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AN Q-RESULT RELATED TO r4(n)
SUKUMAR DAS ADHIKARI*, R. BALASUBRAMANIAN®

and
A. SANKARANARAYANAN*

§ 1. INTRODUCTION.
Let

oly= S HE 0

din

where h is a multiplicative function such that  h(d) is convergent and

d=1
h(d) = 0(5). Let
Mo(t) = Zzé-(a@
d=1
_ 22 3 h(d)
M=) =52~

Ro(z) = Y _g(n) - Mo(2)

n<z

and

Ry(z) = Y _ng(n) — My(z) (2)

n<=z
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Let ri(n) denote the number. of representations of the positive integer n
as a sum of k squares. If we put h(d) = 35'9- where

a(d) = -3if4 I d
= +1if 4¥d, then we have
o(n) = gl
(See page 205, Hua [5] for an equivalent expression).
Let Pi(z) be the error term defined by

Srulm) = -1;‘-% + (o). (3)

Szego [7] showed that, if k = 2, 3,4 (mod8), then

Pi(z) = 0_((z log 2)"T") @
and if k = 6,7,8 (mod 8)? then

Pi(z) = Q4 ((z log 2)77) (5)

For the particular case k = 2, the result had been proved by Hardy [4] and
the best Q2_ result to date is due to Hafner [3] which is

Py(z) = Q_((z log z)%‘(loglog z,)iq_zezp(—B(logloglog z)’flf)) (6)
The best {2, result to date is due to Corradi and Katai [1], namely
Py(z) = Q4 (zfezp(c(loglog z)i (logloglog z)~%)) (7)

(for eg. see Grosswald page 21, [2]).

Our object of this paper is to consider the case k = 4 and we prove the
following theorems.

THEOREM 1. We have
Py(z) = Q4 (z loglog z).

REMARK 1. Our treatment is inspired by a paper of Montgomery [6]. We
also observe that an elementary proof of a theorem of Montgomery (Theorem
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1 of [6]) follows from our treatment which we state as

THEOREM 2. Ifg(n) = “’: where p(n) is the Euler’s totient function,
then we have
B 1(3)

— Ro(z) < ezp(— c\/log z)
for some ¢ > 0.

REMARK 2. We feel that the treatment can be applied to some other
interesting arithmetic functions. We mtend to take them up in a further
work.

§ 2. NOTATION.
1) {z} denotes the fractional part of z.
2) [z] denotes the integral part of z
3) (a,b) denotes the greatest common divisor of a and b.

4) f(z) = O(g(z)) or f(z) <« g(z) denotes that there exists a positive
constant A such that | f(z) |< A g(z), where g(z) is real.

§ 3. SOME LEMMAS.
LEMMA 3.1. We have

Ro(z) = ~= Y20 _ S nay(Zy

&
PROOF. We have,
Ro(z) = Yo(n)— Mo(e)
. "zifzh(d) ~ Mofz)
- gf('&xﬁ ~ (5D - Mo(=)
= -z MR 3 n(a){5}

d>x d<=z
(by the definition of Mp(z))

which proves the lemma.
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LEMMA 3.2. Ifb,r(> 0) are integers such that (b,r) =1 and f isa
real number, then we have

Y2 ia =221 ) (321)
n=1 « .

PROOF. We note that both sides are periodic in 8 with period 1. So we
assume that 0 < # < 1. We can also assume that b = 1. If 8 = 0, then the

r—-1
left hand side of (3.2.1) = Y .2 = 31 If 0 < 4 < 1, then we have
n=1
. 1
Yz+pr = b-Hplers

n=1

= 5+ {8}
which proves the lemma.

LEMMA 3.3. With notation as in Lemma 3.2, for any integer N, we
have

r-—1
r

N
LA +8r= T8y + 5 00

PROOF. We have N = Qr + R for some 0 < R < r. Therefore from Lemma
3.2, we have

il

R
Q{rBY+ Q=) + > {2 + 8}

N

S {2+ )

n=1 n=1 :
= Y{rg}+ XG4 o(n).

which proves the lemma.

LEMMA 3.4. We have
Ry(2) _ohd) I L pen g ®y  Ey
o~ Ro(®) = 5+ 43 2 k) — 5 YO (G- AG))
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PROOF. We have
Ri(z) = an(n) - My(z)

n<z
= Z h(d1) . dldg o M1(z) _
dida<=z
= Ed1h(d1) . Z ds — Ml(z)
dy <= d<[F]
= 32 h(d)-di(F - {ENFE +1-{F} - M(2)
. di1 <=z
= 32 hd)-d(F + 5255} - {5} + {5)") - Mi(a)
d<z
= -5 Y MA 453 h(d) - 23 Md){3)
d>z d<=z d<=z -
—-3) h(d)-d{3} + 3D _h(d)a{3).
d<z d<=
From Lemma 3.1, we have
S H(aNE} = Ro(e) + 230 XD
d<z d>z

. and so we have

B - Ro(z) = $3M+Em)

d>x d<z

£ Y h(d)d({3} - {3}?)

d<z

which completes the proof.

LEMMA 3.5. If there ezists a function G(z) such that G(z) and ot
are increasing functions of z, then we have

Ro(z) = ~ 3 h(d){5} +O(1) for y > el

d<y

PROOF. Since »_ h(d){3} = O(1) for y > ofe)> the lemma follows from

d>yp
Lemma 3.1.

LEMMA 3.6. For inlegers ¢ =~ G(N) with G(N) as in Lemma 3.5,
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ﬂ:q andy:%, we have

}:Ro(nq+ﬁ) N E h(e )(e'Q)(

n=1

h{f)
(e 4)})?;; ¥ +O(N)

Ple ="|1 (f ')sl

PROOF. We have
ERo(nq +8)
- ~Zzh(d){fﬂaﬁ} + O(N)

n=1d<y

{Since y = %ﬁé}ﬂ #5)
= —}:h(d)Z{m;E} + O(N)

d<y

= -3 h(d)- Z{gﬁ‘;% n+ 8} +O(N)

d<y

= YR ) ey} + ML ELL) 4 o)) + o)

d<y
(by Lemma 3.3)

= - MO ({5} - P+ OWN)

d<y
= z he)e2({E5} - 1) Z XA 4 o(w)

rle =>r|1 (1 ,)=1

(by writingd = ef where p|e = p|gand (f,¢) = 1)

which proves the lemma.

LEMMA 3.7. We have

Z(—l%l—)=2log2+0(%)

n<z

where a(n) is as defined in § 1.
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PROOF. We have . .
- 3 243 E-3 4

n<z - 4n<Ll=z n<z ., dnfl=x
1

i
L
I
\g

al

n<z  ng<[f]
= 2log2+0(1)
which proves the lemma.
LEMMA 3.8. Ifh{n)= Eg'l and so g(n) = :%(ﬂl‘l, then we have

B12) _ po(z) = 0(1).

- :

PROOF. Since 23&‘1 is convergent and | Ea(d) |< 3 for all z, the lemma
d=1 | d<=

follows from Lemmas 3.4 and 3.7.

LEMMA 3.9. Ifh(n) = 2@ and 30 g(n) = ) then we have

af{d) 2
Ro(z) = -3 292} 1 0(1)
, d<y
uniformly forz > 2,y > /Z.
PROOY¥. From Lemma 3.1, we have

Ro(z) = -z %42 - Y =5

d>=z d<z

~y =y 1+ 0(1)

d<=z

(Since Y%7 = 0(1)).

d>z

i

So it is enough to show that
> 2 _op)tr vE<y <
y<d<=z
We choose k such that 1 < k < ;’j— and in ¢f7 < d < §, the function {3} is
monotone. Therefore we have

Y 202 0k by Lemma 3.7)
Hr<d<f
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Now summing up for kin 1 < k < £, we get
> 5 = oG X K
y<d<z 1<k< s

= 0 5‘5;)

= 0(1) (since y > V3)
which proves the lemma.
§ 4. PROOF OF THEOREM 1.

We take h(n) = 3@ Therefore from Lemma 3.6 and 3.9 we have

zRo(nq+ﬂ) ¥ 2 adelfe "’(——{(e il 3 “(”+0(N) (4.1)
f<yle
rle =nl¢ (fra)=1

forq::*s/l_\f_,ﬂSQandyz‘%ﬂ)ﬂ(:O(N)).Since
> -0y =06,

f>1 1>

Ngf{fli‘;—"l(% ~{&hT
e<y -

<Nyl g

we have

e<y
<y3iea
e<y
= O(N). (4.2)

Therefore from (4.1) and (4.2) we have

ZRo(nq+ﬂ) N(H(1+"(") aP), . Ny “(e)( e, q)(z —{(ﬂ )})+O(N)

n= »”
. Pla rle;’rlq
(4.3)
Now, we assume ¢ = [[p.8= [ p=¢ where z = - [§ log N]. Hence

p<z 2<pL=
¢~ +/N.From (4.3), we have

. ale)
gRo(nwm NI~ —)7)e) 2 2 ez~ {Lgh+oum)

rle
ple =$rle

(4.4)



28 S.D.Adhikari,R.Balasubramanian and A.Sankaranarayanan

We note that, if 2 | e, then 3 - {-(-e%} = 0.If2)e, then a(e) = 1 and
3 — {iZ;} = 3- Therefore we have,

Y e -{ED 2 Y e}

<y e<y
ple=ple ;le=>r|l¢,2(=

> 33 .»

elg

Me

~ log z

~ loglog N (4.5)
From (4.4) and (4.5), we have

N
3" Ro(ng + ) > N((2) - 3loglog N + O(N)
n=1
which implies
Ro(z) = Q4 (loglog z)

and hence from Lemma 3.8, we have

Ri(z) = Q4 (z loglog z)

which completes the proof of Theorem 1.
§ 5. PROOF OF THEOREM 2.
We take h(n) = Eﬁ‘ﬁ From Lemma 3.4, we have

Ri(z) _epd)  1g-pd) 1 o S e
—-1-;— —- Ro(z) = EE,?_ + EEZT e Eﬂ%ﬂ(")({z} s {E} )

We consider the sum Y u(d){§}. For the range d < ze~°V'*# *  we use
d<z
trivial estimate and get

3> w5} zevio=
ds::"m
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For z > d > ze~°V'? =, we notice that {3} is monotonic in %7 < d < §
for any k such that 1 < k < e°V'? =, Therefore we get

Y. Wd{3} < fezp(—c,flogk)

£ <d<f
< fFezp(—e1/log z)

Now summing up over all k’s in 1 < k < ezp(c/Tog z), we get

3 u(d){%} <€ ezp(—cav/log z).
z czp(—cM)SdSz

The sum » _u(d){5}* can be treated similarly. Other sums are easy to deal

d<=z
with. Hence the Theorem 2 follows.
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