N
N

N

HAL

open science

On the zeros of a class of generalised Dirichlet series-IX

R Balasubramanian, K Ramachandra

» To cite this version:

R Balasubramanian, K Ramachandra. On the zeros of a class of generalised Dirichlet series-I1X. Hardy-
Ramanujan Journal, 1991, Volume 14 - 1991, pp.34 - 43. 10.46298 /hrj.1991.123 . hal-01104799

HAL Id: hal-01104799
https://hal.science/hal-01104799

Submitted on 22 Jan 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01104799
https://hal.archives-ouvertes.fr

34 : R. Balasubramanian and K. Ramachandra
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ON TEE ZEROS OF A CLASS OF GENERALISED
DIRICHLET SERIES-IX
BY
R. BALASUBRAMANIAN AND K. RAMACHANDRA

§ 1. INTRODUCTION. In paper VII¥l of this series K. Ramachandra
raised the question “Let s = o + #f,T > Ty a large positive constant. For
what values a = a(T') the rectangle (o > oT),T < t < 2T) contains infinity
of zeros of a generalised Dirichlet series of a certain type?” (In the earlier
papers of this series he and R. Balasubramanian, sometimes individually and
sometimes jointly considered the problem where a = a(T') does not depend
on T'). Since the series considered in that paper were too general the answer
(a(T) = % - IBEIIE)FT) was perhaps too weak. In paper VIII®?! of the series
we considered somewhat restricted series and obtained the result that we
can take a(T) = 3 — Cp(loglog T)%’(log T)‘%. In the present paper we
assume a serious restrictive condition namely an Euler product and show
that we can take a(T) = 3 — Co(loglog T)(log T)~'. (Actually we work
with shorter rectangles and also obtain a quantative result on the number
of zeros). Accordingly we prove the following

THEOREM 1. Let p run over primes and w(p) complez numbers whose
absolute value ts 1 except for a finite set of primes where we define w(p) to
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be zero. Let 8 = o +it as usual, and let

F(s) = g:l(ann—') o= I'P[ (1 - %E—?)) N (o> 1), (1.1)

be continuable analytically in

{ 1 Cloglog T

,,2_2__ log H ,T5t§T+H}((logT)C'SHST,C'tobespeciﬁed)

(1.2)
and there maz | F(s) |< T4 where A(> 1) is a constant. Let C(> 1) be a
large constant depending on A and let H ezceed (log T)" where C'(> 1) is
a large constant. Then F(s) has at least (C") 1 H(logloglog T)™! zeros in
the rectangle (1.2), where C"(> 1) is a large constant.

REMARK 1. The condition on the Euler product (1.1) covers the Rie-
mann zeta-function and the ordinary L-series. But it can be stated in such
a way that it covers zeta and L-functions of algebraic number fields. The
restriction (1.1) and the restriction | F{s) |< T4 practically force us to
gtve these {and perhaps only these, with trivial changes) as ezamples and in
these cases the series have a functional equation and so in fact we can take
a(T) = % Hence the main content of the present paper is the emphasis on
results which can be proved without the assumption of a functional equation
for F(s). Thus we stress that Theorem 1 does not depend on the assumption
of a functional equation for F(s).

REMARK 2. In the case where F(3) is the Riemann zeta-function or
ordinary L-series we can prove (withoul using the functional equation) that

—1-sz | F(l +it) |2 dt < (log T)? (1.3)
T T t 2 = g &

and from this we can deduce that the number of zeros of F(s)in (¢ > 3,T <
£ < 2T) is < T%log T)# where 1 < 8 < 1,0 = 4(1 - B)(3 - 28)" and
A1 > 1 is a certain numerical constant. (For a proof of this fact see [5]).
Thus in these cases and with the extra condition H = T, the zeros of the
theorem “already belong” to the rectangle

1 loglog T )
< - —_—— T <t < s
(0’_2+C ‘OgT’ _.t_.2T (]4)
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§ 2. PROOF OF THEOREM 1. In the proof we use the Ramachan-
dra kernel Ezp((Sin z)?), a well-known theorem due to Montgomery and
Vaughan and the well-known

THEOREM 2 (Borel-Caratheodory Theorem). Suppose G(z) is analytic
in|z—2 |< Rand on| z — zy |= R we have Re G(z) < U. Then in
| z— 2z |< T < R, we have,

U R
U R+r

' 2
<
|Gz < R-r R-r

| G(20) ] . (2.1)
PROOF. See [6], page 174.

We break up the proof into a few lemmas. The rough idea of the
proof is as follows. We first prove that on the line ¢ = § — 2§, where
§ = 1C(loglog T)(log H)™', we have (between T and T + H) > H well-
~spaced points which .are all heavy for log F(s8) in a certain sense. Out of
these we select > H(logloglog T)~! points with the property that any two
{distinet) points are at a distance > L = D logloglog T, where D(> 1) is
a large constant. We then prove that if 1 — 26 + it; is any such point the
rectangle (o >  —46,] ¢; — t |< L) contains a zero of F(s). This will prove
~ the theorem completely. We begin with

LEMMA 1. Foru> 0 let

1 pitiee . ow \?\ dw
Afu) = -2—]_-;./2 o u Ezp((é’m 1000) )—w— (2.2)

—100

Then
A(u) = O(u?) and also A(u) =1+ O(u™?)

where the implied constants are absolute.

PROOF. By moving the line of integration to Re w = 2 (resp. Re w = -2)
the lemma follows by easy estimations.

LEMMA 2. Leto =1 -26,X = A% and

F(s) = Dulolpa (3)- (2.3)
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The‘n 1 T+H
}f/ | Fi(s) |? dt > H?(6 log H)™! (2.4)
T

and 1 rT+H
_5/ | Fy(s) | dt < H¥(6 log H)™2. (2.5)
T

PROOF. By a well-known theorem of H.L.. Montgomery and R.C. Vaughan
(see (3] for a simpler proof of a special case of their result which we need
here) LHS of (2.4) is

le(p) J# (p) 2 (1+0 (%)) (2.6)

which is > H?*(§ log H)™! by the use of Lemma 1. (Since the proof of this
is routine we postpone its proof to § 3). This proves (2.4).
Also LHS of (2.5) is

<D (mp)* A (pl) (i) 2 (1 +0 (p}{p"’)) (2.7)

p1.p2

which i3 <« H*(§ log H)? by the use of Lemma 1. (Since the proof of this
is routine we postpone its proof to § 3). This proves (2.5).
Thus Lemma 2 is completely proved.

LEMMA 3. Let T and H be posilive integers (this can be assumed without
loss of generality in Theorem 1). Then there exist > H integers M satisfying
T<M<ZT+ H -1 for which

M+l
/ | Fu(s) |2 dt > H¥(6 log H)™". (2.8)
M
PROOF. By (2.4) we have

Z/M'H | F(s) P dt > CLE ¥
MM B

where C; is a positive constant and v = H?6(§ log H)~!. Here in the sum
we drop those M for which the integral from M to M + 1 does not exceed
3C1% and obtain

}:f | Fy(s) 2 di > ClHi,()
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where the slash indicates that we restrict only to those integrals which exceed
3C1%. By applying Holder’s inequality we obtain

A% 2\ 4
(% 1) (%: (/:Hl | Fi(s) | dt) ) > -;-Clﬂ’:/;.

The inequality

/M+1 ! p )lz . /M+1 !F 4dt %
Ly 1(s =\ ) 1(s) |

completes the proof of the lemma on using (2.5).

REMARK. Actually the deduction of Lemma 3 from Lemma 2 involves
a general principle which was first observed and applied for discussing the
zeros of Dirichlet series by R. Balasubramanian and K. Ramachandra in
paper ITIY of this series.

LEMMA 4. In the interval [T, T + H] there are R > H(logloglog T)™?
points ty,t2,--- ,tp with the properties | t; — t;» |> L for all j # j' where
L = D logloglog T and further
1
| Fy (-2- - 26+ t,-) I> H%(6 log H)‘i'. (2.9)
As has béen said before D is a large posiiive constant.

PR.OOF. The proof follows from Lemma 3.

LEMMA 5. Consider any of the points t;(= ¢y say) given by Lemma 4
ezcluding the upper and the lower eztreme points. Assume that the region
(0 > 3 —46,|t — to |[< LL) is zero-free for F(s). Then in (o > § ~ 36,

| t — o |< 1L) we have,

| log F(s) |< (log T)°. (2.10)

PROOF. Apply Borel-Caratheodory theorem as follows. Take z5 = 2 + it
at which definitely | log F(20) |< 10, whatever be ¢t. Choose R such that the
circle | z ~ 29 |= R touches o = § — 4 (we mean the line Re z = 1 — 46)
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and r to be R — &. This proves the lemma.

LEMMA 6. Put 5o = 3 — 2§ + ito. Then
Fi(sg) = log F(s0) + O(1). (2.11)

PROOF. Since the powers of primes higher than the first contribute O(1),
LHS of (2.11) is

1 2+100 W 2
___/ . log F(so +w)XYEzp ((Sz'n ——~——) ) o + O(1).
2

2%t Jo_io

We now break off the portion | Im w |> 1L of the integral with an error O(1)
and in the rest of the integral move the line of integration to Re w = -§.
This involves an error O(X ~%(log T)*) = O(1) if C is large. The pole at
w = 0 contributes log F(so). This proves the lemma.

LEMMA 7. The equations (2.9), (2.10) and (2.11) are contradictory and
hence the assumplion of Lemma 5 1s not true.

PROOF. The equations referred to in the lemma give
H%(6 log H)"% « (log T)*.

This is false if § = 3C(loglog T')(log H)™! (as specified already) and C is a
large positive constant.
This completes the proof of Theorem 1.

§ 3. EXPLANATIONS REGARDING (2.6) AND (2.7).

(A) In (2.6) the main term is

:p\é;p—za (1 10 (%)) (1 +0 (—f»;)) +0(1)

=3 (1+0 (%)) +0(1)

r<X

- Zp—2a % O(Xl“z"(log H)—‘l)
p<X
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= Zp‘z" + O(H%*(log H)™).
p<X

The error term is

< T oo E) a+p+ o (5) (&)

X<p<H p>H

< Z p2 (%)2+ Zp—l-—zo

X<piH ‘ p>H
& X*(log H)"'X1-% 4 (log HY " 'H-?*
< (log HY"YXH"" + H %) &« H*%(log H)™.
Thus (2.6) is Y p~2 + O(H”(Iog H)~1'). Now the first term here is <
S Ut (log ;;")i (U tuns over powers of 2) which is
u<x
= Z U* (log H)™! + O(H%1oglog H)

1
X7 <U<X

Q

= H(log H)! (szs +0 (2~4Q6§—1)) +O(H?®loglog H) (where @
v=0

ER-)

< H¥(log H) (% +0 {H—ﬁa*l)) + O(H? loglog H)

= H?(§ log H)*(1+ O(H* + H~%(6 log H)loglog H))

= H?(§ log H)™'(1+ O(H ~*+ H~*/?loglog H)), (since H*/? > § log H),

=< H?(6 log H)"! provided H® > (loglog H)® (which is certainly
satisfied since § = ;C(loglog T)(log H)™! and C is assumed to be
large).

(B) The quantity in (2.7) is

< (S1a@ree) s (S18E) res)

2
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2 2 2 \ 2
— I3 4 —_—eT 4 ) 4
< | 3p 2") +( ;;r’q(m) +52 (Zpl 2|tz e

< B(6log H) ™+ (xoefbigm) + 32 (Bor)

2
+‘Xl‘f (?mf‘;:—oﬁ) (if H® > (loglog H)* which is satisfied by our assumption on H'

& H*%(§log H)™® + H*¥(log H)"?
& H*(§log H)Y 2 if § is small.

This completes explanations regarding (2.6) and (2.7).
Thus Theorem 1 is completely proved.
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