
HAL Id: hal-01108730
https://hal.science/hal-01108730v1

Submitted on 23 Jan 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Estimate of sums of Dirichlet series
Lou Shituo, Yao Qi

To cite this version:
Lou Shituo, Yao Qi. Estimate of sums of Dirichlet series. Hardy-Ramanujan Journal, 1994, Volume
17 - 1994, pp.1 - 31. �10.46298/hrj.1994.128�. �hal-01108730�

https://hal.science/hal-01108730v1
https://hal.archives-ouvertes.fr


Hardy-Ram.anujan Journal 

Vol.17 (1994) 1-31 

ESTIMATE OF SUMS OF DIRICHLET SERIES 

Shituo Lou and Qi Yao 

§ 1. INTRODUCTION. 

1 

· Let z be a large positive nmnber, e be a small positive number and k 

be a finite integer. Let y == z8
, 1/2 < e < 7/12, T = zl-8+£/2' and let 

· · and L be real numbers such that 

(1.1} 

U1, · · ·, and W be real numbers such that 

W < Ll/2-c (1.2) 

and 

(1.3) 

Let A be a fixed integer, and i S 1 be the number of elements of set S. 

We discuss the set S(U1 , · • · , U1., W) which satisfies following conditions, for 

1 i k and j be a positive integer, 

(1.4) I S(Ul , . .. , UA:, W) I< u,-2
j(Mj +T)(log z)A and I S(Ul. . . . , W) I< 

w-2i(V + T)(log z)A; 

(1.5) I I< (u,- 21M/ + u;6
iMjT)(log z)A; 

(1.6) I S(Ul, ... W) I< (W- 2iLi + w-6iLiT)(log z)A; 
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Let a;= log M;/log z. In§ 2 we shall give some functions h;(ai> · · · ,ak) for 

1 ::; i ::; 3, such that 

In§ 3, we discuss those S(U1 , · · • ,U,, W)'s which satisfy one more inequality 

: for 1::; j::; k, 

If T 115 ::; M; ::; T113 , we replace (1.9} by 

(1.10) 

and, if M; ::; T 115 , we replace (1.9) by 

(1.11) 

In§ 3 we will give h.i{a1. for 4::; i::; 10 with (1.8). 

Heath-Brown and Iwaniec [1] discussed the gaps between consecutive 

primes using sieve method. The remainder term 

R(:t;Mt,···,."Jk)= L am,,l, ... ,a.nk,krm, ... m.. (1.12) 
Mi< 111iS2Mi 

.. 

where 

M; < y and I i I:S 1, be considered. Applying the method which is very 

close to Heath-Brown and Iwaniec's, in § 5, we will show that 

(1.13) 

if (1.8) holds with 

(1.14) 
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In fact, they proved that (see [1)) if 8 = 11/20 + £,k = 2, M1 < z0
·
46

-£, 

and M 2 < (1.13) holds. Consequently, they obtained that for 11 = 

z8
, 0 11/20 + £, 

1 11 
?r(z) - ?r(z - 1l) > 212 log z' 

where ?r( z) be the number of primes z. 

(1.15) 

In [2], Heath-Brown discussed some kind of products of Dirichlet series 

1<(1 

W(s) = X(s)IIYi(s), 
j=l 

where 

X(s) = L n-•, 

and 
leo 

Loll M; = 
i=l 

2 

Using Heath-Brown's method that was used in [2], in§ 5, we shall show that 

1
2T 1 1 I 2 

I W(- +it) I d.t < 
T 2 

(1.16) 

for 

where 0 is a fixed positive constant with 1/2 < 0 < 1, and 

· I I 

T1 = ezp((log z)l(loglog z)-3), 

if (1.8) holds (1.14). 

In [3], and [4], we shall apply the results of this paper to investigate gaps 

between consecutive primes and prove that (1.11) holds for 0 = 11/20 + e 
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in [3) and 8 == 6/11 + e in [4]. In Section 4, we also discuss the case of 

(} = 11/20 + £ that will be used in [3) to prove that 

0.99-11- < ,..:(z- 71) < 1.01-
1 

11 
• 

log z og 

In Section 4 we discuss the case of 8 = 6/11 + e as well that will be used in · 

[4] to prove that 

0.969y ( ) ( ) 1.031y -- < X -,..: X - 1J < --, 
log z log x 

for (} == 6/11 +e. 
In this paper 6 be another positive small number with 6 < E and may 

be difference in some paragraphs. Also, we use 

c6 < 6. 

§ 2. ESTIMATE OF I S(Ur, · · ·, U,., W) I . 
In this section we estimate I S(U11 • • ·, Ur.. W) I · First we divide Mr. · · · , M 1., 

and L into ko + 1 parts (in this paper 2 ko :$ 6), denote the products of 

elements in one part by N 1 , · • • ,Nko, and L0 , respectively. Also denote the 

product of those U,.'s or W that correspond toN; or Lo by U; or W, again. 

We now replace (1.1), (1.2) and (1.3) by 

(2.1) 

1 

U; Nl A;, 1 :$ j /co, (2.2) 

and 
!. 

W :$ L6Ao (2.3) 

where A; (or A0 ) = z-6 if L belongs toN; (or £ 0 }, otherwise A;= 1. Thus 

we have that 

(2A) 
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It is clear that if Lo satisfies {1.6) with i = 2 and L0 < T 112
, then Lo 

satisfies {1.7). In this paper, assume that 

Lo < T
112 

if Lo i= L. (2.5) 

Replacing L by Lo, we shall show that the frmction I S(Ut, . . . 'ulc(), W) I 

with (1.4), (1.5), (1.6), (1. 7) and (2.4) such that (1.8). 

We now renew the notations lli = log N,flog z, i = 1, · · ·, A:0 , u = 
log Lo/log z = 1- a1- ···-aka and to= log T/log z. Let 

F =I S(Ut. · · ·, u1c0. W) 1 z-6 
(2.6) 

We replace I S(Ut, · · ·, W) I by F, it makes that we can drop the factor 

logAz in the right hand side of (1.4), (1.5), {1.6) and (1.7), and drop T£ in 

{1.9). 
2. . 

2U,- 1 Nf, then we have that 

since F Ui
2
i(N/ + T). 

Suppose j such that 

u to/i and j = 2 if u to/2. 

Thus, if j > 2, we have u t0 /j, i.e. Wi T. Then 

F < w-2iT. 

We prove following lemmas : 

Lemma 2.1. Let ko = 2, we have 

{2.7) 

{2.8) 

(2.10) 

(2.11) 
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Proof. We have that, by (1.4), (1.5) and (1.6), 

F min{U
1
-

2(N1 + T),Ui 2(N2+T),U1
2 
Nt + U1

6 
N1T,Ui

2 
N2 + Ui

6
N2T, 

+ w-2iT}, 

and proceed to show that 

(2.12) 

We now consider four cases : 

Case 1. F 2U12 Nt and F 2Ui
2 

N2. 

Choosing k' such that Lr T, we have F < w-21<' and then 

l 1 1 1 1 

U1U2W F < U1U2W(Ui2 N2)7- 2<21 '+tl (U!2 N2)'-l<u'+t>(W-2"' 

1 1 1 1 

< (UtU2W) 20 '+i (NtN2Lo)7 - 2<a'+t) < z2-6 

by (2.4) . Thus (2.12) holds. (Note: when a1 2: a2 2: t0 , we have that 

F 2U!
2 

N1 and F 2Ui
2 
N2 

by (1.4) with i = 1. This completes the proof of (2.10).) 

Case 2. F 2U12Nt,F > 2Ui2N2. 

In this case we have that F < Ui2T, F < Ui6 N2T and N2 < T since 

(1.4), (1.5) (take M, = Ni) (2.7) and F > 2Ui2N2 • Thus 

F :<_:: 2min{U1-
2 Nt, Ui2T, Ui6 N2T, w-2i w-2iT} 

+ 2min{U1 2 Nt, Ui2T, Ui6 N2T, w-2i w-2iT} 

:<_:: 2(U!2 Nt)11'1(Ui 2T)C2i-3)14i(Ui6 N2T)114i(W-2imin{ T} ?12i 

+ 2min{(U12 NJ)li2(Ui2T)(2i-3)/4i( Ui6 N2T)ll4i(W-2iT)1f2i' 

(U1-2 Nl)I/2(Ui2T)(2i-l)/4i(Ui6 N
2
T)l/12i(W-6i 

< (U1 U2 W)- 1 N{12T112
-

112i Ni14imin { Lj, Ti-} 

+(UtU2W)-1 (TN1 )
112min (Ni1

4
i,Ni112

i (2 .13) 
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If Lo < Tlli, we have that 

1 I I t I 

LJ < T'Ii and Nf L0 < T'Ii. 

Thus the first term on the right hand side of (2.13) is less than the second 

term. If Lo ::> T 11i, by (2. 7), we have j = 2. We have that the first term on 

the right hand side of (2.13) is less than the second term again. Then 

F < (UlU2W)- 1(TNr) 112min ( Ni1
4
i, Ni1

12
i 

Thus (2.12) and (2.11) follows. 

Case 3. F 2Ui2 N2, F 2U1-
2 
Nr. 

The proof here is the same as in Case 2. 

Case 4. F > 2U!2 Nr, F > 2U2-
2 

N1. 

We have that 

F $ 2min { U1-
2T, Ui 2T, U1-

6 N1T, U2-
6 N 2T, w- 2i w- 2iT} 

+ 2min { U1-
2T, Ui2T, U1-

6 N1T, Ui 6 N 2T, w-6i Li, w-2iT} . 

Then 

F < (U1 2T)}(w- 2iLi)"h(w-- 2iT)f,-(Ui2T)!--l,(Ui6 N2T)<'J 

+ N2T)rlJ 

< (U1U2Wt1 ( T
1-t,. Lk N2b + T Lk N 2rl;) 
I I 

$ (U1U2W)- 1TLgN;'', 

since N 2 <t: T by (2,7) with j = 1. Thus we get (2.12) and (2.11) again. 

Lemma 2.2. If N2 T, we have 

UrU2W I S(Ur, u2, W) I< + zh;(al,a• ), (2 .14) 

where 
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== max{ to, log Ntflog z} and Ui = max { 1 - at - a2} . 

Proof. We consider two cases: 

Case 1. F 2U22 
N2 

In this case, N2 < T, then 

F < min { U
1
- 2za;, u;;tr, u;;6 N2T, w-2('+2)z(i+2)..-;} 

< (U!2za' )tf2(W-2(i+2)z(i+2)"•)1/2(i+2)( Ui2T)(2i+l)/4(i+2)( Ui6 N2T)1f4(i+2) 

.- u-t y-tw-t +"i)/2T(i+t)/2(i+2) Nt/4(i+2) 

..... 1 2 2 

< y
1
-t Uit w-t zl/4(i+2)za; /2-at/4(i+2)T(i+t)/2{'+2lx"' /2-..-/4('+2), 

Then (2.14) follows. 

Case 2 F < 2Ui2 N2 

IfF< 2U!2 N1 , the proofofthis lemma is same as Case 1 of Lemma 2.1. 

IfF ;::: 2U!2 N 1 , then Nt T. Interchanging Nt with N2, we may reduce 

this case to Case 1. 

Lemma 2.3. Let ko = 3 and e < u = 1 - a1 - a2 - a3 to/2, then 

(2.15} 

where 
a;+ a3 to u 

h2(a1,a2,a3} = 2 + --
2

- + 6 + 
12

, (2.16) 

1 log N{ , log { to} 
a1 = -

1
-- = maz{at,to},a2 = -

1
-- = maz a2,-

cyz · cyz 3 

d 1 log N;, { !fl.} an a3 :=:: 
1011 

., = max a3 , 
3 

• 

Proof. In this case we have that Lo < T 112 . Then 

F min{U1
2
(Nt + T), U2-

6 (N? + T), Ui6 (N1 + T), + T), 

w-4 L2 + w.-12 L2T y-6 N3 + y-18N3T y-2N'} 
0 .o 0 ' 3 3 3 3 ' 1 1 . 
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We consider two cases : 

Case 1. F 2W-4 

Suppose F 2Ui6 Nl and F 2U2
6 
N/. By (2.4), we have that 

F ""' · {u- 2N w-4 L2 u-6 N 3 u-6N 3 } - mtn 1 1, o' 2 2> 3 3 •.. 

2 I I 6 3 I I 6 I I I I < {U1 N1)•rn(U2 N2 )• - n{U;: 

< {U1U2U3W)-1+fi(N1N2N3Lo)t - * < zt-5
. 

Suppose F > 2Ui6 NJ and F > 2U;:
6
Ni, then 

N2 < T1/3,N3 < T113 and F < U;:18N:T, 

since 2Ui6Nf F u,-6(Nf + T),F Ui
18

N1T + Ui
6
Ni fori = 

2 or 3,L0 < T 112 and N 2 < T 113 . Therefore 

F < 
l I 1 I 

< (U1U2U3W)- 1T<Nf N;'1 LJ 

< (U
1
y

2
y

3
w)-lzho(al,ao,a3) 

Suppose F > 2Ui6 Nl and F 2U26 N!, then 

F < (u;·2 N1)t(U;:6 Ni)!(w-4 (U318 NiT)-h 

(2.17) 

1 1 1 1 l 

< (U1U2U3W)- 1N! N{ LJTnNJ < (U1U2U3W)- 1zh, (a1 ,ao ,a3) (2.18) 

since a; = t0 /3 and N3 < T 113 in this case. Suppose F < 2Ui6 Nl and 

F 2Ui6N/. 

On interchanging N2 with N3 , we may reduce this case to (2 .18). 

Case 2. F > 2W-4 

We have that 

F < (U;-2 N?)k(U;;6 

then 
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The proof of Lemma 2.3 is now completed. 

Lemma 2.4. If ko == 3, a1 to, a2 to/2, then 

Shituo Lou and Qi Yao 

UtUaUaW I S(Ul> u'}., Ua, W) I< + (2.19) 

where 
a1 + a2 afJ to u 

ha(a1,a2,aa) == --
2

- + 2 + 8 + 6' 

log N3/log z == maz{to/4,aa} and u = 1- a1- a2- a3. 

Proof. We have that 

Suppose F 2W-6 L8, we are in Case 1 of Lemma 2.1, so that 

Suppose F > 2W-6 then 

F < 

I I I 1 
< (UtU2U3W)-1 NfN/z-, TaL

0 
< (U1 U2U3 W)-1zh3(a1,a2,a3l. 

Thus the lemma follows. 

§ 3. Lo = L. 

In this section we discuss I S(Ut, · · ·, W) I with (1.4), (1.5), (1.6), 

(1.7) and (1.9). We use the same notations as in§ 2 and asswne Lo == L. 

Lemma 3.1. Let L = Lo. If Lo T 112
H; then 

Proof. Take j such that 

We have 

F < · · · w-4T}. 
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Thus 
F < CUt-2j ... ... 

< (U}2; . . . . .. Nt)t/2i(W-4T)tf4 

< CUt .. . w)-I }v;/2 ... NJ.:2Tt1-t, 

. u-2i u-2iN2i N2i < 1 nr bt . smce 1 · · · leo 1 · · · leo _ • vve o am 

by Lo TI/2+•. 

LeJTllllB. 3.2. ko = 2, Nt T, N2 < T 115 and 

L Nl/2 > T1/2+t 
0 2 - I 

then 

UtU2W I S(Ut, u2, W) I< x!-6
. 

Proof. We have that, choosing j such that T, 

F < min{W-4 U:!2T, U1-
2 N1 , u;i Ni} . 

Thus 

p < (W-4U:!2T)tf4(U!2 N
1
)tf2(U;2i 

< CUt U2 W)-1 N{
12 

N; 14T 114 = ( U1 U2Wt 1(z/ L0 N2 )
112 N;t

4
T 114 

< x!-6, 

since N;/4 Tl/Ht/2. 

Lemma 3.3. ko = 2, N1 T, N2 T 115 and 

L > T3/8+t Nl/8 
0- 2 I 

then 

U1U2W I S(Ut,U2,W) I< x!-6. 

Proof. We have that, choosing j such that ;?: T, 

F < min{w- 4 u; 2 N;t
4
T 314

, Ui- 2 N1 , u;2
i Ni}. 

11 
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Th b U- 2;N; < 1 us, y 2 2 -': ' 

F < (w-•ui2 N:'4rst•)lf4( u(: ivl)1f2( u;2i N4 )1/4i 

< (U1U2W)-1 N{/
2 
N:

116
T 3

1
16 = (U1U2W)- 1(z/LoN2)112N:1

16
T 3I16 

< zl/2-6. 

Write 

1 1 .3 5 5 7 3 3 3 
Ct = 2j, + 2}2 - 10' c2 = 7 + }2 + it 'Cs = B - 4j-z - 4}3 - 8j4 

C( = i (;2 + ;3 + D ,cs = -

and 
1 1 1 1 

= 4j, + 4}3 + 8j4 - 8' 

Define 
- '· I 

NI = maz { N;, Tii} , i = 3 and 4. (3.1) 

Lemma 3.4. Let Ko = 4, as a., t0/3 a. t0/5, u == 1 - a1 - a2 - a 3 -

a4 to/h,it andh,ja,i4 be integers 0 (1 i 6), then 

U1U2U3U4W I S(Ut,U2,Ua,U4,W) I< (3.2) 

where 

Proof. We have that, by to/3 a. to/5, u to/5 and a3 

F < min{W-4 U4-
2 NJ r!, U1-

2(Nt + T), u1-
6 N1T + lf1-

2 N1, u; 2
h ( Nf + T) 

u-2n N + u-e;, Nnr u-toNs u-wNs w-2it L;' u-2;3 N';3 
2 2 2 2 ' 3 3• 4 4• 0' 3 3 ' 

U
4
-

2i4(N1• + T)}. 
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We discuss following cases 

Case 1. F :$ 2U12 
N1 and F :$ 2U2-

2
;. Nf. 

By (2.4), we have that 

13 

1 ( . . ) 
1 

1 !1.. __!__ !1. 
F < (U12 Nt)I- <2 U22n '212 "'' (U:;lO N3) Ili- <2 (U410 N1) Ili- •• x 

x ( w-2il Li') 1il- ,, " 

1 I fj < (U1U2U3U4W) <2 (N1N2N3N4Lo)'I '• < (U1U2U3U4W)- :z:l- , 

since ctfc2 < 1/10. 

Case 2. F > 2U1 2 
N1 and F :$ 2U2

2
;. Nf . 

We use F < Ui- 2
;; N?; for i = 3 or 4. We have that, by 2ca + 6c4 = 1, 

. 1 t1 , 1 

< (U1U2UaU4W)- 1 Nf• Ni N3'I N/ NjiTft+c3+c• 

< (UtU2UaU4w)-t:z:h.(al,a,,a3,a•>, 

Case 3. F :$ 2U12 N1 and F > 2U2-
2
;. Nj•. 

Then we have that 

I I 1 

F < ( w-4Ui2 NJTi) l ( u4- 2i• i14 ( UiJ2i3 (Ul-2 Nt)! X 

X (u;2i·Tr (u;6i2Nrrr 
I . II •1 6 ..l. 

< (U1U2U3U4W)- 1 N[ N/ N4' 

< ( Ut U2U3U4 w)-t:z:h•(a. ,a,,a3,a•)' 

as required. 

Case 4. F > 2U1-
2 Nt and F > 2U2-

2
;. Nt'. 

In this case we have that N1 < T and N2 < T 11i2. Thus (3.3) and (3.4) are 

true again, i.e. we get (3.1) again. 

(3 .3) 

(3.4) 
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If take h = 2 and is = j4 = 5, then 

a3 50o4 3to { 111 3 to 3 a2 7 } 
h4(at,a2,as,t14) = 2+4+16+.16+maz 2 + 20112 + 10' 40111 + 2 + 20to 

(3.5) 

Lemma 3.5. Suppose ko = 4,114 $ to/5,a.a to/Ji,(i = 2,3 and4r and 

u t01J with 

then 

where 

Proof. 

to 
hs(at,a2,a3,a4) = 2 + 4 + -;r+ 

{ 
111 . ) 112 ( } maz 2 + 1!612112 +(eli+ C6 to,l11 + 2 + ca + c.)to . (3.7) 

In the proof of Lemma 3.2 we replace (1.10) by (1.11). Then we -

replace 5a4/16 by to/16 and we get hs(at, a2 , 113, 114) replace h•(at, a2 , as, a4 ). 

The lemma follows. 

Lemma 3.6. If ko = 3, at to and to/3 113 to/5, then 

UtU2U3W I S(Ut, u2. Ua, W) I< zl-6 + 

where 
13to a1 + 5a3 = 4s + -

2
- + 16. 

and a;= maz{a2,to/3}. 

Proof. We have 

1 

F < (w-4u;2Njrtr (u1
2N 1)t (u2

6 z342)l (u;6r)h 
1 i •' 

< (UtU2UaW)-1Nl NJ•z-1-TH < (U1 U2 U3W)-1 zhe(al,a2,a3,a•). 

Thus the lemma follows. 

Lemma 3.7. If ko = 4 and the a.'s satisfv: {1} 111 + a3 + a4 {2} 
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a2 + a3 + a4 to; (3} at+ a3 to, (4) at+ a4 to; and (5} a3 to/5; 

then 

where 

Proof. W.L.O.G. we can agree that U3 U4, then we have 

F < · {w-4 u-2T u-2u-2T u-2u-2u-2T u-2N +U-6 N T u- 2u-2 u- 2N N N} _ fflln 3 I t 3 I 2 3 4 I 2 2 2 2 I t 3 4 t 3 4 " 

H F 2U22 N2, this is Case 1 of Lemma 2.1; 2Ui2 
N2, from U3 U4, 

we have 

F < (W-4 U3-
2T)l(U12U3-

2T)l(U22Ui2Ui2T)l(U26N2T)l 

< CUtU2UaU4w}-1TNfu;;iuJ < {UtU2U3 U4w)-tz"T(o,,o2 ,CI3· ... >, 

and the lemma follows. 

Lemma 3.8. Suppose that ko = 6, to/3 a1 · • · 116 t0 /5 and 

u + a1 + a2 to, then 

where 
19 as 15 

hs(at.···,l16) = 48 116 + 12 + 12 + 16to. 

Proof. H F U6 2Ur; 2Ui 2 N6 N5 N4 , then 

F < W6 2 Ui 2Ui 2 N6N5N4)!--h(w-2u1-
2 Ui2 LoNtN2)l--h(U3to Ni)ilf-m 

< (WU6 · · · Ut)-t+fi(LoN6 · · · N 1)i-fi < zl-6
. 
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and 

1 

F < ( w-"U62 NJTi r (U}2U;2U32T)! (Ui6.Ui6U66 
N4N5N6T) ft x 

I I 

x (Ui"Ui2T)I (u;-uryn . 

Lemma 3.9. Suppose that ko = 4, a1 2: a2 2: as 2: a4, a1 + as to < 

a1 + aa + a4,u t0/3 and 2a4 to/3, then 

u1 · · · u. w 1 S(Ut. ... , u.) I< + .. ........ ) 

where 
15 a2 5a,. 

h9 (at,· .. • = 
16

to+ S + 8 . 

Proof. IfF :$ 2U;2 N2, then 

by (2.4). 

IfF > 2U22 N2 , then F < min{U;2T, U;6 N2T}. Thus 

F < ( w-4 Ui4 N}Ti) i (U}2 U32T) i (Ui 2T) i (U;6 N2T) i 

A' Tfi Ni Nt .-
- 2 4- ' 

as required. 

Lemma 3.10. Suppose that ko = 3, a2 + aa to, a1 + u 2: to and aa to/5, 

then 

where 

Proof. We have that 
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w-2
U1

2 
LoNt}· 

rr F 2Ui 2U; 2 N2 N3 , then we go back to the Case 1 on Lemma 3.1, 'sirice 

F < w-2 U}2 LoN11 and N4 ifF> 2Ui
2
U;

2
N2Na, then 

F < (w- 4U;2r)i (U1 (Ui2U;2T)i (Ui6U;6 N2NsT)* (Ui6 N2T)'fi 

< (UtU2UaW)-Izhte(at.a2.03)' 

as required. 

§ 4. SET E(8) . 

Let 8;(1 j r) be positive nunibers with 

Divide the set of numbers 

:E 8, < 1. 

8o = 1- L 8;. 

into three subsets and ca.ll the sums of terms in each subset at, a2 and u, 

where u is distinguished by being 80 if u > to/2, and otherwise u to/2. 

Since at + a2 + u = 1, any two of a1 , a2 , u determine the thiJ:d . We attach 

an exactly similar meaning to {at,a2 , a3 , u} and {a1 , a2,a3 ,a4 ,11}. We refer 

to {at, a2, u}, or {a1, a2, a3 , u}, or {a11 a2, a3 , a., u} as set of complementary 

partial sums. For {at, · · · , a11 , u} if there exists some ht{ai. · · ·,a,.) which 

satisfies {1.8) with 

ht( at,· ·· , a11 ) < 1/2, 

then we ca.ll it {at.· · . ,a11 ,u} E E(8) . For short, we write that {8;} E E{8) 

instead of {a1 , .• · ,a11 ,u} E E(8). 

Lemma 4.1. If there exist& at least one set of complmnentary partial sums 
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{a1.a2 ,u} (or {at,a2,a3 ,u}) of {8;} such that at least one of conditions 

(4:1.1)- (4.1.4) (or (4.1.5)) holds, then {8;} E E(O). 

(4.1.1) a1 a2 and u > e; 

'l,'his situation is covered by (2.9) and {2.10) of Lemma 2.1 

(4.1.2) a2 to and a2 < 4- 8to; 

Using (2.11) of Lemma 2.1 with c4 =to and j = 2, we have that 

(4.1.3) to,a2 and u -fn; 
In this case, toe use Lemma 2.2, O'i = maz{t0 /(i + 2),1 - at - a2} = 

maz{to/(i + 2),u} = u, and <4 =at, then 

. '+1 1 
hi(at,42) = 2C•+2)to + 4fa+2J + 4(:+2)(at + u) 

_j;tL I .1!±L 1 = 2(i+2)to + 4(i+2J + 4(i+2} {1- a2) < I· 

(4.1.4} fo/3:5:U.t to,u = 1-at-a2- aa and a1 +u/6 < 1-to. 

By Lemma 2.3 with t4 = maz{t0 /3,a2} = to/3,a3 = max{to/3,a3} = 
to/3; then 

h2{at,a,,aa) -- at/2 + (a2 + rfa)/2+ to/6+ u/12 

at/2 + to/2 + u/12 < 1/2. 

Lemma 4.2. If there exists at least one set of complementary partial sums 

{at,a2,aa,u} of {0;} &Uch that at least one of conditions (4.2.1)- (4.2.3) 

holds, then {0;} E E(8). 

(4.2.1). to,az t0 /2,aa to/4 and u > 2to/7. 

In this case, Lemma tLI is applied, we have rfa = max{aa,to/4} = aa, 

then 

(at+ a2 + aa)/2 + to/8 + u/16 

= 1/2 + to/8- 7u/16 < 1/2, 

since u > 2t0 j7. 

( 4.2.2). a1 t0 , t::; :;:: .:03 :;:: to/3 and u > 2to/5. 
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Using Lemma2.3, we have maz{to/3,a2} = a2 anda3 = maz{to/3,aa} = 
a3 , then 

ha(a1.a2,aa) = (ax+a2+aa)/2+to/6+11/12 

= {1 - 11)/2 + to/6 + u /12 

= 1/2 + to/6- 5u/12 < 1/2 

since u > 2to/5. 

( ax to, a2 to/3 a3 and to/2 u > maz{2to/5, 4to/5 - 6a3/5}. 

We use Lemma2.3 witha2 = maz{to/3,a2} = a2, anda3 = maz{to/3,aa} = 
to/3, then 

h3{a1ta2,aa) = (ax+ a2)/2 + to/6 + to/6 + u/12 

(1- u- a3)/2 + fo/3 + u/12 

= 1/2 + t0 /3- 5u/12- aa/3 < 1/2 

since 11 > 4to/5- 6aa/5. 

Lemma 4.3. Suppose L = Lo (i.e. {1.9) holds). Ifu > to/2; then {IJ;} E 

E(8). 

It is covered by Lemma 3.1. 

For a fixed u, denote 

Lemma 4.4. Suppose that {8;} satisfies the condition (4.4.1) : (4.4.1) 

all of complementary partial sums {ax, a2, 11} with aa :S at :S to satisfies 

{8;} E E(8), (a2 :Sat is not necessary). Then for a fixed u, {8;} E E(8) if 

m.,. < a2 < M.,.. (4.4.2) 

Moreover, we have that 

m.,. + a2 + J.f.,. = 1, (4.4.3) 
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m,. < to < M"; 

for to/ j u 2to/(2j + 1}, 

6j 2j -1· 
M.,. ?: 1 -

61 
_ 

1 
to - Sj _ 

1 
u, 

. 6j ·. ' 4j 
m.,. 6j - 1 to - 6j - 1 u; 

and for 2tof(2j + 1) u to/U + 1), 

2j 
M, > 1- --to - u 

- 2j+ 1 ' 

2' 
< 1 t 

m,. - 2j + 1 O· 

(4.4.4) 

(4.4.5) 

(4.4.6) 

(4 .4.7) 

(4.4.8) 

Proof. We use (4.13) with j = i+ 1 to prove (4.4.8). Then we have (4.4.7) 

by (4.4.3). 

For 6 > 11/20; we can get much simple conditions for {a1,a2,u} E E(O). 

We will use it to discuss the gap between consecutive primes in [3]. 

Lemma 4.5. Suppose that to < 9/20. If there exists at least one set of 

complementary partial sum& {at, a2, 11} with a1 to, and a2 to, then 

{8;} E E(B). Moreover, we have that 

M" - m,. > 11, if 11 < 0.1; (4.5.1) 

and 

M,- m .. > 1- 2t0 , if 11 0.1. (4.5.2) 

Proof. H a2 a1 , and a2 < 4-8to, it is same as (5.1.8). H a1 a2 4-Bt0 , 

using (2.11) of Lemma 2.1 with j = 2, we have 

ho(a1,a2) == to+min{a2/8,u/6+a2/24} 

to+ (4- Bto}/24 + (1- 2(4- 8to))/6 < 1/2. 

By (4.4.4}, (4.4.5) and (4.4.6), we have that 

M" - m" > 1 - -to - -u- -to - -to > u 28 9(28 20 ) 
- 29 29 29 29 . . - ' 

(4.5.3) 
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if u < to/5. When to/5 u < 0.1, we have that 

8 8 
M, - m.r 1 - 9to - u - 9to > 1 2to. 

Then (4.5.1) holds. When to/(i + 1} u 2t0 /(2j + 1), by (4.4.4) and 

(4.4.6), 

2j 2j 
M - m > 1- --to- u- --to > 1- .,., __ 

, , - 2j + 1 2j + 1 - ... "11 

When 2to/(2j + 1) u to/(i + 1), by (4.4.5) and (4.4.7) 

M,-m, > 
1 
u- 1-2to (4.5.5) 

- 6] - 1 6] - 1 6]- 1 6] - 1 

Thus ( 4.5.2) holds. 

For 8 > 6/11, we can get some simple conditions for {a1.a2,u} E E(8). We 

will use it to discuss the gap between consecutive primes in [3]. Moreover, 

we have that 

Corollary 4.5.1. Suppose that 8 > 6/11. (4.5.1) and (4.5 .2) hold. If a2 

a1 1/2 and u = 1- at- a2 < 1/2- 8t0/9, then {8;} E E(8). 

Proof. If a2 ;;:: to, it is covered by (4.1.1); if at <to, we have that {8;} E 

E(8) by (4.5.1); if a2 t0 <at < 1/2 and u t0 f5, then 

a2 = 1 - a1 - u > 1 - 1/2 - (1/2 - Sto/9) = 8t0 /9, 

thus {8;} E E(8) by (4 .1.3). If a2 to < a1 < 1/2 and u < t0/5, using 

(2.11) in Lemma 2.1 with j = 5, then 

ho(a1,a2) = 

to/2 + at/2 + u/6 + a2/60 

= to/2 + at/2 + u/6 + (1- at - u)/60 

to/2 + 1/60 + 29atf60 + 3u/20 

to/2 + 1/60 + 29/120 + 3t0/100 < 1/2, 



22 Shituo Lou and Qi Yao 

since a1 $ 1/2 and u $ to/5. 

Lenuna 4.6. Suppose to < 5/11. If there exists at least one set of com-

plementarv partial sums {at,az,u} (or of {9;} such that at 

least one of conditions (4.6.1}- (4.6.5) holds, then {9;} E E(O). 

(4.6.1) a2 :$;at$ t0 and u < 1- 20to/ll. 

Proof. When u to/3, we apply Lemma 2.2 with i = 1, 

o-1 = max{to/3, 1- at- a2} = ma:z:{to/3,u} = o- and to, then 

hi(a1,az) = to/3 + 1/12 + to/2 + u/2- (at+ u)/12 

$ 5to/6 + 1/12 + Su/12- a1 /12 

$ 5t0/6 + 1/24 + llo-/24 

< 5t0 /6 + 1/24 + 11(1- 20t0 /ll)/24 = 1/2, 

since a1 (1- u)/2. (at a2 and Bt + az + o- = 1). 

·•>When U•<No/'3; ·weturnto (2.10) of Lemma 2.1 with j = 2 

ho(at, a,) $ to+ u/6 + a2/24 <to+ u + (1- u}/48 

$ to+ iJ + 7u/48 s 1/2. 

( 4.6.2). a1 az > (2i + 2)t0 /(2i + 3) and 1 - 20t0/ll > o- t0fi . 

Proof. If a2 ?: to, it is already covered by ( 4.1.1 ). If a1 to > a2 > 

(2i + 2)to/(2i + 3), using ( 4.1.3). If t0 > a1 a2 > Sto/9, using ( 4.2.1 ). 

We can write ( 4.2.2) to be 

( 4.6.3). to ?: a1 > {2i + 2)to/(2i + 3) and 1 - 20t0 /ll > o- to/i. (It is not 

necessary a2 $at)· 

Proof. If az?: to, we are back to (4.1.3). If a1 < t 0 , it is covered by (4 .2.2). 

(4.6.4) . to$ at$ 1/2, and e < o- < 1/2- Bto/9; 

Proof. H u to/5, then a2 = 1- u- at > 8t0/9, {9;} E E(B) by (4.1.3) 
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with i = 3. H u < to/5, we apply (2.10) with j = 5 in Lemma 2.1. We have 

ho(a1 , a2) = to/2 + at/2 + u/6 + a2/60 

t0 /2 + at/2 + u /6 + (1 - u- a1)/60 

< to/2 + 29/120 + (9/60)(1/2- Sto/9) + 1/60 < 1/2. 

( 4.6.5). a2 a1 1/2 and u < 1/2- Sto/9. 

Proof. H a2 :;::: to, it is covfered by (4.1.1). If a1 <to, {8;} E E(8) by (4.1.5) 

since tT < 1/2 - 8t0 /9 < 1 - 20to/11. H a2 to < a1 < 1/2, the proof is 

same as ( 4.5.6). 

From Lemma 4.3 and (4.6.1), we have, for u < 1- 20t0 /11, (4.4.3) -

(4.4.8} hold. Moreover, (4.5.3}, (4.5.4) and (4.5.5) with to< 5/11 can imply 

that 

M, - m, > u, if tT < to/5; (4.6.6) 

and 

Mu - mu > to/5, if u :;::: to/5 (4.6.7) 

since 1 - 2to > to/5. 

( 4.6.6) t0 a1 1/2 and a2 < 2- 4to; 

In this case, we use Lemma 2.1. By (2.11) with j = 2 and a1 = a1, 

ho(a1, a2) al/2 + to/2 + a2/8 1/4 + to/2 + to/20 < 1/2. 

Lernm.a 4. 7. Suppose that to < 5/11 and L = L0 . If there exists at least 

one set of complementary partial sums { a1 , a 2 , u} (or { a1 , a2, a3, u}) of { 8;} 

such that at least one of conditions (4.7.1)- (4.7.6) holds, then {8;} E E(8). 

( 4. 7.1). ko = 3,1/2 :;::: a1 :;::: to, 2to/5 :;::: a2 :;::: to/3, and to/4:;::: a3 :;::: to/5. 

Proof. We use Lemma 3.6 with a;= max{a2 ,t0 /3} = a2 ; then 

h5(a1. a2, a3) 13to/48 + (a1 + a2)/2 + 5a3/16 

13t0 /48 + 1/4 + t0 /5 + 5to/64 < 1/2. 
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(4.7.2). ko = 4,41 ::; 8to/9,a, 4to/9, and as$ to/4. 

Proof. Using (3.5), we have that, a3 == = to/4 and 

29 { 3 a2 7to ·ax 3<12 to } 1 
h4(at,a2,as,a•) = 

64
to + maz 40a1 + 2 + 20•2 + 2o + 10 . < 2· 

(4.7.3) .. _ko = 4,at + 03 to,42 +as+ a.$ to,al + 43 $ to,a1 + a4 $ 

to, a4 $ 43 "$ to/5 and a, $ 4 - 8to. 

Proof. Using Lemma 3.7, since a2 $ 4- Sto, we have _ 

(4.7.4). ko = 6, 2to/7?. at ?. · · · to/5 a.:+ 41 +a,?. fo. 

Proof. Using Lemma 3.8, we have that 

h ( . . . ) = 15 a. 19 < 15t. to 
8 41

' .ae 1610 + 12 + 12 + 16 ° + 21 + 168 ° < 2' 

(4. 7.5). 2to/5?. 81 ?. .. · 8,. ?. 1- 20to/ll, 2to/5 ?. 1-81- · .. - fJe ?. fJ1,?. 

1- 20t0/ll, and 85?. 96,286 S to/3, Ox+ fJ2 +Ds <'to< 81 + 9a + 85 + 85. 

Proof. In Lemma 3.9, take a1 = 81 +82,42 = Oa +64,a3 = 8s, and a4 = 86, 

then 

and 
hg(ilz, · · · ,tJ4) 5 15to/16 + a2f8 + 5(1- 5a2)/16 

< 15to/16 + 5/16- 23a2/16 < 1/2. 

(4.7:6}. ko = 4,al t 4t. 5 to,a2 = a3 $ to,<T+ az?. to, as<; to/5,a, < 1/3 

and as < to/5. 

Proof. In Lemnia 3.10, 

h10(a1. ···,at)= to+ 42/8 + as/24 < to+ 1/24 + to/120 < 1/2. 
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(4.7.7). l:o = 5,a3 :c.; a 2 :c.; 111 4:,/2, and 115 :c.; 11t :c.; to/4. 

Proof. H 112 + a1 > Sto/9, weleplace a1 by 112 + a1 and 6 by a5 with l:o = 2, 

then {8;} E E by (4.6.3). H 112 + a1 Sto/9; then 113 > 4to/9 it is covered 

by (4.7.2). 

(4.7.8) 1:o = 2,a1 to/2,a2 :c.; to/5, and u + 112/2 > to/2. 

See Lemma 3.2. 

( 4. 7 .9). 1:0 = 2, a1 to, to/3 112 to/5, and u > a2/8 + 3to/8. 

See Lemma 3.3. 

§ 5. ANALYTIC FORM 

We shall examine the remainder term R(z;M1. · · · ,M,.) (see (1.12)) 

which was used in [1). Let z be a large number, 11 = z8 with 1/2 < 8 < 7/12, 

and A= {n: z -11 < n < z}. For convenience we define a...,,i = 0, unless 

M;. < m We rewrite (1.12): 

and we write 

and 

L = 
L(6) . E ]-•, 

Lf2•<I'5,3L 

M;(6) L a...,,;mi•, for 1 :c.; i :c.; k, 
M;<m;$2M; 

g(6) = L(6) II M;(6), 

1 $i$1o 

where k is a integer. 

Theorem 2. Suppose {8;} E E(8), then 
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Proof. Lemma 3.12 of Titchmarsh [7]is applied to the function g(a), to 

yield 

(5.1) 

where c === 1 +(log z}-1 and T > 0. The conditions Im1 · · · m1c E A and 

M; < m; 2M; imply that L/2" 3L, and so that the sum on the left 

of (5.1) becomes 

L ([ :e ] [ :t- II ]) a,. 1 .•. a,. ,lc -1
' 

1 m1 • ··m• mt· ··m., 
mJ,···,m• 

= R( :t; Mt •... I M,.)- 11 t a,.t.l ... 

mt,···,m.t 

For To :5 L, in the range {1 = c +it :1 t 1:5 To :5 L}, we h.ave 

L(l) = (3L)l-•- (L/2")1-• + O(L-") 
3-1 

by Theorem 4.11 of Titchm.arsh [7]. Moreover if Tor :5 :e, 

z• (z y)• - - = yz•-1 - O(ls !vzzc-2) < vz"-1 . .. 
Renee 

1 LcHio :r:•- (:r:- vY 
---
2 

. g(1) da 
11'1 e-iTe S 

1 le+iTo :e• -(:t-V)" . . . . . 
= -

2 
. M1(s) · · · + O(E1) + O(E2 }, 

11'1 c-iTo " 

and 

E2 = 1To L-c I n M;(c- it) 11J2:tc-2dt < ToL1-c(Mt ... M,.)l-cl/2Zc-2 

-To l:S;;:S;Ic 

To1/2z-t. 
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Moreover, on integrating termwise as in the proof of Lemma 3.1 in Titch-

ma.rsh [1], we have 

r+iTe z-•- (z- y)• Mt(.s) · · · 

2n lc-i7b · I 

It follows from the above estimate, choosing To== £ 112
, that 

1 (Lc+iTo Lc+iT) z• _ (z _ y)• 
-
2 

. + g(&) dHO(z
9-£). 

· JrJ c-iT c+iTo · I 

{5:2) 

We divide the latter range into at most 2 log z subintervals of type [T1 , T2.], 

where T2 :c;: 2T1 and bound the interval over such a range by a sum over 

well spaced points T1 :c;: tt < · · · < t,. :c;: T2(t..+1- t,. 1). Thus, for some 

T1 with To :c;: T1 :c;: T, and some set of ty., we have 

R(z; M1 .. · M,.) < z8
-£ +(log z)yzc-l L g(c +it,.). (5.3) 

IS,.S" 

In the following sections we shall estimate (5.3). 

We denote the right hand-side of (5 .3) by R(z;N1o · · ·, We have 

. (5.4) 

where the definition of N1(s) or L0(s) is the same as (5.1) and one of N,(.,) 

or Lo(&) is equal L(&)M,
1 

(&) · · · M;.(&). 

We trivially have 

Hence those t,. for which 

contribute a total 
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to Such points may therefore be neglected. We now 

divide the remaining t,. into at most (4log z)kG+l sets S(U1 , .. ·, UkG, W) for 

which 

u, < N:-
112

!N;.(c+it,.)1<2U;.,i=1,···,ko, 

W s Lo(c+ it,.) I< 2W, 

where :z:-2 s L112-"W $ 2-u s 1, for some integer u and similarly for 

Ut, · · · , U 1r.o. It follows that 

R(z; Nt, · ·: < z8-e+(log :z:)kG+2tlz-112
Ut · · · WI S(Ut, · · ·, UkG, W) I 

(5.5) 

for some T, some U1 , • · • ,Uir.o, Wand some well-spaced set S(U1 , • • • ,Uir.o, W) 

having the property (1.4) - (1. 7): the mean-value technique of Montgomery 

[8) 

I S(Ut, ...• W) I< u,-2
;(Nf + T)logAz, 1 $ i $ ko, (5.6) 

where A is constant; Halasz's method in the form due to Huxley 

while from the inequality 

we have 

Our last estimate for I S(Ut. · · ·, W) 1 depend on the formula 

for s ==: c +it, T1 $ t $ 2T1 . This yield, if Lo = L, 
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Deshouillers and Iwaniec [6] proved: if N 1, T 1, the coefficients d., 

are complex numbers and E > 0, then 

! 2T I 141 L d.,-.nit 12 dt < Tc(N2Tl/2+N5/4T3/4+T) L I d., 12 
-2T n<n<2N n<n<2N 

- - (5.10) 

From (4.1), we have 

W 4 Uj I S(Ul> . . . 'Uko> W) L
4
c-

2 N
2
c-l L I L(c + itr) 1

4
1 N;(c + itr) 1

2 

r 

< I 14 I 12 dt 
J L...J - 2T 2 1 1 2 1+ I T- tr I 

r 

+I S(Ul, . . . 'uko> W) II (log z) (4< T£(NfT
1
1

2 + Ni
14

T
3
1
4 
+ T) (5.11) 

whence, for 1 k j, 

We have that 

with < 1/2 for a certain constant e > 0 since {0;} E E(O) . 

This will complete the proof of 

Theorem 3. Suppose {0;} E E(O). then 

rT 1 
lr I W( 2 +it) I dt <zi-t, 

for 

Tl T :z:I-B+t 

where 8 is a fo;ed positive constant, and 

(5 .14) 
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Proof. Defined S(U1 , • • ·, u,., W) be a set oft.. into for which 

Ui < M;-
112 1 Mi(c +it,.) I< i = 1, · · · ,ko, 

W Lo(c+ it,.) I< 2W, 

where z-2 5 L112-cw 2-u 5 1, for some integer u and similarly for 

Ul> · · ·, Uq. In Lemma 16 of [8], Heath-Brown proved 

{2T 1 . 1 

JT I W(2 +it) I dt < z 2-"+ z-
6 L I S(Ut, ·· · ,U,., W)l 

where :E nms over (U1, .. ·, W) such that (1.1), (1.2) and (1.3), and 

1 S{Ut,. · ·, U1., W) I satisfies (1.4}, (1.5), (1.6), (1.'7) and (1.9). Since {8j} E 

E(B), we have that 

then 

L: I S{Ut. .. · W)) I< zi-£" 

since at most (4log z)"+1 terms in above ":E"· Thus (5.14) follows. 
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