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Abstract In this paper, we deal with the problem of optimizing the anisotropy distribution

of a laminated structure in order to maximize, simultaneously, its stiffness and strength. For

these two objectives, two functionals are considered: the compliance as a measure of the

plate stiffness and a laminate-level failure index as a measure of the strength. To solve this

optimization problem we used a two-step hierarchical strategy: in the first step the aim is

to find the best distribution of the stiffness and strength anisotropic tensors of an equivalent

homogenized plate, while in the second one the objective is to find at least one laminate lay-

up satisfying the optimal properties obtained as result of the first step. The polar formalism

has been used to represent both the stiffness and strength tensors and allowed us to find

analytical solutions to the local minimizations of the two functionals. A test case is finally

presented to show the effectiveness of the proposed strategy.
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1 Introduction

Laminates are structures obtained by the superposition of several layers bonded together; to

obtain light, robust and stiff structures, the layers are normally reinforced by straight fibers.

Because of the orientation of the fibers, such layers, and subsequently also the laminates

they compose, are anisotropic: all the physical properties depend upon the direction.

Modern technologies allow for the fabrication of a new kind of laminates, where the

fibers reinforcing each layer are placed along given arbitrary curves. This opportunity opens

a new optimization problem: to find, point-wise and layer by layer, the best tracing for the

fibers, with the aim of minimizing the value of a given functional. All the mechanical prop-

erties, that are constant throughout the whole structure for metallic materials and also for

laminates with straight fibers, are now functions of the position: they become scalar, vector

or tensor fields defined over the structure. A general result is that the elastic behavior of a

laminate is completely determined by three fourth rank tensors in R2; in some mechanical

models, this is the same also for the strength behavior. As a consequence, mathematically

speaking optimizing the stiffness or strength of Locally Dependent Laminates (abridged

from now on in LDL) means to optimize the distribution of some anisotropic tensor fields.

While the first works on the optimization of laminates go back to the 70s [1–4], papers

on LDL are rather recent [5–7]. A rather wide state of the art can be found in [4]. Following

an old approach first introduced by Miki [8, 9], and used in almost the totality of the works

on the matter, we can subdivide each problem into two steps: in the first one, that we will

call the structural problem, the aim is to find the best distribution of the anisotropic tensors

describing the property to be optimized. In the second one, that we will call the lay-up

problem, the objective is to find a sequence of orientation fields giving a laminate with the

optimal properties obtained as result of the first step. Also this second step can be traduced
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into an optimization problem, namely in a problem of minimal distance, between the (actual)

properties of the laminate and those (optimal) that are solution of the first step.

While in all of the previously cited works the objective of the research was the maxi-

mization of the stiffness, we consider here a problem where the objective is to find, for a

given material and number of layers, the laminate which is at the same time the stiffest and

strongest one.

It is important to remark that, contrarily to what happens in several cases with homoge-

neous, e.g. metallic, structures, the stiffest laminate is not necessarily the strongest one: the

solutions can be different for the two cases. This happens because elastic and strength mod-

uli are independent for a laminate. Hence, to look for the stiffest laminate is not necessarily

concurrent with looking for the strongest one: the problem cannot be seen as a bi-objective

one, but more precisely as a sort of a new problem, that could be stated alternatively in

one of the two following ways: find, for the distribution of the elastic properties giving the

stiffest laminate, the distribution of the strength properties giving the strongest structure or,

dually, find, for the distribution of the strength properties giving the strongest laminate, the

distribution of the elastic properties giving the stiffest structure. In the first case, stiffness is

the leading property, and strength the secondary one, in the second problem it is exactly the

contrary.

We will consider in this paper the above two problems; each one will be formulated as

a two-step problem, the above mentioned structural and lay-up steps, the first one being in

turn subdivided into two sub-problems, for the leading and secondary property. The first

and second step are linked together not only by the optimal distribution, solution of the

first step, but also by a set of constraints to be satisfied in the first step in order to obtain a

mechanical solution that can be really realized by a laminate. These constraints are known as

geometrical bounds, [10]. We discuss also the numerical procedure for the resolution of the

two steps; the first one, is solved by an alternate directions algorithm, which is substantially

derived from an algorithm proposed by Allaire and Khon [11, 12], while for the second one

a genetic algorithm is used [13].
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2 Simultaneous Stiffness and Strength Optimization

As previously said, we consider in this paper the simultaneous optimization of stiffness

and strength of a LDL. The goal is to determine first the optimal value of the anisotropy

parameters of stiffness and strength at each point in the structure domain, then the direction

of the fibers, pointwise and layer by layer. Some precision must be given and assumptions

made to have a well posed optimization problem; they are specified hereafter.

About the mechanical problem, we consider a laminate with geometry, boundary condi-

tions and applied loads known and fixed. In particular we consider a laminate having the to-

tal thickness h fixed and the same everywhere; this assumption constitutes the iso-perimetric

constraint, without it the problem would be meaningless: the stiffest and strongest structure

would be simply the one having an infinite thickness. In addition,

– the stacking sequence is composed by identical plies, orthotropic and linearly elastic up

to their ultimate strength. Only the orientation of the fibers can vary;

– the laminate must be designed to be orthotropic and extension-bending uncoupled ev-

erywhere;

– the kinematic model of Kirchhoff is taken to describe the elastic response of the struc-

ture, [14];

– the limit state is modeled only by the Tsai-Hill failure criterion, [15, 16];

– the material parameters describing stiffness are independent from those describing strength.

Mathematically this assumption allows for completely splitting stiffness and strength,

except for the direction of orthotropy;

– the strength properties can be condensed in the components of an elasticity-like fourth

order plane tensor, an assumption always tacitly done, [16];

– the polar formalism is used to describe the anisotropy fields, [17, 18].

As said in Sec. 1, a two-step approach is used; to be more specific:

– Step 1 - the structural problem: the laminated structure is modeled as a single-layer

homogeneous structure; the anisotropy fields are optimized, leading to the optimal local

stiffness and strength properties of the structure;
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– Step 2 - the lay-up problem: a stacking sequence (i.e. a set of layer orientations) is

looked for at each point of the structure in order to obtain a LDL matching everywhere

the optimal values of the polar parameters obtained at step 1; the design variables are

the orientations of the n layers composing the laminate.

The first step is in turn decomposed into two linked sub-problems, one for the leading prop-

erty to be optimized, the other one for the secondary property. The only link between the two

sub-problems composing the first step is the conservation of the orthotropy direction. This

is a main point of the procedure, motivated by self evident physical reasons: the directions

of the orthotropy axes for stiffness and strength must coincide everywhere.

Some other points concerning the procedure described in the next sections must be out-

lined since now:

– in the polar formalism, the mechanical properties are described through tensor invari-

ants and orientation angles; this allows on one side for reducing the number of design

variables and, on the other side, for obtaining some analytical solutions, speeding up the

numerical resolution procedure;

– we will introduce a homogenized failure index as objective function for strength. This is

a local functional giving a measure of the mechanical state of stress in a point;

– we use the compliance as objective function for stiffness; it is a global functional mea-

suring the flexibility of the structure, so its minimization corresponds to the maximiza-

tion of an averaged measure of the stiffness;

– the alternate directions optimization algorithm used for solving simultaneously the two

sub-problems of the first step, alternates local and global minimizations; thus, it is capa-

ble of taking into account for the local character of the strength criterion;

– the correspondence between the elastic behavior of a laminate and the stacks is not

bijective, hence, a lot of different stacks give rise to the same mechanical properties.

This redundancy is a fundamental point that renders possible the existence of laminates

satisfying the optimal requirements at the lay-up design step.

In this paper, we will focus uniquely on the extension behavior of the structure. The trans-

pose of the procedure to the bending behavior is almost straightforward, but considering at
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the same time the two behaviors is today not yet possible: the determination of the feasible

domain for the whole set of polar invariants of bending and extension is still a mathematical

open problem.

3 Polar Parametrization for Laminates

Polar Formalism. The polar method, introduced by Verchery [17] in 1979, is a tensor rep-

resentation based upon invariants; for a deeper presentation, see [18, 19]. In the following,

tensors axe expressed in the frame 1−2 rotated counter clockwise through an angle θ with

respect to the global frame x− y.

For any second order symmetrical stress tensor σ , the polar representation introduces

the 2 polar moduli T and R, which are invariants, and the angle Φ which gives the direction

of the biggest principal stress in the frame 1-2 :























σ11 = T +Rcos2(Φ −θ),

σ22 = T −Rcos2(Φ −θ),

σ12 = Rsin2(Φ −θ).

(1)

For any orthotropic 4th order stiffness tensor Q, the polar representation introduces five

invariants: four polar moduli T0, T1, R0, R1 and the orthotropy shape K ∈ {0,1}. An angle

Φ1 is arbitrarily chosen to fix the principal orthotropy direction in the frame 1−2:































































Q1111 = T0 +2T1 +(−1)KR0 cos4(Φ1 −θ) +4R1 cos2(Φ1 −θ),

Q1112 = +(−1)KR0 sin4(Φ1 −θ) +2R1 sin2(Φ1 −θ),

Q1122 = −T0 +2T1 −(−1)KR0 cos4(Φ1 −θ),

Q1212 = T0 −(−1)KR0 cos4(Φ1 −θ),

Q2212 = −(−1)KR0 sin4(Φ1 −θ) +2R1 sin2(Φ1 −θ),

Q2222 = T0 +2T1 +(−1)KR0 cos4(Φ1 −θ) −4R1 cos2(Φ1 −θ).

(2)

The polar moduli are all positive or non-negative:

T0 > 0, T1 > 0, R0 ≥ 0, R1 ≥ 0. (3)
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The positive definiteness of the orthotropic stiffness tensor gives the bounds











T0 −R0 > 0,

T1(T0 +(−1)KR0)−2R2
1 > 0.

(4)

Application to laminates. Let us consider a laminated plate made by n identical plies, i.e.

with the same thickness and made of the same material. The material behaviour of the el-

ementary ply is linear elastic orthotropic and the corresponding polar parameters are noted

T0, T1, R0, R1, K and Φ1. Each kth ply is characterized by its position zk with respect to the

mid-plane, its orientation δk with respect to the x axis and its elastic properties defined by

the in-plane stiffness tensor Q(δk). The constitutive law of the plate can be written as [16]:

N = hA ε0 +
h2

2
B χ ,

M = h2

2
B ε0 +

h3

12
D χ .

(5)

with ε0 and χ the in-plane strain and curvature tensors of the mid-plane of the plate, while

N and M are the tensors of in-plane forces and bending moments. A, B and D are the

extension, membrane-bending coupling and bending stiffness tensors of the homogenized

laminated plate, defined by (with m = 1,2,3 and c = 1,2,12 for A, B and D respectively):

A,B,D=
c

m hm

n

∑
k=1

Q(δk)
(

zm
k − zm

k−1

)

. (6)

The laminate behaviour is supposed to be uncoupled and orthotropic in membrane and in

bending. The polar parameters (T 0,T 1,R0,R1,K,Φ1) of A can be given in terms of those of

the elementary ply (T0, T1, R0, R1, K), and with the choice Φ1 = 0:







































T 0 = T0,

T 1 = T1,

(−1)KR0e4iΦ1 =
1

n
(−1)KR0

n

∑
k=1

e4iδk ,

R1e2iΦ1 =
1

n
R1

n

∑
k=1

e2iδk .

(7)



8 A. Catapano et al.

Eq. (7) shows that the isotropic polar parameters of the laminate are equal to the isotropic

polar parameters of the elementary ply.

The polar formalism allows to write explicitly the conditions on the polar parameters,

called geometric bounds [10], in order to ensure the existence of a stacking sequence which

satisfies equation (7):


























2

(

R1

R1

)2

−1 ≤
(−1)KR0

(−1)KR0
,

|(−1)KR0| ≤ R0,

R1 ≥ 0.

(8)

The geometric bounds (8) define a subset of the domain defined by (4), when written for A,

[10]. Conditions similar to (7) and (8) hold also for D.

4 Evaluation of the Laminate Strength Using a Homogenized Criterion

In [20], some polynomial failure criteria are formulated using invariants defined by the po-

lar method, and the optimal orientation that maximizes the strength of a linearly elastic

orthotropic sheet is determined. With the aim of extending this analytical approach to the

strength optimization of laminated plates, we define in this section a homogenized failure

criterion used as a measure of the strength for the laminate, and give its link with the failure

index of each individual ply that composes the laminate. The failure criterion of Tsai-Hill is

taken here as strength measure, but other criteria could be chosen as well without essentially

changing the procedure.

The stress-based polynomial failure criterion of Tsai-Hill [15, 16], in the 2D space for a

generic orthotropic ply can be put in the following form [20]:

F
Ply
Hill ≤ 1 with F

Ply
Hill = σ ·Fσ , (9)

in which F
Ply
Hill is the failure index of the ply considered and F is the fourth order elasticity-

like weakness tensor. Introducing the Hooke’s law σ =Qε , the previous equations reads:

F
Ply
Hill ≤ 1 with F

Ply
Hill = ε ·Gε and G=QFQ. (10)
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G is the strength tensor; it allows to express the stress-based failure criterion in terms of

strains. Assumed to be orthotropic, it has the same symmetries of tensors Q and F. Its polar

parameters are denoted by the isotropic moduli Γ0 and Γ1, the anisotropic parameters Λ0,

Λ1, L and by the orthotropy direction Ω1. The orthotropy type of the strength tensor G is not

directly linked the orthotropy type of Q or F (depending on the elementary ply, the principal

orthotropy axis of the stiffness tensor Q and of the weakness tensor F may be the same or

turned by π/2 [21]). Therefore the principal orthotropy direction of G may be aligned or

orthogonal to the principal orthotropy direction of the stiffness tensor Q:

Ω1 = Φ1 or Φ1 +
π

2
. (11)

The homogenized failure criterion of the laminate is defined as:

FLam
Hill ≤ 1 with FLam

Hill =
1

h

∫ h
2

− h
2

F
Ply
Hill(z)dz, (12)

in which FLam
Hill is the failure index of the laminate.

The strain field for the laminate has the form ε = ε0+zχ . Since the in-plane strain tensor

ε0 and the curvature tensor χ do not depend upon z we get:

FLam
Hill =

(

ε0 ·G
A ε0 +χ ·GD χ +2ε0 ·G

Bχ
)

, (13)

with (m = 1,2,3 for GA, GB and GD respectively):

GA,GB,GD =
1

mh

n

∑
k=1

G(δk)
(

zm
k − zm

k−1

)

. (14)

For laminates made with identical plies, uncoupling in stiffness is equivalent to uncoupling

in strength: B= 0 ⇔GB = 0. Considering an uncoupled laminate (thus both in stiffness and

strength) and only membrane loadings (i.e. χ = 0), eq. (13) leads to:

FLam
Hill = ε0 ·G

A ε0. (15)
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The polar parameters Γ 0, Γ 1, Λ 0, Λ 1, L and Ω 1 of GA can be expressed in terms of the

strength polar parameters of the elementary ply (Γ0, Γ1, Λ0, Λ1, L), using eq. (11) and the

choice Φ1 = 0 (see eq. (7)):























































Γ 0 = Γ0,

Γ 1 = Γ1,

(−1)LΛ 0e4iΩ 1 =
1

n
(−1)LΛ0

n

∑
k=1

e4iδk ,

Λ 1e2iΩ 1 =+
1

n
Λ1

n

∑
k=1

e2iδk , if Ω1 = Φ1 = 0,

Λ 1e2iΩ 1 =−
1

n
Λ1

n

∑
k=1

e2iδk , if Ω1 = Φ1 +
π
2
= π

2
.

(16)

Eqs. (16) impose geometric bounds on the polar parameters of GA similar to those already

introduced for A in eq. (8):



























2

(

Λ 1

Λ1

)2

−1 ≤
(−1)LΛ 0

(−1)LΛ0
,

|(−1)LΛ 0| ≤ Λ0,

Λ 1 ≥ 0.

(17)

For an uncoupled laminate subjected to a pure membrane loading, the strain field ε in

each constitutive layer is equal to the in-plane strain tensor ε0. The polar parameters of the

strain field ε are denoted by t, r and ϕ . In terms of polar parameters, the failure indexes of

the laminate and of the kth constitutive layer are, respectively:

FLam
Hill = 4r2Γ0 +8t2Γ1 +4(−1)LΛ 0r2 cos4

(

Ω 1 −ϕ
)

+16trΛ 1 cos2
(

Ω 1 −ϕ
)

,

F
Ply
Hill = 4r2Γ0 +8t2Γ1 +4(−1)LΛ0r2 cos4

(

Ω
(k)
1 −ϕ

)

+16trΛ1 cos2
(

Ω
(k)
1 −ϕ

)

,

(18)

in which Ω
(k)
1 = δ (k) or δ (k) + π

2
. For a given layup and strain, the failure index of the

laminate is given. For each ply all the quantities are fixed, except for the principal orthotropy

direction Ω
(k)
1 of the strength tensor.

It is then possible to evaluate the orthotropy orientation Ω
(k)
1 of the kth ply which max-

imizes the failure index of the ply F
Ply
Hill . Such a case represents the worst situation that can

be achieved in any ply of any possible layup (with identical plies).
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The problem of finding the orientation Ω1 maximizing, for a generic ply, the failure

index, is formulated as follows:

max
Ω1

F
Ply
Hill (Γ0,Γ1,Λ0,Λ1,L,Ω1, t,r,ϕ) . (19)

This problem comes down to finding the maximal value of the continuous periodic function

F
Ply
Hill of the angle parameter Ω1. The study of the stationnary points is similar to the studies

presented in [22, section 4] or in [20, section 5.1] where the minimum of respectively the

complementary energy and the Hill-Tsai failure index expressed using the polar formalism

was searched.

Two sets of solutions exist, depending on the value of L :

– for L = 0 : Ω
opt
1 = dir(max{|ε I |, |εII |})

– for L = 1 :

– if
Λ1|t|
Λ0r

≥ 1 : Ω
opt
1 = dir(max{|ε I |, |εII |})

– if
Λ1|t|
Λ0r

≤ 1 : Ω
opt
1 = dir(max{|ε I |, |εII |})± arccos

[

Λ1|t|
Λ0r

]

In conclusion, we are able to evaluate a priori the maximum value of F
Ply
Hill at the end of the

first step, the structural problem, i.e. when the lay-up is still unknown. If this value is lower

than one, the search for a lay-up will be performed without any constraint related to the

first-ply failure criterion. If not, it will be possible to impose a restriction on the orientations

δ (k) of the plies during the search for an optimal layup, see Sec. 7.

5 First Step : Statement of the Structural Optimization Problem

Two objective functions are considered. The plate stiffness is measured by the compliance,

which is equal to twice the complementary energy:

Compliance =
1

h

∫

Sp

N ·A−1(Φ1,R0K ,R1)NdS , (20)

where R0K = (−1)KR0. This objective function is a global functional, i.e. defined over the

entire surface Sp of the plate.
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The strength of the laminate is measured by the homogenized failure index FLam
Hill intro-

duced in Sec. 4:

FLam
Hill = ε ·GA(Ω 1,Λ 0L,Λ 1)ε , (21)

where Λ 0L = (−1)LΛ 0. This objective is a local functional, i.e. defined at each point of the

plate.

The structural optimization parameters are the 6 polar parameters of the homogenized

plate, i.e. (Φ1, R0K , R1) for the stiffness tensor A and (Ω 1, Λ 0L, Λ 1) for GA, respectively. We

assume, for the structural optimization step, that the stiffness anisotropic polar parameters,

R0K and R1, are independent from the corresponding parameters for strength, Λ 0L and Λ 1

(see Sec. 2).

We consider the problem in which the compliance (20) and the laminate failure in-

dex (21) are to be minimized simultaneously. The optimization problem we are facing is

then written as follows :















































min
{Φ1, R0K , R1}

Compliance

subject to



























2

(

R1

R1

)2

−1 ≤
R0K

(−1)KR0
,

|R0K | ≤ R0,

R1 ≥ 0.

∀x ∈ Sp

(22a)

∀x ∈ Sp















































min
{Ω 1,Λ 0L, Λ 1}

FLam
Hill

subject to



























2

(

Λ 1

Λ1

)2

−1 ≤
Λ 0L

(−1)LΛ0
,

|Λ 0L| ≤ Λ0,

Λ 1 ≥ 0.

(22b)

In order to solve the design problem (22a)-(22b), we use the assumption that stiffness

and strength tensors share the same orthotropy direction, see eq. (11). In this way the number

of independent design variables is reduced to five: R0K , R1, Λ 0L, Λ 1 plus the orthotropy

orientation specified by Φ1 or Ω 1, and two different approaches will be considered. The

first approach will consider the stiffness as the leading objective, i.e. the stiffness orthotropy
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orientation is defined by solving the optimization problem (22a) and the problem (22b) is

solved with a given strength orientation Ω 1 ∈ {Φ1,Φ1 +
π
2
}. The second approach will

consider the strength as the leading objective, i.e. the strength orthotropy direction Ω 1 is

defined by solving the problem (22b), and the problem (22a) is solved with a given stiffness

orientation.

In the next sections, we recall first the structural stiffness (only) optimization algorithm

(section 5.1), that we will next generalise to structural stiffness and strength optimization,

considering the cases for which the leading objective is alternatively stiffness (section 5.2)

or strength (section 5.3).

5.1 Structural Rigidity Optimization

The objective function is the compliance. Using eq. (20) and the complementary energy

theorem, the optimization problem reads (S.A. stands for statically admissible):

min
{Φ1, R0K , R1}

min
{N∗S.A.}

1

h

∫

Sp

N∗ ·A−1(Φ1,R0K ,R1)N
∗ dS (23)

along with the geometric constraints, eq. (8).

The optimization algorithm used to solve this problem is the alternate direction algo-

rithm introduced by Allaire and Kohn [11, 12], and already used in [5] in a two-step ap-

proach for maximizing the stiffness of laminated plates. The algorithm is divided into the

following phases:

1. Initialization: the stiffness distribution over the structure is initialized and a first finite

element (FE) analysis is conducted.

2. Local minimization of the complementary energy density: local definition of a new

anisotropic stiffness distribution (Φ
(n+1)
1 , R

(n+1)
0K , R

(n+1)
1 ) minimizing the complemen-
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tary energy density for a fixed field N(n):

min
{Φ1, R0K , R1}

N(n) ·A−1(Φ1,R0K ,R1)N
(n) (24)

subject to



























2

(

R1

R1

)2

−1 ≤
R0K

(−1)KR0
,

|R0K | ≤ R0,

R1 ≥ 0.

The minimization problem (24) has an analytical solution detailed in Sec. 6.1.

3. Global minimization of the complementary energy for a fixed anisotropic stiffness dis-

tribution: definition of the in-plane forces (N(n+1)) and strains (ε(n+1)) fields linked to

the new stiffness distribution (Φ
(n+1)
1 , R

(n+1)
0K , R

(n+1)
1 ) through a FE analysis.

The second and third phases are repeated in loop until convergence [12] (the convergence

proof is not presented here for the sake of shortness, but it is very similar to the convergence

proof of the a priori algorithm presented in section 5.3).

5.2 Structural Rigidity Optimization with A Posteriori Local Maximization of Strength

Considering stiffness as the leading objective, the local minimization of the complementary

energy (24) is performed with respect to Φ1, R0K and R1, while the local minimization of the

homogenized failure index along with the geometrical bounds of eq. (17), is performed with

respect to Λ 0L and Λ 1 and with a known orthotropy direction, being Ω 1 = Φ1 or Φ1 ±π/2:

min
{Ω 1,Λ 0L, Λ 1}

FLam
Hill (Ω 1, Λ 0L, Λ 1) , (25)

subject to







































Ω 1 ∈
{

Φ1,Φ1 ±π/2
}

,

2

(

Λ 1

Λ1

)2

−1 ≤
Λ 0L

(−1)LΛ0
,

|Λ 0L| ≤ Λ0,

Λ 1 ≥ 0.

The minimization problem (25) has an analytical solution detailed in Sec. 6.2.
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At the structural optimization step, the laminate polar parameters R0K , R1, Λ 0L and Λ 1

are assumed to be independent. The local minimization of the failure index is thus per-

formed after the convergence of the structural rigidity optimization algorithm presented in

the previous section, and this proves the convergence of this last algorithm with a posteriori

maximization of strength.

This procedure hence leads to the anisotropic strength distribution (Λ
opt

0L , Λ
opt

1 ) that

minimizes the failure index FLam
Hill .

5.3 Structural Rigidity Optimization with A Priori Local Maximization of Strength

Considering strength as the leading objective, the local minimization of the homogenized

failure index along with the geometrical bounds of eq. (17), is performed with respect to

Ω 1, Λ 0L and Λ 1:

min
{Ω 1,Λ 0L, Λ 1}

FLam
Hill (Ω 1, Λ 0L, Λ 1) , (26)

subject to



























2

(

Λ 1

Λ1

)2

−1 ≤
Λ 0L

(−1)LΛ0
,

|Λ 0L| ≤ Λ0,

Λ 1 ≥ 0.

The minimization problem (26) has an analytical solution detailed in section 6.4.

On the other hand, the local minimization of the complementary energy along with the

geometrical bounds of eq. (8), is performed with respect to R0K and R1 and with a known

orthotropy direction, being now Φ1 = Ω 1 or Ω 1 ±π/2:

min
{Φ1,R0K , R1}

N(n) ·A−1(Φ1,R0K ,R1)N
(n) (27)

subject to







































Φ1 ∈ {Ω 1, Ω 1 ±π/2}

2

(

R1

R1

)2

−1 ≤
R0K

(−1)KR0
,

|R0K | ≤ R0,

R1 ≥ 0.
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At the structural optimisation step, the laminate polar parameters R0K , R1, Λ 0L and Λ 1 are

assumed to be independent. The local minimizations of the local complementary energy are

performed after the definition of the orthotropy direction through the local minimization of

the homogenised failure index. This leads to the loss of monotonic convergence in terms of

global complementary energy, i.e. of the compliance.

In order to preserve the monotonic convergence of the numerical algorithm in terms of

compliance, a constraint on the admissible orthotropy direction Ω 1 is added to the local

minimization problem (26) of the homogenized failure index at each iteration (n):

min
{R0K , R1}

[

N(n) ·A−1(Ω 1, R0K , R1)N
(n)
]

≤ N(n) ·A−1(Φ
(n)
1 , R

(n)
0K , R

(n)
1 )N(n) , (28)

subject to



























2

(

R1

R1

)2

−1 ≤
R0K

(−1)KR0
,

|R0K | ≤ R0,

R1 ≥ 0.

This constraint imposes a stagnation or a reduction of the local complementary energy at

each iteration, and thus leads to the monotonic convergence in terms of compliance of the

numerical algorithm. Let us hence consider the numerical procedure, whose convergence

proof is given at the end of the section.

Numerical procedure (NP): problem defined by eqs. (26), (27) and (28) is solved nu-

merically through the following steps:

1. Initialization: the stiffness distribution over the structure is initialized and a first finite

element (FE) analysis is conducted.
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2. Local minimization of the failure index: local definition of a new anisotropic strength

distribution (Ω
(n+1)
1 , Λ

(n+1)
0K , Λ

(n+1)
1 ) minimizing the failure index for a fixed strain field:

min
{Ω 1,Λ 0L, Λ 1}

FLam
Hill (Ω 1, Λ 0L, Λ 1) , (29)

subject to







































(28),

2

(

Λ 1

Λ1

)2

−1 ≤
Λ 0L

(−1)LΛ0
,

|Λ 0L| ≤ Λ0,

Λ 1 ≥ 0.

The numerical procedure used to solve this problem (29) is presented in section (6.4)

3. Local minimization of the complementary energy density with a known orthotropy di-

rection, (27): local definition of a new anisotropic stiffness distribution, i.e. of (Φ
(n+1)
1 ,R

(n+1)
0K ,

R
(n+1)
1 ), minimizing the complementary energy density for a fixed field N(n). The numer-

ical procedure used to solve this problem (27) is presented in section (6.3).

4. Global minimization of the complementary energy for a fixed anisotropic stiffness dis-

tribution: definition of the in-plane forces (N(n+1)) and strains (ε(n+1)) fields linked to

the new stiffness distribution (Φ
(n+1)
1 , R

(n+1)
0K , R

(n+1)
1 ) through a FE analysis.

The three last steps are repeated until convergence.

Some remarks on this numerical procedure, i.e. the algorithm a priori, are mandatory. It

must be pointed out that, in this algorithm, only the monotonic decrease of the complemen-

tary energy is ensured. At each iteration of the algorithm, we locally maximize the strength

and favour this strength maximisation with respect to the local complementary energy min-

imization. Nevertheless, once the strain and stress fields are updated, we have no insurance

that the failure index of the laminate decreases and it may locally increase : the value of

FLam
Hill can oscillate along the iterations.

Let us now prove that for this numerical procedure, i.e. the algorithm a priori, the com-

plementary energy is not increasing during iterations.

Proposition 5.1: for the numerical procedure NP described above for solving the problem
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defined by eqs. (26), (27) and (28), the complementary energy

∫

Sp

N ·A−1(Φ1, R0K , R1) N dS (30)

does not increase along the iterations:

∫

Sp

N(n+1) ·A−1(Φ
(n+1)
1 , R

(n+1)
0K , R

(n+1)
1 )N(n+1)dS

≤
∫

Sp

N(n) ·A−1(Φ
(n)
1 , R

(n)
0K , R

(n)
1 )N(n)dS ∀n. (31)

Proof : let us consider the anisotropic stiffness and strength distribution (R
(n)
0K , R

(n)
1 , Φ

(n)
1 ,

Λ
(n)
0K , Λ

(n)
1 , Ω

(n)
1 ) and the in-plane forces N(n) and strain ε(n) fields at the iteration (n).

The local minimization of the laminate failure index FLam
Hill consists in finding the strength

parameters Λ
(n+1)
0K , Λ

(n+1)
1 and Ω

(n+1)
1 solution to the optimization problem (29) at each

point of the structure, with Ω 1 constrained by the condition (28) that is, at least, satisfied

for Ω 1 = Φ
(n)
1 . The local minimization of the complementary energy is performed in order

to find the new stiffness parameters solution of the optimization problem (27). Considering

that Ω
(n+1)
1 determined through the local minimization of FLam

Hill satisfies the condition (28),

we get:

∫

Sp

N(n) ·A−1(Φ
(n+1)
1 , R

(n+1)
0K , R

(n+1)
1 )N(n)dS ≤

∫

Sp

N(n) ·A−1(Φ
(n)
1 , R

(n)
0K , R

(n)
1 )N(n)dS

(32)

The global minimization consists in determining the in-plane forces N(n+1) and strain ε(n+1)

fields, solution to the elastic problem linked to the stiffness distribution (Φ
(n+1)
1 , R

(n+1)
0K , R

(n+1)
1 ).

Thanks to the complementary energy theorem, the following inequality

∫

Sp

N(n+1) ·A−1(Φ
(n+1)
1 , R

(n+1)
0K , R

(n+1)
1 )N(n+1)dS

≤
∫

Sp

N(n) ·A−1(Φ
(n+1)
1 , R

(n+1)
0K , R

(n+1)
1 )N(n)dS (33)
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is verified. Considering eq. (32) and eq. (33), we get:

∫

Sp

N(n+1) ·A−1(Φ
(n+1)
1 , R

(n+1)
0K , R

(n+1)
1 )N(n+1)dS

≤
∫

Sp

N(n) ·A−1(Φ
(n)
1 , R

(n)
0K , R

(n)
1 )N(n)dS (34)

so

W
(n+1)
c ≤W

(n)
c . (35)

Being Wc a positive quantity that reduces at each iteration the monotonic convergence

of the algorithm in terms of compliance is proved. ⊓⊔

Since Wc reduces at each iteration and converges, FLam
Hill will converge, though not nec-

essarily monotonically, to a constant value due to the convergence of the strain field.

6 Structural Optimization : Local Minimization Solutions

6.1 Algorithm A Posteriori: Local Complementary Energy Minimization

The analytical resolution to problem (24), introduced in sections (5.1) and (5.2), was ex-

tensively studied in [5, 22, 23]. Nevertheless in those works, the geometric constraint on

the polar parameters was not taken into account: only the thermodynamic constraints on the

polar moduli were considered. The results taking into account for the geometric constraints

for a basic ply with K = 0 are summarized in Tab. 1 (a partial proof for the case of a basic

ply with K = 0 is presented in [22]). The complete proof for K = 0 and K = 1 is much more

articulated than the proof presented in [22] and it is at present submitted in an other publi-

cation. Results of Tab. 1 show that the optimal values of the polar parameters of A depend

upon the polar parameters of the in-plane forces N (T and R are the spherical and devia-

toric parts of the tensor, respectively, while Φ represents the direction of the first principal

component of N) and upon the direction of its principal components NI and NII .
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(−1)K
opt

R
opt
0 R

opt
1 Φ

opt
1

0 ≤
R

|T |
≤

R1

T1

[

R0

(

2

(

RT1

T R1

)2

−1

)

;R0

]

T1
R

|T |
direction(max(|NI |, |NII |))

R1

T1
≤

R

|T |
≤

T0 +R0

2R1
R0 R1 direction(max(|NI |, |NII |))

R

|T |
≥

T0 +R0

2R1
R0

T0 +R0

2(R/|T |)
direction(max(|NI |, |NII |))

Table 1 Optimal values of stiffness polar parameters to maximize the plate stiffness for a basic ply with

K = 0.

6.2 Algorithm A Posteriori: Minimization of the Homogenized Failure Index with a Given

Orthotropy Direction

In this section, we present the analytical solution to the local minimization problem (25)

introduced in section (5.2) (a complete proof of the results can be found in [21]). This

problem is solved in both cases Ω 1 = Φ
opt

1 and Ω 1 = Φ
opt

1 ±π/2. The orientation with the

lowest value of the objective function will be the optimal one. In addition, the admissible

values of Λ 0L and Λ 1 change together with the value of the orthotropy shape parameter L

of the basic ply, see eq. (17). The resolution is split into two main groups, depending on

the value L of the basic ply. A complete summary of the solutions of the local minimization

of FLam
Hill is given in Tab. 2 for L = 0 (a similar result exists for L = 1 [21]). Thanks to the

periodicity of the solution, the results are restricted to the range Ω 1 −ϕ =
{

0; π
2

}

(recalling

that ϕ is the direction of the first principal component of ε).

6.3 Algorithm A Priori: Local Complementary Energy Minimization with a Given

Orthotropy Direction

The objective function of the optimization problem (27) introduced in section (5.3) reads:

N(n) ·A−1(R0K ,R1)N
(n) =

1

∆

[

2(T0T1 −R
2
1)R

2 +(T 2
0 −R

2
0K)T

2

+2(R
2
1 −T1R0K)R

2 cos4(Φ
opt

1 −Φ)+−4R1(T0 − (−1)KR0K)T Rcos2(Φ
opt

1 −Φ)
]

, (36)
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(

ΩΩΩ 1 −ϕϕϕ
)

[[[0, πππ
888
[ πππ

8
] πππ

8
, πππ

4
[ πππ

4
] πππ

4
, 3πππ

8
[ 3πππ

8
] 3πππ

8
, πππ

2
]

r = 0, Λ
opt

0L any

∀t Λ
opt

1 any

t > 0, Λ
opt

0L −Λ0 any Λ0 Λ0 Λ0 Λ0

(

2(Λ
opt
1 )2

Λ2
1

−1

)

Λ0 ;

r 6= 0 Λ0(*)

Λ
opt

1 0 0 0 any Λ1 Λ1
t|cos2(Ω1−ϕ)|Λ2

1

rΛ0 cos4(Ω1−ϕ)
;

Λ1(*)
(

ΩΩΩ 1 −ϕϕϕ
)

[0, πππ
8
[ πππ

8
] πππ

8
, πππ

4
[ πππ

4
] πππ

4
, 3πππ

8
[ 3πππ

8
] 3πππ

8
, πππ

2
]

t = 0, Λ
opt

0L −Λ0 any Λ0 Λ0 Λ0 any −Λ0

r 6= 0 Λ
opt

1 0 any any any any any 0

t < 0, Λ
opt

0L

(

2(Λ
opt
1 )2

Λ2
1

−1

)

Λ0 ; Λ0 Λ0 Λ0 Λ0 any −Λ0

r 6= 0 Λ0 (*)

Λ
opt

1

|t|cos2(Ω1−ϕ)Λ2
1

rΛ0 cos4(Ω1−ϕ)
; Λ1 Λ1 any 0 0 0

Λ1 (*)

(*) the first solution is valid for
|t|

r
<

Λ0 cos4
(

Ω 1 −ϕ
)

Λ1|cos2
(

Ω 1 −ϕ
)

|

Table 2 Solutions for L = 0, local minimization of FLam
Hill with an imposed value of Ω 1.

in which Φ
opt

1 = Ω
opt

1 or Ω
opt

1 ±π/2 (Ω
opt

1 being determined through the local minimiza-

tion of FLam
Hill ) and ∆ = 4T1(T

2
0 −R

2
0K)−8R

2
1(T0−R0K). Problem (27) is solved in both cases

of Φ
opt

1 = Ω
opt

1 and Φ
opt

1 = Ω
opt

1 ± π/2, the orientation with the lowest value of the ob-

jective function is the optimal one. In this case, the derivatives with respect to R0K and R1

are rational functions of second degree polynomials in terms of R0K and R1. Therefore the

minimum of the local complementary energy is searched numerically, using a fixed point

algorithm (more details can be found in [21]).

6.4 Algorithm A Priori: Minimization of the Homogenized Failure Index

In this section we present the numerical resolution to the local minimization problem (29)

introduced in section (5.3).

The optimization problem (26) has been solved analytically through two consecutive

steps: first the minimization with respect to the orientation Ω 1 of the orthotropy axis and

then, the minimization with respect to Λ 0L and Λ 1. The optimal orientation Ω
opt

1 has been
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t/r 0 

11111 Case L

     

t/r 0 

12/1   1

10 /

10 /

10 /

10 /

10 Case L

Fig. 1 Optimal orthotropy orientation to minimise FLam
Hill .

evaluated following the same procedure already used in [20] where the problem of minimiz-

ing the failure index of a simple ply has been solved varying only the orthotropy orientation

Ω1. Thus, we present directly the results in Fig. 1 where

µ = dir(min{|ε I |, |εII |}) , ξ =
1

2
arccos

(

−
Λ 1t

Λ 0Lr

)

. (37)

Fig. 1 shows that the orthotropy shape parameter L of the plate plays a decisive role in

the evaluation of the optimal orthotropy orientation. We have, thus, two types of solutions

concerning the optimal orthotropy orientation: a solution that does not include the term ξ ,

that we will call solution non-ξ and a solution including the term ξ , that we will call solution

ξ . Therefore, in the second minimization phase, we have to minimize two different functions

with respect to Λ 0L and Λ 1:

solution non-ξ : FLam
Hill (Λ 0L,Λ 1,Ω

opt

1 ) = 4r2Γ0 +8t2Γ1 +4Λ 0Lr2 −16|t|rΛ 1; (38)

solution ξ : FLam
Hill (Λ 0L,Λ 1,Ω

opt

1 ) = 4r2Γ0 +8t2Γ1 −4Λ 0r2 −8t2 Λ
2

1

Λ 0

. (39)

The optimal value of FLam
Hill obtained minimizing eq. (38) will be, then, compared with that

obtained minimizing eq. (39). The solution that gives the minimum value of FLam
Hill will be

the global optimal solution of problem (26). For the sake of brevity, the solutions of this

case are directly summarized in Tab. 3, while the extended proof is reported in [21]. The

first row of Tab. 3 gives the optimal value of Ω 1, while the rows below report the optimal

values of the polar moduli Λ 0L and Λ 1. In particular, the result shown in the first row of

Tab. 3 leads to an important consequence: we know from Tab. 1 that the optimal orthotropy

orientation that maximizes the stiffness is always aligned with the directions of principal



Stiffness and strength optimization of laminates 23

stresses. On the other hand, Tab. 3 shows that the optimal orthotropy orientation to maximize

the strength is always aligned with the direction of the principal strains. Therefore, if in

an anisotropic structure the principal stress and strain are aligned, the optimal orthotropy

orientation maximizing the strength will be the same one maximizing the stiffness.

Ω
opt

1 = dir(min{|εI|, |εII|}) ∀ L, t, r

ΛΛΛ
opt

0L ΛΛΛ
opt

1 F
Lam(opt)
Hill

L = 0,1 r = 0, t 6= 0 any any 8t2Γ1

L = 0
|t|

r
≤

Λ0

Λ1

(

2t2Λ 2
1

r2Λ 2
0

−1

)

Λ0
|t|Λ 2

1

rΛ0
4r2Γ0 +8t2Γ1 −4r2Λ0 −8t2 Λ 2

1

Λ0

|t|

r
≥

Λ0

Λ1
Λ0 Λ1 4r2Γ0 +8t2Γ1 +4Λ0r2 −16|t|rΛ1

t = 0, r 6= 0 −Λ0 0 4r2Γ0 −4Λ0r2

L = 1 t 6= 0, r 6= 0 −Λ0 Λ1 4r2Γ0 +8t2Γ1 −4Λ0r2 −16|t|rΛ1

t = 0, r 6= 0 −Λ0 [0,Λ1] 4r2Γ0 −4Λ0r2

Table 3 Global solution of the local minimization of FLam
Hill including Ω 1 as optimization parameter.

However, if this analytical solution does not satisfy the constraint (28) the optimization

problem (29) is solved into an admissible set of intervals. This admissible set is obtained in

a two step procedure. First, the optimization problem (27) is solved numerically (see sec-

tion 6.3) for values of Φ1 ∈ [− π
2

; π
2
] using a coarse discretization step . Then the admissible

bounds are precisely calculated by refining the discretization step around the previous coarse

bounds.

Once the admissible set of Ω 1 (formally written [Ω 1A;Ω 1B]) is obtained, the optimiza-

tion problem (26) is solved analytically (see section 6.2) for values of Ω 1 ∈ [Ω 1A;Ω 1B]

using a coarse discretization step. If the coarse optimal value of Ω 1 is admissible, a refine-

ment of the discretization step is performed to obtain a precise value for Ω
opt

1 . If the coarse

optimal value of Ω 1 is not admissible, the optimal value is chosen among the bounds of Ω 1

(i.e. Ω 1A or Ω 1B).
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7 Lay-Up Design

The design process turns now on the definition of a stacking sequence satisfying the optimal

distribution of polar parameters issued from the first step.

As discussed in Sec. 3, eqs. (7) and (16) show that the correspondence between the

elastic behavior of a laminate and the stacks is not bijective. This means that it is possi-

ble to obtain the same mechanical parameters with several stacking sequences having the

same number of identical plies. Moreover, the number of laminates having the same elastic

behavior is extremely large and rapidly increases with the layers number, see [24].

The problem of designing laminates with given elastic properties as a global optimiza-

tion problem, without restricting a priori assumptions on the stacking sequence, was formu-

lated in a completely general way in the works of Vannucci et al. [24–26]. In the framework

of the polar formalism, the problem is formulated as a minimum distance problem in the

space of the polar parameters, the design variables being the plies orientations. The solution

is given by a stacking sequence that reduces to zero the distance of its mechanical properties

from the optimal ones found as solution of the structural optimization problem.

For the problem at hand, the optimization problem of the lay-up design phase is:

find, for a given set
{

K
opt

,R
opt
0 ,R

opt
1 ,L

opt
,Λ

opt

0 ,Λ
opt

1 ,Φ
opt

1

}

a vector of plies orientations (δ1,δ2, ...,δn) such that:






















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
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






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
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




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









































R0 = R
opt
0 ,

R1 = R
opt
1 ,

Λ 0 = Λ
opt

0 ,

Λ 1 = Λ
opt

1 ,

Φ0 −Φ1 = K
opt

π/4 ,

Ω 0 −Ω 1 = L
opt

π/4 ,

Φ1 −Ω 1 = 0;π/2 ,

Φ1 = Φ
opt

1 ,

B=O .

(40)
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This problem needs to be solved at any point, i.e. for each finite element used to discretize

the structure.

According to Vannucci, [25], we formalize problem (40) as follows:

min
δk

I( fi(δk)) = Σ
i

f 2
i (δk) with k = 1,2, ..,n , (41)

where each sub-objective fi(δk) represents a requirement to be satisfied. In our case it is

n = 9 and (ζ = 1 if Φ1(δk) = Ω 1(δk)±π/2, otherwise ζ = 0, see sect. (6.3)):

f1(δk) =
|Φ0(δk)−Φ1(δk)|

π/4
−K

opt
, f2(δk) =

|Ω 0(δk)−Ω 1(δk)|

π/4
−L

opt
,

f3(δk) =
Ω 1(δk)±ζ π/2−Φ1(δk)

π/4
, f4(δk) =

R0(δk)−R
opt
0

R0
,

f5(δk) =
R1(δk)−R

opt
1

R1
, f6(δk) =

Λ 0(δk)−Λ
opt

0

Λ0
,

f7(δk) =
Λ 1(δk)−Λ

opt

1

Λ1
, f8(δk) =

||B(δk)||

||Q||
, f9(δk) =

Φ1(δk)−Φ
opt

1

π/4
.

(42)

Hence, problem (40) can be formulated as the search for an absolute minimum, equal to

zero, of the global objective function (41), composed by nine sub-objectives (42), each one

representing one of the imposed requirements.

In the domain of the ply orientations I( fi(δk)) is a highly non-convex function, see

eqs. (7) and (16). The use of classical descent strategies is, hence, not recommended for

the solution of such a problem for which the use of metaheuristics seems to be more indi-

cated. Thanks to previous works on the matter [27, 28], we decided to solve the second step

problem using the Genetic Algorithm (GA) BIANCA (BIological ANalysis of Composite

Assemblages), originally developed by Vincenti et al. [29] since 2002. The main features of

the GA BIANCA are described in [13, 29].

The evaluation of max(FPly
Hill) discussed in Sec. 4, will be now very helpful to check for the

first ply failure. After the structural optimization step we have FLam
Hill < 1 everywhere, but the

calculation of max(FPly
Hill) can lead to two different situations:

1. max(FPly
Hill) < 1, therefore, we will have no limits to impose on the plies orientations

when searching the stacking sequence;
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2. max(FPly
Hill)≥ 1 =⇒ there can be some orientations Ω

(k)
1 of the plies such that F

Ply
Hill ≥ 1.

In this case, we look for the set of values of Ω
(k)
1 where F

Ply
Hill

(

Ω
(k)
1

)

≥ 1; this set is not

admissible for the ply orientation.

This set can be calculated solving eq. (18)2, reformulated as follows:

8(−1)LΛ0r2 cos2 2
(

Ω
(k)
1 −ϕ

)

+16trΛ1 cos2
(

Ω
(k)
1 −ϕ

)

+

+4r2Γ0 +8t2Γ1 −4(−1)LΛ0r2 −1 ≥ 0.

(43)

8 Numerical Example

Let us consider an uncoupled and orthotropic square plate with a centered hole, subjected

to biaxial in-plane loading conditions (Fig. 2). Only a quarter of the plate is discretized for

symmetry reasons. The total thickness h of the plate is fixed to 3.75 mm (that corresponds

to a laminated plate composed by 30 identical plies of thickness 0.125 mm). The loading

values are Fx = 500 N/mm and Fy = 250 N/mm. Both the stiffness and strength properties

of the basic ply (Carbon-Epoxy T300-5208), along with the numerical values of the polar

parameters, are given in Tab. 4. The initial values of the stiffness polar parameters are those

of a cross-ply laminate (R
(0)
0 = R0 and R

(0)
1 = 0) oriented along x and y axis over the whole

plate. The initial strength polar parameters are chosen equal to those of the basic ply (Λ
(0)
0L =

Λ0 and Λ
(0)
1 = Λ1).

8.1 First step: Structural Optimization

The main results of the structural optimization given by the two algorithms and their com-

parison with the initial condition are presented in Tab. 5. We present the values, at the initial

and optimal conditions, of the compliance, the maximum laminate and ply failure indexes

and the maximum displacement. For all these quantities, a sensible reduction is obtained.

According to the theory, the lowest value of the compliance is obtained with the algo-

rithm a posteriori (Sec. 5.2), that favours the minimization of the complementary energy.
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Fy 

Fx 

90 mm 

90 m
m

 

30 mm 

uy = 0 

u
x  =

 0 

x 

y 

Fig. 2 Geometry and boundary conditions.

Mechanical properties

Stiffness Strength

E1 [MPa] 181000 X [MPa] 1500

E2 [MPa] 10300 Y [MPa] 40

G12 [MPa] 7170 S [MPa] 68

ν12 [MPa] 0.28

Polar parameters

Parameters of Q Parameters of G

T0 [MPa] 26880 Γ0 11746

T1 [MPa] 24744 Γ1 15461

R0 [MPa] 19710 Λ0 628

R1 [MPa] 21433 Λ1 5898

K 0 L 0

Table 4 Mechanical properties and polar parameters of the basic ply (Carbon-Epoxy T300-5208).

Alg. posteriori Alg. priori

Initial Optimal cond., Optimal cond.,

condition (% reduction) (% reduction)

Compliance [N mm] 10232 6921 (32.4) 6931 (32.2)

Max FLam
Hill 8.358 0.476 (94.3) 0.449 (94.6)

Max F
Ply
Hill - 0.476 0.459

Max displacement [mm] 0.317 0.138 (56.5) 0.139 (56.1)

Table 5 Main results.
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The optimal value of the compliance when using the algorithm a priori (Sec. 5.3) is still

significantly reduced with respect to the starting condition, but it is greater than the optimal

value obtained using the algorithm a posteriori. The algorithm a priori shows a lower value

of the maximum of failure index of the laminate (FLam
Hill ) with respect to that obtained with

the algorithm a posteriori, and this result is explained by the fact that the algorithm a priori

favours the minimization of FLam
Hill over that of the compliance.

The distribution, over the plate, of the local complementary energy Wc in the initial and

optimal configurations, using the two algorithms, is presented in Figs. 3: the two algorithms

give a very similar distribution (Figs. 3(b) and (c)).

The distribution of FLam
Hill , in the initial and optimal configurations for the two algorithms,

is presented in Figs. 4: again, the two algorithms give a very similar distribution (Figs. 4(b)

and (c)).

The evolution of the compliance along the iterations is presented in Fig. (5) (the initial

value has been omitted in order to obtain a more precise view of the curves). The monotonic

convergence, as theoretically proved, is clearly seen on those curves.

Finally, the distribution, for the algorithm a posteriori, of the optimal stiffness polar

moduli R
opt
0K and R

opt
1 , optimal orthotropy direction Φ

opt

1 and maximal failure index of the

ply max(F
Ply
Hill) are presented in Fig. (6), while the optimal polar strength moduli Λ

opt

0L and

Λ
opt

1 are everywhere equal to those of the elementary ply, respectively (similar distributions

are obtained for the a priori algorithm and are omitted for the sake of brevity). Although the

maximal value of the ply failure index max(F ply
Hill) may significantly differs from the value of

the laminate failure index, their values are equal where FLam
Hill is maximal in the plate domain

(see Tab. 5). This is explained by the fact that the optimal laminate is at this particular place

a unidirectional one (R
opt
0K = R0 and R

opt
1 = R1).

8.2 Second Step: Lay-Up Design

The problem of finding the stacking sequence for a generic element of the laminate has been

solved using the genetic algorithm BIANCA [13, 28, 30, 31].
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a) b) c)

Fig. 3 Local complementary energy (WC) distribution for the initial (a) and optimal configurations using

algorithm a posteriori (b) and algorithm a priori (c).

a) b) c)

Fig. 4 FLam
Hill distribution for the initial (a) and optimal configurations using algorithm a posteriori (b) and

algorithm a priori (c).
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0 2 4 6 8 10 12 14 16 18 20
6800

7000

7200

7400

7600

7800

8000
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a)

b)

b)

Fig. 5 Compliance of the plate along the iterations : algorithm a posteriori (a) and a priori (b).
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We consider the optimal anisotropy fields obtained by the a posteriori optimization al-

gorithm (Fig. (6)). In this example, the maximal value of the failure index of the ply is

smaller than 1 all over the plate, so all the angles are admissible for the ply orientations (see

section 7).

Tab. 6 shows an example of stacking sequence found using the genetic algorithm to-

gether with the values of the partial objectives and of the global objective function I( fi(δk));

exact solutions correspond to the zeroes of the partial objective functions. The resulting lam-

inate is uncoupled (the value of the corresponding partial function varies from 0.37×10−6

to 0.41× 10−3) and orthotropic (the value of the corresponding partial function is always

about 10−7).

The same procedure is applied to all the finite elements discretizing the plate (1800 in

this example). In Fig. 7(c), the value of final value of the total objective function I( fi(δk))

for each element is presented. Figs. 7(a,b) show the optimal orientation of the first two plies

composing the plate (the plate being composed by 30 plies, each elementary ply having a

thickness of 0.125 mm).

9 Perspectives and Open Problems

The true objective of this paper was to propose a new approach to the design of laminated

structures having a variable anisotropy. So, we have chosen to concentrate our efforts on

giving an as much as possible mathematically rigorous procedure and in showing that such

a goal can be achieved.

Nevertheless, we have left apart some points that should be, to our opinion, investigated

in the next future. Let us briefly list them:

– the failure criterion used here was the Tsai-Hill one but other criteria should also be con-

sidered. The global procedure is not affected by a change of the criterion, nevertheless

this needs a particular attention in the theoretical developments given in section 4. In

fact, in criteria like those of Hoffmann or Tsai-Wu, the presence of a linear term besides

the quadratic one gives supplementary terms in the expression of the failure index for

both the ply and the laminate, while criteria not based upon energetic considerations,



Stiffness and strength optimization of laminates 31

a) b)

c) d)

Fig. 6 R
opt
0K (a), R

opt
1 (b), Φ

opt
1 (c) and max(F

Ply
Hill ) (d) and for the optimal configuration, algorithm a posteriori.

Target values Partial obj. funct.

Uncoupling B= 0 0.41E −03

R0 [MPa] 19710.431 0.67E −04

R1 [MPa] 8746.335 0.34E −03

Λ 0 628.713 0.11E −02

Λ 1 1998.75 0.65E −04

Φ0 −Φ1 0 0.15E −06

Ω 0 −Ω 1 π/2 0.15E −06

Φ1 −Ω 1 π/2 0.15E −06

Total obj. funct. III((( fff iii(((δδδ kkk)))))) === 222×××111000−3

Sequence 5/-90/5/3/-10/-6/89/5/3/-10/90/0/-1/2/-90

/1/-7/1/-90/89/2/89/-3/2/90/-90/1/2/-3/1

Table 6 Stacking sequence design, example.

a) b) c)

Fig. 7 Optimal fibers orientation in the two firsts plies (a,b) and distribution of the total objective function

(c).
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like the one of the maximum stress, are not defined by a unique, quadratic condition, but

by five inequalities. The mathematical consequences of these facts should be attentively

evaluated in view of the application of the entire procedure with other failure criteria;

– all the developments have been done for the only case of simple in-plane actions: the

case of a pure bending state should also be considered, and this should not imply sub-

stantial modifications to the procedure. Nevertheless, it should be investigated what are

the consequences of such a modification on the mathematical formulation and on the

homogenized strength criterion;

– the previous point leads to a more complicate problem: to consider the case of contem-

porary in-plane and bending actions. In such a case we are faced to an open problem

in laminates design: the exact analytical definition of the geometric bounds on the polar

components for the laminate is not yet known when both extension and bending param-

eters, that are not independent, are taken into account simultaneously; this is a major

problem in laminates optimization problems, and despite the attempts to solve it, done

with the use of the so-called lamination parameters, that substantially coincide with the

dimensionless polar parameters of the laminate, its solution remains an open problem.

Another relevant point comes from the contemporary presence of actions of different

nature: bending and extension. The way these actions interact, for both the stiffness and,

mainly, for the strength optimization problem, is still not known;

– in order to take into account the singular stress concentration due to the interlaminar

stresses near free edges, it is necessary to know the stacking sequence. Such a sup-

plementary failure mode could be introduced in the second step of the procedure as a

supplementary constraint for the genetic algorithm;

– we did not introduce supplementary constraints in the formulation of the optimization

problem we dealt with. Nevertheless, such constraints are often present in a structural

problem. Examples can be lower bounds on the fundamental vibration frequency or on

the buckling load. Also, constraints whose origin is technological could be considered.

It should be interesting to investigate how taking into account such constraints should
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modify the algorithms developed for the resolution of the structural optimization prob-

lems;

– the discretization made for the structure gives a solution that changes from an element

to another one. This implies, namely, a change in the orthotropy direction when passing

from an element to another aside: the orthotropy direction, and hence, finally, the fiber

direction in a layer, is not continuous, generally speaking. Of course, this is not admissi-

ble in practice. Even more compelling is the fact that not only the direction of the fibers

in a layer must be a continuous quantity, but it should also satisfy to some technological

restrictions on the curvature: too sudden changes in the direction are not admissible. This

geometrical problem of determining a technologically suitable and continuous fiber path

corresponding to the optimal structural solution is a completely open problem; only a

suitable resolution of this problem should really open the way to industrial applications

of laminated structures with locally variable stiffness;

10 Conclusions

In this paper, we dealt with the problem of developing a new strategy for the optimal de-

sign of anisotropic laminated structures with respect to stiffness and strength. Some original

and innovating aspects are contained in this paper, namely the fact that the general problem

of determining the stiffest and strongest laminated structure has been formulated in a com-

pletely new way: thanks to the independence of the material properties determining stiffness

and strength, we can introduce an optimization problem which is not a multiobjective one,

nor a constrained one (in the sense that one of the two above properties constraints the other

one).

Also, we have considered locally variable mechanical properties, so that we can, in a

sense, qualify such a problem of anisotropy topology optimization: unlike usual topology

optimization, where the shape has to be designed, here we want to determine the best distri-

bution of the anisotropy properties, for both strength and stiffness, for a fixed shape.
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This new problem has been formulated adapting to this specific case an existing two-

step approach; a first step, that we have called the structural problem, and a second one,

called the lay-up problem.

The use of the polar formalism for the description of anisotropy has simplified both

these problems, giving us, on one side, a reduction of the design variable number, on the

other side, the analytical solution to some minimizations, which speeds up the numerical

solution.

The analytical minimization of the strength local functional has brought also to an im-

portant theoretical result: when the tensors of stress and strain are coaxial, the optimal ma-

terial orientation maximizing stiffness is the same that maximizes strength, so this solution

represents a real global optimum for both stiffness and strength properties.
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