Inverse Problems, 19(6):1279-1298, 2003.
D. Colton, H. Haddar, and M. Piana. The linear sampling method in inverse electromagnetic
scattering theory. Inverse Problems, 19(6):5105-S137, 2003.

D. Colton and A. Kirsch. A simple method for solving inverse scattering problems in the resonance
region. Inverse problems, 12(4):383, 1996.

D. Colton and R. Kress. Inverse acoustic and electromagnetic scattering theory, volume 93 of Applied
Mathematical Sciences. Springer-Verlag, Berlin, Third edition, 2013.

D. Colton and P. Monk. The inverse scattering problem for time-harmonic acoustic waves in an
inhomogeneous medium. Quarterly Jnl. of Mechanics & App. Maths., 41(1):97-125, 1988.

D. Colton and P. Monk. Target identification of coated objects. IEEE Trans. Antennas Propag.,
54(4):1232-1242, 2006.

D. Colton, M. Piana, and R. Potthast. A simple method using morozov’s discrepancy principle for
solving inverse scattering problems. Inverse Problems, 13(6):1477, 1997.

J. Elschner and G. Hu. Corners and edges always scatter. Inverse Problems, 31(1):015003, 2015.
E. Hille and R.S. Phillips. Functional analysis and semi-groups, volume 31. Amer. Math. Soc.,
1957.

O. Yu. Imanuvilov and M. Yamamoto. Inverse boundary value problem for Schrédinger equation in
two dimensions. SIAM J. Math. Anal., 44(3):1333-1339, 2012.

T. Kato. Perturbation Theory For Linear Operators. Springer-Verlag, Berlin, 1966.

19



[24]
[25]
[26]
[27]
28]

[29]

A. Kirsch. The denseness of the far field patterns for the transmission problem. IMA J. Appl.
Math., 37(3):213-225, 1986.

A. Kirsch and N. Grinberg. The factorization method for inverse problems. Oxford Univ. Press,
2008.

E. Lakshtanov and B. Vainberg. Ellipticity in the interior transmission problem in anisotropic
media. SIAM J. Math. Anal., 44(2):1165-1174, 2012.

E. Lakshtanov and B. Vainberg. Applications of elliptic operator theory to the isotropic interior
transmission eigenvalue problem. Inverse Problems, 2013.

A. Lechleiter. The factorization method is independent of transmission eigenvalues. Inverse Problems
Imaging, 3:123-38, 2009.

V.G. Maz’ya, S.A. Nazarov, and B.A. Plamenevskii. Asymptotic theory of elliptic boundary value
problems in singularly perturbed domains, Vol. 1, 2. Birkh&user, Basel, 2000. Translated from the
original German 1991 edition.

W. McLean. Strongly elliptic systems and boundary integral equations. Cambridge Univ. Press,
Cambridge, 2000.

R. Melrose. Geometric scattering theory. Cambridge Univ. Press, Cambridge, 1995.

A. Nachman. Reconstructions from boundary measurements. Ann. of Math., 128(3):531-576, 1988.
S.A. Nazarov. Asymptotic expansions of eigenvalues in the continuous spectrum of a regularly
perturbed quantum waveguide. Theor. Math. Phys., 167(2):606-627, 2011.

S.A. Nazarov. Eigenvalues of the laplace operator with the Neumann conditions at regular perturbed
walls of a waveguide. J. Math. Sci., 172(4):555-588, 2011.

S.A. Nazarov. Trapped waves in a cranked waveguide with hard walls. Acoust. Phys., 57(6):764-771,
2011.

S.A. Nazarov. Enforced stability of an eigenvalue in the continuous spectrum of a waveguide with
an obstacle. Comput. Math. and Math. Phys., 52(3):448-464, 2012.

S.A. Nazarov. Enforced stability of a simple eigenvalue in the continuous spectrum of a waveguide.
Funct. Anal. Appl., 47(3):195-209, 2013.

L. Paivéarinta, M. Salo, and E.V. Vesalainen. Strictly convex corners scatter. arXiv preprint
arXiv:1404.2513, 2014.

L. Péivérinta and J. Sylvester. Transmission eigenvalues. SIAM J. Math. Anal., 40(2):738-753,
2008.

R. Potthast. A survey on sampling and probe methods for inverse problems. Inverse Problems,
22(2):R1, 2006.

L. Robbiano. Spectral analysis of the interior transmission eigenvalue problem. Inverse Problems,
29(10):104001, 2013.

B.P. Rynne and B.D. Sleeman. The interior transmission problem and inverse scattering from
inhomogeneous media. SIAM J. Math. Anal., 22:1755, 1991.

J. Sylvester. Discreteness of transmission eigenvalues via upper triangular compact operators. STAM
J. Math. Anal., 44(1):341-354, 2012.

J. Sylvester and G. Uhlmann. A global uniqueness theorem for an inverse boundary value problem.
Ann. of Math., 125(1):153-169, 1987.

20



	Introduction
	Setting
	Discreteness of non-scattering wavenumbers
	Sound hard obstacle
	Penetrable inclusion
	Open questions

	Far field invisibility
	One incident direction and N scattering directions
	Backscattering measurements
	The case of the scattering direction coinciding with the incident direction
	Numerical experiments


