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PROOF OF SOME CONJECTURES ON THE 
MEAN-VALUE OF TITCHMARSH SERIES-I 

BY 

R. BALASUBRAMANIAN AND K. RAMACHANDRA 
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§ 1. INTRODUCTION. When we are integrating a function related to a 

series which we call TITCHMARSH SERIES, (a function of a real variable 

t) I F(it) I, or I F(it) 12 from t = 0 to t == H (H ~ 10) we encounter 

the following situation. Let a1 == At = 1 and {a,,.} (n· = 1,2,3, ···)be 
a sequence of complex numbers and{> ... } (n = 1,2,3,· ··) an increasing 

sequence of real numbers with b 5 An+l -An S C for n ~ i, where C 

is a positive constant. We suppose a.. to depend on n and H such that 

I a.. Is (nH)A for n ;?: 2 and more generally we suppose that I a.. I n-A is 

bounded above by a suitable big function (of A and) H, where A is a posit.he 

integer constant. (Also in the paper that follows K. Ram.achandra [R]2 

considers the case where instead of these conditions L I a.. I is bounded 
n<X 

above by suitable functions of X and H for all X ;?: 2):-we refer to all such 
00 

series (F(s) == l:(a..A;'"), s = u+it, CT;?: A+2) as TITCHMARSH SERIES. 
n=l 

Trivially F(s) is analytic in CT ;?: A+ 2 and we suppose that F(s) can be 

continued analytically in (u ~ 0,0 s t s H) some times with some "growth 

conditions on certain lines". We put B = A + 2. We prove in all five main 

theorems (the last two are in [ R)2, the paper that follows) on Titchmarsh 

series. Theorems 2 and 3 are sharper versions of two conjectures (stated by 

K. Ramachandra [Rh in Durham Conference held in 1979). The last two 
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main theorems essentially due to K. Ramachandxa [ R]2 are published in the 

next paper. The first three are jointly due toR. Balasubramanian and K. 

Ramachandxa and are published in the present paper. We begin by stating 

a main lemma. 

§ 2. MAIN LEMMA. Let r be a positive integer H ~ (r + 5)U, U ~ 

270(16B)2 and N and M positive integers subject to N > M ~ 1. Let 

bm(m ~ M) und c..(n ~ N) be complex numbers and A(s) = L bmA;;,.•. 
m~M 

Let B(-J)"'"" E en~· be absolutely convergent in rr ~A+ 2 and continuable 
n>N 

analytically in rr ~ 0. Write g(s) = A(-s)B(s), 

G(s) = u-"" lou du,. ···lou du1(g(s + i.A)) 

(here and elsewhere A = Ut + u2 + · · · + u,. ). Assume that there exist real 

numbers Tt and T2 with 0 ~ Tt ~ U, H - U ~ T2 ~ H, such that 

I g(rr +iTt) I+ I g(rr + iT2) I~ EzpEzp( 1~B) 
uniformly in 0 ~ rr ~ B. {As stated already B =A+ 2}. Let 

St = L I bmc..l (~)82'"(Ulog:)-"", 
m~M,n?.N 

and 

Then 

I f2I[,-Cr+3)u G(it)dt I < I u-r Jf/ du,. · · · J!/ dut J2~~~+3W+>- g(it)dt I 

< 2B2u-10 + 54BU-1 I: I g(it) I dt 

+(H + 64B2)St + l6B2Ezp(-&)S2. 

To prove this main lemma we need five lemmas. Mter proving these we 

complete the proof of the main lemma. 

LEMMA 2.1. Let z = z + iy be a complex variable with I z I~ ~- Then, 
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we have, 

{a) I Ezp((Sin z)2
} 15 e! < 2 for ally 

and 

{b) lfjyj~ 2, 

I Ezp((Sin z)2
) 15 et(EzpEzp Jyl)-1 < 2(EzpEzp 1111)-1

. 

PROOF. We have 

Re(Sin z)2 = -l Re { ( ei(z+ill) - e - i(o:+i11)) 
2

} 

= - l Re { e2iz-211 + e - 2iz+2JI _ 2} 

= i - ~ { (e-211 + e211) eos(2z)} . 

3 

But in I z 15 ~.we have cos(2z) = co&(l2z I)~ cos j ~cos i ?:. ·~ . The 
rest of the proof is trivial since (i) cosh 11 is an increasing function of 111 I 
and (ii) for l11l?:. 2 

since e2 > (2.7)2 and fa < ~ = 4 · 8 and so e2 > fa· The lenuna is 
completely proved. 

LEMMA 2.2. For any two real numbers k and u with 0 <I u 15 2B, we 

have, 

Joo I Ezp (sin2 (ik- O"B- itlt)) "k dtlt 0 15 12 + 4 log I 2B I 0 

-oo 8 I - 0" - ltlt 0" 

PROOF. Split the integral into three parts J1, J2 and J3 corresponding to 

I u1 - k 1?:. 2B, I u 151 Ut - k 15 2B and I 'l.lt - k 15 u. The contribution to 

J1 from I tlt - k I~ 16B is (by (b) of Lemma 2.1) 

5 M f1~B Ezp(-iit) du1 

== e! J2
00 Ezp{-ut)dut = Ezp(-i). 
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The contribution to J1 from 2B ~lu1- k I~ 16B is (by (a) of Lemma 2.1) 

~ ei I . I Ut - k 1-1 du1 = 2ei log 8 = 6et log 2. 
J2BSiut-ki~16B 

Now 

I ( 3) ( 1 1 1 ) (1 } 1 ) 
6e2log 2 + Ezp -2 < 6 1 + 2 + 2. 22 + 6. 22 . 2 + 2. 22 + 3. 22 

+ (2\r/2 < 8. 

Thus II! I~ 8. Using (a) of Lemma 2.1 we have I h I~ 4 log I 2
: I . In 

J 3 the integrand is at mostAu-1 in absolute value and so I J3 I~ 2e! ~ 4. 

Hence the lemma is completely proved. 

LEMMA 2.3. If n > m, we ha'Ue, for all real k, 

1u 1u (>.,..)i(A:+A) ( A,.)-· 
I Jo du,. · · · Jo du1 A,. I~ 2r log Am 

PROOF. Trivial. 

LEMMA 2.4. For all real t and all D 2: B, we have, 

I G(D +it) I~ S1 and I g(D +it) I~ S2. 

PROOF. We have, trivially, 

and the second result follows on observing that 1': < 1 and · so ( 1':) D ~ 
(f:)B. 

Next 

G(D +it)= u-T lou du,. ... lou dul(g(D +it+ iA)) 

(
).,..)D (U {U (). )i(t+A) = u-T 2: bmC,. - . Jn du,. • • • Jn dU1 .....!!! • 

"'<Mn>N An 0 0 An - '-



Proof of some conjectures 5 

Using Lemma 2.3 and observing ( 1':-) D ~ ( 1':-) B the first result follows. 

LEMMA 2.5 Let 0 < <T ~ B and 2U :5 t :5 H- (r + 3)U. Then, for 

H ~ (r + 5)U and U ~ {20)!(16.8)2
, we have, 

I G(u +it) I:S BU-10 + u-1(2 + 4log
2
B) {HI g(it) I dt 
u lo 

+16 S1 log(2B) + 8BS2Exp (- 8~) · 
REMARK. (20)! < 270. 

PROOF. We note, by Cauchy's theorem, that 

2 ·g( + •t + t"') = r.B+l+iTt + fB+I+.iT2 _ r_B+l+iT2 _ J..iT2 
'll"l rT l "" J.T1 B+l+•Tt J•T2 •T, 

{g(w)Ezp (Sin2 (w-u-it-i).))} dtl( , 8B w- a-st-•X 

We write 

211"iG(u +it) == 2riU- '" I/! du.. ···I/! dut(g(u +it+ iA)) 

= u-,. I!! du.. ··.I!/ dut(lt + J2- J3 -- J.,) 

= Js + J6- lr- Js say. 

Let us look at J 5 . In J 1 (also in J3 ) I g( w) I~ ExpEzp( rf{y) (by the definition 

ofT1 and T2) . Also by using Lemma 2.1 (b) (since IRe w-u I~ B+1 5 2B, 

and I Im(w- it- iA) I~ U ~ (20)!(16.8)2 ), we have, 

Hence 

I Exp ( (w- u ~it- i.X)) 1:5 2 Exp (- 8~) . 

I hI ~ ~· E2:p(Exp tfB- Ezp -/fJ) 
< :l(B0+1l Ezp(- (Exp rf&) (Exp ~ ~ 1)) 
< !1 u-w 2 ) 
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since U ~ {20)!(16B)2 and so Ezp & - 1 ~ 1 and Ezp ( -Ezp & ) < 
Ezp ( - Ezp u!) ~ Ezp ( -u!) :S (20)!U-10. Thus I J, I~ jnu-10 . 

Similarly, I hI~ !BU-10 . Next 

1iT2 lu 1u 1u 
Js = u-r g(w)dw du,.... du2 

aTt 0 0 0 

E ( 
. 2 (w- tT - it- i~)) du1 

zp .nn 8B 't "\ . 
w- tT-' - '"" 

We note that w -lT- it- i~ = ik- tT- iu1 where k = lm w- t- u2 · · ·- u,.. 

Hence the u1-integral is in absolute value (by Lemma 2.2) 

2B 
~ 12+4log -. 

(f 

This shows that 

I Js I < u - r .rfi,_2 I g(w)dw I { ur-l ( 12 + 4 log 2:)} 

< u-1 (12 + 4 log 2
:) Itt I g(it) I dt 

Finally we consider J6. 

Jo = u--r rU du,. . _. rU du rB+l+fT2 g(w)Ezp (Sin2 (tu-0'-it-i.\)) dw 
JQ JO 1 JB+l+•Tt 88 W-0'-1t-

l
B+1-0'+iT:~-it-O. 

= u-" J/! du,. ... J(/ du1 g(w + tT +it+ i~) 
8+1-.,.+iTt - it-i.\ 

Ezp (Sin2 (m)) '!;' . 

Using Lemma 2.1 (b) we extend the range of integration of w to (B + 1 -

rJ - ioo, B + 1 - rJ + ioo) and this gives an error which is at most 

u-" fu du,.- . . fu du11 I u(w + tT +it+ i~) 
Jo Jo lim wl~U.& w=B+l-"' 

( 
• 2 ( w )) dw Ezp Sm SB w 1. 

By Lemma 2.4 this is 

~ s2u-r ru du.. ... ru dull I Ezp (sin2 8WB) dw I . 
Jo Jo lim wi2'U,& wo=B+l-"' W 
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Here the innermost integral is (by Lenuna 2.l(b)) 

~ ~ kCX) Exp (- 8~) du s J: Exp (- 8~) du = 8B Exp (- 8~) . 
Thus the error does not exceed 8B S2 Exp (-& ) and so 

1
B+1-tr+iao 

I Jel~l u-r J/f dUr · · · J/f du1 . g(w+u+it+i~)Ezp (Sin2 (g))'!: I 
B+I-tr-iex> 

+8BS2 E:cp ( -&) 

h
B+l-u+iex> 

=I u-r . Ezp(Sin2 (iJ1)) '!: JJ' dUr · ·· J/f du1g(w+u-Ht+ 
B+l-u-100 

iA) I +8BSz Ezp (--&) 

1
8+1-a+iex> 

=I . G(w+u+it)Ezp (Sin2 (~)) '!: I +8BS2 Ezp ( ~&). 
JB+l-tr-lao 

Using the first part of Lenuna 2.4 we obtain 
{B+l-u+iex> 

I Je I ~ St JB+I-tr - ioo I Ezp(Sin
2 (sJ1)) d: I +8BS2 Ezp ( -&) 

~ St (t2+4log 8 _;f_.,.) +BBS2 Exp(-tfJ) 

by using Lenuna 2.2. Thus 

I J6 I~ 16Stlog(2B) + 8BS2EzpEzp (- 8~). 
This completes the proof of the lenuna. 

We are now in a position to complete the proof of the main lemma. We 

first remark that 
1 

4 It log 2~ du = 4 B log 2 + 4.;2 It (~) 2 
du 

< 4(j + ~ + ~)B + (8 X 1.415)B < 15B. 

By Cauchy's theorem, we have, 

l H-(r+3)U 1i(H-(r+3)U) 
G(it)idt = G(s)d& 

2U i(2U) 

1·lHi(2U) 1B+i(H-(r+3)U) 
- G(s)d& + G(s)ds-

•(2U) BH(2U) 

J
B+i(H -(r+3)U) 

- G(s )d" 
a(H-(r+3)U) 

= II + J2- J3 say. 
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Using the estimate given in Lemma 2.5, we see that 

I J1 I ~ f0
8 (BU- 10 + (l2+4 &09 2!-> foH I g(it) I dt 

+16(log(2B))St + 8BS2 Ezp( --Jfi ))du 

< B2u-to + 12Br)15B foH I (g(it) I dt + 16BStlog(2B) 

+8B2S2 Ezp ( -~). 

The same estimate holds for I J3 I also. For I J2 I we use the estimate given 
in Lenuna 2.4 to get 

This completes the proof of the main lenuna. 

§ 3. FIRST MAIN THEOREM. Let A,B,C be as before 0 < e ~ i,r ~ 
<Xl ' ' 

[(200A+200)c1J ,I a.. I~ nAH!'.f . Then F(&) = Ea...\;• is analytic in 
n=l , 

u ~A + 2. Let K ~ 30, U = H 1-! + 50B loglog Kt . Assume that 

400 

H ~ ( 120B2C 2A+4( 4rC2t) 7 + {lOOr B}20loglog Kt, 

and that there exist Tt, T2 with 0 ~ Tt ~ U, H - U :5 T2 :5 H such that 

I F(u +iTt) I+ I F(u + iT2) 1:5 K 

uniformly in 0 :5 u :5 B where F(s) is assumed to be analytically eontinuable 

in u ~ 0. Then 

H -l I F(it) 1
2 dt ~ (H- 10rC2 nt-f - 100rBloglog Kt) E I a,. 1

2
' 

o ~w- , 

where 

Kt= c~_.~ .. ~~) K+ c~_.~ .. ~~r 
REMARK 1. We need the conditions H ~ (r + 5)U, U ~ 270(16B}2 in 

the application of the main lemma. All such conditions are satisfied by our 

lower bound choice for H. We have not attempted to obtain economical 
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lower bounds. 

REMARK 2. Taking F(s) = (((i +it+ iT))k in the first main theorem 

we obtain the following as an immediate corollary. Let C(e,k)loglog T ~ 

H ~ T . Then for all integers k ~ 1 

1 lT+H 1 - I ((-+it) I2A: dt ~ {1-e) :E (d~c(n))2n- 1 ~ (Cf.-2e)(logH)k
2

, 

H T 2 ns;Hl-c · 

where 

(This is because it is well-known that 

fx (dk(n))2n- 1 = { c;. + 0 Co: X)} (log X)k\ 

Our third main theorem gives a sharpening of this. The third main theorem 

is sharper than the conjecture (stated by K. Ramachandia [R]i in Durham 

conference 1979). The conjecture (as also the weaker form of the conjecture 

proved by him in the conference) would only give 

1 {T+H 1 2 
H JT I ((2 +it) I2A: dt ~k (log H)Jc in C(k)loglog T ~ H ~ T. 

But the third main Theorem gives 

~ hT+H I ((~+it) 12/c dt ~ Cf.(log H)k
2 
+0 ('og~g T (log H)k

2
) +0 ((log H)"2 ~ 1 ) 

where the 0-constants depend only on k. 

REMARK 3. The first main theorem gives a lower bound for iT fJ+H I 
((l +it) 12k dt uniformly in 1 ~ k ~ log H, T ~ H ~ 30 and C loglog T ~ 

H ~ T . From this it follows (as was shown in [BJt) that for C loglog T ~ 

H ~ T we have uniformly 
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if Cis choosen to be a large positive constant. On Riemann hypothesis we 

can deduce from the first main theorem the following more general result. . 

Let 8 be fixed and 0 ~ (J < 2T. Put z == eiB. Then (on Riemann hypothesis), 

we have, 

T~lf}Y+H I(((~+ it)Y I> Ezp ( ~ ~~::o:H) 
where the LHS is interpreted as lim of the same expression with l + it 

u-+!+O 
replaced by u + it. This result with (J = i and ¥ gives a quantitative 

improvement of some results of J.H. Mueller [M]. 

PROOF. Write M = [H1-t] ,N = M + 1,A(1) =: L a....x;;.•,A(s) == 
m5,M 

L a,.;>..;.•, B(s) = E a,..,A;;•. Then we have, in u ~A+ 2, 
m<!;M n?;_N 

F(s) = A(1) + B(1). 

Also, 

I F(it) 12 - I A(it) 12 +2 Re(A(-it)B(it))+ I B(it) 12 

~ I A(it) 12 +2 Re(g(it)) 

where g{&) = A(-s)B(s). Hence 

U U lH-(,.+S)U+.\ . 
u-1' fo du,. ... fo dut I F(it) 12 dt 

2U+.\ 

l

H-(,.+3)U+.\ 
~ u-" f~ du,. · · · J~ du1 (I A{ it) 12 +2 Re g(it))dt 

2U+.\ 

= J1 + 2J2 say. 

Now log ( .\A!1
) = -log ( 1 - ( 1 - .\~! 1 )) ~ .\"i~;:.\• ~ (2nC2)-1 . Hence by 

Montgomery-Vaughan theorem, 

We have 

Jl ~ J2~-("+3)u I A(it) 12 dt 

> L (H- (r + 5)U -100C2n) I tln 12 • 

n5,M 
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I g(8) 1=1 A( -4)B(8) I= I A( - .9)(F(8)- A(J)) I 

5' c~-· I a.. I >.!!) K + c~-· I a.. I >.!!) 
2 

By the main lenuna, we have, 

I h I ~ I u-r If du,. · · · IJldu1 I2![,~~+3)u+>- g(it)dt I 

11 

~ y& +~It I g(it) I dt + (H + 64B2)St + l6B2S2Ezp ( - &) .(3.1) 

We simplify the last expression in (3.1). We can assume that IoH I F'(it) j2 

dt ~ H E I an 12 (otherwise the result is trivially true). Hence 
n5,Hl-r 

IoH I g(it) I dt = IrJ' I A( -it)B(it) I dt 

~ Ig1 
I A( -it) 12 dt + IoH I B(it) 1

2 dt 

~ IrJ' I A( -it) 12 dt + foH I F(it)- A( it) 12 dt 

~ 3 IoH I A( -it) 1
2 dt + 2 Itt I F(it) 1

2 dt 

~ 3 :E (H + lOOC2n) I a,. 1
2 +2H L I an 1

2 

n$M n~M 

~ (300C2 + 5)H L I a,. 1
2 

. 

n$M 

s2 ~ E I bmCnl (-5: )A+2 
m<M,n>N 

< - E -- I an. a.. I ( t:) A+2 

m<M,n>N 

< -E- mAHlfnAHlf(C2mn- 1)A+2 

m<M,n>N 
< H-!fc2A+4 L m2A+2 L n-2 

m<M n>N 

< HT+2A+3ciA+4 since;: - 1 < 1. 
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Now 

and 
log )w > 1 AN - AM > (2C2 M)-t 

AM- 2 AM - ' 

u log (~:) ~ (2C2
)-

1 n!. 

Thus 

1 J2 1 < ~ + 54B(300C2 + s)nu-1 E 1 a.. 1
2 

So 

n<M 

+(H + 64B2)n-!f+2A+32"(2C2)"C2AH 

+16B2 Ezp ( -&) H!f+2A+3C2A+4 .(Note a1 = Al = 1). 

(r + 5)U + 100C2 nt-~ + 21 J2 I ( E I a,. 12)-1 

n$M 

::::; (r + 5)H1--! + 100C2 H 1
-f: + 100Brloglog Kt 

+o/fr + 108B(300C2 + 5)Hf + l28(2")(2C2)" B 2 H 2A+4-50AC2A+4 

+32B2C2A+4r!(8B)" H 2A+3+1f-i 

~ 100 Br loglog K 1 + rC2 H 1-t { -!±L + ~ 
.. C2Ht HT 

+¥{:- + l08B~~~
2

+5) + 128(2")(2C2)" B2 H-1C 2AH+32B2C 2A+4r!(8B)'" n-t} 

~ 100Br loglog K 1 + IOC'rH1-i. 

This completes the proof of the theorem. 

§ 4. SECOND MAIN THEOREM. We assume the same conditions 

as in the first main theorem ezcept that we change the definition of U to 

U = Ht +SOB loglog K2 • Then there holds 

foH I F(it) I dt ~ H- 10 rHt- lOOr B loglog K2, 
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where K 2 = K + 1. 

REMARK. Conditions like H ~ (r + 5)U,U ~ 270(16B)2 are taken care 

of by the inequality for H. 

PROOF. We have, 

It/ I F(it) I dt ~ u-r If: du,. .. . If/ dul I2~~~+3)U+>. I F(it) I dt 

~ u-r Re (IJ' du,. · · · Iri' du1 Ii&~~+3)U+>. F(it)dt) 

= u-r Re { Iri' du,. . .. If: dut I2~~~+3)U+>.(l +A( - it)B(it))dt} 

(where A(s) = 1 (i.e. a1 = 1 = M) and B(s) = F(s)- 1) = 1t + Re h say. 

Clearly J1 ~ H- (r + 5)U. For J2 we use the main lemma. 

2B2 54B {H ( U ) I 121~ U10 + u lo I g(it) I dt + (H + 64B
2
)St + 16B

2 
Ezp - 8B s2. 

( 4.1) 

As in the proof of the first main theorem we can assume J(/ J F( it) I dt ~ H 

and so J(/ I g(it) I dt ~ 2H. We have I g(s) l~ K + 1 = K2. Now 

and U log(~) = U log A2 ~ (2C)- 1U, 

St ~ 2" S2(U log .\2)-" ~ 2" S2((2C)-1 u)-". 

This shows that 

(r + s)u + I J2 I 

< (r + S)U + 282 + 54B 2H + (H+64 B
2

} 2rc2A+4H.!f+2A+3 
- U11T tr (2C I U)" 

+16B2 Ezp ( -i&) n.!f+2A+3c2A+4 

~ lOOrB loglog K2 + rH'f { ~ + .. ~Y + 1i£l 
+(H + 64B2)2"C2AHa.!f+2A+3+{&-(r+t)'f 
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+ 16B2C 2AH(SBtr!H!f+2A+S- If 

~ lOrHt + lOOrBloglog K2, 

when H satisfies the inequality of the theorem. 

§ 5. THIRD MAIN THEOREM. Let {an} and {.\,.} be as in the in

troduction and I a.. I~ (nH)A where A ~ 1 is an integer constant. Then 
00 

F( s) = La..~· is analytic in u ~ A+ 2. Suppose F(") is analytically con-
n=l 

tinuable in u ~ 0. Assume that (for some K ~ 30) there e:cist T1 and T2 with 

0 ~ T1 ~ Ht, H -Ht $ T2 $ H such that I F(u+iTt) I+ I F(u+iT2) Is K 

uniformly in 0 $ u $ A + 2. Let 

H ~ (4C)9000A
2 + 520000 A2 loglog Ka. 

Ks = ( E I an I ~) K + ( E I an I ~) 
2 

n~H n$H 

To prove this theorem we need the following two lemmas. 

LEMMA 5.1. In the interoal [aH, (1600C2)-1 H] there exists an X such 

that 

E I an 1
2 S n-t E I an 1

2
, 

1 n$X 
X$n$X+H"I 

provided H 2': 21000A
2 
C 50A. 

PROOF. Assume that such an X does not exist. Then for all X in 

[aH, (1600C2)-1 HJ, 

E I a.. 1
2> n-t E I a.. 1

2 
• (5.1) 

X'5n'5X+Ht n'5X 
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Let L = aH,I; = [23- 1£,2;£] for j = 1,2,···,8A + 17. Also let Io = [l,L]. 

Put S; = E I a,. 1
2 (j == 0,1,2,···,8A + 17). For j ;::: 1 divide the 

nElj 

interval I; into maximum number of disjoint sub-intervals each of length 

nt {discarding the bit at one end). Since the lemma is assumed to be false 
l 

the sum over each sub-interval is ~ n-i S;-t. The number of sub-intervals 
is ;::: [2i- 1 LH-i]- 1 ;::: 2i-2 Ln-t (provided 2i-1 Ln-t - 2 ;::: 2i- 2 Ln-t, 
i.e. 2i-2Ln-t ~ 2 i.e. aHi ~ 4 i.e. H ;::: (4a-1 )!). It follows that 

S; ~ 2i- 2 LH-!Sj-1· By induction S; ~ aLH-!)iSo. Since So ;::: 1 we 

have in particular 

On the other hand 

SsA+17 = 

where a 1 = 16-1(20002)-1 and a 2 = s-·1 (20002)-1 . Thus SsA+t7 ~ H 4A+l. 

Combining the upper and lower bounds we are led to 

(5.2) 

provided H ;::: ( 4a-1 )! (the latter condition is satisfied.by the inequality for 

H prescribed by the Lemma). But (5.2) contradicts the inequality prescribed 
for II by the lemma. This contradiction proves the Lemma. 

From now on we assume that X is as given by Lemma 5.1. 

LEMMA 5.2. Let A( s) = E a,. A;;', E( s) = E a,. A;;' and B( & ) = 
n~X X~n~X+Ht 

F(s)-A(s)-E(s). Clearly in u ~ A-t-2 we have B(s) = E' an~·. Let 

n>X+Ht 

H ~ 21000A
2 
csoA, U = Ht + 100 B loglog Ka, Ka ~ 30 a;;d H ~ (2r + 5)U. 

Then we have the following five inequalities. 

(a) I: I A( it) 1
2 dt ~ 100C2 HE I a,. 1

2
, 

n~X 
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(b) I21f,+~i;a)U 1 A( it) 12 dt ~ E (H- (2r + s)u -1ooc2n) 1 a..l2
, 

n~X 

(c) IoH I E(it) 12 dt ~ 100C2 nl E I tln 12 ' 
n~X 

(d) I: I B(it) 12 dt ~ 1000C2 HE I tln 1
2

' 

n~X 

and fir...ally 

(e) I: I A(-it)B(it) I dt ~ 400C2H :E I a.. 12 , 

n$X 

where (d) and (e) are true provided 

PROOF. The inequalities (a) and (b) foilowfromthe Montgomery-Vaughan 
theorem. From the same theorem 

foH I E(it) 12 clt < :E (H + 100C2n) I a.. 1
2 

X~n~X+Ht 
< 100C2 H :E I tln 12 

1 
X$n$X+H:f 

and hence (c) follows from Lemma 5.1. Since 

I B(it) I2 :S 9(1 F(it) 12 + I A(it) 12 + I E(it) 12 ) 

the inequality {d) follows from (a) and (c). Lastly (e) follows from (a) and 

(d). Thus the lemma is completely proved. 

We are now in a position to prove the theorem. We write (with .A = 
u1 + u2 + · · · + u,. as usual) 

lH lu lu lH-(r+3)U+~ 
I F(it) 12 dt ~ u-r du,. . .. dul I F(it) 12 dt 

o 0 o 2U+.\ 

(where (r + 5)U ~Hand 0 ~ Ui ~ U. In fact we assume (2r + 5)U ~H) . 
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Now 

I F(it) 1 2 ~1 A( it) 12 +2Re(A( -it)B(it))+2Re(A( -it)E(it))+2 Re(B( -it)E(it)), 

where B( s) is the analytic continuation of 2: a .. .x~a. Accordingly 

n~X+Ht 

where 

J1 = foH I A{ it) 12 dt, J2 = 2 Re foH (A( --it)B(it))dt, 

(5,3) 

Ja = 2 Re foH(A(-it)E(it))dt and J4 = 2 Re foH(B(-it)E(it))dt. 

By Lemma 5.2(b ), we have, 

J1 2': E (H- (2r + 5)U - 100C2n) I a,. 1
2 

. 

n~X 

Also by Lemma 5.2 ((a) and (c)), we have, 

{H 1 

I Ja I~ 2 ln I A( -it)E(it) I dt ~ 200C2 Hl E I a,. 12 
• 

0 n~X 

Similarly by Lemma 5.2 ((c) and (d)), 

1 J4 1~ sooC2 ni I: 1 a.. 12 
• 

n~X 

For h we use the main lemma. We choose U = Ht + 100 B loglogK3 • We 

have g(s) =A( -s)B(s). We have 

I g(s) 1:<; c~ Ia.. I ~) K + c~ Ia.. i>•! r ~ K,. 

By Lemma 5.2 ((e)) we have 

lH I g(it) I dt ~ 400C2 HE I a.. 12 

0 n~X 
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Again 

S2 < E I a,.. II an I (i!·)AH 

m~X,n~X+Hf 
< E (mH)A(nH)A(C2mn-1 )A+2 

m~X,n~X+Hf 
< C2A+4H4A+3. 

Put :c = e -1 where N = [x + nt], M =[X]. Then 0 < :c < 20d~"if) < 

sc;Jft < i under the conditions on H imposed in the theorem. Hence 

(under the conditions on H imposed in the theorem). Thus 

We choose r = 100A + 100 and check that U ~ 270(16B)2 , an~ that H ~ 
(2r + 5)U. Thus by applying the main Lemma we obtain 

1 {2B2 54B 2 (H + 64B2)2'"C2A+4H4A+3 I -
2

J2 I~ u1o + -u (4ooc H)+~--~---.--
((3C2)-1Ha)'" 

+ 16B2 E:cp (- !!_) c2AH n4A+3 } E I a.. 12 . 
8B . n~X 

Hence 

fnH I F(it) 1 2 ~ L (H- D -100C2n) I. an 1
2

, 

where 

0 n~aH 

D = (2r + 5)U + 1000C2Hi + ~ + 432oofrBH 

+(H + 64B2)2'"+1C2AH(3C2)'" H 4A+3-i 

+32B2 E:cp ( -tif) C2A+4H4A+3 

< 130000A2loglog K3 + 405AHt + 1000C2 Ht + 36A2 Ht 
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+43200C2(3A)Ht 

+300A2C2A+4(720)(56)(24A)8 Ht 

~ 130000A2loglog Ks + Hk {405A + 100002 + 36A2 + 129600AC2 

+ 600A 2C406A 3401A + 358 A toc6A} 

~ 130000A2 loglog K 3 + (3C)1000A. 

This proves the theorem completely. 

19 

The next two theorems due to K. Ramachandra belong to a different 
class in the sense that restrictions of bounds like those involving K do not 
appear. His paper follows ours. 
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