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Canonicity of Weak ω-groupoid Laws Using

Parametricity Theory

✇❤❡r❡ 1 a : a = a ❞❡♥♦t❡s t❤❡ r❡✢❡①✐✈✐t②✳ ❚❤✉s ❢♦r ❛♥② ✐♥t❡❣❡r n✱ ∀X : Type, x : X.Ω n (X, x) ✐s ❛ ❣r♦✉♣♦✐❞ •❛✇ ✐♥❤❛❜✐t❡❞ ❜② λX : Type, x : X.ω n (X, x) ✭♥♦t❡ t❤❛t ✉s✐♥❣ ♦♥❡ ✉♥✐✈❡rs❡✱ ✐t ✐s ♣♦ss✐❜•❡ t♦ ✐♥t❡r♥❛•✐③❡ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥ ♦✈❡r n❀ ❡✈❡r②t❤✐♥❣ t❤❛t ✇❡ st❛t❡ ❤❡r❡ ✇✐•• ❜❡ tr✉❡ ✇❤❡t❤❡r ♦r ♥♦t t❤✐s ✐s ✉s❡❞✮✳ ❲❡ ❝❛•• t❤✐s ❣r♦✉♣♦✐❞ •❛✇ t❤❡ n✲t❤ ♣❛r❛♠❡tr✐❝ •♦♦♣ s♣❛❝❡✳ ❚❤❡ 0✲t❤ ♣❛r❛♠❡tr✐❝ •♦♦♣ s♣❛❝❡✱ ✐s t❤❡ ♣♦•②♠♦r♣❤✐❝ t②♣❡ ∀X : Type.X → X ♦❢ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥s✱ ❛♥❞ ✐ts ❝❛♥♦♥✐❝❛• ✐♥❤❛❜✐t❛♥t ✐s λX : Type, x : X.x✱ ✐❡✳ t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥✳ ❚❤✐s t❡r♠ ✐s t❤❡ ♦♥•② ♦♥❡ ✉♣ t♦ ❢✉♥❝t✐♦♥ ❡①t❡♥s✐♦♥❛•✐t② ✐♥❤❛❜✐t✐♥❣ ✐ts t②♣❡✳ ❚❤❡ st❛♥❞❛r❞ t♦♦• t♦ ♣r♦✈❡ t❤✐s ❦✐♥❞ ♦❢ ♣r♦♣❡rt✐❡s ✐s ❜② ✉s✐♥❣ |❡②♥♦•❞✬s ♣❛r❛♠❡tr✐❝✐t② t❤❡♦r② ❬✼( ✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ t♦ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ t②♣❡ q✉❛♥✲ t✐✜❝❛t✐♦♥s ✇✐t❤✐♥ ♣♦•②♠♦r♣❤✐❝ λ✲❝❛•❝✉•✉s ✭❛✳❦✳❛✳ ❙②st❡♠ ❋✮✳ ■t r❡❢❡rs t♦ t❤❡ ❝♦♥❝❡♣t t❤❛t ✇❡••✲t②♣❡❞ ♣r♦❣r❛♠s ❝❛♥♥♦t ✐♥s♣❡❝t t②♣❡s❀ t❤❡② ♠✉st ❜❡❤❛✈❡ ✉♥✐❢♦r♠•② ✇✐t❤ r❡s♣❡❝t t♦ ❛❜str❛❝t t②♣❡s✳ |❡②♥♦•❞s ❢♦r♠❛•✐③❡s t❤✐s ♥♦t✐♦♥ ❜② s❤♦✇✐♥❣ t❤❛t ♣♦•②✲ ♠♦r♣❤✐❝ ♣r♦❣r❛♠s s❛t✐s❢② t❤❡ s♦✲❝❛ 

••❡❞ •♦❣✐❝❛• r❡•❛t✐♦♥s ❞❡✜♥❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t②♣❡s✳ ❚❤✐s t♦♦• ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ ❜② ❇❡r♥❛r❞② ❡t ❛•✳ ❬✷( t♦ ❞❡♣❡♥✲ ❞❡♥t t②♣❡ s②st❡♠s✳ ■t ♣r♦✈✐❞❡s ❛ ✉♥✐❢♦r♠ tr❛♥s•❛t✐♦♥ ♦❢ t❡r♠s✱ t②♣❡s ❛♥❞ ❝♦♥t❡①ts ♣r❡s❡r✈✐♥❣ t②♣✐♥❣ ✭t❤❡ s♦✲❝❛••❡❞ ❛❜str❛❝t✐♦♥ t❤❡♦r❡♠✮✳ ■♥ ✐ts ✉♥❛r② ✈❡rs✐♦♥ ✭t❤❡ ♦♥•② ♥❡❡❞❡❞ ❢♦r t❤✐s ✇♦r❦✮✱ •♦❣✐❝❛• r❡•❛t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❜② ❛ss♦❝✐❛t✐♥❣ t♦ ❛♥② ✇❡••✲❢♦r♠❡❞ t②♣❡ A : Type ❛ ♣r❡❞✐❝❛t❡ A : A → Type ❛♥❞ t♦ ❛♥② ✐♥❤❛❜✐t❛♥t M : A ❛ ✇✐t
♥ t♦ ♣r♦✈❡ t❤❡ ❝❛♥♦♥✐❝✐t② r❡s✉•t ❢♦r •♦♦♣ s♣❛❝❡s❀ ✇❡ ♣r♦✈❡ t❤❛t ❛•• ✐♥❤❛❜✐t❛♥ts ♦❢ ♣❛r❛♠❡tr✐❝ •♦♦♣ s♣❛❝❡s ❛r❡ ♣r♦♣♦s✐t✐♦♥❛••② ❡q✉❛• ✭❚❤❡♦r❡♠ ✷✮✳ ■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢r❛❣♠❡♥t ▼▲■❉ ♦❢ t②♣❡ t❤❡♦r② t♦ ❞❡✜♥❡ ♦✉r ♥♦t✐♦♥ ♦❢ ❣r♦✉♣♦✐❞ •❛✇s ❛♥❞ ✇❡ s❤♦✇ t❤❛t t❤❡ r❡s✉•t ♦❢ ❙❡❝t✐♦♥ ✹ ♠❛② ❜❡ ❣❡♥❡r❛•✐③❡❞ t♦ ❛•• ❣r♦✉♣♦✐❞ •❛✇s ✭❚❤❡♦r❡♠ ✹✮✳ ❋✐♥❛••② ❙❡❝t✐♦♥ ✻ ✐s ❞❡✈♦t❡❞ t♦ ✈❛r✐♦✉s ❞✐s❝✉ss✐♦♥s✳ ✷ Pr❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s②♥t❛① ❲❡ ❣✐✈❡ ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ▼❛rt✐♥✲▲ö❢ t②♣❡ t❤❡♦r② ✇✐t❤ ✐❞❡♥t✐t② t②♣❡s ❛♥❞ ✉♥✐✈❡rs❡s ✇❤✐❝❤ ✐s ❝•♦s❡ t♦ t❤❡ s②♥t❛① ♦❢ ♣✉r❡ t②♣❡ s②st❡♠s ❬✶( ✐♥ ♦r❞❡r t♦ r❡✉s❡ t❤❡ ♣❛r❛✲ ♠❡tr✐❝✐t② t❤❡♦r② ♣r❡s❡♥t❡❞ ✐♥ ❬✷(✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ❝♦♠♣✉t❛t✐♦♥ r✉•❡s ❛r❡ tr❡❛t❡❞ ✐♥ ❛♥ ✉♥t②♣❡❞ ✇❛② ❛♥❞ s✉❜t②♣✐♥❣ ♦❢ ✉♥✐✈❡rs❡s ✐s ❛❝❤✐❡✈❡❞ ✉s✐♥❣ ▲✉♦✬s ❝✉♠✉•❛t✐✈✐t② r❡•❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❢♦r t❤❡ ❡①t❡♥❞❡❞ ❝❛•❝✉•✉s ♦❢ ❝♦♥str✉❝t✐♦♥s ❬✻(✳ ❚❤❡ r❡❛❞❡r ♠❛② ❜❡ ♠♦r❡ ✉s❡❞ t♦ •✉❞❣❡♠❡♥t❛• ♣r❡s❡♥t❛t✐♦♥s ♦❢ t②♣❡ t❤❡♦r② ✇❤❡r❡ ❡❛❝❤ ❝♦♠♣✉t❛t✐♦♥ st❡♣s ❛r❡ ❝❤❡❝❦❡❞ t♦ ❜❡ ✇❡••✲t②♣❡❞✳ ❚❤✐s ✐s •✉st ❛ ♠❛tt❡r ♦❢ ♣r❡s❡♥t❛t✐♦♥❀ ❛•• t❤❡ ♠❛t❡r✐❛• ♣r❡s❡♥t❡❞ ❤❡r❡ ❝♦✉•❞ ❜❡ ❛❞❛♣t❡❞ ✇✐t❤♦✉t ♠✉❝❤ ❡✛♦rt t♦ s✉✐t t②♣❡ s②st❡♠s ✉s✐♥❣ ❛ •✉❞❣❡♠❡♥t❛• ❡q✉❛•✐t②✳ ❆•s♦✱ t❤❡ ✉s❡ ♦❢ ❝✉♠✉•❛t✐✈✐t② ✐s ♥♦t r❡❛••② ♥❡❡❞❡❞ ❜✉t ♠❛❦❡s ♦✉r r❡s✉•ts ♠♦r❡ ❣❡♥❡r❛• ❛♥❞ ❝•♦s❡r t♦ ✐♠♣•❡♠❡♥t❛t✐♦♥s s✉❝❤ ❛s ❝♦q✳ ❚❤❡ t❡r♠s ♦❢ t❤❡ s②st❡♠ ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ❢♦••♦✇✐♥❣ ❣r❛♠♠❛r✿ A, B, C, M, N, U, V := x | (M N ) | λx : A.M | ∀x : A.B | Type i | M = A N | 1 C M | J ∀x:C,y:M =x.A (B, U, V ) ✇❤❡r❡ ✉♥✐✈❡rs❡s Type i ❛r❡ ✐♥❞❡①❡❞ ❜② i ∈ N✳ ❱❛r✐❛❜•❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✉♣ t♦ α✲ ❝♦♥✈❡rs✐♦♥ ❛♥❞ ✇❡ ✇r✐t❡ M [N/x] t♦ ❞❡♥♦t❡ t❤❡ t❡r♠ ♦❜t❛✐♥❡❞ ❜② s✉❜st✐t✉t✐♥❣ ❛•• ❢r❡❡ ♦❝❝✉rr❡♥❝❡s ♦❢ x ✐♥ M ❜② N ✳ ❚♦ ❡❛s❡ t❤❡ r❡❛❞✐♥❣ ♦❢ t❡r♠s✱ ✇❡ ❛••♦✇ ♦✉rs❡•✈❡s t♦ ♦♠✐t s♦♠❡ t②♣✐♥❣ ❛♥♥♦t❛t✐♦♥s ✇❤❡♥ t❤❡② ❝♦✉•❞ ❜❡ ❣✉❡ss❡❞ ❢r♦♠ t❤❡ ❝♦♥t❡①t ✭✐♥ ♣❛rt✐❝✉•❛r M = N ✱ 1 M ❛♥❞ J(B, U, V ) ✇✐•• ❜❡ ✉s❡❞ ♦❢t❡♥ ✐♥ t❤✐s t❡①t✮✳ ❚❤❡ ❣r❛♠♠❛r ♦❢ t❡r♠s ✐s ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣ t♦ t❤❡ s②♥t❛① ♦❢ ♣✉r❡ t②♣❡ s②st❡♠s✿ • ❚❤❡ t②♣❡ ❝♦♥str✉❝t♦r M = A N ❢♦r ❢♦r♠✐♥❣ ✐❞❡♥t✐t② t②♣❡s✱ • ❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ r✉•❡ ❢♦r ✐❞❡♥t✐t② t②♣❡s✱ 1 C M ✱ t♦ ✇✐t♥❡ss t❤❡ r❡✢❡①✐✈✐t② M = C M ✱ ✸ • ❚❤❡ ❡•✐♠✐♥❛t✐♦♥ r✉•❡ ✭❛•s♦ ❦♥♦✇♥ ❛s ✏♣❛t❤✲✐♥❞✉❝t✐♦♥✑✮ J ∀x:C,y:M =x.A (B, U, V )✳ •✐✈❡♥ ❛♥② ❞❡♣❡♥❞❡♥t t②♣❡ A(x, y) ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ❛ ♣♦✐♥t x ❛♥❞ ❛ ♣❛t❤ y ❢r♦♠ ❛ ❜❛s❡ ♣♦✐♥t M t♦ x✱ ❣✐✈❡♥ ❛ ✇✐t♥❡ss ❢♦r A(M, 1 M ) ✭t❤❡ ❜❛s❡ ❝❛s❡ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥✮✱ ❣✐✈❡♥ ❛ ♣♦✐♥t U ❛♥❞ ❛ ♣❛t❤ V ✱ t❤❡ ♣❛t❤✲✐♥❞✉❝t✐♦♥ ♣r♦✈✐❞❡s ❛♥ ✐♥✲ ❤❛❜✐t❛♥t ♦❢ A(U, V )✳ ❚❤✐s ❢♦r♠✉•❛t✐♦♥ ♦❢ ♣❛t❤✲✐♥❞✉❝t✐♦♥✱ ❞✉❡ t♦ P❛✉•✐♥✲▼ö❤r✐♥❣ ✭❛•s♦ ❝❛••❡❞ ❜❛s❡❞ ♣❛t❤ ✐♥❞✉❝t✐♦♥✮✱ ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ ♦t❤❡r ✈❡rs✐♦♥ ✇❤❡r❡ A ✐s ♣❛r❛♠❡tr✐③❡❞ ❜② t✇♦ ♣♦✐♥ts ❛♥❞ ❛ ♣❛t❤ ❜❡t✇❡❡♥ t❤❡♠✳ ❲❡ ✉s❡ t❤❡ s②♠❜♦• ≡ t♦ ❞❡♥♦t❡ t❤❡ s②♥t❛❝t✐❝ ❡q✉❛•✐t② ✭✉♣ t♦ α✲❝♦♥✈❡rs✐♦♥✮ ❜❡t✇❡❡♥ t❡r♠s✳ ❚❤❡ ❝♦♥✈❡rs✐♦♥ ❜❡t✇❡❡♥ t❡r♠s ✇✐•• ❜❡ ❞❡♥♦t❡❞ ❜② M ≡ β N ✱ ✐t ✐s ❞❡✲ ✜♥❡❞ ❛s t❤❡ s♠❛••❡st ❝♦♥❣r✉❡♥❝❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ✉s✉❛• β✲r❡❞✉❝t✐♦♥ (λx : A.M ) N ≡ β M [N/x] ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ r✉•❡ ❢♦r ✐❞❡♥t✐t② t②♣❡s✿ J ∀x:c,y:M =x,∆.P (N, M, 1 C M ) ≡ β N ✳ ❆♥❞ t❤❡ ❝✉♠✉•❛t✐✈✐t② ♦r❞❡r ✐s ❞❡✜♥❡❞ ❛s t❤❡ s♠❛••❡st ♣❛rt✐❛• ♦r❞❡r ❝♦♠♣❛t✐❜•❡ ✇✐t❤ ≡ β ❛♥❞ s❛t✐s❢②✐♥❣ ❢♦r i ≤ j✿ ∀x 1 : A 1 , ..., x n : A n .Type i ∀x 1 : A 1 , ..., x n : A n .Type j ▲✐❦❡ ✐♥ t❤❡ ❡①t❡♥❞❡❞ ❝❛•❝✉•✉s ♦❢ ❝♦♥str✉❝t✐♦♥s✱ t❤❡ ❝✉♠✉•❛t✐✈✐t② r✉•❡ ✐s ♥♦t ❢✉••② ❝♦♥tr❛✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞♦♠❛✐♥ ♦❢ ❢✉♥❝t✐♦♥s ✭A ′ A ❛♥❞ B B ′ ❞♦❡s ♥♦t ✐♠♣•② ∀x : A.B ∀x : A ′ .B ′ ✮ ♦t❤❡r✇✐s❡ ✐t ✇♦✉•❞ ❜r❡❛❦ t❤❡ ❞❡❝✐❞❛❜✐•✐t② ♦❢ t②♣❡ ❝❤❡❝❦✐♥❣✳ ❈♦♥t❡①ts ❛r❡ ✜♥✐t❡ •✐sts ♦❢ t❤❡ ❢♦r♠ x 1 : A 1 , • • • , x n : A n ♠❛♣♣✐♥❣ ❛ ✈❛r✐❛❜•❡ t♦ ✐ts t②♣❡✳ ❚❤❡ r✉•❡s ♦❢ t❤❡ t②♣❡ s②st❡♠ ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✳ ❆s ✇❡ ❢♦••♦✇ st❛♥❞❛r❞ •✐♥❡s✱ ✇❡ ❞♦ ♥♦t ❞❡✈❡•♦♣ ✐♥ ❞❡t❛✐•s t❤❡ ♠❡t❛t❤❡♦r② ♦❢ t❤❡ s②st❡♠✳ ❚❤❡ ♥♦♥✲❞❡♣❡♥❞❡♥t ✈❡rs✐♦♥ ♦❢ ♣❛t❤✲✐♥❞✉❝t✐♦♥ ✐s ❝❛••❡❞ tr❛♥s♣♦rt ❛♥❞ ✐s ❞❡✜♥❡❞ ❜② P * x:C.X (M ) ≡ J ∀x:C,y:U =x.X (M, V, P ) Γ ⊢ U : C Γ ⊢ V : M = U Γ ⊢ J ∀x:C,y:M =x.P (B, U, V ) : P [U/x, V /y] ♣❛t❤✲✐♥❞✉❝t✐♦♥ ❋✐❣✳ ✶✳ ❚②♣❡ t❤❡♦r② ✇✐t❤ ✐❞❡♥t✐t② t②♣❡s ✭▼▲❚❚✮✳ ♦r❡♠ ✶✮✳ ∀x : A.B ≡ λf : ∀x : A.B.∀x : A, x R : x ∈ A .(f x) ∈ B Type i ≡ λx : Type i .x → Type i λx : A.M ≡ λx : A, x R : x ∈ A . M M N ≡ M N N x ≡ x R ✇❤❡r❡ M ∈ A s✐♠♣•② st❛♥❞s ❛s ❛ ♥♦t❛t✐♦♥ ❢♦r A M ✭✐t ♠❛❦❡s ❢♦r♠✉•❛s ❛ ❜✐t ❡❛s✐❡r t♦ r❡❛❞✮✳ ❆s s❛✐❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ♣r❡❞✐❝❛t❡ ❣❡♥❡r❛t❡❞ ❜② ❛♥ ✐❞❡♥t✐t② t②♣❡ M = C N ✐s ❞❡✜♥❡❞ ❜② t❤❡ t②♣❡ ❢❛♠✐•② ♦✈❡r M = C N s❡•❡❝t✐♥❣ ♣❛t❤s tr❛♥s♣♦rt✐♥❣ M t♦ N ✿ M = C N : M = C N → Type M = C N ≡ λp : M = C N.p * x:C.x∈ C ( M ) = C N N ❚❤❛♥❦s t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛• r✉•❡ 1 C M ∈ M = C M ≡ β 1 C M * x:c.x∈ C ( M ) = M ∈ C M ≡ β M = M ∈ C M t❤❡ tr❛♥s•❛t✐♦♥ 1 C M : 1 C M ∈ M = C M ♦❢ r❡✢❡①✐✈✐t② ✐s ❛ r❡✢❡①✐✈✐t②✿ 1 C M ≡ 1 M ∈ C M ✳ ❆♥❞ ✜♥❛••②✱ t❤❡ ❡•✐♠✐♥❛t✐♦♥ r✉•❡ ✐s tr❛♥s•❛t❡❞ ✐♥ t❡r♠s ♦❢ ♥❡st❡❞ ♣❛t❤✲ ✺ ✐♥❞✉❝t✐♦♥s✿ J ∀x:C,y:M =x.P (B, U, V ) ≡ J ∀x R :U ∈ C ,y R :V * ( M )=x R .J ∀x:C,y:M =x.P (B,U,V )∈ P [U/x,V /y] (J ∀x:C,y:M =x.J ∀x:C,y:M =x.P (B,x,y)∈ P [y * ( M )/x R ,1 y * ( M ) /y R ] ( B , U, V ), U , V ) ❚❤❡ tr❛♥s•❛t✐♦♥ ♦❢ t❤❡ ♣r❡❞✐❝❛t❡ ♦❢ ♣❛t❤ ✐♥❞✉❝t✐♦♥s ❛r❡ q✉✐t❡ ✈❡r❜♦s❡ ❛♥❞ ♠❛❦❡ t❤❡ tr❛♥s•❛t✐♦♥ ❤❛r❞ t♦ r❡❛❞✳ ❍♦✇❡✈❡r ✐❢ ✇❡ ✐❣♥♦r❡ t❤❡ ❛♥♥♦t❛t✐♦♥✱ ✇❡ s❡❡ t❤❛t t❤❡ tr❛♥s•❛t✐♦♥ J(B, U, V ) ≡ J(J( B , U, V ), U , V ) ✐s s✐♠♣•② ❛ ❞✉♣•✐❝❛t✐♦♥ ♦❢ ♣❛t❤ ✐♥❞✉❝t✐♦♥ ✇❤✐❝❤ s❤♦✉•❞ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❞✉♣•✐❝❛t✐♦♥ ✐♥ ❛❜str❛❝t✐♦♥s ❛♥❞ ❛♣♣•✐❝❛✲ t✐♦♥s✳ ❲❡ ❝❛♥ ❝❤❡❝❦ t❤❛t t❤✐s tr❛♥s•❛t✐♦♥ ❜❡❤❛✈❡s ✇❡•• ✇✐t❤ r❡s♣❡❝t t♦ s✉❜st✐t✉t✐♦♥ ❛♥❞ ❝♦♥✈❡rs✐♦♥ ✿ ▲❡♠♠❛ ✶ ✭❙✉❜st✐t✉t✐♦♥ ❛♥❞ ❝♦♥✈❡rs✐♦♥ •❡♠♠❛✮✳ ❲❡ ❤❛✈❡ ✿ ✭✐✮ M [N/x] ≡ M [N/x, N /x R ]✱ ✭✐✐✮ ■❢ M ≡ β M ′ ✱ t❤❡♥ M ≡ β M ′ ✳ ✭✐✐✐✮ ■❢ M M ′ ✱ t❤❡♥ M M ′ ✳ Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✐✮ ✐s ❛ r♦✉t✐♥❡ ♣r♦♦❢ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ M ✳ ❆♥❞ ✭✐✐✐✮ ✐s ❛ r❛t❤❡r ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✐✐✮✳ ❚♦ ♣r♦✈❡ ✭✐✐✮✱ ✇❡ ♦♥•② ❞♦ ❤❡r❡ t❤❡ ♦♥•② ❝❤❡❝❦ t❤❛t ✐s ♥♦t ✐♥ ❇❡r♥❛r❞②✬s tr❛♥s•❛t✐♦♥ ✿ J(N, M, 1 C M ) ≡ J(J( N , M, 1 C M ), M , 1 C M ) ≡ J(J( N , M, 1 C M ), M , 1 M ∈ C M ) ≡ β J( N , M , 1 M ∈ C M ) ≡ β N ◆♦✇ ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t t❤✐s ❡①t❡♥s✐♦♥ ♣r❡s❡r✈❡ t②♣✐♥❣ ✿ ❚❤❡♦r❡♠ ✶ ✭❆❜str❛❝t✐♦♥✮✳ ■❢ Γ ⊢ M : A✱ t❤❡♥ Γ ⊢ M : A (a) Γ ⊢ M : M ∈ A (b) ♠♦r❡♦✈❡r ✐❢ Γ wf t❤❡♥ Γ wf ✭❝✮✳ Pr♦♦❢✳ ❚❤❡ ❛❜str❛❝t✐♦♥ t❤❡♦r❡♠ ✐s ♣r♦✈❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ ❞❡r✐✈❛t✐♦♥s✳ ■♥ ❡❛❝❤ ❝❛s❡s✱ ♣r♦✈✐♥❣ t❤❡ st❛t❡♠❡♥t ✭❛✮ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ❙✐♥❝❡ t❤❡ tr❡❛t♠❡♥t ♦❢ ♦t❤❡r r✉•❡s ✐s ♥♦✇ st❛♥❞❛r❞✱ ✇❡ ♦♥•② ❞❡❛• ❤❡r❡ ✇✐t❤ t❤❡ r✉•❡s ❝♦♥❝❡r♥✐♥❣ ✐❞❡♥t✐t② t②♣❡s✳ ❊✈❡♥ t❤♦✉❣❤ ✇❡ ❞♦ ♥♦t ❞❡t❛✐•❡❞ ✐t ❤❡r❡✱ t❤❡ tr❡❛t♠❡♥t ♦❢ ❝♦♥✈❡rs✐♦♥ ✉s❡s ♣r❡✈✐♦✉s •❡♠♠❛✳ • ✐❞❡♥t✐t②✿ ❚❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❣✐✈❡s ✉s Γ ⊢ M : M ∈ C ✭✶✮✱ Γ ⊢ N : N ∈ C ✭✷✮ ❛♥❞ Γ , x : C ⊢ x ∈ C : Type i ✭✸✮✳ ❯s✐♥❣ tr❛♥s♣♦rt ✇❡ ❞❡r✐✈❡ ❢r♦♠ ✭✶✮ ❛♥❞ ✭✸✮✱ t❤❛t Γ , p : M = C N ⊢ p * λx:C.x∈C ( M ) : N ∈ C ✳ ❚❤❡♥✱ ✉s✐♥❣ ✐❞❡♥t✐t② ❛♥❞ ✭✷✮ ✇❡ ❜✉✐•❞ ❛ ❞❡r✐✈❛t✐♦♥ ❢♦r Γ , p : M = C N ⊢ ✻ p * λx:C.x∈C ( M ) = N ∈ C N ❛♥❞ ✜♥❛••② ✇❡ ❝♦♥❝•✉❞❡ Γ ⊢ M = C N : M = C N → Type i ✇✐t❤ ❛❜str❛❝t✐♦♥✳ • r❡❢•❡①✐✈✐t②✿ ❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡ Γ ⊢ M : M ∈ C ✭✶✮✳ ❯s✐♥❣ ✭✶✮ ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t Γ ⊢ 1 M ∈ C M : M = M ∈ C M ✇❤✐❝❤ ✐s ❝♦♥✈❡rt✐❜•❡ t♦ Γ ⊢ 1 M ∈ C M : 1 C ✇❤✐❝❤ ♠❡❛♥s✱ ✉s✐♥❣ ♣❛t❤✲✐♥❞✉❝t✐♦♥✱ ❝❤❡❝❦✐♥❣ ✿ • ❚❤❡ ♣r❡❞✐❝❛t❡ ✐s ✇❡••✲❢♦r♠❡❞ ✿ Γ , x : C, y : M = x ⊢ J(B, x, y) ∈ P [y * ( M )/x R , 1 y * ( M ) /y R ] : Type ❚❤✐s ✐s ♦❜t❛✐♥❡❞ ❜② s✉❜st✐t✉t✐♥❣ x R ❛♥❞ y R ✐♥ ✭✷✮ ✉s✐♥❣ ❛ ❞❡r✐✈❛t✐♦♥ ♦❢ Γ , x : C, y : M = x ⊢ y * ( M ) : x ∈ C ❛♥❞ ♦❢ Γ , x : C, y : M = x ⊢ 1 y * ( M ) : y * ( M ) = y * ( M ) ✇❤✐❝❤ ❛r❡ ❡❛s✐•② ❞❡r✐✈❡❞ ❢r♦♠ ✭✶✮ ❛♥❞ ❜② ❛♣♣•②✐♥❣ Γ , x : C, y : M = x ⊢ J(B, x, y) : P t♦ t❤❡ s✉❜st✐t✉t❡❞ ❞❡r✐✈❛t✐♦♥✳ • ❚❤❡ ❛r❣✉♠❡♥ts ❛r❡ ❝♦rr❡❝t ✿ ❲❡ ❞❡r✐✈❡ Γ ⊢ B : J(B, M, 1 M ) ∈ P [y * ( M )/x R , 1 y * ( M ) /y R , M/x, 1 M /y] ❜② ♥♦t✐❝✐♥❣ ✉s✐♥❣ ❝♦♠♣✉t❛t✐♦♥ r✉•❡s t❤❛t ✿ J(B, M, 1 M ) ∈ P [y * ( M )/x R , 1 y * ( M ) /y R , M/x, 1 M /y] ≡ β B ∈ P [M/x, M /x R , 1 M /y, 1 y * ( M ) /y R ] ✼ ❛♥❞ t❤❡r❡❢♦r❡ ❝♦♥✈❡rs✐♦♥ ❛♥❞ ✭✸✮ ❛••♦✇ ✉s t♦ ❝♦♥❝•✉❞❡✳ ❋✐♥❛••②✱ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t t❛r❣❡t ♣♦✐♥t ❛♥❞ ♣❛t❤ ❛r❡ ❝♦rr❡❝t ✐❡✳ Γ ⊢ U : C ❛♥❞ Γ ⊢ V : M = U ✇❤✐❝❤ ❛r❡ ❣✐✈❡♥ ❜② ✭✾✮ ❛♥❞ ✭✶✵✮✳ ▲❡t K ❜❡ t❤❡ ❢♦••♦✇✐♥❣ t❡r♠✿ J ∀x R :U ∈ C ,y R :V * ( M )=x R .J ∀x:C,y:M =x.P (B,U,V )∈ P [U/x,V /y] (T, U , V ) ❲❡ ♥♦✇ ✇❛♥t t♦ ❝❤❡❝❦ t❤❛t ✿ Γ ⊢ K : J ∀x:C,y:M =x.P (B, U, V ) ∈ P [U/x, V /y] ✉s✐♥❣ ♣❛t❤✲✐♥❞✉❝t✐♦♥✱ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ✿ • ❚❤❡ ♣r❡❞✐❝❛t❡ ✐s ✇❡••✲❢♦r♠❡❞ ✿ Γ , x R : U ∈ C , y R : V * ( M ) = x R ⊢ J ∀x:C,y:M =x.P (B, U, V ) ∈ P [U/x, V /y] : Type i ✇❤✐❝❤ ✐s ♦❜t❛✐♥❡❞ ❜② s✉❜st✐t✉t✐♥❣ x ❛♥❞ y ✐♥ ✭✷✮ ✉s✐♥❣ ✭✾✮ ❛♥❞ ✭✶✵✮ ❛♥❞ ❜② ❛♣✲ ♣•②✐♥❣ Γ ⊢ J ∀x:C,y:M =x.P (B, U, V ) : P [U/x, V /y] t♦ t❤❡ s✉❜st✐t✉t❡❞ ❞❡r✐✈❛t✐♦♥✳ • ❚❤❡ ❛r❣✉♠❡♥ts ❛r❡ ❝♦rr❡❝t ✿ ❲❡ ✉s❡ ✭✯✮ ❢♦r t②♣❡ ❝❤❡❝❦✐♥❣ ❚ ❛♥❞ ✇❡ ✉s❡ ✭✹✮ ❛♥❞ ✭✺✮ ❢♦r t②♣❡ ❝❤❡❝❦✐♥❣ U ❛♥❞ V ✳ ✹ ❈❛♥♦♥✐❝✐t② ✐♥ ♣❛r❛♠❡tr✐❝ •♦♦♣ s♣❛❝❡s ❚❤❡ ❣♦❛• ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷✳ ❚❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ ✐s ♥❡❡❞❡❞ t♦ ♣❡r❢♦r♠ t❤❡ ♠❛✐♥ ✐♥❞✉❝t✐♦♥ ✐♥ ▲❡♠♠❛ ✸✳ ❚❤❡ ♣r♦♦❢s t❡r♠s ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❛ s❡♠✐✲❢♦r♠❛• st②•❡ ❢♦r r❡❛❞✐♥❣ ♣✉r♣♦s❡✱ t❤❡② ❝♦✉•❞ ❜❡ ❡❛s✐•② ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ ♣r♦s❡✳ ❍♦✇❡✈❡r✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡r❡♦♠ ✷✱ t❤❡ ♣r❡❝✐s❡ s❤❛♣❡ ♦❢ t❤❡s❡ t❡r♠s ✐s ♥♦t ✐♠♣♦rt❛♥t✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✉s❡ p q ❛♥❞ p -1 t♦ ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡•② t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ♣❛t❤s ❛♥❞ t❤❡ ✐♥✈❡rs❡✳ ▲❡♠♠❛ ✷✳ ▲❡t P : A → Type ❜❡ ❛ t②♣❡ ❢❛♠✐•② ❛♥❞ u : P a ❢♦r s♦♠❡ a : A ❛♥❞ ❛ss✉♠❡ ✇❡ ❤❛✈❡ φ : ∀x : A.P x → a = x✳ ❚❤❡♥✱ ❢♦r ❛•• p : a = a s✉❝❤ t❤❛t p * (u) = u✱ ✇❡ ❤❛✈❡ 1 = p✳ Pr♦♦❢✳ ❇② ❛♣♣•②✐♥❣ t❤❡ ❢✉♥❝t♦r✐❛• ❛❝t✐♦♥ ♦❢ ♣❛t❤ ♦♥ p * (u) = u ✉s✐♥❣ φ a ✇❡ ♦❜t❛✐♥ ❛ t✇♦ ❞✐♠❡♥s✐♦♥❛• ♣❛t❤ φ a (p * (u)) = φ a (u) ❛♥❞ ❜② t❤❡ ♥❛t✉r❛•✐t② ♦❢ tr❛♥s♣♦rt ✭▲❡♠♠❛ ✷✳✸✳✶✶ ✐♥ ❬✽(✮✱ ✇❡ ♦❜t❛✐♥ ❛ ♣❛t❤ p * (φ a (u)) = φ a (u)✳ ❚❤❡ •❡❢t✲❤❛♥❞ s✐❞❡ ♣❛t❤ p * (φ a (u)) ✐s tr❛♥s♣♦rt ♦✈❡r ❛♥ ✐❞❡♥t✐t② t②♣❡✱ ✇❡ t❤❡r❡❢♦r❡ ❤❛✈❡ p * (φ a (u)) = φ a (u) p ❛♥❞ t❤❡r❡❢♦r❡ φ a (u) p = φ a (u)✳ ❙♦✱ ✇❡ ❝♦♥❝•✉❞❡ 1 = p ❜② ❝❛♥❝❡••✐♥❣ ❜② φ a (u) ❛♥❞ ❜② s②♠♠❡tr②✳ ❍❡r❡ ✐s t❤❡ ♠❛✐♥ ✐♥❞✉❝t✐♦♥ ✇❤✐❝❤ ❛••♦✇s ✉s t♦ ❞❡r✐✈❡ ❚❤❡♦r❡♠ ✷✿ ▲❡♠♠❛ ✸✳ ▲❡t A✱ P ✱ a✱ u ❛♥❞ φ ❞❡✜♥❡❞ ❛s ✐♥ ♣r❡✈✐♦✉s •❡♠♠❛✳ ❚❤❡♥ ❢♦r ❛•• n✲ ❞✐♠❡♥s✐♦♥❛• •♦♦♣ p : Ω n (A, a)✱ t❤❡ t②♣❡ ❢❛♠✐•② Ω n (A, P, a, u) : Ω n (A, a) → Type s❛t✐s✜❡s ✿ ∀p : Ω n (A, a). Ω n (A, P, a, u) p → ω n (A, a) = p✳ Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ n✱ t❤❡ ❜❛s❡ ❝❛s❡ ✐s ❡①❛❝t•② ✇✐t♥❡ss ❜② φ✳ ❋♦r t❤❡ ✐♥❞✉❝t✐✈❡ st❡♣✱ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ ∀p : Ω n+1 (A, a).p ∈ Ω n+1 (A, P, a, u) → ω n+1 (A, a) = p ✽ ✇❤✐❝❤ ✐s ❝♦♥✈❡rt✐❜•❡ t♦ ✿ ∀p : Ω n (a = a, 1).p ∈ Ω n (a = a, λq : a = a.q * (u) = u, 1, 1) → ω n (a = a, 1) = p ❲❡ ♠❛② t❤❡r❡❢♦r❡ ❛♣♣•② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❜② ♣r♦✈✐❞✐♥❣ ❛ ♣r♦♦❢ t❤❛t ∀q : a = a.q * (u) = u → 1 = q ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② ♣r❡✈✐♦✉s •❡♠♠❛✳ ❲❡ ❝❛♥ ❞❡❞✉❝❡ ✿ ❚❤❡♦r❡♠ ✷ ✭❈❛♥♦♥✐❝✐t② ❢♦r •♦♦♣ s♣❛❝❡s✮✳ ■❢ ⊢ M : ∀A : Type, a : A.Ω n (A, a) t❤❡♥ t❤❡r❡ ✐s ❛ t❡r♠ π s✉❝❤ t❤❛t ⊢ π : ∀A : Type, a : A.ω n (A, a) = M A a✳ Pr♦♦❢✳ ❚❤❡ ❛❜str❛❝t✐♦♥ t❤❡♦r❡♠ ❣✐✈❡s ✉s ❛ ♣r♦♦❢ M t❤❛t ∀A : Type, A R : A → Type, a : A, a R : A R a.(M A a) ∈ Ω n (A, A R , a, a r ) ❜② ✐♥st❛♥t✐❛t✐♥❣ A R ✇✐t❤ λx : A.a = x ✇❡ ❝❛♥ ❝♦♥❝•✉❞❡ ❜② ❛♣♣•②✐♥❣ ♣r❡✈✐♦✉s •❡♠♠❛✳ ◆♦t❡ t❤❛t ❛s ❛ ❝♦r♦••❛r②✱ t❤❡ ♣r♦♦❢ π ✐s ✉♥✐q✉❡ ✉♣ t♦ ♣r♦♣♦s✐t✐♦♥❛• ❡q✉❛•✐t② ✭❛♥❞ s♦ ♦♥✮✳ ■❢ ✇❡ ❤❛✈❡ t✇♦ s✉❝❤ ♣r♦♦❢s π ❛♥❞ π ′ t❤❡♥ (π A a) (π ′ A a) -1 ✐s ♦❢ t②♣❡ ω n (A, a) = ω n (A, a) ✇❤✐❝❤ ✐s Ω n+1 (A, a)✳ ❚❤❡r❡❢♦r❡✱ ❜② ❛♣♣•②✐♥❣ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ✇❡ ♦❜t❛✐♥ ❛ ♣r♦♦❢ ♦❢ (π A a) (π ′ A a) -1 = ω n+1 (A, a) ✇❤✐❝❤ ✐s ❛•s♦ (π A a) (π ′ A a) -1 = 1 ωn(A,a) ✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝♦♥❝•✉❞❡ (π A a) = (π ′ A a)✳ ✺ •r♦✉♣♦✐❞ •❛✇s ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st❛rt ❜② ❞❡s❝r✐❜✐♥❣ ❛ ❢r❛❣♠❡♥t ▼▲■❉ ♦❢ t❤❡ ♣r❡✈✐♦✉s t②♣❡ s②s✲ t❡♠ ▼▲❚❚✳ ❚❤✐s s✉❜✲s②st❡♠ ✐s ✉s❡❞ t♦ ❝❤❛r❛❝t❡r✐s❡ ❣r♦✉♣♦✐❞ •❛✇s✳ ■♥❢♦r♠❛••②✱ ✐t ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ▼▲❚❚ ❜② r❡♠♦✈✐♥❣ t❤❡ r✉•❡s ❛❜str❛❝t✐♦♥✱ ❛♣♣•✐❝❛t✐♦♥ ❛♥❞ ✉♥✐✲ ✈❡rs❡s ❛♥❞ ❜② r❡str✐❝t✐♥❣ ✈❛•✐❞ s❡q✉❡♥ts t♦ t❤❡ ❝♦♥tr❛❝t✐❜•❡ ❝♦♥t❡①ts ❞❡✜♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳ ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ s♣❛❝❡s✱ t❤❡ r✉•❡ ♣❛t❤✲✐♥❞✉❝t✐♦♥ ❤❛s t♦ ❜❡ str❡♥❣t❤❡♥❡❞ ✐♥ ♦r❞❡r t♦ ❜❡ ❛❜•❡ t♦ ♠❛❦❡ ❛ ♣❛t❤ ✐♥❞✉❝t✐♦♥ ❛•♦♥❣ ❛ ♣❛t❤ ✇❤✐❝❤ ✐s ♥♦t t❤❡ •❛st ♦♥❡ ♦❢ t❤❡ ❝♦♥t❡①t✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞ t♦ ❡①t❡♥❞ t❤❡ ❣r❛♠♠❛r ♦❢ t❡r♠s ✐♥ ▼▲■❉ ✇✐t❤ t❡r♠s ♦❢ t❤❡ s❤❛♣❡ J ∀x:C,y:M =x,∆.P (B, U, V, -→ W ) ✇❤❡r❡ ∆ ✐s ❛ ❝♦♥t❡①t ❛♥❞ ✇❤❡r❡ t❤❡ ✈❡❝t♦r✐❛• ♥♦t❛t✐♦♥ -→ W ❞❡♥♦t❡s ❛ t✉♣•❡ (W 1 , ..., W n ) ♦❢ t❡r♠s✳ ❚❤❡ t②♣✐♥❣ r✉•❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷✳ ❋♦r♠❛••② ❛ ❝♦♥t❡①t Γ ✐s s❛✐❞ t♦ ❜❡ ❝♦♥✲ tr❛❝t✐❜•❡ ✐❢ Γ contr ✐s ❞❡r✐✈❛❜•❡❀ t❤❡ r❡❛❞❡r s❤♦✉•❞ ♥♦t✐❝❡ t❤❛t ❛•• ❝♦♥t❡①ts ♦❝❝✉rr✐♥❣ ✐♥ ❞❡r✐✈❛t✐♦♥s ♦❢ ▼▲■❉ ❛r❡ ❝♦♥tr❛❝t✐❜•❡✳ ■♥ t❤❡ t②♣✐♥❣ r✉•❡s✱ ✇❡ ✇r✐t❡ Γ ⊢ -→ W : ∆ t♦ ❞❡♥♦t❡ t❤❡ ❝♦♥•✉♥❝t✐♦♥ ❢♦r k = 1, • • • , n ♦❢ Γ ⊢ W k [A 1 /y 1 , • • • , A k-1 /y k-1 ] : A k ✇❤❡♥ ∆ ✐s ♦❢ t❤❡ s❤❛♣❡ y 1 : A 1 , • • • , y n : A n ✳ ▼♦r❡♦✈❡r✱ [ -→ W /∆] ❞❡♥♦t❡s t❤❡ ✐t❡r❛t❡❞ s✉❜st✐t✉t✐♦♥ [W 1 /y 1 , • • • , W n [A 1 /y 1 , • • • , A n-1 /y n-1 ]/y n ]✳ ■♥ ♦r❞❡r t♦ ❡♠❜❡❞ ▼▲■❉ ✐♥t♦ ▼▲❚❚✱ ✇❡ tr❛♥s•❛t❡ ❡①t❡♥❞❡❞ ♣❛t❤ ✐♥❞✉❝t✐♦♥s ✐♥t♦ ♥♦r♠❛• ♦♥❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦••♦✇✐♥❣ tr❛♥s•❛t✐♦♥ ✿ J ∀x:C,y:M =x,∆.P (B, U, V, -→ W ) ≡ λ - → x : ∆.(J ∀x:C,y:M =x.∀∆.P (λx : ∆[M/x, 1 C M /y].B, U, V ) - → x ) ✇❤❡r❡ - → y : ∆ ♠❡❛♥s t❤❛t y 1 , • • • , y n ❛r❡ t❤❡ ✈❛r✐❛❜•❡s ❛ss✐❣♥❡❞ ✐♥ ∆✱ ❛♥❞ ✇❤❡r❡ ∀∆✱ λ∆✱ ❛♥❞ (J - → x ) ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡•② ✐t❡r❛t❡❞ ♣r♦❞✉❝ts✱ ❛❜str❛❝t✐♦♥s ❛♥❞ ❛♣♣•✐✲ ✾ A : Type 0 , x : A contr ✐♥✐t Γ contr Γ ⊢ id B : Type 0 Γ ⊢ id M : B Γ, x : B, p : M = B x contr ❝♦♥tr Γ ⊢ id M : C Γ ⊢ id N : C Γ ⊢ id C : Type 0 Γ ⊢ id M = C N : Type 0 ✐❞❡♥t✐t② Γ ⊢ id M : C Γ ⊢ id 1 C M : M = C M r❡❢•❡①✐✈✐t② Γ contr (x : A) ∈ Γ Γ ⊢ id x : A ✈❛r✐❛❜•❡ Γ ⊢ id M : A ′ Γ ⊢ id A ′ : Type 0 A ′ ≡ β A Γ ⊢ id M : A ❝♦♥✈❡rs✐♦♥ Γ ⊢ id M : C Γ, x : C, y : M = x, ∆ ⊢ id P : Type 0 Γ, ∆[M/x, 1 C M /y] ⊢ id B : P [M/x, 1 C M /y] Γ ⊢ id U : C Γ ⊢ id V : M = U Γ ⊢ id -→ W : ∆ Γ ⊢ id J ∀x:C,y:M =x,∆.P (B, U, V, -→ W ) : P [U/x, V /y, -→ W /∆] ❡①t❡♥❞❡❞✲♣❛t❤✲✐♥❞✉❝t✐♦♥ ❋✐❣✳ ✷✳ ❚❤❡ ♠✐♥✐♠❛• ❢r❛❣♠❡♥t ▼▲■❉ ♦❢ t②♣❡ t❤❡♦r② ✇✐t❤ ✐❞❡♥t✐t② t②♣❡s✳ ❝❛t✐♦♥s✳ ■t ✐s t❤❡♥ str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t ❡①t❡♥❞❡❞✲♣❛t❤✲✐♥❞✉❝t✐♦♥ ✐s ❛♥ ❛❞♠✐ss✐❜•❡ r✉•❡ ♦❢ ▼▲❚❚✳ •r♦✉♣♦✐❞ •❛✇s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❝♦♥tr❛❝t✐❜•❡ ❝♦♥t❡①t ❛♥❞ ❛ ❞❡r✐✈❛❜•❡ t②♣❡ ✐♥ ▼▲■❉ ✭❋✐❣✉r❡ ✸ ❝♦♥t❛✐♥s s♦♠❡ ❡①❛♠♣•❡s ♦❢ ❣r♦✉♣♦✐❞ •❛✇s✮✿ ❉❡✜♥✐t✐♦♥ ✭•r♦✉♣♦✐❞ •❛✇✮✳ ❆ ❣r♦✉♣♦✐❞ •❛✇ ✐s ❛ t❡r♠ ♦❢ t❤❡ s❤❛♣❡ ∀Γ.C s✉❝❤ t❤❛t Γ ⊢ id C : Type 0 ✳ ❚❤❡ ♦♥•② ❣r♦✉♣♦✐❞ •❛✇s ✐♥ t❤❡ ✏✐♥✐t✐❛•✑ ❝♦♥tr❛❝t✐❜•❡ ❝♦♥t❡①t A : Type, a : A ❛r❡ •♦♦♣ s♣❛❝❡s✳ ❙✐♥❝❡ ✇❡ ❞♦ ♥♦t ❝❤❛♥❣❡ t❤❡ ❜❛s❡ t②♣❡ ❛♥❞ t❤❡ ❜❛s❡ ♣♦✐♥t ♦❢ •♦♦♣ s♣❛❝❡s ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡ s✐♠♣•② ❞❡♥♦t❡ ❜② ω n ✭r❡s♣✳ Ω n ✮ t❤❡ t❡r♠s ω n (A, a) ✭r❡s♣✳ Ω n (A, a)✮✳ ❯s✐♥❣ t❤❡s❡ ♥♦t❛t✐♦♥s ✇❡ ❤❛✈❡ ✿ ▲❡♠♠❛ ✹✳ ■❢ A : Type, a : A ⊢ id T : Type 0 ✱ t❤❡♥ ✭✐✮ t❤❡r❡ ❡①✐sts |T | ∈ N s✉❝❤ t❤❛t T ≡ β Ω |T | ✱ ✭✐✐✮ ♠♦r❡♦✈❡r✱ ✐❢ A : Type, a : A ⊢ id W : T t❤❡♥ W ≡ β ω |T | ✳ Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ A : Type, a : A ⊢ id T : Type 0 ✳ ❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ ♦♥•② t✇♦ ♣♦ss✐❜•❡ •❛st ✉s❡❞ r✉•❡s ❛r❡ ✐❞❡♥t✐t② ❛♥❞ ✈❛r✐❛❜•❡ s✐♥❝❡ Type 0 ❞♦❡s ♥♦t ✐♥❤❛❜✐t Type 0 ✐t ✐s ♥♦t ♣♦ss✐❜•❡ t♦ ✐♥✈♦❦❡ ❡①t❡♥❞❡❞✲♣❛t❤✲ ✐♥❞✉❝t✐♦♥ ♥♦r ❝♦♥✈❡rs✐♦♥✳ ✭✐✮ ■♥ t❤❡ ✈❛r✐❛❜•❡ ❝❛s❡✱ ✇❡ ♥❡❝❡ss❛r✐•② ❤❛✈❡ T ≡ A ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❝♦♥❝•✉❞❡ ❜② t❛❦✐♥❣ |T | = 0✳ ■♥ t❤❡ ✐❞❡♥t✐t② ❝❛s❡✱ T ✐s ♦❢ t❤❡ s❤❛♣❡ M = C N ❛♥❞ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s M ≡ β ω |C| ✱ N ≡ β ω |C| ❛♥❞ C ≡ β Ω |C| ✳ ❙♦ ✇❡ ❝♦♥❝•✉❞❡ ❜② t❛❦✐♥❣ |T | = |C| + 1✳ ✭✐✐✮ ❲✐t❤♦✉t •♦ss ♦❢ ❣❡♥❡r❛•✐t② ✭▼▲❚❚ ✐s ♥♦r♠❛•✐③✐♥❣✮ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t W ✐s ✐♥ ♥♦r♠❛• ❢♦r♠✳ ❲❡ ♣r♦❝❡❡❞ ❜② ❛ ✭♥❡st❡❞✮ ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ A :
✶✵ refl : ∀X : Type, x : X.x = x sym : ∀X : Type, x : X.x = y → y = x concat : ∀X : Type, x : X, y : X.x = y → ∀z : X.y = z → x = z assoc : ∀X : Type, x : X, y : X, p : x = y, z : X, q : y = z, t : X, r : z = t.

concat X x z (concat X x y p z q) t r = concat X x y p t (concat X y z q t r)

neutral : ∀X : Type, x : X, y : X, p : x = y.(concat X x y p y (refl X y)) = p idem : ∀X : Type, x : X, y : X, p : x = y.sym X y x (sym X x y p) = p horizontal : ∀X : Type, x : X, y : X, p : x = y, p ′ : x = y.p = p ′ → ∀z : X, q : x = z, q ′ : x = z.q = q ′ → concat X x y p z q = concat X x y p ′ z q 

′ ❋✐❣✳ ✸✳ ❊①❛♠♣•❡s ♦❢ ❣r♦✉♣♦✐❞ •❛✇s ✇✐t❤ ❛•✐❛s❡s ❢♦r ❝❛♥♦♥✐❝❛• ✐♥❤❛❜✐t❛♥ts Type, a : A ⊢ id W : T ✱ ✇❡ tr❡❛t ❡❛❝❤ ♣♦ss✐❜•❡ ❝❛s❡ ✭✐❞❡♥t✐t② ❛♥❞ ❝♦♥✈❡rs✐♦♥ ❛r❡ ♦❜✈✐♦✉s•② ✐♠♣♦ss✐❜•❡ s✐♥❝❡ T ❝❛♥♥♦t ❜❡ Type 0 ✮✿ • ✈❛r✐❛❜•❡✿ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♥❡❝❡ss❛r✐•② ❤❛✈❡ W ≡ a ❛♥❞ T ≡ A✳ ❙♦ ✇❡ ❤❛✈❡ |T | = 0 ❛♥❞ W ≡ ω 0 ✳ • r❡❢•❡①✐✈✐t②✿ ■♥ t❤✐s ❝❛s❡✱ W ❛♥❞ T ❛r❡ r❡s♣❡❝t✐✈❡•② ♦❢ t❤❡ s❤❛♣❡ 1 C M ❛♥❞ M = C M ✳ ❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡ M ≡ β ω |C| ✳ ❚❤❡r❡❢♦r❡ |T | = |C| + 1 ❛♥❞ W ≡ β ω |C|+1 ✳ • ❡①t❡♥❞❡❞✲♣❛t❤✲✐♥❞✉❝t✐♦♥✿ ❚❤✐s ✐s ✐♥ ❢❛❝t ❛♥ ✐♠♣♦ss✐❜•❡ ❝❛s❡✳ ❲❡ ✇♦✉•❞ ❤❛✈❡ W ♦❢ t❤❡ s❤❛♣❡ J ∀x:C,y:M =x,∆.P (B, U, V, - → Z ) ❛♥❞ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ✇♦✉•❞ ❤❛✈❡ M ≡ β ω |C| ≡ β U ❛♥❞ V ≡ β ω |C|+1 ✳ ❚❤❡r❡❢♦r❡ V ✐s ❛ r❡✢❡①✐✈✐t② ❛♥❞ s♦ W ✐s ♥♦t ✐♥ ♥♦r♠❛• ❢♦r♠✳ ❚❤❡ ♣r❡✈✐♦✉s •❡♠♠❛ ❛••♦✇ ✉s t♦ ✜♥❞ ❛ ❝❛♥♦♥✐❝ ✐♥st❛♥t✐❛t✐♦♥ ♦❢ ❛♥② ❝♦♥tr❛❝t✐❜•❡ ❝♦♥t❡①t ❣✐✈❡♥ ❜② ✿ (A : Type, a : A) + = (A, a) (Γ, x : A, y : M = C x) + = (Γ + , ω |C[Γ + /Γ]| , ω |C[Γ + /Γ]|+1 ) ❚❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛ st❛t❡ t❤❛t t❤✐s ✐♥st❛♥t✐❛t✐♦♥ ✐s ❝♦rr❡❝t ✿ ▲❡♠♠❛ ✺✳ Γ contr ✐♠♣•✐❡s A : Type 0 , a : A ⊢ id Γ + : Γ ✭✶✮ Γ ⊢ id T : Type 0 ✐♠♣•✐❡s T [Γ + /Γ] ≡ β Ω |T [Γ + /Γ]| ✭✷✮ Γ ⊢ id T : Type 0 ❛♥❞ Γ ⊢ id M : T ✐♠♣•✐❡s M ≡ β ω |T [Γ + /Γ]| ✭✸✮ Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ s✐③❡ ♦❢ ❞❡r✐✈❛t✐♦♥s ✐♥ ▼▲■❉✳ ❲❡ ♣r♦✈❡ ✭✶✮ ❜② ✐♥s♣❡❝t✐♥❣ t❤❡ •❛st ♣♦ss✐❜•❡ r✉•❡ ✿ • ✐♥✐t✐❛•✿ Γ ✐s ♦❢ t❤❡ s❤❛♣❡ A : Type 0 , a : A ❛♥❞ Γ + = (A, a)✳ ❇② ✉s✐♥❣ t✇♦ t✐♠❡s ✈❛r✐❛❜•❡✱ ✇❡ ❝❤❡❝❦ t❤❛t ✿ (A : Type 0 , a : A) ⊢ id (A, a) : (A : Type 0 , a : A)✳ • ❝♦♥tr❛❝t✐❜•❡✿ Γ ✐s ♦❢ t❤❡ s❤❛♣❡ ∆, x : B, p : M = B x ✇✐t❤ ∆ ⊢ id B : Type 0 ❛♥❞ Γ ⊢ id M : B✳ ❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡ A : Type 0 , a : A ⊢ id ∆ + : ∆✱ B[∆ + /∆] ≡ β Ω |B[∆ + /∆]| ❛♥❞ M [∆ + /∆] ≡ β ω |B[∆ + /∆]| ✳ ■t ✐s t❤❡♥ ❡❛s② t♦ ❝❤❡❝❦ ✉s✲ ✐♥❣ ❝♦♥✈❡rs✐♦♥ t❤❛t ✇❡ ❤❛✈❡ (A : Type 0 , a : A) ⊢ id (∆ + , ω |C[Γ + /Γ]| , ω |c[Γ + /Γ]|+1 ) : ✶✶ (∆, x : B, p : M = B x)✳ ❚♦ ♣r♦✈❡ ✭✷✮ ❛♥❞ ✭✸✮✱ ✇❡ ♥♦t✐❝❡ t❤❛t ✇✐t❤✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ Γ ⊢ id T : Type 0 t❤❡r❡ ✐s ❛ str✐❝t•② s♠❛••❡r ❞❡r✐✈❛t✐♦♥ ♦❢ Γ contr s♦ ✇❡ ❝❛♥ ✉s❡ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s t♦ ♦❜t❛✐♥ A : Type 0 , a : A ⊢ id Γ + : Γ✳ ◆♦✇ ❜② s✉❜st✐t✉t✐♦♥✱ ✇❡ ❞❡r✐✈❡ t❤❛t A : Type 0 , a : A ⊢ id T [Γ + /Γ] : Type 0 ❛♥❞ A : Type 0 , a : A ⊢ id M [Γ + /Γ] : T [Γ + /Γ]✳ ❲❡ ❝♦♥❝•✉❞❡ t❤❛t T [Γ + /Γ] ≡ β Ω |T [Γ + /Γ]| ❛♥❞ M ≡ β ω |T [Γ + /Γ]| ❜② ♣r❡✈✐♦✉s •❡♠♠❛✳ ▲❡♠♠❛ ✻ ✭❆•• ❣r♦✉♣♦✐❞ •❛✇s ❛r❡ ✐♥❤❛❜✐t❡❞✮✳ ■❢ Γ ⊢ id T : Type 0 ✱ t❤❡♥ t❤❡r❡ ❡①✐sts θ Γ.T s✉❝❤ t❤❛t Γ ⊢ id θ Γ.T : T ✳ Pr♦♦❢✳ ❚❤❡ ❝♦♥tr❛❝t✐❜•❡ ❝♦♥t❡①t Γ ✐s ♦❢ t❤❡ s❤❛♣❡ A : Type 0 , a : A, x 1 : C 1 , y 1 : M 1 = x 1 , . . . , x n : C n , y n : M n = x n ✇❡ ❝♦♥str✉❝t θ Γ.c ❜② n s✉❝❝❡ss✐✈❡ ❡①t❡♥❞❡❞ ♣❛t❤✲✐♥❞✉❝t✐♦♥s ✭❢r♦♠ •❡❢t t♦ r✐❣❤t✮✳ ❆❢t❡r ❛•• t❤❡ ✐♥❞✉❝t✐♦♥s✱ ✐t r❡♠❛✐♥s t♦ ✜♥❞ ❛♥ ✐♥❤❛❜✐t❛♥t ♦❢ T [Γ + /Γ] ✐♥ t❤❡ ❝♦♥t❡①t A : Type 0 , a : A✳ ❇✉t t❤❛♥❦s t♦ t❤❡ ♣r❡✈✐♦✉s •❡♠♠❛✱ ✇❡ ❦♥♦✇ t❤❛t T [Γ + /Γ] ≡ β Ω |T [Γ + /Γ]| ✱ t❤❡r❡❢♦r❡ ✉s✐♥❣ ❝♦♥✈❡rs✐♦♥ ✇❡ ❝❛♥ ✉s❡ ω |T [Γ + /Γ]| ✳ ❙♣❡••❡❞ ♦✉t✱ t❤❡ t❡r♠ θ Γ.T ✐s ✿ θ Γ.T ≡ J ∀x 1 :C 1 ,y 1 :M 1 =x 1 ,...,xn:Cn,yn:Mn=xn.T ( J ∀(x 2 :C 2 ,y 2 :M 2 =x 2 ,...,xn:Cn,yn:Mn=xn.T )[ω |C 1 | /x 1 ,ω |C 1 |+1 /y 1 ] ( • • • J ∀(xn:Cn,yn:Mn=xn.T )[∆ + /∆] (ω |T [Γ + /Γ]| , x n , y n ) • • • , x 2 , y 2 ), x 1 , y 1 ) ✇❤❡r❡ ∆ ✐s t❤❡ ❝♦♥t❡①t s✉❝❤ t❤❛t Γ = ∆, x n : C n , y n : M n = x n ✳ ❆s ❛ ❝♦r♦••❛r②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ ✿ ❚❤❡♦r❡♠ ✸ ✭❈❛♥♦♥✐❝✐t② ❢♦r ❣r♦✉♣♦✐❞ •❛✇s ✐♥ ▼▲■❉✮✳ ■❢ Γ ⊢ id T : Type ❛♥❞ ✐❢ ✇❡ ❤❛✈❡ t✇♦ t❡r♠s M ❛♥❞ N s✉❝❤ t❤❛t Γ ⊢ id M : T ❛♥❞ Γ ⊢ id N : T ✱ t❤❡♥ t❤❡r❡ ✐s ❛ ♣r♦♦❢ π s✉❝❤ t❤❛t Γ ⊢ π : M = N ✳ Pr♦♦❢✳ ❙✐♠♣•② ♥♦t✐❝❡ t❤❛t Γ ⊢ M = N : Type 0 ❛♥❞ ❛♣♣•② ♣r❡✈✐♦✉s •❡♠♠❛✳ ❚❤❡ r❡❛❞❡r s❤♦✉•❞ r❡♠❛r❦ ❤❡r❡ t❤❛t t❤❡ ♣r♦♦❢ π ✐s ❛•s♦ ✉♥✐q✉❡ ✉♣ t♦ ❡q✉❛•✐t② ✭❜② ❛♣♣•②✐♥❣ t❤❡ t❤❡♦r❡♠ t♦ M = N ✦✮✳ ❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ s❤♦✇ t❤❛t ♣r❡✈✐♦✉s t❤❡♦r❡♠ ♠❛② ❜❡ ❣❡♥❡r❛•✐③❡❞ t♦ t❤❡ ✇❤♦•❡ s②st❡♠ ▼▲❚❚ ❜② ✉s✐♥❣ ♣❛r❛♠❡tr✐❝✐t② t❤❡♦r②✳ ❚❤❡♦r❡♠ ✹ ✭❈❛♥♦♥✐❝✐t② ♦❢ ✐♥❤❛❜✐t❛♥ts ♦❢ ❣r♦✉♣♦✐❞ •❛✇s ✐♥ ▼▲❚❚✮✳ ■❢ Γ ⊢ id T : Type✱ ⊢ M : ∀Γ.T ❛♥❞ ⊢ N : ∀Γ.T ✱ t❤❡♥ t❤❡r❡ ✐s ❛ ♣r♦♦❢ π s✉❝❤ t❤❛t - → γ : Γ ⊢ π : (M - → γ ) = (N - → γ )✳ Pr♦♦❢✳ ❇② s✉❝❝❡ss✐✈❡ ❡①t❡♥❞❡❞ ♣❛t❤✲✐♥❞✉❝t✐♦♥s ✭❢r♦♠ •❡❢t t♦ r✐❣❤t✮✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ - → γ : Γ ⊢ (M - → γ ) = (N - → γ ) ❢r♦♠ ❛ ❞❡r✐✈❛t✐♦♥ ♦❢ A : Type 0 , a : A ⊢ (M Γ + ) = (N Γ + )✳ ❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ t②♣❡ ♦❢ (M Γ + ) ✐s T [Γ + /Γ] ✇❤✐❝❤ ✐s t②♣❛❜•❡ ✐♥ ▼▲■❉❀ ❜② s✉❜st✐t✉t✐♦♥ ✇❡ ❤❛✈❡ A : Type 0 , a : A ⊢ id T [Γ + /Γ] : Type 0 ✳ ❚❤❡r❡❢♦r❡ ▲❡♠♠❛ ✺ ❣✐✈❡s ✉s t❤❛t T [Γ + /Γ] ≡ β Ω n ❢♦r s♦♠❡ n ∈ N✳ ❯s✐♥❣ ❝♦♥✈❡rs✐♦♥✱ ✇❡ ❤❛✈❡ A : Type 0 , a : A ⊢ (M Γ + ) : Ω n ✳ ❚❤❡r❡❢♦r❡ (M Γ + ) ✐s ❛♥ ✐♥❤❛❜✐t❛♥t ♦❢ ❛ ♣❛r❛♠❡tr✐❝ •♦♦♣ s♣❛❝❡❀ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ✐♥✈♦❦❡ ❚❤❡♦r❡♠ ✷ t♦ ♦❜t❛✐♥ ♦❢ ♣r♦♦❢ t❤❛t (M Γ + ) = ω n ✳ ❙✐♠✐•❛r•② ✶✷ ✇❡ ❤❛✈❡ ❛ ♣r♦♦❢ ♦❢ (N Γ + ) = ω n ❛♥❞ ❜② ❝♦♥❝❛t❡♥❛t✐♥❣ t❤❡♠ ✇❡ ♦❜t❛✐♥ ❛ ♣r♦♦❢ ♦❢ (M - → γ ) = (N - → γ )✳ ❋✐♥❛••②✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✹ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t π ✐s ✉♥✐q✉❡ ✉♣ t♦ ♣r♦♣♦s✐t✐♦♥❛• ❡q✉❛•✐t② ✭❛♥❞ s♦ ♦♥✮✳ ✻ ❉✐s❝✉ss✐♦♥s ✻✳✶ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❣r♦✉♣♦✐❞ •❛✇s ❖✉r ❞❡✜♥✐t✐♦♥ ♦❢ ▼▲■❉ ✐s ✐♥s♣✐r❡❞ ❜② ❛♥ ✉♥♣✉❜•✐s❤❡❞ ♥♦t❡ ✇r✐tt❡♥ ❜② ❇r✉♥❡r✐❡ ❬✸(✳ ❖✉r s②♥t❛① ❢♦r ❝♦♥tr❛❝t✐❜•❡ ❝♦♥t❡①ts ✐s ❛ ❜✐t ♠♦r❡ ❣❡♥❡r❛•✿ ✐♥ ❇r✉♥❡r✐❡✬s ❞❡✜♥✐t✐♦♥ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ ♣❛t❤s ♦❝❝✉rr✐♥❣ ❛t ♦❞❞ ♣♦s✐t✐♦♥s ❛r❡ ❛•✇❛②s ✈❛r✐❛❜•❡ ✭✐❡✳ M k ✐s ❛•✇❛②s ❛ ✈❛r✐❛❜•❡✮ ❛♥❞ t❤❡r❡ ✐s ♥♦ ❝♦♠♣✉t❛t✐♦♥ r✉•❡s ✐♥ ❤✐s s②♥t❛①✳ ❇r✉♥❡r✐❡ ❞❡✜♥❡s ω✲❣r♦✉♣♦✐❞s ❛s ♠♦❞❡•s ♦❢ ✐ts s②♥t❛①✱ s✐♥❝❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥ r✉•❡s ♠❛❦❡s ❤✐s ❢r❛♠❡✇♦r❦ ♠♦r❡ ❢r❡❡ ❛❜♦✉t ❤♦✇ ❝♦❤❡r❡♥❝❡ ✐ss✉❡s ❛r❡ ❞❡❛•t ✇✐t❤✳ ❍♦✇❡✈❡r✱ t❤❡ ❣♦❛• ♦❢ ♦✉r s②♥t❛① ✐s ♥♦t ❣✐✈❡ t❤❡ ❣❡♥❡r❛• s②♥t❛① ❢♦r ✇❡❛❦ ω✲❣r♦✉♣♦✐❞s ❜✉t r❛t❤❡r t♦ st✉❞② ♦♥•② t❤❡ ❣r♦✉♣♦✐❞ str✉❝t✉r❡ ✐♥ t❤❡ ♣❛rt✐❝✉•❛r ❝❛s❡ ♦❢ t②♣❡ t❤❡♦r② ✇❤❡r❡ ❝♦♠♣✉t❛t✐♦♥ r✉•❡s ❛r❡ t❤❡ ♥❛t✉r❛• ✇❛② t♦ ❞❡❛• ✇✐t❤ ❝♦❤❡r❡♥❝❡✳ ◆❡✈❡rt❤❡•❡ss✱ ✐t ✇♦✉•❞ ❜❡ ❛♥ ✐♥t❡r❡st✐♥❣ ❢✉t✉r❡ ✇♦r❦ t♦ ♠❛❦❡ ❛ ♣r❡❝✐s❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♦t❤❡r ❞❡✜♥✐t✐♦♥s ♦❢ ω✲❣r♦✉♣♦✐❞s ❛♥❞ ♠♦❞❡•s ♦❢ ▼▲■❉✳ ❚❤❡ s❡♠❛♥t✐❝❛• ♥❛t✉r❡ ♦❢ •❛r♥❡r ❛♥❞ ✈❛♥ ❞❡♥ ❇❡r❣ ❬✾( ♠❛❦❡s ✐t q✉✐t❡ ❞✐✣❝✉•t t♦ r❡•❛t❡ t♦ ♦✉r ✇♦r❦✱ ❤♦✇❡✈❡r ✇❡ ❜❡•✐❡✈❡ t❤❛t ▲✉♠s❞❛✐♥❡✬s ❝♦♥str✉❝t✐♦♥ ❬✺( ♦❢ ❛ ❝♦♥tr❛❝t✐❜•❡ ❣•♦❜✉•❛r ♦♣❡r❛❞ ♠❛② ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✳ ✻✳✷ ❚❤❡ n✲❛r② ❝❛s❡ ❚❤r♦✉❣❤♦✉t t❤✐s ❛rt✐❝•❡✱ ✇❡ ♦♥•② ✉s❡ t❤❡ ✉♥❛r② ❝❛s❡ ♦❢ ♣❛r❛♠❡tr✐❝✐t② t❤❡♦r②✱ ❜✉t ✐t ❝♦✉•❞ ❜❡ ❡❛s✐•② ❣❡♥❡r❛•✐③❡❞ t♦ t❤❡ ❜✐♥❛r② ❝❛s❡ ❜② tr❛♥s♣♦rt✐♥❣ ❛•♦♥❣ t✇♦ ♣❛t❤s ✿ x = y 2 ≡ λ(p : x = y)(q : x ′ = y ′ ).p * (q * (x R )) = y R ✳ ❚❤✐s tr❛♥s•❛t✐♦♥ ✐s ✇❡••✲t②♣❡❞ ✉♥❞❡r t❤❡ ❜✐♥❛r② tr❛♥s•❛t✐♦♥ α : Type i , x : α, y : α 2 ❣✐✈❡♥ ❜② α α ′ : Type i , α R : α → α ′ → Type i , x : α, x ′ : α ′ , x R : α R x x ′ , y : α, y ′ : α ′ , y R : α R y y ′ ❚❤❡ tr❛♥s•❛t✐♦♥ 1 α x 2 : 1 α x * 1 α x ′ * (x R ) = x R ♦❢ 1 α x ✐s ❣✐✈❡♥ ❜② 1 α x 2 ≡ 1 α R x x x R ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ✉♥❞❡r t❤❡ tr❛♥s•❛t❡❞ ❝♦♥t❡①t α : Type, x : α 2 ✳ ❙✐♠✐•❛r•②✱ t❤❡ tr❛♥s•❛t✐♦♥ ♦❢ ♣❛t❤✲✐♥❞✉❝t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ♥❡st✐♥❣ ✷✰✶ ♣❛t❤✲✐♥❞✉❝t✐♦♥✿ J(B, U, V ) 2 ≡ J(J(J( B 2 , U, V ), U ′ , V ′ ), U 2 , V 2 ) ■t ✐s ❛ r♦✉t✐♥❡ ❝❤❡❝❦ t♦ ❣❡♥❡r❛•✐③❡ t❤❡ ❛❜str❛❝t✐♦♥ t❤❡♦r❡♠ ♦❢ ❙❡❝t✐♦♥ ✸✱ ✐♥ ♦r❞❡r t♦ ❛ ❤❛✈❡ ❛ ❜✐♥❛r② ✈❡rs✐♦♥ ♦❢ ♣❛r❛♠❡tr✐❝✐t②✳ ▲✐❦❡✇✐s❡✱ t❤❡ n✲❛r② ❝❛s❡✱ ✐s ♦❜t❛✐♥❡❞ ❜② tr❛♥s♣♦rt✐♥❣ ❛•♦♥❣ n ♣❛t❤ ❛♥❞ t❤❡ tr❛♥s•❛t✐♦♥ ♦❢ ♣❛t❤✲✐♥❞✉❝t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ♥❡st✐♥❣ n + 1 ♣❛t❤✲✐♥❞✉❝t✐♦♥s✳ ✶✸ ✻✳✸ ❊♥❝♦❞✐♥❣ ✐❞❡♥t✐t② t②♣❡s ✇✐t❤ ✐♥❞✉❝t✐✈❡ ❢❛♠✐•✐❡s✳ ■♥ ❞❡♣❡♥❞❡♥t t②♣❡ s②st❡♠s t❤❛t s✉♣♣♦rt ✐♥❞✉❝t✐✈❡ ❢❛♠✐•✐❡s✱ ✐t ✐s ♣♦ss✐❜•❡ t♦ ❡♥❝♦❞❡ ✐❞❡♥t✐t② t②♣❡s ❜② ❛♥ ✐♥❞✉❝t✐✈❡ ♣r❡❞✐❝❛t❡ ❬✹(✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❝♦q ♣r♦♦❢ ❛ss✐st❛♥t✿ ■♥❞✉❝t✐✈❡ ♣❛t❤s ✭❆ ✿ ❚②♣❡✮ ✭❛ ✿ ❆✮ ✿ ❆ → ❚②♣❡ ✿❂ ✐❞♣❛t❤ ✿ ♣❛t❤s ❆ ❛ ❛✳ ❆s ❡①♣•❛✐♥❡❞ ✐♥ ❬✷( ✭❙❡❝t✐♦♥ ✺✳✹✮✱ t❤❡ ♣❛r❛♠❡tr✐❝✐t② tr❛♥s•❛t✐♦♥ ❡①t❡♥❞s ✇❡•• t♦ ✐♥❞✉❝t✐✈❡ ❢❛♠✐•✐❡s✳ ❚❤❡ ✐❞❡❛ ✐s t♦ tr❛♥s•❛t❡ ❛♥ ✐♥❞✉❝t✐✈❡ t②♣❡ I ❜② ❛ ♥❡✇ ✐♥❞✉❝t✐✈❡ I R ✇❤♦s❡ ❝♦♥str✉❝t♦rs ❛r❡ t❤❡ tr❛♥s•❛t✐♦♥ ♦❢ ❝♦♥str✉❝t♦rs ♦❢ I✳ ▲✐❦❡✇✐s❡✱ t❤❡ ❡•✐♠✐♥❛t✐♦♥ s❝❤❡♠❡ ❢♦r I R ✐s t❤❡ tr❛♥s•❛t✐♦♥ ♦❢ t❤❡ ♦♥❡ ♦❢ I✳ ■♥❞✉❝t✐✈❡ ♣❛t❤s❴| ✭❆ ✿ ❚②♣❡✮ ✭❆❴| ✿ ❆ → ❚②♣❡✮ ✭❛ ✿ ❆✮ ✭❛❴| ✿ ❆❴| ❛✮ ✿ ❢♦r❛•• ①✱ ❆❴| ① → ♣❛t❤s ❆ ❛ ① → ❚②♣❡ ✿❂ ✐❞♣❛t❤❴| ✿ ♣❛t❤s❴| ❆ ❆❴| ❛ ❛❴| ❛ ❛❴| ✭✐❞♣❛t❤ ❆ ❛✮✳ ❚❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛•❡♥❝❡ ♦❢ t②♣❡s ✭✐♥ t❤❡ ❤♦♠♦t♦♣② t❤❡♦r② s❡♥s❡✱ s❡❡ ❬✽(✮ ❜❡t✇❡❡♥ t❤✐s ✐♥❞✉❝t✐✈❡ t②♣❡ ❛♥❞ ♦✉r tr❛♥s•❛t✐♦♥ ♦❢ ✐❞❡♥t✐t②✳ ■t ✐s ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ t❤❡ ✐♥❞✉❝t✐♦♥ ♣r✐♥❝✐♣•❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ paths R ✐♥ ♦♥❡ ❞✐r❡❝t✐♦♥❀ ❛♥❞ ❜② ♥❡st❡❞ ♣❛t❤✲ ✐♥❞✉❝t✐♦♥s ♦♥ p ❛♥❞ ♦♥ t❤❡ ♣r♦♦❢ ♦❢ tr❛♥s♣♦rt ❛•♦♥❣ p ✐♥ t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t t❤❡② ❛r❡ ♠♦r❛••② t❤❡ s❛♠❡❀ ✐t ♠❛② ❝♦♥✈✐♥❝❡ t❤❡ r❡❛❞❡r t❤❛t t❤❡ r❡s✉•ts ♦❢ t❤❡ •❛st t✇♦ s❡❝t✐♦♥s ❝♦✉•❞ ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ✉s✐♥❣ t❤❡ ❡♥❝♦❞✐♥❣ ✐♥st❡❛❞ ♦❢ t❤❡ ♣r✐♠✐t✐✈❡ ♥♦t✐♦♥ ♦❢ ✐❞❡♥t✐t② t②♣❡s✳ ✻✳✹ ❉❡❛•✐♥❣ ✇✐t❤ ❛①✐♦♠s ❲❤✐•❡ ❢♦r♠❛•✐③✐♥❣ ♣r♦♦❢s t❤❛t ♥❡❡❞ ❛①✐♦♠s ✇❤✐❝❤ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ✐t ✐s ❛ ❝♦♠♠♦♥ ♣r❛❝t✐❝❡ t♦ s✐♠♣•② ❛❞❞ t❤❡♠ ✐♥ t❤❡ ❝♦♥t❡①t✳ ❚❤❡♥✱ ✐❢ ♦♥❡ ✇❛♥t t♦ ✉s❡ t❤❡ ♣❛r❛✲ ♠❡tr✐❝✐t② tr❛♥s•❛t✐♦♥✱ ❤❡ ❛•s♦ ♥❡❡❞s t♦ ♣r♦✈✐❞❡ ❛ ✇✐t♥❡ss ♦❢ t❤❡ ♣❛r❛♠❡tr✐❝✐t② ♦❢ t❤❡ ❛①✐♦♠✳ ❚❤❡r❡❢♦r❡ ❛①✐♦♠s t❤❛t ❝❛♥ ♣r♦✈❡ t❤❡✐r ♦✇♥ ♣❛r❛♠❡tr✐❝✐t② ❛r❡ ✇❡••✲❜❡❤❛✈❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ tr❛♥s•❛t✐♦♥✳ ▼♦r❡ ❢♦r♠❛••②✱ ✇❡ s❛② t❤❛t ❛ ❝•♦s❡❞ t②♣❡ P : Type ✐s ♣r♦✈❛❜•② ♣❛r❛♠❡tr✐❝ ✐❢ t❤❡ t②♣❡ ∀h : P, h ∈ P ✐s ✐♥❤❛❜✐t❡❞✳ ❲❡ ✇✐•• ♥♦✇ ❣✐✈❡ t✇♦ ❡①❛♠♣•❡s ♦❢ ❛①✐♦♠s ✉s✐♥❣ ✐❞❡♥t✐t② t②♣❡s ✇❤✐❝❤ ❛r❡ ♣r♦✈❛❜•② ♣❛r❛♠❡tr✐❝✳ • ✉♥✐q✉❡♥❡ss ♦❢ ✐❞❡♥t✐t② ♣r♦♦❢s ✭❯■P✮ ✿ ▲❡t uip ❜❡ t❤❡ ❢♦••♦✇✐♥❣ t②♣❡ uip ≡ ∀X : Type, x y : X, p q : x = y.p = q✳ ❲❡ ✇❛♥t t♦ ✜♥❞ ❛♥ ✐♥❤❛❜✐t❛♥t ♦❢ ∀f : uip.f ∈ uip ✳ ❚❤❡ st❛t❡♠❡♥t f ∈ uip ✉♥❢♦•❞s ✐♥t♦ ∀ X : Type, x y : X, p q : x = y .(f A x y p q) * (p R ) = q R ✳ ❚❤❡ ❝♦♥❝•✉s✐♦♥ ✐s ❛♥ ❡q✉❛•✐t② ❜❡t✇❡❡♥ ♣❛t❤s✱ s♦ ✐t ✐s ♣r♦✈❛❜•❡ ✉s✐♥❣ f ✳ • ❢✉♥❝t✐♦♥ ❡①t❡♥s✐♦♥❛•✐t② ✿ ▲❡t funext ❜❡ t❤❡ ❢♦••♦✇✐♥❣ t②♣❡ funext ≡ ∀A : Type, B : A → Type, f g : ∀x : A.Bx.(∀x : A.f x = g x) → f = g✳ ■♥ ❤✐s ♦r✐❣✐♥❛• ❞❡✈❡•♦♣♠❡♥t✱ ❱♦❡❞✈♦❡s❦② s❤♦✇❡❞ t❤❛t funext ✐s •♦❣✐❝❛••② ❡q✉✐✈❛•❡♥t ✭t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✮ t♦ t❤❡ s♦✲❝❛••❡❞ ✇❡❛❦ ❡①t❡♥s✐♦♥❛•
A.x = y ✐s t❤❡ ♣r❡❞✐❝❛t❡ ❢♦r ❝♦♥tr❛❝t✐❜•❡ t②♣❡s ❀ ✐❡✳ t②♣❡s ✇❤✐❝❤ ❛r❡ ❡q✉✐✈❛•❡♥t t♦ t❤❡ s✐♥❣•❡t♦♥ t②♣❡✳ ❲❡ ♥♦✇ s❦❡t❝❤ t❤❡ ♣r♦♦❢ t❤❛t weakext ✐s ♣r♦✈❛❜•② ♣❛r❛♠❡tr✐❝ ✭❛♥❞ t❤✉s s♦ ✐s funext✮✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ ♥♦t✐❝❡ t❤❛t M ∈ Contr A ✐s •♦❣✐❝❛••② ❡q✉✐✈❛•❡♥t t♦ Contr ( A M 1 ) ✶✹ ✇❤❡r❡ M 1 ✐s t❤❡ ✜rst ♣r♦•❡❝t✐♦♥ ♦❢ M ✳ ❚❤❡ ✉♥❢♦•❞✐♥❣ ♦❢ k ∈ weakext ✐s✿ ∀A : Type, A R : A →

  ♥❡ssM : A M t❤❛t t❤❡ M s❛t✐s✜❡s t❤❡ ♣r❡❞✐❝❛t❡✳ ❚❤✐s tr❛♥s•❛t✐♦♥ ♠❛② ❜❡ ❡①t❡♥❞❡❞ t♦ ❝♦♣❡ ✇✐t❤ ✐❞❡♥t✐t② t②♣❡s ❜② s❡tt✐♥❣ a = b : a = b → Type t♦ ❜❡ t❤❡ ♣r❡❞✐❝❛t❡ λp : a = b.p * ( a ) = b ✇❤❡r❡ p * ✐s t❤❡ tr❛♥s♣♦rt ❛•♦♥❣ p ♦❢ t❤❡ ♣r❡❞✐❝❛t❡ ❣❡♥❡r✲ ✷ ❛t❡❞ ❜② t❤❡ ❝♦♠♠♦♥ t②♣❡ ♦❢ a ❛♥❞ b✳ ❚❤❡♥✱ ✐t ✐s ❡❛s② ✲❛•t❤♦✉❣❤ q✉✐t❡ ✈❡r❜♦s❡✲ t♦ ✜♥❞ ❛ tr❛♥s•❛t✐♦♥ ♦❢ ✐♥tr♦❞✉❝t✐♦♥ ❛♥❞ ❡•✐♠✐♥❛t✐♦♥ r✉•❡s ♦❢ ✐❞❡♥t✐t② t②♣❡s ❛s ✇❡•• ❛s ❝❤❡❝❦✐♥❣ t❤❛t t❤❡s❡ tr❛♥s•❛t✐♦♥s ♣r❡s❡r✈❡ ❝♦♠♣✉t❛t✐♦♥ r✉•❡s✳ ❚❤✐s ❛••♦✇s t♦ ❡①t❡♥❞ ❇❡r♥❛r❞②✬s ❛❜str❛❝t✐♦♥ t❤❡♦r❡♠ t♦ ✐❞❡♥t✐t② t②♣❡s✳ ❯s✐♥❣ t❤✐s ❢r❛♠❡✇♦r❦✱ ✇❡ ❛r❡ ❛❜•❡ t♦ ❣❡♥❡r❛•✐③❡ t❤❡ ✉♥✐q✉❡♥❡ss ♣r♦♣❡rt② ♦❢ t❤❡ ♣♦•②♠♦r♣❤✐❝ ✐❞❡♥t✐t② t②♣❡ t♦ ❛♥② ♣❛r❛♠❡tr✐❝ •♦♦♣ s♣❛❝❡✳ ❚❤❡ ♣r♦♦❢ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ✐♥❞❡① ♦❢ t❤❡ •♦♦♣ s♣❛❝❡ ❛♥❞ ✉s❡s ❛•❣❡❜r❛✐❝ ♣r♦♣❡rt✐❡s ♦❢ tr❛♥s♣♦rt✳ ❖✉t•✐♥❡ ♦❢ t❤❡ ♣❛♣❡r✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ t②♣❡ t❤❡♦r❡t✐❝❛• s❡tt✐♥❣ t❤❛t ✐s ✉s❡❞ ✐♥ t❤❡ ❛rt✐❝•❡✳ ❙❡❝t✐♦♥ ✸ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ t❤❛t❇❡r♥❛r❞②✬s ♣❛r❛♠❡tr✐❝✐t② ♠❛② ❜❡ ❡①t❡♥❞❡❞ t♦ ❝♦♣❡ ✇✐t❤ ✐❞❡♥t✐t② t②♣❡s✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ✉s❡ t❤✐s tr❛♥s•❛t✐♦

  Type, P : A → Type, P R : (∀x : A, x R : A R x.P x → Type), φ : (∀x : A.Contr (P x)), φ R : (∀x : A, x R : A R x.(φ x) ∈ Contr P x ).(k A P φ) ∈ Contr (∀x :A.P x) ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ t❤❡ •♦❣✐❝❛• ❡q✉✐✈❛•❡♥❝❡ ✐♥ ♦♥❡ ❞✐r❡❝t✐♦♥ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❝♦♥❝•✉✲ s✐♦♥ ❢r♦♠ Contr (k A P φ) 1 ∈ ∀x : A.P x) )✳ ❚❤❡♥ ✉s✐♥❣ k : weakext t✇♦ t✐♠❡s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t ∀x : A, x R : A R x.Contr ((k A P φ) 1 x) ∈ P x ) ✭✶✮✳ ◆♦t✐❝❡ t❤❛t (k A P φ) 1 x = A (φ x) 1 ❜❡❝❛✉s❡ A ✐s ❝♦♥tr❛❝t✐❜•❡✳ ❙♦ ✇❡ ❝❛♥ tr❛♥s✲ ♣♦rt ❛•♦♥❣ t❤✐s ♣❛t❤ ✐♥ ✭✶✮ t♦ ♦❜t❛✐♥ ∀x : A, x R : A R x.Contr ((φx) 1 ∈ P x ) ✭✷✮✳ ◆♦✇✱ ✉s✐♥❣ t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥ ♦❢ •♦❣✐❝❛• ✐♠♣•✐❝❛t✐♦♥✱ ✭✷✮ ✐s ✐♠♣•✐❡❞ ❜② ∀x : A, x R : A R x.(φx) ∈ Contr (P x) ) ✇❤✐❝❤ ✐s ❡①❛❝t•② t❤❡ t②♣❡ ♦❢ φ R ✳ ✼ ❈♦♥❝•✉s✐♦♥ ❚❤✐s ✇♦r❦ s❤♦✇s t❤❛t ♣❛r❛♠❡tr✐❝✐t② t❤❡♦r② ♠❛② ❜❡ ✉s❡❞ t♦ ❞❡❞✉❝❡ ♣r♦♣❡rt✐❡s ❛❜♦✉t t❤❡ ❛•❣❡❜r❛✐❝ str✉❝t✉r❡ ♦❢ ✐❞❡♥t✐t② t②♣❡s✳ ■t ❛••♦✇s t♦ ❣✐✈❡ ❢♦r♠❛• ❛r❣✉♠❡♥ts t♦ ♣r♦✈❡ ❝❛♥♦♥✐❝✐t② r❡s✉•ts ❛❜♦✉t ❞❡✜♥✐t✐♦♥s ✐♥ ❛ ♣r♦♦❢✲r❡•❡✈❛♥t s❡tt✐♥❣✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t q✉❡st✐♦♥ t❤❛t r❡♠❛✐♥s ♦♣❡♥ ✐s ✇❤❡t❤❡r ♦r ♥♦t ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ tr❛♥s•❛t✐♦♥ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♣r♦♣❡rt② ♦❢ ❣r♦✉♣♦✐❞ •❛✇s t♦ ❞❡❛• ✇✐t❤ ❱♦❡✈♦❞✲ s❦②✬s ✉♥✐✈❛•❡♥❝❡ ❛①✐♦♠✳ ❖♥❡ ✇❛② t♦ s♦•✈❡ t❤✐s q✉❡st✐♦♥ ✇♦✉•❞ ❜❡ t♦ ♣r♦✈❡ t❤❛t ✉♥✐✈❛•❡♥❝❡ ❛①✐♦♠ ✐s ♣r♦✈❛❜•② ♣❛r❛♠❡tr✐❝ ✇❤✐❝❤ ✇♦✉•❞ ②✐❡•❞ t♦ ❛ ♣♦s✐t✐✈❡ ❛♥s✇❡r t♦ t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❝♦♠♣❛t✐❜✐•✐t② ♦❢ ♣❛r❛♠❡tr✐❝✐t② t❤❡♦r② ❛♥❞ ✉♥✐✈❛•❡♥❝❡✳ |❡❣❛r❞✲ •❡ss ♦❢ t❤❡ ❛♥s✇❡r t♦ t❤✐s ♣r♦❜•❡♠✱ s♦•✈✐♥❣ ✐t ✇♦✉•❞ ❣✐✈❡ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ♣♦•②♠♦r♣❤✐❝ t②♣❡ q✉❛♥t✐✜❝❛t✐♦♥s ✐♥ ✉♥✐✈❛•❡♥t ✉♥✐✈❡rs❡s✳ |❡❢❡r❡♥❝❡s ❬✶( ❍❡♥❦ ❇❛r❡♥❞r❡❣t✳ ▲❛♠❜❞❛ ❈❛•❝✉•✐ ✇✐t❤ ❚②♣❡s✳ ■♥ ❍❛♥❞❜♦♦❦ ♦❢ ▲♦❣✐❝ ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✶✶✼✕✸✵✾✳ ❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✾✷✳ ❬✷( ❏❡❛♥✲P❤✐•✐♣♣❡ ❇❡r♥❛r❞②✱ P❛tr✐❦ ❏❛♥ss♦♥✱ ❛♥❞ |♦ss P❛t❡rs♦♥✳ Pr♦♦❢s ❢♦r ❢r❡❡ ✲ ♣❛r❛♠❡tr✐❝✐t② ❢♦r ❞❡♣❡♥❞❡♥t t②♣❡s✳ ❏✳ ❋✉♥❝t✳ Pr♦❣r❛♠✳✱ ✷✷✭✷✮✿✶✵✼✕✶✺✷✱ ✷✵✶✷✳ ❬✸( •✉✐••❛✉♠❡ ❇r✉♥❡r✐❡✳ ❙②♥t❛❝t✐❝ ❣r♦t❤❡♥❞✐❡❝❦ ✇❡❛❦ ∞✲❣r♦✉♣♦✐❞s✳ ❆✈❛✐•❛❜•❡ ❛s ❤tt♣✿✴✴✉❢✲✐❛s✲✷✵✶✷✳ ✇✐❦✐s♣❛❝❡s✳❝♦♠✴❢✐•❡✴✈✐❡✇✴❙②♥t❛❝t✐❝■♥❢✐♥✐t②•r♦✉♣♦✐❞s|❛✇❉❡❢✐♥✐t✐♦♥✳♣❞❢✳ ❬✹( P❡t❡r ❉②❜•❡r✳ ■♥❞✉❝t✐✈❡ ❢❛♠✐•✐❡s✳ ❋♦r♠❛• ❆s♣✳ ❈♦♠♣✉t✳✱ ✻✭✹✮✿✹✹✵✕✹✻✺✱ ✶✾✾✹✳ ❬✺( P❡t❡r ▲❡❋❛♥✉ ▲✉♠s❞❛✐♥❡✳ ❲❡❛❦ ♦♠❡❣❛✲❝❛t❡❣♦r✐❡s ❢r♦♠ ✐♥t❡♥s✐♦♥❛• t②♣❡ t❤❡♦r②✳ ■♥ P✐❡rr❡✲▲♦✉✐s ❈✉r✐❡♥✱ ❡❞✐t♦r✱ ❚▲❈❆✱ ✈♦•✉♠❡ ✺✻✵✽ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✶✼✷✕✶✽✼✳ ❙♣r✐♥❣❡r✱ ✷✵✵✾✳ ❬✻( )❤❛♦❤✉✐ ▲✉♦✳ ❊❝❝✱ ❛♥ ❡①t❡♥❞❡❞ ❝❛•❝✉•✉s ♦❢ ❝♦♥str✉❝t✐♦♥s✳ ■♥ ▲■❈❙✱ ♣❛❣❡s ✸✽✻✕✸✾✺✳ ■❊❊❊ ❈♦♠♣✉t❡r ❙♦❝✐❡t②✱ ✶✾✽✾✳ ❬✼( ❏♦❤♥ ❈✳ |❡②♥♦•❞s✳ ❚②♣❡s✱ ❆❜str❛❝t✐♦♥ ❛♥❞ P❛r❛♠❡tr✐❝ P♦•②♠♦r♣❤✐s♠✳ ■♥ ■❋■P ❈♦♥❣r❡ss✱ ♣❛❣❡s ✺✶✸✕✺✷✸✱ ✶✾✽✸✳ ❬✽( ❚❤❡ ❯♥✐✈❛•❡♥t ❋♦✉♥❞❛t✐♦♥s Pr♦❣r❛♠✳ ❍♦♠♦t♦♣② ❚②♣❡ ❚❤❡♦r②✿ ❯♥✐✈❛•❡♥t ❋♦✉♥❞❛t✐♦♥s ♦❢▼❛t❤❡♠❛t✐❝s✳ ❤tt♣✿✴✴❤♦♠♦t♦♣②t②♣❡t❤❡♦r②✳♦r❣✴❜♦♦❦✱ ■♥st✐t✉t❡ ❢♦r ❆❞✈❛♥❝❡❞ ❙t✉❞②✱ ✷✵✶✸✳ ❬✾( ❇❡♥♥♦ ✈❛♥ ❞❡♥ ❇❡r❣ ❛♥❞ |✐❝❤❛r❞ •❛r♥❡r✳ ❚②♣❡s ❛r❡ ✇❡❛❦ ω✲❣r♦✉♣♦✐❞s✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ▲♦♥❞♦♥ ▼❛t❤❡♠❛t✐❝❛• ❙♦❝✐❡t②✱ ✶✵✷✭✷✮✿✸✼✵✕✸✾✹✱ ✷✵✶✶✳ ✶✺

✇❤❡r❡ y ❞♦❡s ♥♦t ♦❝❝✉r ✐♥ X✳ ■t ✐s ♦❢t❡♥ ✉s❡❞ t♦ ❝♦❡r❝❡ ❜❡t✇❡❡♥ t②♣❡ ❢❛♠✐•✐❡s✿ ❣✐✈❡♥ ❛ t②♣❡ ❢❛♠✐•② X : C → Type i ✱ ❛ ♣❛t❤ P :U = V ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥ts U, V : C✱ ❛♥❞ ❛ t❡r♠ M ✐♥ X U ✱ t❤❡ tr❛♥s♣♦rt P * x:C.X (M ) ♦❢ M ❛•♦♥❣ P ✐♥❤❛❜✐ts X V ✳ ■t s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ❞❡r✐✈❛❜•❡ r✉•❡ ✿ Γ, x : C ⊢ X : Type j Γ ⊢ P : U = C V Γ ⊢ M : X[U/x] Γ ⊢ P * x:C.X (M ) : X[V /x] tr❛♥s♣♦rt ❲❡ s♦♠❡t✐♠❡s ❛•s♦ ♦♠✐t t❤❡ t②♣❡ ❢❛♠✐•② ✇❤❡♥ ✐t ❝❛♥ ❜❡ ❣✉❡ss❡❞ ❢r♦♠ t❤❡ ❝♦♥t❡①t✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ r✉•❡ t❡••s ✉s t❤❛t tr❛♥s♣♦rt✐♥❣ ❛•♦♥❣ ❛ r❡✢❡①✐✈✐t② ✐s s❛♠❡ ❛s ❞♦✐♥❣ ♥♦t❤✐♥❣ ✿ 1 U * (M ) ≡ β M ✳ ✸ ❊①t❡♥❞✐♥❣ |❡•❛t✐♦♥❛• P❛r❛♠❡tr✐❝✐t② t♦ ■❞❡♥t✐t② t②♣❡s ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①♣•❛✐♥ ❤♦✇ t♦ ❡①t❡♥❞ ❇❡r♥❛r❞②✬s ♣❛r❛♠❡tr✐❝✐t② tr❛♥s•❛t✐♦♥ ❜❡•♦✇ t♦ ♣r✐♠✐t✐✈❡ ✐❞❡♥t✐t② t②♣❡s✳ ❚❤❡♥ ✇❡ ♣r♦✈❡ t❤❛t t❤✐s ❡①t❡♥s✐♦♥ ♣r❡s❡r✈❡s t②♣✐♥❣ ✭❚❤❡✲ ✹ wf ✇❢✲❡♠♣t② Γ wf Γ ⊢ B : Type i Γ, x : B wf ✇❢ Γ wf Γ ⊢ Type i : Type i+1 ✉♥✐✈ Γ wf (x : A) ∈ Γ Γ ⊢ x : A ✈❛r✐❛❜•❡s Γ, x : A ⊢ M : B Γ ⊢ λx : A.M : ∀x : A.B ❛❜str❛❝t✐♦♥ Γ ⊢ M : ∀x : A.B Γ ⊢ N : A Γ ⊢ (M N ) : B[N/x] ❛♣♣•✐❝❛t✐♦♥ Γ ⊢ M : A ′ Γ ⊢ A : Type i A ′ A Γ ⊢ M : A ❝♦♥✈❡rs✐♦♥ Γ ⊢ A : Type i Γ, x : A ⊢ B : Type i Γ ⊢ ∀x : A.B : Type i ♣r♦❞✉❝t Γ ⊢ M : C Γ ⊢ N : C Γ ⊢ C : Type i Γ ⊢ M = C N : Type i ✐❞❡♥t✐t② Γ ⊢ M : C Γ ⊢ 1 C M : M = C Mr❡❢•❡①✐✈✐t② Γ ⊢ M : C Γ, x : C, y : M = x ⊢ P : Type i Γ ⊢ B : P [M/x, 1 C M /y]

M * ( M ) = M ∈ C M ✳ ❙♦✱ ✇❡ ❝♦♥❝•✉❞❡ Γ ⊢ 1 C M : 1 C M ∈ C ✳ • ♣❛t❤✲✐♥❞✉❝t✐♦♥✿ ❚❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❢♦r ✭❜✮ ❛r❡ ✿ Γ ⊢ M : M ∈ C (1) Γ, x : C, y : M = x ⊢ P : P → Type i (2) Γ ⊢ B : B ∈ P [M/x, 1 C M /y] (3) Γ ⊢ U : U ∈ C (4) Γ ⊢ V : V ∈ M = U (5) ❛♥❞ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❢♦r ✭❛✮ ❛r❡ ✿ Γ ⊢ M : C (6) Γ, x : C, y : M = x ⊢ P : Type i (7) Γ ⊢ B : P [M/x, 1 C M /y] (8) Γ ⊢ U : C (9) Γ ⊢ V : M = U (10) ▲❡t T ❜❡ t❤❡ ❢♦••♦✇✐♥❣ t❡r♠ ✿ J ∀x:C,y:M =x.J(B,x,y)∈ P [y * ( M )/x R ,1 y * ( M ) /y R ] ( B , U, V ) ❋✐rst✱ ✇❡ ❤❛✈❡ t♦ t②♣❡❝❤❡❝❦ T ❜② s❤♦✇✐♥❣ t❤❛t Γ ⊢ T : J(B, U, V ) ∈ P [y * ( M )/x R , 1 y * ( M ) /y R , U/x, V /y] ( * )