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Initial boundary value problem and asymptotic stabilization of the
Camassa-Holm equation on an interval.

Vincent Perrollaz *

June 16, 2010

Abstract. We investigate the nonhomogeneous initial boundary value problem for the Camassa-Holm equation on
an interval. We provide a local in time existence theorem and a weak strong uniqueness result. Next we establish a
result on the global asymptotic stabilization problem by means of a boundary feedback law.
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1 Introduction

1.1 Origins of the equation and presentation of the problems

This article presents results concerning the initial boundary value problem and the possibility of asymptotic
stabilization of the Camassa-Holm equation on a compact interval by means of a stationary feedback law
acting on the boundary. The Camassa-Holm equation reads as follows (with & a real constant):
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trx

v+ 2k.0,0 + 30.0,v = 20,0.0%,v + v.0°

rrx

v for (¢,z) € [0,T] x [0,1]. (1)

The Camassa-Holm equation describes one-dimensional surface waves at a free surface of shallow water under
the influence of gravity. Here v(t, z) represents the fluid velocity at time ¢ and position z. It is interesting to
note that according to [2], it can equally represents the water elevation.

Equation (1) was first introduced by Fokas and Fuchssteiner [17] as a bi-Hamiltonian model, and was derived
later as a water wave model by Camassa and Holm [2]. Tt turns out that this equation was also obtained as
a model for propagating waves in cylindrical elastic rods, see Dai [12].

Equation (1) shares many features with the KdV equation, see [21]. It is bi-Hamiltonian, completely

integrable, and admits soliton solutions see [2, 7, 9, 17, 23]. However, it can also model breaking waves, in
fact in H*(T) (s > 2) the solution generally develops singularity in finite time, see [4, 5, 6].
The Cauchy problem of (1) has been investigated in great details both on the torus and on the real line, see
[1, 3, 8, 13, 14, 20, 24, 26]. On the other hand, the study of the initial boundary value problem is much less
complete, the homogeneous case was treated in [15] and in a more general setting in [16]. Finally a special
case of the inhomogeneous case is considered in [28] (the boundary condition is that there is a constant C'
such that V¢ > 0 we have v(t,z) — C).

|z|—+o0
The first part of this article will be devoted to the proofs of a local in time existence theorem and of a
weak-strong uniqueness result for the initial boundary value problem of (1).
To explain our boundary formulation of (1), let us first remark that (1) is equivalent to the system:

(2)

Oy + 0.0,y = —29.0,v,
Yy—hr= (1 - azz)v
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This formulation of (1) and the vorticity formulation of the two dimensional Euler equation for incompressible
perfect fluids (U is the speed and w its vorticity) share similarities:

Ow + (UV)w = 0,
div U =0, (3)

curl U = w.

In both (2) and (3) there is a coupling between a transport equation and a stationary elliptic one. The initial
boundary value problem for the two dimensional incompressible Euler equation was treated by Yudovitch in
[27], where he showed that the problem is well-posed in a classical sense with strong solutions if one prescribes
the initial velocity or vorticity, the normal velocity on the boundary and also the vorticity of the fluid on the
parts of the boundary where fluid enters.

Similarly we will study the initial boundary value problem of (2) with v prescribed on the boundary, and y
prescribed at time 0 and on the parts of the boundary where fluid enters.

Remark 1. Note that (2) is even more similar to the vorticity formulation of the three dimensional incom-
pressible Euler equation which reads:

Ow + (UV)w = (w.V)U
divU =0 (4)
curlU = w

because here we have a stretching term (w.V)U similar to the term —2y 0,v in (2). Kazhikov has studied the
local in time initial boundary value problem in three dimensions see [22]. However the Euler equation is much
less understood in three dimensions. For example it is still unknown whether a singularity may appear in
finite time, see [25]. Furthermore the asymptotic stabilization problem is still open for the three dimensional

incompressible Euler equation which is not the case in two dimensions thanks to the papers of Coron [11] and
Glass [19].

In the second part of the article we will investigate equation (1) from the perspective of control theory.
For a general control system

{:1'7 = f(z,u), (5)

I(to) = X,

(2 being the state of the system and u the so called control), we can consider two classical problems among
others in control theory.

1. First the exact controllability problem which asks, given two states x¢ and z; and a time T to find a
certain function u(t) such that the solution to (5) satisfies 2:(T) = .

2. If £(0,0) = 0, the problem of asymptotic stabilization by a stationary feedback law asks to find a
function u(z), such that for any state xy a solution z(t) to @(t) = f(z(t), u(z(t))), x(to) = o is global,
satisfies x(t) ¢ 0 and also

— 400

VR >0, 3r > 0 such that ||zo]| <r = VteR, ||z(t)|] <R. (6)

It may seem that if we have controllability, the asymptotic stabilization property is weaker. Indeed for any
initial state xg, we can find T and u(t) such that the solution to (5) satisfies (7)) = 0 in this way we
stabilize 0 in finite time. However this control suffers from a lack of robustness with respect to perturbation.
Indeed with any error on the model, or on the initial state, the state at time T will only be approximately
0. This can be disastrous if = 0 is unstable for the equation & = f(x,0). This motivates the problem of
asymptotic stabilization by a stationary feedback law which is clearly more robust. In fact in finite dimension,
it automatically provides a Lyapunov function.

Concerning the Camassa-Holm equation, O. Glass provided in [18] the first results for the controllability
and stabilization. More precisely he considered:
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v 4 26.0,0 + 30.0,0 = 20,0.0%,v + v.05, v + g(t, x)1,(x) for (t,z) € [0,T] x T, (7)



where the control is the function g, and w is a nonempty open subset of the torus T. He proved that for
any time T' > 0 we have exact controllability in H*(T) (s > %), and also proposed a stationary feedback law
g: H?(T) — H~1(w) that stabilizes the state v = —x in H?(T). We will consider those problems, but in our
case the control will be the boundary values of v and y. Since [0, 1] can be seen as T \ w the result of Glass
on exact controllability by a distributed term on the torus implies a controllability result by boundary terms
as soon as the initial boundary value problem makes sense, which will be the case by the end of the first part
of this article (we also need enough regularity on the solution).

Therefore we will only investigate the asymptotic stabilization by a stationary feedback law acting on the
boundary of (1). This time again we will consider the analogy with the asymptotic stabilization of the two
dimensional Euler equation of incompressible fluids result by Coron [11] for a simply connected domain and
Glass [19] for a general domain. It should be remarked that in three dimension the problem of asymptotic
stabilization is still open. In both cases one of the main difficulty is that the linearized system around the
equilibrium (which are (y,v) = (0, —k) for (2) and (w,U) = (0,0) for (3)) is not stabilizable, so we will use
the so called return method introduced by Coron in [10]. Since the evolution equation of (2) is on y, it will
be much easier to work if we consider y and not v to be the state of the system.

1.2 Results

We begin with a general remark that will be used many times later.

Remark 2. Changing v(t,x) in —v(t,1 —x) and y(t,x) in —y(t,1 — ) we change k into —k, therefore from
now on we will suppose that k < 0 (this choice is more convenient for the stabilization part).

Let T be a positive number. In the following we take Q7 = [0,7] x [0, 1]. Let v; and v, be in C°([0,T], R)
and yo € L>(0,1). We set

I={te0,T)| w(t)>0}and ', = {t € [0,T] | v-(t) < 0}.
In the following, we will always suppose that the sets
P ={t€0,T]| v(t)=0} and P. = {t € [0,T] | v-(t) = 0} (8)

have a finite number of connected components. Finally let y; € L>(I';) and y,, € L>°(T',.). The functions vy,
vy, Yy, and y, will be the boundary values for the equation and yg is the initial data.
Let now A be the auxiliary function which lifts the boundary values v; and v, and is defined by:

(1-02)A(t,z) =0, V(t,z) € Qr,
A(t,0) = v (t), A(t,1) =v.(t), Vtel0,T].

Setting v = u + A, we can further rewrite the system (2) as:

y(t,x) — k= (1 - 0%, )u(t,z), dz ,
{u(t, 0) =u(t,1) =0, dt a.e., (10)
{aty+ (u+ A).0py = —2y.0,(u + A), an

y(0,.) = o, y(-,0)r, =y and y(., )r, = ¥

The meaning of being a solution to (10)-(11) will be specified later but we will have v € L ((0,T); Lip([0, 1]))
and y € L>®(Qr). In the first part of this article, we will be interested in the initial boundary value problem
on the interval for the system (10)-(11). We will first prove a local in time existence theorem:

Theorem 1. For T > 0, we consider v,v, € C°([0,T]) such that the sets P, and P, have only a finite
number of connected components. Let yo € L°°(0,1), y; € L>°(I'}) and y, € L>°(T,.). There exist T > 0, and
(u,y) a weak solution of the system (10)-(11) with uw € L ((0,T);C-*([0, 1])) NLip ([0, T]; H}(0,1)) and y €
L>(Qr). Moreover any such solution u is in fact in C°([0,T]; W>?(0,1)) N C*([0,1]; Wy?(0,1)), ¥p < +00.



Furthermore the existence time of a mazimal solution is larger than min(T,T*), with

* In(1+ /Co) >
Lo 12
%1%{ (2(01 + (2 +sinh(1))(Co + |k + B)) (12)
Cp = max (||y0||Loo(0,1)a yillzo= (), ||yr||me)) 7 (13)
1
@ = tanh(l)'(||v’”||L°°(07T) + il o,1))- (14)

In a second step, we will show a weak-strong uniqueness property:

Theorem 2. Let (u,y) € L> ((0,7);C**([0,1])) N Lip ([0, T]; H§(0,1)) x L>([0,T]; Lip([0, 1])) be a weak
solution of (10) and (11) then it is unique in L> ((0,T);C*([0,1])) x L>=(Qr).

In the second part of the paper, we will be interested in the asymptotic stabilization of the system (1) by
a boundary feedback law. Let 4; > 2.sinh(1), A, > A;. cosh(1) + sinh(2), M > 0 and T > 0. Our feedback
law for (2) reads:
vi(y) = Ar-l[ylleoqoa)y — %
) = Arllyllcooy — 5 - (15)

y € C’([0,1]) = < vy
gi(t) + M.y (t) =0

This allows us to get the following theorem:

Theorem 3. For any yo € C°([0,1]) there exists (y,v) € C°(Q7) x C°([0,T],C3([0,1])) a weak solution of (2)
and (15) satisfying

Furthermore any mazimal solution of (2), (15) and (16) is global, and if we let

A, — A;.cosh(1) — sinh(2) 1 2.c.|[yolleo(po,1))
dr=—. In(—mm———=
sinh(1) ) and 7 = 77 In( M )

¢ = min(A; — 2.sinh(1),

then we have: )

M
Vit > t,. S S TI M=
27y lleeqoay = 5707 FM(t—1)

2 Initial boundary value problem
We first define what we mean by a weak solution to (11). Our test functions will be in the space:
Adm(Qr) = { € CH(Qr) | ¥(t,z) =0 on [0, T\ T} x {0} U [0,T]\ T, x {0} U {T} x[0,1]}. (17)

Definition 1. When u € L*((0,7);Lip([0,1])), a function y € L>(Qr) is a weak solution to (11) if
Vi € Adm(Qr):

1

/ / YO0 + (u+ A0, — Dy (u + A))dtda — — / yo ()0, 2)dx
Qr 0

+ / ({8, 1)y (B (£) — (1, 0)on(B)ua (b)) .

Remark 3. It is obvious that CL(Qr) C Adm(Qr) therefore a weak solution to (11) is also a solution to
(11) in the distribution sense. And it is then clear that a regular weak solution is a classical solution.



2.1 Strategy

In this part we will prove Theorems 1 and 2. Let us first explain the general strategy.

We want to solve (10) and (11). Equation (10) is a linear elliptic equation, and with u fixed (11) is a linear
transport equation in y, with boundary data. Even when the flow is regular enough (and it will be in our
case) to use the method of characteristics to solve the equation, singularity will generally appear, no matter
how smooth the initial and boundary datas are, because of the boundary.

~
data comes from boundary after 1
| data comes from initial value

t

0
1

0

It is therefore useful to deal with weak solution of (11) belonging to L (£27). This is done in the appendix.
Once we know how to deal with each equation separately and have appropriate linear estimates, we use a
fixed point strategy. It is interesting to remark that Yudovitch dealt with the two dimensional incompressible
Euler equation with nonhomogeneous boundary conditions in a similar way. However with y only essentially
bounded, we cannot easily estimate the difference of two couples (u1,y1) and (us2, y2), therefore we will rather
use a compactness argument and a Schauder fixed point instead of a Banach fixed point. The auxiliary
function A may be less regular in time than « and this is why we will be able to transfer the time regularity
of y on u. We will only prove a weak-strong uniqueness property, for the same reason that prevented us from
using a Banach fixed point theorem.

Therefore in Subsection 2.2 we will define precisely the fixed point operator F and study some of its properties.
In Subsection 2.3 we will precise the domain on which we will apply Schauder’s fixed point theorem, we will
prove the continuity of F in Subsection 2.4 and also study the additional properties of a fixed point. Finally
in Subsection 2.5 we will prove the weak-strong uniqueness property.

2.2 The operator F

The operator F is obtained as follows. Given u in L> ((0,7);C**([0,1])) NLip ([0, T]; Hg(0,1)) we will define
y to be the solution of (11), and once we have y in L (), we introduce @ solution of

(1-0%)i=1y— k. (18)

Then F is defined as the operator associating @ to u.
Now let us describe the auxiliary function A once and for all.

Proposition 2.1. The function A defined by (9) satisfies:

V(t,z) € Qp Alt,z) = .(sinh(z).v,. () + sinh(1 — z).v;(¢))

sinh(1)
A€ ([0, T]:c>([0, 1)),
cosh(1)

sih(n) lrlle<om + [l m)-

and hence || Al Lo (0, 1):c11([0,1])) < T

As in Subsection A.1, for a function w € L™ ((0,T);C**([0,1])) N Lip ([0, T]; Hg(0,1)) we consider ¢ the
flow of u+.A. For (t,x) € Qr, ¢(.,t, ) is defined on a set [e(t, z), h(t, z)], here e(t, x) is basically the entrance
time in Qp of the characteristic curve going through (¢, z).

Lemma 1. The flow ¢ satisfies the following properties:



1. ¢ is C* with the following partial derivatives
019(s,t, ) = (u+ A)(s, o(s, 1, )),

Ood(s,t,x) = —(u+ A)(t, x). exp(/ts Oz (u+ A)(r, d(r,t, z))dr),
0u0(s.t,2) = exp( | 0. (u+ A)(r (0. t,2))dr)

2. Vj € {1,2,3}, [19;0llco < (1+ [Ju+ Allco(q))e” 1P F A leoar)

3. if e(t,x) > 0 then ¢(e(t,x),t,x) € {0,1},

4. if h(t,z) < T then ¢(h(t,x),t,z) € {0,1}.

We introduce a partition of 27, which allows us to distinguish the different influence zones in Q.
Definition 2. Let

o P={(t,x) € Qr | 3s € [e(t,x), h(t, )] for which (¢(s,t,x) =0 and vi(s) =0)

or (p(s,t,x) =1 and v.(s) = O)} U{o(s,0,0) | s < h(0,0)} U{e(s,0,1) | s <h(0,1)},

o I ={(t,x) € Qpr\ P | e(t,x) =0},
o L={(t,x) € Qr \ P | e(t,z) >0 and ¢(e(t,x)t,x) =0},
e R={(t,z) € Qpr \ P | e(t,x) > 0 and ¢(e(t,z)t,z) = 1}.

Remark 4. The set P is constituted of the problematic points. Indeed those points belong to the character-
istics tangent to the boundary, which are precisely the singular points of e and h.

Proposition 2.2. We have the following properties.
1. The sets P, I, L and R constitute a partition of Qr.
The set P is negligible and each spatial section of P is negligible for the 1d lebesque measure.
The function e is C* on LURUI.
If (t,x) € L then e(t,xz) € Ty and if (t,x) € R then e(t,z) € T,.

All those sets are invariant by the flow ¢.

S G

If (t,x) € L then V& € [0,z], (¢t,&) € PUL, if (t,x) € R thenVZ € [z,1], (t,Z) € PUR and if (t,x) € I
and (t,x+2') € I then VT € [x,x + 2], (t,2) € PUI.

Proof. The points 1, 4, 5, 6 are easy. The second point is true because for any ¢ € [0,7T] the set {(¢,z) | x €
[0,1]} N P} is injected in the set of connected components of P, and P, so it is countable and therefore 1d
negligible. It implies that P itself is 2d negligible.

And the third point is shown in Proposition A.3

r
e(t.x)

b(s, r, 0)



For u € L* ((0,T);C*1([0,1])) N Lip ([0, T]; H}(0,1)), we define y € L>(Qr) by:
o if (t,z) el y(t, ) = yo(¢(0,t,z)). exp ( 2f0 (u+ A)( ¢(s,t,:v))ds) ,
o if (t,z) € L y(t, ) = yi(e(t, z)). exp ( 2f(t ) (u+ A)(s, qS(s,t,x))ds) ,

o if (t,2) e R y(t,x) = yr(e(t, ) exp( 2f(tz e (u+ A) (s, qS(s,t,x))ds) .
And we have:

1. the function y is the unique weak solution of (11) in the sense of definition 1, thanks to Theorem 6
and Proposition A.7(which can be applied because u € C°(Qr) and d,u € C°(Qr)),

2. since y € L>®(Qr) and satisfies (11), we immediately get y € W>°(0,T, H~1(0,1)),

3. the function y satisfies the estimates:

yll=(@r) < max(l[yol|ze<, [lyelle, [lyr]|Lo) exp (2T (10zull L= (r) + 102 AllL=(0r))) ,  (19)

10yl | Lo (0,7, 1-1) < 3. max ([|yol| o 0,1): [l oo 0y 1yrl oo (1))
x exp (27T ([[0sull Lo (7) + [|0Al L~ (0r)))

X (l|u||L°°((O,T);Lip([O,1])) + ||~A||L°°((0,T);Lip([0,1]))) ) (20)

4. if (t,#) € ITULUR and if (s,s") € [e(t,z), h(t,x)]?, one has the following property:
Vs, 85, 1.2)) = 06 ) ex (=2 [ 0u(u+ Aot ).

We can now focus on the elliptic equation (10).
Lemma 2. There exists a unique @ € L* ((0,T), H}(0,1)) such that
vt € (0,T), y(t,.) —r=(1—02,)a(t,.) inD'(0,1).

Furthermore @ € L* ((0,T);C**([0,1])) N Lip ((0,7), H3(0,1)) since y € L>*(Qr) N Lip([0, T]; H~1(0,1)).
Moreover we have the bounds

@] Lo (0.1):cr1(j0,1)) < (1 + 2sinh(1)).([&] + [[yl|L=(r)); (21)
||atﬁ||Loo((o,T);Hé(o,1)) < ||aty||L°°((0,T),H*1(0,1))- (22)

Proof. In the first point, the constant comes from:

. Y A N ;. sinh(x) Lo L
u(t,z) = /0 sinh(z — Z).(k — y(t, 2))dZ — Snh(]) ./0 sinh(Z).(k — y(t, 2))dz. (23)

The second point is classical |
Finally we can define F by:
u € L ((0,7): ([0, 1])) N Lip (0, T); B} (0,1)) ,
F(u) =u € L ((0,7);€"([0,1])) NLip ([0, T); Hy (0,1)) . (24)

We now introduce a domain for the operator F.



2.3 The domain

Let By and B be positive numbers, then we set:

CBo,By,7 = {u € L™ ((0,T);C"*([0,1])) NLip ([0, T); H(0,1)) | such that both
llull 2o 0,yer1(10,11)) < Bo and [[ullyiy (o1 m30,1)) < Bit- (25)
Obviously Cp,,B,,r is convex. We will endow Cp, g, v with the norm ||.||ze((0,7);Lip([0,1]))-
Lemma 3. There ezist positive numbers By, By, T, such that F maps Cp,.p, 1 into itself.

Proof. Let us first introduce the two following constants depending only on the initial and boundary condi-
tions

Co = max (||y0||Loo(o,1)a ||yl||L°°(Fz)7 ||yr||L°o(Fr)) )

cosh(1)
- sinh(1) '(HUTHL“’(QT) + ||Ul||L°°(0,T)).

Estimates (19), (20), (21) and (22) on y and @ now read:

[yl o7y < Co-exp (2T (||02ul| 0y + C1)) »
@[] Lo (0,7)5c11 (0,17)) < (1 + 2sinh(1)).(|&] + [yl Lo (@)
10eyl| Lo (0,721 (0.1)) < 3-Co-exp (2T ([0l oo (7) + C1)) - ([lull oo (0,7):Lip(0,17)) + C1) 5

||atﬂ||Loo((o,T);Hé(071)) < ||aty||L°°((0,T);H*1(0,1))-
Combining those estimates we get:

||ﬁ||Loo((07T);Cl,1([0)1])) S (1 + QSlnh(l)) (|I€| + Oo. exXp (2T (||axu||Loo(QT) + Ol))) y
||3tﬁ||Lm((o,T);H5(o,1)) < 3.Co. exp (27 (||0xul| L= (or) + C1)) - (Iull Lo ((0,1):Lip(0,1))) + C1) -
Now if w € Cp,,p,,r we have

]| Lo ((0,7):¢11(j0,17)) < (14 2sinh(1)). (|&] + Co. exp (2T (Bo + C1))),
||6ta||L°°((O,T);H§(O,1)) < 3.Cy.exp (2T (By + Cl)) (Bo+C4).

Finally, to obtain w € Cp, B, r it is sufficient that

(1 + 2sinh(1)). (|| + Co.exp (2T (Bo + C1))) < By
and By + 3.Cy. exp (2T (BO + Cl)) . (BO + Cl) < Bj.

Once we have chosen T" and By, it is easy to choose B; to satisfy the second inequality. For the first one we
just choose By sufficiently large and then T close to 0 . More precisely:

By > (1 + 281nh(1))(|/€| + Oo),

T In(rrhesm — k) —n(Co)
- 2(Bo+01)

It only to remains to maximize the bound of T' to get the minimum existence, and with H%gh(l) = |k|+Co+p
we get the result announced. O

Let us now prove the compactness of the domain.

Proposition 2.3. Cp, B, 1 is compact with respect to the norm ||.|| 1 ((0,1):Lip(0,1]))-



Proof. The fact that Cp, g, 7 is closed in L> ((0,T);Lip([0, 1])) follows from the weak™ compactness of the
domain in L> ((0,7);C**([0,1])) and in Lip ([0, 7]; H(0,1)), and a classical use of a limit uniqueness.

We now show the relative compactness of Cp, 5, r in L ((0,T);Lip([0,1])). Let (u,) be a sequence of
Cpo.B,.7- Since HE(0,1) < C2([0,1]) we can extract by Ascoli’s theorem a subsequence (u,) converging in
L>(Qr). But since we have

Vu € L((0,T); W(0,1)), [[0aullL=(0s) < 2-\/IIUIImeT)-||3%mUI|Lw<QT)7

we can conclude that (u,/) actually converges in L ((0,T); Lip([0, 1])). O

Before applying Schauder’s fixed point theorem, it only remains to prove the continuity of the operator
F.

2.4 Continuity of F and properties of the fixed points
We begin with a result about the continuity of F.

Proposition 2.4. The operator F : Cp, B,, 7 — CB,,B,,T 15 continuous with respect to ||.|| L ((0,7):Lip([0,1)))-

Proof. Let us take a sequence (uy,) which tends to u with respect to |[.|| e ((0,7):Lip([0,1]))- We call i, = F(uy)
and @ = F(u). Denote by ¢,, the flow of uw,, + .4 and ¢ the flow of u 4+ A. Thanks to Proposition A.4, we
have that ¢, P ¢ locally in C'. Let us show first that ||y, (¢,.) — y(t,.)||1(0,1) — 0 dt ae.

n—+00 n—

Let t € [0, T, having supposed that P, and P, have only a finite number of connected components (see (8)),
we can assume, reducing ¢ if necessary that v; and v, do not change sign on [0, ¢]. We will focus on the case
where v; > 0 and v, < 0, the situation:

0 5(t,0,0) b(t,0, 1) 1
#n(t,0,0) én(t,0,1)

The charasteristics of ¢,, and ¢ may or may not cross before time ¢, but we are only interested in their relative
positions at time ¢, which here correspond to ¢(¢,0,0) < ¢,,(¢,0,0) < ¢(¢,0,1) < ¢, (¢,0,1). The other cases
are proved in the same way. We first point out that since u,, € Cp, g, v we have a bound for (y,) in L (Qr).
Now

1 (;5(15,0,0) ¢7n(t,0,0)
/ ly(t, 7) — gt a)|dz = / Yt 2) — gt 2)|d + / ly(t, ) — yn(t, 2)|de
0 0 ¢(t,0,0)
¢(t,0,1) ¢n(t,0,1)
4 / y(t,2) — gt 2)|d + / ly(t, 2) — yu(t, 2)|da
¢n(t,0,0) qb(t,O,l)
1
+/ ly(t, z) — yn(t, z)|dx
¢7l(t,0,1)

=L+ L+ I3+ I+ Is.

Since ¢y, (t,0,0) — o(t,0,0) and ¢, (t,0,1) R ¢(t,0,1) and thanks to the uniform bound on
n—-+oo n—r+00

[[Yn||Lo(r) We see that both I and I tend to 0 when n goes to infinity.



For I; we have:

#(t,0,0)
n- [
0

yi(en(t,z)). exp (—2/ O (up, + A)(r, op (1, t, x))dr)

n ()

— yie(t,x)). exp (—2/ O (u + A)(r,gb(r,t,:z:))dr) dx.

(t,z)

But thanks to Proposition A.2, if (¢,z) ¢ P (defined by ¢) we have e, (¢, z) o e(t,z). This implies that
n—r+00

if y; were continuous, since we have a uniform bound on ||un || e ((0,7):Lip(0,1])) the dominated convergence
theorem would provide:

n—-+o0o

¢(t,0,0)
L= / ly(t,) — yu(t, 2)|dz —— 0.
0

The same idea can be applied to I3 and I5.

Hence for i, y, and yo continuous we have ||y, (t,.) — y(t,.)|[z1(0,1) ——— 0.
’ n—+o00

But now thanks to inequality (56), we have:

ly(t, e, < (ollzro,1) + lwllLro.nnrs + Nyrellzio,pnr,))
-t Al gy 219+ Dllar - (26)

yn (s a0,y < (ollzrco,ny + lwllLr o,y + Nyl L o.0nr—r)
X [[tn + Al poe (€210 CenFA e (27)

So by density of C° in L', and with the uniform bound on [|tn||Lo=((0,7);Lip([0,1]))> the general case follows,

||yn(ta ) - y(ta ')”LI(O,I) — 0.

n—-+oo

Now only the restriction on ¢ remains, we recall that until now we supposed that v; and v; did not change

sign on [0, ].

But if v; and v, do not change sign on [0, ;] and then on [t1, ], we have ||y, (t1,.) —y(t1,.)||L1(0,1) — 0.
n—-+0o0

Let us call ¢, the solution of 9@, + (un + A)0uln = —2.9n.0x(u, + A) on [t1,t] X [0,1] with initial value
y(t1,.) and boundary values y;, y,. Due to what precedes we have ||, (t,.) — y(t,.)||1(0,1) e 0. Now

we can conclude that:

yn(t,.) = y(t, Iz, Slyns ) = Gnlt Mrron) + [[Fn(ts ) =y )z
<yn(t1,.) = Gnlte, )llor0,1) - [un + A||L°°(QT)-€3(t_t1)H8w(u”+A)"LM(QT)

+Gn(t, ) =yt o)
ynlte, ) = y(tr, Lo -lun + AllL=@r)-€°

+n(t, ) —y(t, )llzro,)

—F 0.
n—-+oo

(t=t1)[19 (un+A)|| Loo ()

Therefore the convergence in L!(0, 1) propagates on each interval where v; and v, do not change sign, thanks
to the hypothesis on P, and P, we have:

vte [0, 7] lyn(t, ) =y 01y —= 0 (28)

n—-+oo

Combining this first convergence result with the uniform bound of y,, —y in L>°(2r) and using the dominated
convergence theorem in the time variable we obtain:

Yn — Y In Ll(QT).

10



In term of @ and w,, it implies that
i — @ in L0, T, W*(0,1)).

But we also have Vn € N F(u,) € Cp,, B, 1, and we know (see 2.3) that Cp, B, r is compact therefore
Uy — @ in Cp,,p,,r (as the unique accumulation point of the sequence). O

Now we can apply Schauder’s fixed point theorem to F and we get a solution
ue L>((0,7);¢"*([0,1])) N Lip ([0, T]; H;(0,1)) .
The additional regularity properties of any solution u, meaning
Vp > +oo  ue CO([0,T], W?P(0,1)) N C1([0,1], W, *(0,1)),

follow directly from the construction of F and from Proposition A.8.
To obtain the minimum existence time announced we just have to realize that the only possible reduction of
T occured in subsection 2.3. This concludes the proof of Theorem 1.

2.5 Uniqueness

To conclude the part about the initial boundary value problem, we prove a weak-strong uniqueness property.

Theorem 4. Let (y,u) and (g,4) be two solutions of (10) and (11) for the same initial and boundary data,
and such that § € L*((0,T);Lip([0,1])). Then y =g and u = a.

Proof. Define Y =y —vy and U = 4 — u. Then we have:
U € Lip ([0,T]; Hy(0,1)), (1—02,)U(t,.) =Y (t,.) dt ae.,
and Y € L (Qy) is the unique weak solution of:
Y + (u+ A)0,Y = =2.Y.0,(u+ A) — 9,5.U — 29.0,U,

with Yo = 0, ¥ = 0, ¥, = 0. Using Theorem 6 and formula (50) we get with b = —2.0,(u + A) and
f=-U.0.7—2y.0.U:

For (t,x) e P, Y(t,z) =0,
For (t,z) € I, Y(t,x)

/f Ttx)exp(/

For (t,z) € L, Y(t,z)= /(t x)f(r,(b(r,t,x)).exp </Tt

b(r', o(r' ¢, x))dr’) dr,
b(r', d(r’, t,x))dr’) dr,
t

t

For (t,z) € R, Y (t,x) :/

st [t
e(t,x)

T

Now since [[U(t,.)|[ze(0,1) < 5./[Y (%, )|[ £ (0,1) and §, 0,7 bounded, we see that for some C > 0:

I[f(t )0,y < CHY (L, )| Lo 0,1y dt a.e.,

and since b is bounded, we get that for some C’ > 0:

t
Y@< Y Gllimonds di ac.

and we conclude using Gronwall’s lemma. O
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3 Stabilization

In this part we prove Theorem 3. Here again we suppose that £ < 0. We begin by reformulating (2) and we
also give the corresponding statement to Theorem 3 for this new formulation.
Rather than (2) we will work on:

t,0) =v(t) + &, A(t,1) = v.(t) + &
This system is equivalent to (2) with the change of unknown
v=A+1i— k.

And our stationary feedback law still reads (15). One can check that Theorem 3 can be reformulated in
terms of those new unknowns as:

Theorem 5. Let A; > 2.sinh(1), A, > A;.cosh(1) +sinh(2), M >0, T > 0. For any yo € C°([0,1]) there
exists y € CO(Qr) such that if we define @ and A by:

Y(t,x) € Qp (1 —0%)a(t,x) =y(t,z), a(t,0)=u(t,1)=0,

V(t, I) € Qr (1 - 851).4(15,.%) = 07 A(ta O) = Al”y(tv ')||C0([0,1]) and A(tv 1) = ATHy(tv ')||C0([0,1])a

then y is the weak solution of

oy + (i 4+ A —k).Opy = —2.4.0. (0 + A). (30)
This function y also satisfies:

Vit e [0,T] Owy(t,0) + M.y(t,0) = 0,
Vz € [07 1] y(oa I) = yO(x)

Besides, if y is a mazimal solution of the closed loop system (15),(29) then y is defined on [0,400) x [0,1].

And finally if we let ¢ = min(A; — 2.sinh(1), 24 (;Cl)lsl?l((i) (@) ) and T = 3. ln(%), we have:

1

M
vt > t, . S T
27y lleeqoay < 5707 FM(t—1)

(31)
We now prove Theorem 5.

3.1 Strategy

Let us first describe the main steps of the proof of Theorem 5. In terms of the new unknowns, the equilibrium
state that we want to stabilize is y = 0, @ = A = 0. A first natural idea would be to look at the linearized
system around the equilibrium state. Its stabilization would provide a local stabilization result on the
nonlinear system. But the linearized system reads:

1) =0 : (32)
() + 5 At 1) = 0, (t) + &

In the case k = 0, the state y is constant therefore the system is not stabilizable.

In this situation we will apply a rough version of the return method that J.-M. Coron introduced in [10]. We
will try to use the control in order to put the system in a simpler dynamic where it is easier to stabilize.
When we look at the transport equation we see that the sign of @ + A — & controls the geometry of the
characteristics, and the sign of 0, (# + A) controls the growth of y along the characteristics.

Therefore we would like our feedback law to provide @ + A > 0 (since —x > 0) and 9,.(@ + A) > 0

12



Considering the estimates ((33),(34)) on @ we can get from the elliptic equation of (29) we see that with
o(t) = Arlly(t, lleooa)) — & vr(t) = Arlly(t, o o,1)) — K A will dominate @ and we will have the desired
signs.

For the existence of a solution we cannot adapt our proof of existence for the initial boundary value problem
completely. Our feedback law makes us lose some regularity in time because A is now an unknown and it has
exactly the time regularity of ||y(t,.)||co([0,1])- To compensate for this, we will work in the space of continuous
functions for y. This is now possible because the flow will always point toward x = 1. Therefore we have
to prescribe y;, and we just need to make a continuous transition at (¢,2) = (0,0) and have y; decreasing
in time. This is garanteed by Oy (t) + M.y;(t) = 0. In the next part we will prove the existence part of
Theorem 5. The asymptotic properties will be proved in the last part.

3.2 Existence of a solution to the closed loop system

Once again, we use a fixed point strategy on an operator S we describe now. We begin by defining the
domain of the operator.

Definition 3. Let X be the space of (g,N) € C°([0,T] x [0,1]) x C°([0,T)]) satisfying:
1. Y(t,2) €[0,T] x [0,1] g(0,2) =yo(x)  g(t,0) = yo(0).e~ ",
2.t [0,T]  |lg(t, )lleogo,1) < N (1),
3. N is nonincreasing and N(0) < ||y0||C0([0)1]).

Proposition 3.1. The domain X is non empty, convex, bounded and closed with respect to the uniform
topology.

The proof is elementary and one notices that (yo(z).e ™", ||yo||co(o,1))-¢ ") € X.
Now for (y, N) € X we define @ and A as the solutions of:

V(t,z) € Qr (1 —092,)u(t,x) = y(t,z) and u(t,0) = a(t,1) = 0,
V(t,z) € Qr  (1-0%)A(t,x) =0, A(t,0)= A; N(t) and A(t,1) = A, N(¢t).

One has the following exact formulas:

V(t,z) € Qr a(t,x) = — /Om sinh(z — Z).y(t, 2)dz,

. ~ N(1) . .
Y(t,z) € Qr A(t,x) = Snh(1) (A, sinh(x) + A;.sinh(1 — z)).
Therefore we have the following inequalities:
V(t,z) € [0,T] x[0,1]  [a(t, )| < 2sinh(1)[|y(t, .)lleo(o,11), (33)
|Ou(t, )] < 2cosh(1)]y(t, )leoqo,1y,  107,8(t, )| < (1 + 2sinh(1))]|y(t, )lleo o1y, (34)
< A, —2cosh(1)4, <
> . > A;. .

And in turn those provide:

Y(t,z) € [0,T] x [0,1] (a+ A)(t,z) > (A — 2.sinh(1)).||y(t, )l|co(o,1)) (36)

A, — 2.cosh(1).A; — sinh(2)
Sinh(1) Hly(t, lleoo,1)- (37)

Y(t,z) € [0,T] x [0,1]  8.(a+ A)(t,z) >

Now if ¢ is the flow of @ + A — k, ¢ is C* and since @ + A — k > 0 (thanks to the inequalities above),
o(.,t, ) is nondecreasing. This allows us to define the entrance time and then the operator S as follows. Let
e(t,x) = min{s € [0,T] | ¢(s,t,x) = 0} with the convention that min = 0.

Now for (¢,x) € [0,T] x [0,1], S(y,N) = (y, N) with:
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1. if x> ¢(t,0,0) g(t, z) = yo(d(0,t,x)). exp( 2f0 (@ + A)(s, ¢(s,t,))ds),
2. if 2 < 6(1,0,0) §(t,x) = yo(0).e~ M) exp(=2. [, ) Du(it + A)(s, @(s,,x))ds),

3. N(t) = [[§(t; )lleoo.-
From Theorem 6 we know that g is the weak solution of:
O+ (a+ A—r)0:§ = =200 (a+A)  §(0,)=yo  §(t,0) =yo(0)e M". (38)
Before applying Schauder’s fixed point theorem to S we prove the following identities.
Proposition 3.2. 1. The operator S maps X to X.
2. The family S(X) is uniformly bounded and equicontinuous.

3. S is continuous w.r.t. the uniform topology.

Proof. 1. It will be useful to distinguish the cases where yo(0) = 0 (case 1) and yo(0) # 0 (case 2). First re-
mark that § being continuous, N is continuous. Now in case 1, we have that V(t,x) € Qr, 2 < ¢(t,0,0) =
y(t,z) = 0 and both the continuity on {(¢,z) € Qr | > ¢(¢,0,0)} and the continuity at the interface
{(t,z) € Qr | x = ¢(,0,0)} are obvious.

In case 2, one must first remark that vt € [0,77], y(¢,0) # 0, so Vt € [0, T], 0 < [[y(t,.)l|cojo,1) < N(t).
This implies that every characteristic curve points to the right and so e corresponds to Definition A.1.
Therefore e is C! on {(t,z) € Qr | z < ¢(¢,0,0)} and continuous at the interface {(¢t,z) € Qr | x =
#(t,0,0)}, once again we see that 7 is continuous in Qp, and so is N.

Now it is straightforward from its definition that

Y(t,x) € [0,T] x [0,1], §(0,2) = yo(x), F(t,0) = yo(0).e” M.

It only remains to see that N = [|j(t, Jlleo(o,1)) is nonincreasing. Since 9, (4 + A) > 0 (see (37)), we
see from the definition of § that |g| does not increase along the characteristics, and since |g(t, 0)] is also
nonincreasing we can conclude.

2. Since X is already bounded and thanks to the first part of the proof, S(X) is bounded.
The equicontinuity of the family {N} being implied by the one of the family {7}, we will show that we
have a common continuity modulus for all {¢}. For now let us focus only on {(¢,z) € Qr | z < ¢(¢,0,0)}.
On this set §(¢,2) = 0 in case 1. In the second case, we need the following inequalities valid on Q7 and
which follow from the definition of % and \A:

[lallco(@ry < 2.sinh(1).|[yollco(jo,1)) (39)
10zl |co (@) < 2-cosh(1).[[yollco (o, 1)) (40)
102:0lleory < (1+ 2.sinh(1)).lyolleojo,1)), (41)

I Alleo@r) = [1075Alleo @7y < (Ar + Allyolleo(po.1)) (42)
(43)

i Ar + Al
Oz [ —— .
|| A”CO(QT) = tanh(l) ||y0||C0([0,1])
And since ¢ is the flow of @ + A — k we also have:
1018l|co(o,1)) < —r + (2sinh(1) + A + Ar)|yolleo(o,1))

. A+ A
02leo oy < (—r-+ 5inb(D) + A+ Aol )-exp (27-comh(a). (2+ 2252 nllengony )

Ar + Al
[039]|co(jo,17) < exp (Q-T- cosh(1). (2 + m) ||y0||c0([0,1])) :
Now since we have
t

G(t,x) = yo(0).e” M) exp(-2. /( : O (@ + A)(r, ¢(r, t,x))dr),
e(t,x
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we see that we only need a uniform bound on ||e||c1 to conclude about the equicontinuity on {(¢,z) €
QT | x < ¢(t7070)}'

We have 0 < e(t,z) < T, and thanks to the definition of e, to (39), (42) and ||y(t, .)||co(0,17) > |y(t,0)| =
[0(0)].€™* > |yo(0).e T we get:

(k + (2sinh(1) + A; 4+ A;)llyollco(o,1))- exp(2.T'. cosh(1).(2
(A; — 2sinh(1)).e=M-T |yo(0)]

- +AZ)||yo||CO 0,1 )
|Oe(t, z)| < n(1) (o)

In the same way:
exp(2.7". cosh(1).(2 + ﬁn;ﬁ )||yO||CU( 0 1]))
(A; = 2sinh(1)).e=MT. |yo (0))
In the end, we see that both in case 1 and case 2, the family {g} is uniformly Lipschitz on
{(t,x) € Qr | x < ¢(t,0,0)}. Now on {(¢t,z) € Qr | x > ¢(¢,0,0)}, we know

|Oe(t, )| <

it ) =y0(¢(0,t,x)).exp(—2./0 0, (1 + A)(r, d(r,t, z))dr).

Clearly yo is continuous on [0, 1] therefore it is both bounded and uniformly continuous, the family
of functions ¢ is uniformly Lipzschitz and the family {exp(—2. fo (@ + A)(r, ¢(r, t,z))dr)} is uni-
formly bounded and equicontinuous. We can conclude that the famlly {y} is also equicontinuous on
{(t,x) € Qr | x > ¢(¢,0,0)}. Since we have continuity on {(¢,z) € Qr | © = ¢(¢,0,0)}, we can conclude
that the family S(X) is uniformly bounded and equicontinuous on Qr, S(X) is therefore relatively
compact in X.

. It remains to prove that S is continuous w.r.t. to the uniform convergence.

Let (yn) be a sequence in X converging uniformly to y € X. We only have to show that g, converges
uniformly to g, since it immediatly implies that N, converges uniformly to N. First the uniform
convergence of y,, and N,, implies the uniform convergence of i, and A,. Then by Gronwall’s lemma,
we also have ¢, — ¢ uniformly in C*(Q27). Using Proposition A.2, we then obtain e,, — e uniformly in
C%(Q7). Now we decompose Qr in three parts depending on n.

L, = {(t,.’L‘) € Qr | r < min(¢n(t7070)7¢(t7070))}7
R, ={(t,x) € Qr | x > max(¢,(t,0,0), ¢(¢,0,0))},
I, =Qr\ (L, UR,).

Let us point out first that when n — +o0:

liminf L,, = {(t,z) € Qr | + < $(¢,0,0)}, liminf R, = {(¢t,z) € Qr | x > ¢(¢,0,0)},
and limsup I, = {(t,z) € Qr | = = ¢(¢,0,0)}.

e For (t,z) € L, if yo(0) = 0 then y,, and 7 are equal to zero otherwise we have the formulas:

t

j(t,x) = yo(0).e” M) exp(-2 /( : B (i + A)(r, d(r, t,x))dr),
e(t,x
t

gn(tu :E) = yo(o)-e—M.en(t,w)- exp(—2 / (91 (ﬁ’n + An)('f', ¢n (Tv tu (E))d’l"),
en (t,z)

and the uniform convergence of g, follows from the uniform boundedness and convergence of 0, i,
0z Ap, e, and ¢,,.
e For (t,z) € R, the proof is similar.

e [t remains only to prove the convergence in I,,. But the width of I,, tends to zero, and the family
{@n} is equicontinuous. Therefore the uniform convergence of ¢, in I,, follows from those in L,
and R,.
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O

Now we can apply Schauder’s fixed point theorem to S and get (y, N) fixed point of S. It remains to show
that it satisfies all of the properties of Theorem 5 except (31) which will be proven in the next subsection.
First we have y(t,0) = (£,0) = yo(0).e~ " and it implies d;y(t,0) = —M.y(t,0).

But also N(t) = N(t) = [|g(t,.)llcoo,1) = (L, )llcoqo,1)), therefore ||y(t,.)]|co([0,1)) is nonincreasing and,
thanks to Theorem 6, y = ¢ is a weak solution of

o(fo,1))s At 1) = A [ly(t, Mlco(po,) - (44)

Remark 5. e Since (i + A —r)(t,1) = A,.||y(t, Mleo(o,1)) — & > 0 we had all along T = .

e Since (i + A — k)(t,0) = A||y(t,.)||eoo1]) — K, we see that a priori, I, depends on y. But in fact if
yo(0) # 0 then Vt,y(t,0) # 0 and T'; = R+. And if yo(0) = 0 then V¢, y(t) = y(¢t,0) = 0 and it makes
no difference in the weak formulation(53) if we enlarge T'; to R+. Therefore the space of test functions
is always:

Adm(Qr) = {p € C*(Qr) | Vz € 0,1] ¢(T,x) =0, Vt € [0,T] ¢(t, 1) = 0}.

o [t must be noted that while we required T' < oo, we did not need T to be small.

3.3 Stabilization and global existence

To finish the proof of Theorem 5 we have to prove the global existence of a maximal solution and estimate
(31).

Proof. First we rewrite (36),(37) as
Vit.a) e Qr  (a+A)(ta) 2 cly(t lleoo,):
Oz (0 + A)(t, ) = clly(t, )lleoo,1)-

But y is the solution of the transport equation (30) and it satisfies:

y(t, x) :y(s,gb(s,t,a:)).exp(—Z/ dp (i + A)(r, ¢(r,t, x))dr).

Combining those facts, we get for ¢ > s:

t
ly(t,x)| < Iy(s,fb(s,t,x))l-exp(—?/ cly(r; lleo o, dr)-

This implies that |y| decreases along the characteristics (strictly for the times where y(t,.) # 0). But we have
also imposed y(t,0) = y(s,0).e= (=% therefore |y| also decreases along x = 0. This already shows, thanks
to the existence theorem that a maximal solution of the closed loop system is global. To get a more precise
statement, we consider all the characteristics between time ¢ and s and we obtain:

for0<s<t |yt )llcoo, < lyls, Mleo(o,- max <6M( -exp(— / [y (e, lleo o, 1])d04)) :

Now we define g(r) = e=M =) exp(=2c [ [ly(a, .)||co(jo,1dar), then g'(r) = (2e|ly(r,.)llcoo,17) — M)g(r)
and we know that as long as the quantity ||y(r,.)||co(o,1)) is not equal to zero, it strictly decreases. So if
lyollco(ro,1) > 22, for t small enough |[|y(t,.)||co(j0,1)) > 3= and we have:

Iy, Mleoo.)) < ||y0||60([0,1])-67M't
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which implies [|y(7,.)||co(o,17) < 2. This provides for 7 < s < t, the inequality (which was clear when
lyolleo o1y < 55)

t
[y (t, Mlcoqo)) < ||y(8,-)||c0([o,1])-eXP(—2C/ [y (r, leo(o,1dr)-

And conclude with a classical comparison principle for ODES. O

Remark 6. e For k # 0 the result is easily improved.
Indeed if t > T — 2simh(MFAFAr 0 fape —k+u+A>—£,

K.C 2
And therefore t > T — W =2 = ly(t, )lleoo,)) < |y0(0)].e=ME+3)
e In particular if yo(0) = 0 we see that we stabilize the null state in finite time.

o Of course similar results hold for k > 0 thanks to Remark 2.

A Initial boundary value problem for a linear transport equation
In this section we will consider the initial boundary value problem for the following linear transport equation:

Oy + a(t,x).0,y = b(t,x).y + f(t,x) (45)
We will look at strong and weak solutions of (45) on Qp = [0,7] x [0, 1]. It should be noted that the backward
problem is transformed in a standard one by the change of variables: t — T — t.

A.1 Properties of the flow

Let a € C°(Q7) be uniformly Lipschitz in the second variable with constant L = llall Lo ((0,7),Lip([0,1]))- Since
we want to use the method of characteristics to solve (45) we need to study the flow of a.

Definition 4. For (t,x) € Qr, let ¢(.,t,z) be the Ct mazimal solution to :

{BSQS(S, t,x) = a(s,¢(s,t,z))

ot t,x) = ’ (46)

which is defined on a certain set [e(t,x), h(t, )] (which is closed because [0,1] is compact) and with possibly
e(t,x) and/or h(t,z) =1t.

Remark 7. Obviously e(t,z) > 0 = ¢(e(t,z),t,x) € {0,1}.

Now we take into account the influence of the boundaries by introducing the sets:

P={(t,x) € Qr | Is € [e(t, x), h(t, x)] such that ¢(s,t,z) € {0,1} and a(s, #(s,t,2)) =0}
U {(s,6(s,0,0)) | Vs € [0, T]} U {(s,¢(s,0,1)) | Vs € [0, T},

I={(t,x) € Qr \ P | e(t,z) =0},
{(tvx) €Qr\P | (b(e(t,:v),t,x) = 0}7
{(t,2) € Qr \ P | ¢(e(t,x),t,x) =1},

I ={te0,7]]a
T, ={te0,7]]a

L=
R=
,0) > 0},
1

(t
(¢,1) < 0}.

Proposition A.1. The function ¢ is uniformly Lipschitz on its domain.

Proof. This is easily deduced from the standard case by the use of a Lipschitzian extension of a. O

We can now study the regularity of e.
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Proposition A.2. Let (t,z) € Qr \ P, (a,) € C°(Qr) N L>®((0,T);Lip([0,1])) a sequence such that
llan — allcory =+ 0, |lan||Loe(0,1;Lip([0,1])) 8 bounded and (t,;x,) € Qr such that (t,,x,) — (t,x). Then
en(tn, Tn) — e(t,x).

Proof. Once again we will use a Lipschitzian extension operator II and we set @, = Il(a,) and a = II(a).
Now let ¢, and ¢ be their respective flows. Using Gronwall’s lemma we have:

[(&n = 6)(s,t,2) < T|an = allco(ay eIl mmintom, (47)
But we can see that:
en(tn, xn) = min{s € [0,t,] | Vr € [s,t,] qzn(r,t,x) €1[0,1]}.

o If (t,x) € I since we have excluded the characteristics coming from (0,0) and (0,1) we have that

i[%fT](d(gb(s,t, x),[0,¢] x {0} U0,¢] x {1})) > 0. So we can conclude from (47) that for n large enough
se|0,

&n (., t,x) is defined back to 0 that is e, (¢,2) = 0. From now on (¢,z) € LU R.

e Now we can take s strictly lower and close enough to e(t,z), ¢(s,t,z) ¢ [0,1], since (t,z) ¢ P =
e(t,z) e Ty UT,.. But ¢,(s,tn,xn) — &(s,t,x), therefore for n large enough ¢, (s, t,,z,) ¢ [0,1] and
s < t,, and we can conclude that liminf e, (¢,,x,) > s. But s is arbitrarly close to e(t,x) and we get

liminf e, (t,, z,) > e(t, ).
o Ife(t,z) =t then limsup e, (tn, x,) < limsupt, =t and e, (t,, ) — e(t, z). Otherwise since (t,z) ¢ P

then Vs €le(t,z),t[ ¢(s,t,z) €]0,1]. And now Ve > 0 Ja > 0 such that Vs € [e(t,z) + €, — €]
min(p(s, t,z),1 — ¢(s,t,z)) > «. But for n large enough we have:

«
l|[¢n — @llcor) < 1

|¢n(5a tn7$n> - (bn(sa t,{E)

«
< R
4

(the second estimate comes from the uniform bound on |[an ||z ((0,1);Lip([0,1]))). But now, combining
those two inequalities we see that for n large and for all s between e(t,z) + ¢ and t — e we have
min(én (s, tn, Tn), 1 — ¢n(s,tn,,)) > 5, this provides limsup e, (tn, 7,) < e(t,r) + €, and since € is
arbitrarly small we obtain:

lim sup ey, (tn, ) < e(t, z).

O
Remark 8. e For a, = a it shows that e is continuous outside of P.
o If P =10, since Qr is compact the proposition implies that e, converges uniformly toward e.
Proposition A.3. If we assume that 9za € C°(Qr) then ¢ is C' and e is Ct on Qr \ P with:
a(t,z).exp( [}, ,) Owalr, ¢(r,t,z))dr) exp( [ .z Owalr, ¢(r,t,x))dr)
Drelt,x) = Jewn Orclty) = - 22l (48)

ale(t,z), ple(t, x),t,z)) ale(t,z), d(e(t, x),t,x))

Proof. The regularity of ¢ is a classical result. If (t,x) € I, e(t,x) = 0 and it is obvious. For (t,z) € L we
have ¢(e(t,z),t,x) = 0 and e(t,x) € I'; therefore 01 d(e(t,x),t, ) > 0 and the implicit function theorem let
us conclude, we can proceed in the same way for R. The inclusion of the characteristics of (0,0) and (0, 1)
in P is needed here. O

Proposition A.4. Let (a,) be a sequence of C°([0,T];C([0,1])) and a € C°([0,T);CL([0,1])) such that
llan — al| Lo ((0,1);Lip(j0.1])) R 0. If we call ¢, the flow of a, and ¢ the flow of a then ¢, P 10)
n—-+oo n—r+00

locally in C*.

Proof. Once again using a C! extension operator on a,, and a we deduce the result from the classical standard
case, which follows from applications of Gronwall’s lemma. O
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A.2 Strong solutions

Here we consider the case of data a € C°([0, T];C1([0,1])), yi € CL(T}), y» € CL(T,.), yo € CL(0,1), b € CH(Qr)
and f € C}(Qr \ P). We define the function y in the following way:

for (t,z) e P y(t,x) =0, (49)

for (t,z) € I y(t,z) = yo(¢(0,¢,z)). exp </0 b(r,¢(r,t,x))dr>

+/Ot f(r,¢(r.t,x)). exp (/Ttb(r',¢(r’,t,x))dr’> dr,

t

for (t,x) € L y(t,z) =yi(e(t,x)). exp (/(t :

b(r, o(r,t, x))dr)

v/ () Fr 60 1,2)). exp ( / b o0, t,x>>dr’) .

for (t,z) € R y(t,z) = y.(e(t,x)). exp (/ b(r, gb(r,t,a:))dr)

(t,z)

+ /e:w) f(ryo(r,t,x)). exp (/Tt b(r', o(r, t,x))dr') dr.

Proposition A.5. We have y € C(Qr), supp(y) C Qr \ P and y is a strong solution of (45) with the
additional conditions that for all x in [0,1] y(0,z) = yo(x), for all t in Ty y(t,0) = y;(t) and for all t in T,
y(t,1) = y,(t). Besides we have the estimate:

1ylleocry < (max (|[yollcoos lyilleo s yrlleor,y) + Tul flleoq) € 1Mo, (51)

Proof. First, y is equal to 0 in a neighbourhood of P because we chose yo, yi, yr, f to be null close to P and
because of (50). Outside of this neighbourhood, the regularity of y comes from the integral formulas (50) and
from the regularity of yo, vi, ¥r, f, b, ® and e (proved in proposition A.3). The fact that y satisfies (45) is a
straightforward calculation. O

Remark 9. We have that:
V(t,x) € Qr and Vs € [e(t,x), h(t,x)] y(t,x) =y(s, (s, t,)). exp (/ b(r,¢(r,t,x))dr>
+/ flr,o(r, t,x)). exp (/ b(r',gb(r’,t,x))dr’) dr. (52)

A.3 Weak solutions

In this section we will consider the case of data a € C°([0,T];C1([0,1])), b, f € L>=(Qr), yo € L>=(0,1),
y € L*°(T) and y, € L>°(T';.). We introduce the space of test functions:

Adm(Qr) = {¢ € C1(Qr) | Vo € [0,1] ¢(T,2) =0 VYt e [0,T]\T; ¢(t,0) =0 Ve [0,T]\ T, ¢(t,1) =0}

Proposition A.6. Fory € CY(Qr), y is a strong solution of (45), if and only if it satisfies Yo € Adm(Q7)

/ y.(0rd + a.0, ¢ + (b+ Opa)d)dadt = — f(t,x).o(t, x)dtdx
Qr

Qp
1 T
—/O (b(O,x)-y(O,I)dIﬂL/O (a(t,1).6(t,1).y(t, 1) — a(t,0).6(t,0).y(¢,0))dt.  (53)

This legitimates the following definition of a weak solution.
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Definition 5. For a € L>(0,T,Lip(0,1)), b, f € L*(Qr) , yo € L'(0,1), y, € L*(T}) and y. € L*(T}), we
say that y € L= (Qr) is a weak solution of (45) if it satisfies (53).

Theorem 6. Let a € C°([0,T);CL([0,1])), b, f € L>=(Qr), yo € L>(0,1), yi € L>®(T}) and y, € L>=(T,).
We will also suppose that the sets

P ={te[0,T] | a(t,0) =0} and P, = {t € [0,T] | a(t,1) = 0}

have at most a countable number of connected components. Then the function y defined by the formula (50),
is a weak solution of (45) and satisfies:

||y||L°°(QT) < (max (||ZJ0||L°°(0,1)7 ||yl||L°°(Fz)a ||yr||L°o(FT)) + T'||f||L°°(QT)) el Pz @r) (54)

Proof. If we let P; = PN {(t,x) € Qr | t = t}, we can see that each points of a P; corresponds to at least
one connected component of P, U P, (since only one characteristic curve goes through the whole connected
component) therefore, P; is at most countable and thus 1d negligible, this implies that P is 2d negligible.
Now we have:

o CL(Qr \ P) is dense in L'(Qr),
e C1(0,1) is dense in L'(0,1),
e CH(T'}) is dense in L1(T),
e CL(T';) is dense in L'(T,.).
And we can take, thanks to the hypothesis on b, f, yo, y; and y,.:
o (by) € CY(Qr) such that ||b, — bl|11(p) — 0 and [[by]| (0, is bounded,
o (fn) €CLQr \ P) such that ||f, — @z — 0 and || fr|| o () is bounded,
® (Yo,n) € C2(0,1) such that [[yo,n — yollz1(0,1) = 0 and [[yo,n|| Lo (0,1) is bounded,
o (y1,n) € CHIy) such that ||y — will2 ) — 0 and [|ys,n|| Lo (r,) is bounded,
o (yrn) € CA(T;) such that ||y, — wil|z1(r,) — 0 and |[yrn|[Le(r,) is bounded.
We call (y,,) the sequence of strong solutions to (45). Thanks to (51) we can extract so that:
Jy € L>=(Q2r) such that y, converges to y for the weak-* topology of L>(Qr).

Now we take the limit in (53) and conclude that y is a weak solution to (45).

We can also suppose (we just need to extract again) that we have pointwise convergence almost everywhere
of:

bn — b, fn — fv Yoon — Yo, Yin 7 Yl, Yrnm —7 Yr-

Thanks to the dominated convergence theorem and to the limit uniqueness, we see that y satisfies (50) and
(52) almost everywhere, and this provides (54). O

A.4 Uniqueness of the weak solution

We have proved the existence of a weak solution to (45) and we have the bound (54), therefore the initial
boundary value problem will be well posed once we have shown the uniqueness of the weak solution.

Proposition A.7. Under the hypothesis of the theorem 6, there is only one weak solution to (45).

Proof. By linearity we only need to prove the uniqueness for f = 0, yg = 0, y; = 0, y, = 0. Which is
Vy € L™ (QT)Z

(V¢ € Adm(Qr) / y.(0t¢ + .00 + (b + Oza).¢)dxdt = 0) = y=0 ae.
Qr

Let y be such as above, we take:
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® yn € CH(Qr \ P) such that ||y, — yl|r20p) — 0 and ||y ||~ (o) is bounded,
e d,, € C'(Qr) such that ||d,, — (b4 0,0)|12(00) — 0 and ||dp || (o) is bounded.

We want ¢,, € Adm(§2r) to be a strong solution of iy, + a.0y ¢y, + dy.pp, = Yn, but the boundary conditions
for functions in Adm(Q7) makes it a backward problem. Indeed for ¢, to be a test function we must have
Vo € [0,1], ¢on(T,x) =0, Vt € [0, T]\T;, ¢n(t,0) =0 and Vt € [0, T]\T., ¢n(t,1) = 0. As we said previously
the change of variables ¢ — T" — t transforms a backward problem in a regular forward one, which we can
solve thanks to section A.2. We just need to realize that the change of variables ¢ — T — ¢ sends the old P
on the new P, the old [0,7]\ T; on the new I'; U P; and the old [0,7]\ T, on the new I'; U P,.

And therefore: ¥n € N, / Y- (Yn + &n(b+ 0za — dy,))dzdt = 0.
Qr

Now thanks to the hypothesis on y, and dy, and to (51), when n — 400 we get [, |y(t,z)[*dzdt =0. O

A.5 Additional properties of y

Until now weak solutions had only the L regularity but in fact we have more.

Lemma 4. If a and 0,a are continuous and if the sets P, = {t € [0,T] | a(t,0) = 0} and P, = {t €
[0,T] | a(t,1) = 0} have a finite number of connected components, and if b and f are in L>®(Qr) then
Vp < +oo we have ||y||Lr0,1) € C°([0,T1]).

Proof. Let t € [0,7] and € > 0. Reducing € if necessary we can suppose that a(s,0) and a(s,1) have a
constant sign on [t,t + €]. Hence we will prove the result in the case a(t,0) > 0 and a(t,1) > 0 (the other
cases being similar). This implies h(t,0) > ¢t + e and e(t +¢,1) < &

74

' ' 1
¢ (t + e, t,0) P(t, t + e, 1)

Now we have:
b (t+e,t,0) 1
e+ e Moy = | piteaPdst [yt enpds
0 ¢ (t+e,t,0)
since ¢(t +€,t,0) - 0 and y € L () the first integral tends to 0. Then, if x € [p(t + ¢,t,0), 1] we recall
e—

that thanks to (52) and after performing the change of variables & = ¢(¢,¢ + €,x) one has:

1 @(t,t+e,1)
[ e eora- |
P(t+e,t,0) 0

+ Tt bt 7). exp (/ ot :z>>d7°’)‘” e (/ ot o, j))d‘9> e (5

And finally since ¢(t,t + €, 1) - 1 f,b,y € L=(Q7) and 9,a € C°(Qr) we get
e—0

y(t,Z). exp (/:JFE b(s,¢(s,t,§:))ds>

1 1
/ ly(t + e, 2)Pde —— / ly(t, z)|Pda.
B(t+e,t,0) e=0t Jo

The other geometries of the characteristics are treated in the same way. And the argument is clearly reversible
in time so we also have the case € < 0. |
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Now we can get some additional regularity for y.

Proposition A.8. If a and dza are continuous, if the sets P, = {t € [0,T] | a(t,0) = 0} and P, = {t €
[0,7] | a(t,1) = 0} have a finite number of connected components, if yo, yi yr are essentially bounded and if
b and f are in L>(Qr) then Vp < +o00 we have y € C°([0,T], LP(0,1)).

Proof. We take t = 0 and € > 0. Reducing e if necessary, we can suppose that a(s,0) and a(s,1) have a
constant sign on [t,t + €]. We will prove the result in the case a(t,0) > 0 and a(¢,1) < 0 (the others can be
treated in the same way). This implies h(0,1),(0,0) > €

Let v > 0, since yo € L>°(0,1) we have a function g € C°([0,1]) such that |[yo — Fo||rr(0,1) < 7- We now
consider g the weak solution of (45) with boundary value y; and y, and initial value gy. Now by linearity
it is clear that y — g is solution to (45) with boundary value 0 and initial value yo — go. Therefore the
previous lemma asserts that ||y(t,.) — 7(t,.)||zr(0,1) is continuous and we see that for ¢ sufficiently small
ly(t,.) — 3t leron < 2.7

Now since ¢ satisfies (52), since b, f,§ € L*(Qr) and more importantly since g continuous, we obtain

(e, x) ot go(x) for any x in (0, 1), therefore we can conclude that f¢ :0001 [5(e, 2) — o (z)|Pdx — 0.

And finally we conclude that for e sufficiently small ||5(e,.) — Go(.)||z»(0,1) < 7, which implies that for e small
enough:

lly(e,.) = yo(lzr(o,1) < 4.

We can both translate and reversen the argument in time. O

To finish this part we will prove an inequality about the continuity property of the linear operator providing
y in term of f, yo, y; and vy,

Proposition A.9. If a and O,a are continuous and if the sets P, = {t € [0,T] | a(t,0) =0} and P, = {t €
[0,T] | a(t,1) = 0} have a finite number of connected components then we have the inequality:

vt e [0,T] |ly(t, o,y < Uz o,0x0,0)) + Hvollzro,n) + [yl o,0nr) + 1yrllzi0,0nr,))
% ||al] o (g - 102l L@ HIbllze @) (56)

Proof. Let us first suppose that a(s,0),a(s,1) > 0 on [0,T], this implies 2(0,0) > ¢ and e(t,1) = 0, therefore
we can write:

$(t,0,0)
y(t Moy < / du (57)

yi(e(t, z)). exp </(t )b(r,¢(r,t,x))dr>

+ /O e / ;m) F(t, $(r,t, ). exp ( / tb(s,gb(s,t,:z:))ds) dr| dz (58)
+ /q; oo yo(p(0,t,z)). exp (/; b(r,¢(r,t,x))dr> dz (59)
/WOO / £t d(r,t, 7). exp </:b(s,¢(s,t,x))ds) dr| dz (60)
=h+L+1Is+14 (61)

Now we will treat each I separately. In I; we perform the change of variables: s = e(¢,x) (or equivalently
x = ¢(t,,0)) and we get:

L = / lyi(s ). exp </: b(r, ¢(r, s,0)) + Oga(r, ¢(r, s, O))dr> ds

Therefore we have I < ||y1||11(0,0)-llal| L (@) -€" 1Ptz @ FlPllec@r),
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For the second integral we have:

6(t,0,0) | ft .
I = / 0,0 /(t , f(t, o(r,t,x)). exp (/S b(s,¢(s,t,x))d3) dr

/ /¢ (:OOOO) $(r,t,7))| . exp ( / Cb(s, 65,1, a:))ds) dxdr. (63)

This time we perform the change of variables: & = ¢(r,¢,x). And we get:

dz (62)

(r,0,0
I < etllosalloe@p bl @) 5 / / (L, 5)|didr (64)
0 0

In the same way we obtain:
(0,t,1)
Iy < etUbllze@p+losalloe @) / lyo(7)]d.
0

And finally for I, we use & = ¢(r, ¢, x) to obtain:

¢(r,t,1)
I, < etlblizee @) +Hllozallee @) / / f(t,z)|dzdr.
¢(r,0,0)

Combining the inequalities on I, I, I3 and Iy we get (56). However we supposed that a(s,0) and a(s, 1)
did not change signs between on [0,7]. Therefore if either a(s,0) or a(s,1) change sign at time ¢; we only
have the desired estimates separately on [to,¢1] and on [t1,t2] where on each interval, a(s,0) and a(s, 1) do
not change sign. More precisely if ¢ € [t1, t2] we have:

||y(t17 .)||L1(O,1) < (||f||L1((to,t1)><(0,1)) + ||y(t0, ')||L1(071) + ||yl||L1((t0,t1)ﬂFl) + ||y7‘||L1((t07t1)mFT))
X||CL||Loo(QT))_e(tl7t0)(||aza||L°°(QT)+"b||L00(QT))

y(t, Mo, < UL <o) + 1y ooy + o @,nnry + HyellL e onr,))
X||a||Loo(QT))_e(t7t1)("axa||L°°(QT)+||b\\Loo(QT))

And now we can substitute ||y(t1,.)|[z1(0,1) in the right side of (A.5) with the right side of (A.5), which
provides (56) on the whole interval [to,?2]. Finally since we know that a(s,0) and a(s,1) change sign only a
finite number of time, the previous argument allows us to extend (56) to [0, T]. O

Remark 10. The previous estimate and the well posedness in L™ (Qr) of the initial boundary value problem
(11) for data yo, yi, y» and f in L> show that the same problem is well posed in C([0,T); L*(0,1)) with
data in L'. And then since the equation is linear and because we have both the well-posedness in L>(Qr)
with essentially bounded data, and also the well-posedness in C°([0,T]; L*(0,1)) with summable data we can
interpolate the two results and get well posedness in C°([0,T]; LP(0,1)) with data in LP.
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