N
N

N

HAL

open science

On a Kinetic Fitzhugh—Nagumo Model of Neuronal
Network
Stéphane Mischler, Cristobal Quininao, Jonathan Touboul

» To cite this version:

Stéphane Mischler, Cristébal Quininao, Jonathan Touboul. On a Kinetic Fitzhugh—Nagumo Model
of Neuronal Network. Communications in Mathematical Physics, 2016, 342 (3), pp.1001-1042.
10.1007/s00220-015-2556-9 . hal-01108872v4

HAL Id: hal-01108872
https://hal.science/hal-01108872v4
Submitted on 18 Jan 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01108872v4
https://hal.archives-ouvertes.fr

Communications in Mathematical Physics manuscript No.
(will be inserted by the editor)

On a kinetic FitzHugh-Nagumo model of
neuronal network

S. Mischler!, C. Quininao?, J. Touboul?

1 Université Paris-Dauphine & IUF CEREMADE, UMR CNRS 7534
Place du Maréchal de Lattre de Tassigny, 75775, Paris Cedex 16, FRANCE
E-mail: mischler@ceremade.dauphine.fr
2 Université Pierre et Marie Curie, Laboratoire Jacques-Louis Lions, CNRS UMR 7598 and
Mathematical Neuroscience Team, CIRB - College de France
4 place de Jussieu, F-75005, Paris. FRANCE
E-mail: cristobal.quininao@college-de-france.fr
College de France, Mathematical Neuroscience Team CIRB and INRIA Paris-Rocquencourt,
Mycenae Team
11 place Marcelin-Berthelot, 75005, Paris, FRANCE
E-mail: jonathan.touboul@college-de-france.fr

Received: date / Accepted: date

Abstract: We investigate existence and uniqueness of solutions of a McKean-
Vlasov evolution PDE representing the macroscopic behaviour of interacting
Fitzhugh-Nagumo neurons. This equation is hypoelliptic, nonlocal and has un-
bounded coefficients. We prove existence of a solution to the evolution equation
and non trivial stationary solutions. Moreover, we demonstrate uniqueness of
the stationary solution in the weakly nonlinear regime. Eventually, using a semi-
group factorisation method, we show exponential nonlinear stability in the small
connectivity regime.
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1. Introduction

This paper undertakes the analysis of the existence and uniqueness of solutions
for a mean-field equation arising in the modeling of the macroscopic activity
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of the brain. This equation describes the large-scale dynamics of a model of
the central nervous system, taking into account the fact that it is composed
of a very large number of interconnected cells that manifest highly nonlinear
dynamics and are subject to noise. Non-linearities in the intrinsic dynamics of
individual cells are an essential element of the neural code. Indeed, nerve cells
constantly regulate their electrical potential depending on the input they re-
ceive. This regulation results from intense ionic exchanges through the cellular
membranes. The modeling of these dynamics led to the development of the cel-
ebrated Hodgkin-Huxley model [21], a very precise description of ion exchanges
through the membrane and their effects on the cell voltage. A simplification
of this model conserving the most prominent aspects of the Hodgkin-Huxley
model, the Fitzhugh-Nagumo (FhN) model [17,29], has gained the status of
canonical model of excitable cells in neuroscience. This model constitutes a very
good compromise between versatility and accuracy on the one hand, and rela-
tive mathematical simplicity on the other hand. It describes the evolution of the
membrane potential v of the cell coupled to an auxiliary variable x, called the
adaptation variable. Different neurons interact through synapses that are either
chemical or electrical. In the case of electrical synapses for instance, the evolu-
tion of the pair voltage-adaptation for a set of n neurons {(vi,xi), 1 <i < n}
satisfy the equations:

dvl = (vi (i =N (1 =) —at + > i1 Jij(vf —v]) + It) dt + o dW}
dat = (—a:z:zt' + bvé) dt,

(1.1)
where the cubic nonlinearity accounts for the cell excitability, I; is the input
level, a and b are positive constants representing timescale and coupling between
the two variables, and the processes {(W})i>0, 1 < i < n} are independent
Brownian motions accounting for the intrinsic noise at the level of each cell.
In the sequel, for sake of simplicity, we assume that ¢ = 2 and I; = Iy € R
constant, but it is likely that some of our analysis can be extend to I, € L= (Ry)
converging rapidly when ¢ goes to infinity. The coefficients J;; represent the
effect of the interconnection of cell j onto cell i. These coefficients are positive,
and incorporate the information of the connectivity map. Under relatively weak
assumptions on the distribution of these coeflicients (see Appendix A), it is
relatively classical to show that the system enjoys propagation of chaos property
and finite sets of neurons converge in law towards a process whose density solves
the McKean-Vlasov evolution PDE:

hf = Q[ 7s] f = 0u(Af) + 0u(B(Z5)f) + 02, f, on (0,00) x R? (1.2)

A= A(z,v) =ax —bv, B.( 7f)=B(z,v;e, Fs), (1.3)
B(z,v;e,j)=vw—A)(v—1)+z—e(v—j)+ I, (1.4)
ff:/(f):/wvf(:c,v)dvd:c, (1.5)

where € denotes the averaged value of the connectivity coefficients J;; and f =
f(t,z,v) > 0 is the density function of finding neurons with adaptation and
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voltage (z,v) € R? at time ¢t > 0. The evolution equation (1.2) is complemented
by an initial condition

£(0,-,) = fo(-,-) >0 in R

Since the PDE can be written in divergence form, the initial normalization of the
density is conserved. In particular, consistent with the derivation of the system,
we have:
ft,z,v) dedv = fo(z,v) dzdv = 1,
R2 R2

when fj is normalized. Moreover, the nonnegativity is also a classical result of
this kind of equations (for a brief discussion see Section 3), therefore we assume
in the sequel that f is a probability density.

From the mathematical viewpoint, this equation presents several interests.
First, the system is not Hamiltonian and the dynamics may present several
equilibria, therefore, methods involving a potential and its possible convexity
may not be used. Second, intrinsic noise acts as a stochastic input only into
the voltage variable (since it modifies the voltage through random fluctuations
of the current), leaving the adaptation equation unchanged and yielding to a
hypoelliptic equation. From the phenomenological viewpoint, this system is par-
ticularly rich. It shows a number of different regimes as parameters are varied,
and in particular, as a function of the connectivity level: the system goes from a
non-trivial stationary regime in which several stationary solutions may exist for
strong coupling, to periodic solutions, and eventually to a unique stationary so-
lution for weak coupling. This is illustrated in section 6, in particular, we present
some numerical results of (1.1) for a large number of interacting neurons.

In order to rigorously analyse equation (1.2), we restrict ourself to the lat-
ter regime, and we shall demonstrate the existence, uniqueness and stability of
solutions to the McKean-Vlasov equation in the limit of weak coupling. More
precisely, we shall prove existence of solution and non trivial stationary solution
to the evolution equation (1.2) without restriction on the connectivity coefficient
€ > 0, and next uniqueness of the stationary solution and its exponential NL
stability in the small excitability regime.

1.1. Historical overview of macroscopic and kinetic models in neuroscience. As
mentioned above, the problem we study lies within a long tradition of works in
the domain of the characterization of macroscopic behaviors in large neuronal
networks. First efforts to describe the macroscopic activity of large neuron en-
semble can be traced back to the work of Amari, Wilson and Cowan in the
1970s [2,3,41,42], where were introduced heuristically derived equations on the
averaged membrane potential of a population of neurons. These models made
the assumption that populations interact through a macroscopic variable, the
averaged firing rate of the population, assumed to be a sigmoidal transform of
the mean voltage. This model has been extremely successful in reproducing a
number of macroscopic behaviors in the cortex, one of the most striking being
related to pattern formation in the cortex associated to visual hallucinations [14]
(see also [7] for a recent review on the subject). The relative simplicity of the
Wilson-Cowan model and the good agreement with neurological data motivated
the study of the relationship between the dynamics of different individual cells
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activity models and the macroscopic equations that emerge from them. This has
been an important piece of work in the 1990s in the bio-physics community, using
simplified (non-excitable) models and specific assumptions on the architecture
of the network, including the assumption of sparse and balanced connectivity
(the sum of all incoming input vanishes). The sparse connectivity assumption
was used by different authors to state that the activity was uncorrelated [1,4,
9], and resulted in characterizing different neuronal states. A transition Markov
two-states model governing the firing dynamics of the neurons in the network
was recently introduced. In these models, the transition probability of the sys-
tem, written through a master equation, is then handled using different physics
techniques including van Kampen expansions or path integral methods (see for
example [10,6,13,37]).

The mathematical community also undertook the analysis of the problem
since the beginning of this decade. We can essentially distinguish two trends:
the study of neuron models that abstract the emission of an action potential,
or those considering continuous dynamics for the variables and based on the
biophysics of the cells. The former approach is particularly developed for the
integrate-and-fire neuron that describes the voltage of a cell through a linear
equation. Spikes are fired when the voltage reaches a fixed threshold, the voltage
is subsequently reset and interconnected cells evolve according to the reception
of this action potential. A kinetic framework was developed for noisy integrate-
and-fire neural networks and a remarkable application to the visual system was
developed [12]. These models were enriched by considering conductances with
different timescales [35], and fine numerical analysis of the equation were devel-
oped for the thus obtained kinetic equation [34]. In [11], the fine mathematical
analysis of the time evolution of the system was developed, and it was shown in
the case of excitatory networks that the firing rate of the solution of the kinetic
equation blows up in finite time. These models and methods were extended to a
more realistic neuron model taking into account the fact that neurons interact
through changes in the conductances. This leads to a kinetic-type model [33]
with complex nonlinear boundary conditions and a degenerate diffusion whose
solutions are investigated therein. An alternative approach was developed with
a spiking model, called the time-elapsed neuron [30,32,31], whose solution were
investigated in a number of situations and it was in particular demonstrated
that the limit equation in the presence of delays features periodic solutions. All
these models have in common that they consider a simplification of the neuronal
dynamics by separately considering input integration and spikes. This structure
lead to discontinuous dynamics and interactions between cells, that results, in
the limit equation, in the presence of a nonlinear implicit term in the bound-
ary conditions. In contrast, the Fitzhugh-Nagumo model is an approximation of
a biophysical model and does not abstract the spike emission, thus we have a
relatively complex intrinsic dynamics for each cell. Notwithstanding, electrical
synapses considered lead to a smooth interaction term. Thanks to the regular-
ity of the interactions, we do not have blow up of the solutions. However, the
non-globally Lipschitz continuous drift term introduce specific difficulties that
we address here. This allows us to show in particular stability properties of
stationary solutions in the nonlinear system.
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1.2. Organization of the paper. The paper is organized as follows: section 2 sum-
marizes our main results. Section 3 is interested with the existence, uniqueness
and a priori estimates on the solutions to the evolution equation, as well as,
the existence of stationary solutions. The next sections prove the stability of the
unique stationary solution. Our proof uses factorization of the linearized semi-
group allowing to prove linear stability, which we complete in section 5 by an
analysis of the nonlinear stability of the stationary solution. Along the way, a
number of open problems were identified beyond the small connectivity regime
treated here that we present in section 6 together with numerical simulations:
we will observe that the stationary solution splits into two stable stationary
solutions as connectivity is increased, and in an intermediate regime, periodic
solutions emerge. Two appendices complete the paper. Appendix A investigates
the microscopic system and its convergence towards the mean-field equation (1.2)
and Appendix B deals with the strict positivity of stationary solutions.

2. Summary of the main results

2.1. Functional spaces and norms. We start by introducing the functional frame-
work in which we work throughout the paper. For any exponent p € [1, 00| and
any nonnegative weight function w, we denote by LP(w) the Lebesgue space

LP(R?; w dzdv) and for k € N the corresponding Sobolev spaces W*P(R?; w dzdv).
They are associated to the norms

k
£ lloqy = 1 Pllo@ys 1 gy = 1 1) + D ID% ooy
j=1

For k > 1, we define the partial v-derivative space W} (w) by
WyP(w) = {f € WP (w); Dif € LP(w)},
which are naturally associated to the norms
VA2 sy = 1 sy + IDEFIE,

A particularly important space in our analysis, denoted by H2(w), is

H2(w) = W**(w) = {f € H'(w) such that 92, f € L*(w)},
together with the set of functions with finite entropy

L'logL' = {f € L'(R?) such that f >0 and J#(f) < oo},

where we use the classical notation J2(f) := f]RZ f log f. The space of probability
measures on the plane will be denoted by P(R?). Finally for £ > 0, we introduce

the exponential weight function:

m=e" MY with M :=1+22/2+0?/2. (2.1)
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2.2. Main results. Using classical theory of renormalisation and some nice a
priori bounds we show later, it is not hard to see that equation (1.2) is well
posed. Indeed, defining the weak solutions as:

Definition 2.1 Let fy be a normalized nonnegative function defined on R? such
that # (fo) is well defined. We say that fi(xz,v) = (t,x,v) — f(t,z,v) is a
weak solution to (1.2) if the following conditions are fulfilled:

- f € C([0, 00); L' (M*/2));

- for almost anyt >0, f > 0 and

flt,z,v)dedv = folz,v)dadv = 1;
R‘Z RZ

- for any ¢ € C1([0,00); C=(R?)) and any t > 0 it holds

/RZ pfe= /R <Pfo+/0t /R [Ovp + 02,0 — ADup — Be(Z (fe))duop] fs. (2.2)

we can state the

Theorem 2.2. For any fo € L*(M) N L*log L' NP(R?), there exists a unique
global weak solution f; to the FhN equation (1.2), that moreover satisfies

| fell L1 (ary < max(Co, || foll 1 (ar)) (2.3)

and depends continuously in Ll(Ml/Q) to the initial datum. More precisely, if
fno — fo strongly in L*(M/?) and S(fno) < C then fni — fi strongly in
LY(M*Y?) for any later time t > 0.

Furthermore, the regularity of the initial condition is maintained by the equa-

tion in the following sense: if fo € LY(m) then for any monnegative time t it
holds

[fell 1 (m) < max(Cy, [ foll L1 (m)); (2.4)
and there exist two norms || - |41 and || - |2 equivalent respectively to || - || g1 (m)
and || - | g2(m), such that if fo € H'(m) then
[fell2e < max(Ca, || follar), (2.5)
and if fo € H2(m) then
[ fiellagz < max(Cs, [[ foll#z), (2.6)

where Cy,Cq, C3 are positive constants.

The other two main results of the present work are summarized in the following

Theorem 2.3. For any € > 0, there exists at least one stationary solution G,
to the FhN statistical equation (1.2), that is G. € H2(m) NP(R?) such that

0= 0,(AG.) + 0y(B:( Zc.)Ge) + 902,G.  in R2. (2.7)
Moreover, there exists an increasing function n: Ry — R such that n(e) —0> 0
E—r
and such that any solution to (2.7) satisfies
|G = Gollzz(m) < n(e),

where G is the unique stationary solution corresponding to the case € = 0.
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Theorem 2.4. There exists €* > 0 such that, in the small connectivity regime
e € (0,e%), the stationary solution is unique and exponentially stable. More
precisely, there exist a* < 0 and n*(e) : Ry — R, with n* (&) 7 such that
E—r
if
fo GHl(m)ﬂP(R2) and HfO_GHHl(m) S?’]*(E),
then there exists C* = C*(e) > 0, such that

Ife = Gllramy < C*e™ !, Vit >0,

where fi is the solution to (1.2) with initial condition fy.

2.3. Other notations and definitions. We prepare to the demonstration of these
results by introducing a few notations that will be used throughout the paper.
For two given Banach spaces (E, || -||g) and (&, || ||¢), we denote by B(E, £) the
space of bounded linear operators from E to £ and we denote by [ - || z(z.¢) the
associated operator norm. The set of closed unbounded linear operators from F
to £ with dense domain is denoted by € (E, £). In the special case when E = &,
we simply write B(E) = #A(E,E) and ¢ (E) = ¢(E, E).

For a given o € R, we define the complex half plane

Ay :={2€C, Re(z)>a}.

For a given Banach space X and A € %(X) which generates a semigroup, we
denote this associated semigroup by (S4(t), t > 0), by D(A) its domain, by N(A)
its null space, by R(A) its range, and by X(A) its spectrum. On the resolvent
set p(A) = C\ ¥ (A) we may define the resolvent operator R(A) by

VzeC, Ra(z) = (A—2)""
Moreover, R4 (z) € (X ) and has range equal to D(A). We recall that £ € X(A)
is called an eigenvalue of A if N(A—¢) # {0}, and it called an isolated eigenvalue
if there exists 7 > 0 such that

L) N{zeC, |z -¢ <r} ={&}.

Since the notion of convolution of semigroups will be required, we recall it
here. Consider some Banach spaces X7, Xo and X3 and two given functions

S e LY([0,00); B(X1,X5)) and Sy € LY([0,00); B(Xo, X3)),

one define Sy * S; € L([0,00); (X1, X3)) by
t
(s + S1)(1) ::/ So(t — 5)Si(t)ds, Wt >0,
0

In the special case S; = S5 and X; = X5 = X3, SGn) {5 defined recursively by
St = § and S¢™) = § % §¢*(n=1) for n > 1. Equipped with this definition, we
state the
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Proposition 2.5 Let X,Y be two Banach spaces such that Y C X with dense
inclusion. Let us consider S(t) a continuous semigroup such that for all t >0

IS llez) < Cze*™, Ze{X,Y},

for some a* € R and positive constants Cx and Cy . If there exists © > 0 and
Cx,y > 0 such that

IS flly < Cxyt @ |flx, VfeX, te(01],
then, there exists n € N, and a polynomial p,(t) such that
ISCUDFly < pul®) e Mflx,  VFEX 0. (28)
In particular, for any o > o, it holds
IS @ fly < Came® I fllx, VfeEX, t>0,

for some positive constant Coq p, .

This general result has been already established and used in [19] and [26],
but we give an alternative, and somehow simpler, proof of it.

Proof. We notice that for Z € {X,Y}, if
IS @) fllz < pr () e || fllz, V=0, (2.9)

for n € N and p? (t) a polynomial, then
t
I8 =D (@) fl 2 < /0 1S(t =) S (s)fllzds < pZyy(t) e | £] 2,

for pf_ﬂ = Cz fot pZ(s)ds. Then, by an immediate induction argument, we
_ Cztn !

get (2.9) for any n > 1 and pZ (t) := NCESYIE

Now fix ¢ € (0,1] and, without lost of generality, assume that © ¢ N. In that
case, if
1S (@) flly < Cut=©7m Ve fllx, Vi€ (0,1], (2.10)

for some n € N and C), a positive constant, then
t/2 t
ISCe @l < [ S-Sl ds+ [ S-S s) y ds
0 t/2
t/2 . t .
< [ Cxlt— sy O NS ds + [ Cre IS s)fy ds
0 t/2

t/2 t
< / oy (t — 5)~ O tpX (s)|| /]l ds + / Cy e Cps™ @D £ x ds
0 t/2

Cx yC% 2 e -1 a*t b (O—nt1)
< f||X/ (t—s) s ds + CyCre ||f||X/ s ds
(n—1)! 0 /2

< Crprt™ @7 | f|x,

ea*t
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for some Cj,4+1 depending only on Cx,Cy,Cxy and C,. Once again, by an
induction argument, we get (2.10) for any n. Moreover, as soon as @ —n—+1 > 0,
inequality (2.8) holds.

Finally, to conclude in the case ¢ > 1, it suffices to notice that

IS@) flly < CvCxy(t— [t])~ e[| fllx,

where |t] is the largest integer smaller than ¢. A similar argument that the one
used for ¢t € (0,1], allows us to find a polynomial p,, such that (2.8) still holds
when ¢ > 1.

Finally, we recall the abstract notion of hypodissipative operators:

Definition 2.6 Considering a Banach space (X,| - ||x), a real number o € R
and an operator A € €(X), (A — ) is said to be hypodissipative on X if there
exists some norm ||-||y on X equivalent to the usual norm || - ||x such that

VfeD(A), T F(f) suchthat Re(p,(A—a)f) <0,

where (-,-) is the duality bracket in X and X* and F(f) C X* is the dual set of
f defined by

F(f) = Fyy (f) :=={o € X" (6. 5) = I/lx = llollx-}-

One classically sees (we refer to for example [19, Subsection 2.3]) that when A
is the generator of a semigroup Sy, for given o € R and C' > 0 constants, the
following assertions are equivalent:

(a) (A — @) is hypodissipative;
(b) the semigroup satisfies the growth estimate [|S4(t)||zx) < Ce™, t > 0;

3. Analysis of the nonlinear evolution equation

In this section, we shall prove existence and uniqueness of solutions for the
evolutionary equation, and provide some a prior: estimates on their behavior.
Before going into further details, we remark that for _# fixed, the operator
Q:[_#] is linear and writes

In particular, for g € H2(m) (or simply g regular enough and decaying fast at
infinite) we have

/RQ(QE[/]J‘)gdvdw = —/ f(Adpg+ B-(_#) 0ug — 02,9) dvdz,

R2

therefore, it is natural to define

Qi F)g == —Adwg— B(F) g + 02,9
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3.1. A priori bounds. The a priori estimates that follow are uniform in e in
the bounded connectivity regime ¢ € [0,g9) where g¢ is an arbitrary and fixed
positive number, i.e., they involve constants that do not depend on €.

Lemma 3.1 For f; solution to (1.2) with fo € L'(M) NP(R?), estimate (2.3)

holds. Moreover, there exists Cjy > 0 depending on a,b, X, Io,e0 and || foll L1 (ar)
such that

sup |7 (fo)l < Cp. (3.1)

Proof. We first apply Cauchy-Schwarz inequality to find

i [r<([ 0" (Le)"=([#)" 2

for any f € P(R?) N L'(M). Moreover, for f; solution to (1.2), we have

%/]RQ ftM:/RQ(Qs[fft]ft)M:/RQ fi QL[ Z5. M)
= [ a-de- B0
RQ

Using the definition of A and B, we get, thanks to (3.2), that

d
— fthzdvgf/ (—1+ax27bxv+02(v—/\)(v—1)
dt R2 R2

—ev® +av+ Iov)ft + sj(ft)Q
SKlsz/ (U4+~T2)ft+€/ v fy
R2 R

2

< K; - Ky fit M dxdv,
RZ

where K7 and K5 are generic constants depending only on a, b, A, Iy and €. Using
Gronwall lemma we get (2.3) for some Cy > 0. Finally, coming back to (3.2), we
get

| Z(f)]? < /R2U2ft < 2| fellzrary < 2 max(Co, || follrary),

which is nothing but (3.1).

Lemma 3.2 For any ¢ € R fized, there exist some constants Ki,Ks > 0
depending on a,b, X, Iy, 7,k and o such that

- Q:[71f sign(f)ym < Killflleize) = Kall fllipagmy, Vfe€L'(m). (3.3)
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Proof. Since # € R is now fixed, we drop the dependence on this parameter to
simplify the notation. Using Kato inequality (sign(f)92,f < 92,|f]) we have

L@ resietnm= [ ir1Qzm

= *fi/ |f| (Az 4+ Bv — (1 + s0?))m
RQ

—fi/ |f| (az® — bzv +v*(v — A)(v — 1)
R‘Z

—ev(v — J) + 2v + Iov — (1 + kv*))m,
thus

/ Q- f-sign(fym < — / p(z,v) |f|m,
R? R?

where p(x,v) is a polynomial on z and v with leading term v* + 22. Inequal-
ity (3.3) follows directly.

Remark 3.3

— Using the same ideas stated in the proof of Lemma 3.1, one can easily extend
by induction the inequality (2.3) to L*(MF¥) for any k € N.

— Furthermore, we note that inequality (3.3) remains true for weights with a
faster divergence. In particular, it is true for erlzl*/s+v?/4) for any k € (0,1)
and s € [5,6), and also for s = 6 when the parameters a and b are well tuned
and the extra restriction that k is taken small enough. Therefore, the absence
of diffusion in the x variable allows appearance of a faster decay at infinite,
while not affecting its reqularity.

Corollary 3.4 Estimate (2.4) holds.

Proof. For f; solution to (1.2), inequality (3.1) tells us that | Z(f;)| < Cj.
Moreover, since the mass is unitary for almost any ¢t > 0, it holds

d
E/Rz|ft|m = /RZQE[jft]ft~Sign(ft)m < KlfKQ/RQ|ft|m,

where K; and K3 depend only on a,b, A, I, 0 and C. Finally, integrating this
last inequality, we get

| fellLrmy < max (C1, || folligm)) Vit >0,

for some positive constant C; depending only on the parameters of the system,
€0 and 06

In a second series of a priori bounds we analyse the H'(m) and H2(m) norms
of the solutions to (1.2), in particular, we prove the inequalities (2.5) and (2.6).
Since the equation is hypodissipative, we used the ideas of “twisted spaces”
and the Nash-Villani’s technique (see e.g. [40]): we control the extra L?(R?)
contributions by using some weaker norms.

In the sequel, we will be brought to vary the constant x involved in the
definition of m, therefore we introduce the shorthand m; = M- i ¢ N.
Unless otherwise specified, these sequences are constructed under the assumption
that the sequence k; is strictly increasing.
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Lemma 3.5 Consider two exponential weight functions my and ms as defined
n (2.1). For any # € R fized, there exist K1, Ko > 0 and ¢ € (0,1) constants
such that

QLIS < Kl floe) — K2l fl3p, Vf€H (ma2),  (34)

where (-, )31 is the scalar product related to the Hilbert norm
113 = 112 may + 022100 12 may + 82(0ef, 00 f) £200m1) + 8 100 F L2 (s

which is equivalent to the usual norm of H'(ms).

Proof. The proof is presented in several steps. In a first part, we deal with
inequalities in L2 for f and its derivatives. Next, we combine those inequalities
to control the H! norm. Some long and tedious calculations are only outlined
for the sake of clarity.

In the following we denote by kg, k1 and ko some unspecified constants and
drop the dependence on 7.

Step 1. L?(mz) norm. We start by noticing that

<83vf, f>L2(m2) = — /]R2 (8vf>2m2 + % /]R2(1 + KQUQ)meQ-

OAAD. Pz =5 [ [9e4 = A2] fran = 5 [ o= raatas = bo)l e

2 mo 2

and similarly

(Ou(Bf), f)r2(ms) = %/ [31}272(1+)\)v+/\f€fnng€]f2m2.
RQ

Therefore, we get
Q- F)rotomy == [ ol 00 m2 = 10,1 (35)

where p(x,v) is a polynomial in z and v with leading term v* +22. In particular,
there exist some positive constants k1 and ko such that

(Qcf ) raima) < Fall flT2me) = k2l FIT2arms) = 100 f 720, )- (3.6)

Step 2. First derivative bounds. We have

OO0 AN).0u )y = 5 [ [30:4 = A%22] @) me

2 mo

1

3 ], 30— raa(az — 00) 0,17 o

and

<8x(av(Bsf))varf>L2(m2) = /]R2 [8vBsamf+azBsavf + Bsag%vf]amfm2
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Since 0,B. = 1, observing that

&,mg

22| (@),

[ o801 + BB ot e = 5 [
R2

{av Ba - Ba
R2

we get

O 0,(B)). 012y < [ 10110012+ 5 [ (005, = mavBl] 0me.

Finally, using that

05t 0: )20y = = [ 1081 Pma 5 [ (@908 ma.
we obtain
(00(Qc 1), 02 f) 12(ma) < k1llO2flI72mey — k2llOx N7 2(a1mn) (3.7)
02y + [, 10:F110. 1o
A similar calculation leads to
((0vQcf), 0o f) L2(ms) < K1l|0oflIT 22y — k2l FIIT2(atms) (3.8)
02 s+ [ 10271011 me

+n2(1+)\)/ [v| f2ms.
R2

Step 3. Cross product bound. The contribution of the cross product term is more
delicate, therefore we decompose it into five quantities that we study separately:

(02Qc f,0uf) L2(my) + (OuQcf, 0nf) L2(my)

+ / [0, A0, f + 0, A0, f + A2, f](0s f) i
R2

+ / (02, B-f 4+ 20,B=0y f + B-02,f] (0= f) mu
R2

R2

T;.

5
=1

+/ [GUBEGIf—l—(')mBE(')Uf—i—Bg@ivﬂ (Ouf)mi =:
R2

3

We start by handling the first term on the right hand side. Using integration
by parts adequately, we get

T = /]Rg (02 f) (O f) Opymy — 2/ (020 F) (050 f) M.

R2
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Similarly, for the contributions involving A, we have

7= 5 [ [0A= A% @0,y 4 [ @05 m,

2 mia

and

7= [ [oca- 4= 0,10, ym o+ 5 [ Lm0,

mi
Adding these last two expressions, it only remains

azml

0,4t [ [2a- A% @000 11 < 01 o [ 10011005 i,
R2 R2 R2

my

for some constant kg > 0.

For the contributions related to B, involved in 73 and 75, we have

Ts = */ 51$(3U*1*>\)f2m1+2/ 3vBs(3xf>(3vf)m1+/ B (83, )(8 fyma,
R2 R2 R2

and

azml
1

7o = [ oB@n@nm+s [ [o5— B2 @, g

Finally, for the last contribution in 73, it holds that
[ @D @.s it < o [ (@21)(0u0) 3,
R2 R2
getting that there exists kg > 0 such that

<61Qefa avf>L2(m1) + <6’UQ8f) aﬂcf)Lz(ml) (39)
<ko [ 10 f110u01 M+ ko [ 1026110561 m
R2 R2

~b 1102 fll72(my) + Ko /Rz |02, F1 10 f] M3/2 s

+k0/ |8Uf|2M2m1—|—k:0/ fAMmy.
R2 R2

Step 4. Conclusion. To get (3.4), we just put together (3.6), (3.7), (3.8) and (3.9)
and we use Young’s inequality adequately. Indeed, the scalar product (-, )31
applied to any f € H'(mgz) writes

<Q€fa f)?'[l = <Q8fa f>L2(m2)

+6%2(00Qc £, 0u ) 12(my) + 6 (06 Qe [+ o f) £2(ms)
§54/3 54/3
+57(02Q= . O f)r2(my) + 5 (00Q:f, Ox f)12(ma)-



On a kinetic FitzHugh-Nagumo model of neuronal network 15

To give an idea of the method, we only explain how to get rid of a few terms.
For example, for the positive contribution of (3.7), it holds

/200 s + 6%/ [ 1021100 e
< 82k 100 fII 72y + 07 100 N 2(ma) + 0% 100 f T 2ma)
and for § > 0 small enough these terms are annihilated by the quantities

2 3/2 2 4/3b 2
_||avf||L2(m2) —0 k2||aﬂﬂf||L2(Mm2) - THawf”L?(ml)

present in the right hand side of (3.6), (3.7) and (3.9).
In (3.8), the only delicate contribution is

§°/3 b 5'/3b
T||amf||2L2(m2) + —||3vf||2L2(m2)a

5b [ 10.710.11ma < g

but the right hand sides of (3.6) and (3.7) include

00 f 12 (may = 0% 2k2llOx f 22 (arma).

and once again for § > 0 small the sum is nonpositive.
The positive part of (3.9) is controlled using that k1 < k2. Indeed, in that
situation

54/3k0 / |83vf||azf| M3/2 my < 54/371/4]{0||83vf||%2(m2)+54/3+1/4k0”amf”%/z(mz)5

replacing, if necessary, kg by a larger constant. If 4 > 0 is small we get rid of
these terms thanks to the presence of

~0%2kal| 00 1 2(atma) — O 1030 S 122

in (3.7) and (3.8).
All remaining positive contributions can be handled in the same fashion lead-
ing to the conclusion that there exist two positive constants K, Ko such that

(Q=f. ) < Kl fll72(gey — Kol I3,

and we get the conclusion by using the equivalence of norms, i.e., that for 0 <
§ < 1 the norm H! is such that

2 2 3/2 §°/3 2 0 2 2
all 111y < 17y + (572 = S5 ) 100 S B gy + 3190 Wy < 1 B

for some cs > 0.

Corollary 3.6 Estimate (2.5) holds.
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Proof. Nash’s inequality implies that there exists a constant C' > 0, such that
for any f € L'(R?) N H'(R?), it holds

1£132@2) < VCIfllr @)l Dewfllza2)

c &

Coming back to the previous lemma, using the equivalence of the norms H!

and H'(ms), together with the fact that a solution f; to (1.2) is a probability
measure, we get that,

d
%Hftniu = Qe[ 21 fos foyan < k1 — kol fiell1,
for some ki, ks > 0 constants. Finally, integrating in time, we get

[fellze < max(Ca, || follar),

for some Cy > 0 depending only on the parameters of the system and the initial
condition.

Notice that it is possible to find a sharper estimate for the regularity of the
solutions of (1.2). Indeed, it is not hard to see that there exists ko > 0 such that

(07,Qc 505, F) L2 (ma)
— [0 sima+ 5 [ 102102 me
+2 (@A), 1) fyma + 5 [ 107,12 [0.A~ wawa] mo
+ [ @B F a3 [(@2,B)@u1) 1) o
% / |07, 17 [6 0y Be — KovB:]| my
< *Hagwf”QN(mz)

+hko [HagufH%Z(]W) N0 T2 (may + 11 Z2(ma) + 100 22,y |+ (3:11)

implying that the H2(m) regularity of the initial condition is maintained by the
equation, i.e.

Corollary 3.7 Estimate (2.6) holds.

Proof. The proof follows the same idea already introduced in the proof of Corol-
lary 3.6. We consider the norm

£ = 11 + 821050 T2 (s
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and notice that (3.6), (3.7), (3.8) together with (3.11) imply that
d 2 d 2
i < —
Tllfellze < 1 fell3n
w28k | (10502 + [10 0P mas [15Pma+ [10,5Pmo
< k1= ke fell 3

for some k1, ks > 0 depending on some § > 0 small and the parameters of the
system. Inequality (2.6) follows.

3.2. Entropy estimates and uniqueness of the solution. Now, we prove that so-
lutions to the equation (1.2) remain in the space of functions with finite entropy.
To that aim, for any positive function f, we define

_ [ 10uf(=z0)?
Iv(f> = /]R2 W dl'd’l),

which is understood as a partial Fisher information. When the previous quantity
is not well defined we use the convention I,(f) = +oo. Equipped with this
definition we can state:

Lemma 3.8 For any fo € LY(M)N L' log L' NP(R?) we denote by fi the asso-
ciated solution to the FhN statistical equation (1.2) with initial condition fo. It
holds

sup %(ft)—i—/o L(fs)ds < C(T), (3.12)

te[0,T)

where C(T') depend on fo and the coefficients of the problem.

Proof. Tt is well known that for functions with finite moments, the entropy can
be bounded from below. Indeed, since

flogf>—fl|log fllo<f<e-m — fllog fl1e-m<y<q
2 *M1/27fM7

it holds

H(ft) > —/ e™M— | fiM > —dme” 2 — max(Co, || foll L (ar))-
R2 R2

On the other hand, for any solution of (1.2) with initial datum fy there exists
a positive constant C, depending on the parameters of the system, &9 and CY,
such that

455 = / (1+1og(f+) Q<[ 75.] f:

= _[U(ft)+/(8mA+8UBa(/ft)) fe
—1u(ft) + Cll fellr any-

IN
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Fix T > 0 and take any ¢t < T', thanks to estimate (2.3), we get that

t
Hf) <~ / L(f2) ds + #(fo) + CT max(Co. || foll s an)-

and also that I,,(f;) € L*([0,T]), by simply using that # is bounded by below.
Finally, taking the supremum on the last relationship, we get

sup H(fr) < H(fo)+ CTmax(Co, || follLr(ar))-

te[0,T)

Corollary 3.9 For any two initial data fo,go € L'(M)N L' log L' N P(R?) the
associated solutions fi and g: to the FhN statistical equation (1.2), satisfy

[5011713] Ife = gell L1 a2y < C(T) [ fo — gollLr(arrrzy,
for some positive C(T). In particular, equation (1.2) with initial datum in L*(M)N
L'log L' NP(R?) has at most one solution.
Proof. We write
O(fe — gt) = Qe[ (f)l (fe — 9¢) + € Z (fr — 9¢) Ouge

from which we deduce

d *

E/ |fe — ge| MY/ s/ |ftfgt|Qa[f(ft)]M1/2+s|/(frgt)|/ |0pge| M2
R2 R2 R2

SC/ |ft*gt|JFE|I(gt)|1/2”gt”1L/12(M)/ |ft*gt|M1/2v
R2 R2

where the generic constant C' is an upper bound of

QL7 (fo)M'? = 02, M'/? — A9, M'/* — B.o,M'/?
1 V2 Az + B.v
T oM/2  4AM3/2 9ML/2

The rest of the proof is a direct application of the time integrability of I,(g),
inequality (2.3) and Gronwall lemma.

We finish this section by giving some insights of the proofs of the existence of
solutions and stationary solutions to equation (1.2) which are, however, classical.

Proof (Theorem 2.2).
Consider an exponential weight m and _# € L (R ) such that

sup | 7| < Cy,
t>0

where C{ is given by (3.1). We first notice that the equation (1.2) is degenerate
and has non bounded drift terms A and B., therefore we cannot use directly
the classical results on existence. However, for any R > 0, we define a regular
truncation function

XR(ZE, ’U) = X(SC/R,’U/R), X € D(R2>a ]-B(O,l) <x < ]-B(O,Q)- (313>
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and the following family of bilinear forms

aa(t; I g) = <avfa an)Lz(m) + <avfa 9gXR "i’U>L2(m)
+0 (02 f,009) L2(m) + 0 (Ox f, G XRET) L2(m)
+ fR2 f XROz (gAm) + fRz fXRav(gBe(/t)m)

indexed by o > 0, which for any f,g € H'(m) are well defined a.e. t > 0.
Moreover, for any ¢ > 0, a, is continuous

30k >0 st |ao(t f.9) < Crllflliom ol ).
and coercive

aolti 1) > 2100 i + 210 120 — KIS

a\t; | = 5l% L2(m) 5 10z L2(m) 1 L2(m)>

with k1 > 0 not depending on ¢, nor on R and nor on o. The J. L. Lions
theorem [8, Theorem X.9] implies that for any fo € L?(m) there exists a unique

€ L2((0,00): H' (m)) 0 00, 00); L2(m)); % f € L2((0,00): H* (m)')
such that f(0) = fo and

d
<%f,9>L2(m)+aa(f(t),9) =0, ae. t>0,Vg € H (m).

We recall that f_ := min(f,0) belongs to H!(m), therefore we can use it as
a test function to find that

fo>0 = f(t)>0 ae t>0,

and for any T' > 0 fixed, using f as a test function, we recover the inequality

T
1 Fll2 oy + / 100 s 22y 45 < €17 fol20m):

therefore, we are allowed to take the limits ¢ — 0 and R — oo, to find that for
any ¢ € C*([0, T]; C2(R?))

t
/ orft = / wofo+ / / [8t505 + 831;505 - Aam‘Ps - Bs(/s)avSﬁs} fsds,
R2 R2 0 R2

holds, i.e., f; is a solution for the equation (1.2) when the nonlinearity _# is
replaced by a given term. Moreover, taking a well chosen sequence ™ — M, we
deduce that
sup || fellrary < max (Co, || follran),
te[0,T)
for Cy the constant introduced in Lemma 3.1. Finally, by using renormalisation
concepts, we also recover the entropy inequality

t
SFP]%(J%)—F/ L,(fs)ds < J(fo)+ KoT max(Co, || foll 1 (ar))-
te[0,T 0
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Take fo € L*(M) N L'log L' N P(R?), and a sequence {f, o0} C L*(m) such
that f,.0 — fo in L'(M). Assume also that there is a positive constant C' > 0
such that J#(fn0) < C, for any n € N. From the previous analysis we get
a family {f,} € C((0,T); L*(M)) of functions related to the initial conditions
{fn.0}. Using the Dunford-Pettis criterium we can pass to the limit in L'(M)
finding a solution to the linear problem

Of = 0u(Af) +0u(B( ) f) + 05, f. (3.14)

that depends continuously to the initial datum (in the sense defined in Theo-
rem 2.2). Moreover, from Corollary 3.9 we get that this solution is necessarily
unique.

Finally, we use again the ideas of Corollary 3.9 to find a solution to the NL
equation (1.2). Indeed, it suffices to notice that the mapping

{L"O([OaT]) — C([0,T]; LN(M'/?))
S

with f solution of (3.14) for ¢ given, is Lipschitz and contracting when 7" > 0
is small enough.

Existence of stationary solutions will be shown as a result of an abstract
version of the Brouwer fixed point theorem (a variant of [15, Theorem 1.2] and
[18]):

Theorem 3.10. Consider Z a convex and compact subset of a Banach space X
and S(t) a continuous semigroup on Z. Let us assume that Z is invariant under
the action of S(t) (that is S(t)z € Z for any z € Z and t > 0). Then, there
exists zo € Z which is stationary under the action of S(t), i.e, S(t)z0 = zo for
any t > 0.

We present the argument briefly in this section. Our aim is to find a fixed
point for the nonlinear semigroup Sq._ (t) related to equation (1.2). At this point
we do not have any hint on the number of functions solving

QE[%F]FZO,

and the nonlinearity could lead to the presence of more than one. However, in
the disconnected regime € = 0 the nonlinearity disappears, and the multiplicity
problem is no longer present.

Proof (Existence of stationary solutions).
Let us fix m an exponential weight and define for any ¢ > 0

S(t): X — X with X = H2(m)n L'log L' NP(R?),

such that S(t)fo is the solution to (1.2) given by Theorem 2.2 associated to the
initial condition fy. Estimates (2.6) and (3.12) imply that S(t) is well defined.
Moreover, the continuity of S in the Banach space L(R?) is direct from the
definition of weak solutions, in particular,

S(t)fo € C([0, 00); L' (R?)),
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with the topology of compact subsets in time.
Finally, defining

Z:= Z(e) = {f € X such that (2.3) and (2.6) hold} C L'(R?),

which is invariant under Sy for any t > 0 and convex. Moreover, the compactness
of the inclusion Z € H'(m) < L'(R?) allows us to apply Theorem 3.10 and find
the existence of a fixed point for S(¢) and by consequence a stationary solution
to (1.2).

It is worth emphasising that the above proof show yet that the map ¢ — G¢
is locally bounded in [0, ), i.e., if €9 > 0 is fixed, then

G. € Z(gg) forany e € (0,¢ep).

4. The linearized equation

To illustrate the main ideas of the splitting method we use in the following, let
us assume that an operator A on a Banach space X can be written as

A= A+B,

where A is much more reqular than B, and B has some dissipative property. If
B has a good localisation of its spectrum, under some reasonable hypotheses on
A, we expect X(A) to be close to X(B).

This is nothing but the Weyl’s abstract theorem (and/or the generalisation
of the Krein-Rutman theorem) from Mischler and Scher [28], that we recall here:

Theorem 4.1. We consider a semigroup generator A on a “Banach lattice of
functions” X, and we assume that

1. there exists some o* € R and two operators A, B € €(X), such that A = A+B
and
(a) for any o > o*, £ > 0, there exists a constant Cqo ¢ > 0 such that

vt >0, S5 * (ASB)(M)(t)H@(X) < Cppe™.

(b) A is bounded, and there exists an integer n > 1 such that for any o > o*,
there exists a constant Cq , > 0 such that

VE>0,  [[(ASE)"™ ()|l zx.y) < Cane™,

with Y C D(A) and Y C X with compact embedding;
2. for A* the dual operator of A defined in X', there exists B > o* and ¢ €
D(A*) N X!\ {0} such that
A > By
8. S satisfies Kato’s inequalities, i.e,

VfeD(A), A(f)=0'(f)Af,
holds for 6(s) = |s| or 0(s) = s4.
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4. —A satisfies a strong mazximum principle: for any given f and v € R, there
holds,

|fl € D(A)\ {0} and (=A+7)|f| =0 amply f>0or f<O.
Defining
A= s(A) =sup {Re(§) : €€ X(A)},
there exists 0 < foo € D(A) and 0 < ¢ € D(A*) such that
Afoo:/\fooa A*(b:/\d)

Moreover, there is some & € (a*,\) and C > 0 such that for any fo € X

18a(t)fo — X{fo, 0) foollx < Ce™ |l fo = (fo, &) foollx-

From Theorem 2.3 we know that for any value of € there exists at least one
G non zero stationary solution of the FhN kinetic equation (1.2). The linearized
equation, on the variation h := f — GG, induces the linearized operator

Zeh = Q:( 7 (Ge))h + e F (h)0,Ge.

Moreover, let us recall that in Section 3 we proved that

(Q[ (G f, flreim) < Kallfllz2wey — Kall fll2(m),

if we could make K; = 0, then the operator Q. together with . would be
dissipative. Since it is not the case, we fix a constant N > 0 and define

BE = fg - A, where ./4 = NXR(Z',U); (41)

with x g given by (3.13). We remark that A € %(H2(m)), and that Af vanishes
outside a ball of radius 2R for any f € HZ(m).

4.1. Properties of A and B.. We now present two lemmas dealing with the hy-
podissipativity and regularisation properties of the sppliting A and B.. To that
aim, we use some ideas developed in [27,19] and [26].

Lemma 4.2 For any exponential weight m, there exist some constants N, R > 0
such that (B. + 1) is hypodissipative in H2(m).

Proof. From the characterisation of hypodissipativity given in Section 2, it suf-
fices to show that there exists a constant C' > 0 such that

IS5 ()| z(20my) < Ce™, t>0,
or simply, to show that for any h € H2(m), it holds
(Beh, h) g2 my < =Bl %2 (my (42)

for some norm | - [| g2(,,,) equivalent to the usual norm | - || 2(m). Recall that the

operator B, writes

Bs = ZE -A= (Qs[ng] *NXR)h‘i’Ef(h) aszv

m)
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and since fg. € R is a real constant, we can use all a priori estimates on Q.
directly. As usual, when no confusion is possible, we drop the dependence on
F<. Three steps complete the proof:

Step 1. Dissipativity in L?(m). Recall that for any h € L?(m) we have

| Z (M) < CllhllL2(m),

for some constant C' > 0. It follows that
F0) [ 06 hm <17 IO, Gl zzm Mz < CIOGe iz [ Hom.

Thus, coming back to (3.5), we find that for N and R large enough one can
assume k; = —1, getting

(Beh, h)p2(my < =[Pl Z2m) = k2l Bl L2 (agm) = 100RlI L2 (), (4.3)
as a consequence, (B + 1) is dissipative in L?(m).

Step 2. Bounds on the derivatives of B.. For the z-derivative we see that there
exists some constant C’ depending on R and on N, such that

—N{0x(xrh), ah)L2(m) < C" [Pl L2 (m) = NI(0eh) VXEI L2 (m)-

On the other hand, thanks to Young’s inequality, we get

/(h)/ (@2,G)(@h)m = — #(h) [ 0,G[0%h + kvdsh] m
R2 R2
1
< 7 (h)? ||81G5||%2(m) + §||5§vh||%2(m) + [[K[v] thH%Z(m)‘
These two inequalities, together with (3.7), imply that for NV and R large enough

1
(0u(Bh), 02 1) < 0331y~ 5 1021 )+ C R+ / 0.1 [9,hjm.

Proceeding similarly with the v-derivative we get

S (h) /RQ(&vas)(@uh) m? = | 7 (107, Gell L2 100hl| 12(m)

IN

1

5 100 Gell 2 () (CE (1l 2y + 100h I T2y ),

then, coming back to (3.8), we find N, R > 0 such that

(Ou(B). 0,1 2 < ~0uh =102 +C” [y 101 0,1 .
Finally, for the second v-derivative we find C” such that

—N(92,(XRh), 02, 1) L2(m) ng/ XR(aﬁvh)QerC"/ (8vh)2m+C’/ h |02 h|m,
R2 R2 R2
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and for any € > 0

h 2
F0) [ @Ga@mm < LD b (10,6l 108 e +
OGNy 51 (B2, ).

If € > 0 is small and N, R large enough, we obtain as an application of (3.11),
that there is a constant C’ > 0 such that

<83v(88h)’63vh>[/2(m) < _||83vh||%2(m)
+ C 100172y + 100hlIF 2y + 102,072y + 102,172y ] -

Step 3. Equivalent norm and conclusion. Let § > 0 and hy, hy € H2(m), we can
define the bilinear product

<h1,h2>g5(m) = <h1;h2>L2(m)
+ 5<3zh1, amh2>L2(m) + 5<3vh1, 8Uh2>L2(m) + 62 <63vh1, afmh2>L2(m).

and the relative norm
HhH%rg(m) = ||h||%2(m) +6 |‘D11Uh||%2(m) + 67 Ha'?)'ljh”%z(m)'

Choosing § > 0 small enough we conclude that for any a € (0,1] one find J,
such that

(Beh, 1) 2 (m) < *OZHhH?qg(m),

and since the norm related to H2(m) is equivalent to the usual norm in HZ2(m),
we conclude that (B + 1) is hypodissipative in H2(m).

Lemma 4.3 There are positive constants N, R large enough and some Cp_, > 0,
such that the semigroup Sg, satisfies

158, (O]l 122 (my) < Cr.t™ 2Bl L2(my), V€ (0,1].

As a consequence, for any o > —1, and any exponential weight m, there exists
n > 1 and C, . such that of any t > 0 it holds

1(AS5) ™ (DR 2 (m) < Cne € 10l 20m). (4.4)

Proof. We split the proof in three steps, in the first one we refine the previous
estimates on the norm of the semigroup associated to the operator B.. In the
following steps we use Hormander-Hérau technique (see e.g. [20]) to get the first
inequality, and finally we prove (4.4).

Step 1. Sharper estimates on B.. In the whole proof we denote for C' > 0 a
generic constant. From the proof of the previous Lemma, we know that there
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are N, R large enough such that for any h € D(B;) and for any §,t € (0, 1), it
holds

(Beh, h)12(mg) < —ClIRL2(my) = 100hl|L2(m,)

1
(0uBch, Ouh) 12(m,) < *§||3zh||%2(ml) - §|| 272y + ClBN T 2y + 2&”3 22 (my)
<aUBEhaaUh>L2(m1) < _||8'L2mh||%2(m1) + Cllhlliz(ml 25t||8 hHLz(ml ||a h||L2(m1

(02, Beh, 02,1 2y < OBy + IOy + 551022

2t0
We also notice that

(0:(Qc[ Fa.] — A)h, Ouh) 12 (my) + (00(Qe] L] — A)h, 0xh) 12(m,) <
b C
= 20y + CI sy + OB

(m2)

+ Wllc’ﬁvhlliz(ml) + Ctél/?’”aivhH%Z(ml)
and
HGJEGEHL2 my
(I (1)02,Ge Oh) 2my)+( I (1)02,Gie, 0uh) 2myy <+ g 2 [2 7 ()
102, Gellisns) [ 2 ()
102, Py 100 3] + D2 [Py )

yielding to

b C C
(OxBeh, Ouh) 12 () + (OuBeh, 0uh) 2 (m) < *ZHazhH%z(ml) + %HhH%Z(m) + gﬂavh”zw(mz)

1
+=73 100l ey + CtoV 302,122, -

Step 2. Hormander-Hérau technique. For a given h € H2(m1)NL?(mz) we denote
hi := Sgp_(t)h, and define F by

F(hyt) = [hl|L2(m,y + 1t’102R] T2,
+ eat|0uhl L2 m,y + €3t (Dh, Ouh) L2(my) + cat 07, Bl T2,

which is decreasing when the parameters are well chosen. Indeed, thanks to the
first step, we have

5
—ftht <> T

i=1
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with

cst
T =K [—27’77,2 +2(clt3+02t+04t4)m1 + %mg]hf,
R2

b
75 = / [(301 + 025 — ZCB =+ 635)t2 — Clt3] (8zht)2m1,
R2
03tC’

c c c1t?
Ts = / [ —2my + comy + Zmy 4 —my + ——my + cat*Cmy + ma) (Buhe)?,
R‘Z

5 § 0
R R e R LA
RQ

cst
T = /R [ — 202t + < + deat®) (02, o) .

Choosing
c1 = 53/2, =0 c3= 53 and ¢4 = 64,

we get that for § € (0, 1] small enough and for any ¢ € (0, 1], it holds
d
—F(t, ht) <0.
g’ (bhe) <
Since 0 < ¢4 < ¢1 < ¢3 < ¢o and the choice of ¢1, co and c3, we finally get that
et (1100,0hel 32y + 192 he |32y ) < F(E ) < F(0, ) = o] 3 )
Step 3. Proof of inequality (4.4). From the definition of A we notice that
A S5, ()Pl m2(my < Ot~ 27 |h]| 2(ny, Yt € (0,1],
for some constant C’. It is important to remark that since A lies in a compact,
we do not need anymore two different weights m, and mso. Therefore, we apply

Proposition 2.5 with X = L?*(m), Y = H2(m), © = 9/2 and o* = —1 to
get (4.4).

4.2. Spectral analysis on the linear operator in the disconnected case. The FhIN
kinetic equation in the case € = 0 is linear and writes

Org = az(Ag) + aU(BO g) + agvg
By=v(v—MX(v—1)+z,

Theorem 2.3 states that there exists at least one function Gy € P(R?) N H2(m)
which is a solution to the associated (linear) stationary problem

LGy = 6m(AG0) + av(BoGo) + 812”}00 =0.

Since the operator now enjoys a positive structure (it generates a positive semi-
group S, ), we can perform a more accurate analysis. Indeed, we can apply the
the abstract Krein-Rutman theorem 4.1 previously stated.
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Proof (of the stability around € = 0 in Theorem 2.8). Let us assume for a first
moment that hypotheses of the abstract Theorem 4.1 hold for £ with o™ = —1.
We easily remark that

A=0, fo=Go ¢=1,
therefore, there exists & € (—1,0) such that
X(Z) N As = {0},
and
Vfoe L*(m), Vt >0  [S%(t)fo— (fo)GollL2am) < Ce™| fo— (fo)GollL2(m)-
For € > 0, we recall that any G, such that
Qe[ Fc.]G: =0,

then

%(Ga —Go)+ L(Ge —Go) =h,  h=ed,((v— F(G.)G2),

and thanks to Duhamel’s formula, we get that

t
[Ge — Goll2(m) < 152,(#)(Ge — Go)llL2(m) +/0 Sz, (t = 8)hlL2(m) ds.

Since G — Gy and h have zero mean, it follows that
C

|al

1G= = Goll2(m) < ClG= = Goll2(mye™ + € = | Gell a1 (army (1 — %),

and letting ¢ — oo we conclude that there exists Cz > 0 such that
Ge = GollL2(m) < € CallGell i (arm)-
Finally, thanks to Corollary 3.6, we have
0 = (Qc[76.1Ge, Go)gp < K1 — Kol Gell3 < K1 — c5 Ka|| Gell i ()
for any exponential weight mo, then for ko > &, we have that
HGaH?{;(Mm) < Crmal|Gellirmyy < Crma K1 /5K,

and in the small connectivity regime € € (0,&p), constants K7 and K do not
depend on e. Defining n(e) = € C5Ckx x, K1/cs Ko we get the stability part of
Theorem 2.3.

It only remains to verify that the requirement of Theorem 4.1 are fulfilled for
% in the Banach lattice X = L?(m).

1.(a) the splitting (4.1) has the nice structure. Indeed, the Lemma 4.2 implies
that By + 1 is hypodissipative in L?(m), therefore
158, ()| (L2(m)) < Ce™", Vit >0,

i.e., it suffices to take a* = —1.
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(b) if Y = H2(m) and X = L?(m), the desired inequality is consequence of
Lemma 4.3.
2. The requirement is obtained for § = 0 and ¥ = 1. Indeed, in that case

Lo = Ql =0 = By
3. A side consequence of (3.6) is the positivity of the semigroup:
fo>0 = S fo(t) >0, Vt>0.

Moreover, using that L?(m) is also a Hilbert space, we deduce the Kato’s
inequalities.

4. The strict positivity (or strong maximum principle) is a straightforward con-
sequence of Theorem B.1 in Appendix B.

We finish this section by summarizing the properties of the spectrum of %,
in the space L?(m) and with a useful result on the regularisation properties of
R (2).

Proposition 4.4
(i) There exists & < 0 such that the spectrum X(%) of L in L*(m) writes
2(50) n A@ = {O}a

with 0 a simple eigenvalue.
(i) For any a > @, there erists a constant Cyy > 0 depending on (o — &), such
that

IR 2 (2 (L2(m), 1 (m)) < Crr (14 |2[71), Vz € C\ {0}, Re(z) > a.

Proof. Tt only remains to prove (ii). Let us consider z € A, \ {0}, and take
f,g € L*(m) such that

(9%0 — Z)f = g.
Thanks to Lemma 4.2 and the definition of A, we get

(Re(2) = @)l Z2(m) + 100 fllz26my < Ngllzagmy 1 L2gmy + N 1172 ()

Moreover, (i) tells us that 0 is an isolated simple eigenvalue for .4 in L?(m),
then R g, (z) writes as the Laurent series (see for example [23, Section 3.5])

o0

Ray(z)= Y 2"Ck,  Ck € B(L*(m)),

k=-1

which on a small disc around 0 converges. Thus, there is some C° > 0 such that
IR ()| #(L2(m)) < C°|2|7* for any z € A4, z # 0. Finally, we notice that

min(1, & = @) fll ey < 201+ 1+ N)CL27Y) llgll2(m),

therefore it suffices to take Cy1 = 2(1+ (1 + N)C?)/min(1, o — @).
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5. Stability of the stationary solution in the small connectivity
regime

In this final analytic part of the paper, we establish the exponential convergence
of the nonlinear equation. To that aim, we first show that in the small connec-
tivity regime, the linear operator %, inherits (in a sense that we precise later
on) the stability properties of %.

5.1. Uniqueness of the stationary solution in the weak connectivity regime. As a
first step in the proof of Theorem 2.4, we need a uniqueness condition that, for
instance, can be settled as a consequence of the following estimate:

Lemma 5.1 Let f € L?(m) be the solution to the linear equation % f = g, then
there exists a constant C\ such that for any g € L*(m), (g) = 0 there holds

1 £y = I fllz2(ar2m) + (Vo fll2(aam) < Ov llgllz2(m)- (5.1)

Proof. We easily compute
[ nsamm =~ [ panfm- [ @0 am,
R? R2 R2

for some p(x,v) polynomial in x and v with leading term v® + x*. Therefore,
there exists some constants K; > 0 and 0 < Ky < 1, such that

/ (Lof)fMm < Kl/ fPm— K, f2M2m—K2/ (Ouf)>Mm.
R2 R2 R2 R2

The invertibility of % in L?(m) for zero mean functions, writes

Lf=geL’(m), (99 =0 = |[Ifllz2on) < Ca llgllL2im).

with Cj given in the proof of the stability part of Theorem 2.3. As a consequence,
for any f and ¢ as in the statement of the lemma, we have

1 K
et [ @uaom <~ [ gpanms 32 [
R2 R2 Ko Jr2 Ko Jp2

1 2 272 1 2 K\C 2
< = M -
= Q/RQf m+2K§/Rzg Mt L9

from which (5.1) immediately follows.

Corollary 5.2 There exists €1 € (0,e0) such that in the small connectivity
regime ¢ € (0,e1) the stationary solution is unique.

Proof. We write

G = Fo =y |0,((0 = F(F)F: = (v = #(G:))Ce )|
= 25 [0, (v = F(R)(F. = Go) + (F(F) - 7 (G)G:)[5.2)
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As a consequence, using the invertibility property of %5 for zero mean functions,
and the uniform bound (2.5) on G, F., we get

IF: = Gellv < € Ca [|0u((v = Z (F))Fe = Ge) + (F (F2) = F(G))Ge) || ooy
< ECHFE - GEHV)

for some C depending on the parameters of the system and ¢y. The previous
relationship implies, in particular, that ||F; — G¢|ly =0 for e < e, =1/C.

5.2. Study of the Spectrum and Semigroup for the Linear Problem. We now turn
into a generalisation of Proposition 4.4 in the case € > 0 small. Since the pos-
itivity of the operator is lost, Krein-Rutman theory does not apply anymore,
however we can prove the following result based on a perturbation argument

Theorem 5.3. Let us fix o € (&,0). Then there exists €3 € (0,€1) such that for
any € € [0, 2], there hold

(i) The spectrum X(£.) of Z. in L?(m) writes
X(L)U Ay = {pe},

where pe is a eigenvalue simple. Moreover, since £, remains in divergence
form, we still have

£ =0

and then pe = 0.
(ii) The linear semigroup S, (t) associated to £ in L*(m) writes

S (t) = e II. + Re(t),

where I1. is the projection on the eigenspace associated to p. and where Re(t)
is a semigroup which satisfies

IR ()]l 2(L2(m)) < Cz., €,
for some positive constant C, independent of €.

To enlighten the key points of the proof we present it in three steps: accurate
preliminaries, geometry of the spectrum of the linear operator in the small con-
nectivity regime and sharp study of the spectrum close to 0:

Step 1. Accurate preliminaries: Let us introduce the operator
P.=2—-%=—c0((v— _#(G:)))+e #(-)0,Ge.
Our aim is to estimate the convergence to 0 of this operator in a suitable norm.

We notice that, for two exponential weights mq,m2 as in (2.1) with k1 < ko, it
holds

Hgm@%m)gcw{42@?+vﬂmmﬂnh+6@azmﬁ

< CE (1l 2n) + 100kl 72ms )
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where C' depends only on the parameters of the system and, in the small con-
nectivity regime, on £1. Therefore, there exists Cp, > 0 such that

| PhllL2(myy < Cp., €llbll 1 (my)-
Step 2. Geometry of the spectrum of %Z..
Lemma 5.4 For any z € A,, z # 0 let us define K.(z) by
Ke(z) = — P- R, (2) AR, (2).

Then, there exists nz(€) —0> 0, such that
E—r

Vz € 2 = A\ B(0,m2(e)), [K:(2)llmz2imy) < m2(e)(1 + 12(e))-
Moreover, there exists e2 € (0,e1] such that for any e € [0,e2] we have

1. I+ K.(z) is invertible for any z € (2.
2. Z. — z is also invertible for any z € (2. and

Vze 2, Re(z)=U()I+K.(2)"

where
Us(z) = Rp.(2) — Rz, (2) ARB.(2).
We thus deduce that
Y(ZL) N Ag € B(0,m2(¢)).

Proof. We define m; and mo two exponential weights with m; = m. From
Lemma 4.2, Proposition 4.4 and the Step 1 we get that for any z € (2., any
h € L*(m)
[Ke(2)h|L2(m) < € Cp., [[R2,(2)ARB. (2)h 11 (ms)
<eCp., Cuy(1+ 2| ARB. (2)]| 12 (1)
<eCp., Cui(1+[2]7) Ccy [[hll L2 (m),

where C, is an upper bound of || AR5, [|%(L>(m),L2(m,)) that does not depend
on €. Defining

m2(e) = (e Cp., Cppn Ce)) /2,
it holds
IK(2) | #(r2(my) < 12(2)2(L+n2(e) ") = m2(e) (1 +12(e)), V2 € L2,

therefore, fixing €2 > 0 such that 72(s) < 1/2,Ve € (0,e2], we obtain the
invertibility of I + K.(z).

Finally, for any z € (2.:
(Ze — 2)Ue(2) = I + K.(),

then there exists a right inverse of .Z. — z. The rest of the proof is similar to the
proof of [39, Lemma 2.16].
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Step 3. Sharp study of spectrum close to 0.
Let us fix r € (0, —a] and choose any ¢, € [0, e2] such that nz(e,) < 7 in such
a way that X(Z.)NA, C B(0,r) for any € € [0, e,]. We may define the spectral

projection operator

1
I = —— Ry

21

(z")dz'.
|z"|=r
We have then the
Lemma 5.5 The operator II. is well defined and bounded in L?(m). Moreover,
for any € € [0,¢&,], it holds
11e — o || 212 (m)) < n3(e),
for some n3(e) — 0.

e—0
Proof. Let us notice that
1 1
Iy = —5— WZT(RBO (2") =Rz ARp, () dz" = 27 Ry ARp, (2') dz'
and
1
M= 5= | (Re.() = Rop AR5, () + Ke() 7 de!
|z"|=r
1
=5 Rp.(2) K (2')(I + K. ()" d2’
e |2/ |=r
1
+o— Ry ARp. (2)(I + Ko(2)) 1 d2'.
27 |2/ |=r
Then, we deduce that
1
I, — Iy = ~5 Rp. () K(2)I + K.(2)) "t dz’
|2/ |=r
1
27 s Rz, A(Rp.(2) — Rp, (2)) d2’
1
~%m Ry ARp.(2)I — (I + K ()" d?,

|2'|=r

here, the first and third terms are going to 0 because of the upper bounds of
K.(z). For the second term, it suffices to notice that

Rp. (") = R, (2") = Rp,(2") (B: — Bo) Ri.(2'),
and use that (B: — Bp) = P-.

To conclude the proof we recall the following lemma from [23, paragraph 1.4.6]

Lemma 5.6 Let X be a Banach space and P,Q two projectors in B(X) such
that ||P—Q| %x) < 1. Then the ranges of P and Q are isomorphic. In particular,
dim(R(P)) = dim(R(Q)).

Provided with this lemma and fixing &’ such that n3(¢’) < 1, we get the
Corollary 5.7 There exists €' > 0 such that for any ¢ € [0,'] there holds

(LN Ay ={us} and the eigenspace associated to pe is 1-dimensional.



On a kinetic FitzHugh-Nagumo model of neuronal network 33

5.8. Exponential stability of the NL equation. In the small connectivity regime
e € (0,¢"), let us consider the variation h := f.—G,, with f. solution to (1.2) and
G the unique solution to (2.7) given by Theorem 2.3. By definition, h satisfies
the evolution PDE:

Oth = Loh —€0y(vh) +€ 7 (f-)0ufe —€ F(G:)0yGe = Lh+ € 7 (h)0,h,
moreover, the nonlinear part is such that
e 7 (h)OvhllL2(m)y < Ce||hllL2(m)l|OuhllL2(m)
for some positive constant C'.

Proof (of Theorem 2.4). Let us first notice that, thanks to inequality (2.5) and
the definition of #(-), we have that

HE/(h)avhHL?(m) <Cnre ||h||L2(m); Yhg € Hl(m),

where
Cnyp = cglmaX(C%HhO”Hl(m))'

On the other hand, Duhamel’s formula reads

t
h =S (t)ho + / S (t—s) (Ef(h)avh) ds,
0
then, we have that
t
u(t) = [|hllr2m) < 152 )hollL2(m) +/O [S2.(t = 5)(e 7 (h)Duh) || L2 (m) ds
t
< Can, e hollaimy + Ci, O [ gz
0
t
=Cgz, e*u(0) + Cg, COnre / =)y (s) ds.
0

In particular,
u(t) < C,S,”El U(O) €(a+CZEICNLE)t,

Summarising, it suffices to define n*(¢) := C2/+/ to get that for any fo such
that
lfo— Gellarom) < n%(e),
it holds
I£-(t) = GellLe@my < Ce, l1fo — GellL2pme™ ",
with
af = a+ nglcglch/e_* <0,

if €* is small enough.
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6. Open problems beyond the weak coupling regime

In the weak coupling regime, we have demonstrated that existence and unique-
ness of solutions persist. In that regime, noise overcomes nonlinear effects and the
system is mixing: one finds a unique distribution with an everywhere strictly pos-
itive density. As coupling increases, highly non-trivial phenomena may emerge
as nonlinear effects of the McKean-Vlasov equation. For instance, it is likely that
in another asymptotic regime in which coupling is non-trivial and noise goes to
zero, Dirac-delta distributed solutions shall emerge (in which all neurons are
synchronized and their voltage and adaptation variable are equal to one of the
stable fixed point of the deterministic Fitzhugh-Nagumo ODE).

Here, we numerically explore the dynamics of the Fitzhugh-Nagumo McKean-
Vlasov equation using a Monte-Carlo algorithm. We observe that complex phe-
nomena occur as the coupling is varied. That numerical evidence tends to show
that several additional equilibria may emerge, the stability of stationary solu-
tions may change as a function of connectivity levels, and attractive periodic
solution in time may emerge. These regimes are particularly interesting from
the application viewpoint: indeed, among important collective effects in biology,
from large networks often emerge bistable high-state of down-states (character-
ized by high or low firing rates), and even oscillations. These two phenomena are
particularly important in developing and storing memories, and this occurs by
slowly reinforcing connections [22]. Interestingly, these two types of behaviors
emerge naturally in the FhN McKean Vlasov equation beyond weak coupling.
For instance, for fixed ¢ = 0.5, we present the solutions of the particle system
varying the connectivity weight beyond small values, both in the bistable case (in
which the FhlN model presents two stable attractors) and the excitable regime,
the most relevant for biological applications, characterized by a single stable
equilibrium and a manifold separating those trajectories doing large excursions
(spikes) from those returning to the resting state directly. In both cases, we ob-
serve (i) that the unique stationary solution is not centered close from a fixed
point of the dynamical system: neurons intermittently fire in an asynchronous
manner for small coupling. As coupling increases, a periodic attractive solu-
tion emerges, before the appearance of distinct stationary solutions (two in the
bistable case, one in the excitable case). These phenomena are depicted in Fig. 1.
Proving, for larger coupling, the existence and stability of a periodic solution or
distinct and multiple stationary solutions constitute exciting perspectives of this
work.

These phenomena are actually conjectured to be generic in coupled excitable
systems subject to noise.

A. Mean-Field limit for Fitzhugh-Nagumo neurons

Let us start by a well known result with is a simple application of global existence
and path wise uniqueness for system of SDE, see [16, Chapter 5, Theorems 3.7
and 3.11] for example. Consider the particle system for 1 <14 < N:

dvi = (vi (v = X) (1 = v}) — i + L) dt+—z A (A1)

dr! = (—azl + bvl)dt,
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Fig. 1. Permanent (non-transient) regimes of the FhN particle system for N = 2000. Top row
e = 0.1, middle row € = 1, and bottom row € = 3. The unique stationary solution in the small
coupling limit analyzed in the manuscript visits both attractors transiently (middle), while
in the high coupling regime (bottom), the system remains around one of the attractors (the
system has at least two such solutions). In an intermediate regime, the system shows periodic
oscillations (see voltage and recovery evolution in the middle row).

with initial data (X§,V{) for 1 <14 < N distributed according to fo € Pa(R?),
i.e., a probability measure in R? with finite second moment. Here the (W});>0
are n independent standard Brownian motions in R. This result was stated in [5],
but the proof used a localization argument which is not completely justified. We
prove here a simpler version of the result based on a-priori estimates.

Lemma A.1 Let fy € P(RQ)_ be a probability with finite second moment, and
a set of random variables (Xg, Vy) with law fo. Then (A.1) admits a path wise
unique global solution with initial datum (X§,Vy) for 1 <i < N.

Proof. The system (A.1) can be written in R?Y as the SDE

dzl = oV dBY + b(Zl) dt,
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where ZY = (zf,v},...,2N,v)), oV is a constant 2N x 2N sparse matrix,

(BN)i>0 is a standard Brownian motion on R*" and b : R*¥ — RV is a
function defined in the obvious way. It is easy to see that b is a locally Lipschitz
function, moreover, letting (-,-) and || - || the scalar product and the Euclidean

norm on R?¥ respectively, then for all ZY = (z!,vt,... 2™ oN),

N

N N N

in(faxi + b’ + Zvi (v (W' =) (1 = ;) —a' + Io) + Z v (v’ =)

i=1 ij=1

(Z",b(Z"))

I
=

s
Il
—

L . . g
(b—1)z'v" 4+ Z (J[0')? — alz'?) — N Z v'v! + CN

i=1 ij=1

-

s
Il
—

< CO+]1ZY)P).

This is a sufficient condition for global existence and pathwise uniqueness (see
e.g. [25]).

Mean-Field limit. Now we turn to the propagation of chaos property. We already
know the existence and uniqueness of the particle system (A.1), moreover the
nonlinear SDE:

dvy = (0¢ (0 — A\)(1 — 0) — Ty + 1) dt + J/ (v — v) dfi(x,v) dt + dWr,
R2
dz, = (—aZ + bu,)dt
fr =law(Z:,7;), law(Zo, To) = fo.
(A.2)
is also well-posed for fo € L*(M) N L'log L' NP(R?), as a consequence of The-
orem 2.2. Then, for instance, we can sate the

Theorem A.2. Let fo be a Borel probability measure and (X&, Vy) for1 <i < N
be N independent variables with law fo. Let us assume that the solutions to (A.1)
and (A.2) with initial data (X§,V3) and fo are well defined on [0,T) and such
that
sup {/ (J=|* + [v]?) dft(x,v)} < 00, (A.3)
0,77 \ Jr2
with f; = law(Z,v}) (which actually does not depend on i by exchangeability).
Then there exists a constant C' > 0 such that

. . o C

E[|z; — zi* + v} — 9]?] < Nec‘f. (A.4)
Proof. We start by writing X; = z} — z} and V! = v} — v;. For notational
convenience we drop the time dependence subindex, take J = 1, and use the

letter C to denote a finite constant that may change in the different inequalities.
Because z} and 7} are driven by the same Brownian motion, we have that

Vi = (v'(v' = N1 —0") =0 (@ = N)(1 —0") — X")dt

1 -
+NZ (v} —Ug)dt—/w(@i —v)df(x,v)dt
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We define a(t) = E[|X?|? 4+ |V|?] which is independent of the label i by
symmetry and exchangeability of the system. It is not hard to see that

1d . . _
57 [XP] = BBIX7| V'] = alX"]"] < Sa(t),

N | o

and

Ldp vip] = [Vi(ui (v — A)(1— o) — 0'(5 — A)(1— 5) — X7)]

2 dt
+E[VZ Z(U' — ) dt - Vi/
N & 22
Estimate for Sy: Let us first notice that
V(" = N1 -0 = (0 - M) (1 - ﬂi) = —(|o'PP = [7"P) + (L + ) (']* = [7']*) = AV?
SV 2 4 05+ [52) + (1 V(| + [07]) — AV,

(@ — ) dfy(z, u)} — 81+ S

therefore
S = E[VIR(=' 2 — v o — [0 + (1 + N (] + [57]) — N)] — E[VixX7],
and by consequence there is some constant C' > 0 such that
S1 < Caf(t). (A.5)
Estimate for Sy: By definition, it holds

Sy =E {V (vy —0") — %XN: (v —/szdft(x U))}
. 1 Y o 1 o
=E[V] -5 z_: E [VlVJ} -~ E [VZ (vg —/R2vdft(x,v))]

Using Cauchy-Schwarz inequality and the independence of the processes (27),=1...n,
we find:

Sy <2E[VIP] + ( [V ]) ( U Z] . (Ut Jr2 vdfi(x v))|2D1/2
<2V ¢ 1) (o (v ovattto) drie)

Since the second moment of f; is uniformly bounded on [0, T], we conclude that

S, < C’(a(t)Jra(\j)_]i]/Q). (A.6)

Combining (A.5) and (A.6), we thus find:

jt (t) < C(alt) + Q%Q)SC(a(t)-i-%),

and using Gronwal’s Lemma,

alt) < <a(0) + %) Ot = Lot

which finishes the proof.
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B. Strong maximum principle for the linearized operator

In this final appendix we shall extend the result provided in [40, Corollary A.20]
to our framework. These local positivity estimates are classical in hypoelliptic
equations and they are a necessary condition for Theorem 2.3. Here, our result
is time dependant and by consequence more general than it is needed in the
applications.

In the sequel, we shall use the notation

BT(SC(),’U()) = {(1‘,’0) € ]R2; |U 7’[)0| < |1' 7$0| < 7,3},

and come back to the classical notation V., = D, , and 82, = A,. Also, we
simplify the problem by choosing a = b = 1, but the proof can be easily extended
to the general case.

Theorem B.1. Let f(t,z,v) be a classical nonnegative solution of
0
af - Avf = A(t, Zz, U) vvf + B(:L', ’U) sz =+ C(t, xz, ’U) f (Bl)

in [0,T) x £2, where §2 is an open subset of R?, and A, C : [0,T)xR? and bounded
continuous functions and B(z,v) = x —v. Let (x9,v9) € 2 and A and C upper
bounds of respectively || A||L= and ||C| L.

Then, for any r,7 > 0 there are constants A\, K > 0, only depending on A, C
and r? /T such that the following holds: If By (xo,v0) C 2, 7 < min(1/2, — log(r3 /2|zo—
vol)) and f > 6 > 0in [1/2,7)X By(x0,v0), then f > K& in [1/2,7T) X Bay (20, o).

Theorem B.1 implies, via covering arguments in variables ¢, x, v the

Corollary B.2 If f > 0 solves (B.1) in [0,T) x 2 and f > § > 0in [0,T) X
B,.(xg,v0), then for any compact set K C {2 containing (xo,vo) and for any
ty € (0,7), we have f > & > 0 in [to,T) x K where §' only depends on
lea CaKa Q,ZCQ,’UO,T,tO,(S.

Proof (Proof of Theorem B.1).
We only explain how to adapt the proof of Theorem A.19 given in [40]. Let
g=eCf(t,r,v); then g > fand Lg > 0in (0,T) x £2, where

L=0+w—x)V,— A, —A(t,z,v) V,.

Next, we construct a particular subsolution for £. In the sequel, B, stands
for B, (zg,v0) and we define X¢(xq,vo) = vo + (2o — vo)e ™.
Step 1. Construction of the subsolution.

For t € (0,7] and (z,v) € 2\ B, let

2
P(t,z,v) = a% — t%(v —vo)(x — X))+

(.’L' — Xt)2
2t3 7

with «, 8, > 0 to be chosen later on. Let further define

QO(t, xz, ’U) =de Pltav) _ &,



On a kinetic FitzHugh-Nagumo model of neuronal network 39

where 11, e > 0 will also be chosen later on. If we assume that 82 < a~, then P
is a positive quadratic form in the variables v — vy and = — X;. Clearly

Lo=—poe "TEP),
where
E(P) =3P+ (v—12)VyP — AyP+ |V, P> — A(t,z,v) V, P.
By straightforward computation we find that £ = & + &3, with

51(P)=(an—%—ﬁ)(”jT”‘))m(mg_mg)w
2 37 (z*Xt)Q
+(Mﬁ _'7?) 4
and
&nggﬁjﬂ%glfﬁfa%
— (x —tj(t) W A(t,x,vi(v — ) L5 A(t,x,vt)2(ac — Xt)-

Now we notice that &£ is defined by the quadratic form

a g
po? —5 -8 B+ -pap
My = v 2 37
54’5—#045 ) Y

which is nothing but a quadratic polynomial on (v — vg)/t and (z — X;)/t2. As
1 — 00
tr My, = pu(a? + 8%) 4+ O(1)
3aB? 3
det M, :,u{ 5 +afy—p° — — + O(1),
both positive quantities if 3 > « and a~ > 82. In particular, for 3 = 2« and
7=28a,

3a’y

tr M, =5a%u+ O(1)
det M, =20 u+ O(1),

and letting p — oo the eigenvalues of M, are of order p 3% and 3. So, for any
fixed C' > 0 we may choose «, 3,7 and pu such that

_ 2 — X,)2
51(P) > Cﬁ((v t;)o) + (SC N t) )
Second, if ¢t € (0,1) then
(v — Xt)2 3B(v — U0)2 3B(x — Xt)2 T2 B
&(P) 2 —4pt—th SRl oA gppe 2

and making 7 < 1, we get,

E(P) > const % {C((U _tUO)Q + (@ _t:(t)Q) - 1} )

with C' arbitrarily large.
Let us briefly describe the rest of the proof. Recall that (z,v) ¢ B, so
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1. either |v —vg| > 7, then £(P) > const.(3/t)[Cr? /T — 1], which is positive for
C>r/r%
2. or |[z—zo| > r?, and then, if 7 < £ min(1, — log(—=L=—)) then for any ¢ € [0, 7)

[zo—wvol
I N R T
2 - 2t2 12 T 472
so E(P) > const.(B/t)[Cr® /473 — 1], which is positive as soon as C' > 473 /7%,

Summarizing: under the assumptions, we can always choose constants v >
B> a>1and ay > 2, depending only on A and r?/7, so that

|X; — 20| <7r3/2 and

Lp>0, in[0,7) X (Bx\ By),

as soon as 7 < min(1/2, —log(r3/2|z¢ — vo)).
Step 2. Boundary conditions. We now wish to prove that ¢ < g for ¢ = 0 and
for any (x,v) € O(By, \ B;); then classical maximum principle will do the rest.
Let us first notice that the boundary condition at t = 0 is obvious (¢ can be
extended by continuity by 0 at the initial time). The condition at 9B, is also
true since V (z,v) € 0B,: ¢ < < g.
It remains to fix the remaining parameters in order to conclude that ¢ < g in
OB),. From the choice of a, § and 7, it is easy to see that for any (z,v) € OBy,

a(v—v9)? (z— X;)? a . (A2 266 aX . r?or
Py § (SR Y o (52 X 0 (2 )

notice that we are imposing A > 1. Choosing
B ma A2 2 g6
° = 5eXP(7 16 mm(?’ﬁ))’

we get ¢ = e #PE2Y) _ o <0 on OB),. By consequence ¢ < g on the whole
set By,

Let us finally notice that at this point we have uniform bounds for g on
Bs, \ B, for any t € [7/2, 7). Indeed,

v ) (1 — Xp)? 8r2 1026 7° r? 1"
( tO) +( 5 t) ) §27(_+ = )§20687maX(?,—

P(t,x,v)§27<

Then, for A big enough we find Ky > 0 such that

2 .6 22 2,6
o(t,z,v) > 4§ [eXp (—2068u7 max (r—, r—))—exp (_ua min (T—, r_))} > Ky,
T 73 16 T’ 73
because v = 8 a, to find such X it suffices that
2 .6 2 .6
2068 x 16 x 8 max (r—, T—) < A% min (r—, T—),
T'73 T 73

by consequence A depends only on 72 /7. o
Finally, we find K, A > 0 depending on A, C' and r2/7 such that

F>Kose™C on [r/2,7) x (Ba \ By).
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Remark B.3 Let us notice that we can extend Theorem B.1 to some cases when
A or C are not necessarily bounded and 2 = R?. It suffices to take any r,7 > 0
and fix X (which as we saw only depends on a numerical constant and the ratio
r2/7). We can then fir R > 0 big enough, in order to have that \r < R and
study the equation into Bgr, where by continuity A and C' attain their maximum
in the compact set [0,7] x Bgr.
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