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2 K. Ramachandra et al

Hardy-Ramanujan Journal
Vol.19 (1996) 2-56

RAMANUJAN’S LATTICE POINT PROBLEM, PRIME
NUMBER THEORY AND OTHER REMARKS

BY
K. RAMACHANDRA, A. SANKARANARAYANAN AND

K. SRINIVAS

(TO PROFESSOR D.R. HEATH-BROWN ON HIS
FORTY-THIRD BIRTHDAY)

§ 1. INTRODUCTION. The present paper consists of four useful main
remarks which are not worth publishing separately, but we; hope that taken
together they are of sufficient interest. The first concerns the problem of
S. Ramanujan (see Chapter V of {G.H.H]) of finding an asymptotic formu-
la (with a good error term) for the number of integers of the form 23*
less than n where u and v are non-negative integers. This problem has been

solved satisfactorily (in view of the work of K.F. Roth [K.F.R] and the more

Received by the editors on 15.12.1994,
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recent results of [N.I.F] and here reference may be made to a paper by A.
Baker and G. Wustholz [A.B.,G.W] for latest contribution and explicit re-
sults with good economical constants) by G.H. Hardy and J.E. Littlewood
(see Chapter IX, page 105 of [J.F.K]). Thus in a way we update the infor-
mation on this problem of S. Ramanujan. 7 |

The second ‘is a contribution to the explicit formula in prime number
theory. This essentially removes the factor (log z)? in the error tenﬁ and
50 “improves” an old classical result of E. Landau [E.L]. There are a.i;éo
contributions to density estimates in the neighbourhood | a—V% I< D—'f’ogﬂ’f—T

(D > 0 arbitrary constant) of 3. We improve Ingham’s result to
N(0,T) <p (T log T loglog T)ﬂfl—:'ﬁ(log T)*(loglog T)*
and Huxlgy’s result to .
N(o,T) <p T Thei~(log T)% (loglog T)},

(see Appendix and Postscript); in fact the first estimate is valid even in | o — _

3 |< 1~ }); which are not very impressive, but we need them in our results.

Thus for example we are able to prove things like (1/;(::) = Z Z log p)
m>1 p™<=» :
¥(z + h) - ¥(z) ~ h,h = £ (log 2)°5+*, -,
% [ ($lz+H)=p(z)-HY'dz = O(H*(log X)), H = X¥(log X )"+
x

(e1 >0is a constant depending on ¢) and

1 2X
¥ /X (¥(z + H) — () — H)’dz = O(H*(log X)™17%), (1 as before) '
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H = X&(log X)123i+e,

(See also Remarks 1,2 and 3 at the end of the proof of Theorem 4 of the
post-script for improvements). These have applications to Diophantine ap-
proximations and there are other results which we will establish in § 3. For
the earlier results in this direction (due to A. Ivié, Y. Motohashi, G. Har-
man) see the book of A. Ivié¢ [A.I}. Harman’s results are better in some
ways and our results are better from some other points of view. It must
be mentioned that the result involving h is not better than that of D.R. -
Heath-Brown, (see [D.R.H-B|) who proves more powerful results by using
his new method which is deeper. In fact by his method he proves things like
Y(z + h) — ¥(z) ~ h even when h = 2125 where ¢(z) is any function of
z which tends to zero as £ — oco. |
There has been another set of deep ideas to deal with the difference
between consecutive primes. These ideas founded by H. Iwaniec and M.
Jutila {[H.I,M.J] have been developed in several papers by D.R. Heath-Brown,
H. Iwaniec, J. Pintz (for these see [A.I]). The latest result is due to S.-t. Lou

and Qi Yao which states that with h = z3+35 ¢ we have
x(z + h) — x(z) > h(log z) .

(see [S.-t.L, Q.Y]). But what we have presented here is the limit of the
Hoheisel- Ingham-Selberg method (one of the new things in our results being

an improvement of the error term in Landau’s explicit formula). A fall
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generalisation of the Hoheisel- Ingham-Selberg method with an ingenious
contribution by Hooley and Huxley was given by K. Ramachandra in [KR];.
This is continued in [K.R, A.Sa, K.S] (to appear) by K. Ramachandra, A.
Sankaranarayanan and K. Srinivas. We quote two samples in the reference

to the three authors mentioned. They are

Z pu(n) = O(h ezp(—c(log z)%)),h e w TP T
z<n<z+h

and
1 f2x 1 1,_d
f/x | > w(n)|?dz = O(H? ezp(—c'(log X)s), H = X ¢ Teatoq X
c<n<z+H
(here ¢ > 0,¢’ > 0,d > 0,d’ > 0 are constants). These results use lo-
calised versions of some results of J.E. Littlewood and A. Selberg, due to K.
Ramachandra and A. Sankaranarayanan.

The third is a simple proof that Zp(n) = O(z ezp(—c(log z)*)) with
constants ¢ and a satisfying c'> 0 an':isg < a < 1, implies that (1 - f) ! =
O((log(y + 2))=~1) for all zeros B + #7,7 > 0, of ((s). There is a lengthy
proof of this in [L.B-D]. Our proof is based on ideas which we owe to H.L.
Montgomery [H.L.M]. For the proof of the well-known result that the upper
bounds for (1 —3)~! imply the corresponding upper bounds for Eu(n) (see

n<z
(K.R}];. Here Lemmas 5 and 6 on pages 313-329 give a method of obtaining

upper bounds for | {(s) |~ and etc. which are necessacy to prove this}. in

[L.B-D] there is a simple proof due to A.E. Ingham in the appendix by E
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Bombieri of obtaining bounds for $(z)—z starting from bounds for _ u(n).
It will be nice to obtain a simple proof of the other way implica.tio?f:

The fourth and the last is what we call (2 — §)-hypothesis and its conse-
quence that for real non-principal characters x{mod k) we have L(1,x) >
(log k)~1. (For a result of Rodosskij in this direction see [H.-E.R] p.101).

We now state
(2 - 8)-Hypothesis (A). Letk > 2,(L, k) = 1. Then given any constant § > 0,
there ezists a constant D > 0 such that for all X > kP we have,

2§
1< 2 1.
¢(k)x5pzszx

X <p<2X p=t{mod k)
The sieve method of A. Selberg (for references see [K.P], [H.H, H.-E.R] and
[H.-E.R]) gives 2 + § in place of 2 — §. Thus A. Selberg’s result misses the
{2 — §)-hypothesis by a narrow margin. There i3 another method due to
H.L. Montgomery and R.C. Vaughan (see [H.L.M] and also the chapter on
Brun-Titchmarsh theorem in [H.E.R]) of dealing with this problem. But
this method (although more powerful) also misses the (2 — §)-hypothesis
by roughly the same narrow margin. Actually the following hypothesis is a
consequence of the (2 — §)-hypothesis. This hypothesis suffices to prove the

lower bound for L(1, x) stated above.

(2 — 6)-hypothesis (B). We have

k £ 2
Z o E -1 < .2__k.§ Z 1)
2=1,(Lk)=1 \ X <p<2X,p={(modk) ‘P( ) X<p<2X



Ramanujan’s lattice point problem 7

under the same conditions on §, D and X as before.

§ 2. RAMANUJAN’S LATTICE POINT PROBLEM. Ramanujan’s
lattice point problem 2%3" < n (which is clearly equivalent to 0 < u log 2 +
v log 3 < log n) asserts that fhe number of lattice points (u,v){u > 0,v > O)'
is

(log n)? logn  logn

2lg21log3 2log2 2log3 + oftog n).

Ramanujan appears to have had no proof of this. In Chapter V of [G.H.H}),
Hardy considers the problem of lattice points (u, v) satisfying 0 < uww+vw’ <
7 where w,w’ are positive real constants such that § = ' /w ig irrational and
proves that the number of such lattice points is (as n — o)

JERENE) P
where E(17) = o(n). In fact G.H. Hardy and J.E. Littlewcod proved some
finer theorems on an assumption on the convergents %’:— to the simple con-
tinued fraction expansion of 8. More specifically let gm4+1 = O(g30) where ao
13 a constant satisfying 1 < ap € 1. Then their theorem (see page 105 of

[J.F K], here the dominant term is (7% w'~! — gw™! - nw'*) since the

lattice points on u = 0 and also those on v = 0 are excludedj runs as follows

THEOREM 2.1. Ifap = 1 then E(n) = O(log n); otherwise E(n) =
O, (’71_“‘; l“) for every'e > 0.

COROLLARY. (i) If 4 is a quadratic irrationality then E(n) = O(log 7).
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(ii) If 6 is any algebraic irrationality of degree > 3, then E(n) = O (%)
for every e > 0.
(iii) If ¢ = (log 3)(log 2)71, then E(n) = O, (ﬂ“%—l“) where ag =

2%%0g 3 and € > 0 is arbitrary.

REMARK 1. The O-constant in (ii) is not effective. In (i) and (iii) it is

effective.

REMARK 2. Instead of (log 3)(log 2)~! in (iii) we can take any irrational
0 = (log a)(log b)~! where a and b are two positive integers such that 8 is

irrational. Then ag will depend on a and b.

PROOF OF THE COROLLARY. Note that [ § — = [« g7}, and
80

Q1 <‘ qmb — D f‘l *

Thus we need a lower bound for | ¢,,0 — p,, | of the type > ¢, *. This
may not be satisfied by all real irrationalities 8. But by well-known results
on quadratic irrationalities we know that this holds with ap = 1. Thus (i)
follows. By a famous result of K.F. Roth [K.F.R] this is true for all algebraic
irrationalities § of degree > 3 and ay can be taken to be any constant > 1.
Thig proves (ii). In Ramanujan’s case N.I. Feldman [N.LF] has shown that
ap exists. However by the explicit results of A. Baker and G. Wastholz [A.B,

G.W] it follows that we can take ap = 2%%log 3. This proves (iii).

§ 3. PRIME NUMBER THEORY (EXPLICIT FORMULA,
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DENSITY RESULTS AND APPLICATIONS). The main object of
thig section is to prove the following theorem and to apply it to study the
difference between consecutive primes which in turn we will apply to a prob-
lem on Diophantine approximations. (For density results see sections A.2

and A.3 of the appendix).
THEOREM 3.1. LetT > 10,z > 10, % > 10. Then

. i 2T zP logz =z
w(x):z—?/r ( Z 7)6!7’4’0(1‘09%?),

B>0,ly|<T

where 9(z) = Y _log p.y(z) = 3 H(z=), %o(z) = §(sh(z +0) + ¥(z - 0)),
and p runs o:esrm all the zeros ;}zé(s) with the restrictions indicated. The
constant tmplied by the O-symbol is absolute. We note that F(log -5‘:)*1
ezceeds a positive constant.

We now draw an immediate corollary. The first part of the corollary

seems to be new. The second part is a well-known result due to H. Cramer.

COROLLARY. Let 10 < [ < z+, and h = zi(log z)f. Then on R.H

(Riemann hypothesis) we have
Uz + k) - Y(z) - h = O(hf3),

and so on R.H,

i
Pn+1 — Pn L prlog pr.
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REMARK 1. All that we need for the proof of this theorem is Vinogradov’s
zero-free region, Euler product and the functional equation (it may also be
noted that functional equation is not esgential). Thus it can be extended
to more general situations (like zeta and L-functions of algebraic number
fields) where these are available. We can also establish analogues of this
theorem to error estimations of A. Weil’s explicit formulae, [A.W], (see also

[S.L}). These will be treated elsewhere.

REMARK 2. Trivially if % >>7 z° for some fixed ¢ > 0 then the O-term
is O(F). Otherwise it can still be replaced by 0(5%5—)») (where C(X)(>1)
is any constant or a function tending to infinity we assume C(z) x C(X)
provided % £ > log X, if we are content with O(X(C(X))™!) exceptions of
integers [z] in X < z < 2X. This can be éeen as follows. Clearly our proof
of this theorem shows that what we want are upper bou.nds. for (we aésume
ho > log X and write A(n) = log p if n = p™{m > 1) and zero otherwise)
Siz)= Y A(n)and Sy(z) = Y. A(n)(n-2z)% Clearly Sy(z)

[n—zi<ho hy<in—zl<§
is of the same order of magnitude as

S@)= 3 (")+(2h0)2 S Am G+

h ho <in—a|<2hy 2hg &in—z|<4hg

where the RHS has an obvious termination. The imperfection which arises
due to the application of Brun’s sieve can be corrected as follows (of course

with O(. - -) exceptions mentioned above). Note that S1(z) and Si(z) are
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non-riegative. It can be easily seen that by prime number theorem we have

Y. Sul=]) « Xho

X<[)<2x

since there are cancellations on LHS. Hence Si(z) < C(X)ho with at most
O(X(C(X))™) exceptions. Similarly Sa(z) < C(X)hg" with at most the
same number of exceptions. We put ko = zT~! and recover the bound
O((C(X))"1XT) in the theorem with the number of exceptions just re-
ferred to. Note that for 1 5 h < z we have

3 Y (+nE) ey Y Z"’i" Z' 1< hX

X<[z]<2X m>2 X<[=)<2X m>2 R <nL(oth)m

These ideas lead to the following (conditional) theorem of A. Selberg [A.Sel.;
(We quote only an impressive special case).

THEOREM 3.2. (A. SELBERG). Let ¥(z) = (log z)*logloglog z. (As-
sume Riemann’s hypothestsi.e. 8 > 0 implies § = %) Then in'the interval
X < [z] £ 2X we have

(z)

(= + &) - 7(2) ~ 1o 2]

for all integers [z) with o( X) ezcepiions.

REMARK 3. Our later arguments (used by us to prove the unconditional
Theorem 33.5) show how to prove the theorem of A. Selberg. We leave the
details for the reader.

To prove Theorem 3.1 weneed a féw lemmas which are of independent

interest. We begin with Lemma 1, which is well-known.
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LEMMA 1. Fory > 0 and ¢ > 0 we have,

3 i Vg - &y)+0 (min <—-Lc——— i
27i Jo_ir 8 TTlogy|?

where §(y) = 0,3 or 1 accordingasy <l,y=1lory>1.
REMARK. The O-constant can be proved to be absolute. But we do not

need this fact.

PROOPF. The proof is standard. (If y > 1 move the line of integration to
o= -~c0.fy=1moveit to o = —-T. If y < 1 move it to o = o0). Note

that we can always move it to 0 = £7T.

LEMMA 2. Lety > 0,c¢> 0. Then

1 2T 1 ctiT y‘ . yc .
’T/T ('271 /M-T L 6(y)) ap=l (mm (T’(log i )) '

PROOF. We have by Lemma 1,

1 et+ioco yl
/ —;_ 8 = 6(y)7

27 c—i00

provided y # 1. (It is not difficult to uphold thiseven for y =1). Iy =1

1 (/c—i‘r ds /c+ioo ds)
oo g + —
2%t c—ico 3 ctir $

g B o g o0 1
= e / ’dt.+/ i =l/ ( LI .)dt:O(l).
278 \J_ oo C+ il > C+ it 2% J, c—it ct+it T

Next put 81 = ¢ + i7 and integrating by parts we have

consider

ctioo .8 ] o0 a 21 c
¥ y o v y v
= _— = —— d = &= 0
1tr) / s® T Sy y I +./.. Tlogy”  “mlogy (T”(log v)?

1 1

).
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again and using

% :TI(T)d'rz (%/Tw"/z:) =O(F(TI;:I-1;)_2)’

the lemma follows.

- LEMMA 3. Leic =1+ (log ). Then

th (e, (-68) Foe-wo)er-o(355-5)

provided T > 10,z > 10, & > 10.

PROOF. By Lemma 2, LHS is
< D A(m)min {(2)°,(2)°T*(log £)7*}
n=1

< Y AMm+E Y An)z-n)?

lz—n|<he $<n<3E Je—n|>ho
A{n A(n)
+1%an09_§ +-T§"Znoy; 1
ng§ n>i
(by using | logs |= —log(1 -(1 - %)) >1- 2 for z < n and a similar

treatment for z > n)

= 21+22+23+~24 say.

To estimate 3, we use Brun’s result (see [K.P]) in the form x(z + ho) —

x(z) = 0 (lo_n(%ﬁi) where x(z) = Y 1. To estimate 3>, we split it up

r<z



14 K. Ramachandra et al

into kg <| z — n |< 2hy,2hg <| 2 — n |< 4hg - - - and 50 on and to estimate
each subsum we use Brun’s result again. To estimate ) 4 we gplit it into
f<n<%f<n<Z- . andsoonandin each use n(z) = O(z(log z)™1).

To estimate 3~, we adopt a similar procedure. Thus we obtain

21:+; +Z+Z < hg log z(log ho)™ +h0T2 log z(log ho)™? P +T2’
choosing hg = % we obtain the lemma.

LEMMA 4. There ezists a constant ¢; > 0, such that ((s) # 0 for o >
1 - ¢1(log T)‘§"E, | t|< 2T, and we have %(f)l = O((log T)§+"). Here g€’
are arbitrary positive constants, of which £’ > «.

PROOF. This is a famous result due to I.M. Vinogradov. For example see

[K.R];.

LEMMA 5. We have, with 0o = 1 — c1(log T)"37¢,and 10< T < 5,

T (-5) Zasi= 0 (Buon o))

1T

PROOF. The proof follows from Lemma 4.

LEMMA 6. In Lemma 3 the integrand with respect to tntegration by T can

be replaced by
L goobT (o ((s) = — 1+
i [ (588) a0 Gumert).

Furthermore the error in changing T to any resl number 7/ = 7 + O(1) is

O(zT(log z)~100),
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PROOF. The first assertion follows by applying Cauchy’s theorem of residues
and using Lemma 5. The second follows by Lemma 4 and the expression

for ay.

LEMMA 7. The integral in Lemma 6 is the same as
zf z 908
Y. = +0(5(log 2)~%).
B20,lv[<T

PROOF. It is well-known that for every integer :n > 10 there are lines
t = tm(m < t,n < m+ 1) on which we have ('(s)(¢(s))™! = O((log t)?),
see [A.E.I]. We use Lemma 6 and Cauchy’s theorem of residues as in [A.E.I]
and use that » 2fp~1 = O(1). This and the fact that ('(0)(¢(0))" is

B<O,ly|<r’
a constant prove Lemma 7.

PROOF OF THEOREM 3.1. Lemma 1 to 7 complete the proof of
Theorem 3.1.

The following theorem (the first part due to I.M. Vinogradov, see [A.A K,
S.M.V], the second part due to A.E. Ingham, see [E.C.T); the third part due
to M.N. Huxley (see [A.I} also [M.N.H]) who improved on a fundamental
theorem of H.L. Montgomery, see (H.L.M}) is essential in proving the un-

conditional Theorems 3.4 and 3.5 to follow.

THEOREM 3.3. Let 0 < v < 1 and let N(v,T)) denote the number of

zeros (counted with multiplicity) of ((s) ina > v,0< ¢t < T). Then

N(o,T)= 0for ¢ > 1—ca(log T)‘§ tloglog T)'é,(cz > 0is a constant),
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N(o,T) « T4()(-o)(log T)5, 1 < 0 < 1,
N(0,T) € T4@0-)log T)°, 3 < 0 < 1,

where Ay(o) = 3(2 — o)~ and Az(0) = (50 — 3){(0? + o — 1)~1. Also

N(0,T+1)- N(0,T)= O(log T), and
N(o,T) « T24-og T(0 < & < %).

NOTE. In the second and the third assertions of Theorem 3.3 we have
replaced the log factors in the range | o0 — § |< 9—}2;“?4{—T (D any positive
constant) by (log T) and (log T')®(loglog T)$ respectively. See § A2 and
§ A3 in the appendix. These improvements are essential for proving Theo-
rems 3.4 and 3.5. Asstated in the introduction these results can be improved

further (see the Appendix and the Post-script).

REMARK. Note that 4,(c) is increasing and A»(o) is decreasing and also
that 4:(3) = 4,(3) = 2.
THEOREM 3.4. Let h = zi2(log z)P where B(>: 83 is a constant.
Then

dz +h) - 9(z) = k + O(h(log )™°)
‘where £(> 0) is a constant Hepending on B.

REMARK 1. Note that ¥(z) = Z E log p,9(z) = ZIog p, and that
m>1 p™<zx p<=z i
for 1 € kh < z, we have E

EDIED I TR Z*’fn—(&—)‘ - (2)% +1)

m22 x<p™<z+h ; I ﬂlz!
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& log ZZ$ (% (,i,,)#—1 + 1) < log z loglog z + hz— 5.
m>2

REMARK 2. Actually our proof gives a better result with (log z)? re-
placed by (log ::)8% times a certain “small function of z” which goes to
infinity with z.

REMARK 3. See sections A2 and A3 of the appendix at the end for im-

provements of Theorem 3.3.

PROOF. From Theorem 3.1, we have

¢(z+h)—¢(z)=h+0( " 3 (z+u)ﬁ-1dv)+o<"’“.£),

z
0 g50,l<2T gy T

WeputT = a:x%‘(log z)~B+¢ and we find that the second O-term is O(h(log z)™*

Now uniformly in 0 < v < h, we have

, Z (z+v)P g E 2P~ = —fol z7-'dN(e,2T)
B20,]<2T B20,I<2T

=0

= —N(0,2T)z° |25 +log = f01 N(0,2T)z° do

<€ 27T log T + O(log z(My + My + Ms(loglog z)(log z)1))

where
M = ax (N(e,2T)z° ),
US”S%“D i:'llo‘ T
M, = max (N(0,2T)z" 1)
%+D I:glag TSVSI
and

M3 = max N(o,2T)z" ).
3 Ia-%lsni'j,"}"( (0,2T)z")
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Here D > 0 is a large constant. By choosing D suitably we can get, M; +
M, = O(h(log z)~'%%), a result easy to verify. All that remains to be
proved is Ms = O(h(log z)~¢). This and another estimate for the quantity
M3 (which occurs m the proof of Theorem 3.5)) will be established at the
end of proof of Theorem 3.5.

THEOREM 3.5. Let H = Xé(log X)?' where B'(> 0) is a constant. If

B’ > 10% then
1 2X
¥ / (3(z + H) - 8(z) - H)?dz < H*(log z)~*
X
where e(> 0) is a constant depending only on B'. Also if B' > 12;-2 we have
1 (2% '
= / " (9(z + H) - 8(z) - H)*dz < H*(log X)~*~*
X
where e(> 0) is a constant depending only on B'.

PROOF. In view of Remark 1 below Theorem 3.4 it suffices to prove the
theorem with ¥ in place of ¢. By Theorem 3.1, there holds (uniformly in
£ < z < 8X) the inequality (hereafter we suppress the condition # > 0 in__

the sum over p)

1 127 (z+H)P —2° Xlog X
—p(z) - H |€ = e il
| ¥(z + H) — y(z) l<T/;- |Z p l7—-}-Tlcvg%\(r
Ivi<r
and so
+H)-$(z)-H | l/"lZEiH—y:z—pl’dH Z by
| ¥(z ~¢(z)- <7 r A - _ T log%‘:

Note that
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1Y PO PHIE P+ D)

bl

where 3°,,3, and 3, are the sums restricted to

D loglog T
log T

D loglog T
logT

D loglog T

3
w i
- log T #ad. |4 4|‘

3 3
< - — >
ﬁ_4 ,ﬁ_-4+

respectively. We treat the integral

FIE IS, 2 ar

and the other two mean values involving | 3, |2 and | ¥, |2\ca.n be
treated similarly. In fact the last two mean values together make up only
O(H?(log X')~'%%) as can be verified by following the method of treatment
of the one involving | 3,4 |2 . For this it will be advantagebﬁs to use:the -

upper bound (note that the integrand is non-negative),

i 2/¥ 1/”‘”1/‘” 5 ,
- TP g — -t drdz |-df = J say.
X/x XJo \XJx-y Tlr I;l J Y

This method of averaging has been first used by K. Ramachandra in [K.R],.
Put T = X#(log X)~B" where B” < B’ is a constant. We now split up
34 into O(loglog T') abutting S-intervals I = I(o) of length (log T)~, 0
denoting the left hand end point. Thus
| 25 P« (loglog T)Y | 3 (=)= 2
I Ber

< (loglog T)EY | [ 1 3 (z + vt |2 dv.
1 BelI

Again (remember that I = I{o))
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LIS 1Y (@ +o)pt Pde

Bel
e L (2X+f)P1tR-t (X _ fimtpz-l
X Z Z P1tpg—1 .
mEIl pzel

Note that the innermost summand here is O(X??~!). We use this bound for
all pairs (py, p2) of zeros (which figure) which satisfy | p;+p,—1 |< 10 and we
find the total contribution from these pairs to be O(X2~2N(0,2T)log T').
For zeros with | p; + p; — 1 |> 10 we use the average with respect to the
additional parameter f and obtain the bound
> X¥ 40— 1|72« X*2N(0,2T)log T.
lp1+5,—1]>10 '

With these explanations we see that
1 2X X2
X /X (W(z+ H) - ¥(2) - H)'dz < 7zt H?(log T)(loglog T)* M

where M} = maz(N(o,2T)X % ~2), the maximum being taken over
| o — & |< 100D(loglog X )(log X)~". Note that T = X (log X)~2" and so
KT; = X:lT(Iog X)?B",(B” < B'). We will now prove that M3 = O((log z)~¢),
if B > 82, as promised already and also Mj = O((log X)~1¢) if B’ > 10}
and further Mj = O((log X) 27¢ if B’ > 1212. Here ¢ is a certain fixed
positive constant depending only on B'.

We begin with the study of M3. We have by Theorem 3.3, (taken with

A.Z and A.3 of appendix)

My < M{(log )% + M{P(log z)8(loglog z)5
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where M{") is the maximum of (T41()z-1)1~7 jn 3 — &q—o%’”}‘—’ﬂ—’ <0<

8+ D—~—”—’—"° l'; Z and M(z) is the maximum of (T43(°}z~1)1-7 jn 3-F——"—g”——‘ ,ffg 'z <

c<3+ D—;—Eglgf—', where D; > 0 is a constant. We choose D; such that

Mél) and M:gz) have nearly the same bound. Clearly (note that we have

chosen T = z T (log z)~B+) we have
M(10g 2)# 420 < (max (25410-1) ") 10g 2 ¥ 305
and
MP(log )8~ 5(B~)(loglog z)5
< (max (zu“”(") 1) ) (log z)s"(B ¢)(loglog z)s.

Write o = 3 + A where | A |< 10D foglos = (Note that log T < log z <
4 log =

log T). We have

(5 A1(0) 1) = (g3 ~11=0) = (= g5 ~DG-Y) = §+00).

Hence the exporent of z is an increasing function of A and so
Mél)(log z) ~§(B-0) & 23 T (log z)% -3(B-) = = (log z) THP-3(B—e)
where A\; = —D—‘%‘-’EIL’-"—’. Also

og T

(H4x0)-1) (1-0) = (§- 3 - 1) (1-0)
5(2+24)

=(5. il B | P W
_(12 (3 4+ (7+2)-1 1)(4 A}

= {BEDE PN H A0 -1} (G- )
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:{%(5)‘4‘% _126"‘“‘Az“Q‘A'*'l}{ls'*'g"l'*'%\‘*”\z}—l

= M{E-E-B-a{E+ 20 G-
- {1em g g
= ,\{-—-— - Al 16)(1 — 8+ 0(/\2))( - A)
-3 +0(»).
Hence the exponent of z is a decreasing function of A and so
_Méz)(lag z)s‘%(B“)(;oglog )t < z‘éf(lég )8~ #(B~)(loglog z)}
= (log z)~ F+8-}B-9)(1ogl0g z)ég

' ‘Choose Dy such that Bt + B1 =8 -

“la
o

ie. st = 8. Hence

M+ M) (log 2) B E TR,

Now 8 + 22 B —¢) < 0 for some ¢ > 0if B > 833 (This com-
pletes the proof of Theorem 3.4). In a similar manner we recall that 7 =

X&(log X)~B". So we have
M; € M, '(l)(log X)n L M:,',(z)(log X)s“%B"(loglog X)%

where M) = maximum of (X sA(o)- 2) taken over § — 1000 eton X <

1-
o< % + 2’7%5'—'}?— and M;(z) = maximum of (.X%A’(”)‘z) 7 taken over
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34 DX <o < it 1000 loglos X (The constant D; appearing in
the inequality just mentioned should not be confused with the earlier one).

Hence by the previous calculations involving A, we have
M < (Xz%l(log X)5 + X~2%(log X)8)(log X)~38"(loglog X)3

D loglog X
(where A = —l,—‘;';—f——)
& (log X)%L‘“%‘%B"(loylag X)%

provided we choose Dy such that @i +20 =20 igje 14+ =2
ie. 221 = 8 Thus M) < (log X)%+ §-8B" (& (log X)~'~¢ provided
B' > B” > 10%), and this proves the first part of Theorem 3.5). Also for

the second part of Theorem 3.5 (we need B” < 2B’ —1 — ¢) and

” 9
Mj < (log X)in+ B-i8 (< (log X)~2¢ provided B’ > B" + > 12;4) .

This proves Theorem 3.5 completely.

COROLLARIES TO THEOREMS 3.2, 3.4 AND 3.5. Let a > 0 and
B > 0 be any two constants. Then
(i) For every prime p there erisis a prime g such that 0 < ap — B¢ <

¥ (log p)PHi+e.

(ii) There are infinitely many pairs (p,q) of primes p,q such that 0 <

L, 19
ap - Bq < pt{log p)*?= *e.
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(iii) On Riemann hypothesis (R.H) there are infinitely many pairs (p, q) of

primes p,q such that 0 < ap — Bg < (log p)*®.

REMARK 1. (R.H) implies Lindel6f hypothesis (L.H. which states that
for every fixed & > 0 we have t=¢{(} + it) - 0 as t — co) gives p® in place

of {log p)'°. (100 can certainly be improved).

REMARK 2. We leave the deduction of these corollaries to the reader as
an exercise. These corollaries are not the best known. For latest results see

a forthcoming paper announced in § A.1 of the appendix.

REMARK 3. If we want the same results as precise as (iii) they are
available unconditionally, but they prove the existence of some a, 8 out of
some sets of pairs. Hence they can be considered not the main part of this
paper. For this reason only one such result will be briefly mentioned in §

A1 of the appendix at the end of this paper.

$4. A REMARK THAT MONTGOMERY MISSED. In this section
we sketch (ﬁéing ideas of H.L. Montgomery [H.L.M]) a short and simple proof

that Ey(n) = O(z ezp(—c(log £)*)) (where ¢(> 0) and a (0 < a < 1) are
n<z

constants) implies (1 — 8)~! < (log 11)5“1 (with 7, = 7 + 100) for any zero

p=B+iv(y>0,1> 8> %) of ((s). Put Mx(s) = Y pu(n)n", F(s) =
n<X
¢(8)Mx(s). We have F(s) = 1+ Za,,n"’ for Re s > 1, where | a, |< d(n),
n>X
d(n) being the number of divisors (> 1) of n. We first prove a lemma.
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LEMMA. We have (under the hypothesis made on Mx(s)) the estimate
3 . 1 1 «
| MX(Z +it) |« (|t +10)X7ezp(—§c(log x)?).

PROOF. We have with s = 3 + it and M(u) = M,(0),

u

Mx(s) = [0 urdM(u) = B8 0 + 5 [ Hdu
= O(X%e:cp(—c(lag X))+ 0((t] +10) flx u%ezp(—c(log u)")“';‘ﬁ)
= O(X}(l t | +10)ezp(—c(log X)*)log X)

since lgztxx(u%ezp(—c(log u)?)) = O(X%ezp(—c(log X)%)). Thus the lem-
ma is p—ro—ved.
We next write with X > 10, w=u+iv,Y = ﬁﬂr, the identity
1 2+i00

F(p + w)Y"T(w)dw = ezp(~ l) + ann Pe" ¥
Y n>X

271 Jy oo
where clearly RHS is 1+ 0(1) uniformly in p. In the integral in LHS we move
the line of integration to u given by 8+ u = . Since our éhoice of X will be
subject to X < ezp((log(|y | +10))*~" D) (where D(> 6) is a constant) and
| I'(1 - p) |< e~M! the contribution from the pole of {(s + w)at w=1—p
is o(1). The integral has no pole at w = 0 since {{p) = 0. The integral on

the line u = 3 — g is (by the lemma above)
% 2 x \iP 1 1 a
< 207+ 0] 410 (Zey) ' Xtezn(~be(log X))x

x ezxp(— | v |)dv
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<« 13X Pezp(—1e(log X))
« 23X 7' eap(~Lo(log X)7) if 1~ B < b(log m)' .

We put X = ezp((log 71)%D) and obtain finally
14+0(1) < 4 ezp(6D log v1)ezp(—ieD%log 1)
~1epe
= 4 PPID% _ (1) if 6=  and D is large.
This contradiction proves the required regult.
§ 5. THE PROOF THAT (2 — §)( B) HYPOTHESIS IMPLIES

L(1,x) > (log k)~*. We begin with a lemma.

LEMMA. The 2 — § hypothesis (B) smplies that

> Q+xe)>»é Y 1> 6x(log X)!
X<p<2X X<p<aX :
for any real character x(mod k).
PROOF. It suffices to prove that if 1 < £; < £ < --- < 4, < k are
= }o(k) residue classes mod & coprime to k, then
Y X as(i-g
J=1 X<p<2X,p=Lj(mod k)

LHS is < /7 /%1-{5 3" 1by Holder’s inequality. We note that r = 1p(k)
X<p<2X

) 1.
X<p<2X

1
and so (r 5) =0- £)F <1 ;&;. Hence we apply this observation to

the 1(k) residue classes £; for which x(¢;) = ~1. It follows that the total
number of primes p with X < p < 2X for which x(p) = 1 is

> Z 1. This proves the lemma.
X<p<2X
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Next we define G(s) = ((s)L(s,x) = Ea,.n“ and verify that a, > 0
n=]
and a, = 1 + x(p) > 1 for all primes p with x(p) = 0 or 1. Thus

Z a, > E ap ) when X = k®) where c(§)(> 0)
X<n<2X X<p<2X

is a constant which depends only on §. Hence

a7 /., O+ 9)(X)" ~ X e(u)dr = 3 e (3% — %)
> ¥ ple(h o) > ol trh

X<p<2X

But in the integral involving G(w) we move the line of integration to u = -1
Note the estimates | {(2 + it) |<| ¢ | +10 and | L(3 + it) < 100k(] £ | +10)
and that the pole at w = 0 of {(1 + w) contributes the residue L(1, x)log 2.

This completes the proof that

1 1
— L{1
log k <onX < L{.x)+

+ [ 16+ I He-1) | x| T gin)| dv = L(1, X1+ 0{ goopss)

(log )?
by choosing a large ¢(5) say required by the 2 — § hypothesis. We have
used | I'(~1 + iv) |€ ezp(— | v |). (Note that a result of the type (2 — §)
hypothesis is welcome even with § = k~1 (provided all the constants are

explicit), or a result with a constant § > 0 and X = ezp(k‘:' ). This would

imply an effective result L(1,x) > k=% (log k)~1).

REMARK. In connection with this section we may note the result (due
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to C.L. Siegel [C.L.S]) that L(1,x) > C(e)k~¢ holds for every ¢ > 0 and a
suitable constant C(e)(> 0), depending only on £. But unfortunately when
€ < },C(¢) is ineffective (i.e. it cannot be calculated). See also [K.R]3 for a

simple proof of Siegel’s theorem.
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APPENDIX

§ A.1 The following result (due to K. Ramachandra) is Theorem 1 of his
paper [KR]4.

Let £ be any positive constant < 1 and N any natural number > 2¢71.
Let a3, - - -, an be any given positive real numbers no two of which are equal.

Then there exist two of the numbers a; say 8 and «, such that the inequality

0<|Bp—7¢i< ¥

holds for infinitely many prime pairs (p, ¢). The proof is based on Selberg
Sieve. These aﬁd other improvements will form the subject matter of a
forthcoming paper (problems and results on ap — fq) by us where the latest

results on this subject and also the history of the subject are contained.
§ A.2 The object of this section is to prove the following theorem.

THEOREM. Let L + § < 0 <1 - §, where § > 0 is any small constant.
Then

N(o,T)< %= (log T)%%.
REMARK. By a more complicated proof we may cover the range 1 < o <

1.

COROLLARY. In the neighbourhood | o — § |< P—:%g‘%’ﬁ—T of 3, we can
take the power of log T to be 41%{o = §) = 2.

‘We now sketch the proof of the theorem just mentioned.
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PROOF. Let p = f + iy be any zero of {(s) where ; +§ < <1-§,T<
v < 2T. Put F(s) = ((s)Mr(8) — 1, where MT(.s) \='Z(p(n)n*"); 1t is not

n<T
hard to prove that

3T 1 4 3T
ﬁ | F(3+ it) |3 dt € T(log T)? and ﬁ | F(1 + it) |* dt < (log T)*.
3T 2T

We apply Cauchy’s theorem and obtain (with w = u + iv)

1 w2 v W
1=| F(p) 1<l 55 [ Flo+ w)er’ X2 |

where the contour is the rectangle bounded by the lines u = .:—, - Bu =
1-8,v= —-;—T,u = T, provided X lies between two constant powers of 7.
We may ignore the horizontal line contributions and we obtain

1<X%"’/
1

u=§--

| Fp+ w)e” dw | +X’”"/

u=1—

| F(p+ w)e"’zdw |
B
where we have assumed that g belongs to the interval (0' — o+ E.}—T) :
Thus by Holder’s inequality we have

: :
1« X ([ gl Flo+w) [} e |l dw )" +

L

+X17 (fumrg | Flp+w) [ e || duw])
1.3 L
& X3 01£+X1—01’12

(where I 1 and I here have the obvious meaning),

< (I?“‘"’ If""":'))2
2
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(by a suitable choice of X, the conditions on X being statisfied if we increase

I and I by T-1000)_ Note that
1 . 4 (y—v')?
PILIRS Z/ | F(z +iv) |5 e 0~V dv’ < T(log T)?,
) P
(by a’change of variable). Similarly le < (log T)S.
P

310 _1
We fix V; and V% by the condition that Vf(l ) X Vl’ ? equals a small
2

constant. Also

Y= Z 1€ T(log TV, ' and ¥, = E 1 < (log T)%V;?
P1y27y T el

Thus the number of zeros in question is
< (log T)3 (VT; + “""—V‘TE) < (log T)3 (f% + (log T)sz‘%‘;)
%: (log°T)? (5= + (log T)?V3-%) |

(by a change of notation)
< (log T (T%%(log Ty 2o-1) )"

{(by a proper choice of V)

< (log T)aTa;-_: (log T) = T (log T)H—:. :

(This is the bound for the number of zeros with (a —2r<B<Lo+ ,—o—“—._,. )
T < 7 < 2T). Here replacing o by 0 + iy, 0 + 2,0 + oy, -+~ (The
greatest not exceeding 1 — 1§ we can use the Ingham bound for ¢ > 1 - 16)

and adding we obtain

N(g,2T) - N(0, T) < Tig-;:l(log T)%E%,
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and so the same bound holds for N(c,2T). Replacing T by 1T we obtain

the theorem.
§ A.3. It is the object of the section to prove the following theorem.

THEOREM. For % < o <1, we have, for T > 20,
So—-3
N(o,T)< T(ég""‘)(l_”)(log T)%(loglog T)3 .

We first state a fundamental result of H.L. Montgomery (Theorem 8.4 with
9 = 0 of [H.L.M] taken with the last result of appendix II therein). We state
it as Lemma 1. We recall the usual terminology. Let S* be a set of complex
numbers. (We denote the number of elements of S* by | 5* |). It is said to
be well-spaced if the differences of the imaginary parts of any two of them

is > 1 in absolute value.

LEMMA 1. (HL. MONTGOMERY). Let N > 1 be an integer and 5(s) =
2N

z a,n~* where ay, - --,aan are any compler numbers. Put
n=N

_ = p i —jv]
My(T) = ﬁlg - [ ¢(3t + dv) | e"Vid.

Suppose S* is a finite well spaced set of complez numbers each of which has
real part > o9. Then

2N
3 1 5(s) [P (N4 1 87 | Mo(4T)) Y | an [2 020
2€8° n=N

where T i3 the difference of the mazimum and the minimum of the imaginary

parts of the complez numbers s € §*.
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REMARK. Lemma 1 follows on noting the fact that
[((2N)™ — N™)(iv) |< e ML

LEMMA 2. (R. BALASUBRAMANIAN, A. IVIC and K. RAMACHAN-

DRA). For | t|> 2, we have

t+1 1
[ 1cain 1ar < (tog 121
t
PROOF. Follows from Theorem 1 of [R.B, A1, K.R].

LEMMA 3. With the notation of Lemmal, we have for T > 2,
. , . 2N
> IS P& (N+| 857 T2(log T)1) ) | an [ 0720
s€S* n=N

PROOF. Follows from the functional equation for {(s) and Lemma 2.

LEMMA 4. With the notation of Lemma 1, we have

[{s|s€8|5(s) >V}« GNV~2+ TG NV ~S(log T)?

2N A '
where G = Z la, |> 122 and N > (log T)%.

neN
PROOF. Define T, by TO%(log T)iG = £V? where £(> 0) is a small con-
stant. Then the number of numbers s of S* contained in any ¢ interval of
lengtlll Ts is €« GNV~2 by Lemma 3. We need Ty > 2. However if this is
not satisfied, we have (GV~2(log T)¥)~? is small and so G3V ~%(log T)* is
big and hence

TG3NV~-8(log T)7 3 TN(log T)i
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which renders the reqmred estimate trivial. Hence, we may ignore this

condition and we ha.ve in any case the bound
T
(1+ FO)GNV“"’ < GNV™2 4 TG*NV~S(log T)%.

From now on, we introduce the following notation. For real numbers

M, N with M >1,N>1 Sﬁ(n-) will mean that Z aﬂn"‘ where a,
M<n<N

are any complex numbers. In apphcatxons the @, will be obviously mdre

precise.

LEMMA 5. We have for any constant A > 0,

E I SN ; ) |2« loglog N E |, |2 n—20 (n + Ti(log T)i
. To N
ses- G T fios myA SnEN

PROOF. We break up the sum $¥ , (---) into maximum number of
(log M)A

disjoint sums of the type SZV(--) (U running over powers. of 2ie. 2*(n >

0), (759—1\7)7 < U < N. One or two may be a part there of, but we can define

some a,’s to be 0. (Several times, we use such a sp]jttiﬁg without stating it

explicitly)l We then use

& )|’<(zogtogN)Z|s )P

l S”
{tog M)A
and apply Lemma 3.

LEMMA 6. We have

N
S ISN() P log N |an P07 (n+ Th(log T)¥ | 57 ).

aES* n=1

15°1)-
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PROOF. Similar to that of Lemma 5.

LEMMA 7. Let d(n) denote the number of positive integers dividing n.

Then for n > 2, we have

2 (d(n))? < z(log )*.

n<z

PROOF. This is well-known.

LEMMA 8. With the notation of Lemma 1, we have for N > (log T)%;
Y >1,

| {s]s€5%|5(s) |2V} |« N* 2V ~*(log N):;%
FTNA5707~%(log T)}(log N)°(5-)".
provided that | a, | < d(n)(X)% (j =0 or 1).
PROOF. Follows from Lemmas 4 and 7.
The next three lemmas deal with the set | {s | s € S*,| S{'(s) |>
V} | where (S§¥(s) = ia,.n"),l an [< 1 and 0p = 1. Clearly this set is

n=1
contained in the union of the two sets

N
sp={staes s (2 v}

and .
1
53 = es | sy >—V}.
i={olees sty (i3

As a preparation to get bounds for | S} | and | §3 |, we restate Lemmas 5

and 6. R.H.S of Lemma 5 (with §* = S3) is

< N loglog N + (loglog NY*T4(log T)} | 5.
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LEMMA 9. We have
| S5 |« N(loglog N)V~2 4 T N(loglog N)*(log T)%V”ﬁ,

provided N > (log T):

1
PROOF. Define T, by (loglog N)2(log T)iT¢ = ¢V? for a small constant
(> 0). ie., Ty = (eV2(loglog N)~2(log T) %)% ¥ T < 4 then V2 <
26~ (loglog N)?(log T)% and so V¢ > (2¢71)~3(loglog N)~S(log T)~%.
Thus RHS in the lemma is 3> T N(loglog N) (log T)“% which is a trivial

upper bound for | 57 | . Thus in any case,

| S51 <« N(loglog N)V-2(1 + £)
< N(loglog N)V~2 + TN(loglog N)*(log T):V .

Thus the lemma is proved.

NOTE. R.H.S of Lemma 6 is < N log N +T*(log N)2(log T)¥ | 5* | . We

recall that we now apply the lemma to $* = S7.

LEMMA 10. We have
| 53 |< (N(log N)V=2 + TN(log N)*(log T)7V~%)(log N)~4

provided N > log T'.

1
PROOF. Define T by (log N)?(log T)iT{ = eV? where (> 0) is a small

constant i.e. Ty = (¢V2(log N)~?(log T)~¢)?. Thus

N(log N)v—2 (1 + ;—I:—) < N(log N)V~2 4+ TN(log N)*(log T)%V‘G.
0
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H Ty < 4, we have eV2(log N)~2(log T)™1 < 2i.e. V-6 (log N)%(log T)~%

and so the term
T N(log N)*(log T)TV~8 > TN(log N)}(log T)"*

leads to a trivial estimate for | S} | .

LEMMA 11. We have, for N > log T,
| {s]s€8 SN )|>V}|< N(loglog N)V~2+N(loglog N)*(log T): V5.

PROOF. Combining Lemmas 9 and 10, we obtain the lemma by choosing
A =100.

From now on, we introduce four positive parameters X,V,V;, U which
depend on T in such a way that their logarithms lie between two constant
multiples of log 7. Moreover U > X. We collect together the results of

Hal4sz-Tur4n-Montgomery theory which we use in later sections.

LEMMA 12. We have

l{ise s=5.8€8% Y pnn* |2 VI}!

n<X
& XV %loglog T + T X (loglog T)%(log T)3V;S.
Also, Lemma 8 gives (with Y > 0),
W
|{5|Reszu,ses*,lzgﬁ‘3‘ 2V}|
n=U

< U~ (log TRV -2(%)Y + TU*-%(log T)°xV -8(})1%
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provided | a, |< d(n), | bs |< (X)¥(j =0 or 1).

We are now in a pogition to prove the main theorem of this section i.e. to
improve the Huxley’s constant 9 (Theorem 3.3). We denote by p = §+1i7, a
typical zero of {(s) in {3 -6 < ¢ < 1,T < ¢t < 2T} with | f— o |< (log T)™*
where T is assumed to exceed a large absolute constant. o will be fixed and

the O-constants will be independent of ¢.

STEP 1. We put R(w) = exp ((sin%)z) s Mx(8) = Eu(n)n", F(s) =
n<X
((s)Mx(s)-1= Z a.n"* (the series being absolutely convergentino > 1)

n>X
where | an |< d(n). We have for Y > 1 and e complez variable w = u + iv,

Y 24400
3 aun—A(L) = o F(s + w)Y*R(w) 22
n 2xi 2§00 w
n>X
where A(X) = 5L [2H°(Lyw R(w)42. From the representation of A(¥), it

Jollows by moving the line of integration to u = ~2 (resp. by taking absolute
value of the integrand on u = 2 itself) that A(X) = 1+ 0(($)?) or O((¥)?)

accordingasn<Y orn>Y.

STEP 1I. Let p be a zero in question. Obviously we have F(p) = —1 and
80 by first truncating the integral by neglecting | v |> ¢ loglog T (c,a large
constant) moving the line of integration to u given by f + u = §, we obtain

Zanﬂ—pA(%) = —1+0(1)+0 (Y%‘” /w <o st Al F(% + iy +iv) | +1)e“""dV)'
n>X e

The integral in the O-estimate is

ol

l . - -1_ . .
(IH‘S%W r | Mx(3 + é7 +iv) ]) (flf:{5= loglog T (1¢(3 +irv+iv)| +1)e
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= Mx(} + i7')I(7)(say).

STEP IIL. Noting that|y—-v'!< cloglogT,N(0,T+1)—N(0,T) < log T,
we see (by using the first part of lemma) that the number of zeros p with

| Mx(3 +87) |2 V1 is
< (XV;’Ioglag T + TXV;%(log T)3 (loglog T)*) log T loglog T.

STEP IV. By first applying Hélders inequalily and then eztending the range
of integration to v = T to v = 5L and changing the variable from v to v + 7
and observing that

Ze‘l"""‘ < log T,

o il 5T

YAM < Y[ LG +iv) [fettidy

2
P) )
<& T(log T)®

we conclude that the number of zeros p with I(y) >V is « T(log T)*V .

STEP V. Hence apart from R, zeros we have O (VVlY%") for the O-term

in Step I1. Here
Ry < (XV; 2loglog T+T X V;®(log T) (loglog T)%)(log T)(loglog T)+T(log T)° V4.

STEP VI. We fiz Y = e(VVl)ﬂ'z——l, where € > 0 is a small constant. Thus

we have to estimate Ry, the number of zeros under question which satisfy

1<) anrA(d)|.

n>X
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Let M = max(X,Y?). Then it is easily seen that the contribution to the

infinite sum fromn > M is < Y 42) . Y] « Y235 = o(1). Thus we have

n>M

ST I+,

where }7, and ), are the portions X < n < M; and M; < n < M, M,
being max(X,Y). Thus Ry < R3+ R4 where Ry is the number of zeros with
| 321 1> & and Ry those with | 3=, |> 3. We split up ¥, into > an

find that at least one U should have | zg") |> (log T)~'. By second part
of Lemma 12 with j = 1, we now find a bound for the number of zeros

associated to one such U and take the sum over all U. Thus

Ry € logT Z {(log Ty gu};p; + (log T)ls%g-;‘%?;}
M, <U<M

< (tog T) {(log TY?Y*~* 1 (1og T)'% s }

Similarly (applying Lemma 12 with j = 0) we get

i
Rs < (log T) {(log T) M2 + (log T)'*} Xs.,-4}

and here we can replace M; by X since Y2~2 ig already there.

STEP VII. Thus (since R» € R3 + R,) denoting the number of zeros in
question by H, we have
RI+R
ey € B
< 7(loylog T2+ I (Io_q T)2(loglog T)® + 7r(log T)*
1
+y2, 2 (log T)® + sie=z(log T)%% + X2-%(log T)® + 3¢ (log T)"™

We recall that Y = s(VVl)'TT'g——l where e(> 0) is a small constant.
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We have to minimize this upper bound for H(log T)~! subject to the
restriction that X,V,V; all lie between 7% and T4 where the constants
A(> 0) and (§ > 0) can be chosen to suit our greatest convenience. (A
should not be confused with earlier notation). It will be helpful to minimize
first with respect to X, then with respect to V' and finally with respect to
Vi. The following minimization lemma is very helpful. We state it in the

notation of B.R. Srinivasan.

LEMMA 13. Let M and N be positive integers, um(> 0) and v,(> 0)(1 <
m < M,1 < n < N) denote constants. Let A,(> 0), Bu(> 0). Then there

ezists a q with the properties (@1, Q2 are non-negative numbers) @1 < ¢ <

Q2 and
M N
> Amg"™ + Y Bag ™"
m=1 n=1
< Z Z(A,”:B“")‘""‘“’" + ZA "+ ZB,. =
m=1 n=1 m=1

PROOF. See [B.R.S].
By applying this lemma, we are led to a bound for H in the form
()
H < T\" e ey T)A(a)-H(IOglog T)B(o),
this leads as in § A.2 to
N(o, T)< (3525 )(1_’)(109 T)Y49)+(loglog T)B(").
It can be checked that for | o —  |< 222 (D > 0 any large constant),

we have 1 + A(0) = 8 and B(o) = 2. apart from an error O (5‘1,90%’%1) . This
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proves the theorem which we stated in the beginning of this section.

STEP VIIL. We now give some steps in the minimization. We estimate
the quantity H under question and as shown in § A.2, the same which will

hold for N(o,T) for 1> o > 2 — 4. Since Y = &(V'V4)%1, from Step VII,

we have
H X s TX L ¢ . T(log T)'52
log T L 4 vz (loglog T') v (log T')z (loglog T')° + X604

T(log T)* T(log T)™%
+ V5

V4 (VVI) Fo-1
We now minimize with respect to X subject to 7% < X < 74 (4-a large

+X22(log T)® + + (log TS (VV3)iet.

constant) and obtain (Hereafter we omit terms which are O (T42(2)~7) ref.

Theorem 3.3) foro > 3 - §

o ~4

1
+(log T)5T26(1—0) + {(1!0913111 T)ﬂ)so-— (T(loé T)15§l') } 653

b Tog T { (L) og s} ™
{(T(log T)m%)"’”} = (log T)® + T lo‘g ™

o 5}
ey %(loglog T)? + Tl”(log T)% (loglog T)® + Tee T

+
+ Eév—%.f- + (log TYS(VVy)ie

l
< 1(’09109 T)? + T‘“ L(log T)(loglog T)®
+ lr“ﬁl":’r log T)#*25 loglog TY#5% 4 T T, r'ﬁ"ﬂ*(togtog T) %5

9
A

— 154

+ T (log T)PHOD(35T) 4 Tleg T)* T(zog 1)
(log T) o o + W) R

+ (log TY(VV;)te—t
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Now, we make the change Vi — V"',V — V% -1 Then we have to

minimize the RHS of

A < ," —E=1(loglog :r)2 + s (loglog T)"(log T)?
+ (log T)u—a (loglog T) 6'—3 + Z‘-(Lolv-:{:):—iir-—(logl()y T) 2::18
+ i.—%"ﬂ 4 e L L (log TY(VVAY .

Now, we minimize this with respect to V subject to T® < V < T4. The last

three terms have the minimum
T(log T)'*4 _ -
< TA s. + %]ﬁ%%ﬁ%}}!ﬂ + (log T)STé(4~40)ys—4o

+ {(T{log TY4)~*((log T)PVA-*)2-1}+

- (-
20~1

T(iog T4\ 7 AFNGG
# {(—(Tl.—;" Drt) " ((tog TV
__T('ﬂl)_l#_[ 5é(4-40)y i-do
< TAe- B TTo + (log T)*T W
{4—~4o)}{2e~1)

+T—(loy Ty 5ty - + Tnl-::’l'(log T)5+(10§-)(,‘,;_',)_

Thus we have finally to minimize with respect to V; subject to T® < V; < T4
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the RHS of

2 < -—r,—.w;(loylog T)? + ﬁr;t—:t(log T)% (loglog T)®

+ T"J‘T Lri (log T)153)€=3)"" (1oglog T) &

T(log TYTooT+E T)15%
—(ivr).—-r“—(l"glw T)# 4 m(m)‘;m——r

201 (A=10)(3s-1)
Vl o

(log TP TH(-2)yA~4e | P22 (log TY ™S
T+ T2+ Ts+ Ty + T5 + T + Ty (say)

e Tl+8+e T8t Tl+e
Ke TAEe—2) T FA@e—n T A + FafEe=n

+ +

e .4 4—40)(20—1
+ ZT}'(:‘:T—ﬁ+T“‘1")+‘+T =a(Utelie=tl) e
4+ T *xTeg+ToxTg+T3xTg+TyxTeg+Ts5%Te+ Ty xT7+ Tox T+
TaxTp+TyxTr+Tsx Ty

(where for @ > 0,8 > 0,E1 > 1 and Ej > 0, we define (£5 » E;V) to be
)

(EﬂEa)(ﬂ+ﬁ)

< Z(T * Tg) + Z(T * Ty).

j=1 =1

We now make the following remarks : Ty * Tg is small,
1
Ty xTs € {(T1+5+5)4—4«(T46(1——v)+e:)12¢—6} §o-7

and so small,

1208

TsxTg € {(Tg,—'_:.,-+c)4—-4c (T46(1—0)+g) 3

}‘ < T;——‘;_", +1006

and so negligible,

}(&'"4)_' € TIT+1008

Ty xTg € {(Tl+e)4—40(T45(1—a)+:)12¢—8
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and so negligible and T * Ts < T* (for large A) and so negligible. Clearly
Ts » Ty is small. Now,

4{1-c)(2e-1

Ti*xT7 € { (T'H") “ (Tk;z”) 4’—2}T:T2 & T'55+1008

and so negligible,

4( l—ru2'—ll

T2*xT7 < { (T1+"+-€) - (Tl:_:ﬂ)lzu-e}"'

where

I = {4(1-0)(20 - 1)o7 + 120 - 6} = {(20 ~1) (4 g 6) }-1

(4

T (20 -1)(4+20)
Thus the exponent of T in Tp* Ty is < —g_—z—? }_1-'_;—:1 <2(1-0)(foro > })
and so negligible.

In 75 * T%, the exponent of T is

{!4 :gﬂ[!ﬁ; 1) + Q -tr)!lZv—-Bz} {(4—40-5247—1! + 'lggs___g}_l

—e - o (30— -1
= {%2(1 + 30 - 2)} {3(1 Wao_1)+oide z)}

=(1-0) {71_,)(331)14)-,(3, 3 } =(1-0)J2 (say)
where

30 -1 _ 30—~1
3(1-0)(20—-1)+0(30—2)  -30¢2+70-3

J2 = Ja(0) =
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We note that the derivative of the denominator is > 0 for'0 < o < I and
that —3(3)2 + 2 — 3> 0. Also
Ji(o)(—30? + 7o - 3)?

(=302 + 70—~ 3)3 - (30 — 1)(~60 + 7)

= 9¢2—60 2

<0
if ¢ > 2 — 5. Hence Ja(0) is decreasing in o > § — 7 for some 5 > 0. But
J2(2) < 2. Thus T3+ Ty < TA-2)(§~1009) and go it is negligible. Also we

have
MWoo)2e-)) g, g Ja{o)
Tsx Ty < {(TI+C—A(120—B)) v (TT“) }
where J3(0) = grz575—yy- For large 4 and o > 3 — 1, we note that Ts * Ty

is also small. Finally, we are left witk the only term 74 x T7. Now
(1-e)30-1)

o

10 7 < { (1000 7)ot 7)) x

fl'—-— 20— — 4{1—-o -1
o—1\ 120-8 (120 8+ 2‘-_1' )
X ( - (log l')‘-}-_.) }

Note that 3¢ — 2+ (1=2l32-1) _ (eh4o=) ppy,

o — 1-0)(20-1
T+ Tr < {(T(log T)5=+ (loglog T)’z’ﬁ)( Mae-1)

" o +o-1)"1
x (1% (log T2 ~2} 77V

oe—3)(1—~o
T e (log T)*)(loglog T)B)

where _
Ale) = {;{%91)5(1 - 0)(2a — 1) + (30 - 2)(60 — 1)} (¢? + & — 1)

= 3(340% - 370 +13)(0? + 0 - 1)!
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and
B(o) = 4(1 - 0)(30~ 2}(s”* + o — 1)1,

Y e
Finally wehave N(0,T) <« H « T (= ko )(1og T)+A@®)(loglog T)B()

and this proves the theorem.
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POST-SCRIPT

K. Ramachandra has recently dednced (see K. RAMACHANDRA, A
large value theorem for ((s), Hardy-Ramanujan J., 18 (1995),1-9) the fol-
lowing large value theorem from Montgomery’s fundamental Lemma 8.1 (see
[H.L.M]). We follow the notation of Lemma 1 of § A.3 except that we write

Ty for T'.

THEOREM 1. We have

3 | 5(s) < GN + G(T§+ | §* | (log To)*)T#

s€5*
N
where Ty > 2,G = 2 [ an |> n=27° and € > 0 is an arbitrary constant.
n=N

REMARK. The proof depends on the fact that if 7 < ¢; < 3 < ---< g <
2T, | tjya~t; |2 1(j =1,2,---,R~1) and | log ((1 +1t;) |> e loglog T (j =
1,2,---,R) then R <, T'%% (where 0 < ¢ < & and T > 100). This will be

proved in Ramachandra’s paper referred to above.

COROLLARY. Consider any set S** of complez numbers with the follow-
ing properties (i) op < Re 8 < o9 + § for all s € §** (ii) | Im s |< T(> 100)
for all s € $** and (iii) | Im(s — &') [> 1 for any two 3,8’ € S*" with s # s'.

Then for V > 0 we have
[ {s]18€8]58) >V} € GNVILTG NV 8(log T +T¢ (1+TG?V %),

where € > 0 is an arbitrary constant.
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REMARK. Earlier some imperfect theorems in place of Theorem 1 above
were known (due to H.L. Montgomery). Corresponding corollaries were
obtained by M.N. Huxley. Our method of deducing the above corollary is
similar to Huxley’s.

From the corollary it is not hard to deduce (from the arguments of §

A .3) the following theorem.
THEOREM 2. With N(0,T) as usual, 3 < o < § + 23289 T, 7 > 100

and As(o) = (;,5_%) i —
N(o,T) €p, T4)1-2)(1og T)B- 1+

where € > 0 and D > 0 are any two arbitrary constants.

We now borrow a theorem of Barban and Vehov (ref: M.B. Barban and
P.P. Vehov, ob odnoi ekstremal’ noi zudace, Trudy Mosk. Mat. Obs¢. 18
(1968), 83-90, English translation : Trans. Moscow Math. Soc. 18 (1968),
91-99) from Jutila’s paper (M. Jutila, Zeros of the zeta-function near the
critical line, Studies in pure mathematics, To the memory of Paul Turdn,
385-394 (Birkhaiiser, Basel-Stuttgart, (1982)). Let 1 < v1 < vz, and let us
define Hy = Hg{v1,v2) for integers d > 0 by Hy = 1if 1 <d < v, Hg =
(tog*2) (tog2) " if < d< vy and Hy= 0 if d 2 my.

"Again for any z;, 2y with 1 < z; < z; define

Ad = M2, 22) = p(d)Ha(z1, 20).-

Then we have
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THEOREM 3. (M.B. BARBAN AND P.P. VEHOV) .

2
-1
2 (Zxd('zl», lz)) <z (tog—jf) :

n<z \d/n

We now indicate the proof of the following theorem.

THEOREM 4. Let ; +6 <0 <1-§ where 0< § < g35. Then
N(o,T) €5 (T log T loglog T)slf‘:: (log T)*(loglog T)™*.

COROLLARY. In the neighbourhood | o — 3 |< 24288 L (D > 0 is any

arbitrary constant) of 2 we have
N(o,T) <p T (log T)¥ (loglog T)~%.

PROOF OF THEOREM 4. Put z; =T,z =T log T and M(T,s) =

Z/\,.n"‘. By a well-known theorem of Montgomery and Vaughan we have

n=1

/ " | M(T,l +it) 2 dt = }oi(T +O0m)Mn ' <« TlogT.
T 2 4

n=1
Also by the same theorem of Montgomery and Vaughan we have (using

Theorem 3),
p2T
/ | (1 +it)M(T,1+t) — 1 |? dt < log T(loglog T)™".
T

From these two results Theorem 4 follows as in the appendix § A.2.

REMARK 1. Using Theorem 2 and the corollary to Theorem 4, we can in

the results involving 1(z) (stated in the introduction) replace 832,103 and
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19 by the numbers 7%, 9% and 11 respectively.
1257 by 12:7¢ 12

REMARK 2. The paper by K. Ramachandra (referred to in the begin-
ning of the post-script) has since appeared. In Theorem 1 he has improved
(log To)* to laylo‘g'TO. As a consequence we can replace (in Theorv?m 2)
(log T)8-4+¢ by (log T)®~3(loglog T)% - This results in minor improvements

of results stated in the previous remark.

REMARK 3. Using the density results proved in the appendix and post-
script we can prove the following result.
Let H = X&(log X)!'¥% (loglog X)*% f(X) where £(X)(< logloglog X)

tends to oo as X — oo. Then there holds

1 2X
[ ¥+ B = 9(z) - H)de = o(H(log X)),

This result will be used in the forthcoming paper (with the title problems

and results on ap — Aq) by us.
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