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MIXED COMMUTATORS AND LITTLE PRODUCT BMO
YUMENG OU!, STEFANIE PETERMICHL?, AND ELIZABETH STROUSE

ABSTRACT. We consider iterated commutators of multiplication by a symbol function and
tensor products of Hilbert or Riesz transforms. We establish mixed BMO classes of sym-
bols that characterize boundedness of these objects in LP. Little BMO and product BMO,
big Hankel operators and iterated commutators are the base cases of our results. We use
operator theoretical methods and existing profound results on iterated commutators for the
Hilbert transform case, while the general result in several variables is obtained through the
construction of a Journé operator that models the behavior of the multiple Hilbert trans-
form. Upper estimates for commutators with paraproduct free Journé operators as well as

weak factorisation results are proven.

1. INTRODUCTION

A classical result of Nehari [24] shows that a Hankel operator with anti-analytic symbol b
mapping analytic functions into the space of anti-analytic functions by f — P_bf is bounded
with respect to an L? norm if and only if the symbol belongs to BMO. This theorem has an
equivalent formulation in terms of the boundedness of the commutator of the multiplication
operator with symbol function b and the Hilbert transform [H,b] = Hb — bH. To see this
correspondence one rewrites the commutator as a sum of Hankel operators with orthogonal
ranges.

Let H?(T?) denote the Banach space of analytic functions in L?(T?). In [13], Ferguson and
Sadosky study the symbols of bounded ‘big’ and ‘little’ Hankel operators on the bidisk. Big
Hankel operators are those which project on to a ‘big’ subspace of L?(T?) - the orthogonal
complement of H?(T?); while little Hankel operators project onto the smaller subspace of
complex conjugates of functions in H?(T?) - or anti-analytic functions. The corresponding
commutators are

[H1H27 b]7

and
[H:, [Ha,b]]

where b = b(x,,z5) and Hj are the Hilbert transforms acting in the k' variable. Ferguson

and Sadosky show that the first commutator is bounded if and only if the symbol b belongs
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to the so called little BMO class, consisting of those functions that are uniformly in BMO
in each variable separately. They also show that if b belongs to the product BMO space,
as identified by Chang and Fefferman [3], [4] then the second commutator is bounded. The
fact that boundedness of the second commutator implies that b is in product BMO was
shown in the groundbreaking paper of Ferguson and Lacey [12]. The techniques to tackle
this question in several parameters are very different and have brought valuable new insight
and use to existing theories, for example in the interpretation of Journé’s lemma [16] in
combination with Carleson’s example [2]. Lacey and Terwilliger extended this result to an
arbitrary number of iterates in [19], requiring thus, among others, a refinement of Pipher’s

iterated multi-parameter version [29] of Journé’s lemma.

When leaving the notion of Hankel operators behind, their interpretation as commuta-
tors allow for natural generalizations. Through the use of completely different real variable
methods, Coifman, Rochberg and Weiss [5] extended Nehari’s one-parameter theory to real
analysis in the sense that the Hilbert transforms were replaced by Riesz transforms. The
missing features of the Riesz transforms include analytic projection on one hand as well as
strong factorisation theorems of H'(ID) on the other.

The authors in [5] obtained sufficiency, i.e. that a BMO symbol b yields an L?(R%) bounded
commutator for certain more general, convolution type singular integral operators. For ne-
cessity, they showed that the collection of Riesz transforms was representative enough:

[bllmo < sup [[R;, b]]2-2-
<<
Notably this lower bound was obtained somewhat indirectly through use of spherical har-
monics in combination with the mean oscillation characterisation of BMO in one parameter.

These one-parameter results in [5] were extended to the multi-parameter setting in [17].
Both the upper and lower estimate have proofs very different from those in one parameter.
For the lower estimate, the methods in [12] or [19] find an extension to real variables through
operators closer to the Hilbert transform than the Riesz transforms and an indirect passage
on the Fourier transform side.

In a recent paper [7] it is shown that iterated commutators formed with any arbitrary

Calderén-Zygmund operators are bounded if the symbol belongs to product BMO.

The first part of the present note is concerned with mixed Hankel operators or commutators
such as
[Hh [H2H37 b]]

We classify boundedness of these commutators by a mixed BMO class (little product BMO):

those functions b = b(z1, a9, x3) so that b(-, x5, -) and b(-, -, x3) are uniformly in product BMO.
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Similar results can be obtained for any finite iteration of any finite tensor product of Hilbert

transforms.

The second part is concerned with a real variable analog or commutators of the form

[R5 [R2,j, R34, b1,

where Ry, ;, are Riesz transforms of direction jj acting in the k" variable. We show necessity
and sufficiency of the little product BMO condition when the Ry, ;, are allowed to run through
all Riesz transforms by means of a two-sided estimate. Our argument works for all higher

iterates and tensor products.

After reading the formal definition of little product BMO, Definition 2.2, the main two-
sided estimates are stated in Theorem 5.3.

It is a general fact that two-sided commutator estimates have an equivalent formulation
in terms of weak factorization. We find the pre-duals of our little product BMO spaces and

prove a corresponding weak factorization result.

Much like discussed in the base cases of our results [5], [17], boundedness of commutators
involving Hilbert or Riesz transforms are a testing condition. If these commutators are
bounded, the symbol necessarily belongs to a little product BMO. We then show that iterated
commutators using a much more general class than that of tensor products of Riesz transforms

are also bounded: commutators with paraproduct-free Journé operators.

We make some remarks about the strategy of the proof.

In the Hilbert transform case, Toeplitz operators with operator symbol arise naturally.

While Riesz transforms in R? are a good generalisation of the Hilbert transform, there is
absence of analytic structure and tools relying on analytic projection or orthogonal spaces
are not readily available. We overcome this difficulty through a first intermediate passage
via tensor products of Calderén-Zygmund operators whose Fourier multiplier symbols are
adapted to cones. This idea is inspired by [17]. A class of operators of this type classifies little
product BMO through two-sided commutator estimates, but it does not allow the passage to
a classification through iterated commutators with tensor products of Riesz transforms. In a
second step, we find it necessary to consider upper and lower commutator estimates using a
well-chosen family of Journé operators that are not of tensor product type. These operators
are constructed to resemble the multiple Hilbert transform. A two-sided estimate of iterated
commutators involving operators of this family facilitates a passage to iterated commutators
with tensor products of Riesz transforms. There is an increase in difficulty when the arising
tensor products involve more than two Riesz transforms and when the dimension is greater

than two.
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The actual passage to the Riesz transforms requires for us to prove a stability estimate
in commutator norms for certain multi-parameter singular integrals in terms of the mixed
BMO class. In this context, we prove a qualitative upper estimate for iterated commutators
using paraproduct free Journé operators. We make use of recent versions of 7'(1) theorems in
this setting. These recent advances are different from the corresponding theorem of Journé
[15]. The results we allude to have the additional feature to provide a convenient represen-
tation formula for bi-parameter in [20] and even multi-parameter in [26] Calderoén-Zygmund
operators by dyadic shifts.

2. ASPECTS OF MULTI-PARAMETER THEORY

This section contains some review on Hardy spaces in several parameters as well as some

new definitions and lemmas relevant to us.

2.1. Chang-Fefferman BMO. We describe the elements of product Hardy space theory,
as developed by Chang and Fefferman as well as Journé. By this we mean the Hardy spaces
associated with domains like the poly-disk or RY := ®'_ R% for d = (dy,...,d;). While
doing so, we typically do not distinguish whether we are working on R? or T¢. In higher
dimensions, the Hilbert transform is usually replaced by the collections of Riesz transforms.

The (real) one-parameter Hardy space Hi (R?) denotes the class of functions with the

d
DR £l
j=0

where R; denotes the j™ Riesz transform or the Hilbert transform if the dimension is one.

norm

Here and below we adopt the convention that Ry, the 0*" Riesz transform, is the identity. This
space is invariant under the one-parameter family of isotropic dilations, while the product
Hardy space Hﬁe(R‘i) is invariant under dilations of each coordinate separately. That is, it
is invariant under a ¢ parameter family of dilations, hence the terminology ‘multi-parameter’

-

theory. One way to define a norm on H} (R?) is

£l ~ 25 @RSl

o<ji<d; =1
Ry, is the Riesz transform in the ji* direction of the {*" variable, and the 0** Riesz transform
is the identity operator.
The dual of the real Hardy space Hg (R%)* is BMO(RY), the t-fold product BMO space.
It is a theorem of S.-Y. Chang and R. Fefferman [3], [4] that this space has a characterization

in terms of a product Carleson measure.
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Define
1/2

(1) ”bHBMo(RJ) = Sup. U™ Z Z ‘<baw§;>’2

UcRd RcU éesigy

Here the supremum is taken over all open subsets U < R? with finite measure, and we use
a wavelet basis w5 adapted to rectangles R = Q; x --- x Qy, where each @Q; is a cube. The
superscript £ reflects the fact that multiple wavelets are associated to any dyadic cube, see
[17] for details. The fact that the supremum admits all open sets of finite measure cannot be
omitted, as Carleson’s example shows [2]. This fact is responsible for some of the difficulties

encountered when working with this space.
Theorem 2.1 (Chang, Fefferman). We have the equivalence of norms

HbH(H}%e(RJ))* ~ HbHBMO(Rff)'

- -

That is, BMO(R?) is the dual to Hy (R?).

This BMO norm is invariant under a t-parameter family of dilations. Here the dilations

are isotropic in each parameter separately. See also [9] and [11].

2.2. Little BMO. Following [6] and [13|, we review the space little BMO, often written as
‘bmo’, and its predual. A locally integrable function b : RY = R% x ... x R% — C is in bmo
if and only if
oo = sup Q1 [ 1@ — byl <
Q=Q1xxQs Q

Here the )y are di-dimensional cubes and b5 denotes the average of b over C_j

It is easy to see that this space consists of all functions that are uniformly in BMO in each
variable separately. Let @ = (z1,....,%p—1, ", Tyt1,...,Ts). Then b(Z;) is a function in z,
only with the other variables fixed. Its BMO norm in z, is

[6(5) |lBmo = Sup !Qu\lf [b(Z) = b(Ts) g, |ds

v

and the little BMO norm becomes

[bllbmo = max{sup b(Z5) |mo }-

Ty

On the bi-disk, this becomes

[6]bmo = max{sup [[b(z1, -)[Bmo, sup [b(, 22)[Bmo},
x1 €2

the space discussed in [13]. Here, the pre-dual is the space H(T)® L*(T) + L*(T) ® H*(T).
All other cases are an obvious generalisation, at the cost of notational inconvenience.
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2.3. Little product BMO. In this section we define a BMO space which is in between little
BMO and product BMO. As mentioned in the introduction, we aim at characterising BMO
spaces consisting for example of those functions b(x1, x9, x3) such that b(zy,-,-) and b(-, -, z3)
are uniformly in product BMO in the remaining two variables.

Definition 2.2. Let b: R — C with d = (d1,- -+ ,dy). Take a partition T = {I,:1 < s <}
of {1,2,...,t} so that O1<sils = {1,2,...,t}. We say that b € BMOI(]RJ) if for any choices
v = (vs),vs € I, b is uniformly in product BMO in the variables indexed by vs. We call a
BMO space of this type a ‘little product BMO’. If for any ¥ = (x1,..., 1) € RJ, we define Ty
by removing those variables indexed by v, the little product BMO norm becomes

[blBro, = max{sup [b(Z5)| pro}

v

where the BMO norm is product BMO in the variables indexed by v,.

For example, when d = (1,1,1) = 1, when ¢ = 3 and [ = 2 with I; = (13) and I, = (2),
writing Z = (13)(2) the space BMO(13)(2) (T) arises, which consists of those functions that
are uniformly in product BMO in the variables (1,2) and (3,2) respectively, as described
above. Some other examples of little product BMOs are BMO12)(34) and BMO (234)(1)(5)- The
first space consists of those functions which are uniformly in product BMO in the variables
(1,3), (1,4), (2,3) and (2,4), and the second one consists of functions that are uniformly in
product BMO in the variables (2,1,5), (3,1,5) and (4,1,5). Moreover, as degenerate cases,
it is easy to see that BMO 2. 4) and BMOy)2)...1) are exactly little BMO and product BMO
respectively, the spaces we are familiar with.

The little product BMO spaces are closely related to classes of iterated commutators of
tensors of operators, a fact we will elaborate on throughout the paper.

Little product BMO spaces on T4 can be defined in the same way. Now we find the predual
of BMO13)(2), which is a good model for other cases. We choose the order of variables most

convenient for us.

Theorem 2.3. The pre-dual of the space BM 0(13)(2)(TT) is equal to the space
HL(TODY @ LY(T) + LY(T) @ HL,(TMD)
= {f+g:fe Hp(T")® LYT) and g € L'(T) ® Hp (T"V)}.
Proof. The space
Hi (TOV) @ LNT) = {f € LN(T*) : Hyf, Hof, HiHs f € L}(T)}

equipped with the norm | f| = ||f|1 + |Hifll1 + |H2f |1 + |H1H2f|1 is a Banach space. Let
Wt = LYT3) x L}(T?) x LY(T3) x L}(T?) equipped with the norm

I(frs fo, f3, f)lwn = [ fulle + [ falle + [ f3lln + [ fall2-
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Then we see that HE (T®1) ® L(T) is isomorphically isometric to the closed subspace
V = A{(f. Hi(f), Ho(f), L Ho(f)) : f € HY(TOY) @ LY(T)}

of W. Now, the dual of W' is equal to W® = L®(T?) x L®(T?) x L®(T?) x L®(T?) equipped
with the norm | (g1, g2, 93, 94) |0 = max{|gi|(i = 1,---4)} so the dual space of V' is equal to
the quotient of W® by the annihilator U of the subspace V' in W®. But, using the fact that

the Hilbert transforms are self-adjoint up to a sign change, we see that

U =1{(91,92,93,94) : 1 + Hi1ga + Hag3 + HiHg, = 0}
and so:
V* =~ W*/U = Im(6)
where
0(91, 92, 93 94) = g1 + Higa + Hags + Hi1Hag,
since U = ker(#). But

Im(0) = L™(T?) + H{(L*(T?)) + Hy(L*(T?)) + H,(Hy(L*(T?)))

is equal to the functions that are uniformly in product BMO in variables 1 and 2.

Using the same reasoning we see that the dual of L!(T)® H},(T®Y) is equal to L*(T?) +
Hy(L*(T?)) + H3(L*(T?)) + HyH3(L*(T?)), which is equal to the space of functions that
are uniformly in product BMO in variable 2 and 3.

Now, we consider the ‘L! sum’ of the spaces Hp (T"D)® LY(T) and LY(T) ® Hy,(TWD);
that is

Magyz) = {(f,9) : f € Hyo(TD) @ L'(T); g € L'(T) @ Hy (T"))}

equipped with the norm

I(f, 9)l = Hf||H§e(’]1‘(171))®L1(T) + ||9HL1(T)®H11{Q(T(L1>)-

We see that, if ¢ : M13)2) — L'((T?) is defined by ¢(f,g) = f + g, then the image of ¢ is
isometrically isomorphic to the quotient of M3)2) by the space

N =A{(f.9) € Muzyz): f+9 =0} = {(f. —f) : [ € Hg(T"Y)®LY(T) n L(T) @ Hg (T) .

Now, recall that the dual of the quotient M /N is equal to the annihilator of N. It is easy
to see that the annihilator of N is equal to the set of ordered pairs (¢, ¢) with ¢ in the
intersection of the duals of the two spaces. Thus the dual of the image of € is equal to
BMO13)(2)- The norm of an element in the predual is equal to its norm as an element of the

double dual which is easily computed. OJ

Following this example, the reader may easily find the correct formulation for the predual

of other little product BMO spaces as well those in several variables, replacing the Hilbert



8 YUMENG OU*, STEFANIE PETERMICHL?, AND ELIZABETH STROUSE

transform by all choices of Riesz transforms. For instance, one can prove that the predual of

-

the space BMO(132)(R?) is equal to H (R44) ® L}(R%) + L (R") @ Hi (R@24),
3. THE HILBERT TRANSFORM CASE

In this section, we characterise the boundedness of commutators of the form [H,, [H3Hy, b]]
as operators on L*(T?). In the case of the Hilbert transform, this case is representative for
the general case and provides a starting point that is easier to read because of the simplicity
of the expression of products and sums of projection onto orthogonal subspaces. Its general
form can be found at the beginning of Section 5.

Now let b € LY(T") and let P and @ denote orthogonal projections onto subspaces of
L*(T™). We shall describe relationships between functions in the little product BMOs and
several types of projection-multiplication operators. These will be Hilbert transform-type
operators of the form P — P'; and iterated Hankel or Toeplitz type operators of the form
Q1bQ (Hankel), PbP (Toeplitz), PQLbQP (mixed), where b means the (not a priori bounded)
multiplication operator M; on L*(T").

We shall use the following simple observation concerning Hilbert transform type operators
again and again:

Remark 3.1. If H = P — P+ and T : L*(T") — L*(T") is a linear operator then
[H,T] = 2PTP* —2P'TP
and H is bounded if and only if PT P+ and P*TP are.
Proof.
(P—PHT —T(P—P') = (P—PHT(P+ P")— (P+ PH)T(P - P")
= 2PTP+ —2P'TP.

The observation on boundedness comes from the fact that H is expressed as the sum of

operators with orthogonal ranges. 0

We state the main result of this section.

Theorem 3.2. Let be LY(T?). Then the following are equivalent with linear dependence on
the respective norms

(1) be BMOus)()

(2) The commutators [Ho, [Hy,b]] and [Ha, [Hs,b]| are bounded on L*(T?)

(3) The commutator [Hy, [H3Hy,b]] is bounded on L?(T3).

Corollary 3.3. We have the following two-sided estimate

16l B3O @) = ITH2, [HaHy, bl 2(09) 22(09) S bl MO 21
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Before we proceed with the proof of Theorem 3.2, we are going to need some notation and
some lemmas. It will be useful to denote by (13 orthogonal projection on the subspace of
functions which are either analytic or anti-analytic in the first and third variables; Q)13 =
PyP; + PP;. Then the projection Q13 onto the orthogonal of this subspace is defined by

13 = PPy + Py P;. We reformulate properties (2) and (3) in the statement of Theorem 3.2

in terms of Hankel Toeplitz type operators.

Lemma 3.4. We have the following algebraic facts on commutators and projection operators.

(1) The commutators [Hy,[Hy,b|] and [Hs,[Hs,b]|] are bounded on L*(T®) if and only if
P,PbPI P, PEPybP Py, PPsOPE Py, PPb PPy with i € {1,3} are bounded on L?*(T?).

(2) The commutator [Hy, [HsHy, b]] is bounded on L*(T?) if and only if all four iterated Han-
kels PoQ130Q1P5-, Py-Qi3bQ13 Py, PoQi3bQ13Ps-, Pi-Q13bQ13 Py are bounded on L*(T?).

Proof. Using Remark 3.1 it is easy to see that
[Ha, [Hy,b]] = 4((P2PibP Py — PaPbP Py) — (Py PibPl Py — Py PlbP P))

and that the corresponding equation for [Hs,[Hs,b]] is also true. This, along with the
observation that the ranges of all arising summands are mutually orthogonal, so that these
operators are bounded if and only if each one of their summands is, gives assertion (). To
prove (2) we just notice that H; Hz = Q13— Q13 is one of our Hilbert transform type operators

which permits us to calculate:

[y, [HsHy, b]] = 4((PQ1sbQis Py — PaQ1bQus Py ) — (P QusbQiz P — Py QusbQiz )
and conclude that the commutator is bounded if and only if the iterated Hankels are. OJ

The other tools that we need in order to prove (8) = (2). in Theorem 3.2 are Lemmas
3.5 and 3.6, Toeplitz type Lemmas which use the fact that norms of Toeplitz operators are

determined by the L* norms of their symbols.

Lemma 3.5. Let W3 be the operator of multiplication by z3, Ws(f) = z3f, acting on L*(T?).
If we define B = Pi-Pj-bP, P, as well as

A, = Wi (P3PEPFOP Py P)WE and C,, = WPy PP -bPy Py Py )Wi"

as operators acting on L*(T3) then the sequences A, and C, converge to B in the strong

operator topology.

The proof below is a generalization of the Brown-Halmos classical proof that, if S is
the unilateral shift and T} is the Toeplitz operator with symbol b on L?(T), then S*"T,S™
converges in the strong operator topology to M, the multiplication operator with symbol b
[1]. We sketch the argument adapted to our situation.
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Proof. The two assertions are symmetric, we prove the fact for A,. It is easy to see that
Ws , W¥; and P3 commute with P, P, P~ and P;-. The multiplier b satisfies the equation
W3mnbW3qt = b and W3W3™ = Id. So we see that

A, = PP (Wi PyWb P, Py (Wi PsW3Y).
But if f € L?(T?), then, since W% is a unitary operator:
W PWE(S) — £ = LBWE(S) = W (F)] = (B — DOV =0 (0 — ),
as tail of a convergent Fourier series. This means that
Wi PsWy: L*(T%) — L*(T?)
converges to the identity in the strong operator topology. Thus, for each f € L*(T?) we have
(A, — B)(F)] < |(PEPHW" PWE — Id)bP RS PWE) (£)]
+ (PP bR (W3 B3 — 1d))(f)] — 0 (n — o)

Lemma 3.6. “Png‘Pj‘bPlpgngLQQL2 = HPIJ'PQJ'l)Pl.PQ”L?_,LQ.

Proof. The inequality < is trivial, since P; is a projection which commutes with Pl and P;-.

By Lemma 3.5,
| PPy b P Py < sup W3 (P PPy bP Py Py) Wy |
ne
< | PsPlPoP PPy,
using again the fact that the operators W3 and Wy are isometries on L?*(T?). U

Now, we are ready to proceed with the proof of the main theorem of this section.

Proof. (of Theorem 3.2) We show (1) < (2) and (2) < (3)

(1) < (2) Consider f = f(x1,x2) and g = g(x3). Observe that [Ha, [H1,b]](fg) = g -
[y, (1, BIJ(F)- S0 |[Ha, [, B)(£9) 2acasy = |Flaqe, where F(w) = | [Ha, [, W] z2cee)
The map g — Fg has L?(T) operator norm | F|,. Now change the roles of z; and x3. The
Ferguson-Lacey equivalences ||[Hz, [H;, b]]| ~ ||b|smo give the desired result.

(2) = (3) We show that boundedness of the commutators [Hs, [Hy,b]] and [Ha, [Hs, b]]
implies the boundedness of the mixed commutator [Hs, [H; Hs, b]]. Indeed, the boundedness
of the mixed commutator is equivalent to the boundedness of the four operators listed in

Lemma 3.4. By direct calculation we can transform, for example, the first term PyQ136Q13 Py
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into the sum of four terms with orthogonal range:
PyQusbQiz Py =P3(PLPb PPy )Py + Py (P PobPyP3 ) Py
+ Pi(PyPsbPy- Py ) Py + Pj-(PyPyb Py Ps) Pr.

Notice that each term of this sum is either of the form P,/ TP; or of the form PZ»LTPZ-L where
T is one of the eight operators from Lemma 3.4 which are bounded because we assume (2).
Clearly |PTP;| < |T| and |PFTPH| < |T| and so P,Q13bQ73 P is bounded. Analogous
equations hold for the other four operators of (:3) and so [Ha, [H3H,b]] is bounded.

(3) = (2) This part relies on Lemma 3.6, which in turn relies on Lemma 3.5. We wish
to conclude from the boundedness of [Hs, [H3Hi,b]] the boundedness of [Hs, [H1,b]] and
[Hs, [Hs,b]]. To see boundedness of [Hy, [Hy,b]], let us look at one of the Hankels from
Lemma 3.4. Lemma 3.6 shows that P;-PibPyP; is bounded if and only if the operator
PyPLPs-bPy Py Py is. And the latter is an operator found in the list from part (2) of Lemma
3.4. The analogous reasoning shows that all eight Hankels in 3.4 are bounded and so 2 is

proved. U

4. REAL VARIABLES: UPPER BOUNDS

In this section, we are interested in upper bounds for commutator norms by means of little
product BMO norms of the symbol. In the case of the Hilbert transform, we have seen that
these estimates, even in the iterated case, are straightforward. Other streamlined proofs exist
for Hilbert or Riesz transforms when considering dyadic shifts of complexity one, see [27],
[28] and [18]. When considering more general Calderon-Zygmund operators, the arguments
required are more difficult, in each case. The first classical upper bound goes back to [5],
where an estimate for one-parameter commutators with convolution type Calderén-Zygmund
operators is given. Next, the text [17] includes a technical estimate for the multi-parameter
case for such Calderén-Zygmund operators with a high enough degree of smoothness. This
smoothness assumption was removed in |7] thanks to an approach using the representation
formula for Calderén-Zygmund operators by means of infinite complexity dyadic shifts [14].
This last proof also gives a control on the norm of the commutators which dependends on
the Calderén-Zygmund norm of the operators themselves, a fact we will employ later. Below,
we prove two generalizations to the mixed commutator setting. The first theorem is weaker
and targets the tensor product case only. It will be relevant to the LP case in Section 7.
The second theorem gives an estimate by little product BMO when the Calderén-Zygmund
operators are of Journé type and cannot be written as a tensor product. While this estimate
is interesting in its own right, it is also essential for our characterisation result, the lower
estimate, in section 5. We start with the tensor product case, which is an almost direct

consequence of [7].



12 YUMENG OU*, STEFANIE PETERMICHL?, AND ELIZABETH STROUSE

Theorem 4.1. Let d = (dy,...,d;) and T = (I,)1<s<1 @ partition of {1,...,t}. For each
1 < s < let us consider the tensor product of Calderon-Zygmund operators T, = Sper, Te

where Ty, acts on functions defined on the k™ variable. Let the symbol b belong to the little
product BMO space BMOz(R?). Then,

H[Tl’ s [Tla b] . ']HLZ(RJ)@ < HbHBMoI(RJ)’

where the underlying constant depends only on dimensions and |Ty|cz.

The main ingredient of the proof is the upper bound theorem in [7]. Moreover, the one-

parameter result (without iteration) can be similarly obtained, which we omit.

(d

Proof. For convenience of notation, we provide the proof in the case R(@1:42:9) with partition

7T consisting of I; = (1) and I, = (23) and the commutator [T}, [Ty, b]] = [T, [T5T5, b]] only.
The argument is simple and generalizes easily. By the fact that [15753,b] = T5[T3, b]+[1%, b]T5,
one has

[Tla [T2T37 b]] = [T17 T2[T37 b]] + [T17 [T27 b]T3]
= T2[T17 [T37 b]] + [Tlv [T27 b]]TS
We consider the first term only, the second term can be dealt with in the same way.

”T?[Tlv [T37 ]]fHL2 (RT) ”[Tl [T37 ]]f”LQ(Rd)

_ UR y ][Tl,[Tg,b]]ﬂQd:vldxg) drs

JRd42

< [@d 173, [ T3, 00, @2, )72t xgasys | (5 22) 72 s sy A
JRd2

<

[R Hb<7 T2, ')”IQBMO(Rdl deg)Hf('v T, .)H%?(Rdl xR%3) de
JRI2

< ||b||BMOI Rd ||fHL2 Rd)

The implied constants depend upon the L2 norm of 75 in the first inequality and the Calderén-
Zygmund norms of 77 and T3 in the fourth line. Indeed, for any fixed x5, by the main theorem
Of [, 1[5, [75. (-, 2. M st s> < 162, ) ngogeen ey with the implied constant
depending only on the dimensions and |7Ti|lcz, |T3|cz. The last inequality follows from

16, 2, )| BMO®RA xRIs) < HbHBMo (R9) for all z. o

The first generation of multi-parameter singular integrals that are not of tensor product
type goes back to Fefferman [10] and was generalised by Journé in [15] to the non-convolution
type in the framework of his 7°(1) theorem in this setting. Much later, Journé’s T'(1) theorem
was revisited, for example in [30], [20], [25], [26]. See also [21] for some difficulties related
to this subject. The references [20] in the bi-parameter case and [26] in the general multi-

parameter case include a representation formula by means of adapted, infinite complexity
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dyadic shifts. While these representation formulae look complicated, they have a feature
very useful to us. Locally’ they look as if they were of tensor product type, a feature we
will exploit in the argument below. We start with the simplest bi-parameter case with no
iterations and make comments about the generalization at the end of this section.

The class of bi-parameter singular integral operators treated in this section is that of any
paraproduct free Journé type operator (not necessarily a tensor product and not necessarily
of convolution type) satisfying a certain weak boundedness property, which we define as
follows:

Definition 4.2. A continuous linear mapping T : C*(R")QCF(R™) — [CP(R")QCF(R™)]
1s called a paraproduct free bi-parameter Calderén-Zygmund operator if the following con-
ditions are satisfied:

1. T is a Journé type bi-parameter d-singular integral operator, i.e. there exists a pair

(K1, K3) of 6CZ-0-standard kernels so that, for all fi1, g1 € CF(R™) and fa, go € CF(R™),

T(fi® f2), 1 ®g2) = (‘fl(yl)<K1($17 1) f2, 92)91(21) dz1dipy

J

when sptfi N sptg, = &;

T(fi® f2), 91 ®g2) = (fz(y2)<K2($2, Y2) f1, 91)92(x2) dxadys

J

when sptfa N sptge = .

2. T satisfies the weak boundedness property [{T'(x1®xs), xt® x| < |I||J|, for any cubes
I cR" JeR™.

3. T is paraproduct free in the sense that T(1® ) =T(-®1) =T*(1®-) =T*(-®1) = 0.

Recall that 0C'Z-d-standard kernel is a vector valued standard kernel taking values in the
Banach space consisting of all Calderén-Zygmund operators. It is easy to see that an operator
defined as above satisfies all the characterizing conditions in Martikainen [20], hence is L?
bounded and can be represented as an average of bi-parameter dyadic shift operators together
with dyadic paraproducts. Moreover, since 71" is paraproduct free, one can conclude from
observing the proof of Martikainen’s theorem, that all the dyadic shifts in the representation
are cancellative.

The base case from which we pass to the general case below, is the following:

Theorem 4.3. Let T' be a paraproduct free bi-parameter Calderon-Zygmund operator, and b
be a little bmo function, there holds

1[0, T]| z2&r xrmys S [B]bmo(®n x'mY

where the underlying constant depends only on the characterizing constants of T.
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Proof. According to the discussion above, for any sufficiently nice functions f, g, one has the

following representation:

0 0
(2) <Tf7 g> — C’Elewz Z Z 9= maX(ihﬁ)Q—maX(i2,j2)<Si1j1i2j2f’ g>‘

11,J1=0142,52=0
where expectation is with respect to a certain parameter of the dyadic grids. The dyadic
shifts S%J1%272 gre defined as

Siljli?ij = Z Z Z 2 a11J1K112J2K2<f7 hh ® h12>hJ1 ® hJ2

K1€D1 [1,]1CK1711,J1€D1 KQEDQ IQ,JQCKQ,IQ,JQEDQ

E(I1):2_i1€(K1) 5(12):2_7’.218(1(2)
K(Jl)ZQ_jlf(Kl) €(J2):2—j2€(K2)
(i1,51) (i2,52)

Z Z Z Z a11J1K112J2K2<f>h11®h[2>hJ1®hJ2

Ky I1,JicKy Ka Iz3,J2c K2

V1|12 2]

[ K[| Ko
[ S22 s 1o < 1. Moreover, since T' is paraproduct free, all the Haar functions appearing

The coefficients above satisfy ar,j, k1,05, < , which also guarantees that
above are cancellative.

It thus suffices to show that for any dyadic grids Dy, Dy and fixed i1, j1, 42, j2 € N, one has

(3) [[b, S22 fll 2 < (1 + max(iy, 1)) (1 + max(iz, j2)) [0 vmol f] 2,

as the decay factor 27 ™ax(11.01) 9=max(i2.j2) ip (2) will guarantee the convergence of the series.

To see (3), one decomposes b and a L? test function f using Haar bases:

[b, S22 f = 3" N (b, by, @ hiy X f s by, ® hup)[hay, ® huy, S22y, @ hy,.
I, Iy Jy,J
A similar argument to that in [7] implies that [h;, ® hy,, S“/1272|h; ® h;, is nonzero only
if I, < Jl(il) or I, ¢ JQ(iQ), where Jl(il) denotes the i;-th dyadic ancestor of J;, similarly for
Jy (i2) . Hence, the sum can be decomposed into three parts: I; < Jl(il) and I, JQ(iQ) (regular),
LeJ™and L2 2, [ 2 J™ and I, « J§ (mixed).

1) Regular case:

Following [7| one can decompose the arising sum into sums of classical bi-parameter dyadic
paraproducts By(b, f) and its slightly revised version By;(b, f): for any integers k,l > 0, By,
is the bi-parameter dyadic paraproduct defined as

Bra(b, f) = 3 BrsCb, hyiw @ wyo)f, b @ uGyhif @ u| 10|12 j0|71/2,
1,J
where (7; is a sequence satisfying |fr;] < 1. When k£ > 0, all Haar functions in the first
variable are cancellative, while when k& = 0, there is at most one of h$', h}' being noncan-

cellative. The same assumption goes for the second variable. Observe that when &k =1 =0,
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By, becomes the classical paraproduct By. It is proved in [7] that

|Bra(b, £z < [bllsmol f] 2

with a constant independent of k,[ and the product BMO norm on the right hand side.
Then since little bmo functions are contained in product BMO, this part can be controlled.
More specifically, write

[b7 Silj1i2j2]f = Z Z <ba hh ® h12><f7 hJ1 ® hJ2>hI1 ® hfzsi1j1i2j2<h»71 ® hJ2)

11,12 J1,J2
= 20 2 by @ hi ) f by @ hy ) SR (hyyhy, @ huyhgy)
Iy,12 J1,J2
— [ 411,

then one can estimate term I and II separately. According to the definition of dyadic shifts,

term [ is equal to

Z Z Z <b7 hll ® h]2><f7 hJ1 ® hJ2>h11 ® h[g’

Ttz e gt 1pe g

Z Z aJlJ;Jl“l’JngJQ”?’hJi ® hy,

VNSNS VAN
O(J7)=217910(Jy) £(J4)=272324(Jy)

(i1) (42)
Z Z Z Z 2 <b7 hh ® h12><f7 hJ1 X hJ2>hI1 & h[g'

K1,K2 J1:J1CK1 JQZJQCKQ 11:11CK1 IQ:IQCKQ

(1) (j2)
Z 2 aJlJ{KL]QJéKQhJ{ ® hJé

J{:J{CKl Jé:JéCKQ

Z (b,hr, ® hiy)hy, ® hy, Z

11,12 KoL
KQDIQ

(i1,91)  (i2,52)

Z Z &J1J1K1J2JéKz<f7 th ® hJ2>hJi ® h.]é

Jl,JiCKl J2,JéCK2

= Z <b7 h‘Il ® h'12>h'11 ® hfz Z 2 <Si1j1i2j2f7 hJ{ ® hJ§>hJ{ X hJé

Iih T 090 51 g5 002 51
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Because of the supports of Haar functions, the inner sum above can be further decomposed

into four parts, where

DD VRS 1D )

/ / / ;
11,12 Ji20 JH212 11,12 J12I Jé:JéCIQCJ;(JQ)
=% 2 2 V=2 2
11,12 J£3J1CIICJ1<j1) Jé;IQ 11,12 Ji:‘]icllc‘]i(jl) Jé:JéCIgCJ;jQ)

Hence, similarly as in [7], one has
I= Z <b7 hh ® h12><52'1j1i2j2f7 hli ® h1é>h’11 ® h12‘11|71/2|[2’71/27
I, Iz
which is a bi-parameter paraproduct By(b, f). Moreover, one has

1T = Z (b, hr, @ hpy)hy, & hy, Z (SMYEE f b @ by || 2Ry,

hylz Ty Thc L J392)

J2
= 20 D5 Buglby oy ® By )™ F 1] @ By, @ hug 1]~ 72

1=01y,J4
= Z BOl(b, SZlJ112J2f>7
=0

where constants 3, € {1, -1}, and By, are the generalized bi-parameter paraproducts of type
(0,1) defined in |7] whose L? — L? operator norm is uniformly bounded by |[b|gyo product

BMO. Similarly, one can show that

J1 J1 J2
ITT = )" Byo(b, 8197252 f), IV = 37" Byy(b, S™122 f).
k=0 k=01=0

Since [b|smo < [0]bmo, all the forms above are L? bounded. This completes the discussion
of term I.

To get an estimate of term II, we need to decompose it into finite linear combinations of
Stviziz( By (b, f)). By linearity, one can write S%71%272 on the outside from the beginning,
and we will only look at the inside sum. Recall that in [7], one splits for example the sum
regarding the first variable into three parts: Iy < J;, [y = J;, J1 S [} © Jl(il). If we split the
second variable as well, there are nine mixed parts, and it’s not hard to show that each of

them can be represented as a finite sum of By(b, f). We omit the details.

2) Mized case. Let’s call the second and the third ‘mixed’ parts, and as the two are
symmetric, it suffices to look at the second one, ie. [} < Jl(il),lz 2 J2(i2). In the first
variable, we still have the old case I; < Jl(“) that appeared in [7], so morally speaking, we

only need to nicely play around with the stronger little bmo norm to handle the second
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variable. For any fixed I, Ji, I3, Jo, since I 2 J2(i2), the definition of dyadic shifts implies
that

hiy ® hpy S22 (hyy @ hyy) = by, S™Y272(hy, @ hiyhy,)
and
Stk (b, by @ hrhy,) = hy, S22 (hp hy, @ hy,).
Hence, we still have cancellation in the second variable, which converts the mixed case to

Z Z <b7 hh ® h12><f7 hJ1 X hJ2>[h117 Siljliﬁé](hh ® hf2hJ2)

Lt 1,242

= Z Z<f’ hJ1 ® hJ2>[hIn Siljlmz](hh ® Z <b’ hh ® h12>h12h<]2)

IICJ{il) J2 12;J2(12)
= > Yy ®@huylhy,, S (hy, @ (b, by, @ h}émhl]y?) hy,)
Ilcjl(il) J2

- Z Z<b7 hr, ® h3£i2)>‘J2(i2) ‘_1/2<f7 hy, ® hJ2>[h117 Siljlisz](hh ® hJ2)

nesiin

- Z Z<<b>J2(i2)’ h11>1<f’ hy, ® hJ2>[hI17 Siljlhh](hh ® hJ2>)

IICJ{il) J2

where (b) ;i) denotes the average value of b on J2(i2), which is a function of only the first
2

variable.

In the following, we will once again estimate the first term and second term of the com-
mutator separately, and the L? norm of each of them will be proved to be bounded by

[][bmoll £l 2
a) First term.

By definition of the dyadic shift, the first term is equal to

Z 2<<b>J2(i2)7 hirhn (fs by ® huy )

neg{ Jz

2 2 @, gy g0 gy gy g ® gy

Jiegi Ty a2
0(J)=21791¢(J1) £(Jh)=2727924(J3)
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(i1)

which by reindexing K3 := J; "/ is the same as

(1) (1) (2)
Z <<b>J2(i2)7 hf1>1h[1 Z Z Z Z J1J1K1J2Jé‘]2(i2)<fa hJ1 ® hJ2>hJi & h’Jé
I1,J2 Ki:K1ol J1CKljcK1 J/CJ(ZQ
= S by by @SR f s @ hyy) i,
II,J2 : J{Ji(]l)DII

where the inner sum is the orthogonal projection of the image of {f, h, ) ®hj, under S22
onto the span of {h } such that J{(J N 1. Taking into account of the supports of the Haar

functions in the first variable, one can further split the sum into two parts where

DI Y

J2 h&J] J2 J{c[chi(jl)
Summing over J; first implies that

= Z<<5>J2(iz>, hiorha, (hy, ® (S™2((f hyy e ® hu, ), by 1)

Jo Iy

=t 3 Bo() i S h) @ )

Jo

where By(b, f) := 2. (b,hr){f, hi>hs|I|~Y/? is a classical one-parameter paraproduct in the
first variable. Note that the L? norm of it is bounded by ||b|gmo| f]z2. Moreover, according
to the definition of S%“71%272 for any fixed J,

Giinizgz (<f, hJ2>2 X hJQ) = Z <Si1j1i2j2 (<f7 hJ2>2 ® hJ2)7 hJ§>2 ® hJﬁ

Jl: J/(Jz) J(12)

In other words, S79272({f, hs,), ® hs,) only lives on the span of {h; : '(32) 2(1'2)}. Hence,
by linearity there holds

I=3 D Boll0)u (S" 2 (f, )2 @ huy), hu)e) ® by

Ja Jl: J/(Jz) J(12)

= Z BO (<b>Jé(12) ) <Si1jli2j2( Z <fv hJ2>2 & hJQ)? hJé>2) ® hJé

Jé J2J2(7'2):J;(J2)
Thus, orthogonality in the second variable implies that

1722 @ ey

= > 1B (<b>J;(j2>,<Si1j1i2j2( D b2 @ hg), huya) e

Jé J23J2(i2>:Jé<j2)

<> (OFH [Bo@n [<S™22 (>0 (fi b2 @ huyy), b al7aen)-
7

Jy:5i2) _ g102)
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Observing that H<b>J;(j2) lBMO®n) < <||b||BMO(]Rn)>J;(j2) < ||b] bmo, one has

< [0/ Z (S 202 ( Z {F P2 ® hy )y B ol 72y
7

J2;J2<i2):J;(j2)
= [BlZmoll D (S22 > (f e @ hu), e © By 72 an )
Jé JQJQ(ZQ):J;(J2>
Note that the sum in the L? norm is in fact very simple:

Z<Si1j1i2j2( Z <f, hj2>2 & hJQ), hjé>2 ® hJé
73

JpiJ5i2) _ y12)

= Z Z (SR f hgyys @ hgy), hg e ® b

Jo Jé:Jé(h):]Q(iQ)
= 28U f By, s @ ) = SHIER()
J2

Hence, the uniform boundedness of the L? — L? operator norm of dyadic shifts implies that

12 e ey S 10lomo | £ 228y -

In order to handle II, we split it into a finite sum depending on the levels of I; upon Jj,
which leads to

J1
I = Z Z Z<<b>J2(i2)’ hJ{““)>1hJ{(k> hay @ (S22 ((f g2 @ hugy )y B i

k=0 J2 J{

J1
= 22 2 2 Bl T s B by ® (ST f s @ By ) By

k=0 Jo J{

= Z Z Bk<<b>J2(i2), Si1j1i2j2 (<f, h]2>2 ® hJQ)),

k=0 Jo

where By (b, f) := 32, Brx(b, by Y f, hryhr| I | 752 is a generalized one-parameter paraprod-
uct studied in [7], whose L? norm is uniformly bounded by |b|gmollf]z2, independent of k
and the coefficients Sy, € {1, —1}. Then one can proceed as how we dealt with part I to
conclude that

T 2n xrmy S (14 51) [0 bmo | £ 22 n xrm),
which together with the estimate for part I implies that
|First term| 2 xrm)y < (1 4 71)[0lbmol| f | 22 (Rr x ) -

b) Second term.
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As the second term by linearity is the same as

SiljlinQ Z 2 <<b>J2(i2)a h11>1<f7 hJ1 & hJ2>h[1 th ® th ;

e

the L? — L? boundedness of the shift implies that it suffices to estimate the L? norm of the

term inside the parentheses. Since I; N J; # F, one can further split the sum into two parts:

EPNEEED)

Jo 1$Jy Ja J1CI1CJ1(i1)

Summing over J; first implies that

I =YY g2 her(fs by, ® bbby, ® h,

Jo Iy

=: Z Bo(<b>J2<i2> S hg)2) @ hy,,
J2

where By(b, f) 1= >b, hi){f, hi>hi|I|7%? is a classical one-parameter paraproduct in the
first variable. Hence,

1112 @ ey = Z HBO(<b>J2(i2> S Fs b )2) |2 gy
Ja

< D) s
Jo

< 0lomo X IKF P d2l32 @y = 16 2moll £ 72 @ mm)-
Ja2

[Byo@n I<F; by el T2y

For part II, note that it can be decomposed as

1= 313> L s o nlf by @ by b, ® g,

k=0 Jo J1

D322 Bl I V) o0, oo sz ik, @

k=0 J> Ji
i1

: Z 2 Bk(<b>J§i2> ’ <f7 hJ2>2) ® hy,,

k=0 J2

where coefficients 3, x € {1,—1} and the L? norm of the generalized paraproduct By is
uniformly bounded as mentioned before. Therefore, a same argument as for part I shows
that

1] 2@y < (1 4 @1) [Bllomol| f | 22 xmmy
which completes the discussion of the second term, and thus proves that the mixed case is
bounded. O
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The upper bound result we just proved can be extended to RJ, to arbitrarily many pa-
rameters and an arbitrary number of iterates in the commutator. To do this, consider multi-
parameter singular integral operators studied in [26], which satisfy a weak boundedness
property and are paraproduct free, meaning that any partial adjoint of 7" is zero if acting on
some tensor product of functions with one of the components being 1. And consider a little

—

product BMO function b € BMOZz(R?). One can then prove

Theorem 4.4. Let us consider RJ, d = (dy,...,dy) with a partition T = (Is)1<s<i of {1,...,t}

as discussed before. Let be BMOz(RY) and let Ty denote a multi-parameter paraproduct free

Journé operator acting on function defined on @kds R% . Then we have the estimate below

H[Tb s [Tla b] . ']”Lz(RJ)Q < HbHBMoI(RJ)'

The part of the proof that targets the Journé operators proceeds exactly the same as the
bi-parameter case with the multi-parameter version of the representation theorem proven
in [26]. Certainly, as the number of parameters increases, more mixed cases will appear.
However, if one follows the corresponding argument above for each variable in each case, it
is not hard to check that eventually, the boundedness of the arising paraproducts is implied
exactly by the little product BMO norm of the symbol. The difficulty of higher iterates is
overcome in observing that the commutator splits into commutators with no iterates, as was
done in [7]. We omit the details.

The assumption that the operators be paraproduct free is sufficient for us. The general
case is currently under investigation by one of the authors. Important to our arguments for
lower bounds with Riesz transforms is the corollary below, which follows from the control
on the norm of the estimate in Theorem 4.4 by an application of triangle inequality. It is a

stability result for characterising families of Journé operators.

Corollary 4.5. Let for every 1 < s <1 be given a collection Ty = {Ts;.} of paraproduct free
Journé operators on Q). R that characterise BMOz(R?) via a two-sided commutator

estimate

|- M e@ays < 10 g0, @)

100 530, @y = sW 71505+ - [This b

J
Then there exists € > 0 such that for any family of paraproduct free Journé operators T'y =

z < &, the family {T, ;, + T, } still characterises

{TS’JS} with characterising constants HTS/] C

BMOz(R?)

5. REAL VARIABLES: LOWER BOUNDS

In this section, we are again in Re. Tt is our aim to prove the following characterisation

-

theorem of the space BMOZz(IR?).

Theorem 5.1. The following are equivalent with linear dependence in the respective norms.
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-

(1) b e BMOz(R?)
(2) All commutators of the form [Ry, j ..., Ry, .0]...] are bounded in L*(RY) where

ks € Is and Ry, j, 1is the one-parameter Riesz transform in direction jy, .

— —

(5) All commutators of the form [R, zu), ..., [R50, 0] .. .] are bounded in LA(RY) where j©©) =
(Jk)ker., 1 < Jx < di and the operators R
Rs,]“'(s) = @ke]s Rk»jk'

Corollary 5.2. Let j = (j1,...,j;) with 1 < j, < dj, and let for each 1 < s <1, J = (jp)rer.

. . =4 o . -th
be associated a tensor product of Riesz transforms R_ ;. = Qe Bi.jo; here Ry, are jj

s j5) OT€ tensor product of Riesz transforms

Riesz transforms acting on functions defined on the k™ variable. We have the two-sided

estimate

HbHBMoI(Rd“) S sup H[le(l)a S [Rtj(t)a b].. ']”L2(Ri)© = HbHBMOI(Rd‘)-
J
Such two-sided estimates also hold in L? for 1 < p < oo. Remarks will be made in section 7.
From the inductive nature of our arguments, it will also be apparent that the characterisation
holds when we consider intermediate cases, meaning commutators with any fixed number of
Riesz transforms in each iterate. Below we state our most general two-sided estimate through

Riesz transforms.

Theorem 5.3. Let 1 < p < 0. Under the same assumptions as Corollary 5.2 and for any

fized i = (ng) where 1 < ng < |Is|, we have the two-sided estimate

HbHBMOI(R‘Z) S Slip H[Rl,j'(l)y ceey [le(l)a b] ‘. ] HLP(RJ)@ < HbHBMoI(Rcf)
J

where j(s) = (Ji)ker., 0 < ji < di and for each s, there are ng non-zero choices. A Riesz

transform in direction 0 is understood as the identity.

For p = 2 and 7 = I this is the equivalence (1)< (2) and for @@ = (|I1,...,|}]) it is the
equivalence (1)< (3) from Theorem 5.1.

The statements above also serve as the statement of the general case for products of
Hilbert transforms. Infact, when any d; = 1 just replace the Riesz transforms by the Hilbert
transform in that variable. In this section, we consider the case d, > 2 for 1 < k < ¢ and
thus iterated commutators with tensor products of Riesz transforms only. The special case
when di = 1 for some k is easier but requires extra care for notation, which is why we omit
it here.

The proof in the Hilbert transform case relied heavily on analytic projections and orthog-
onal spaces, a feature that we do not have when working with Riesz transforms. We are
going to simulate the one-dimensional case by a two-step passage via intermediary Calderén-

Zygmund operators whose multiplier symbols are adapted to cones.
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In dimension d > 2, a cone C = R? with cubic base is given by the data (£, Q) where
€ € S¥! is the direction of the cone and the cube Q < &+ centered at the origin is its
aperture. The cone consists of all vectors 6 that take the form (6:&,0,) where 8 = (6,&)
and 6, € 0:Q). By A\C' we mean the dilated cone with data (£, A\Q).

A cone D with ball base has data (§,7) for 0 < r < 7/2 and € € S¢~! and consists of the
vectors {n € R?: d(&,n/|n|) < r} where d is the geodesic distance (with distance of antipodal
points being 7.)

Given any cone C' or D, we consider its Fourier projection operator defined via ]3; f=1¢ f :
When the apertures are cubes, such operators are combinations of Fourier projections onto
half spaces and as such admit uniform LP bounds. Among others, this fact made cubic
cones necessary in the considerations in [17] and [8] that we are going to need. For further
technical reasons in the proof of an error term in an underlying lower estimate in [17] and
[8], these operators are not quite good enough, mainly because they are not of Calderén-
Zygmund type. For a given cone C', consider a Calderén-Zygmund operator TC with a kernel
K¢ whose Fourier symbol Kc e C'* and satisfies the estimate 1¢ < KC 1(47)c. This is
accomplished by mollifying the symbol 14 of the cone projection associated to cone C' on
S9! and then extending radially. We use the same definition for 7).

Given a collection of cones €' = (Ck) we denote by T, Ps the corresponding tensor product
operators.

In [17] it has been proven that Calderén-Zygmund operators adapted to certain cones of
cubic aperture classify product BMO via commutators. As part of the argument, it was
observed that test functions with opposing Fourier supports made the commutator large.
This observation reduced the terms arising in the commutator to those resembling Hankel
operators. In [8] a refinement was proven, that will be helpful to us. We prefer to work
with cones with round base. Lower bounds for such commutators can be deduced from the
assertion of the main theorem in [8], but we need to preserve the information on the Fourier
support of the test function that makes the commutators large in order to succeed with our
argument. Information on this test function replaces the property that the Hilbert transform
is a combination of orthogonal projections of two orthogonal half spaces. It is instrumental
to our argument. We have the following lemma, very similar to that in [17] and [8], the only

difference being that the cones are based on balls instead of cubes.

Lemma 5.4. For every parameter 1 < k < t there exist a finite set of directions Y, € S*~!
and an aperture 0 < 1, < 7/2 so that for every b, there exist cones Dy = D(&, 1) with
& € Tx as well as a normalized test function f = ®Z:1 fr whose components have Fourier

support in the opposing cones D(—&, ry) so that

I[T2,yws [T 0] fll2 2 18] g,y iy
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The stress is on the fact that the collection is finite, somewhat specific and serves all

admissible product BMO functions.

Proof. The lemma in [8| supplies us with the sets of directions Y as well as cones of cubic
aperture () and a test function f supported in the opposing cones. Now choose the aperture
i, large enough so that (1+7)C(&, Qr) < D(&, ri). Then we have the commutator estimate

T3 1o (Topn b1l 2 liion, e

In fact, both commutators with cones C' and D are L? bounded and reduce to |T5(bf)lls or
|T#(bf)||2 respectively thanks to the opposing Fourier support of f. Observe that T(bf) =
T5(Te(bf)) = Ta(Ts(bf)). With [Tsllamz < 1, we see that |T5(bf)]2 = [ Ta(0S)]2- O

Using this a priori lower estimate, we are going to prove the lemma below.

Lemma 5.5. Let us suppose we are in RY with a partition T = (I;). For every 1 < k <t

there exists a finite set of directions Y, = S*~1 and an aperture vy, so that the following hold

-

for all be BMOz(R?) :

(1) For every 1 < s <1 there exists a coordinate v, € Iy and a direction &,, € T, and so that
with the choice of cone D,, = D(&,,,1y,) and arbitrary Dy for coordinates k € I,\{vs}

and their tensor product D, we have

75, [T),5,, 0] Jll22 2 (bl Bas0s,

(2) The test function f = @2:1 which gives us a large L? morm in (1) has Fourier supports
of the fi contained in D(—&,ry) when k = vs and in Dy, else.

Before we can begin with the proof of Lemma 5.5, we will need a real variable version of

the facts on Toeplitz operators used earlier.

Lemma 5.6. Let D), for 1 < k < t denote any cones with respect to the k™ variable.
Let Tp, denote the adapted Calderon-Zygmund operators. Let K be any proper subset of
{(k:1<k<t},let Dx = ®,x Di and T3, the associated tensor product of Calderdn-
Zygmund operators. Let Pz be a tensor product of projection operators on cones D(&, )

K

or opposing cones D(—E&,ry). Let j ¢ K. Then

IT5, To,0P%, Poll 2o = 1T5,0P5 |12

Proof. As in the Hilbert transform case, we will establish this by composing some unilateral
shift operators and studying their Fourier transform in the j variable. Let &; denote the

direction of the cone D;, for any [ define the shift operator

Siglay) = |, o) ay,
J
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Sy is a translation operator on the Fourier side along the direction &; of the cone D;. It is
not hard to observe that S = S_;. Now define

Al = S,lTD*KTDijgKPDjSh and B = TBKbP%K'

We will prove that as [ — +00, A; — B in the strong operator topology. As in the argument
in Lemma 3.6, this together with the fact that 5; is an isometry will complete the proof. To
see the convergence, let’s first remember that S; only acts on the j variable, and one always
has the identities

S;S_;=1d and S_;bS; =0b.

This implies
A = T[;K(S,ITDJSI)(S,;Z)S;)P]%K(S,IPDJ,SI)
= TﬁK(S—lTDjSl>ngK(S—lPDjSZ)-

We claim that both S_;Tp,S; and S_;Pp,S; converge to the identity operator in the strong
operator topology, which then imply that A, — B as [ — o. Next we will only prove
S_Tp,S; — Id as the second limit is almost identical. Observe that |S_;Tp,Sif — f| =
I(Tp, = I)Sif||. Given any L? function f and any fixed large [ > 0. Consider the f with
frequencies supported in R x ... x (D; — &) x ... x R%. In this case, S;f has Fourier
support in R™ x ... x D; x ... x R¥ where the symbol of Tp, equals 1. Thus, for such f,
we have S_/Tp,S;f = f. The sets R" x ... x (D; —1&) x ... x R% exhaust the frequency
space. With |[Tp, — I]a—2 < 1 the operators S_;Tp,S; converge to the Identity in the strong
operator topology, and the lemma is proved. Observe that the aperture of the cone D; is not

relevant to the proof. 0
We proceed with the proof of the lower estimate for cone transforms.

Proof. (of Lemma 5.5) For a given symbol b € BMOz, there exist for all 1 < s < [ coordinates
v = (vs),vs € I, and a choice of variables not indexed by v, 2 so that up to an arbitrarily
small error

[blBmos = [0(Z5) BMOG, ). -
By Lemma 5.4, there exist cones D, = D(&,,,r,,) with directions &,, € T, and a normalized
test function fgy in variables v, with opposing Fourier support such that we have the lower

estimate
I[Tor00ys - [Topny D@D N (1) oy 2 10(E5) M0, .0y
where R% = R%1 x ... x R,
We now consider the commutator with the same cones but with full symbol b = b(-,...,-).

Due to the lack of action on the variables not indexed by v, in the commutator, we again have
[Toy.Dyys -+ [Tvl,Dvl,b] o Jfwg) =9 [Toupy, s [Tvl’Dvl,b] ...](fg) for g that only depends
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upon variables not indexed by v,. Again using that multiplication operators in L? have norms

equal to the L® norm of their symbol, for the ‘worst’ L2 -normalized g we have

IT000ys- 5 [Topyy B N9 2y = sup W Lovpy, - - [T, bED] - 1 (f1) 2

Lo
o T [T BT 1)
=0
e ”b<xf;)HBMQ(”)M(UZ)(RJU)

”b”BMOI(RJ)’

Note that the test function g can be chosen with well distributed Fourier transform.
Take any cones in the variables not indexed by v, and let D denote the tensor product
of their projections. fr = Ppgg. Notice that [[T,, p,,.---;[Tv,p0,,0] - J(fufr)|2@e =2
Toi,00ys - - -5 [To,0uy 0] - - J(f119) | 2 gy With constants depending upon smallness of the aper-
ture of the chosen cones. Notice that the test function f := fy fr has the Fourier support as
required in part (2) of the statement of Lemma 5.5.

Now build cones ﬁs from the D, and the other chosen cones D), as well as operators T, B
Notice that the commutators [Ty, p,,,---,[Ty,p,,0]...] and [T} 5 ,..., [T} 5,,0] .. .] reduce
significantly when applied to a test function f with Fourier support as ours. When the
operators 1), p,, or any tensor product T, 5 fall directly on f, the contribution is zero due
to opposing Fourier supports of the test function and the symbols of the operators. The only
terms left in the commutators [T} 5 ,.. ., [Tlﬁvl ,0]...](f) and [T3, b, - [To.p,,, 0] - - ](f)
have the form &), T, 5 (bf) and &), T, p,, (bf) respectively.

By repeated use of Lemma 5.6 we have the operator norm estimates for any symbol b,

valid on the subspace of functions with Fourier support as described for f: | &), T, 5 blla2 =

|| @s TU57DvS b
port as described in the statement (2) of Lemma 5.5 so that | ), T, 5 (0f)ll2 2 ”b”BMoI(RE)'
We get the desired estimate

la—.2. We conclude the existence of a normalized test function f with Fourier sup-

H [T1,517 SO [Tlﬁl? b] .- ] HL2(]RJ)Q e HbHBMOI(Ri)v

and test function f as desired. O

It seems not possible to pass directly to a lower commutator estimate in tensor products of
Riesz transforms from that in tensor products of cone operators. Just using tensor products of
operators adapted to cones merely gives us some lower bound where we are unable to control
that a Riesz transform does appear in every variable such as required in () of Theorem
5.1. The reason for this will become clear as we advance in the argument. Instead of using
operators T, 5 directly, we will build upon them more general multi-parameter Journé type

cone operators not of tensor product type that we now describe.
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Let us explain the multiplier we need for i copies of S when all dimensions are the same.
We will explain how to pass to the case of ¢ copies of varying dimension d; below. A picture
illustrating a base case can be found at the end of this section.

For 0 <b<a <1 let p:[-1,1] - [-1,1] be a smooth function with ¢(z) = 1 when
a<x<1 and p(z) =0 when b > x > 0. And let ¢ be odd, meaning antisymmetric about
t = 0. The function ¢ gives rise to a zonal function with pole &, on the first copy of S,
denoted by C1(&1;m1). This is the multiplier of a one-parameter Calderén-Zygmund operator
adapted to a cone D(&,r) for r = w/2(1 — a). For i > 1 we define Cy(&1, ..., &k M1y -+ M)
for 1 < k < 7 inductively. In what follows, expectation is taken with respect to traces of

surface measure. When n; = £¢;, then conditional expectation is over a one-point set.

Ck(fla o &, 777k) = Eak,l(Ckfl(fla ey Q1371 - 777k71> | d<ak717£k71) = d(ﬁk,fk))-

If the dimensions are not equal take d = maxy, and imbed S%=1 into S! by the map
§=(&,...,&;) — (&,--.,84;,0,...,0). Obtain in this manner the function C; and then
restrict to the original number of variables when the dimension is smaller than d.

The multiplier 01(5, -) gives rise to a multi-parameter Calderén-Zygmund operator of con-
volution type (but not of tensor product type), Te=T. (& Infact, it is defined through

principal value convolution against a kernel Kg(afl, ..., x;) such that

Vl:f | ﬁKg(xl,...,mi)dxl=O,V0<a<ﬁ,xjeRdf fixed Vj # [,
a<|r)|<

ol Cdy— Cdi—n;
ng(l‘l,,Q?l) < Aﬁ|$1| di—m ‘ZL'Z| di ”l,nj = 0.
R i

This kind of operator is a special case of the more general, non-convolution type discussed in
Section 4. It has many other nice features that will facilitate our passage to Riesz transforms.
One of them is its very special representation in terms of homogeneous polynomials, the other

one a lower estimate in terms of the BMO7z norm.

Lemma 5.7. Let C; be a multiplier in @2:1 R be as described above, with any fized direction
and aperture. Let m be an integer of order d = maxdy. For any 6 > 0, the function C; has
an approzimation by a polynomial CY in the [[_, dy variables {[ [, mj, | 1 < k < i,1 <
i < di} s0 that |C; — CY | emga—1y < & in each variable separately.

C™ indexes the norm of uniform convergence in functions that are m times continuously
differentiable. On the space side, C}' corresponds to an operator that is a polynomial in

Riesz transforms of the variables ), Ry j, .

Lemma 5.8. We are in R with partition T = (I,)1<s<i. Let T comsist of vectors € = (&)t_,
with & € Ty. Let T consist of §<$> = (& )ker.- Let us consider the class of Journé type cone

multipliers Dy = C;, (E@; \) of aperture ry with associated multi-parameter Calderén-Zygmund
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operators Ts p,. Then we have the two-sided estimate

”b”BMOI(RJ) < SEHTP H[Tl,Dm ce [Tl,Dw b] .- ']HB(RJ)@ < HbHBMoI(RJ)'
€
In order to proceed with the proof of these lemmas, we will need some well known facts
about spherical harmonics and zonal harmonics in particular, that we now review briefly.
Fix a pole £ € S¥~1. The zonal harmonic with pole £ of degree n is written as Zg(") (n). With
t = (& ny € [—1,1], one writes Zg(n)(n) = P,(t) where P, is the Legendre polynomial of
degree n. It is common to suppress the dependence on d in the notation for Zé(n) and P,. The
Rodrigues formula with a specific weight useful for a change of variables on the sphere S%!

is

P.(t) = e +(<—dli“3)/2)n(1 B t2)(3—d)/2 <§) (1- t2)n+(d—3)/2'

Here (k), denotes the descending factorial k(k — 1)...(k —n + 1). Writing 41 for the

measure of S?~!, we have orthogonality by the formulas

1
0= Jd Zg(”) (U)Zg(m)(n)dadA = Qd_1f P, (t) P (t)(1 — t2)4=3)2 ¢
i1 B

and normalization

1
Q4
P2t (1 — ) d92qp — 1
fl A0 =%) N(d,n)q—2

where N (d,n) is the dimension of the space of homogeneous harmonic polynomials of degree
n in d variables. We have P,(1) =1, P,(—1) = (—1)"P,(1) and |P,(¢)| <1 for t e [—1,1].

Zé") are reproducing and for any spherical harmonic of degree n, Y™ we have

(@) v = gt [ vz mdoay

d—1

as well as for any function ¢ zonal with respect to the pole &
1
6 [ e o = 2027 [ 0P -2
§d-1 -1

The addition theorem for Legendre polynomials says that for any complete system {Yk(n)} of

spherical harmonics of degree n:

(n) Qi () ey ()
(6) Z¢ (n) = —N(d n) Z V.M (Y (n).
’ k=1

When Y™ is harmonic and homogeneous of degree n with Y™ (¢) = 1 and Y™ (Rp) =
Y™ () for any rotation R € O(d) with R¢ = &, then Y = Zg("), the zonal harmonic of
degree n with pole &.

The lemma below will aid us in understanding the special form of the functions Cj.
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Lemma 5.9. Let &,& € ST, We have
E., (Z{P(a1) | d(&1,a1) = d(E2,1m2)) = Eay(Z{(a2) | d(€s,a2) = d(&1.m)) = Z0 () ZE (ns).

Proof. The first equality is a change of variable, thanks to symmetry of the zonal harmonic
in its variables and invariance with respect to action of the measure preserving elements of
the orthogonal group fixing poles & or &, that we now detail. By a rotation in one of the

spheres, assume & = & = £. Take a small ball

B&m(ag;@) = {ay : d(az,ag) < ez} n{ag : d(a,§) = d(m,§)}.

Note {ag : d(ag,&) = d(m, &)} ~ S¥2 Every ay € Be,,(ad;e2) gives rise to a canonical
orthogonal map o,, along geodesics in a scaled copy of S¥72. Lifted to S !, these are
orthogonal maps fixing £. Let ¢ fix £ and map a3 to ;. Let af = 0%(ny). We observe that
{000y (n2) : ag € Be oy (ad;9)} = Be oy, (al; 1) with 1 so that

P(d(az, a3) < &2 | d(§, az) = d(&,m)) = P(d(a1,0)) < &1 | d(§, a1) = d(§,712))-

Together with the symmetry and the rotation property ng”)(a) = Z{™ (n) = Zg’a)( (n)), we
obtain the first equality.

For fixed a;, the function Z” (a1) = Z{¥ (1) is a function harmonic in R%, n-homogeneous.
These properties are preserved when taking expectation in a;. So the expression E(Z,(I?)(al) |
d(&1,a1) = d(&,m2)) remains harmonic (regarded as a function in RY), n-homogeneous. From
the form E(Z (as) | d(€2, as) = d(&1,m1)) we learn that its restriction to S¢! depends only
upon d(&;,n1). This implies that it is a constant multiple of the zonal harmonic with pole

&. Exchanging the roles of n; and ny gives

E(Z (1) | d(€,a1) = d(€.m)) = enZ8 (00) 28 ().

When assuming the normalization ZE(") (&) = 1 then ¢, = 1. This is a gernalisation of the
classical symmetrising of the cosinus sum formula 1/2(cos(z +vy) —cos(x—y)) = cos(z) cos(y).
O

Let us now proceed with the proof of one of our lemmas

Proof. (of Lemma 5.7) It is well known that zonal harmonic series have convergence properties
when representing smooth zonal functions similar to that of the Fourier transform. For any

given m and sufficiently smooth ¢ of the type described above7 then

Cy (&5 m) Zson

where the convergence is C"-uniform. The degree of smoothness required for ¢ to obtain
convergence in the C™ in the above expression depends upon m and the dimension d. For

our purpose, we choose m > d. The coefficients ¢,, are explicit by formula 5.
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Let us denote this function’s representation of degree N by a series of zonal harmonics by
N
C§ )(51; M)
C( ) 61)771 Z Spn

n<N

For every 6 > 0 there exists N so that we have the estimate

|[CM (& m) — Ol M) emsa-1y < 6.

In the case of i copies of spheres, we define inductively in the same manner as for C;. Let us

for the moment make all dimensions equal by the imbedding discussed above.

N)(fh e &R, M) = Eak_l(O,ij,Vi(£1, e Q1M ey Me—t) | d(ag—1, Ek—1) = d(Mk, Ek))

We claim the identity

)7
(7) G (& mma, - o) = anﬂZk M-

n<N

This is trivially true for « = 1. For ¢ > 1 induct on the number of parameters using Lemma
5.9:
= Eq_,(Ci (517527 e @1 Mim) | d(@im1, §-1) = d(mi, &)

= al 1 <2 QDnHZk 77k |da’2 1752 1>:d<77@7£z)>

n<N

= Z gpnn Eq, 1(25(?_)1 | d(ai—1,&i1) = d(1:, &)

n<N

= e H
n<N
The first equality is the definition of C’Z»(N), the second one is the induction hypothesis and
the last an application of Lemma 5.9.

It follows that neither C; nor C’i(N) depend on the order chosen in their definition and

C’i(g;m,...,nz ngnnZ(n

where the convergence is in C"™ in each variable.

Next, we study the terms arising in multipliers of the form C; (V) When all dimensions are

equal, indeed, ]_[k 1 Z n) (nx) has the important property that, as a product of n-homogeneous
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polynomials, has only terms of the form

i i d
Oék, i
© [T - [T (1)
k=1 k=1 \Jjr=1
where 7, € S*! and «y, = (i, ) are multi-indices with |ay| = 2, Okj, = n for all k. This
form is inhertited by C’Z-(N) with varying n. It shows that CZ(N) is indeed a polynomial in
the variables ]_[2:1 Mkj,- When the dimensions are not equal, observe that by restricting to
actually arising number of variables we certainly lose harmonicity but not n-homogeneity or

the required form of our polynomials. O

Proof. (of Lemma 5.8) By Lemma 5.5 we know that for each parameter 1 < s <[ there exists
a tensor product of cones D, = @kels D(&, i) with v := >3 rp < m/2 and &, € Ty, and

test functions f; supported as described in Lemma 5.5 part (2) so that

Ty [T, 81 - 1)z 2 Bl

where f = ®'_, f.. We make a remark about the apertures r,. Let d(-,-) denote geodesic
distance on S, where antipodal points have distance 7. Let 5(8> be the set of directions
of 55. Remember that according to Lemma 5.5, one component had a specific direction
&}s) € T, and possibly large aperture with (1—1—7’)7’1(,5) < /2. Let us choose the other directions
arbitrarily but with apertures rés) small enough so that (1 + 7')(7“1(,8) + (i — 1)rés)) < m/2. Now
choose an aperture r, < 7/2 so that (14 7)(r$” + (i — D)rl) < r, < 7/2.

Writing is = ||, we find Journé type cone multipliers D, = C;, (5(5); -) according to the
construction above with center {<8> and aperture 7;.

We are going to observe now that Dy =1 on spt(ﬁs) and Dy = —1 on the Fourier support
of fs. Let us drop the dependence on s for the moment. We see in an inductive manner that

C;(E:-) takes the value 1 in a certain ¢! ball of radius r < 7/2 centered at £&. We show that

Zd(flmnk) <r= 01(577177771) = 1.
k

When i = 1, the assertion is obviously true: d(&,n) < r = C1(&;m) = 1 by the choice of
@, r and definition of . For i > 1, we proceed by induction. Assume that ZZ_:II d(&k,ng) <
r=Ci_1(&,...,&-1;m,...,m-1) = 1. Let us assume that 22:1 d(&k,mk) < r. Remember-
ing the definition of 01(5, -) we assume d(a;_1,&-1) = d(n;,&). By the triangle inequality
S () +d(aioy, mion) < 203 A€k me) +d(ai1, &)+ d(Er,mion) = 2y dl€rome) <
r. So

Ci—1(&1,82, -y aim;m, -y mim1) = 1

for all a;_; we condition by. The statement for ¢ follows.
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Since C’l(g, -) does not depend upon the order of the variables in its construction, we are
also able to see exactly as done above that when o, = —1 for exactly one choice of k, then
D dloee,me) <r = C’l(f: M,y .. m) = —1.

Consider associated multi-parameter Calderéon-Zygmund operators T p, and ﬁs = X)e 7. Idg
and Id;, the identity on the " variable. Now

[Tip,,....[Tip,.b]..1(f) = [Tip, + dy,...,[Tip, + Id;, 6] .. ](f)
l

= X)(T,p, + d,)(bf)

s=1

: ! = !
With | @i (Top, + 1d)0F)2 = [&oi T, 5,002 = [Ty 5,5+ [T 5,00 J(Nl2 2
1]l gpio, (riy We get the desired lower bound

||[T17D17 SRR [Tl,Dzv b] B ']|‘L2(RJ)Q e ”b”BMOI(RJ)'

O

Let us illustrate the base case (S')? by a picture. The picture is simplified in the sense

that the odd function ¢ above is replaced by an indicator function of an interval.

Sl Cone functions based on the oblique strips containing E

are averaged. In the two-dimensional case, S', expecta-
tion is over a one or two point set only. The rectangle
around E with sides parallel to the axes illustrates the
support of the tensor product of cone operators with
St direction é’ The longer side is the aperture that arises
] [ ed ] | from the Hankel part [17]. The short sides can be cho-

sen freely as they arise from the Toeplitz part and is

chosen small so that the rectangle fits into the oblique

square. The other small rectangle corresponds to the

Figure 1: R? x R? Fourier support of the test function f.

Now, we are ready to prove our main theorem.

Proof. (of Theorem 5.1)

Different from the Hilbert transform case, both lower bounds require separate proofs. This
is a notable difference that stems from the loss of orthogonal subspaces in conjunction with
the special form of the Hilbert transform only seen in one variable. It does not seem possible
to get a lower estimate (3)=(2) directly.

(1)< (2) The upper bound (1)=(2) is trivial and follows like the estimate 4.1. The lower

bound (2)=(1) follows from Wiener’s lemma in combination with the main result in [17],
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the two-sided estimate for iterated commutators with Riesz transforms, similar to the first
arguments used in 5.5.

(1)< (3) The upper bound (1)=(3) follows from 4.1. The lower bound (3)=(1) uses the
considerations leading up to this proof: Suppressing again the dependence on s, we see that
the multiplier C; is an odd, smooth, bounded function in each 7, when the other variables
are fixed. Furthermore, since o, written as a function of ¢t = (¢, ) is odd with respect to
t = 0, then the above series has ¢,, # 0 at most when n is odd and thus Zg(") is odd. So CZ(N)
is as a sum of odd functions odd.

We are now also ready to see that T¢g, the Journé operator associated to the cone C’Z(g, )
as well as the operator associated to Ci(N) (5’, -) are paraproduct free. Infact, applied to a test
function f = &), fr with f; acting on the k™ variable and where f; = 1 for some [ gives

—

Tz f) = 0. To see this, apply the multiplier C’i(N) (&;+) in the [ variable (acting on 1) first,

leaving the other Fourier variables fixed. The multiplier function

= CVEmyom) = 3 ez ) [T 287 (m)
n<N k#lk=1
is, as a sum of odd functions, odd on S%~!, bounded by 1 and uniformly smooth for all
choices of 7, with k # [. As such it gives rise to a paraproduct-free convolution type
Calderén-Zygmund operator in the [ variable whose values are multi-parameter multiplier
operators.

Due to the convergence properties proved above, the difference

Ci(&) = V(€
gives rise to a paraproduct free Journé operator with Calderén-Zygmund norm depending on
N. This is seen by an application of an appropriate version of the Marcinkievicz multiplier
theorem.

By our stability result, Corollary 4.5, there exist integers N, so that CgNS)(é; -) with & € Ty
is a characterising set of operators via commutators for BMOI(RJ). This is a finite set of
possibilities because of the universal choice of the r, and finiteness of the set T. Using the
multi-parameter analog of the observation [AB,b] = A[B,b] + [A,b]B and the special form
of the CS(Ns)(é'; -), leaves us with the desired lower bound: Observe that when [AB,b] has
large L? norm then either [A, b] or [ B, b] has a fair share of the norm. We use this argument
finitely many times in a row for operators that are polynomials in tensor products in Riesz

transforms )., Ry, j,. This finishes ((3)=(1)). O

6. WEAK FACTORIZATION

It is well known, that theorems of this form have an equivalent formulation in the lan-

guage of weak factorization of Hardy spaces. We treat the model case R = R(@1.d2d3) anq
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BMO13)(2) (R(Z) only for sake of simplicity. The other statements are an obvious generaliza-
tion. For the corresponding collections of Riesz transforms Ry, and b € BMO 13)(2)(RY),

1 < s <3, by unwinding the commutator one can define the operator 17 such that
([ Ra,jos [ R,y B o, BN f5 912 = <0, 1L5(f, 9)) L2

Consider the Banach space L?L? of all functions in L' (R‘Z) of the form f = >'2 > TI+( g : @Dg )
normed by

1 £l 2arz = mf (>N 167267 2}
j 7

with the infimum running over all possible decompositions of f. Applying a duality argu-
ment and the two-sided estimate in Corollary 5.2 we are going to prove the following weak

factorization theorem.

Theorem 6.1. Hj (R4%2) @ LY (R%:) + LY (RY) @ H},(RW2%)) coincides with the space
L%« L%, In other words, for any f € Hp (RU%2)) @ LY(R%) + LYRY) @ Hp, (R@24)) there
exist sequences ¢!, € L? such that f = 25 25 15 J b)) and ||f|| ~ DN AN

Proof. Let’s first show that L? + L? is a subspace of H} (R@%)) @ LY (R%) + LY (R") ®
H} (R(@243))  Recalling the remark after Theorem 2.3, this is the same as to show Vf € L2+ L2,

-

f is a bounded linear functional on BMO(y32)(R?). This follows from the upper bound on

the commutators since
0,3 (6], 40)) = >0 U Rayo, [Rujy Rs gy, b1, 1)
;i R
Now we are going to show

sup {1 [ 015 112z < 1} = blvio

feL2xL2

which gives the equivalence of H} (R@4)) @ L1(R%) + LY(R") @ HE, (R@2%)) norm and
the L? « L? norm, thus showing that the two spaces are the same.
To see this, note that the direction < is trivial, and the direction = is implied by the

lower bound of commutators. For any b € BMO;3)(2), there exists ;’such that HbHBMO(13)(2) <
[R5, [R1.j, Rs s, b]]|. Hence, there exist ¢, € L* with norm 1 such that

HbHBMO(13)(2) S ’<[R2,j27 [RLJ& R3,j37 b]]¢7 ¢>| = Kb’ H5(¢7 ¢)>| < LHS,

which completes the proof. O

7. REMARKS ABOUT OUR RESULTS IN [P

As mentioned before, the two-sided estimates stated in section 5 and in particular Theorem
5.3 hold for all 1 < p < o0. The fact that upper estimates hold in L? in the case where no
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tensor products are present is proved in [17] as well as [18]. It stems from the fact that
endpoint estimates for multi-parameter paraproducts hold for all 1 < p < oo [22], [23]. The
tensor product case can be derived following the argument for Theorem 4.1. The lower
estimate or the necessity of the BMO condition can be derived from interpolation. Infact,
suppose we have uniform boundedness of our commutators with operators running through all
choices of Riesz transforms and some symbol b in LP. Then by duality, we have boundedness
in L? where 1/p + 1/q¢ = 1. In fact, [T,b]*f = —[T*,b]f = —[T*,b]f shows that the
boundedness of adjoints is inherited. The same reasoning holds for iterated commutators of
tensor products. Thus by interpolation, the boundedness holds in L? and the symbol function

b necessarily belongs to the required BMO class.
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