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PRIMES BETWEEN P0 + t AND 
/ly 

A VENUGOPALAN 

I 1. lntroductioa 

We prove the fc,llowlnl foar theorems. We begin with 
1ome notation. Let p

1 
-= 2, p2 = 3, p 3 = 5, ... be the 

sequence of all prime numbers. Let Q be the product of tbe 
-1 

nut o prime nombers. Let Q. -;:::: Qp. for I = 1, !2, 3, ... , D. 
1 I 

n 
Let K = n. Let J stand for. ~ a1 Q1 - b Q 

I = 1 
Theorem 1 

We havt, 

p - 1 
D 
~ 

I • 1 n 

where f (x) = ~· Km 
-2 

p
0 
+ 

1 
+ 1 ..; m ..; KQ, (m. Q) = 1 

+ ~ 1-~ 
2 

P n + I < m ..; p 
0 
+ 1 - 1, (m, Q) - 1 

and • denotes lhe omission ef some integers m. 

Theorem 2 

v - 1 - 1 
l 

•. = 1 
I 

• The Author is currently a Visiting Member at tle Tata 
loltltute of Fundamental Research,. Bombay. 
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where ~ (x) = L • 
A . VENUGOPALAN 

2 
m 

~ 

2 
Pn+lfi.;;;; mE; KQ, (m, Q) = 1 

+ I :t~'L 
IS"' 2 

p"' + 1 <:; m < p 
0 
+ 1 - 1, (m, Q) = 1 

and • denotes the omissil)n of some integers m. 

Theorem 3 

Let (a' 
1

, ... , a' 
0

) be the unique solution of 

D 

ri'hen 

- 2 !!! Jla'. Q1 mod Q, with 
i"" 1 1 

0 <:; a·
1 

.;;;; pi - 1, (i = 1, 2, ... , n). 

pi -1 p2-l p -1 
D 

~ ~ Jl ~ 
81 =1 82c::o 1 a =1 o,b..:;~ 

D 

al r£ a'1 a
1 

r£ a·
2 

8 ~a' 
D D 

= ~ ~ 
m 

(m(m+!2), Q) = 1 

J 
iXI 

wlere the wm on thB ri!ht ww.s over the relevQnt range form. 

theorem 4 

We have, 
J2 2 

~ ~ ~ ~ 
m ... It = It 

81 a b (m (m+2), Q) = 1 n 

fl'he sum our m on the right bring Ol'er the same ut of fntegers 
as in Theorem 3. 

Rtmark 1 

Note that a·1 = 0 and that i <:; a·. < p. - 1 
1 1 

(I =2, 3, ... , D) 

Remark 2 

ln the first two theorems the m's that satiafy 
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PRIMEs BBTWEEN i> n + 1 AND P n + I - 1 

~ 
P + 1 <; m <; p 

1 
- 1 are precisely all the prim~s in this 

n n+ · 
. interval. In the ne11t two theorems they are all the twin primes 
ia tb is i11 terval. 

§ 2 Proof 

The proofs ol theorems 1 and 2 follow from the following 
two remarks. 

Firat given any Integer c there is a unique solution of 
D 
.I 
i = 1 

a. 
1 

(i - I, 2, ... , n). Out of these solutions (c, QJ = 1 is 
satis,ie<l if and only 1f I...; a . ...; p.- 1 (i = 1, 2, 3, ... , D). 

1 1 

The proof of theorems 3 and 4 f~llow from the following 
remark. 
Subject to 1...; a. ~ p. - 1 for all i we have already secured 

1 . I 

(m, Q) = 1. If In addition m + 2 Is to be coprime ~ o Q we 
sbould have 

( ~ ai Qi - ~ a'i Qj, Ql :: I, L e. ai - a'i ~ 0 for ea;b i. 

§ 3. Further Remarks 

We can flad by the method above conditions to enaure 

(m (m+2) (m+ 6), Q) = •1 and so on. Next one can easily get 

a formula for the nth prime from Theorem 2. It Is ; 

[ 

pl-1 p2 -2 

p:+l -I ~ -log ( ~ ~~I ~~1 

p-·1 n ] 
~ L e- (z "i Qi - bQI2 - - ! ) 

a = 1 b=l 
n 



What we have done cortesponds nearlv to the 'Eratcs·banegd 
sieve. It will be interestio1 lo modify our investigations in 
a way which correspo&Jd to BtUn'a sieve. 
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