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Abstract

In this paper, we study one-dimensional backward stochastic differential equations (in
short BSDEs) with a random terminal time driven by a monotone generator, and their links with
elliptic partial differential equations. Firstly, we present the case of BSDFEs driven by a strictly
monotone generator, and next we consider BSDEs driven by a monotone generator.

Keywords: Backward stochastic differential equations, Probabilistic formulae for elliptic PDE,
Viscosity solutions.

1 Introduction

Linear BSDEs appeared some years ago as the adjoint processes in the maximum principle
of stochastic control and in the Black-Scholes formula for the pricing of options. In 1990, E.
Pardoux and S. Peng introduced the notion of nonlinear BSDE in a foundational paper [17].
Since then, the interest in BSDEs has increased. Indeed, BSDEs provide connections with other
domains such as mathematical finance (refer to [10]), stochastic control (see [19]) and partial
differential equations. In our paper, we focus on the last link.

Let us first look at a BSDE with a deterministic terminal time 7', introduced in [17].

We consider a Brownian motion (Wt) >0 and we denote by (.7-}) 4> its natural filtration. We look

for a couple of processes (Y{g, Zt) 507 (Ft) >o-adapted and which satisfies the following equation

T T
Yt:§+/ f(s,Ys,Zs)ds—/ ZydW,, 0<t<T, 1)
t t

where ¢ is an Fp-measurable random variable called the terminal condition and f is the generator.

Of course, we need suitable assumptions on £ and on f in order to guarantee existence of a
solution.

In [17], E. Pardoux and S. Peng stated the following theorem: in any dimension there exists a
unique solution to (1) when f is Lipschitz in y and z, £ is square-integrable.

Since then, some improvements have been obtained. For instance, S. Peng introduced for the
first time monotone generators in [18]. On the other hand, in the one-dimensional case, J. San
Martin and J.-P. Lepeltier described the case of the BSDEs with a continuous generator, and M.
Kobylanski studied those with a generator which is quadratic in z.

It is now well-known that BSDEs with a deterministic terminal time provide probabilistic formulas
for viscosity solutions to parabolic partial differential equations, whereas the BSDEs with a random
terminal time are connected with elliptic PDEs.

In this paper, we aim to study a BSDE with a random terminal time 7.

We suppose that 7 is a stopping time which is not necessarily bounded.
The terminal condition £ has to be F,-measurable. We look for a pair of processes (Yt, Zt)
adapted to the natural filtration and which satisfy V¢ >0, Vr > ¢,

t>0



{ Yine = Yonr + j;r;\A.,-T f(s,Ys, Zs) ds — ,:;\/;T Zs dWs, 2)

Y, =¢ on {1 < oo}.
We shall denote by ( 5, 7') such an equation.

Existence theorems still hold for random terminal times, but under stronger assumptions. In par-
ticular, the generator is required to be strictly monotone.

In [16], E. Pardoux proved that in the k-dimensional case (k € IN¥), a unique solution to (2) exists
under the following assumptions:

) f is Lipschitz in z, with Lipschitz constant K.

(H2) f is continuous in y and has a controlled growth in y.

(P3) f is monotone in y, with a constant of monotonicity p € RR.

(P4)

P4) 3\ > K? —2u such that ]E( exp (A7) |£\2> < 00, IE( Jo exp (As) [f(s,0,0)|? ds) < 00,
and IE(fOT exp (As) | f (s, IE(¢|Fs),ms) ’2 ds) < oo with 7 obtained thanks to

the Brownian martingale representation theorem applied to IE(¢|F).

But the last hypothesis is not satisfactory, and should be improved.

P. Briand and Y. Hu have improved this result in [4] for real valued BSDEs. They assume in
their work that f is Lipschitz in y and z, (P3) with u > 0; moreover, f(¢,0,2) and £ have to be
bounded.

Just note that the condition that f is strictly monotone, i.e. it is monotone with a positive constant
i, seems to be more restrictive than (P3). Actually, both hypotheses (P3) and (P4) may often

imply that A < 0, which leads that p > KZQ_A > 0.

The first objective of our work is to improve the preceding results of existence and uniqueness.
The main result of this paper is a generalization of existence theorems about BSDEs with a random
terminal time and p = 0.

The paper is organized as follows. In section 2, we study BSDEs when p > 0 and, in section 3,
we extend the study to a null constant of monotonicity. Next, thanks to the connections between
BSDEs and PDEs, we derive results for elliptic PDEs. We treat PDEs with a strictly monotone
generator in section 4 while we discuss links to PDEs with a monotone generator in the last section.

2 BSDEs with a strictly monotone generator

2.1 Notation

Let (Q, F,TP) be a complete probability space and (W;);>o be a d-dimensional Brownian motion
defined on this space with Wy = 0. We denote by (-Ft)tzo the o-algebra generated by W. We
make the usual IP-augmentation to F, so that the filtration (ft)tzo satisfies the usual hypothesis.

Let 7 be an (]—'t)—stopping time and p be some real number.

We define the following sets of (]—'t)—progressively measurable IR%-valued processes (T/Jt)tzm

M7 (0,1 RY) = {w : IE(fJ exp (~2us) ||w32ds) < oo}7
Mioe (0,7 R?) = {d} ; IE( o ||¢s||2ds) <o, Vt> 0}.

Consider f: Qx[0,00[xIRxIRY — IR such that ¥(y, z) € RxIR?, (f(t,y,2)),- 18 progressively

t>0



measurable.
(H1). f is uniformly Lipschitz in z with Lipschitz constany K:
vt > 0,Vy € R, Vz, 2/ € R, ’f(t,y,z) — f(t,y,z’)’ < Kl||z-7|| TPa.s.
(H2). vVt >0,Vz € RY, y— f(t,y, 2) is continuous,
3 a continuous and increasing function ¢ : IRy — IR, such that
vt >0,y € R, Vz € R, [f(t,y,2)] < |f(£0,2)| +¢(y]) Pa.s.
(H 3). f is strictly monotone in y with a constant of monotonicity g > 0:
vt > 0,Vy,y € R,Vz € RY, (y — y/) (f(t,y,z) — f(t,y’wz)) < —p|y — y"Q Pa.s.
(H4). 3C > 0 such that V¢ > 0, [f(¢,0,0)] <C [Pa.s. We shall denote sup,>, |f(t,0,0)| by C,
and ¢ € L™ (F,); we denote by M some real such that |(] < M  TPa.s.

We denote (H1) to (H4) collectively by (A,).
2.2 Existence and uniqueness

We study the following problem: we suppose that f satisfies (AH), and we want to construct an

adapted process (Y, Z;),, which solves the BSDE (f,&,7).

We call solution of the equation ( 1€, T) a couple of progressively measurable processes (Yt, Zt)
with values in IR x IR? such that

t>0

1. ]E( SUpys €2t |Yt|2) < oo and Z € M, (0,7;RY),
2. On the set {t > 7}, we have ¥; = ¢ and Z; =0,
3.Vr >0, Vt€[0,7], we have Yinr = Yonr + [/ f(s5,Ys, Zs) ds — [T Z, dW,.

tAT tAT

We can state the main result of this section, concerning the existence and uniqueness of solutions
of BSDE (f,f,T).

Theorem 2.1
There ezxists a solution (Y},Zt)po to the BSDE (f,g,r) such that Y is a continuous process

bounded by M + < and Z € M*(0,7;R").
Moreover, (Yt, Zt)t>0
Y is continuous and uniformly bounded, and Z belongs to M?oc (O,T;IRd).

is unique in the class of processes (Y7 Z) such that

Proof.

We adopt the same strategy as in [4], with some modifications.

First, we prove uniqueness.
Suppose that (Ytl, Ztl)t>0, (Yf, Zf)t>0 are both solutions of the BSDE (f, &, T) such that Y, Y2

are continuous and uniformly bounded and Z', Z? belong to ./\/1120C (0,7 IRd).
Let us set Y=Y'-Y? and Z = Z' — 72
Then Y is a continuous process, bounded by some constant, say M’.

We define the IR%-valued process 3:



5 f(s,YS2iZél)—;‘2(s;Y§2’Z§) (Zsl _ Zs) if Zsl _ Z? £0,
0 s =245

Remark that ||3]] < K.

otherwise.

Fix t € R4 and pick n > t.

We denote by L the local time associated to Y and we apply Tanaka’s formula to the continuous
semi-martingale Y. It yields

S S nAT Y
|Yn/\7'| = |Y;5/\7" - JtAT |§j| (f(57}/slvzsl)_f(svilstZsl))dS
nAT Y. &
+ ft/\T ‘¥:| Zs (dWS - 5Sds) + (L7Oz/\'r - LtO/\T )

Then, we define @, the probability measure on (2, F,) whose density with respect to IP|z, is

M, = e:np(fon Bs dWs —1/2 fon [18s][? ds).
Since 8 is a bounded process, the probability measures @, and IP|z are mutually absolutely

continuous and ( W, — fot B ds )0<t<n is a Brownian motion under @Q,,.
Now, applying It6’s formula to exp (—pus) |§;| between t A T and n A T, we get,
from the monotonicity of f
exp (—p(tAT)) [Yine| < eaxp(—p(nAT)) [Yonr| — f;;ATT exp (—us) dL?

tr;ifr exp (—us) |¥:| Z, (dWs — Bsds).

Taking the conditional expectation with respect to F;o- under @, we obtain
Vi€ Nsuch that t <n, [Vine| < M'EY (cap (u(t A7) | Fine) eap (—pn)
< Mexp((n(t—n)) Qn—as.

We finally obtain, by sending n to infinity, that V¢ > 0, }A/t,\q. = 0 TIPa.s.
We conclude using the continuity of Y'! and Y2, which shows that Y! =Y? [Pa.s.

We easily deduce the uniqueness of Z in ./\/1120C (0, TS IRd).

Now, we turn to existence.

The proof of existence depends heavily on the idea of constructing a fixed terminal time so as to
use well known results about such BSDEs. For example we can refer to [16] or to [10].

We define (Yt", Zt”)t>0 as the unique solution of (f, Elfrany, ™A n)

(i) We start by proving that Y™ is a bounded process, adopting the same tools as for uniqueness.
Indeed, we construct a R%valued process " defined as below:

F(s0.20) = (500) . o n
gr = |Z:’2 Zr i Zr#0,
0

otherwise.

We fix t > 0 and n > t. We first apply Tanaka’s formula as previously and next It6’s formula to

exp (—us) |YS"’ between t A7 and n A T.

From Girsanov’s theorem, taking into account that both £ and f(s,0,0) are bounded IP |z, a.s.,
C

we deduce that Vi >0, |Ytn| < M+ = Pa.s. (3)
I



Remark that we can define Y™ and Z™ on the whole time axis by setting: V¢t > n, Y/ =§ l<py
and Z}=0.

(ii) We study the sequence (Yt")n>0

Actually, we are going to show that it is an almost sure Cauchy sequence.

Let m,n € IN such that n < m. Once again we construct a process ™" as below:
Flsyrze)—g(syr.zr)

so as to show that it converges almost surely.

Vi € 1727 ...,d, B;L,’ITL — ’ Zm—zn 2 (Zs - Zs) if Zs 7& Zs )
0 otherwise.
We use the same strategy so as to obtain,
C M
vt >0, |y — Yt”‘ < ( M + O+ o) ) exp (pt) exp(—pn) P a.s. (4)

Consequently, (Yt")n>0 is a Cauchy sequence. Hence, it converges and we denote by Y its limit.

In addition, sending m to infinity, we obtain

C+e(M)

vVt >0 |V = Y| < aexp(u(t—n)) Pas., wherea=M + (5)

This inequality implies that the sequence of continuous processes (Y")n converges almost surely
to Y uniformly on the compact sets of R .

Then, the limit process Y is also continuous and from (3) we get that it is bounded by M + %

€N

(iii) Now we are going to show that the sequence (Yt")n>0 also converges in M (0,7 R).
In order to prove that lim,, o IE(fOT exp (—2us) |Ys —Y"|? ds) =0,

we have to split the term into two parts and we study them successively: the integral on [0,n A 7]
and next the integral on [n A 7, 7].

Using the Inequality (5) for the first term, we get that

NnAT
IE(/ exp (—2us) Y, — Y ? ds) < a? n exp(—2un).
0
In addition, from the definition of ¥;" on IR, we know that Vi > n, Y™ =¢& N <.

Hence, E(f;/\r exp (—2us) |Ys — Y2 ds) = ]E(]l{n<T} [T exp(—2us) Yy —&ENgrany|? ds)

< 4 IE(]l{n<T} (M + %)2 / exp (—2ps) ds) < (M + %)2 exp (—2un).

2
1
Finally,

IE(/O exp (—2us) |V — Y2 ds) < o®nexp(—2un) + = (M+ %)2 exp (—2un).  (6)

2
I
We derive that the sequence (Y")n>0 converges to Y in M (0, T IR).

>0 converges in M>H (0,7 IRd)

We still consider m,n € IN such that n < m and we keep the same notations as in (i).

We apply Ito’s formula to exp (—2us) |V —Y*|? between 0 and m AT, and we take the expectation
of the expression. Then we get, using the monotonicity of f,

(iv) To continue, let us show that the sequence (Z}')



E( [y eap(~2ps) 1|20~ 2217 ds) < B(ewp (~2u(m A7) [V —Ya2) = B(Yg" - Yg' )

mAT
+ m( / cap (~2p1s) (V" = Y2) (B2 = Z2) + Ngaony F(5,€0r0),0)) ds)
0

mAT
< B (ca (<20(m A7) P Ny ) + 2KB( [ enp (<2 VI Y2 |22 = 22 )
mAT
+ Q]E( / exrp (72:%9) ‘Y;m - st‘ | f(S,f]l{rgn}aO) | dS)
mMAT
< M?exp(—2un) + 1/2 IE(/ exp (—2us) | Z™ — 27|12 ds)
0

mAT
2 (KQ—I-C—H,O(M))IE( / exp (—2us) |Y," = Y]] ds).
0

Hence, IE(meAT exp (—2us) [|Z™ — 77| ds) < o (1+mn) exp(—2un),
where o’ depends on the constants that describe f and &, precisely, M, K, ¢, u, C.

IE(/ exp (—2us) || Z7 —Z;‘||2ds) = 0.

mAT

But on the other hand,

E -2 Zm—7Z"12ds) < o (1 —2un). 7
Consequently, (/0 eap (=2ps) || Z; S 5) < o (1+n) exp(—2un) (7)

We have just shown that (Z") So isa Cauchy sequence in ./\/l (0, TS le), which allows us to
consider 7, its limit in ./\/l2 —2m ( )

(v) It remains to prove that the process (Y, Z) is a solution for the BSDE (f7 &, 7).

We already know that the process Y is continuous and bounded and Z belongs to M (0, TS ]Rd).
By definition, Vn € IN, Vt¢,6 such that 0 <8 <t <mn, we have

tAT tAT
Vi = Yo, = [ sevezds - [ zraw (8)

ONT ONT

Let us fix t and #. We shall pass to the limit in L' in the previous equality.

As the sequence (Yt’}\T) converges almost surely to Y; and is bounded by M + % uniformly in

n>0

n, then from Lebesgue’s theorem, we get that the sequence (Y;T}\T) converges to Y; in c.

n>0
Moreover, ( JA f(s, Y Z”)ds) . converges to ;é\: f(s8,Ys,Zs)ds in L' Indeed,
t/\T_ tAT
‘ f 8, Y, Z0) ds — f(s,Ys, Zs)ds
ON ONT

tAT

< Ktl/ZIE}(/G ||Z:—Zs||2ds) 2+IE</ ‘st" D — f(s,Ys, Zs)

")

Hence we derive, using Inequality (7), the convergence to zero when n tends to oo for the first term
of the upper bound.
Concerning the second term, we use Lebesgue’s theorem. On the one hand,

|f(s. Y] Zs) = f(s,Ys,Zs) < 2K | Z|| + 2¢<M—|—%> + 2C.



On the other hand, the continuity of f in y yields the almost sure convergence, (dIP x d\)-a.s.,
with A\ the Lebesgue’s measure.

tAT tAT . 2 .
Moreover, ( z7 dWS) converges to |, Z, dW, in L since
n>0

ONT
tAT tAT 2 tAT
IE((/ Zn AW, — / Z, dWS) ) < exp(2ut) IE(/ cap (—2us) |2 — Z|? ds).
ONT ONT 0
Hence, passing to the limit in the Equation (8), we obtain V¢, 0 such that 6 < ¢,
tAT tAT
Yore — Yinr = [ f(s,Ys, Z0) ds — / 7, AW, (9)
ONT ONT

So as to conclude with the proof, it only remains to check the terminal condition.
Let w € {7 < 00}, and n € IN such that n > 7(w).
| Y, — § H{T§2n} | (W) = I Yonr — 5 ]1{7§2n} | (w)

< aep(unAT)W) exp(=2un) + | YZ — Ellgcon | (@) from (5),
< «aexp(—un) because Y2U =Y =Y2" =€ lr<ony -

Then, Y, = ¢ IPa.s. on the set {7 < oo}, and the process (Y, Z) is a solution for BSDE (f, &, T).
This completes the proof. O

Remark. The Theorem 2.1 proves the existence and the uniqueness of a solution for the BSDE
(f, &, 7'). But we also got a construction for the solution process (Y, Z).

2.3 Comparison theorem

The purpose of this section is to show a comparison theorem for a BSDE driven by a strictly
monotone generator.

The comparison theorem is essential in our study. On the one hand, it gives the existence of
a solution for a monotone generator instead of strictly monotone, and on the other hand, it is
necessary for proving results about PDEs.

Let 517 fg € EOC(]:T)

Suppose that there exists a couple of processes (Y}, Z}),_, where Y is continuous and bounded,

>0
Z1 satisfies ]E(fOT 1Z1))? ds) < 00, solving the equation (f1,&;,7).
We are also given fo satisfying (Au)7 then Theorem 2.1, guarantees that there exists an unique

adapted process (Yf, ZtQ)t>0 solving the equation (fg7 &9, 7').

In the situation where £ < & and f; < fo, we wonder if such an inequality remains available for
the processes (V;!) >0 and (Y?) We can get the following theorem :

Theorem 2.2

Let (Yti, Zf)t>0 be solutions of BSDE (fi,fl-, T), respectively for i =1,2.

If we suppose that & < & and Yt >0, f1(t, Y, Z}) < fo(t, Y}, Z}) TPa.s.

t>0°

Then YVt >0, Ytl < Yt2 Pa.s.



Proof.

Let us define )A’, M, Z and B as in the proof of the uniqueness for the Theorem 2.1.
We fix t € IRy and pick p € IN such that p > ¢.

We denote by L the local time associated to Y and we apply Tanaka’s formula to the continuous
semi-martingale Y. It yields

Vore) ™ = Vear)™ + [0 g g Zo (AW, — Buds) + 5(Ln, — Liny)
- tpAATT Y.>0 (fl(s Yl Zl) f2(3»YslaZ§))d3
P g o (fa(s. Y2 Z2) — fa(s, Y2, 22) ) ds.

Then, we set @, the probability measure on (€2, F;,) whose density with respect to IP 5 is

M, = exp(fop Bs AW —1/2 fop IEAlE ds).
Since 3 is a bounded process, the probability measures (), and IP |, are mutually absolutely

continuous and ( W, — fot B ds )0 <t<p is a Brownian motion under Q.
Now, applying It6’s formula to exp (—pus) ‘173’ between t A T and p A T, we get,
T Fin)T S et (T s et (T By g U e () s
+ fp/\T e Yq ]117‘>0 <f2(57Ysl7 ZSQ) - f2(5a Ysga Zg) ) ds

+

tAT ‘Y |
. p/\‘r —ps . 17
tAT ]lY >0 ZS dWs.

Taking the conditional expectation with respect to Fio, under @, since f, is monotone, we obtain
Vp € IN such that t < p, (}//\}/\T)Jr < exp(p(t—p)) !f’p’ < Mexp(p(t—p) Qp—as.
We finally obtain, by sending p to infinity, that V¢t >0, Y;! <Y;? TPa.s.

O

3 Main results for BSDEs with a monotone generator
We showed in Section 2 that the condition p > 0 is sufficient. But we want to weaken again
the condition on p. Indeed, in this section we are going to study the case where y = 0. However,

such improvement will be paid by an additional constraint on generator at origin. We will study
a new list of conditions that allows us to include any generator of the type —(u*)? (¢ > 0).

3.1 Notation

We still consider a probability space (2, F,IP) and 7 an (]-'t)—stopping time,
where (ft)tzo is the natural filtration generated by a Brownian motion (W;):>o.
We define the following sets of (Ft)—progressively measurable processes (1jzt)t20,

Sz (O,T;IR) = { continuous real processes v ; IE< SUP;>0 |z/1t|2) < oo },

Mz’O(O,T;IRd) = { IR%-valued processes v ; IE(fOT ||ws||2ds> < oo}7

Mo (0,7:R?) is defined as previously.



Consider f: Qx [0,00[xIR x R — IR such that ¥(y, z) € R x RY,
(f(t,y,2)),5,ls progressively measurable. Consider also the following assumption:

(H1) f is uniformly Lipschitz in z with Lipschitz constant K
(H2) Vt>0,Vze RY, y— f(t,y, z) is continuous,

3 a continuous and increasing function ¢ : IRy — R4 such that
Vi >0,Vy € R, Vz e R, |f(t,y,2)] <[f(£,0,2)|+¢(ly]) Pas.
(H3') f is monotone in y :
vt > 0,Yy,y € R,Vz € R, (y — y’) (f(t,y,z) — f(t,y’,z)) <0 IPa.s.
(H4') vt>0, f(t,0,0)=0 IPa.s.
and ¢ € L(F,); we denote by M some real such that [(| < M IPa.s.
We denote (H1) to (H4”) collectively by (Ao).

Remark. The last condition is crucial in order to build a solution.

3.2 Theorem of existence

We study the following problem:
We suppose that f satisfies (AO), and we want to construct an adapted process (Y,g7 Zt) that

t>0
solves the BSDE (f, &, 7').

Theorem 3.1

There exists a solution (Yt,Zt)t>0 to the BSDE (f,f,T) such that Y is a continuous process

bounded by M and Z belongs to Mlzoc (O,T;IRd>.

Proof.

The key of the proof lies in using the results we proved previously, in other words, we introduce
BSDEs driven by a strictly monotone generator.

Step 1: From generator f, we construct a sequence of functions satisfying (Au)~

Let n,m € IN* such that m < n.

We set fom(t,y,2) = flty,z) — Lyt + Ly~

Taking into account that f satisfies (Ao), we obtain that each generator f,, ,, satisfies conditions
of kind (A“n,m), where monotonicity constant p,_ ., > 0 has to be explicited.

(i) It is easy to check that f, ,,, is uniformly Lipschitz in z.

Let t >0, y € R, 2,2 € RY then | fum(t,y,2) — fam(t,y,2) | < K ||z —2|.
We remark that the Lipschitz constant does not depend on indices n and m.

(ii) We can also easily check that f, ., is continuous in y.

Moreover, fy n, is bounded in the convenient way.

Let t >0, ye R, z € IRd, we derive that

[fam(ty, )| < |fam(t,0,2)] + ¢(y) + (5 +35) [yl

We set V¢t > 0, ¢"™™(t) = ¢(t) + (£ + 1) ¢, note that it depends on n and m.

m
(iii) Now, let us show that f, ,, is strictly monotone in y.
Let t >0, 4,4/ € R, z € R?, we recall that m <n
(y - y,) (fn,m(ta Y, Z) - fn,m(tay/v Z)) < 7%(1/ - y/)Q- Which yields that i, ., = %



(iv)  Finally, it remains to check if the generator vanishes at origin.
Let t > 0. Since fy, m(t,0,0) = f(¢,0,0) = 0, then sup;>g | fn,m(t,0,0)| = 0.

Consequently, we have checked that f,, ,, satisfies (A,) with y =1 and C =0.

The Theorem 2.1 allows us to consider (Y"’m,Z"’m) the unique bounded solution of BSDE
( frm, &, T). Moreover we get that Y™ is a continuous process bounded by M,

_2
vVt >0, Y = Y/ Pa.s. and Z™™ € MP e (O,T;IRd).

Remark. Referring to [5], such functions f;, ,,, have already been studied. Their interest lies in the
fact that the sequence (Y;*™)  _  is monotone with respect to each indice n and m.

Step 2: Convergence with respect to indice n.

(i) We start by proving convergence of sequence (Y;"’m)nzm.

Lemma 3.2
Let m € IN* be fized. Then, (Y;""™)

Moreover, V¥t > 0, ’th‘ < M.

m
nom COnverges to Y™ almost surely.

Proof of Lemma 3.2
According to comparison theorem 2.2, we get that V¢ > 0, Y™ < Y,""™™ TIPa.s. , because
Frm (Y, 2) < for1m(t,y, z). Hence, we obtain that (Y" m)n>m is an increasing sequence.

In order to prove the convergence, we need the sequence to be bounded independantly of m.
It is easily done since |Y;""'| <M [Pa.s.

Then, the sequence (Y;"™
O

)n>m converges almost surely towards a limit that we denote by Y.

(ii) Now, we turn to the convergence of (Z?’m)an.

Lemma 3.3 5
For any m € IN*, the sequence (Z”’m)n>m converges towards Z™ in Mloc (O,T; ]Rd).

Proof of Lemma 3.3

It suffices to establish that ( A m)n>m is a Cauchy sequence in the complete space ./\/llzoc (O, TS IRd).
m is still assumed to be ﬁxed and we consider n, ¢ € IN such that m < n < gq.

Remember that it implies Y™ < Y2™.

It0’s formula yields that
tAT
7n.,m m n,m 2 n,m ,m 2
B( [z - zemipas) = m(var -vae ) - By vl
tAT
+2E(/ (v —yem) Q@}mmzmwf@xwmﬁwﬁdg

vam( [ ovemy (f(s v zem) - f(s e zem) ds)

|Y;n,m Yq m| ( Yn m+ é)/sq,er ) ds)

[\
&

\\

+2E(
1 _ _
( ~ |ygm —ygm| ( yomT - yam ) ds)

10



tAT

< B(yr-varf) + m(/

tAT
2 IE( [ e e & gz -z ds).
0

‘Y;n,m 7y;q’m| ’ % Y;n,m-‘r ’ ds)

We finally obtain that IE( AT || Zmam — gam] |2 ds) < 21E(|Yt’k;" —ygm? )

+ M aRPE( [y [y - v | ds).
By Lebesgue’s dominated convergence theorem, we deduce convergence for the right hand side,
which means that (Z"”")n>m is a Cauchy sequence in the complete space Mlzoc (0, TS IRd), and we
denote by Z™ its limit. O

(iii) Next, we aim to identify processes (th, Ztm)tzo as a solution of a BSDE.

For this purpose, we are going to take the limit in £' of the equation (fa,m & 7) as n tends to
infinity.

Lemmas 3.2 and 3.3 allow us to focus on the convergence in L' of integrals

AT (Jp(sjysmm’z?m) _ % st,m-i- + % st,m—) ds — AT (f(svysmvz;n) =+ % Ym—) ds.

tAT AT S

1/2
|z — Z2 | ds )

Taking into consideration assumptions on f, we obtain that

" n,m n,m 1 n,m+ 1 n,m— " m m 1 m—
E (£(s,vmm, zzemy = Syt g oy as [ (f(s Y20 4+ — V) ds
t n m m

AT tAT
1/2 AT 1/2 M
< T—IE(/ D A A e Kr1/2E</
t n t

m AT AT

+IE(/OT

Hence we derive, using once more Lemmas 3.2 and 3.3, convergence to zero when n tends to oo for
the first terms of the upper bound.
Concerning the last term, we use Lebesgue’s dominated theorem.

TAT

P X2 2 ds).

It remains to identify the terminal value. The Lemma 3.2 allows us to define a negligible set A/

such that for any integer p, Yw ¢ N, we have Y™ (w) = Y, (w).
n—-+0oo

Now, we consider w € N¢N {7 < oo}, and we pick [ € IN such that 7(w) <.

Y7 =) < Y = YT (@) e O
because {(w) = Y (w) =Y. " (w) =Y, (w) . Hence, V" = ¢ TPp.s. on {r < oo}

TNl

And finally, we are able to state that (Ym, Zm) solves the equation
{ vmo= v [T (fs Y Zm) - YT ) ds — [z aw,

10
ym o= ¢ on {7 < oo}. (10)

Note that (¥;"),-,
Consequently, (Y;™, Z;™)

is a continuous process, with V¢ >0, Y/U =Y/
£>0 is a solution of the BSDE (f,,, &, 7), with f,,(¢,y,2) = f(t,y, z)—i—% Y.
Step 3: Convergence with respect to indice m.

We adopt the same procedure as previously.

(i) We begin by proving convergence of sequence (th)mzl'

11



Lemma 3.4
(th)m>1 almost surely converges to Y;. Moreover, ¥t > 0, |Yt| < M.

Proof of Lemma 3.4

Since (Y;™) ., is a bounded sequence (with uniform bound M), it suffices to show that it is
monotone. Actually, it is a decreasing sequence. But the trick is that a comparison theorem does
not hold for generators f,, that is why it leads us to consider back generators f,, ,,. Comparison
theorem 2.2 provides that V¢ > 0, Y™ < V™™ IPa.s. and almost sure convergence guar-
antees that (th)m>1 is a nonincreasing sequence. Thus, (Y}/m)m>1 converges almost surely to a

process denoted by (Y})m>1. O

(ii) We study the convergence of (Ztm) , in the same way as for (Zt”’m)

m> n>m’
Lemma 3.5

The sequence (Z™) converges towards Z in MIQOC (0,7 IRd).

m>1
Proof of Lemma 3.5
Since, for any fixed m,q € IN*,

E(fy"7 1z = Za)? ds) < 2m(|vim -V [* ) + 40+ arci(
Then (Zm)

tAT

) Y=l ds)

m>1 is a Cauchy sequence in ./\/llzoc (0, TS IRd) and we denote by Z its limit. O

(iii) Now, we aim to express the couple of processes (Y}, Zt) />0 as a solution of a BSDE.

As before, we take the limit in L' of Equation 10. Using Lemmas 3.4 and 3.5, we get the con-
struction of a solution to the BSDE (f, &, 7'). o

We managed to prove the existence of a solution to BSDE (f, &, T). We even gave its construction:
it is defined as the limit of the sequence of processes (Y"’m, Z"’m)n>m>1. We built a solution but
we have not treated of the problem of uniqueness. It will be the subject of the next section.

3.3 Theorem of uniqueness

Unfortunately, we have to strenghten the assumptions in order to ensure uniqueness.

3.3.1 Further assumptions

(*) Assumption on random terminal time

Let us make a fundamental remark: we cannot expect uniqueness if the terminal time 7 is not
almost surely finite. Note that we do not ask 7 to be bounded.

Indeed, we are able to give examples where there exists several solutions to BSDE ( &, T), whence
T is not almost surely finite.

Example 1

Consider an infinite terminal time, precisely speaking, IP(r = 4o00) = 1. It is worth nothing to
exhibit a BSDE which has several solutions.

It suffices to take f = 0. Note that such a generator obviously satisfies (AO). Then, equation
becomes Yinr = Yoar — tTAATT Zs dW.

We remark that an infinite terminal time allows us to get rid of terminal condition. Thus, for any
real ¢, the couple of constant processes (¢, 0);>¢ is a solution.

12



Consequently, when IP(7 = +o0) =1 and f = 0, we are able to construct an infinite number of
solutions.

This first example just underlines the importance of terminal time in the context where f satisfies
(Ao). Let us now study a second example, more satisfactory.

Ezample 2
From Brownian motion (Wt) >0 We can construct a stopping time 7 infinite on a nonnegligible

set, in other words IP(7 = +o0) > 0, such that the related BSDE driven by a null generator is
solvable by several solutions. Let us detail this example.

Take t; > 0 and consider a set £ € F;, such that 0 < IP(Q;) < 1.

- T(w) =400 ifwe B,
We set B = {w|Wy, (w) € 01} and { Hw) =t ifwé B

Then 7 is a stopping time and 0 < IP(7 = 400) = P(B) < 1.

Now, let us consider the BSDE with null generator and terminal value £ = 1lg, i.e. (O, 1p, T).
On the one hand, Martingale Representation theorem provides a process (Zf)o << such that
Vi >0, B(EF) = E(E) + [jZ.dW,.

Then, the couple (IE(1p|F;), Z1)cpcrp

On the other hand, we observe that the terminal value is null on the set {7 < oo}.
By consequence, the null process is also a solution.

Since IP( IE(1lp|F;) # 0) > 0, then we do not have uniqueness.

defines a solution for the equation (0, g, T).

As a conclusion of these examples, we conclude that if we want to obtain uniqueness, we have to
consider a finite terminal time. So that, from now on we will assume that 7 < co, IPa.s.

(*) Assumption on generator

The proof of the uniqueness result is difficult in the general case but we can easily bypass the
difficulty if we suppose that f does not depend on z anymore. We will work in this particular case.

(*) Particular framework
Let 7 be an almost surely finite stopping time.
Consider f: Q x [0,00[xIR — IR such that Vy € IR (f(t,y))
and satisfies the set of following hypothesis denoted by (Ao’).
(H5). Vt >0, y+— f(t,y) is continuous,
3 a continuous and increasing function ¢ : IRy +— R4 such that
¥t >0, Vy e R, ¥z € RY, [f(t,y)| < |f(£,0)] + (ly)-

(H6). f is monotone in y.

(HT7). Vt>0, f(t,0)=0, Pa.s.

/>0 18 progressively measurable

Our purpose is to prove uniqueness for BSDE
{ i/t/\T = Y;‘/\T + fTAT f(sa}/s) ds — T Zs dW57

tAT tAT
Y, = &

13



Theorem 3.6

There ezists a solution (Y, Z;),., to BSDE (11).

t>0

(}/157 Zt)tz()
. . ) 2
Y is continuous and uniformly bounded, and Z belongs to Mloc (0, TS IRd).

1s unique in the class of processes (Y, Z) such that

3.3.2 Existence of a solution

(*) First method

As already claimed, we are able to build a solution (37}7 Z) to BSDE (11). Process (}7}) S

>0 >0 1

the monotone limit of sequence (Y;"™) _ ..

(*) Second method

In our current context, we can adopt another point of view in order to construct a solution to (11).
It deals with using bounded terminal times, in a similar way to Theorem 2.1

We denote by (Y, Zf)0<t<q the unique solution of BSDE (f, £ Ili;<4y, 7 Aq).

We start by proving that (Ytq)q> o 1s an almost sure Cauchy sequence. Indeed, 1t6’s formula yields
that for g <7, 0<t<gq, IE)( ‘Ytq — Yt"|2) < M? IE( Dyger<r} ) Pa.s.

Hence, we can define Y as its limit.

From IE( Ot/\T |ze—2Z7|? ds) < E( |V, —Y/.|?), we derive convergence of sequence (Zq)q
in M*° (07 TS ]Rd) towards a process denoted by Z.

Such convergences enable us to prove that (Y7, Z;)

>0

1>0 18 also a solution of BSDE (11).

3.3.3 Proof of uniqueness

Let us consider two couples of solutions (Ytl7 Ztl)t>0, (Yf, th)t>0 in suitable spaces.

Then the couple of processes ( }/}t =Y -Y?, ’Z\t = Z} -7 ) satisfies the following equation

t>0
Ve = Tonr + [0 (F6XD) = £5.¥2) ) ds = [17 2o aw, 2
Y, = 0.
Y is continuous and uniformly bounded, and A belongs to Mfoc (0, TS IRd).
1t0’s formula and assumptions (Ao’) yield that
nAT nAT
E(Yir ") = E(Yu ) + ]E</M 2, (£, Y1) = fl5,Y2)) ds) — IE(/M 1Z:? ds)

< E([Yanr ).

Sending n to the infinity, we get that fqm = 0 and next IE(IJAT H25||2 ds) =0.

3.4 Comparison theorem

Now, we state a comparison theorem for BSDEs whose generator is monotone. Such a result will
be useful when studying related PDEs.

Let fl, 52 S Eoo(]_.T)

Suppose that there exists a couple of processes (Y}, Z}),_ where Y is continuous and bounded,

t>0

14



Z! satisfies IE)(fOT 1z ds) < 00, solving the equation (f1,&1,7).

We are also given fy satisfying (Ag), then Theorem 3.1, guarantees that there exists an unique
adapted process (YE, Zf)t>0 solving the equation (fg, &, T).

We need terminal time 7 to be almost surely finite.

Theorem 3.7

We recall that the terminal time T is almost surely finite.
Let (Yf, Zé)t>0 be respective solutions for BSDE (fi, &, T), i=1,2.

If we suppose that & < & and YVt >0, fi(t,Y,', Z}) < fo(t,Y!) TPas.
Then ¥Vt >0, Yt1 < Yf Pa.s.

Proof.

We use the same strategy as in the proof of the Theorem 2.2. O

4 Link between BSDEs and PDEs for a strictly monotone
generator

In this section, we study the link between BSDEs and elliptic PDEs. S. Peng, in [18], and
recently E. Pardoux in [16] have shown that semilinear elliptic PDEs are linked to BSDEs with a
random terminal time. Let the following assumptions hold

(H1) f is uniformly Lipschitz in z with Lipschitz constant K.
(P2) fis continuous on R? x R” x R**?,

and 3 an increasing continuous function ¢ : R4 — R
such that |f(z,y,2)| < K'(1+ |z|P + ||2]|) + ¢(ly|) with K',p > 0.

(P3) f is monotone in y, with a constant of monotonicity u € IR.
(P4) 3> K? —2u such that ]E( 0+°o exp (As) ’f(X§7O,O)‘2 ds) < o0,

]E( exp(A1T) (1+ ¢ )) < 00, and IE(fOT exp (As) |f(XZ,E(EFs),ms) ’2 ds) < 00,
where 7 is the considered stopping time, and 7 is obtained by
the Brownian martingale representation theorem applied to IE(£|F).

Then, E. Pardoux obtained in [16] a theorem that provides a construction for a solution of the
connected PDE. We are going to show the same kind of result in the one-dimensional case under
weaker assumptions, that is to say when the generator f satisfies (Au)~

4.1 Notation

Let U be an open set containing a bounded set D of the form D = {z | ¢)(z) > 0}, where 1) is some
function in C2(IR?). We also require that [Vi(z)| # 0 for any x in 9D.

Let b:R? — R? and ¢ : R? — [,(IRdJRd) belong respectively to C} (IRd) and C? (IRd).
In particular, b and o are Lipschitz functions, which ensures the existence and uniqueness of the
solution (X7);>o to the SDE
t t
Xy =x +/ b(X7)ds —|—/ o(X7)dWs, t>0. (13)
0

0
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Remark. We study the trajectories (X{);>0 until they go out of the compact D for the first time.
We denote by 7, this exit time: 7, = inf{t >0 | X¥ ¢ D }.

We suppose that IP(7, < o) = 1, Va € D. In other words, if a diffusion comes from z, then it
exits from the compact in a finite time.

We assume moreover that the set T' of the points on the boundary which immediately exit is a
closed set. Precisely, I' = {2 € 0D | P(r, >0) = 0 }.

We consider g : R? — IR continuous on IR?. Remark that in particular g is bounded on the
compact set D. We denote by M an upper bound.
We are going to study BSDEs with g(Xﬁ;) as a terminal condition.

Let f: RYx IR x L(IR" R) — IR such that ¥(y,z) € R x L(R%,R)
f(x,y, 2) is measurable and continuous on R x R x L(R%; IR).

Fix z € D and denote f(t,y,z) = f(X{,y, ), then we assume that f satisfies (A,) with constants
that do not depend on z. For convenience, we still denote by (A”) the condition on f.

In this context, we can construct the solution (Yf, th)t>o of the BSDE: V¢t >0, Vr > t,

{ Vi, = Yi. o+ [T XS YE 25 ds — [0 28 dW,

14
Yo = 9<X7a-i) .

When we study the uniqueness, we will have to consider a further hypothesis on f called (Aw):
(H8). Let R>0 3Imp:R; — R;: continuous, satisfying mpr(0) =0 and such that

Vo, ' € R st |z||,||2'| < R, Yy € R st |y| <R, Yz € LIRYTR),

[f(@,y,2) = f(@',y,2)] < mg(llz =2 (1+]2]] ) ).

4.2 Existence of a viscosity solution

The aim of this section is to show that the function x — u(x) = Y’ is a viscosity solution for the

PDE { Lu(z) + f(z,u(z),(Vu)o(z)) = 0 ifzeD, as)
u(z) = g(z) if z € D,

2

where L = bV + 1/2 Zijﬂ(‘fa*)i,j axaiaxj

Before pointing out the link between the solution of (14) and a solution of (15), let us recall the
notion of viscosity solution.

Definition 4.1 -
A continuous function u : D — IR is called a viscosity subsolution of the PDE (15) if
for any ¢ € C*(D), and for any local mazimum point x € D of u — ¢, we have

—Lo(x) — f(x,u(x),(Vqﬁ)a(x)) <0 ifx €D,
min{—L¢(xz) — f(:z:,u(x),(VqS)cr(cc)) ,u(z) — gx)} < 0 ifzedD.

Remark. In the same way, we get the definition of a viscosity supersolution just reversing < in >
and maz in min.

Definition 4.2 -
A continuous function u : D — IR is called a viscosity solution of the PDE (15) if it is both a
subsolution and a supersolution.
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The notion of viscosity solution was introduced in 1981 by M.G. Crandall and P.-L. Lions. We
can read [6] for generalities about this subject. Here, we adopt the convention that a viscosity
subsolution, or supersolution, or solution is continuous whereas other authors only ask for semi-
continuity, see [2] for example.

Note that the notion of viscosity solution is much weaker than the notion of classical solution. In
particular, a viscosity solution does not need to be C2.

Theorem 4.3
Suppose that f satisfies (A”).
Set u(z) = Y& Vx €D. Then, u is continuous and bounded on D.

Moreover, u is a viscosity solution of the PDE (15).

Proof.
We shall start by proving that w is well-defined.

Fix 2 € D. Theorem 2.1 states that there exists a unique solution to the BSDE (14), that we

denote by (Y, Zt"”)t>0. Hence we can set u(xr) = Y§ and u is defined on whole D.

Moreover, still thanks to Theorem 2.1, we know that u is bounded by M + %

It remains to show the main point of this section, that is to say w is a viscosity solution of the
PDE (15).

We split the proof of this result in two parts: first we prove that u is a continuous function and
then that u satisfies the inequalities given in the definition of a viscosity solution.

Step 1: w is a continuous function.

Fix 2’ in D.
We want to prove that |u(z) — u(a’)] ——— 0 or in other words Y& — Y& | — 0.
T—T =T

(i) First, from E. Pardoux [15, pp28-29], we know that the function  — 7, is continuous on D.
We may point out that assumptions on 7, (which has to be almost surely finite) and on I' (which
has to be a closed set) are necessary to get the continuity.

Then it also derives the continuity of the mapping z — X7 on D.

ii) The key of the proof is that (Y*, ZF can be approached by a sequence made of the
t tJt>0

solutions of BSDEs with a bounded terminal time. Indeed, in Section 2, we introduced for any
fixed z € D, (Y,"", Zf’")t>0 the solution of the BSDE (f, g(XZ ) i, <py, n A T2).

Obviously, ¥t >0, |Y;"| < M + %

For more convenience, we shall denote 7 = 7, { = g(X? ), Y" =Y®", Z" = Z®"

and 77 = Ta’s 6/ = g(Xf/l)a Yy’ = Yzl’n, 7'M = Zzl’n.

Then (Y", Z”) is the unique solution of the BSDE, that we denote by (f, Elr,<ny, A Tx):

V" = & Urcny + /

tAT

nAT
FXE YR, Z0)ds — / Zrdw.,. (16)

tAT

nAT

Similarly to the proof of the Theorem 2.1, we get that the sequence (Y,;”) > almost surely converges

to Y* and that the sequence (Z?>n>o converges to Z% in M (O>T;]Rd)'

More precisely, we get the following inequality:
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vVt >0, |V = Y| < aexp(ut) exp(—pn) IPa.s., where a >0 is a constant.  (17)

(iii) Let & > 0, there exists ng such that ¥n > ny we have 2aexp(—un) <e.
Then, |Y¥ —Y& | <e + [Yg° —Y'°| TPa.s.

It remains to look for a bound 1 > 0 such that |z — 2’| <7 implies |Y;° —Y'(°| <e.
From now and on, we denote n = ny.

(iv) We study the equation satisfied by Y;* — Y’}'. But remind that the respective BSDEs do not
hold with the same terminal time (n A 7 and resp. n A7’ ).

In order to compute Y;* — Y}, we consider the common terminal time 7' = max {7, 7'}.
~ f(XFy,z) if0<t<7TAmn,
Let us introduce some new notations:  f(XF,y,2) = )
0 otherwise,
_ Y if0<t<TAn, - Zr i0<t<TAm,
and also Y; = ' Z, = .
§ Uy;<,y  otherwise, 0 otherwise.

Equation (16) becomes (f, Elfrcny, nAT)
and in the same way for 2/, we get (]7’, § irr<ny, nA T).

Now, we consider the processes Y=Y Y and Z = Z — Z.
We get the following equation

. nAT PR n/\TA
Yiar = fﬂ{‘rgn} - 5/ H{T’Sn} + / (6s~Zs + :Y\a) ds — / Zs dW
AT AT
nAT . o _ o
+/ (f(ng)/svzs)_f(X;E7Y;aZ9))dS
AT
Where B\s Zs = f(X;U,i;S/,ZS) - f(Xg,i’,E;),
Jo = f(XEYLZ) - f(XEYZY).
(X2, & 1<y, 0) if 7" An<s<TAmn,
R —f(X*Y!. 7)) ifrAn<s<7 An,
Note that 75 = - L o~ o~
f(Xz YLz — f(XF,Y,Z) if0<s<7tAT An,
0 ifs>7Anets>7 An.

(v) We recall that we want to prove that there exists n > 0 such that |z — 2’| < n implies |§’E| <e.
We consider exp (At) |Y;|2 with a constant A which will be fixed further.

Let A > 0.

1t6’s formula yields

Bo2 = eap(in) T2 — 2/ exp(As) Vi Zs dW. —/ exp(\s) (1 Z,]I2 ds
0 0

n

— A / exp (As) D/}s|2 ds + 2 /
0 0
Hence, taking the expectation, we get

n
|Yo\2 < ]E(emp()\n) |Yn|2) + IE(/ exp (As) WS|2 ds>
0

exp(As) Y, (f(Xg,fg,Zs) - f(xg’,i’,z)) ds.
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+ (2K2 +1—-X—2u) ]E</ exp (As) |Y,[? d5>.
0

Consequently, we set A = 2K?2 + 1, which provides

Tof? < exp(in) B [T + IE(/ exp(As) [Ff? ds ) (18)
0
It remains to show that IE( 1Y,,|2 ) and IE( Jo exp(Xs) [7s|? ds ) converge to zero when x — z’.

(vi) We start by considering the first term.
Remember that Y,, = g(X? ) l;<,y — g(Xf;,) I{;/<ny and that g is supposed to be bounded by
M in D. Then,

B([%2) < 3B(lgx2) — o(XZ)P ) + 3 M B( Npncry + Urzncr )-

As the functions z — 7, and =z — g(Xfw) are continuous in D, we conclude thanks to Lebesgue’s

theorem. In other words, ]E( |}Afn|2 ) converges to zero when x — .

(vii) Now, we turn to study IE( [ exp(Xs) [7s]? ds

Fio ), the quadratic increment for generators.
By definition of 7,, we get
‘as| S (f(X:a i;sla Z;) - f(X: 7175/7 Z;)) H{OSSST/\T’/\n}

+<<p(M) + C) ]l{‘r’/\n<s§'r/\n}
=, C
+ KHZSH + QO(M—"_ ;) +C H{‘r/\n<s§7”/\n}-

Hence, |:y\s|2 < Y (1 + ||2;H2) (]-1{7-/\n<s§7’/\n} + ]l{r’/\n<s§7/\n})

~ - S~ o~ o
+ ’f(X;c’X/s/’Z;) - f(X;: 7Y5/7Z.;)‘ H{OSSST/\T’/\n}a
where -y is a constant. Then, we obtain

I / cap(As) [sf? ds ) < TB( / eop(As) |f(XE, Y], Z0) = f(X2 VL2 ds )
0 0
+ v exp ()‘n) ]E< / ( I+ ”22”2 ) (ﬂ{‘r/\n<s§7—’/\n} + H{T’/\n<s§7—/\n}) ds )
0
These two terms converge to zero when x — x’ thanks to Lebesgue’s theorem.

(viii) Finally, we proved that for any z’ fixed, there exists n > 0 such that Yoz € D satisfying
|z — 2’| <1, we get [Yp|? < 2e.

Step 2: w is a viscosity solution.

(i) We need a preliminary lemma in order to compute u(Xf,, ).

Lemma 4.4 u(X{,, ) =Y}, -
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We shall explain the proof of the previous relation because it seems to be often considered as obvious
(using a result of uniqueness for BSDEs) whereas it uses several results as Markov property and
the concept of weak uniqueness.

The proof will be detailed in the appendix.

(ii) In order to show that u is a viscosity solution, we will only prove that it is a subsolution.
Indeed, the proof that it is also a supersolution can be led in the same way. We follow the same
strategy as in [7]. O

4.3 Theorem of uniqueness

The previous section allows us to construct a viscosity solution for PDE (15) with a generator
satisfying (A“).

The notion of viscosity solution is a powerful tool. Indeed, viscosity solutions satisfy a stability
result, which means that we are allowed to pass to the limit in equations. In the book [1], G. Barles
gives a classical example: the method of “vanishing viscosity”, whose consistency motivated the
name of the notion. Moreover, the main advantage of these solutions is that uniqueness can be
obtained with reasonable conditions on f.

We are interested in the second point. We assume that f satisfies (Af’c)7 which is a property of
continuity on z and we study the uniqueness of a bounded viscosity solution adopting the same
strategy as in articles [15] and [2].

Theorem 4.5
We suppose that fsatisfies (Au) and (A“J)
Then u defined by u(x) = Y§ is the unique bounded viscosity solution on D for PDE (15).

4.4 Sign of the solution

We impose a further hypothesis: a nonnegative boundary condition and a nonnegative generator
at the point (0,0).

Theorem 4.6
We suppose moreover that Yx € 0D, g(x) >0 and ¥t >0, f(X7,0,0) >0. Then u(xz) > 0.

Proof. It results from comparison theorem for BSDEs with a bounded terminal time applied to
BSDE (f, £ 1+, <n}, 7o) for each integer n, that V& > 0, Y,"" >0, IPa.s.. Indeed, since X¥
represents the position of the diffusion at its exit time from D, we derive g(X7 ) 7, <,y > 0.
Sending n to infinity, we get that vt > 0, Y,* > 0 and in particular, for t = 0, we deduce that
u(z) >0. O

5 Link between BSDEs and PDESs for a monotone generator

The purpose of this section is to state a similar result as in Theorem 4.3, under weaker
assumptions, that is to say when the generator is only monotone. Nevertheless, in order to apply
previous theorems, we need solutions to be unique. That is why, we restrict ourselves to the context
when f does not depend on z and we suppose that the terminal time 7 is almost surely finite.
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5.1 Notation

We keep on the same notations as in Section 4.1 for sets ¢, D and mappings ¢, b, o, g.
The main difference is that we ask f to satisfy (A{)) instead of (A“). Here (Yt*,Zl) will

t>0
denote the unique solution of the BSDE (f, ( ) Tx)

5.2 Existence of a viscosity solution

We aim to extend Theorem 4.3 to a framework where the generator is only monotone. In other
words, we are interested in the link that exists between a solution to BSDE ( fg ( ) ) and
a viscosity solution to the PDE

{ Lu(z) + f(z,u(z)) = 0 ifzeD, (19)

u(z) = g(x) if x € 0D,

2

where L = 0.V + 1/2 Eijﬂ(ga*)i,j % o

Theorem 5.1
Suppose that [ satisfies (A{)). Set u(x) = Y§, Vx € D. Then, u is continuous and bounded
on D. Moreover, u is a viscosity solution of the PDE (19).

Proof.

We choose a strategy inspired from the proof of Theorem 4.3, especially for the beginning but we
will also apply results that hold in the case of a strictly monotone generator.

Nevertheless, we still need to proceed in two steps. First, we must be sure that not only u is
continuous, but also any function v defined as the initial condition of a BSDE driven by a monotone
generator h and with terminal condition g(X fl) . Next we will prove that u is a viscosity solution
thanks to the property of stability for viscosity solutions.

Step 1: Continuity.

Let h be a generator satisfying (Ag’). We denote by (Yt””, Zf) the unique solution of BSDE

(h g(X2), Tz)

We set v(z) = Y'. Theorem 3.6 provides that v is well-defined and even bounded by M. It remains
to check tha‘Lit is continuous.
We fix 2’ in D and we aim to prove that |v(z) — v(z’)| ——% 0. We adopt the same procedure

>0

as in the proof of theorem 4.3, in other woords, we use BSDES with bounded terminal times.

(i) We start with the continuity of x — 7, that immediatly implies continuity for x — X7 on D.

(ii) As in the proof of Theorem 3.6, we approach (Y;*,Z} )t>0 by a sequence (}Qw’q7Zf’q)q>o
defined as the solution of a BSDE with a fixed terminal time. Moreover, we obtained the following
inequality

Vtsuch that 0 <t <gq,  wehave |V — V"> < M2 E(lyery | Firr,) IPas.

(ili) Let € > 0, we aim to pick out a indice gy from which |Y§ — Y;"?| and |Y0m/’q — Y| are small
enough.
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Since, for any fixed w € Q, * — 7,(w) is continuous on compact D, then we are able to define a
bound denoted by S(w), with S a random variable almost surely finite.

Hence, Vz € D llfycry < lycsy Pas.

Thus, we derive that there exists go such that Vg > qo, we have 2M?IE( .y ) <e.
Consequently, [Y§¥ — Y& 2 <e + [V —Y'?]?2 TPa.s.

It remains to look for a bound n > 0 such that |z — 2’| <7 implies |V — Y'I’| <.
Through the paper, we will denote qg by q.

(iv) As before, we need to extend variables, so that BSDEs will hold for the same terminal time.
Keeping the same notations as in the proof of Theorem 4.3,

N gh\T s _ - _ gNhT .
Y%/\T = é.]'1{"'Sq} B é-/ H{TISQ} + / <h(X;E7Y9) - h(Xez7Y€/) +a€) ds — / Zs dVVSa
N tAT tAT
hMXZY)) if7"ANg<s<TAq,
~ —h(X* Y] ifrAng<s<7'Ag,
T MY - MXTLV) H0<s<TATAg,
0 otherwise.

(v) Itd’s formula yields that |Yp|2 < exp(q) ]E( |17q|2 ) + E(foq exp (s) [7s|? ds).

It remains to show that IE( \}/}q|2) and IE(qu exp (s) |7s|? ds) converge to zero when x — 2.

(vi) Lebesgue’s dominated convergence theorem easily provides convergence for the first expecta-
tion.

(vii) By construction of 7, we get that

q q
IE( /0 exp (s) Ws|2 dS) < ‘P(M)z exp (q) IE( /0 (H{TAq<s§T’/\q} + H{T/\q<SST/Aq}) ds)
+ anThT x v ' N2
exp(q) IE (WM(XT,Y)) — h(XT,Y))[" ds).
0

Consequently, there exists 7 > 0 such that Vo € D satisfying |z — 2’| <7, |§70|2 < 2e.

Proposition 5.2

Let h be a generator satisfying (Ag ’), we denote by (Yf,Zf) the unique solution of BSDE

t>0
(h, g(Xfm), Tz). We also set v(x) = Y, then v is a bounded continuous function.

In particular, we derive that u is continuous.

Step 2: w is a viscosity solution.

(i) In this part, we are going to use Theorem 4.3, that provides a link between BSDEs and PDEs for
strictly monotone generators. For this purpose, we construct once again generators fmm(t, y) =
ft,y) — Lyt + Ly and we denote by (Y;"™"™,Z7™™),_  the unique solution of BSDE

(fmm, g(X2), 7',5). We set up, m(z) = Y5 ™™,
Since each generator f, ,, satisfies (A 1 ), then Theorem 4.3 provides that w, ,, is a viscosity
solution for PDE La(z) + fn,m(x,a(it)) =0 ifzeD,

{ a(z) = g(x) if x € 0D.

>0
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Moreover, uy,_ », is continuous and bounded.

(ii) The proof of Theorem 3.1 states that Y'* can be constructed as the limit of sequence (Y‘”’"’m)n>m>l.
As a byproduct, we obtain that u,_ ., converges to u. It remains to explicit the way of convergence
in order to prove that u is a viscosity solution for PDE (19). To this end, we will use stability for
viscosity solutions (whence the convergence is uniform).

We begin by studying the convergence when n tends to infinity. We proved that sequences
(Yx7”’m)n>m and (Z”’"’m)n>m respectively converge towards Y *™ and Z*™, where (Y;"", Z/"™)

the unique solution of BSDE (fm, g(X2), Tl-), with  fr(z,y) = f(z,y) + & y~.

t>0

We set u,,(2) = Yy"™, we alm to express this function as a viscosity solution. We already know
that (n,m)n>m increasingly converges to u,,. In order to prove that the convergence is uniform,
we may use Dini’s theorem. For this purpose, it suffices to check that w,, is a continuous function.
Taking into consideration that generator f,, satisfies (AO’), we can use Proposition 5.2 with
h(z,y) = fm(z,y) and v = uy,. Then, u,, is a continuous function and it is a viscosity solution for

PDE { La(z) + fm(z,a(z)) = 0 ifzeD,
alz) = g(z) if x € 0D.

(iii) We can do the same when m tends to infinity.

We know that (Y“’m)m>1 and (Z JB’m)m>1 respectively converge towards Y* and Z*. In particular,
we proved that (um)mzz decreasingly converges to u. Moreover, Proposition 5.2 provides that w is
a continuous function. Hence, applying once more Dini’s theorem, we derive that the convergence
is uniform.

Consequently, stability of viscosity solutions allows us to complete the proof: u is a viscosity
solution for PDE (19). O

Ezample . ]
Let us consider the following PDE, with » > 0 { Lu(z) — u(z)” = 0 ifzeD,

u(z) = g(x) if z € OD. (20)

In other words, the generator is h(x,y,z) = —y". Note that h satisfies neither (A#) nor (AO’).
It results that we are not able yet to solve this PDE. Nevertheless, we can prove the existence of a
viscosity solution for a similar PDE, with generator ho(z,y,2) = —(y™)", since it satisfies (AO’).
We denote it by ug.

5.3 Sign of the solution

Theorem 5.3 -
We suppose moreover that Vx € 9D, g(x) >0, then u is nonnegative on D.

'

Proof. It results from comparison Theorem 3.7 applied on the one hand to BSDE (f, g(Xjf ), Tg;)

and on the other hand to the BSDE with a null terminal condition that, at any moment ¢, the
variable Y;* is larger than the solution of the second equation. But note that the second equation
is also driven by generator f, by consequence it is uniquely solvable (refer to Theorem 3.6). To
complete the proof, it remains to identify this solution, and we denote by (7,5,7,5) the unique

solution of BSDE (f, 0, Tw).

Since f(z,0) =0 Vz € D, then null process (0,0);>¢ is solution of (f, 0, TI>.

Consequently, we get that V¢ > 0 Y;* > 0, and as a byproduct, for ¢t = 0, we deduce that u(z) > 0.
O

>0
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Ezample
Let us follow with our example in the particular case when g is nonnegative.
So, we suppose that g(x) > 0, Vx € D. We consider PDE{ Lu(z) = (u(q;)"')T if z €D,

u(z) = g(x) if x € 0D.

Then Theorem 5.3 yields that ug is nonnegative on D. Hence, we derive that w is also a viscosity
solution for the initial PDE (20). It remains to check its uniqueness thanks to the following lemma:

Lemma 5.4 -
Letu, v : IR — R continuous on D such that u (rejp, v) s a nonnegative viscosity subsolution
(resp. supersolution) for PDE (20). Then u <wv on D.

Proof.
We set S = sup, .5 (u(z) — v(z)) and we suppose that S > 0. Let us find a contradiction.

Let oo > 0. We set Uy (z,y) = u(z) — v(y) — S|z —yl?,
and we denote (74, ¥s) local maximum point for ¥, in D x D.

Then the following lemma is true. For the proof, see [15].

Lemma 5.5

[Za = yall P 0, a l[za = yall? P 0, u(za) — v(Ya) Tasie S.

Taking into consideration that on the one hand w« is a subsolution for PDE (20) and z,, is a local
maximum point for v —¢ with ¢(z) = v(ya) + %z —yal?

and on the other hand v is a supersolution for PDE (20) and y, is a local minimum point for v—1
with ¥(y) = u(za) — §lza —y[?, then we obtain the inequality

- (U(ya)y + (“(xa))r < a(b(xa) _b(yoz)) (%o = Ya)-

Consider subsequences such that z,, y. —+> 7 in D. Then, by continuity of v and v, we get
a—r+00

that S = u(z) — v(z), hence (u(z) )T > (v(z) )T, whereas taking the limit of the inequality
when a converges to 400, provides that (u(ma) )T < (v(ya) )r7 which yields a contradiction. O

Finally, we get that, whence g is nonnegative, PDE (20) has a unique nonnegative viscosity solu-
tion.

Our study has gives a probabilistic formula for the equation Lu = u". Note that J.F. Le Gall
in [13] also considers such PDEs but he uses the superprocesses in order to represent the solution

of Lu = u".

Appendix

In order to prove Theorem 4.3, we need to complete the proof of Lemma 4.4.
Proof of Lemma 4.4.

(-) Let us introduce Markovian SDEs.

Let v > 0 be fixed and 6 € £° (F,) with values in D. We denote by (Xt”’e)
of the SDE

£0 the unique solution

t t
X0 =0+ [ oyds+ [t aw, (1)
and for 0 < t < v, we define X% = IE(0|F;).

We set §g = inf{ t>v | X"? ¢ D }, which is a finite stopping time.
We note that for 0 =z, §, = 7, + v in law.
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We denote by (Y;"*, Z;"")

e, (£9(X3). 6).

. . . . . v,T
4>, the unique solution for the BSDE associated to the diffusion (X") £0

(-) We also introduce a new Brownian motion : B; = W, — W, and we denote by (gt)m ts

natural filtration.

We define (Yf) 1> the unique solution of the following SDE, noting that it is (G;)-adapted.
X, —x—i—/ b(X ds+/ o(X3) dBs. (22)
Remark. o
On the one hand, we point out that a change of variable gives for_v o(X%)dB, = fJ (X5 ) dWs.
And then by the result of uniqueness for SDE (21), we get that
V>0, X; =X/ IPas. (23)

On the other hand, we can use a result of weak uniqueness for SDEs. It ensures that the diffusions
gl .
(X, )t>0 and (X )t>0 are equal in law.

We can apply the results obtained in the previous sections in the case where equations are driven

by another Brownian motion, that is (Bt) >0 instead of (Wt)

>0°
We set 7, = inf{¢>0|X; ¢ D }. Remark that (23) provides the following equality: 7, = &, —v.

We denote by (?f,?f) the unique solution for the BSDE driven by (Bt) 1>0°

>0
{ ?tx/\?z = 77:?/\?1 + j‘tr/\/:—;w X:7?:7Z ds - fr/\TIZ dB (24)
R 3}

Since (Y73, Z; ) >0 15 (G¢)-adapted, in particular Y, is Go-measurable, so that we can set

Vo e D, u(x)=Y,. By definition, 7 is a continuous function on D.

(-) Similarly to the proof of Theorem 2.1, we still define (Yqz7 Zg) the unique solution for BSDE
(16).

Adapting the procedure to the construction of @, we can express u(x) as the limit of the sequence
(Ym’ )q>0 where (Y Z ) is the unique solution of the BSDE

Yq,t/\ﬁ = g(X?I) H{?mgq} + / f(styq,qu,s)ds - / Zq,sdBS' (25)
tAT, AT,
Applying weak uniqueness for BSDEs with a bounded terminal time, we get that Y% ,, and

Yq a7, have the same law. In particular, Yy = Y, g0 IPa.s. because they are deterministic
variables. Consequently, sending ¢ to 1nﬁmty, we show that u(z) = u(x).

We are willing to extend the equality between u and % to the set of variables with values in D that
belong to o (.7-}).

As u and u are continuous, we start by defining them for simple variables.

We set 6, = Z?; x; N4, with x; € D and let the sets A; constitute a F,-measurable partition of
Q.

We define u(6,,) = > i, u(z;) 14, and in the same way u(0,,) = Y v, u(x;) La,.

Then, u(0,,) = u(6,,).
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Taking into account the density of such functions in c? ( ) we get that for any 6 € L’ ( ) with

values in D, there exists a sequence (0 )m>0 of simple variables which converges to ¢ in L? ( U),
so that we can extract a subsequence (6,,, k>0 that converges P-almost surely to 6.
Finally, we define u(0) = limg— 100 u(0,) and @(0) = limg_ o0 (0, ), then u(d) = u(0).

(-) Now, we are going to prove that @(6) = Y-
We study (Y, Z{"")

(Wt)tzo and (Bt)tZO’
We begin by using the result (23), and we recall that a change of variable yields

and (7:,7?) which are solutions of BSDEs with Brownian motion

t>v t>0

respectively.

' Ay —v = ' Noy . .
Ay —v Z dBs = PAG, Zg » dWs. This provides
e Evad ' N6z T ' Ny =
Yt//\éw—” = Y7" ‘Nop—v T f’/\é (X Y, U’Zs—v) ds — ISR Z o AW,

?g —v = g(Xg;z>

Taking into consideration the uniqueness for solution of the BSDE (f, g(Xg;w)7 696), we obtain

equality in law for the couples of processes (7?,7;6) and (Y)}5,220).
In particular, for s = 0, u(x) = Y,V*, Vz € D.

Now, we consider 6, = Y I" | x; 1l4,, which is a simple variable.
We know that by definition, w(6,,) = Y v, u(z ) Ny, = Y0, Y% 1y,
It remains to check that > ;= YV,"% 1y, = Y20,

Actually, we begin by stating that Y ;- X, N4, = X" The key of the proof deals with the
fact that A; € F,, which allows us to write 1a, [ o(X2%) dW, = [/ 14, o(X2%) dW,.

And then Y7 X% Ny = Oy + [L0( S0, X0, ) ds + [ o( S0, X0, ) dW,.
We get the desired result thanks to uniqueness for SDEs with Lipschitz coefficients.

In the same way, we show that (0", ¥;"" s, , S0, 207 1a,) = (Yt”’o’",ZtU’em),
which implies that @(6,,) = Y,>"0m.

As 2 — T(x) and x + Y,»'* are continuous on D and equal on the set of simple variables, then
V0 € L*(F,) we have u(0) = Y.

Xﬂ;
(-) Finally, it remains to show that ¥, "™ = YZ

VAT *

First, note that dx= = 7, —v A7, +v. For more convenience we will denote § = X7, .
For t' > v and 7’ >t “wesett =1t ATy —UVAT,+vandr=7r" A1, —v ATy +0.

We consider the BSDE satisfied by (Y;v’e, Zf’e) between ¢ A dp and 7 A dy,

t>v

’
T NTg

v,0 _ v,0 U7Xf}:/\-rz v,0 v,0
}/th/\TJ_—’U/\T;LJrU - 1/r 'ATy —UATL+v + ]lTwZ’U/ f(X9 7}/5 ’Zs ) ds

t' AT

7"/\‘/'3E
| / z%0 dw,.
t

'NTg

X .
Note that ]lTar>U ) /\Tl X: T, Y;vﬁ, Z:’e) ds = [, o ]lTarZU f(va Y;U,O’ Z;),O) ds

t'A t' ATy
v, X"

because the diffusion (Xt”’e)t>0 satisfies the Markov property, i.e. Vs >r, X% = X" |

and 1,5, [107 200 dW, = [T 1, ., 220 dW, because {r, > v} € Fyny,, then

t' ATy t' AT
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v,0 .0 ' ATy z .0 v,0 "ATe 50,0
)/t//\Tq,—'U/\Tm—'r’U - Yr’/\rgc—v/\fm-&-v + ft//\q—z f(X9 ) }/s—v/\‘rm—&-'m Zs—v/\'rm+v) ds — ft'/\-,—z Zs—v/\‘rm—&-'u dW9
v,0 _ T
Moreover, we can check that Y'" . . = g(XZ7).

Consequently, we derive from the uniqueness of the solution of BSDE (14) that
v, X> v

X5 v, X7
AuAT, A uAT _ T T . _ oAy T
(K;_Mnj_v, Zt_v/\r:im) = (Y;5 A )t20' Hence, with t =v A 71,, we get Y, v o= Y-

(-) In conclusion, we can complete the arguments as follows:
_ belongs to Yo (Fu), then u(XZ., ) = w(X?

T VAT

) = v =y

. . z
since the variable X7, VAT

O
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