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Abstract

We consider a new hierarchy of semidefinite relaxations for the general polynomial op-
timization problem (P) : f* = min{ f(z) : # € K } on a compact basic semi-algebraic set
K C R™. This hierarchy combines some advantages of the standard LP-relaxations associ-
ated with Krivine’s positivity certificate and some advantages of the standard SOS-hierarchy.
In particular it has the following attractive features: (a) In contrast to the standard SOS-
hierarchy, for each relaxation in the hierarchy, the size of the matrix associated with the
semidefinite constraint is the same and fixed in advance by the user. (b) In contrast to the
LP-hierarchy, finite convergence occurs at the first step of the hierarchy for an important
class of convex problems. Finally (¢) some important techniques related to the use of point
evaluations for declaring a polynomial to be zero and to the use of rank-one matrices make
an efficient implementation possible. Preliminary results on a sample of non convex problems
are encouraging.

1 Introduction

We consider the polynomial optimization problem:

(P): f*=min{f(z) : 2 €K} 1)

where f € R[z] is a polynomial and K C R" is the basic semi-algebraic set
K={2zeR":gjx) >0 j=1,...,m}, (2)
for some polynomials g; € Rlz], j = 1,...,m. In order to approximate (and sometimes solve

exactly) (P) one may instead solve a hierarchy of convex relazations of (P) of increasing sizes,
namely for instance:

e Semidefinite relaxations based on Putinar’s certificate of positivity on K [22], where the
d-th convex relaxation of the hierarchy is a semidefinite program given by

m
Y4 = max trf—tzao+§;ajgj : (3)
]:
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The unknowns o; are sums of squares (SOS) polynomials with the degree bound constraint,
degree(o;gj) < 2d, j =0,...,m, and the expression in (3) is a certificate of positivity on K for
the polynomial z — f(x) —t.

e [ P-relaxations based on Krivine-Stengle’s certificate of positivity on K [13, 25|, where the
d-th convex relaxation of the hierarchy is a linear program given by

fg = max <t : f—1t = Z Aag H <g;xj (1—gj)6j> , (4)
j=1

A>0,t .
(OC,B)ENd

where N2™ = {(«, 8) € N?™ ; >_;j @+ B; < d}. The unknown are ¢ and the nonnegative scalars
A = (Aap), and it is assumed that 0 < g; < 1 on K (possibly after scaling) and the family
{g9i,1 — g;} generates the algebra R[z| of polynomials. Problem (4) is an LP because stating
that the two polynomials in both sides of “=" are equal yields linear constraints on the A\,g’s.
For instance, the LP-hierarchy from Sherali-Adams RLT [23] and their variants [24] are of this
form.

In both cases, (74) and (04), d € N, provide two monotone nondecreasing sequences of lower
bounds on f* and if K is compact, then both converge to f* as one lets d increases. For more
details as well as a comparison of such relaxations, the reader is referred to e.g. Lasserre [18, 15]
and Laurent [19], as well as Chlamtac and Tulsiani [7] for the impact of LP- and SOS-hierarchies
on approximation algorithms in combinatorial optimization.

Of course, in principle, one would much prefer to solve LP-relaxations rather than semidefi-
nite relaxations (i.e. compute 6, rather than ;) because present LP-software packages can solve
sparse problems with millions of variables and constraints, which is far from being the case for
today’s semidefinite solvers. And so the hierarchy (3) applies to problems of modest size only
unless some sparsity or symmetry is taken into account in which case specialized variants can
handle problems of much larger size; see e.g. Waki et al. [28]. However, on the other hand, the
LP-relaxations (4) suffer from several serious theoretical and practical drawbacks. For instance,
it has been shown in [15, 18] that the LP-relaxations cannot be exact for most convex problems,
i.e., the sequence of the associated optimal values converges to the global optimum only asymp-
totically and not in finitely many steps. Moreover, the LPs of the hierarchy are numerically
ill-conditioned. This is in contrast with the semidefinite relaxations (3) for which finite con-
vergence takes place for convex problems where V2 f(x*) is positive definite at every minimizer
z* € K (see de Klerk and Laurent [9, Corollary 3.3]) and occurs at the first relaxation for
SOS-convex! problems [17, Theorem 3.3]. In fact, as demonstrated in recent works of Marshall
[20] and Nie [21], finite convergence is generic even for non convex problems.

1.1 Contribution

This paper is in the vein of recent attempts in Lasserre [16] and Ahmadi and Majumdar [1]
to overcome the important computational burden associated with the standard SOS-hierarchy
(3). In particular, in [16] we have suggested another hierarchy of convex relaxations which
combines some of the advantages of the SOS- and LP- hierarchies (3) and (4). In the present
paper we take advantage of attractive features of the SDPT3 solver [26, 27] to provide an effective
implementation of this new hierarchy. First preliminary tests on a sample of non convex problems
suggest that this new hierarchy might be efficient. This new hierarchy is another type of SOS-
hierarchy labelled BSOS (for hierarchy with bounded degree SOS) with the following attractive
features:

! An SOS-convex polynomial is a convex polynomial whose Hessian factors as L(x)L(x)” for some rectangular
matrix polynomial L. For instance, separable convex polynomials are SOS-convex.



e In contrast to the standard SOS-hierarchy (3), for each semidefinite program in the hierar-
chy, the size (";:k) of the semidefinite matrix variable is now fixed, parametrized by an integer
k that one fixes in advance. This integer k& determines the degree of a certain SOS polynomial
(for instance one may fix k = 2), whence the label BSOS (for “bounded”-SOS). Recall that in
the standard SOS-hierarchy (3) the size of the semidefinite matrix variable is (":d) with rank d
in the hierarchy.

e In contrast to the LP-hierarchy (4), finite convergence occurs at the first step in the
hierarchy for a large class of convex problems; typically convex problems defined with convex
quadratic polynomials or SOS-convex polynomials of degree at most k. Recall that such finite
convergence is impossible for the LP-hierarchy (4).

e Just as in the standard SOS-hierarchy (3), there also exists a sufficient condition for finite
convergence of the hierarchy. Namely it suffices to check whether at an optimal solution of the
corresponding SDP, some associated moment matrix is rank-one.

e Last but not least, to implement this hierarchy one uses important techniques that dramat-
ically alleviate the computational burden associated with a standard (careless) implementation.
Namely, (a) to declare that two polynomials are identical one uses that their values are equal
on finitely many randomly chosen points (instead of equating their coefficients), and (b) the
SDP solver SDPT3 [26, 27] can be used to handle efficiently some type of matrices used in our
positivity certificate.

Preliminary computational experiments First we have compared our results with those
obtained with the GloptiPoly software [12] (devoted to solving the SOS-hierarchy (3)) on a
sample of non convex problems with up to 20 variables. For problems with low degree (in the
initial data) and/or low dimension we obtain the global optimum whereas good lower bounds are
always obtained for problems with high degee or higher dimension (e.g. problems with degree 4
and up to 20 variables).

Next, we have also tested the LP-hierarchy (4) on a sample of convex problems and as
expected the convergence is very poor and the resulting LPs become ill-conditioned. In addition,
the LP can be expensive to solve as the LP data is typically dense. In contrast, the new hierarchy
(with smallest value k = 1 of its parameter) converges at the first step even though some of the
problems are defined with polynomials of degree larger than 2.

Finally we have considered a sample of non convex quadratic problems of the form inf{z” Az :
x € A} where A C R" is the canonical simplex and A is a randomly generated real symmetric
matrix with r negative eigenvalues and n — r positive eigenvalues. For all problems that could
be solved with GloptiPoly (up to n = 20 variables) we obtain the optimal values. For the other
problems with n = 50, 100 variables a lower bound is obtained in reasonable amount of time.

Of course this new hierarchy of semidefinite relaxations also has its drawbacks (at least in
its present version). Namely some submatrix (of the matrix used to describe the linear equality
constraints of the resulting SDP) is fully dense and many of these linear constraints are nearly
dependent, which yields a lack of accuracy in the optimal solution when the order of relaxation
d is increased.

2 Main result

2.1 Notation and definitions

Let R[z] be the ring of polynomials in the variables z = (z1,...,2,). Denote by R[z]; C R[z]
the vector space of polynomials of degree at most d, which forms a vector space of dimension
s(d) = (":lrd), with e.g., the usual canonical basis (z®) of monomials. Also, denote by X[z] C R[z]



(resp. X[z]q C Rx]oq) the space of sums of squares (s.0.s.) polynomials (resp. s.o.s. polynomials
of degree at most 2d). If f € Rz]y, we write f(x) = ZaeNg fax® in the canonical basis and

denote by f = (fa) € R*(@ its vector of coefficients. Finally, let S denote the space of n x n
real symmetric matrices, with inner product (A,B) = trace AB. We use the notation A » 0
(resp. A = 0) to denote that A is positive semidefinite (definite). With go := 1, the quadratic
module Q(g1,-..,9m) C R[x] generated by polynomials g1, ..., gm, is defined by

Q(gl""’gm) = ZO']QJ 1 0j S E[x]
7=0

We briefly recall two important theorems by Putinar [22] and Krivine-Stengle [13, 25] respec-
tively, on the representation of polynomials that are positive on K.

Theorem 1. Let go =1 and K in (2) be compact.

(a) If the quadratic polynomial x +— M — ||z||? belongs to Q(g1,...,9m) and if f € R[x] is
strictly positive on K then f € Q(g1,...,9m)-

(b) Assume that 0 < g; <1 on K for every j, and the family {1,g;} generates Rlx]. If f is
strictly positive on K then

fF=> CwH(gfj(l—gj)Bj),

a,fFEN™ j
for some (finitely many) nonnegative scalars (cqop).
2.2 The Bounded-SOS-hierarchy (BSOS)
Consider the problem
(P): f*=min{f(z)|zeK}

where K C R™ is the basic semi-algebraic set defined in (2), assumed to be compact. Moreover
we also assume that g;(z) < 1forall z € K and j =1,...,m, and {g;,1 — g;} generates the
ring of polynomials R[z]. For a fixed d > 1, the problem (P) is easily seen to be equivalent to
the following by adding redundant constraints:

(P):  f*=min{f(x) | hag(z) >0 V (a,B) € NI"}

where N2™ = {(«, 8) € N?™ | |a| + |B| < d} and hap € R[z] is the polynomial
x = hop(x) = ng(x)o‘j(l - gj(x))ﬁj, x € R".
j=1

Given A = (Ayp), (@, B) € N2™ consider the Lagrangian function:

v La(w,A) = f(z) = Y Aaghas(z),  zeR"
(o, B)ENZ™

The Lagrangian dual of (P) is given by

(Py) : sup { Ga(X) : A 20}



where the function Gy(-) is given by:

A= Gg(N) = ian {Lq(z,\)}, A > 0.
TER™

Now for a fixed A, the evaluation of G4()) is computational intractable. However, let k € N
be fixed and observe that

Ga(\) = in]Rf Lg(x,\) = sup{t| Lg(z,\)—t>0, Va}
z€R™ t

> sgp{t | La(z,\) — t € S[aly }

where X[x]j is the space of sum-of-squares polynomials up to degree 2k. Hence, with k € N
fixed, consider the family of optimization problems indexed by d € N:

gy :=sup{t| La(z,\) —t € Zay, A>0},  deN (5)
A\t

Observe that when k is fixed, then for each d € N:

e Computing q’j in (5) reduces to solving a semidefinite program and so (5) defines a hierarchy
of semidefinite programs because qs 1> qs for all d € N.

e The semidefinite constraint is associated with the constraint L4(z,A\) — ¢t € X[z]x and
the associated matrix has fixed size (":;k), independent of d € N, a crucial feature for

computational efficiency of the approach.

Moreover,

ff>sup Ga(N) =g, VdeN,
A>0

and in fact we even have the more precise and interesting result.

Theorem 2 ([16]). Let K C R™ in (2) be compact with nonempty interior and g;(x) < 1 for
reKand j=1,...,m. Assume further that the family {1, g;} generates the algebra R|x]. Let
k € N be fived. Then the sequence (qg), d € N, defined in (5) is monotone nondecreasing and
q’j — f*asd — .

Moreover, if f and —gj, j = 1,...,m, are SOS-convex polynomials® of degree at most 2k then
q’f = f*, i.e., finite convergence takes places at the first relaxation in the hierarchy! In particular
when f,—g; are convex quadratic polynomials then qi = f*.

2.3 The SDP formulation of (5)

To formulate (5) as a semidefinite program one has at least two possibilities depending on how
we state that two polynomials p, g € R[x]y are identical. Either by equating their coefficients (e.g.
in the monomial basis), i.e., po, = qo for all &« € N7, or by equating their values on (n:d) generic
points (e.g. randomly generated on the box [—1,1]"). In the present context of (5) we prefer
the latter option since expanding the polynomial h,g(z) symbolically to get the coefficients with

respect to the monomial basis can be expensive and memory intensive.

2A polynomial f € R[z] is SOS-convex if its Hessian V?f is an SOS matrix, i.e., V2 f(z) = L(z) L(z)" for
some matrix polynomial L € R[z]"*? and some p € N.



Let 7 = max{deg(f), 2k, dmax;{deg(g;)}}. Then for k fixed and for each d, we get

@& = max{t | f(z)—t— Z Aaghas () = (Q, v (x)vr(x)T), Q € Si(k),)\ > 0}
(a,B)ENgm
f@®) =i+ > (a,B)enzm Aaphap(@P)) +(Q, v (®)vy (2P)T),
= max\«t ‘ (k) (6)
p=1,...,L, QeSS , A>0,teR
where L := |N?| = (nj;T) and {z®) € R" | p =1,..., L} are randomly selected points in [—1, 1]";

s(k) = ("Zk), and vg(x) is a vector of polynomial basis for R[z]x, the space of polynomials of

degree at most k.

2.4 Sufficient condition for finite convergence

By looking at the dual of the semidefinite program (6) one obtains a sufficient condition for
finite convergence. To describe the dual of the semidefinite program (6) we need to introduce
some notation.

For every p = 1,...,L, denote by 0,4 the Dirac measure at the point z® € R and let
(q,0,)) = q(z®) forall p=1,...,L, and all ¢ € R[z].

With a real sequence y = (yo), @ € NJ,, denote by M;(y) the moment matrix associated
with y. It is a real symmetric matrix with rows and columns indexed in the basis of monomials
(), a € N}, and with entries

My(y)(a, B) = Yats; Va,3 € N}

The dual of the semidefinite program (6) reads:
L
~k; e
Q= nf > 0 (f.0,0)
p=1
L
st Y 0, (vp(z®) v (a®)T) = 0
p=1
L
> 0y (hap, ) >0, (a,B8) € NJ"
p=1

L
> 0, =1
p=1
(Notice that the weights 6, are not required to be nonnegative.) By standard weak duality in
convex optimization, and for every fixed k € N, one has
ff>d >4,  VdeN

Let s € N be the smallest integer such that 2s > max[deg(f); deg(g;)]. We have the following
lemma.

Lemma 1. Let 0* € RY be an optimal solution of (7) and let y* = (y), o € N3, with
ve= S0P, ae N,

If rank M (y*) = 1 then ¢% = f* and 2* = (y2), || = 1, ie., 2* = Z;J:l o P is an optimal
solution of problem (P).



Proof. 1f rank M4(y*) = 1 then (y}), o € N3, is the vector of moments (up to order 2s) of the
Dirac measure d,+ at the point x* = Z;f:l 0, () ¢ R”. That is,

L
<q75$*> - <q726; 5$(P)>7 vq € R[m]QS'
p=1

In other words, up to moments of order 2s, one cannot distinguish the Dirac measure at z* from

the signed measure 1 = 3 0,0, . Next, as 0" is feasible for (7) and 2s > max[deg(f); deg(g;)],

L L
0<> 05 (hap,0pm) = <ha5,26; 5m<,,)> = hag(z*), ¥(a,B) € N3
1 p=1

p=

In particular gj(z*) >0, j = 1,...,m, which shows that 2* € K. In addition,

L L
Froe = 3000w = <f,§je;; 6m<p>> — f(a"),
p=1 p=1

which proves that z* is an optimal solution of problem (P). O

2.5 On the rank-one matrices of (5) and SDPT3

Note that in the SDP (6), the constraint matrices associated with @ are all dense rank-1 matrices
of the form A, = vy, (x®)vy ()T, Thus if we let v, = v(2P)), then the linear maps involved
in the equality constraints of the SDP can be evaluated cheaply based on the following formulas:

A(X) = [<Ap’X>]j1 - [@p’XUpﬂjl

L
, A'yi=) ypA, =V Diag(y)V"

y=1
where X € S*®) y € RE, V = [vy,...,v1] € R¥¥*L Moreover, one need not store the
dense constraint matrices {4, | p = 1,...,L} but only the vectors {v, | p = 1,...,L}. To
solve the SDP (6) efficiently, we need to exploit the rank-1 structure of the constraint matrices
during the iterations. Fortunately, the SDPT3 solver [26, 27] based on interior point methods
has already been designed to exploit such a rank-1 structure to minimize the memory needed to
store the constraint matrices, as well as to minimize the computational cost required to compute
the Schur complement matrix arising in each interior-point iteration. More precisely, in each
iteration where a positive definite matrix W e S*(*) is given, one needs to compute the Schur
complement matrix S whose (p, q) element is given by

Spq = (Ap, WAW) = (vpvg,qung> = (vp, qu>2, p,g=1,...,L.

It is the combination of these two implementation techniques (point evaluation in the for-
mulation and exploiting rank-one structure in the interior point algorithm) that makes our
implementation of the SOS-hierarchy (5) efficient.

3 Computational issues

Given f € R[z]q4, in order to efficiently evaluate the vector f(x(p)), p=1,...,L, we need a
convenient representation of the polynomial f(x). In our implementation of BSOS, we use the
following data format to input a polynomial:

F(i,1:n+1)=[aT, fa]



where f, is the ith coefficient corresponding to the monomial x®. Note that the enumeration
of the coefficients of f(z) is not important. For a given point z € R™ such that z; # 0 for all
i=1,...,n, we evaluate f(z) via the following procedure written in MATLAB syntax:

Step 1. Set P = F(:,1:n), f=F(;,n+1), and s = (s1,...,5,)", where s; = 1 if z; < 0, and

Step 2. Compute § = rem(Ps,2) and z = exp(P log |z|).

Step 3. Compute f(z) = (f(@, z@) — (£® 20 where £ = f(find(s == 0)) and f® =
f(£find(s ==1)).

(The above procedure can be modified slightly to handle the case when z has some zero compo-
nents.) Note that in the above procedure, (@, z2(@)) and (f®), 2®) correspond to the sum of
positive terms and sum of negative terms in the evaluation of f(z). By separating the summa-
tion of the positive and negative terms in the evaluation of f(z), it is hoped that cancellation
errors can be minimized.

We should mention that some of the equality constraints in (6) may be redundant. For the
sake of reducing the computational cost and improve the numerical stability, we remove these
redundant constraints before solving the SDP. However, as d increases, the linear constraints
would become more and more nearly dependent, and typically the SDP problem cannot be
solved accurately by either SDPT3 or SEDUMI.

Another numerical issue which we should point out is that the constraint matrix

(haﬁ (x(l) )) (a,B)ENgm

associated with the nonnegative vector (\,g) is typically fully dense. Such a matrix would
consume too much memory and also computational cost when d increases or when m is large.

4 Numerical experiments

We call our approach BSOS (for hierarchy with bounded degree SOS). As mentioned in the
Introduction, we conduct experiments on three classes of problems which will be described in
the ensuing subsections.

4.1 Comparison of BSOS with Gloptiploy

We construct a set of test functions with 5 constraints. The test functions are mainly generated
based on the following two problems:

(P1) f= a2 -3 tof -l tm -

st. 0 <g = Qm% +3x§ +2x129 +2x§ —1—3@21 +2x3x4 <1
0 <go= 3m% +2x% —4x179 +3x§ +21‘i —4xsxry <1

0 <gs= a2 +623 —4dryze +x3 +627 —dwzry <1
0 <ga= xf +4a3 —3wzwe 423 +4a] —3wgzy <1
0 <gs= 222 +5x3 +3mxe +223 +523 +3w314 <1
0 <ux.



The optimal value of (Py) is f(z*) = —0.57491, as computed by Gloptipoly3. For BSOS, we get
the result q’jzll = —0.57491, which is the exact result.
The second problem is :

(P2) f= atz} +ata — 2223

st. 0 <g1 = x? +a3 <1
0 <go= 3z} +223 —4ri29 <1
0 <gs= z? +625 —8riz2+25 <1
0 <ga= i +373 <1
0 <gs= xf +aj <1
0<xz, 0<uaxs.

The optimal value of (P) is f(z*) = —0.037037, as computed by Gloptipoly3. The results
obtained by BSOS are

qk=3 = —0.041855, ¢h=3 = —0.037139, ¢~=3 = —0.037087
gh=3 = —0.037073, ¢k=3 = —0.037046
gk=! = —0.038596, ¢k=3 = —0.037046, ¢~=3 = —0.037040
qk=1 = —0.037038, ¢4=} = —0.037037.

Based on the above two problems, we increase the degree of the objective function and constraint
functions to generate other test instances which are given explicitly in the Appendix.

Table 4.1 compares the results obtained by BSOS and Gloptipoly3 for the tested instances.
We observe that BSOS can give the exact result for those problems with either low degree or
low dimension, while also providing a good lower bound for high degree and high dimensional
problems. In addition, BSOS can usually get a better bound for most of the test problems when
d increases, and in most cases, the bound is good enough for d = 2, 3.

In Table 4.1, we also use the sufficient condition stated in Lemma 1 to check whether the
generated lower bound is indeed optimal. For quite a number of instances, the moment matrix
M, (y*) associated with the optimal solution 6* of (7) indeed has numerical rank equal to one
(we declare that the matrix has numerical rank equal to one if the largest eigenvalue is at least
10* times larger than the second largest eigenvalue), which certifies that the lower bound is
actually the optimal value. We should note that for some of the instances, although the lower
bound is actually the optimal value (as declared by Gloptipoly), but the rank of the moment
matrix My(y*) is larger than one.

4.2 Comparison of BSOS with the LP relaxations of Krivine-Stengle on con-
vex problems

Here we compare the performance of BSOS with the LP relaxations of Krivine-Stengle on convex
problems where each test problem has 5 constraint functions in addition to the nonnegative
constraint > 0. Note that the LP relaxation problem has exactly the same form as in (6),
except that the positive semidefinite matrix variable ) is set to 0. We should mention that
even though the Krivine-Stengle scheme generate LP problems instead of SDP problems, the
sizes of the LP problems also increase rapidly as d increases. In particular, the dimension of the

nonnegative variable A is (Q”zfd), and the constraint matrix is fully dense.



Table 1: Comparison of BSOS and Gloptipoly3. An entry marked with “«” means that the
correspond SDP was not solved to high accuracy.

Problem BSOS Gloptipoly3
(d, k) Result Time(s) [rank(M(y™)) Result Time(s) |Order,Optimal
P4.2 1,1 -6.7747e-001 0.3 1 -6.7747e-001 0.2 1,yes
2,1 -6.7747e-001 0.5 1
P4_4 1,2 -2.9812e-001 0.5 7 -3.3539¢e-002 0.3 2,yes
2,2 -3.3539¢e-002 0.6 4
P4_6 1,3 -6.2500e-002 0.8 31 -6.0693e-002 0.5 3,yes
2,3 -6.0937e-002 0.9 7
3,3 -6.0693e-002 1.8 4
P4_8 1,4 -9.3354e-002x 3.2 > 10 -8.5813e-002 2.6 4,yes
2,4 -8.5813e-002 3.7 9
3,4 -8.5813e-002 5.1 4
P6_2 1,1 -5.7491e-001 0.3 1 -5.7491e-001 0.2 1,yes
2,1 -5.7491e-001 0.8 1
P64 1,2 -5.7716e-001 1.1 10 -5.7696e-001 0.3 2,yes
2,2 -5.7696e-001 1.1 4
3,2 -5.7696e-001 4.3 1
P6_6 1,3 -6.5972e-001 7.1 > 10 -4.1288e-001 6.4 3,yes
2,3 -6.5972e-001 10.2 > 10
3,3 -4.1288e-001 32.0 1
P6_8 1,4 -6.5973e-001 74.2 > 10 -4.0902e-001 207.2 4,yes
2,4 -6.5973e-001 168.6 > 10
3,4 -6.5973e-001 264.1 > 10
4,4 -4.0928e-001 % 1656.0 1*
8 var, deg 2 1,1 -5.7491e-001 0.5 1 -5.7491e-001 0.3 1,yes
2,1 -5.7491e-001 0.9 1
8 var, deg 4 1,2 -6.5946e-001 2.8 > 10 -4.3603e-001 1.5 2,yes
2,2 -4.3603e-001 4.8 1
8 var, deg 6 1,3 -6.5973e-001 127.1 > 10 -4.1288e-001 161.3 3,yes
2,3 -6.5973e-001 126.6 > 10
3,3 -4.1322e-001* 258.7 1*
10 var, deg 2 1,1 -5.7491e-001 0.4 1 -5.7491e-001 0.2 1,yes
2,1 -5.7491e-001 1.0 1
10 var, deg 4 1,2 -6.5951e-001 7.8 1 -4.3603e-001 5.3 2,yes
2,2 -4.3603e-001 20.0 1
3,2 -4.3603e-001% 66.7 1*
20 var, deg 2 1,1 -5.7491e-001 1.2 1 -5.7491e-001 0.4 1,yes
2,1 -5.7491e-001 3.0 1
20 var, deg 4 1,2 infeasible 302.1 - -4.3603e-001 5600.8 2,yes
2,2 -4.3602e-001* 1942.2 1*
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The following example illustrates the performance of LP relaxation method:

(Cy) min f = v 4ay +2222% — 2 — 19
st. 0<gn = —af —213 +1
0<gs = —22f —23 +1
0<gs = —af —4a% +1.25
0<gs = —4af —a5 +1.25
0<gs = —22f —32% +1.1
0< 2
0 < xs.

For this problem, the functions f and —g;’s are all convex. The optimal value for this problem
is f(z*) = —0.7500, as computed by Gloptipoly3. For BSOS, we get quz% = —0.7500, and we
obtained the exact result by just choosing d = 1. This observation is consistent with Theorem
4.1 in [16]. For the LP relaxation method, we get the following values for various choices of d:

qiF, = infeasible, ¢7f, = —1.2200, iy = —1.0944, ¢%F = —0.9696, ¢iLs = fail.

Observe that when d increases, we could get a better lower bound for the exact optimal value.
However, as d increases, the LP relaxation problem would become increasing ill-posed and the
solver has difficulty in solving LP problem accurately. In particular, for d = 5, both the solvers
SeDuMi and SDPT3 fail to compute an accurate enough solution for the LP to generate a
sensible lower bound for f(z*).

In Table 2, we observe that BSOS can achieve the exact result with d = 1 for all the test
instances. In contrast, the LP relaxation method of Krivine-Stengle does not perform very well
even though the test instances are convex problems. In particular, observe that for the last
instance C20_2, the LP relaxation method cannot produce a good lower bound even when we
choose d = 3, and the time taken to solve the correspond LP is about 40 minutes.

Table 2: Comparison of BSOS with LP relaxations of Krivine-Stengle on convex

problems.
LP BSOS Gloptipoly3
Result| Time(s) || d,k Result| Time(s) Result| Time(s) |[Order,Optimal
C4._2 infeasible 1,1 | -2.5000e-001 0.4 || -2.5000e-001] 0.2 1,yes
-9.0000e-001 0.1
-5.8852e-001 0.3
-4.2500e-001 5.6

-3.4975e-001 98.4
-3.1001e-001f 4074.1

infeasiblg 1,2 | -6.9574e-001 0.6 || -6.9574e-001] 0.2 2,yes
-1.1094e+000) 16.9
-8.8542e-001 788.4

C4. 4

IA

Q
2
]
W N O O WOtk W FO OO WO Ok W N ]

c4g| < infeasible 1,3 -1.1933e+000| 1.5 |F1.1933e+4-000| 0.5 3,unknown
faill
infeasiblg 1,1 | -2.5000e-001] 0.3 || -2.5000e-001 0.2 1,yes
-9.0000e-001 0.1
-5.8852e-001 0.6

-4.2500e-001 66.3
-3.4975e-001]  4069.3
infeasiblg 1,2 | -6.9574e-001] 1.3 || -6.9574e-001 0.4 2,yes
-1.1094e+-000] 177.5
infeasiblg 1,3 -1.1933e+4-000 1.3 |}1.1933e+-000] 0.4 3,unknown

out of memory|
infeasiblg 1,1 | -2.5000e-001] 0.4 || -2.5000e-001 0.2 1,yes
-9.0000e-001 0.1
-5.8852e-001 3.5
-4.2500e-001 508.8

Q
2
i
IN

Q
>
D
IN
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Table 2: Comparison of BSOS with LP relaxations of Krivine-Stengle on convex

problems.
LP BSOS Gloptipoly3
d Result| Time(s) || d,k Result] Time(s) Result| Time(s) [Order,Optimal
c8.4| <3 infeasible 1,2 | -6.9574e-001] 3.3 || -6.9574e-001 1.2 2,yes
4 | -1.1094e+000| 1167.3
C10_2 1 infeasiblg 1,1 | -2.5000e-001 0.8 || -2.5000e-001 0.3 1,yes
2 -9.0000e-001 0.1
3 -5.8852e-001 15.8
4 -4.2500e-001]  9993.0
C10.4| <3 infeasible 1,2 | -6.9574e-001] 11.4 || -6.9574e-001 5.5 2,yes
4 | -1.1094e4-000] 5544.2
C20_2 1 infeasiblg 1,1 | -2.5000e-001 1.7 || -2.5000e-001 0.4 1,yes
2 -9.0000e-001 0.9
3 -5.8852e-001]  2398.0

4.3 Performance of BSOS on quadratic problems with polyhedral constraints

Here consider the following problem:

min 27 Az

e (8)
st. efx<l, x>0, xeR"

where A is a given n X n symmetric matrix. In our numerical experiments, we generate random

instances such as Qn10_r2 for which n = 10 and A is randomly generated so that it has r = 2

negative eigenvalues and n — r positive eigenvalues as follows:

rng(’default’)

A1 = randn(n); A2 = A1%A1’; perm=randperm(n);

[V,D] = eig(A); eigval=diag(D); idxl=perm(l:r); idx2=perm(r+1l:n);
V1=V (:,idx1); V2=V(:,idx2); dl=eigval(idxl); d2=eigval(idx2);

A = V2xdiag(d2)*V2’ - Vikdiag(dl)*Vi’;

Table 4.3 compares the performance of BSOS and Gloptipoly3. From the numerical results,
we can see that BSOS is far more efficient than Gloptipoly3 in solving the problems (8). For
example, for the problem Qn20_r2 with n = 20, BSOS took only 1.9 seconds to generate the
lower bound —2.0356e3 for the problem, but Gloptipoly3 took more than 1 hour to generate
the same bound. The disparity in the efficiency between BSOS and Gloptipoly3 is expected to
become even wider for other instances with n larger than 20.

In Table 4.3, we again use the sufficient condition stated in Lemma 1 to check whether the
generated lower bound is indeed optimal. For each of the first eight instances, the moment
matrix My(y*) associated with the optimal solution 6* of (7) has numerical rank equal to one
(we declare that the matrix has numerical rank equal to one if the largest eigenvalue is at least
10* times larger than the second largest eigenvalue), which certifies that the lower bound is
actually the optimal value.

5 Conclusion

We have described and tested a new hierarchy of semideifinite relaxations for global polynomial
optimization. It tries to combine some advantages of previously defined LP- and SOS-hierarchies.
Essentially, it uses a positivity certificate already used in the LP-hierarchy but with an additional
semidefinite constraint which thus makes it an SOS-hierarchy. However the main and crucial
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Table 3: Comparison of BSOS and Gloptipoly3 on quadratic problems with polyhedral con-

straints.
Problem BSOS Gloptipoly3
(d,k) Result [Time(s)rank(M,(y*))||[Orderl Result [Time(s) Optimal
Qn10_r2 1,1 | infeasible 0.8 1 infeasible 0.1
n=10,r =2 2,1 2.8023e+000 0.5 1 2 +2.8023e+000 2.8 yes
Qn10_r5 1,1 | infeasible 0.7 1 infeasible 0.1
n=10,r=5 2,1 F1.9685e+001] 0.4 1 2 }1.9685e4001] 2.3 yes
Qn20_r2 1,1 | infeasible 1.5 1 infeasible 0.1
n=20,r=2 2,1 |-2.0356e-003| 1.9 1 2 |-2.0356e-003| 4057.0 yes
Qn20_r5 1,1 | infeasible 1.7 1 infeasible 0.1
n=20,r=25 2,1 1.7900e+001] 1.0 1 2 F1.7900e+001| 3587.4| yes
Qn40_r4 1,1 | infeasible 10.9 1 infeasible 1.2
n=40,r =4 2,1 |7.0062e+000 10.9 1
Qn50_r5 1,1 | infeasible 24.9 1 infeasible 1.5
n=250,r=5 2,1 1-5.9870e+000] 34.8 1
Qn100_r10 1,1 | infeasible | 385.8 1 infeasible | 108.7
n =100,r = 10 2,1 -8.8502e-+000| 1617.4 1
Problem 2.9 in [§] 1,1 | infeasible 0.9 1 infeasible 0.1
n=10,r=6 2,1 | 3.7500e-001 | 0.5 1 2 | 3.7500e-001 | 2.7 yes
=-toeplitz([0,1,1,1,1,zeros(1,10)]1)|| 1,1 | infeasible 1.2 1 infeasible 0.1
n=157r=3 2,1 |-8.0000e-001| 0.6 11 2 |-8.0087e-001| 233.7 [unknown|
A=-toeplitz([0,1,1,zeros(1,17)]) 1,1 | infeasible 1.9 1 infeasible 0.2
n=20,r="7 2,1 ]-6.6667e-001| 1.3 18 2 [-6.6905e-001| 4753.3 junknown|

point is that the size of this additional semidefinite constraint is fixed in advance and decided
by the user (in contrast to the standard SOS-hierarchy in which the size of the semidefinite
constraint increases in the hierarchy). Preliminary results are encouraging especially for non
convex problems on convex polytopes where problems with up to 100 variables have been solved
in a reasonable amount of time (whereas the standard SOS-hierarchy cannot be implemented).

For problems of larger size one needs to consider some serious numerical issues due to the
presence of some fully dense submatrix and some nearly dependent linear constraints. In ad-
dition, to be able to handle large-scale problems one also needs to provide a “sparse version”
of this hierarchy, an analogue of the sparse version of the SOS-hierarchy defined in [28]. Both
issues (a topic of further investigation) are certainly non trivial, in particular the latter issue be-
cause the positivity certificate used in this new hierarchy involves products of initial polynomial
constraints, which destroys the sparsity pattern considered in [28].
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Appendix

Test functions for BSOS and Gloptipoly in Table 4.1

Example P4_2 (4 variables, degree 2):

fzx%7x§+1‘§71‘421+x17x2;
g2 = 3:13% + 213 —4xi1220 + 31% + 2131 —4x3x4;

ga = m% + 4:1:% —3x122 + zg + 4131 — 3x3x4;
Example P4_4 (4 variables, degree 4):
_ .4
f=a7—
gs = 3:1:% + 21% —4dx122 + 31% + 21421 — dx3x4;

ga = z% + 4:1:% —3x122 + z% + 4111 — 3x3x4;

4, .4 _ 4.
Ty + X3 — Y]

Example P4_6 (4 variables, degree 6):

f= $411$% + x%x% — $%$% + xéxi + x%a}i — m%xi;
g2 = 3@% + 2$% — 4x1x2 + 3$§ + 2@21 — dx3xa;

g4 = x‘ll +3$% +x§ +3xi;
Example P4_8 (4 variables, degree 8):

f= J:‘llazg + x%xg - $%$% + x%xi + x%mg - m%xi;
g2 = 3@? + 2@% — 4122 + 3$§ + 2@21 — dx3xa;

g4 = o + 323 + 23 + 32%;
Example P6_2 (6 variables, degree 2):

— 2
f—m1*

g1 = 21? + 3:1:% +2x120 + 2:1:% + 3:1:3 + 2x324;

g3 = x% + 613 —4dx122 + x% + 6:1:3 — dx3xy;

gs = 21? + 5:1:% +3z122 + 2:1:% + 5:1:3 +3x3x4; >0
g1 = 21‘11 + 3:1:% +2x120 + 2:1:§ + 3:1:3 + 2x324;
g3 = x% + 61% —4dx122 + x% + 6:1:3 — dx3xy;
gs = 21% + 5:1:% + 3z122 + 2:1:% + 5:1:3 +3x3x4; >0
g1 =22 + 22 + 22 + 2%
g3 = $% + 6$% — 8x1x2 + x% + Gxi — 8x3xg + 2.5;
gs=al+ai+ad+ai; x>0
g1 =22 + 23 + 23 + 23,
g3 = $% + 6$% — 8x1x2 + x% + 6x3 — 8x3xg + 2.5;

gs =z + 23+ 23 +23; =>0.

2 2 2 2 2 .
x2+x3fz4+157x6+z1712,

g1 = 21? + 313 + 2x120 + 21% + 3131 + 2x32:4 + 21% + Bzg + 2x576;
g2 = 31? + 213 —4dx122 + 31% + 2131 — dx3xy + 31% + 21?3 — dxsx6;

g3 = x% + 6:1:% — 4z + zg + 6:1:3 — dxzxg + mg + 61?3 — dxsx6;

ga = x% + 4x§ — 3r122 + a:% + 4xi — 3x3x4 + $§ + 4$(25 — 3x5%6;

gs = 2@? + 5@% + 3z1x2 + 2a:§ + SJ:?l + 3x314 + 2a:§ + 5$(25 + 3z5z6; >0
Example P6_4 (6 variables, degree 4):

f:z‘llfx§+x§fzi+zgfx%+z1 — x2;

g1 = 21‘11 + x% + 2x1x2 + 2:1:§ + .’L‘Z + 2x32:4 + 2:1:% + zg + 2x576;

g2 = 31? + x% — 4z + 3:1:% + .’L‘Z — dxzxg + 3:1:? + zg — dxsx6;

g3 = x% + 6:1:% — 4z + zg + 6:1:3 —dxzxg + mg + 61?3 — dxsx6;

g4 = x% + 3:1:% —3x122 + zg + 3:1:3 — 3x3x4 + mg + 31% — 3x5x6;

gs = 2@? + 5@% + 3z1x2 + 2a:§ + SJ:?l + 3x3r4 + 2a:§ + 5J:§ + 3z5z6, >0
Example P6_6 (6 variables, degree 6):

f:z?7x3+x§fzg+zgfxg+z1 — x9;

g1 = 21? + 31% + 2x120 + 212 + 31421 + 2x32:4 + 212 + 312 + 2x576;

g2 = 31? + 213 —A4xi1x9 + 31% + 2131 — 4dx3xg + 31% + 21?3 — dxsx6;

g3 = x% + 6:1:% — 4z + zg + 6:1:3 —dxzxg + zg + 61?3 — dxsx6;

ga = x% + 4:1:‘23 —3x122 + zg + 4:1:2 — 3x3x4 + zg + 412 — 3x5x6;

gs = 21? + 513 + 3x122 + 21% + 5131 + 3x3x4 + 21% + 51(25 + 3x5x6, x>0
Example P6_8 (6 variables, degree 8):

f:z§fxg+x§fz§+zgfx2+z1 — x2;

g1 = 21? + 31% + 2x120 + 2z§ + 31421 + 2x32:4 + 212 + 31% + 2x576;

g2 = 31% + 21% —A4xi1x9 + 31% + 21421 — 4dx3xg + 31% + 21% — dxsx6;

g3 = x% + 6:1:% — 4z + zg + 6:1:3 — dxzxg + mg + 61?3 — dxsx6;

ga = x% + 4:1:3 —3x122 + zg + 4:1:2 — 3x3x4 + mg + 412 — 3x5x6;

gs = 21? + 513 + 3x122 + 21% + 5131 + 3x3x4 + 21% + 51(25 + 3x5x6, x>0
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Example P8_2 (8 variables, degree 2):

f:x%—J:%—f—a:%—xi—l—x%—J:g—l—x%—xg-l—ml—a:z;

g1 = Qx% + Sx% + 2x122 + 2x§ + 3xi + 2x314 + 2x§ + Sx% + 2x5x6 + 2x$ + 3x§ + 2z7xs;

g2 = Sx% + Qx% —4x1x0 + 3x§ + QxZ — 4x3xs + 3x§ + Qx% — 4xsx6 + 3x$ + 2x§ — dxrxs;

g3 = m% + 61% —A4xi1x9 + a:% + 61421 — dxzxg + a:% + 693% — dxsze + z% + 6z§ — dxrxs;

g4 = m% + 413 —3x122 + a:% + 41421 — 3x3x4 + a:g + 49:% — 3xs5x6 + z% + 4z§ — 3x7xs;

gs = 293% + 59:% + 3x122 + 29:% + 59:3 + 3x3T4 + 29:% + 59:% + 3516 + 29:% + 59:% + 3x7xg; x> 0.

Example P8_4 (8 variables, degree 4):

f=at—ad+od -2 +aod -2+ 22— 2} + 31 — 205

g1 = 2x‘11 + 3x§ + 2x122 + 2x§ + 3xi + 2x314 + 2x§ + Sx%; + 2x5x6 + 2x§ + 3x§ + 2x7xs;

g2 = Sx% + 2x% —4x1x0 + 3x§ + 2xi — 4x3xs + 3x§ + ng — 4xsx6 + 3x$ + 2x§ — dxrxs;

g3 = $% + 6$% — 4120 + x% + GJJE — 4x3xs + x% + Gx% — 4xsx6 + a:% + 6a:§ — dx7xs;

g4 = $% + 4a:% — 3x1x2 + x% + 4$i — 3x3x4 + x% + 4xé — 3526 + a:% + 4a:‘§ — 3x7xs;

gs = Qx% + Sx% + 3z122 + 2x§ + SxZ + 3x3xw4 + 2x§ + Sx% + 3xs5x6 + 2x$ + 5x§ + 3z7xg, x> 0.

Example P8_6 (8 variables, degree 6):

f=a8 —af +af — 2§ +af — 2l + 28 —af + z1 — 2

g1 = 2:1:(1S + 3:1:% + 2x172 + 2:1:?) + 3:1:3 + 223714 + 2:1:? + 3:1:(23 + 2x5716 + 2:1:(73 + 3:1:§ + 2x7x8;

g2 = 3:13% + 2:1:% — 4z + 3:1:% + 2:1:3 — dx3xzy + 3:1:? + 2:1:%S — dxsze + 3:1:% + 2:1:% — dxrxs;

g3 = z% + 61% —A4dxi1x9 + x% + 61?1 —4dxzxg + :vg + 6:1:(23 — dxsze + z? + 615 — dxrxs;

g4 = $? + 4$g — 3r1x2 + x% + 4@‘?1 — 3x3x4 + x? + 4xg — 3526 + a:$ + 4J:g — 3xrxs;

gs = Zx% + 5x§ + 3z122 + ng + Sxi + 3x314 + ng + 5x(23 + 3xsx6 + 2x$ + 5x§ + 3z7xg, x> 0.

Example P10_2 (10 variables, degree 2):

f:xffl‘%#»l‘%*xiﬁ*l‘g71‘%4»33%733%4’1‘371‘%04*33171‘2;

g1 = 2:13% + 3:1:% + 2x122 + 2:1:% + 3:1:3 + 223714 + 2:1:% + 3:1:% + 2x5716 + 2:1:% + 3:1:% + 2x7x8 + 2:1:3 + 3:13%0 + 2x9710;
g2 = 3:1:% + 2:1:% —dxiz2 + 3:1:% + 2:1:3 — dx3xzy + 3:1:% + 2:1:% — dxsze + 3:1:% + 2:1:% — dxrrs + 3:1:3 + 2:13%0 — dx9x10;
g3 = z% + 61% —A4dxi1x9 + x% + 61421 — dxzxg + x% + 6:1:% — dxsze + z% + 6z§ —dxrxg + :)33 + 61%0 — 4dx9x10;

g4 = z% + 41% —3x122 + x% + 41121 — 3x3x4 + :vg + 4:1:(23 — 3xs5x6 + z% + 415 — 3x7xs + :vg + 41?0 — 3x9x10;

gs = 2:13% + 5:1:% + 3122 + 2:1:% + 5:1:3 + 3x3T4 + 2:1:? + 5:1:% + 3516 + 2:1:% + 5:1:% + 3x7x8 + 2:1:3 + 5:1:%0 + 3x9x10;
z > 0.

Example P10_4 (10 variables, degree 4):

f:x‘ll—J:%—i—a:%—xﬁ+m§—mé+x§—x§+a}§—a}‘fo+x1 — x2;

g1 = 2x‘11 + 3x§ + 2x120 + 2x§ + 3xi + 2x314 + 2x§ + Sx%; + 2x5x6 + 2x§ + 3x§ + 2x7xs + ng + Sx%I + 2z9x10;
g2 = Sx% + Zx% —4x1x0 + 3x§ + QxZ — 4x3xs + 3x§ + Zx% — 4xsx6 + 3x$ + 2x§ — 4x7xs + SxS + Zx%() — 4dxgx10;
g3 = $% + 6$% —4dx1x0 + x% + GJJE — 4x3xs + x% + Gx% — 4xsx6 + a:% + 6a:§ — dx7xs + x% + 6@%0 — 4dxgx10;

g4 = $% + 4a:% — 3x1x2 + x% + 41‘11 — 3x3x4 + x% + 4xé — 3r5x6 + x% + 41‘% — 3x7xs + x% + 41“110 — 3x9x10;

gs = Qx% + Sx% + 3z122 + 2x§ + SxZ + 3x314 + 2x§ + Sx% + 3xs5x6 + 2x$ + 5x§ + 3x7xs + 2x§ + Sx%O + 3z9z10;
z > 0.
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Example P20_2 (20 variables, degree 2):

f = of—ajfad —aftal—af +of —af+af -2 et -t -2
2 2 2 P ) 2 2 2"
273 — T4 + 15 — T16 T T17 — T1g T T1g — T30}

g1 =

Qx% + 3x§ + 2x122 + 2x§ + 3xi + 2x314 + 2x§ + Sx%; + 2x5x6 + 2x$ + 3x§ + 2x7xs

+222 + 322, + 2wox10 + 227, + 322, + 2211212 + 2225 + 322, + 2213714 + 2225 + 327
+2z15216 + 2237 + 3w3g + 2mirw1s + 223y 4 3w3) + 2w2020;

92 =

Sx% + Qx% —4x1x0 + 3x§ + 2xi — 4x3xs + 3x§ + Qx% —4drsxe + 3x$ + 2x§ —4dxrxs

+322 + 21? — 4xgx10 + 3:13%1 + 2:13%2 —4dxi1212 + 3I§3 + 2:13%4 — 413714
+3z15 + 2275 — 4w15216 + 3I%7 + 2m%9 —4x18718 + 3:13%9 + 2m%0 — 4x19220;

g3 =

m% + 61% —A4xi1x9 + :vg + 61421 — dxzxg + :vg + 6:1:% — dxsze + m% + 613 — dxrxg

+x§ + 617%0 —4dxgx10 + x%l + 617%2 —4x11712 + x%3 + 617%4 — 4x13714
+afy + 627, — dz16T16 + T, + 6275 — dz17318 + 229 + 633 — dT19T205

94 =

m% + 415 —3x122 + :v% + 4131 — 3x3x4 + :vg + 4:1:% — 3xs5x6 + m$ + 415 — 3x7xs

422 4+ 490% — 3z9x10 + x% + 4:(;%2 —3x11x12 + :(;%3 + 4:(;%4 — 3r15%14
+x15 + 47 — 3T15T16 + 37 + 4wTg — 3zirwis + 3y + 4w3) — 3w19720;

2:1}% + 5x§ + 3z122 + 2:1}% + 5xi + 3x3xrg + 2:1}% + ng + 3xsx6 + 2:1}% + 5x§ + 3x7xs

+2.’Ez + 5(2% + 3x9x10 + 2:13%1 + 533%3 + 3x12212 + 2{2%3 + 533%4 + 3x13714
+2x15 + 51 + 3zis5w16 + 223, 4 5rdg + 3wirwis + 223, + 573 + 3w19T20;

z > 0.

Example P20_4 (20 variables, degree 4): Same as P20_2 except that f is replaced by

4

!

wf —aj + 2 —af +af —of +af —af +af -2l +af, — o) +a1 -2

2 2 2 2 P 2 .
273 — 274 + 275 — T T T17 — T1g T TTg — T30}

5.1 Test functions for BSOS versus LP relaxations of Krivine-Stengle

convex problems in Table 2
Example C4_2 (4 variables, degree 2):
f=a+ 23 +af + a7 4 2m122 — 21 — w25

9227233%7113%7233%71‘4214»1;

g4 = —4x% - x% - 4x§ - a:i + 1.25;
Example C4_4 (4 variables, degree 4):

f:m‘ll—i—m%—i—xg-‘rxi-l—f%x%m%—ml
92272x4117x%72x§71‘3+1;
ga = f4x‘f*x§f4x§fzi+1.25;

— x2;

Example C4_6 (4 variables, degree 6):

1
f::v?Jr:vngngr:vng?oz?zgfxl7:1:2;
g2:72z?7:vgf2zgfxg+1;

g4 = 741? — x% — 412 — xi + 1.25;
Example C6_2 (6 variables, degree 2):

f=a3+ 23+ 23 + 2] + 2+ 2 4 2m102 — 11 — w25
gz:—Zm%—xg—ng—xi—ng—x%-l—l;
ga = 7413 7:v%f4z§7:vif4x§f:v%+1.25;

Example C6_4 (6 variables, degree 4):

f:x%+x§+z§+xi+x§+zé+3x%z%7117:1:2;
g2 = —2x} — x5 — 224 —xf — 228 — 2t + 1,
ga = —4J:‘11—x§ —4$§—x3 —4x§ —xé+1.25;

g1 zfx%f2x§fz§72xi+1;
g3 = 7:13% — 4:1:% — zg — 4:1:3 + 1.25;
g5 = —2x7 — 323 — 222 — 322 +1.1; x>0.
g1 :—x‘ll—Qx%—mg—Qxi—l—l;
g3 = 7:1:‘11 — 4:1:% — zg - 4:1:1 + 1.25;
gs = —2a} — 323 — 224 — 322 +1.1; =z >0.
g1 :fm?f2zgfng2m?l+1;
g3 = fz? — 41% — :vg — 4131 + 1.25;
g5 = —2z7 — 32§ — 222 — 32§ +1.1; =z >0.
g1 = —m%—?x%—a}%—%}ﬁ—m%—%}%—l—l;
g3 = —a:% — 4x% - a:% — 4@‘?l — $g — 4@% + 1.25;
g5 = —22% — 323 — 222 — 322 — 222 — 322 +1.1; =z >0.
g1 :fz%f2x§fm§72zifzgf2mé+l;
g3 = —a:‘ll — 4x§ - a:% — 4@‘21l — a:gl — 4a:%l + 1.25;
g5 = —2x7 — 323 — 223 — 327 — 223 — 322 +1.1; x> 0.
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Example C6_6 (6 variables, degree 6):

f:xfli—l—xg-l—arg—l—xg-l—xg-l—mg—i—%x%x%—ml—xz; 91:—x?—?x%—m%—?xﬁ—mg—%ﬂg—l—l;
gz:—Zm?—xS—Za‘g—xﬁ—ng—xé-{—l; 93:—x‘li—4x%—mg—4xi—mg—4mg+l.25;

g4 = —4at(15 — x% —4$g — xi - 4x§ - x% + 1.25; gs = —Zm% — 3J:g — 2a:§ — 3@2 — 2@% — 3x2 +1.1; x>0.

Example €8_2 (8 variables, degree 2):

f::1:%+:1:§+z§+xi+x§+zg+z$+x§+2z1x2711712; g1 :7:13%7213fx§f2xifzgf2x%fz$72z§+l;
92=721‘%733%721‘%71}327252?752%723}%71‘54»1; gg:7:v%74z§7:1:374:1:371%74ngm$74m§+1.25;

g4 = 74m§ — :v% — 4m§ — xi — 49:% — a:g — 49:% — mg + 1.25; g5 = 72m§ — 31% — 29:% — 39:3 — 29:% — 39:% — 29:% — 39:§ +1.1;
z > 0.
Example €8_4 (8 variables, degree 4):

f:x‘lt+x§+x§+xi+x§+mé+m$+x§+3m%x%—J:l—atz; 91:—x‘ll—ZJ:%—xé—?xﬁ—a}%—?xé—a}‘%—%}g—i—l;
gz:—Zm%—xé—ng—xﬁ—ng—xé—?x‘%—mg—i—l; 93:—x‘ll—4ar‘21—x§—4x3—mé—4xé—m‘%—4a}§+l.25;

g4 = —4aﬂ‘11 — x% - 4a:§ — xi - 4x§ - xé - 4x‘% - a:‘é + 1.25; g5 = —Zm‘ll — 3@% — 2x§ — 3xi — 2x§ - Sx% - 2x‘% - 3x§ + 1.1

x > 0.

Example €102 (10 variables, degree 2):

!
g1
g2
g3
g4
g5
x > 0.

= of+ad+ad+altad+ad+adtadtad+al;+ 2z — a1 — 3y
2 2 2 2 _ .2 2 _ .2 2 _ 2 2 41
—x] — 2w5 — x5 — 223 — x5 — 2z — v7 — 225 — x5 — 227, + 1;

2 2 2 2 2 2 2 2 2 2 .
—2x{ — w5 — 2x5 —xj — 225 — xf — 205 —xF — 205 — a7y + 1;

2 2 2 2 2 2 2 2 2 2 .
—xy — 45 — x5 — 4oy — vf — dvg — 7 — dag — x5 — 4z, + 1.255
2 2 2 2 2 2 2 2 2 2 .
—day — x5 — dog — xf — dvg — vy — 4oy — x5 — dxg — x7, + 1.255

= —22% — 323 — 223 — 327 — 222 — 322 — 222 — 32% — 222 — 32}, + L.L;

Example €10_4 (10 variables, degree 4):

!

g1
g2
g3
94

g5
z > 0.

= x‘ll+J:%+x§+xi+m§+a}é+x§+x§+mé+x‘1‘0+3x%x%—J:l—azz;
_ 4 4 4 4 4 4 4 4 4 4 .
= —x7—2x5 — 15 —2x4 — Ty — 2xg — w7 — 2Tg — Tg — 2775 + 15
= —Qx‘ll—m%—2a:§—xi—2a:§—xé—?x‘%—xé—?xé—a}‘fo—l—l;

4 4 4 4 4 4 4 4 4 4 .
—x7 — 4y — 3 —dxy — x5 — g — x5 — dxg — x5 — 4x(y + 1.255
—4x‘11—x%—4x§—xﬁ—4xé—xé—4x‘%—x§—4x§—x‘110+1.25;

—2x2% — 322 — 223 — 322 — 222 — 322 — 224 — 322 — 22¢ — 322, + 1.1;

Example €202 (20 variables, degree 2):

!

g1
g2
g3
g4

g5

m%+x§+x§+zi+zg+x%+x$+z§+x§+x%o+2x112 — 1 — T2
2 2 2 2 2 2 2 2 2 2 .
27y + Ty + i3 + Ty + Y5 + T + Tl + Ty + Tig + Tog;
7:13%72137:1:372:1:271%72:1:%71372137:1:3721%0
2 2 2 2 2 2 2 2 2 2 .
—wy — 227y — @Yy — 207, — w15 — 227 — )y — 2073 — TTg — 2x55 + 15
—21‘%—x%—21‘%—xi—2x§—x§—2x$—x§—2x§—x%o
2 2 2 2 2 2 2 2 2 2 .
—2x7) — @Yy — 2073 — T, — 2T75 — TYg — 2077 — Tz — 2T7g — x50 + 15
2 2 2 2 2 2 2 2 2 2
793% — 41227 x3 g dxy f2z5 — 421936 — 127 — 4128 — x5 ; 41102 )
—x7) — 4xly — aig — 4wy, — iy — 4wyg — w1y — 4wy — @7y — 4x5 + 1.25;
—4ac% —x% —41‘% —xi—élxg —x%—4x$—x§—4x3—x%o
—4ag; — x%z - 495%3 —afy - 41’%5 - 1’%6 - 490?7 - x%s - 495%9 - 90%0 +1.25;
—222 — 322 — 222 — 322 — 222 — 322 — 222 — 322 — 222 — 32°
1 2 3 1 5 6 7 8 9 10
7227272272722727227272272 1.1:
7y — 3Ty T3 — 3T7y r15 — 31 17 — 31y r1g — 3w, + LI
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