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Hardy-Ramanujan journal 

Vol. 6 (1983) 37-44 

A NOTE 
TO A PAPER BY RAMACHANDRA ON 

TRANSCtNDENTAL NUMBERS 

By 

K. RAMACH . .\NDRA AND S SRINIVASAN 

\L 

PROFESSOR Th. SCHNEIDER ON HIS SEVENTIETH 

BIRTHDAY 

§ 1 Jntroductio11 

A typi ·at result proved Is that out of the numb~u 

n 
'Jt 

2 (o ~ I, 2, ... , N) the number of algebraic numbers d?es 

r.ot rxceed ~ + -{ (4N - 4 + t ) The same bound Is true fC'r 

t" 
the tumbers 2 where t Is any transcendental number and 

more ger.erally of !he numbe·:J Exo (a{t
0

) where ol. is any 
non-zero complex number. Nex ( !f S<J (z) Is any Weierstrass 

elliptic function wi h al!lebraic invariants g
2

, g
3 

the co.res-

pnndlog b und for the number::~ &0 ( .Lt
0

) is & + v (8N- 8 + l) 
(H ,~re the value 7' of s0 (z) Is Hgarded as algebraic by 
convention). Actually our argument in § 2 shows that the 

n 
number of algebraic numbers in 2-Jt (n = M + l,M + 2, ... M + N) 

doee no~ exceed~ + .; {4~ 4 + {land similar rrsuJ·s In 
other casea shted cJ l; w ~. We shf)w thflt these results are easy 
corollaric~ to th~ fc>'Jr)wing Tneorem (11ee ['] ). 
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Theorem 

(1) Let a and b be non-zeuJ complex number1 such that 
8 b Is irrational. Let c(

1
, c(

2
, e[

3 
be complex numbers such 

that t1 cL
1

+t
2

c(
2

+t
3

o(
3

=0(t
1
,r

2
,t

3 
integers) IS 

possible only when t 
1 

= t
2 

= t
3 

= 0. Then at least one of the 

six numbers Ex:tJ (a c( 
1
>, Ex;p (b elil (I = I, 2, 3) Is 

transcendental . 
. 

(2) Let a and b be non-zero complex numbefs such that 

a 
b is irratiiJnal. Let el

1
, o(

2 
.... , el

5 
be complex numbers such 

that t
1 

g(l + t
2 

cL
2 

+ ... + t
5 

g(
5 

= 0 (t
1

, ... , t 5 intcgcn) 

Is possible only when t
1 

= t
2 

= ... = t
5 

= 0. f'hen at least 

one of the ten numbers gu (a eLi ) , SJ ·.,b eli), (l = 1 to 5) Ia 

transcendental. 

Remarks 

Tle rtrst part of the Theorem is originally due to Siegel, 
Schneider, and G:lfl!ld (sec P.cblem 1 oo page 138 nf 14]). 
The first part wa'l redls:overed a1d the seclnd part WIU 

proved by K. Ramachandra In his paper [2], by dtveloping the 
method of Siegel, Scbn,ider, and Gelfood. Some e~rogress 
in the dtrectl,.n of the Theorem was made (<u-ouod the same 
time) independently by S. L10g, who io particular t(dis~overed 
the first put of the Tllelrem (se8 pago 119 of A. B lker's 
bcok [1] ). 

§ 2 Puof of the Results 

We first prove the fcdlowlng Lemma 

Lemma 

Let S be a non-empty set of natural numbers a11d S(N, M) 
the sub-set of those natural n•Jm'>!rs contained;,. [M,M + N -1], 
(where M and N are any zwo natural numf)ers) Suppose thai 
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for every non-zero it~teger r, the equation 

x + r = y, ttx , y in~). 

dues not have more than D solutions(where D is a natur~l number 
independent of r). Let f( N, M) be the number of na:ural 
numbers in S(N, M). Then there holds, 

f (N, M) c;; i + ¥ (2DN - 20 + t) 

Proof 

Let 8 (r, N, M) denote the n11mber of solutio;;s of the 
equacloD In tbe Lemma with the rcstricticm th•t x, y should 
be In S (N, M). Tbc:n 

2 
( C (N, M)) = ~ g (r, N, M) 

-· (N -I) < r c;; N - 1 

= ~ + ~ 
r=O r ~ O 

< f (N, M) + 2D (N - 1). 

Ttlis pr..>ves the Lemm'\ completely. 

Usir·g •he lemma ou.r r"sults cai be dedlllll!d usily from 
the Theorem as follows. Take S to be the set of 'hose natural 

numbers fc.r whlcb EX!p fJ.. t
0

) is algebraic. We take M .,. L 

In the first part of the Theorem we take a = J.., b = J.. {. 
Then the Theorem tells us tha• we can take D = 2. For out' 

r 
asaertiolS about ~ (z) we can t&ke a = g{, b = J.. t • Then 
the Theorem tells ua that we t~ke 0 = 4. 

This proves our assertions completely. 

Remark 

In a paper i.o appear [3) , R. Bala&ubramanian and 
K. Rama <: handra prove that the number of algebraic numbeu 

1t 2 N 
amongst 2 , 2-K , . . . , 2-K is /2'N" O+o (l) ).Tbey also prove 
similar Improvements of results ia sectlon 2. 
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§ 3. Further Rt:~ults . The Gelfond-Siegcl-Schoei.icr method 

(of proving the traoacendcoce ore 'It and 2 v 2 )was d eveloped 

loa deep way by Gelfand to prove the algebfaic iridepe ~ dencc 

2 
of 2{3 and 2{3 where 13 = \1 2. These res !arcbes of Geifond 
have been continued by R. Tijdeman, D. Brownawell, and 
M. Waldschmidt. More profound resul ts have beem obtained by 
G. V. Choodnovskl and we vow quote a result fa om his paprr: 
Algebraic lndependance of values of exponential and elliptic 
functions (Proceedings of the International Congreis of 
Mathematicians, Helsinki (1978} paaes 339- 350 J . Let 
c:L1 •... ,elM be complex numbers linearly indeptndent over the 

rationals and let {3
1

, {3
2

, ... , {jN be complex numbers linearly 

independent over the rationals where M N;;;. (n -1- 1) (M + N), 
M, N, and n being fixe a nalural numbers. Then at least n + 1 
of theM N numbers Exp (c{./3 .) are algebraically independent. 

1 J 
Let c be any fi xed \ranscendental number and lt\ t

1
, ... , t

0 
be 

any n fixed algebra ically Independent comp lex numbers. 
Let .t bo a fi~~ted non-zero complex number . t'utUng 

r· m· cl. = cL 1 1, {3. = cl 1 J , where r. (i = 1 to M) are any 
1 1 1 

non-zero distinct integers and m. (j .; 1 to N) are distinct 
J 

natural numbers, we deduce the rollGwing corollary. Let S 

be the set of those natural aumbers m for which Exp (cl tm) 

depends a lac breically on t 
1

, ... , t nand further let s
0 

be lhe set 

of those numbera in S wbich satisfy 111: < m < x + .y, where 

~~:>I, y >I. We DOiV set M = o + 2 and by choosing N to 
be a large constant and mj 10 be in s

0 
we deduce that one at 

r1 +- m· 
least of the r..umb:rs Exp (o( t J) does LOt btlong to s

0
. 

F rom this we deduce that ti:. e ii. Omber o f in ~ eg ~: rs In s0 d .:~ es 
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Dot e:x:ceed Cye where e ~ 1 - .---!_3. and c depends only 
n+ 

ODD, fhe last deduction is facilita•ed by the (olJowing lemma 
wblt-h Is an extension of the lemma proved in section 2. 

Extension 

Let k be a naturtll number •nd s
0 

a subset of natural 

numbers consisting of at least two and at most finiteiy natural 
numbers. Consider the differen·~e set R consisting oj all non
zero differences of numbers in s

0
. LetT be any non-empty sub-

set of R k the set of all possible k-tuples of numbers in R. For 

any Integer r In R, putSr = {a I a in so· a + r In so}. 

Now for r """ (r 1, ... , r ,J in ll k put Sr = S n .. . n S 
.. rl 1k 

Then 

~ ~ 1 = ~ ~ 1 anti 
r In T a in Sr a in s0 r to T, Sr containing a 

the L. H. S. is not more than (ma111 ~ 1 ) (l 1 ). 
r In T a In S r ln T 

r 

Further if T consistl of all possi&le r = (r 
1

, ... , r k)' where 

r 1, ... , r k are distinct rhen R. H. S. here is » and << 
(~ 1 ) k + 1 

where the implied constants depend only on k. 
a io s

0 

Remark 

taking k ·:: n + 2 and S0 a!l described before the 

extension we got tbe resolt stated since max ~ 1 11 
r In T a io S 

r 
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bounded by a constant dtpendlag ooly on o by the deep result 
e f Choodnovski. 

Proof of the extension follows by lntercbanaing the 
summation. The bounds for the k. H. S. comes from tbe fact 
that ~ ·1 1s clo1ely related co th<l number 

r to T, S containin1 a 
r 

of combloatlons of ( ~ I ), taken kat a time. 
a in s0 

We now lfatc the final result which we h-ive deduced as 
an ea~y corollary to the deep reault of G. V. Choodnovski 

Final Result 

Let el., t1, ... , t 
0 

be n + 1 non-zero complex numbers where 

n is a fised naturul numbr!r. Let m run through those natural 

numbers for which Exp (..f. tm) (t being a fixed transcendental 

number) depend1 a/gebraical11 on t
1

, ... , t
0

• Put 

N(•) = ~ I. Then M( x +y ) - N(x) does not ezceed C y9 
. m<;x 

1 
where e = l -~3 and C is an effective positiVI C011SiatJI 

n+ 
depending o•ly on n. Here as usual~x: > 1, andy > l. 
Remark 1 

Wben t
1
, ... , tn are algebtaic numbers 1he results of 

section 2 are better. 

Remark 2 

This note began with the observation that in section 2 the 
setS does not contain any sub-set with D +I elements in 

arhbmetical progreesioa (this follows Immediately from the 
Theorem) and so by Szemeredi's Theorem flN, 1) == olN:. 
NeiKt in a correspondence with us Professor R. Tijdemau 
pointed out that it Is possible to use Roth's theorem in the 
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direc :ioo of Szemcredi's Tneorem anJ get 

( N ) 
f1N, 1) = 0 \, Jog log N . 

Remark 3 
I 

It is postib .e to reduce 0 to I - n + 2 iu the final result 

Remark 4 

1 he lemma can be improved slightly. In particular the 
2 N . ~ ~ ~ 

numb ,,r of algebraic numbers amoogst 2 , 2 , ... , 2 i& 

.;;;; t ( -1 + .J ( 16 N ·- 7 } ) . 

Remark 5. 

Let f> (N) be the number of transcendental 
f~ . 

numbers of the form 2t where I < n c;;; N and it is a fixed 
2 

transcndental. If f (n) = n 

then q, (N) = (I + 0 { ~ ( 1 ~!g1~ N )) )f\i. This Is a 

consequence nf the fact that the number of integers in 

( - N
2

, N
2

) which have at roo t two representations of the 

( 
2 log log N) 

form f (n1)-1 (o2) (n1 ~ n2) is 0 N --logN . Next 

since there is a positive integer which is a difference of 2 
positive cubes in 3 different ways it follews that 

3 30 
if f (n) = n , tp (N) >> N for N > 10 • 

3 3 ( 10 )3 1 )3 Starting from 37 = 4 - 3 = -
3

- - (-3- we 

aet by the cbord process a new poiot. The tangent process at 
. 3 33 3 33 

tblS point giVCil (19 (19 + 2. 18 ) ) - (18 (2 )I) + 18 ) ) 
3 3 3 

--l7(19 - 18 )) 37. 
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