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Abstract

Let u = {u(t,z),t € [0,7),x € R%} be the solution to the linear stochastic heat
equation driven by a fractional noise in time with correlated spatial structure. We study
various path properties of the process u with respect to the time and space variable,
respectively. In particular, we derive their exact uniform and local moduli of continuity
and Chung-type laws of the iterated logarithm.

2010 AMS Classification Numbers: 60H55, 60H07, 91G70.

Key words: Stochastic heat equation, fractional Brownian motion, Gaussian noise,
path regularity, law of the iterated logarithm.
1 Introduction

Stochastic analysis of fractional Brownian motion (fBm) naturally led to the study of
stochastic partial differential equations (SPDEs) driven by this Gaussian process. The
motivation comes from wide applications of fBm. We refer, among others, to [13], [21], [26],
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[30] and [34] for theoretical studies of SPDEs driven by fBm. To list only a few examples
of applications of fractional noises in various areas, we mention [15] for biophysics, [5] for
financial time series, [11] for electrical engineering, and [7] for physics.

The purpose of our present paper is to study fine properties of the solution to the
stochastic heat equation driven by a Gaussian noise which is fractional in time and colored
in space. Our work continues, in part, the line of research which concerns SPDEs driven by
the fBm but at the same time it follows the research line initiated by Dalang [8] which treats
equations with white noise in time and non trivial correlation in space. More precisely, we
consider a stochastic linear equation driven by a Gaussian noise that behaves as a fractional
Brownian motion with respect to its time variable and has a correlated spatial structure.
A necessary and sufficient condition for the existence of the solution has been given in [3]
and other results has been given in [35], [27], [1], [2] among others.

To briefly describe the context, consider the stochastic heat equation with additive

noise
ou 1 .
— = —Au+W, tel0,T R 1
pr 5 u+ W, €[0,T], x € R, (1)
u(0,2) = 0, =€ RY,

where T > 0 is a constant and W is usually referred to as a space-time white noise. It
is well-known (see for example the now classical paper [8]) that (1) admits a unique mild
solution if and only if d = 1. This mild solution is defined as

u(t,z) = /0 y Gt —s,x —y)W(ds,dy), tel0,T], z€R. (2)

In the above, W = {W(t,A);t > 0, A € By(R%)} is a zero-mean Gaussian process with
covariance given by

E (W (¢, AYW (s, B)) = (s At)A(AN B), (3)

where A\ denotes the Lebesque measure and B,(R?) is the collection of all bounded Borel
subsets of R?. The integral in (2) is a Wiener integral with respect to the Gaussian process
W and G is the Green kernel of the heat equation given by

Gltz) = (2mt) =42 exp (—%) if t >0,z € RY, ()
’ 0 ift < 0,2 € R

Consequently the mild solution {u(t,z),t € [0,T],z € R} is a centered two-parameter
Gaussian process (also called a Gaussian random field). It is well-known (see e.g. [33] or
[35]) that the solution defined by the (2) is well-defined if and only if d = 1 and in this case
the covariance of the solution (2), when x € R is fixed, satisfies

(\/t—i—s— \/\t—s\) , for every s,t € [0,T]. (5)

1

E (u(t,z)u(s,x)) = Wer:



This establishes an interesting connection between the law of the solution (2) and the
so-called bifractional Brownian motion introduced by [14]. Recall that, given constants
H € (0,1) and K € (0,1], the bifractional Brownian motion (B} ’K)te[o,T] is a centered
Gaussian process with covariance

1
RIK(1,s) = R(ts) = 5 <(t2H +s2H) K e - sy2HK) . s,tel0,T). (6)

Relation (5) implies that, when = € R is fixed, the Gaussian process {u(t,z),t € [0,T]} is
a bifractional Brownian motion with parameters H = K = % multiplied by the constant

2K \/Lz_w Therefore, many sample path properties of the solution to the heat equation

driven by space time white-noise follow from [31, 16, 31, 36].

In order to avoid the restriction to the dimension d = 1, several authors considered
other types of noises, usually more regular than the time-space white noise. An approach is
to consider the white-colored noise, meaning a Gaussian process W = {W (t, A);t >0, A €
By(RY)} with covariance with zero mean and covariance

E(W(t,A)\W(s,B)) = (t A s) /A /B f(z —2')dzdz'. (7)

Here the kernel f is the Fourier transform of a tempered non-negative measure p on RY,
i.e. p is a non-negative measure which satisfies:

!
/Rd <T1|£|2> w(d§) < oo for some I > 0. (8)

Recall that the Fourier transform f of y is defined through
[ f@pla)ds = [ Foloutds), Ve SERY,

where S(RY) denotes the Schwarz space on R%. A useful connection between the kernel f
and its associated measure  is the Parseval inequality: for any ¢, € S(R?),

L [ e = ety = m~ [ FoeFi@ns). )
In this work, we will include the following two following basic examples.
Example 1 The Riesz kernel of order a:
f(@) = Ra(2) := Ya,alz| ", (10)

where 0 < o < d, Vo0 = 29772 ((d — @) /2)/T(r/2). In this case, p(d€) = |£|~d¢.



Example 2 The Bessel kernel of order a:
) = Balw) = [l W,
0

where o > 0, 7, = (47)*/?T(a/2). In this case, p(d€) = (1 + |£]?)~/2dE.

For any function g € L'(R?) we denote by Fg the Fourier transform of g, i.e.,

(Fa)(©) = [ e Egla)dn, e,

where (-,-) denotes the inner product in R?. Recall that for any ¢t € R and z € R%, the
Fourier transform of the fundamental solution (4) is given by

2
FG(tx — )(€) = exp ( (e, 6) — 18 ) Lo (), € <R (11)

Dalang [8] proved that the stochastic heat equation with white-colored noise admits
a unique solution if and only if

1
| T < . (12)
Obviously, this condition allows x to be in higher dimensional space. For example in the
case of the Riesz kernel, the stochastic heat equation with white-colored noise admits an
unique solution if and only if d < 2 + a.

Under (12), the solution of (1) with white-colored noise can still be written as in
(2). One can compute the covariance of the solution with respect to the time variable (see
e.g. [28]). For fixed 2 € RY, and for every s < t it follows from Parseval’s identity and (11)

E(u(t, z)u(s,z)) = (2m)~4 /08 du /]Rd u(d{)e_%(t_“)K'Qe_%(s_“)mQ. (13)

In the case when f is the Riesz kernel (i.e., u(d€) = [£|~*d¢E, we get

E(u(t,x)u(s,x)) = (277)_ /Rd ’Z‘i IIEI2@ ((t + s)l—d_Ta —(t— 8)1—d_Ta> )

In this case, the solution coincides, modulo a constant, with a bifractional Brownian motion
with parameters H = 3 Land K =1 — 952, Thus the sample path properties of this process
can be deduced from [16, 31, 36].

Our purpose in this paper is to study the linear heat equation driven by a fractional-
colored Gaussian noise (see section 2 for details). When the structure of the noise with
respect to the time variable changes and the white noise is replaced by a fractional noise,
the solution does not coincide with a bifractional Brownian motion anymore (see [6] or



[35]). Some new methods are needed for analyzing the path properties of the solution
with respect to the time and to the space variables. By appealing to general methods for
Gaussian processes and fields (cf. e.g., [20, 39, 40]), we establish the exact uniform and
local moduli of continuity and Chung type laws of the iterated logarithm for the solution
of (1) with a fractional-colored Gaussian noise.

Throughout this paper, we will use C to denote unspecified positive finite con-
stants which may be different in each appearance. More specific constants are numbered as
C1, C2y....

2 The solution to the stochastic heat equation with fractional-
colored noise

We consider a Gaussian field {W# (¢, A),t € [0,T], A € By(R?)} with covariance

E (WH(t, AYWH (s, B)) = Ry(t,s) /A /B f(z = 2")dzd?, (14)

where Ry (t,s) = $(t*H + s> — |t — s|*/) is the covariance of the fractional Brownian
motion with index H and f is the Fourier transform of a tempered measure p. This noise
is usually called fractional-colored noise. We will assume throughout the paper that the
Hurst parameter H is contained in the interval (3,1).
Consider the linear stochastic heat equation
ou 1 .
— =_Au+WH te|0,T],zeR? (15)
ot 2
with vanishing initial condition, where {W# (¢, z), t € [0,T],x € R%} is a centered Gaussian
noise with covariance (14). In the following we collect some known facts:

e A necessary and sufficient condition for the existence of the mild solution to the
fractional-colored heat equation (15) has been given in [3] (see also [28]). Namely,
(15) has a solution {u(t,x),t > 0, € R?} that satisfies

sup E (u(t,x)Q) < 400
te[0,T],x€RY

/. (%MP)M u(de) < oc. (16)

e When (16) holds, the solution to (15) can be written in the mild form as

if and only if

t
u(t,z) = /0 y Gt —u,x —y)WH(du,dy), te0,T], zeR™ (17)



It follows from [3] or [28] that, for 2 € R? fixed, the covariance function of the Gaussian
process {u(t,x),t € [0,T]} can be written as

B (utoputs.a) = anten) [ [T [ g LSy

with oy = H(2H — 1). In the particular case where the spatial covariance is given

by the Riesz kernel, the process t — u(t,z) is self-similar with parameter H — dTTO‘.

However, for H € (3,1), {u(t,z),t > 0} is no longer a bifractional Brownian motion.

For 0 < a < d, the notation

p(dg) = [€]~dg, (19)

means that for every non-negative function h there exist two positive and finite constants
C and C’, which may depend on h, such that

e [ woleeds < [ nemae <c [ ne e (20)

It has been proven in [35] that, under condition (19), there exist two strictly positive
constants ci, ¢z such that for all ¢,s € [0,1] and for all z € R,

cilt — sPH5" < E (Ju(t,z) — u(s,2)[?) < eaft — s 5° (21)

Remark 1 The Riesz kernel obviously satisfies (19). The Bessel kernel satisfies (19) and
the constants in (20) are C =1 and C' > 0 depending on h.
Under Condition (19), the condition (16) is equivalent to

d < 4H + a. (22)

In the sequel (e.g., Theorem 1 below), we will also use the notation f(x) =< g(z)
which means that there exists two positive and finite constants C' and C’ such that ¢/ <
f(x)/g(x) < C for all z in the domain of f and g. In the rest of the paper, we will assume
that (19) is satisfied.

2.1 Sharp regularity in time

For any fixed z € RY, to further study the regularity properties of the sample function
t — u(t,z), we decompose the solution {u(t,x),t > 0} in (17) into the sum of a Gaussian
process U = {U(t),t > 0}, which has stationary increments, and another Gaussian process
whose sample functions are continuously differentiable on (0,00). In particular, when the
spatial covariance of noise W is given by the Riesz kernel (10), then U ={U(t),t > 0}
becomes fractional Brownian motion with Hurst parameter v = H — 4=%. We will apply
this decomposition to obtain the regularity in time of the solution {u(t, m) t > 0}.



Motivated by [24] (see also [25, 37] for related results), we introduce the pinned
string process in time {U(t),t > 0} defined by

0
| [ (6= s =) - Glouw = )W,y
—oco0 JRA
t
—|—/ Gt —u,z — w)WH (du, du).
R4
Note that U(0) = 0 and U(t) can be expressed as

U(t) = / » (Gt —w)s.z —y) = G((—u)1, 2 — y)) W (du, dy). (23)

In the above, ay = max(a,0). The following theorem shows that {U(t),¢ > 0} has station-
ary increments and identifies its spectral measure. This information is useful for appleying
the methods in [20, 39, 40] to study sample path properties of {U(t),t > 0}.

Theorem 1 The Gaussian process {U(t),t > 0} given by (23) has stationary increments
and its spectral density is given by

2om) tay [ _p(de)
ole) = St [ 0

Moreover, under condition (19), we have

folr) = —— (25)

‘T’2H—T+1

Proof : For every 0 < s < t, by Parseval’s identity (9) and relation (11), we can write
E[(U(t) - U(5))?] 2
5 ([ [ (Gl =) =) = Gl — uheo =) W)
— (2m)day / (de) / / m _d?ﬁ; o (AR edemiy )
x (e*é“*v)lﬁlﬁ{b e v)\a?l{m}) '

Let p(u) = e’%(t’“)‘g‘Ql{t>u} — e’%(s’“)‘5‘21{5>u}. Then its Fourier transform is

1

ng(T) _ (e—itr _ e—iST) P 1’5‘2 .
2



By using again Parseval’s relation (9) in dimension d = 1 and (26), we get
_ d
B0 -V = oo [ ude) [ gl o)
B —d dr  2[1 —cos((t — s)7)]
= )ty [ utde) [ i :

’7’2+%
B L o dr p(d€)
= 2m) a [ [1 et 7] s [, e

where the last step follows from Fubini’s theorem and the convergence of the last integral
in u(df) is guaranteed by relation (16). It follows that the Gaussian process {U(t),t > 0}
has stationary increments and its spectral density is given by (24).

Under condition (19), we have

for) = s [ 1
T) =< .
v |7'|2I_I*1 Rd |£|a <,7-2 + |£| > |7-|2H*(17Ta+1
This finishes the proof of (25) and thus the conclusion of Theorem 1 is obtained. [

When the spatial covariance of noise W is given by the Riesz kernel (10), we have

_ ap2?'I(H - 3) ds
folr) = (2m) 20 (1 — H) |r[2H~ 1/Rd gl (7 + 1)

H)
_ ag2?T(H — 3) / dn
(27T)d+§r(1 )|7_|2H7 35+ JRa || (1_|_ [nl* )

Therefore, in the Riesz kernel case, {U(t),t > 0} is, up to a constant, a fractional Brownian

motion B” with Hurst parameter v = H — %

Recall that the spectral density of the fBm B7 with Hurst index v € (0, 1) is given
by f5(A) = ¢y ]A|70F2) with ¢, = W) Hence, we have the following corollary.

™

Corollary 1 Let U = {U(t),t > 0} be the Gaussian process defined by (23) such that the
spatial covariance of WH is given by the Riesz kernel (10). Then U coincides in distribution
with CoBY with v = H — d—“‘ and

(2 #2271 (H - §) dn
“)I

)~ zq
5 = — H d— / oW
sin (7(d — 457%)) T(1 4+ 2H — 549T(1 — H) Jra In|e (1_|_77T)

Now for every ¢t > 0 we have the following decomposition

u(t,z) = U(t) — Y (),



where
0
) = [ [ (6= o) Glowa - ) WHdu.dy)

The following theorem shows that the sample function of {Y'(¢),¢ > 0} is smooth,
which is useful for studying the regularity properties of the solution process {u(t,z),t > 0}
in the time variable.

Theorem 2 Let x € R? be fized and let [a,b] C (0,00). Then for any k > 1 there is a
modification of {Y (t),t > 0} such that its sample function is almost surely continuously
differentiable on |a,b] of order k.

Proof : The method of proof is similar to those of [12, Proposition 3.1] and [41, Theorem
4.8], but is more complicated in our fractional-colored noise case.
The mean square derivative of Y at ¢ € (0,00) can be expressed as

0
V= [ [ 6w W)

where G’ := 9G/0t. This can be verified by checking the covariance functions. For every
s,t € (0,00) with s < ¢, similarly to the proof of Theorem 1, we derive

0 2
E()Y'(t) - Y/(s)|2) = E (/ » (G'(t—uz—y)—G(s—uz—y)) WH(du,dy)>

- oo |, e / / dﬁffw

X ( 2(H)lEl® _ s s+u>|s|2) ( Lto)lel? _ e*%(sﬂ)\&?) .

In the above, we have used the fact that the Fourier transform of the function y — G'(t+u, y)
is

9 _ 2,—1(t+u) )IER

S (FG(+u)(©)) = —5léPe

Denote by Fo o the restricted Fourier transform of f € L(0,00) defined by (Fooof)(7) =
fooo e~ f(x)dx, T € R. By applying the Parseval relation (9) for the restricted transform
(see Lemma Al in [3]), we see that for all s,¢ € [a,b] with s < ¢,

E(|Y/(t)—Y'(S)|2) _ C/ |§|4ad£/ %‘]_—0’& (6*%(t+-)\5\2_e*%(s+-)|€|2) (7_)‘2

7_2 _|_ |£|4
d’T
_ c/ T — ‘1_67%@7@\5\2 d /
¢  Ju T+ DT

ot _ 8\5\2

IN

—a— —al¢|?
0|t—s|2/ |g|8ma—4H g=alél” ge
R4

9



Hence, as in [12, 41], by using Kolmogorov’s continuity theorem, we can find a modification
of Y such that Y (¢) is continuously differentiable on [a,b]. Iterating this argument yields
the conclusion of Theorem 2. |

Remark 2 In [25], the authors obtained a similar decomposition for the solution to the
linear heat equation with white noise in time and Riesz covariance in space in dimension
d=1. Our Theorem 1 shows that the time behavior of the process u is very similar to the
behavior of the bifractional Brownian motion (see the main result in [16]).

By applying Theorems 1, 2 and the results on uniform and local moduli of continuity
for Gaussian processes (see e.g. [20, Chapter 7] or [22]), we derive the following regularity
results on the solution process {u(t,z),t > 0}, when 2 € R? is fixed. For simplicity, we
avoid the point ¢ = 0.

Proposition 1 Let © € R? be fized. Then for any 0 < a < b < oo, we have

: u(t, x) — u(s,z)|
lim sup =c3 @S,
e0s tefab] |s—t|<e |5 — t[7y/log(1/(t — )

where 0 < ¢3 < o0 s a constant that may depend on a,b,y and x. Or

_ tor) —
lim sup [ult, 2) — uls, 2)| =c3 a.s.

=05 tefab]|s—t|<e  €74/log(1/e)

Here and in Propositions 2 and 3, v = H — dTTa.

Proposition 2 Let x € R? be fized. Then for any ty > 0 we have

Dy ult, @) — ulto, )
1m =0
e—0 e74/loglog(1/e)

where 0 < ¢4 < 00 18 a constant.

By applying Theorems 1, 2 and the Chung-type law of iterated logarithm in [23],
we derive immediately

Proposition 3 Let x € R? be fized. Then for any ty > 0 we have
; SUP|t—tg|<e lu(t, z) — u(to, )|
25T (5 loglog(1/o))

where 0 < ¢5 < 0o is a constant depending on the small ball probability of the Gaussian
process U in Theorem 1.

= C5 a.s.,

Further properties on the local times and fractal behavior of the solution process
{u(t,x),t > 0}, when x € R? is fixed, can be derived from [38, 39, 40].

10



2.2 Sharp regularity in space

In this section we fix ¢ > 0 and analyze the space regularity of the solution {u(t,z),z € R%}.
We start with the following result.

Theorem 3 For eacht > 0, the Gaussian random field {u(t,z), > € R} is stationary with
spectral measure

d d u+v 2
A(d€) = ag(2m)” //0 !u—?)]; e ICEDIN (de).

Proof : It follows from the Fourier transform of the Green kernel in (11) and Parseval’s
identity (9) that the covariance function of {u(t,z),z € R%} is

dudv il IR v)
E(u(t,z)u(t,y)) = //0 e 2H/ Ho—u) o~ HE-IE =3 E-IER ()

_ g z(x yf / / dudv —l(u-l—v ‘5‘2 d
a (] ] e e

The conclusion of Theorem 3 follows. [ |

It has been shown in [4, Proposition 4.3] that there exist two strictly positive con-
stants ¢ p, co, i such that

1 dudv  (uv)|el?
20 (utv)gl”
a0 () = [ e

2H
<o +1) <T1|ﬂ2> . (27)

This and Condition (19) imply that the spectral measure A(d) is comparable with an
absolutely continuous measure with a density function that is comparable to [£ |_(O‘+4H )
for all ¢ € R? with |¢| > 1. As shown in [29, 19, 39, 40], this information is very useful
for studying regularity and other sample path properties of the Gaussian random field
{u(t,x),r € R?}. In the following we show some consequences.

We start with the following estimate on E(|u(t,z) — u(t,y)[*). To this end, let

B =min{l,2H — 52} and let
(1 i B=1,

otherwise.

Theorem 4 Assume that (19) and (22) hold. For any M > 0 andt > 0, there exist positive
and finite constants cg, c7 such that for any x,y € [—M, M],

) <E(Ju(t.2) — u(t,)[*) < erle — o ﬁ) (28)

colz — yl2ﬁ<log

1
|z — y

11



Proof : Take x,y € [-M, M]? and let z := x — y € R?. Using again (11) and Parseval’s
identity, we can write

E(|u(t,x + 2) — u(t, z)|*)

dudv ilen 2 _ulg? _wlgf?
e [ [ [ g

dudv (utv)|€]?
= [ a- R
/R< 05t 7) \sra//o u— o7 ¢

Let us first prove the lower bound in (28). Using (27), with ¢; g+ a generic strictly
positive constant depending on ¢, H (that may change from line to line) and the lower bound
n (22), we derive

d 1\
Elu(t,x 4+ z) — u(t,azc)\2 > CLHg /|£|>1 ﬁ <W> (1 —cos(¢, z))

d
Cl,H,t/|>1 |£|af4H (1 - COS<£, Z>)

By making the change of variables using spherical coordinates, we have

o0
Elu(t, x4 2) — u(t,z)|* > ¢ prq]z| 4ot / pd=t=a=4H (1 _ cos(r(0,0.))dro(df),
Sd-1 ‘Z‘
(29)
where 6, |—Z| and o(df) is the uniform measure on the unit sphere S¢—1.
Next we distinguish three cases: (i) 2H — %O‘ > 1, (ii) 2H — %52 = 1 and (iii)
2H — 42 < 1.

In case (i) and (ii), we observe that for |z| small,

- 1
/ rdflfafﬁlH(l —cos(r(0,0.))dr > % / rd717a74H(7a<9’ 62>)2d7°
12| ||

e 1\~
C|Z|d+2 4H(10g m) <9,92>2’

v

where the extra factor log |—i| appears in case (ii). Plugging this into (29) gives the desired
lower bound.

In case (iii), the integrand r + r4=1=2=4H (1 — cos(r(6,6.)) is integrable at both 0
and infinity. The fact that =,y € [~ M, M]? ensures the integral has a positive lower bound.
This gives the lower bound in (28).

Now we verify the upper bound in (28). Similarly to the above, the right-hand side
of (27) and (22) imply

E(|u(t,z + 2) — u(t,z)|*)

o] 1 2H
< CQ7H,t|Z|_d+a+4H /d 1/ T,d—l—oz <W> (1 — cos(r<9,9Z>)dTO'(d9).
Se=1.Jo

12



Again, by distinguish three cases: (i) 2H—95% > 1, (ii) 2H — 452 = 1 and (iii) 2H - %52 < 1,
we can verify that the upper bound in (28). Since this is elementary, we omit the details.
|

Theorem 4 suggests that the sample function x — wu(t, x) is rough (or fractal) when
2H — d*Ta < 1, and is differentiable when 2H — d*Ta > 1. This is indeed the case as shown
by the following theorem.

Theorem 5 Assume that (19) and (22) hold and t > 0 is fived. If 2H — 5% > 1, then
{u(t,x),r € R} has a modification (still denoted by the same notation) such that almost
surely the sample function x — u(t,x) is continuously differentiable on R%. Moreover, for
any M > 0, there exists a positive positive random variable K with all moments such that for

every 7 =1,...,d, the partial derivative %u(t,x) has the following modulus of continuity
on [—M, M]?:
0 0 —a 1
sup —u(t,x) — —u(t,y)| < KEQH*dT*H/log - (30)
2yel~M,M]4,[a—y|<c | 0T 9y; e

Proof : The method of proof is similar to that of Theorem 2 above or [41, Theorem 4.8].
By applying Theorem 3, we can show that the mean square partial derivative %u(t,x)
exists and

9 9 2 i€ i 2
E(‘%u(tx) - 8—10(75,2/)‘ ) = /Rd &Gle’en — e P A(dg)

Yj
_ 21 e L \?H d§
< [0 —ester ) (577) g

< C |$ _ y|4H+afdf2‘

In the above, we have used the fact that 0 < 4H +a—d—2 < 2, so the last inequality can be
derived as in the case of fractional Brownian motion. Finally the desired result follows from
the general results on modulus of continuity of Gaussian random fields (cf. [20, Chapter 7]
or [40, Section 4]). [ |

Finally, we consider the non-smooth case. For simplicity, we assume 2H — d_TO‘ < 1.
The case 2H — d_TO‘ = 1 is more subtle and will require significant extra work.

By combining Theorem 3 and relation (27) with the results in [29, Section 8] (see
also [19, 39]), we obtain the following useful lemma.

Lemma 1 Suppose 2H — d*Ta < 1. Then ,for every fired t > 0, the Gaussian field
{u(t,x),x € R} is strongly locally nondeterministic. Namely, for every M > 0, there
exists a constant cg > 0 (depending on t and M) such that for every n > 1 and for every
ToYL, e Yn € [~ M, M2,
Var (u(t, z)[u(t,y1), ., ul(t,yn)) > ¢s min {|z — y;[*He79,
0<j<n

where yo = 0.
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Because of this, the Gaussian random field {u(t,z),2 € RY} shares many local
properties with fractional Brownian motion B® = {Bf(z),z € R?} with = 2H — 552, We
give some examples.

Proposition 4 (Uniform and local moduli of continuity) Suppose 2H — dfTa <1. Lett >0
and M > 0 be fixed. Then

(a) almost surely,

. MaXge[ g md fni<e [t @+ h) —u(t, z)|
lim

= ¢y.
e—~0 efy/log(1/¢e) ?

(b) For g € R,

— max <. [u(t,zo + h) — u(t, o)
lim

= c19.
e—~0 eBy/loglog(1/e) 1

In the above, = 2H — dfTa and 0 < cg, c1g < 00 are constants.

Proof : The conclusion (a) follows from Lemma 1 and [22, Theorem 4.1}, while (b) follows
from [22, Theorem 5.1]. [ |

Proposition 5 (Chung’s LIL) Suppose 2H — d*Ta < 1. Then for every t > 0 and xo € R?,
we have

lim maxwge \u(t, To + h) - u(t, .%'0)‘ — .
=0 £h J(loglog(1/2)P -

where § = 2H — d_TO‘ and 0 < ¢cyp < 0 s a constant.

Proof : It follows from Lemma 1 and Li and Shao [17]. See also [18, Theorem 3.2 ] for
related results. u

We conclude with the following remarks.

Remark 3 (i) Propositions 4 and 5 show that, when f = 2H — dfTa <landt>0is
fized, the solution process {u(t,z),x € R%} behaves locally like a fractional Brownian
motion {BP(z),x € R?}. This is not surprising. Indeed, similarly to Theorem 2 and
[12, Proposition 3.1], one can show that {u(t,z),z € R} is a smooth perturbation of
{Bf(z),z € RY}.

(ii) Further properties on the local times and fractal behavior of the solution process
{u(t,z),z € RY}, when t > 0 is fized, can be derived from [38, 39, 40]. It is also pos-
sible to investigate sample path properties of the Gaussian random field {u(t,x),t >
0,2 € RY} in both time and space variables. The methods developed in [9] will be
useful for this purpose. We will study these problems in a subsequent paper.
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