N
N

N

HAL

open science

On the boundary value problem for the Schrodinger equation:
compatibility conditions and global existence

Corentin Audiard

» To cite this version:

Corentin Audiard. On the boundary value problem for the Schrodinger equation: compatibility conditions
and global existence. Analysis & PDE, 2015, 8 (5), pp.1113-1143. <10.2140/apde.2015.8.1113). ¢hal-01104138)

HAL Id: hal-01104138
https://hal.science/hal-01104138v1

Submitted on 16 Jan 2015

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Qoo

Distributed under a Creative Commons CC BY-NC-ND 4.0 - Attribution - Non-commercial use - No
Derivative Works - International License


https://hal.science/hal-01104138v1
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://hal.archives-ouvertes.fr

On the boundary value problem for the Schrodinger equation:
compatibility conditions and global existence

Corentin Audiard *f

Abstract

We consider linear and nonlinear Schrédinger equations on a domain 2 with non zero
Dirichlet boundary conditions and initial data. In a first part we study the linear boundary
value problem with boundary data of optimal regularity (in anisotropic Sobolev spaces)
with respect to the initial data. We prove well-posedness under natural compatibility
conditions. This is essential for the second part where we prove the existence and uniqueness
of maximal solutions for nonlinear Schrodinger equations. Despite the non conservation of
energy, we also obtain global existence in several (defocusing) cases.

Résumé

On étudie des équations de Schrédinger linéaires et non linéaires sur un domaine 2
avec donnée initiale et condition au bord de Dirichlet non nulles. Dans une premieére partie
on étudie le probleme linéaire pour des données au bord dans des espaces de Sobolev
anisotropes de régularité optimale par rapport aux données de Cauchy. On démontre la
nature bien posée du probleme avec les conditions de compatibilité naturelles a tout ordre de
régularité. Ces résultats sont essentiels pour établir des résultats de type Cauchy-Lipschitz
pour le probleme non linéaire, ceux ci font l'objet de la deuxiéme partie. Malgré la non
conservation de I’énergie, on obtient des solutions globales en dimension 2.

Introduction

This article is a continuation of our work [5] on the initial boundary value problem for the
(linear and nonlinear) Schrédinger equation

i0u+ Au = f, (x,t) € Q x[0,T7,
uli—o = ug, = € Q, (IBVP)
ulaaxjor) = 9, (z,t) € 02 x [0,T].

*Sorbonne Universités, UPMC Univ Paris 06, UMR 7598, Laboratoire Jacques-Louis Lions, F-75005, Paris,
France
TCNRS, UMR 7598, Laboratoire Jacques-Louis Lions, F-75005, Paris, France



Q c R% d > 2, is a smooth open set. Our main purpose is to deal with boundary data of
arguably optimal regularity, and in particular too rough to be dealt with by lifting arguments.
When f depends on u we generically refer to the nonlinear Schrédinger equation as NLS. We
will study nonlinearities that are essentially similar to A|u|*u.

A classical tool to deal with the well-posedness of NLS is Strichartz estimates. It is well known
that if Q = R?, the semi-group e"® satisfies
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for p,q > 2, ¢ < oo for d =2 (see [10] and [16] for the endpoint), and more generally the scale
mvariant estimates
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Similar estimates with 2/p+d/q > d/2—s are true on bounded time intervals and simple scaling
considerations show that the condition 2/p+d/q > d/2 — s is necessary. When %—|— g - % +s =
r > 0, they are often called Strichartz estimates with loss of r derivatives. The derivation
of such estimates (and the associated well-posedness results) for NLS on a domain with the
Dirichlet (or Neuman) Laplacian has been intensively studied over the last decade in various
geometric settings. We will only cite results in the case where €2 is the exterior of a non
trapping obstacle since it is the one studied here. Roughly speaking, a non-trapping obstacle
is an obstacle such that any ray propagating according to the laws of geometric optic leaves
any compact set in finite time (for a a mathematical definition of the rays, see [2I]). In their
seminal work [9], Burq, Gérard and Tzvetkov proved a local smoothing property similar to the
one on R? (see [12]) and deduced Strichartz estimates with loss of 1/p derivative. Since then
numerous improvements were obtained [2][3][8] and eventually led to scale invariant Strichartz
estimates : see Blair-Smith-Sogge [7] in the general non-trapping case (s > 0 and limited
range of exponents), Ivanovici [15] for the exterior of a convex obstacle (s = 0, all exponents
except endpoints). The methods used relied heavily on spectral localization and construction of
parametrices. As such they are not very convenient for the study of non homogeneous boundary
value problems when the boundary data are not smooth enough to reduce the problem to a
homogeneous one.

On the other hand Morawetz and virial identities have proved to be very robust tools to
study linear and nonlinear Schrédinger equations. One of their first applicatoin goes back to
Glassey[13], and it has since been massively refined (as a tool of a much larger machinery) to
the point where exhaustive quotation is now impossible (we may cite at least [17][22] [11]).
Such tools only rely on differentiation and integration by parts, this makes them flexible enough
to be used even with non zero boundary data and part of our results rely on this approach.
As already mentioned, our aim is to treat Schodinger equations on a domain with non zero
Dirichlet conditions. The case of dimension one is by now relatively well understood : the local
Cauchy theory on intervals is essentially on par with the theory on R (see [14] for local existence



in H®, 0 < s < 1, subcritical and critical nonlinearities). For d > 2, there are much less results.
We might mention the classical linear results of Lions-Magenes [20], that were based on lifting
arguments and thus prevented boundary data of very low regularity. Later, Bu and Strauss
[25] obtained the existence of global weak H'! solutions for defocusing nonlinear Schrédinger
equations with smooth (C3) boundary data. In the important field of control theory linear
well-posedness and controllability in H~! was obtained for Dirichlet data in L? when  is a
smooth bounded domain. While optimal on bounded domains, this “loss” of one derivative
on the boundary data is not natural in general. On the half line, it is generally believed that
for initial data ug € H*(RT), then optimally g € H*/>*/4(R*) (see [14] for a discussion on
this). This pair of spaces is considered to be optimal for at least two reasons : if one rescales
solutions as u(Ax, A\%t) both spaces scale as A571/2 and the space also appears in the famous
Kato smoothing property for the Cauchy problem : HeitaguoHLooHs/zH/z; < luollms (see [18]),
which can be read as a trace estimate. o

The natural generalization of H*/?t1/4(R*) in larger dimension is the anisotropic Sobolev
space H*T1/22(0Q x [0,T)) = L2 H*+1/? HH;/2+1/4L2 of functions that, roughly speaking have
twice more regularity in space than in time. We obtained in [4] well-posedness for the linear
Schrodinger equation on the half space with boundary conditions having this regularity (and
satisfying some Kreiss-Lopatinskii condition). However the method relied quite heavily on the
simple geometry of 2. When () is the exterior of a nontrapping obstacle, a simple duality
argument was used in [5] to obtain the following linear result :

Theorem 0.1. [5]
For f € LQTH“"’_l/2 compactly supported, g € H5+1/2’2(8Q x[0,T1), up € H},, —1/2 < s < 3/2,
the initial boundary value problem ([ BV P|) has a unique transposition solution. It satisfies

lullorms S 11 F1lzz me-172 + gl yasir + ol

In the case s = —1/2, the result is true if H=12 is replaced by (H}lj/2)’,

Thanks to a virial identity, we also obtained a local smoothing property similar to the one
in [9] which allowed to derive Strichartz estimates with a loss of 1/p derivative. Well-posedness
in H'/2 for the expected range of nonlinearities followed by the usual fixed point argument.
This work contained however a number of important limitations :

e The virial estimate was derived when 2 is the exterior of a strictly convex obstacle.

e Since the natural space for our virial estimate is H1/2, the local well-posedness theorem
was stated for ug € Hjlj/ ? rather than the energy space H'.

e The linear well-posedness theorem was obtained for trivial compatibility conditions,
namely ug € HB/Z(Q), g e Hé’Q(QQ x [0,T7).
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e Since such conditions are certainly not preserved by the flow, continuation arguments
were not available, so the existence of maximal solution (let alone global solution) was
out of reach.

The main purpose of this article is to lift most of the previous limitations to provide a good
local and global Cauchy theory in the energy space. Rather than the exterior of a convex
compact obstacle we will only assume that € is the exterior of a compact star shaped obstacle.
On the other hand we do not improve the loss in the Strichartz estimates so that we obtain
local well-posedness for a range of nonlinearities essentially similar to |u|“u with the limitation
a < 2/(d —2) (the whole subcritical range is @ < 4/(d — 2) ). In the case where Q° is strictly
convex however, we improve it to o < 3/(d — 2). These results are true for boundary data in
the almost optimal space H3/2t¢2 and a discussion is included on the possibility to replace it
by the optimal space. If one takes sligthly smoother boundary data in H2T52(9Q x [0, T)), we
obtain global well-posedness for o < 2/(d—2) if Q° is star shaped, and for the whole subcritical
range o < 4/(d — 2) if Q° is strictly convex. The existence of global solutions for g € H?3/?*¢:2
is much more intricate, and is only obtained in dimension 2 with a quite techical limitation on
.

The presence of € in the trace spaces can most likely be avoided up to lengthier computations
that we chose to avoid for simplicity of the proofs (see Remarks .

Structure of the article

e The functional spaces that we use are defined in section 1, which also provide some useful
trace and interpolation results.

e In section 2 we define the natural compatibility conditions and we prove well-posedness
for the linear IBVP when such conditions are met.

e In section 3 we provide the basic modifications to the proof in [5] that give local smoothing
through a virial estimate when €2 is star shaped. The boundary data is assumed to be
in the almost optimal space H3/2t¢2. We deduce Strichartz estimates at the H' level
thanks to an interpolation argument, this section also includes a smoothing property on
Opu that is essential for global existence issues.

e In section 4 we prove the nonlinear well posedness results stated above.

e The appendix contains two elementary interpolation results.

1 Functional spaces and Strichartz estimates

Functional spaces For p > 1 we denote LP(2) the usual Lebesgue spaces. If there is no
ambiguity, when X is a Banach space we write

LP([0,7), X) = LLX, LP(RY, X) = LV X.
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For m integer we denote W™P(Q) the usual Sobolev spaces, Wy™"" is the closure of C°(12) for
the WP topology.

For s > 0, the space W*P() is defined by real interpolation, see [26] sections 32 and 34. When
p = 2, the Sobolev spaces are denoted H®, H3. For s > 0, we set H () = (H§(Q))'.

For s > 0 and Ap the Dirichlet laplacian on ©, the space H$, is the domain of (1 — Ap)*/2.
When 1/2 < s <1, H}, = Hj, when 0 < s < 1/2, H}, = H®. The space H})/Q does not coincide
with H&/z = H'/2 (it is the Lions-Magenes space HééQ but we will use the notation Hll)/Q).
The Besov spaces B, ,(f2) are the restrictions to ) of functions in B;q(Rd) ([26], sections 32
and 34). For s > 0, s ¢ N, we have B, , = W*? (see [0],[26]). The spaces B, , are defined as
the closure of C2°(Q) in B, .

The anisotropic Sobolev spaces on [0,T] x €2 are defined as

H*? = L2([0,T], H*(Q) 0 H*?([0,T], L*().
Anisotropic Besov spaces can be defined in a similar way (see [I]):

)2
B;,q,O = LZ%B;%O A B;,/qQ([O’ T], LP(Q))-

Finally, we use the same definitions for functions defined on 92 or 92 x [0, T'] using local maps.

We recall in the following proposition the classical rules on embeddings and traces of functional
spaces.

Proposition 1.1. (Sobolev embeddings and traces [20],[27)])
e If0<sp<d, t>0 wehave B/}*(Q) < By ., 1/p1=1/p—s/d.

o Ifsp>d, WP — C%Q), sp < d then WP < L4(Q), 1/q=1/p — s/d.

o If sp > 1, the trace operator C®(Q) — C®(0N) extends continuously WP ()
Ws=1/pp(9Q).

o For 0 <s' <s/2, the anisotropic spaces H>?(Q x [0,T)) are embedded in Hz H*~2.
o For s> 1/2, the trace operator is continuous H®?(Q x [0,T]) — H*~1/22(90 x [0,T]).

o Fors>1, 0 =Q ordQ, there is a time-trace operator from the embedding H*>([0,T] x
0) = C([0,T], H*~1(0)).

For sg,s1 > 0 we have the interpolation identity (see [27])

S0 S1 _ 950—‘,—(1—9)51
[Byiwo: Bpialo.a = By :

Similar interpolation results are true for anisotropic Sobolev spaces. In [20] it is proved that
for s >0,0=Qor 90,0<60<1,t=0s, H*?([0,T] x O) = [L?, H>2],.
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In addition to their nice interpolation properties, composition rules in Besov spaces are rela-

1 1 1
tively simple : if |[VF(z)] S |z|% for 0 <s<1,1<g<o00,1<p<r<oo, —+-=—, we
o r p
have
lullB , < llullFesl[ull B, (1.1)

this is proposition 4.9.4 in [I0] when 2 = R%, and it follows from the existence of an (universal)
extension operator when (2 is an exterior domain, see [1] sections 4.1, 4.4.

Since anisotropic Besov spaces are more intricate and scarcely used in the article, we will cite
their needed properties only at the point where it will be needed, pointing to the reference [1J).

Finally, we recall some Strichartz estimates known for the boundary value problem with ho-
mogeneous boundary condition.

Theorem 1.1. [9],[15]
If Q) is the exterior of a mon-trapping obstacle, then for any T > 0,

1 d d

HeimDUOHLqu S lluollzz, D + q =5 P > 2. (1.2)
If Q is the exterior of a strictly convex obstacle then
- 2 d d
e Pl Lz pa < [luollz2, PR TR (1.3)

2 Linear well-posedness

In this section, we assume that €2 is the exterior of a compact non trapping obstacle. We recall
what we mean by “transposition solution” in theorem 0.1

Definition 2.1. Let y € C°(RY), f € L2H1(Q). We say that u is a transposition solution
of the problem
iOpu+ Au=xf € LAH,

uli—o = uo € (HY*(), (2.1)
ulgaxpo,r = 9 € L*([0,T] x 8Q),
when u € C'T(Hjlj/2)’, and for any fi1 € L%H}jﬂ, if v is the solution of
10w + Av = f1,
Vlt=r =0, (2.2)

v|pax o, = 0,
we have the identity

T T T
/0 <U,f1>(H]13/2),’H113/2dt:/0 (f, XU>H1,H5dt+/O (g,anv)m(asz)dtJri<uovv(0)>(H]13/2),7H113/2,

(2.3)
(where (-,-)x x' is the duality product).
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In our previous work [5] we obtained by derivation/interpolation arguments well-posedness

for (ug, g) € H} x HgH/Q’Q, the aim of this section is to extend it to (ug, f,g) € H®x H5~1/22x
H51/22 for any s > —1 /2, and natural compatibility conditions that we derive now.

Compatibility conditions: We consider the linear initial boundary value problem ([ BV P))

0w+ Au = f, (z,t) € Q@ x[0,T7,
Ulp=0 = ug, T € £, (2.4)
u’aQX[O,T] =9, (‘Tat) € 0N x [O7T[

Local compatibility If ug € H®, g € H*1/22 5> 1/2, then ug has a trace on 92 and
g has a trace at t = 0, the identity u|i—o|go = u|oq|t=o imposes the zeroth order compatibility
condition

uplan = gli=o- (CCo)

The next compatibility conditions are defined inductively: set o = ug, ppt1 = %(8? fle=o —
Agp,,), the k-th order compatibility condition is

0F gli=o = ¢rlan, (CCk)

which must be satisfied if ug € H*(Q), g € H*t1/22(0Q x [0,T]), f € H*/>2(Q x [0,T7]),
s>2k+1/2.

Global compatiblity If s = 1/2, there is a more subtle compatibility condition, the
so-called “global compatibility condition”: thanks to local maps, we can assume that ug, g
are defined by a collection of (uf, f7¢7)1<j<s defined on R4~! x RT (R* corresponds to the
t-variable for ¢/ and normal space variable for ug, f7), we say that (ug,g) satisfy the zeroth
order global compatibility condition when

vi<i<a [0 [ e - g )P < o, (CCGo)
0 Rd-1 h
similarly we define the global compatibility conditions of order k for s = 1/2 + 2k as
, > . kgt 2y dh
V1<j<J, lor (2, h) = Of ¢’ (2, h")|“da’ — < oo, (CCGKk)
0 Rd-1 h
It is standard ([19]) that (CCk) is stronger than (CCGE).

In the rest of the article, we say that (uq, f,g) € H® x H5~1/22 x H5t1/2.2 “satisfy the com-
patibility conditions” when all conditions that make sense are satisfied, namely (CCk) holds

for k < s/2 —1/4, and also (CCGk| if s =1/2+ 2k.
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Theorem 2.1. For —1/2 < s < 3/2, let (ug, f,g) € H® x LZH*"Y2 x H*+1/22 sych that f
is compactly supported and (ug, f,g) satisfy the compatibility conditions, then the solution of
is in CpHS?.

For s > 3/2, (ug, f,g) € H® x H*~1/22 x H5TY/22 sqtisfying the compatibility conditions, then
u e CrHS?.

The spirit of the proof is relatively similar to the classical argument of Rauch-Massey[23] for
hyperbolic boundary value problems. Let us describe it and where the difficulty lies: the natural
idea is to consider Awu, which is formally solution of a similar boundary value problem, the low
regularity theorem implies Au € Cp(H 11)/ 2)’ , and we conclude by an elliptic regularity argument
that u € CrH3/2. However due to the weak settings it is not clear that Awu is actually solution
of the expected boundary value problem. For “trivial” compatibility conditions it is sufficient
to approximate the initial data by (ugn,gn, fn) € C°(Q) x C°(02x]0,T]) x C(Qx]0,T])
which automatically satisfy the compatibility conditions at any order. In general the existence
of smooth data that satisfy the compatibility conditions at a sufficient order will be done in

lemma 2.2

Lemma 2.1. If (ug, f,g) € H¥? x L2 H! X H?2, f compactly supported and satisfied,
the unique transposition solution of (IBV P)) belongs to CrH?3/?.

For k > 2, if (ug, f,g) € H*=1/2 x H?*=12 « g?:2_ f compactly supported and (CCj), 0 <
Jj <k —1) satisfied, the unique transposition solution of belongs to CpH?k—1/2,

The proof is postponed after the following approximation lemma:

Lemma 2.2. For (ug, f,g) € H>?(Q) x L*([0,T), H*()) x H>2([0,T] x Q) satisfying (CC0),
h

there exists a sequence (ug k, fk, gr) € H? x H?*? x H%%2 satisfying | such that

(w0, f,9) = (uo k> fies g1l r3/2x L2111 1122 —1 0-

Proof. By density of smooth functions in Sobolev spaces, there exists (vg, fx, gx) smooth such
that (vg, fr, gx) — % (o, f,9) (H?/? x LZH' x H??), however the sequence a priori does not
satisfy . Let us modify ug x = vk + ¢, it is sufficient to construct ¢ € H?() such that
||§0k”H3/2 —, 0 and

Pklon = grlt=0 — vkloq, (2.5)
This is an underdetermined system on (%gok)ogjgl that we close by imposing dypr = 0 : we
define oy, € H? as the lifting of (gx|t=0 — vi|oq,0). From standard trace theory there exists a
lifting operator

L: H?09Q) —~ H*Q)
b +— v such that v|gq =b, v =0,
such that it extends continuously as a lifting operator H' — H?3/2 (on the half space in Fourier
variables & = (¢/,&;) one may take Lb = b(¢')h(&a/+/1+ |€'12)/\/1 + |€|?) with h smooth

compactly supported, [hd& =1, [&hdé = 0, see [19] for more details). In particular we
have [|gkli=0 — viloall gt — |lgli=0 — uoloqllzr = 0 which implies ||pk||s/2 — 0. O
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Proof of lemma [2.7]

We first detail the case s = 3/2 and will deal with s = —1/2+2k, k € N by induction. Let u be
the solution of (TBV P)). If (CCO) is satisfied, then there exists (w0, 9k fr) as in lemma
and we note uy, the associated solutions. Since ||uy — ul| Onl —; 0, it is sufficient to prove

HlD/2)I
the convergence of uy, in CpH?/2. We first check that uy € CpH?. Let g € H>2(Q x [0,T7])
be a lifting such that (for its existence, see [20], chapter 4 section 2)

{ 9kloax(or) = 9k,
Agkloaxor = frloax(o,r] — 10tk
We define .
wy, = AP (ug gk — Grli=o) + / AL (1 — 8, G — Agi)ds,
0

the solution of the homogeneous IBVP with initial data wgj — gk|i=o and forcing term f; —
i0rgx. — Agr, so that u = wy, + gr. The embedding H>? «— C7H? and (CCO)) then implies
Uy — g7<;|t:0 € H%, f —10igr, — Agr € L%H% thus wy, € CTHQD and up = wg + gi € C’THQ.
In particular Auy, € CrL? and we can now check that it is the transposition solution of the
following IBVP

10 + Avi = A fy, (.%',t) €0 x [0, T[,

vk|t:0 = AUQk, x €, (2.6)

vkloaxor = —i0tgrk + frloaxo.r-

that is to say (2.3)) is satisfied with data (Augk, A fi, —i0gr + frlaax(o,m)-
Let ¢ € C([0,T],C°(Q)), we set w = f,} ¢(t=9)Ap Apds the solution of the dual boundary
value problem with data Ay . By definition of uy

/ / Auppdrdt = / / up Apdxdt
Qx[0,T] Qx[0,T

]
— / / fowdadt + i / o 0 (0)da + / / D wdSdr.
Qx[0,T] Q 00 x[0,T)
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i(t— S)AD(pds = Av, where v € C'H?, we can write:

// Auppdrdt = // frAvdxdt + z/ uonAv(0)dx + // gOpAvdSdt
Qx[0,T] [0,T1xQ 00 x[0,T]
= // A frudxdt + 1 / Awug v da: +1 / u07k8nv(0)dx
Qx[0,7] 09

// GkOn (=100 + ) + frOnvdSdt
80%[0,7]

= / / A frodzdt + / / (f, — iOrgy) OnDASdt
Qx[0,T] 00 x[0,T)

+z/ Awug v( dw—H/ u0,k0nv(0 )dS—H[/ gk%dé’]g
oN oN

= // A frodxdt + // (fk - i&tgk)&mdet
Qx[0,T) 90x[0,T]

—|—i/ Aug v(0)dx
Q

where in the last equality we used (C'C0) and the cancellation of v|;—7. Since the equality is
true for arbitrary ¢, by density of C*°([0,T7],C°(2)) in L%H})/Z, we obtain that Awy is the

transposition solution of 1) and Auwuy converges in C’T(Hg 2)’ since Augr, Afi, 10igr —
Trklaax[o,r) converge in (HY2), x LAH~1 x L%, Arguing as in the end of proof of proposition 6

Now since w = A f

in [5], we obtain the convergence of uj, in C7H?®/? and its limit is « by uniqueness of the limit.
This settles the case s = 3/2.
For s = —1/2 + 2k, k > 2 we argue by induction. Let us introduce the boundary value
problems
0w+ Av=A"f (z,t) € Qx[0,T],
V]i=o = A™Muyg, x € Q, (IBVPm)
v|aaxo,r] = Ymloaxo,r);

where vy, is defined inductively by vy = g, 41 = AIf loax[0,7] — 10¢p;. We assume that
(ug, f,g) € HV/2H2k 5 g—142k2 5 {262 gatisfy (CCJ), 0 < j < k—1, and AJu is solution of
(IBVPj) for 0 < j < k — 1. In particular A¥~1u is solution of (IBVPk — 1) and the previous
argument implies that AF=1u € CpH3/2 if (AF~1ug, A¥=1f, 4_1) belong to H3/? x L2 H'x H??
and satisfy the compatibility condition 9_1|i—o = AFlug|pn. The first condition is clear
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sinc Yj € H*=3(9Q x [0, T]) and for the compatibility condition we may note that

-1

.

izl w = (idfg+ S (miaparirll
=0 v loax[0,1]
¢; = (iDug+ Y 0 TPEAY flimo,
p=0

so that 1p_1 =0 = A ug is equivalent to (CCk — 1). Thus A* 1y € C7H3/? and Alu|sq =
Y, € H2W=3) oy CpH?F=0)=1 0 < j < k — 2, so that by elliptic regularity u € CpH?*~1/2,

O

We can now conclude this section :

Proof of theorem [2.1k

We have obtained well-posedness for s = —1/2,3/2. The case —1/2 < s < 3/2 follows by
interpolation if we check that H® x H*t1/22 x L%H s=1/2 with compatiblity condition is the
interpolated space between (H}j/2)’ x L2 x L?FH_l/2 and H3/2 x H2 x L2 H' with compatibility
condition, this is proved in lemma in the appendix.

For s > 3/2, let m € N such that —1/2+42m < s < —1/2 + 2(m + 1). The case of equality is
lemma in the case of strict inequality we recall that A™w is solution of , where it
is easily seen that if (f,g) € H*~1/22(Q x [0,T]) x H*tY/2(9Q x [0, T]) then t,, € Hs+1/2-2m
Since —1/2 < s — 2m < 3/2 we have from the previous case A™u € CrH*~?™, the regularity
of u follows by elliptic regularity.

0

3 Dispersive estimates

From now on we assume that €2¢ is star shaped, up to translation we can assume also that it
is star shaped with respect to 0.

Local smoothing

Let us first recall the key virial identity:

!Actually, the careful reader may note that the regularity of the boundary data only requires f €
H?m=3/24e2 ¢ 5 ( rather than H*™ %2, This is not important as the dispersive estimates in next section
require the full regularity f € H*™ 12,
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Proposition 3.1. [5] If u is a smooth solution of (IBVP), h € C¥(Q), VFh bounded for
1<k <4, I(u) =2Im [, Vh-Vuudz, then setting V. =V —nd,

ZI( t) = 4Re/ Hess(h)(Vu, Vu) — i|u!2A2h+ Vh-Vuf + %ﬂAhf dx
Q

+Re / 20,h|Vu)? — 20,h|Opul? — 200, hdyuTudS
o

+Re / —2uAhOpu + |u|?0, AhdS.
onN

For the choice h(x) = \/1 + |z|2, we have Hess(h) > 1/(1 + |z|?)3/2, 8,h < 0 (because € is
star shaped), this leads to the following result:

Proposition 3.2. For anye > 0, (ug, f,g) € HY/?(Q)x L*(Qx [0, T]) x H'*=(1+9)/2(9Qx[0, T])
that satisfy (CCGO), f compactly supported, we have

[Vu/(1+ |x‘2)3/4||L2([0,T},L2 + |0n]| L2 (92x [0,77) < (luoll gz + 1 £l r2 + gl ri+e2)

Remark 3.3. The constant in < depend on ¢, T and the size of supp(f) and blows up if ¢ — 0,
T — oo or supp(f) — . We chose not to emphasize this as it will not matter in the rest of
the article.

Proof. The proof was essentially done in [5] for a strictly convex obstacle, we write it since it
must be slightly modified for the case of a star shaped obstacle. We use that f is compactly
supported to absorb the term [ VAVufdz in [Hess(h)(VuVu)dz, and Q° is star shaped thus
Onh < 0 (n is the outer normal of ), integration in time gives

[Vu/(1+ ’$|2)3/4”%2(Q><[07T]) < ||U||%2(QX[O,T]) + ||f||%2(§2><[0,T}) + ”g”%l-!—sﬂ(agx[o,ﬂ)-
+ 1 (u(T))| + [Luo

To estimate |I(u(T"))| + |1(«(0))| the main issue is that Vu € (ng)’, which is slightly larger

than H~'/2. Following the notations of lemma we first remark that the assumptions
of the lemma imply (ug,g) € X1/2 and we use the lifting operator ¢ € H®%/2 s Rig €

HHY25/2414(Q 5 [0, T1). If (ug,g) € XP/* then (ug — Raglio, u(T) — Righ-1) € (H}(2))*
while if (ug,g) € X3, (ug — Ri1g|i=0, u(T) — Rigli=1) € (Hl/G(Q))Q, thus by interpolation

(uo,g) € X2 = (ug — Gleo, u(T) — Gleer) € (H ().

This implies for ¢t € [0, T

!/ — Rig(t)Vu - Vhdz| < lulleo,m, o2y 19l e
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On the other hand, an integration by part formally gives

‘/ng(t)Vu - Vhda|
Q

IN

}/QudiV(ng(t)Vh)dx‘+‘/Qgng(t)anhdx‘

< Ce(lu® o< MIBg W)l 1242 + l9(D)]172)
< Ce(llulley, mrellglmises + lgltnsez),

so that by a density argument we obtain

[Vu/(1+ \$|2)3/4”L2(Qx[0,T]) < Cs,T(HUHCT a2 + gl vz + 11 £ 22)
< Cer(luollgare + 1 f N2 + gl rse2)- (3.1)

A

The estimate on ||0pul[z2 can not in general be obtained directly through the virial identity
with h = /1 + |z|? since we may have for some x € 9Q, 9,h = x-n/\/1 + |z|*> = 0. However
once local smoothing has been obtained it is quite simple to derive an estimate on d,u. The
argument that we give now is essentially the same than the one from [22] for the homogeneous
case. Using the identity from proposition [3.1] with some h smooth, compactly supported such
that d,h < 0, we obtain

T
10wtllZa < [T(u(T))| + 1T (uo)] + lfullZa + | F120 + gl greee + /0 /Q Hess(h)(Vu, Va)dadt,

the integral of Hess(h)(Vu, Vu)dz is no longer positive, however since h is compactly supported
it is controlled thanks (3.1)). O

We can now state the local smoothing property for more general regularity:

Corollary 3.1. Let ¢ > 0, 1/2 < 5 < 2, (uo, f,9) € H*(Q) x HY22(Q x [0,T]) x
Hs 1242290 x [0, T)) satisfying the compatibility conditions, f compactly supported, € > 0,
the solution w € CpH?® of (IBV P)) has the local smoothing property:

/(U4 12 | 2 presrse + 10l ra-r/22 S uollas + gl resesssoe + [f | re-s/ze

Proof. The case s = 1/2 is proposition For s = 5/2, we have already seen that Au
is solution of the IBVP with forcing term Af, initial conditions Awug and boundary data
—i0rg + flaax(o,r), thus the local smoothing implies

IVAW/(1+ |2 2 @xppry S Nuollgsrz + 1f iz a2 + gl msee2 + [f | arve2@axpo)
S uollgse + 1z g2 + lgllmsve + 1 f | ms/24=2(0x (0,17

S wollgsre + 1 fllaz2@x o)) + 1191 rare ez
Elliptic regularity then implies the estimate on ||u/(1 4 |z|?)3/%|| ys. The control of ||O,ul|g2.2
requires a bit more care since we can not use directly the estimate on 0,Au: for xg € 012, we
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use local coordinates (yi,- -+ ,yq) such that on a neighbourhood U of xg, 02 NU = {y4 = 0},
QNU C {yq > 0} and we define the differential operators Dy, = @(y1,- -, Ya—1)¥(Ya)Dy,, 1 <
k <d-—1, p,9 such that supp(¢v) C U and ¢ = 1 on a neighbourhood of 0. Setting Dy = 0
outside U, the Dys define second order differential operators on 2 and by restriction on 0f2.
For 1 < k,p < d—1, it can be checked as for Au that uy, = DyDyu is the transposition

solution of
10w + Aw = DyD,f + (A, DkDp]u,

wli—o = Dy Dpuo,

w|8Q = Dk-ngv
where the commutator [A, DyD,] is a third order differential operator. The virial identity
gives

dl(ukp)
dt

“ARe /Q Hess(h) (Viugp, Viti) — i|ukp|2A2h + Vh- Vi (DeDy f + [A, DDy Ju) de
+ 2Re/QukpAh(DkDpf + [A, Dy Dplu)dz
+ Re /8 . 200 1|V gy |? — 200 h|Optugp|? — 2100 hOyusyTpdS
+ Re /8 . — 2y AhOn gy + |ukp|*0n ARdS,

Chosing h compactly supported such that d,h < 0 on suppDy as in the proof of proposition
gives an estimate on ||Onukpl|r2(90x(0,7)) Provided the new terms induced by [A, DyDplu
are controlled, this last point is consequence of the local smoothing

T
—_— 1
0 Q

< uoll3sz + 11 £11Z2.

HlglFases:

This gives ||Onurpllz2 S |[wollgss2 + || f 22 + ||g|| gs+e2. Since ¢ =1 on a neighbourhood of 0
and on U, 0,, = 0y,, we have 0,,D;D, = D;D,0, so that

1Dk DpOnull20x(o,r1) S luollgsrz + 1 f L2 + gl mste2,
Finally, since |0, u(t)| g1 S [Ju(t)|| ys/2 and using a partition of unity we get
10null 2.2 < lluollgsre + 1 f 122 + llgllmave.

The time regularity of 9,u can be obtained in a similar way by considering the IBVP satisfied by
Oyu, the application of proposition requires 0y f € L*(Q x [0,T)), Oyuli—o = iAug — i f|i=0 €
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H'/2 both conditions are ensured by f € H*2. Since 8;8,, = 8,0, the local smoothing property
gives directly

10:0null L200x(0,1)) S lluoll sz + [ f 1122 + llgll s
The result for 1/2 < s < 2 then follows by a (non trivial) interpolation argument similar to
lemma that we sketch now: setting

Y = {(ug, f,g) € H* x H*Y/22 5 HoF1/22 that satisfy the compatibility conditions},

it is sufficient to prove [Y1/2,Y%/2]y 5 Y2+1/2 for § < 3/4. To get rid of the link between
uo, f, g, let us define H(de(sz x [0,T]) = {f € H**, flaax{oy = 0}. Clearly

Y32 5 {(uo, f,9) € HY? x Hi < H*? with (CC0), (CCG1)} = Y[

The key point of Y(%Q is that fl;—o € H{ so that the (f7);<j<; introduced in the descrip-
tion of global compatibility conditions automatically satisfy [~ [pa—1 |f7 (2, h)|*d2’dh/h < cc.
Therefore the conditions (C'C0), (CCG1) only involve ug and g and

Yol = {(uo, g) € HY? x H3? with (CC0), (CCG1)} x Hy.

For § < 3/4, we have from proposition |A.2|in the appendix [L?, H?O)Q}]g = H?2(Qx[0,T]). As
a consequence, setting (as in lemma|A.1) X?/2 = {(ug, g) € H/?x H3? with (CC0), (CCG1)},
-A.l

we are reduced to check that [X1/2, X3/2], = X1/24%  this can be done as in lemma O

Remark 3.4. The loss of regularity on the boundary data can be avoided up to an arbitrary
loss on the local smoothing. Indeed for (ug, f,g) € HY/2te x He2 x H1%52  the virial estimate
implies u € LQTH 1 and from an argument similar to corollary we find that for 1/2 + ¢ <
s <2, (uo, f,g) € H® x H*71/22 x {5+1/22 then u € LZH*T1/>~2.

We chose to focus on the case where we lose some regularity on the boundary data because it
avoids the use of peculiar numerology for the Strichartz estimates and well-posedness theorems
in the rest of the article, however we will continue to discuss this alternative approach in

remarks [B.6] and (.11

The estimate is restricted to functions f compactly supported near 9). For the well-
posedness results of next section we will also need smoothing of the normal derivative when f
is supported “away from 9" :

Proposition 3.5. Let w be the solution of the homogeneous boundary value problem

10sw + Apw = f,
w|t=0 = 07
wlpg =0,

then w satisfies the estimate

HaTLwHHl/Q»Q([)QX[O,T]) S ”f”Béfz,z,o
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Proof. From the Strichartz estimate in [9], we have
||1UHCTH]13/2QL3W01/273 S ’|f‘|L;/2Wé/273/2a
The virial identity gives
10010117 2(00x0.17) S ||UHCTH]5/2 + HUHL%W&/MHfHLs/zwol/z,sm S ||f”i3/2W01/2,3/2-
and similarly using the same differentiation arguments as in corollary we get E|
1Onwll r2200x 0,17) S I F Il 3r2gysr23022 00518572 o

Let us recall that for s > 0, s ¢ N, B§/22 3/20(9 x [0,T]) = WFA,SW/2’3/2L3/2 N L?%/QWOSB/Z. Using
real interpolation with parameter § = 1/4 and ¢ = 2 gives the expected result, as a consequence
of

3/211,1/2,3/2 73/211,5/2,3/2 5/4,3/2 13/2 1/2,2 5/2,2 _ pl2
[L / W Ly "Wy NWy Al J1/a2 2 [B3/2,3/2,07B3/2,3/2,0]1/472 - 33/2,2,0'

The first inclusion is clear, next the equality follows from the interpolation of anisotropic
Sobolev spaces, see the book of H. Amann [1], section 3.3 for the interpolation of anisotropic
spaces on R%, and 4.4 for domains with corner. O

Strichartz estimates

We deduce in this paragraph Strichartz estimates (with loss of derivatives) from the local
smoothing. Following the terminology of admissible pair (the (p, ¢) such that 2/p+d/q = d/2),
we say that (p,q) is a weakly admissible pair if

1 d d

. —— 3.2

PREr (32)
Theorem 3.1. Let Q C R, d > 2 such that Q° is star shaped with respect to 0. For e > 0,
T < 00, 1/2 <5 <2, (ug, f,g) € H® x H-V2U4 5 gs+1/24e2 satisfying the compability
conditions, f compactly supported, then for any weakly admissible (p, q), the solution v € CpH?!
satisfies

1 d d
Vpa22 St o=, [ulqnweae) S lvollae + lgllgerzee + 1 fll oz,

2When differentiating in time, we obtain Orult=0 = —if|t=0 € W07/6’3/2 — Hi — H}D/Q, thus the initial data
for the problem satisfied by 0:u is smooth enough to use the virial identity.
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Proof. The argument from [9], proposition 2.14 can be used with no meaningful modification
(see also [B], corollary 1). Let us sketch it briefly : we decompose u = xu + (1 — xu), x
compactly supported, y = 1 near 92 U supp(f). From the local smoothing property, yu €
L2 H*+t1/2NL5° H*, we have by (complex) interpolation u € LI}HSH/I’. The Sobolev embedding
H5TYP <y W54 with % = % — % and the local smoothing property from corollary imply
xu € LE WA,

The function (1 — x)u extended by 0 outside supp(1 — x) satisfies a Schrodinger equation on
R?, and the usual Strichartz estimates on R? imply (by a standard but non trivial argument
that originates to [24])

11 = X)ull2eqo,mywea S llwollers + [lgllgresi/orea + [ fllgrs-r/2a/4-

From L?P([0,T]) C LP([0,T]) we obtain the expected estimate. O

Remark 3.6. Following the observations of remark [3.4] we could also prove an alternate
d d 2

Strichartz estimate with optimal boundary data in H*TY22 but - + — = 3 + —g, simply
p g p

by using the embedding H5t1/2=¢ < W@ 1/q; =1/2 — (1/2 —¢)/d.

4 Non linear well-posedness

We consider here non linear IBVPs of the form

i0u + Au = F(u), (x,t) € Q x [0,T7,
u’tzo =ug, = €, (NLS)
u’@QX[O,T] =9, (l‘,t) € 00 x [OaT[a

with the following assumptions on F' € C1(C): there exists o > 0 such that

[F(2)] S |2](1+ |2[%), (4.1)
IVE(Z)| < (1+2)" (4.2)

For the smoothness of the flow we will assume F' € C?(C) and
IV2F ()] S (14 |2yt (4.3)

Local well-posedness

Since our first result is local in time, we define

Hy PP (RY X 00) = {g: Vx € C2(RY), x(t)g € HY V(R x 00)}.

loc
We say that u € CrH' is a local solution to (NLS) if it satisfies i0u + Au = F(u) in the

sense of distributions (for u € CpH' all quantities in the equality make sense), u| o0x[0,1] = g
in the usual sense of traces and u|,—¢p = up.
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Theorem 4.1. If F satisfies 1 , then for any (ug, g) € HY(Q) x Hl30/02+6’2(RJr x )
satisfying (CCOO), a < 2/(d—2), there exists a unique mazimal solution u € Cr«H' of (NLS)).

The solution is causal in the sense that u(t) only depends of uy and g|s<¢, and if T* < oo, then
th%} lu(t)|| g1 = +o0.
*> *

If F satisfies (4.3) and d < 3, then the solution map is Lipschitz from bounded sets of H'(Q) x
H3/2He2(RY x Q) to C([0,T), H') for any T < T*.

It will be convenient to introduce @ the solution of

0 + Al = F(§), (.)€ 2 x [0,T],
mt:O = Uug, T € Q, (4.4)
uloaxjor) = 9, (z,t) € 0Q x [0,T],

where g € H22(Q x [0,T]) is a compactly supported lifting of g. Thus u must satisfy
t
Vte[0,T), u=71-+ / 92D (F(u) — F(g))(s)ds.
0
According to theorems and we have © € CpH! N L2WL® if F(g) € H'Y/22 Actually
F(g) is smoother than needed:

Lemma 4.1. For ¢ € H*2(Q x [0,T)), F satisfying (4.144.2), then F(p) € HY2.
Proof. 1t is clear that F(p) € L2L?, indeed

IE ()22 < Iellnare + ol 2 e S Nellozm (U + 1ol G2 ).

Since a < 2/(d — 2), there exists p, ¢ satisfying

1+1 1 /a1 >1>a(d—2)
_ i min _—— _ —_—
p q 2 2’d) " p ’

and Holder’s inequality gives for any ¢ € [0, T
IVE(e) ()2 < L+ 1el*)Vellr:

S lella + lellzen IVella
S lella +lelzliel

where we used the Sobolev embedding H' < L9, 2 < ¢ < 2d/(d —2) (¢ < oo if d = 2). From
the embedding H*? — CpH! we deduce taking the L2 norm

IVE@) 2 S llellrzm + 10lzem lellzem S llella2 (T + [[@lF22)-
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For the time regularity we have using Holder’s inequalities again :

1E(e(®) = Fle)lize) S lle(t) = e(s)lliez + [(e@] + [e()DI[Zar[lo(t) = ()] Lo
S lle®) = e()llze + e + e DIF o) = e(s)lar,

thus the embedding H>? < HY2([0,T], H'(Q)) gives

2 _ I1F(p(t) = Fle(s)72
||F(<P)HH%/2L2 = //[O,TP = 32 ds dt

S el e + IoUZS i llelyn e

< el (1 + lolle)-

Proof of theorem [4.1]

Uniqueness : the uniqueness can be done as in the case of homogeneous Dirichlet boundary
conditions from [9]. If uj,ug are two solutions in Cp+«H L then w = u; — us is solution of

10w 4+ Aw = F(u1) — F(u2), (z,t) € Q x [0,T],
wli=o =0, x € Q,
Wlogaxpm =0, (z,t) € 9Q x [0,T].

This is a homogeneous boundary value problem for which the Strichartz estimates ((1.2) give
for (p, q) weakly admissible as in (3.2)), (1, s") weakly admissible, T' < T*

lwllzsor2nzzra S lwllzyre + [ (Jurl + Jue)*wlizs s < Tllwllzgerz + +[(Jua] + |ua)*wl Ly Lo

If we can chose (r, s, p1,q1, D, q) satisfying

1 d d 1 d d
Sho=o, S -=147,
p q 2 r s 2
1 1 1 1 1 1
—f= S 4o == (4.5)
Pt 2 qg s
a@d-2) 1 _a 1 _1 1 _
a7 - a0 - a) - a?
2d a2 p 2 p1

we get from the Sobolev embedding and Holder estimate in time

[(fua| + [u2)*wllrrrs S Mual + [u2ll|Far: oo Jwl| 2 pa

~Y
< T1/2’1/p(HU1HL§9H1 + [luall pge ) *[lwll Lo s,

and thus w = 0 for 0 < ¢t < T, T small enough only depending on ||u1| g1 + ||ual|foo -
Iterating the argument implies u = v on [0, T*[. The system (4.5 implies

d 1 d 1 1 d d 1 d ad-2 (1 1
lds=-d-=—dd—t=>— o f——— g [ =2},
2 r s p 2 @¢q q p 2 2

2 p

(4.6)
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which can be solved since a(d —2)/2 < 1 : we first chose p > 2 close enough to 2 so that
a(d—2)/2+1/2—1/p < 1, then it is possible to chose p; that satisfies and 0 < 1/p1 < a,
up to increasing p we can assume 1/p; < 1/2. The choice of p imposes the value of ¢ > 2, the
choice of p; imposes the value of 1 < r < 2, and then 1 < s < 2. The only equation left is
1/q1 = 1/s —1/q, its solution 1/¢; belongs to |0, 1], and thus is an acceptable Holder index.

Causality : it can be proved as for uniqueness, since if g1, g2 coincide on [0, t], the uniqueness
argument can be applied on [0, ] and implies the associated solutions satisfy 1o = u2ljo -

Local existence : according to lemma theorems and 3.1, w € CrH' N LZW140 since
F(g) € HY? C H'/22 Setting w = u — @, the local existence will be consequence of the
existence of a local solution to

0w + Aw = F(u+ w) — F(g),
w|t:0 = 07
wla0x (0,1 = 0

This is a nonlinear homogeneous boundary value problem, the existence of a solution is essen-
tially a consequence of (the proof of) theorem 1 in [9]. As it does not strictly cover the case of
our nonlinearity, we sketch briefly the argument. Let us define the map L as:

L: Xr=CrHyn LAWY — CrHy N LAWY,

w — L(w) = /0 =D (F(T + w) — F(g))ds,

we will check that is has a fixed point for 7" small enough. In [9], the authors prove that for a
convenient choice of weakly admissible pairs (p,q), (p1,q1) (depending on o < 2/(d — 2) and
d), the map L(w) = fg e (t=9)AD (1) ds satisfies

0
T(|lwllxr + lwll 3.

[Lwllx; <
if d <4, |Lwi — Lwa|x, < T[lwi — wallxp (1 + [Jwnl|%, + [lw2]lS,),
<

if d >4, ||Lwy — zw?”CTLQQL‘fL‘{ T% |lwy — wallogr2nre par (1 + llwil|%, + llw2ll%,.),

where 0,60',60" are positive, and the second inequality (d < 4) also requires the assumption
on F' (this is propositions 3.1, 3.3, 3.4, from [9], equations (3.9, 3.10) ).

Since F(u + w) — F(g) has trace 0 on 09 x [0,7], we can use these estimates. We recall
g € H*? — L¥H' N LZAW1%  therefore setting M(w) = |w||x, + @l xy + |9l g3/22 the
estimates give directly in our case

ILw|x, < T°(M+ (M), (4.7)
itd <4, |[Lwi = Lwslx, S T [lwr —wallx, (14 (M(w1) + M(ws))®),  (4.8)
if d >4, ||Lw; — Zw?HCTBﬂLPlL‘H < T |wy — waleprenre pa (14 (M(wi) + M (ws))E9)
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If d < 4, from we can apply Picard-Banach’s fixed-point theorem in CrH' N L’:’FWL‘I
for some T'(|[uo || g1 + [|gll gr3/2+2.2 (90 o,7)) and also implies that the flow is Lipschitz. If d > 4,
implies that L sends some ball of X¢ to itself, and from it is contractant in the
weaker space CpL? N LY L%, By a standard argument the metric space {u : ||ul|x, < M}
with distance d(u,v) = ||lu — v||L%oL2mLz%Lq is complete (e.g. theorem 1.2.5 from [I10]), so that
the existence of a solution is again a consequence of Picard-Banach’s fixed point theorem.

Blow-up alternative : this is a direct consequence of the fact that the time of local existence
only depends on ||ug| g1 + ||g|| ys/2+=- Let u be a solution on [0, 7% such that lim||u(t)| g =
C < oo, 0 such that T'(2C+||g|| grs/2+e2 s —1, 7+ +1)x0)) = 26. Up to decreasing d, we can assume
Ju(T* = 6)|| grr < 2C. Since u € CpH' and u|ygg = g the couple u(T™* —8), g|ip+_s 4o satisfies
on 0 x {T™ — 4§}, thus has a local solution on the time interval [T — 6, T + ¢].
Thanks to the uniqueness on [T — §, T*[, this allows to extends the solution on [0, T™* + J].

O

Remark 4.1. If one chooses to use rather the Strichartz estimate from remark namely

1 d d 2

< 2 e,k
lullzzwra S lluollar + gl zare + Il rrzise, a2ty
the restriction on o becomes (supposedly) o < (2 — 4¢)/(d — 2). Consequently well-posedness
for the whole range o < 2/(d — 2) and boundary data in the optimal space H3/%2 can most
likely be obtained, up to more involved with some ¢ in all indices.

Since our Strichartz estimates for the IBVP only give a gain of half a derivative, the
natural limitation on the nonlinearity is @ < 2/(d — 2) (as in [9]). However better (scale
invariant) estimates are available for the homogeneous boundary value problem, and they can
be combined with our estimates to improve the range of a. The following theorem illustrates
this idea.

Theorem 4.2. If Q is the exterior of a smooth strictly convex obstacle, then theorem [4.1] is
true for a < 3/(d — 2).

Proof. From [15], the usual Strichartz estimates with (p, ¢) such that 2/p+d/q = d/2, p > 2,
are true for the semi group €22, The uniqueness in LT H ! follows from standard arguments,
see e.g. [10] section 4.2. The existence part is again an application of the Picard-Banach’s
fixed point theorem : let (p,q) be weakly admissible p > 2 such that

2 1
14+ 2. 4.1
o< T3 ( + p> (4.10)
We set X = CrH! N Lg,Wl’q, and as in theorem

t
L: w— Lw) = /0 ! E=S)AD (B 4 w) — F(3))ds.
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From the Sobolev embedding, § € H?*? — L?H? N CprH' — Xp. Let ¢ be such that
2/p+d/q = d/2. From the scale invariant Strichartz estimates we have

[0l S 1wl mamwia S IF@+w) = F@I Ly, 0
and we will prove that there exists 6§ > 0 such that

1+3/(d—2
@ g g < T+ ol ), (4.11)

Let ¢ € C®°(R*), ¢y =1 for z > 1, 1 =0 for x < 1/2. Since supp(1 — ¥(|v|?)) C {|v| < 1} we
have

1 = L) F) I m S 0lspn < Tlollx,.
On the other hand, for any 8 > «,

W) E@)] S [, [V (@ (o) F ()] S [0l Vol.

there exists

9 1 2\ 2d dp+2 2d
. 1 /< 1 - 1 — —_— =
Since (1 + a)q] < < +d 2( + /p)><2+dp> d—2dp—|—4<d—27

B > a such that 2 < (1 + f)q¢] < 2d/(d — 2), and this choice leads to

ol o STV ol £

Lp qul ~ || ||L(1+ﬁ)p/L(l+B)q,1 ~ LooHL:

To estimate V (¢(|v|?)F(v)), we use Hélder’s inequality on [v|*Vv combined with the Sobolev

1
embedding Wh" — L%, = = - — = :
s r d
PVl e S v IILpWIQIIWHLPL% (4.12)
where
1 1/1 1 1 2
-~ = —-|=—-—=-)==|1—-, (Ho6lder in time),
p B (p’ p> ﬁ( p) ( )
1 1/1 1 1 1 3
-~ = —-|—=——-—=]+===(1+—), (Holder in space and Sobolev embedding).
q 5((1’1 q) d d( ﬂp) ( 8)

Note that ¢, p, ¢ are defined by p and 3. If we can choose p > 2 and 8 > « such that

L,dod 1 1111
p g 2p 2 q g2
this gives (4.11), indeed for such p, 3, if 1/p1 +d/q = d/2 we have LE*W'4 C Xr, 1/p1 < 1/,

and (4.12) gives

NVl pppe < TEAP=UPY|y

~

| AN

(4.13)

p— 1
IIUIILPWI 1 pprall Vollrze S TPOPVP0 o0, (4.14)
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Let us now check that there exists a choice of §,p for which (4.13)) holds. The first two

conditions rewrite
1 2 3 d 1 d
—(1-- +<1—|—> > <:>>B<—1>—1,
B( p> Bp 2 p 2
1 ] 2 - 1@1>1 I3
B P 2 "p~ 2 4

11 1 B d
2>p>max<2—4,5(2—1>—1>

The condition 1/2 — /4 < 1/2 is automatically satisfied. To ensure 1/q < 1/q < 1/2, we must
have

Or more compactly

< pd=2)
G

L pd=2) 1
G 3

™|~ -

so that the condition is finally equivalent to
d 1 B(d—2)
——1) =1 S
5<2 ) ST 6

and there exists solutions p > 2, § > « if and only if S < 3/(d — 2) which is always compatible
with 5 > « and the initial assumption (4.10)).

From (4.11]), we infer

~ ~ 3/(d—2
1Lwl|xp S TP (1 + ([l xp + lwlxy + 13l1x) ")

9

so that for T small enough, L maps the ball of radius one in X7 to itself. It is not clear if L is
contractive in X even for smaller T, however contractivity for the weaker topology induced
by Li’?L2 N LPLY is an easy consequence of the previous estimates and the assumptions on F' :

|F(@+w) — F(u+ ws)| S [wy — wa| + (Jwi| + [wa| + [@])° |wy — wal,
and (4.14) gives

| Lwi = Lwa||x; S wr = wallgy g2 + [[[wr = wa| + (fwi] + [w| + [a])? Jwr — walll ot
< TPVPTURPD ([l xp + [lwrllxey + Jwallxg )’ lwr = wall pp 1o

+T||w1 *U)Q”L%OLQ. (415)

As for theorem the contractivity of L for the LL.LIN L%OL2 topology and the mapping of

a ball of X7 to itself gives the existence of a solution as a fixed point. O
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Remark 4.2. The only thing limiting us to a < 3/(d—2) is that @ only belongs to C H'NL2W 14
with 1+ d/q = d/2. If this limitation was lifted the fixed point argument on w could be
performed in the usual scale invariant spaces.

Remark 4.3. Theorem is only an example of how one may mix optimal and non optimal
Strichartz estimates. If  is only assumed to be the exterior of a non trapping obstacle,
Blair-Smith-Sogge proved scale invariant Strichartz estimates with loss of derivatives, namely

. o2 d d 1 1
HeltADuoHLqu < uol|geo, with — 4+ - == —0, — 4 —
p q 2 P q

| =

<

Such estimates could probably be used to improve the range of « if ¢ is only star-shaped.
Since the method seems similar and with numerous specific cases we choose not to develop this
issue.

Global well-posedness

In order to obtain global well-posedness for the defocusing nonlinear Schrédinger equation

i0u 4+ Au = |ul|%u, (z,t) € Q x [0,T7,
Ule=0 = up, = € Q, (NLSD)
ulpaxpr = 9, (x,t) € 0 x [0,T7,

the argument based on local well-posedness and conservation of energy can not be trivially
applied. Indeed we only have the formal identities

d 1
7 ilu\zdaﬁ = —Im [ 0,ugds, (4.16)
Q o9
D Lgup s L juprzas = Re/ Oudigds (4.17)
dt Q2 a—+2 N a0 ntotg '

If g € H?, the control of ||ul| ¢, ;1 requires to control ||Opu|| g2-s.2. In particular, for the almost
optimal regularity s = 3/2 4 £, we must have some control on d,u € H1/2*5’2(8Q x [0,7]),
which is its (almost) optimal space of regularity.

We will first deal with the simpler case g € H*?2, in this case we only need to control ||0,ul| 2.
This can be done thanks to a nonlinear variation of the virial identity from proposition |3.1

Theorem 4.3. 1) For any 0 < o < 2/(d — 2), if (ug,g) € HY(Q) x H>*(R* x 99) satisfy

loc
(CCO), then (NLSD)) has a unique global solution u € C(R*, H').

2) If Q¢ is strictly convex and there exists ¢ > 0 such that g € H**2, then the theorem is true
fora <4/(d—2).
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Proof. The case 1) is a simple consequence of the virial identity and the blow up alternative,
indeed the (nonlinear) virial identity writes

ZI( (t) = 4Re/ Hess(h)(Vu, Vu) — i\u|2A2h + Vh - Vulu|*u + %ﬂAhMau dx
Q
—|—Re/ 20,h|V 1 g|? — 20,h|0,ul? — 2i0,hdrggdS
oN

+Re/ —2gAhOyu + |g|*0, AhdS
o0

1 1_ 1
— 4Re | Hess(h = glulPAPh 4 jul* AR 5 - !
Re/Q ess(h)(Vu, Vu) 4\u| + Ju| 2 a+2)™

+Re/ 20,h|Vrg|* — 20,h|0,ul? — 2i0,hd:gudS
onN

|a+2

+Re/ —2gAhOpu + |g* 0, AR + |g 8 hdS

o0

As for lemma we choose h = /1 4+ |z|? so that Hessh, Ah > 0, d,h < 0 and integrate in
time. From the embedding H22(9 x [0,T]) < H/ "D Fd=2)/(d+1) <y [2(d+1)/(d=3) (90 x
[0,T7) (L*™ if d =2, LP for any 2 < p < o0 if d = 3) we have

/ | a1+ < 115 oy

If K is a compact neighbourhood of 0f), we deduce
/ ]Vu|2 + |u|o‘+2dmdt — / |8nu\2x -ndSdt < M(T)(l + HUHQCTHl + Hg||?;§22)
Kx[0,T] 00 x[0,T)

If x-n < 0 on 0F, this gives directly a control of ||0,ul/z2, if not then we can argue as in
proposition by using some function h compactly supported in K such that d,h < 0. For
this choice, Ah and Hess(h) are no longer signed, but using the estimate Hu||%ﬁ2 (

L+ ul2, o + gll5gE3 we get

<
0,T)xK) ~

2+1
|Onull g2 < M(T)(1+ lullcpm + lgllgas )
Plugging this in the “conservation” laws (4.16)4.17) implies
2+1
lullZym < luol3n + 10nullz2llgllaze S 1+ luol3n + (lullerm + lolfsa gl
/242

= §Hu||%'TH1 5 1+ ||UOH%'—11 + ”g”HQ’Q(aQX[O,T])'

As a consequence u remains locally bounded in H'! and the solution must be global.
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The case 2) is a bit more intricate, indeed even the local existence of a solution for 3/(d —2) <
a < 4/(d — 2) has not been covered yet. The main argument is that we can modify @ from
problem (4.4) such that it belongs to CrH* N L2Wh% 1+ d/qy = d/2: since g € H**52 we
have from (CCO) uplaq = gli—o € H' 2. Let vy € H3?T4(Q) be a lifting of ug|gn, we define
v as the solution of the linear IBVP

07 + AV = F(7),
U]t=0 = vo,
U]aoax(0,] = 9-

Since F(g) € H"? (see lemma , g € H*t%2 yy € H3/2, the Strichartz estimates imply
v € L2W3/29 —y [2Wh® where 14 d/qy = d/2. We are now left to solve the homogeneous
boundary value problem

0w + Aw = F(v+w) — F(g),

w’t:() =uyp — Y € H&,

w|pax 0,1 = 0

or equivalently obtain a fixed point to the map
t
Lw = e"AP (ug — vg) + / e!t=s)Ap (F(0+4w) — F(g))ds.
0

Since 7,9 € LYH' N LZW149 | the fixed point argument can be done as in the R? case, e.g.
[10] section 4.4, leading to local existence. We can still use the virial identity as in case 1)
since a+2 < (d+2)/(d—2) < 2(d+1)/(d—3), and the energy argument is ended in the same
way. ]

If we only assume § € H3/2te2 global existence becomes a much more delicate issue since
we need to control ||Opul|f1/2.2. Let us sketch the main issue : the linear smoothing gives a
control ||Onull /22 S lluollar + |9ll/2+4e,2 + | fll 1722 where f = |u|*u has scaling 1 + a. In
order to estimate the time regularity of f we need again to use the equation, which adds again
a power « to the scaling. Using various chain rules, the conservation laws should
give at best HUH%THI <STI ||uH;Z, where Y~ aj = 1+ 2« and for all j, X; < CrH'. Eventually,

HUH%‘THl < HquTHl for some 3 depending on «, and this allows to close the estimate if 8 < 2.
It is clear that such an approach will be limited to small values of o. Nevertheless, this is the
method used in the following theorem, where the restriction on « is of course purely technical.

Theorem 4.4. Ford=2,1/2 < a < 11/9, (ug,g) € H' x H3/?%2 satisfying the compatibility
conditions, the problem (NLSD)) has a unique global solution in C(RT, H').

Proof. The existence of a maximal solution is theorem [£.1], it remains to prove that u is locally
bounded in H'. In this proof, < means that the inequality is true up to a multiplicative
constant that may depend on 7', g and an additive constant thay may depend on T, g, ug. We
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use ¢ as a placeholder for some positive quantity that can be chosen arbitrarily small.
As in theorem we can use the nonlinear virial identity provided g € L**2(9Q x [0,T]),

which is ensured by H3/22 — H%/2H1/2(89) — LP(0Q2 x [0,T]) for any 2 < p < oo. From the
nonlinear virial identity we obtain

1/2 1/2 1+a/2 1/2 1/2
10ntall 2,12 + 1 Vull g2 12 < lull g lullgh pz + 1l ot s < Mallghpn lullgh ey (4.18)
plugging this in (4.16)) gives

1/2 1/2
lulZ, 2 S 10nul iz raliglizre S (lallgllul s + lglormse2) gl 12

1/3
= lullopre S luld (4.19)
1/2+1/6 2/3
and |[ull 2 S luldzm’® = [l . (4.20)

For further use, let us note that Holder’s inequality and the Sobolev embedding H! «— L" for
2 <r < oo imply

-2 ) 2/qg—9
Vg >2,0<38<2/q, |ulpe S llulln @ ul257°. (4.21)
On the other hand, (4.16)4.17)) give
ullgs, g+ lullF2e S lluoll7 + gl gsrzree | Onull gryae. (4.22)

To estimate Opu, we fix x € C°(Q2) such that x = 1 on a neighbourhood of 91, and split
u = U1 + ug where uy,us are solutions of

i0yuy + Aug = x|u|u, i0yug + Aug = (1 — x)|u|“u,
Uﬂt:o = uo, ’ U2’t:0 =0,
u1laax(o,1] = 95 u2|aax 1] = 0,

Proposition [3.1] gives

Onutllgirze S lluoll gy + 119l gaszres + Ix|ulull g2z

We estimate the nonlinear term using H' < Bi/; (Triebel [27], 3.3) and (4.19)/4.20

—1/24+6 1/2—6
It el mors S Mol ooy ol e S NlGn ™l ol g,
+1/3+6
< Ml (4.23)

For the time regularity, we use the composition rules and interpolation of anisotropic Sobolev
spaces ([20] chapter 4 section 2.1). For X such that X = 1 on suppy,

Ixlul®ull grraps S Wl g pallullgrysps S lullzge paa Xl g g e
oc

~ 111/2 ~ 111/2
Sl pae IR0l e IR0
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Since 0 xu + Axu = X|u|*u + [A, X]u, we have [|0xullp2 1 S IXull gz g + IX[ulwll g2 g +
[ul[ e 2, and since H= 1> Lifor1<q<2we get

~ 2/3 ~ 2/3 (14+a)/3
l0eull 2 -+ S Null 75 o+ X1l 2 v S a7 0 + el 3

1/2

~ ~ n1/2
Next we use [|¥ul /2 S [Rullj - IRuly o that

1/2 2/3 (3+)/6

2/3 1+ 3\1/2
/ i) IRl i S Tl + Nl

H)?UHH;/?Lz S (HUHL%OHl + [Ju HLOOLHl

This implies, using (4.19}4.20[4.21)),

1/3 3+ 12 1/3
Il ulprigs S Nole e (B2 + Rl ) Bl
130r/1241 /446

1/3+a+d
S Ml Bt + Tl e

Combining the estimate above with (4.23) gives the following estimate on 0, u1:

1/34a+d 13a/12+1 4+6
10wt |12 S Null 2 + ull G2t (4.24)

We treat now J,us. The situation is less favourable since we can not use the smoothing

property qu||L2TH1 S Hu||i/%§H1 In particular we only have

(4+«a)/6
1 = CDull yrrzpe < Nllzgem + HUHLooZl/ (4.25)
Using property we have
(0%
HanUZHHl/Z?(aQX[O,T}) ST =)yl uHL3/2B§/2120B§;;2L3/2'
For the first norm we write

11 =0l vz,

10— 0kl e
leal e ol e 1

1/3 —1/3+0
S Mull 2 e llall 5 el g an

+7/9+6
< Ilallghiete.

For the other norm, the composition rules and (4.25)) give similarly

10 =l ull gz e S Nellfgoponllul e
—2/9+6 (4+ 6
S Mullg 3 (lulleprn + Il S0

+7/9+6 Ta/64+4/946
lullgr i ™ + llull g g o,
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so that [|Opus]| gijze S ullShia ™ + lul /854 Combining this estimate with (4.24) into
T T

(4.22) we finally obtain (as previously < still means “up to multiplicative and additive quan-
tities only depending on 7" and the data”)
2
g, m Sl g

1 1
%+1’ a+7/9, 7a/6+4/9) +0. If B < 2 then ||u(t)| g is locally

bounded, and hence the solution is global. The condition 5 < 2 is equivalent to a < 11/9. [

with 8 = max (1/3+a,
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A Two interpolation lemmas

In this section we give two results on the interpolation of Sobolev spaces. They do not seem

standard as they involve in some way compatibility conditions. We do not claim that such

results are new, however we did not find them in the litterature, thus we decided to include
reasonnably self-contained proofs.

Definition A.1. (real interpolation)
If Xo, X1 are two functional spaces embedded in D'(Q), we define for u € X+ X1,

K(t,u) = inf ¢ :
()= ol ollxg + Eluallx,

For 0 < 6 < 1, the interpolated space [Xo, X1]g,4 is the set of functions such that

o0

/ | K (t,u)d|dt /1797 < oo

0
Lemma A.1. Let
X% = {(ug,g) € H V#7205 H?99(9Q) x [0, T)) that satisfy the compatibility conditions},
where for 6 =0 we take (H})ﬂ)’ instead of H=Y/2. Then for 0 < 0 <1,

(X0 X1y = X7,

Remark A.1. While it is a bit tedious, the case § = 1/2 really needs to be treated as it
corresponds to the natural space for the virial estimates.
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Proof. We have clearly
HY?(Q) x H22(09 x [0,T]) € X' ¢ H¥2(Q) x H*2(99 x [0,T)).
The interpolation of Sobolev spaces ([19, [20], chapter 1 and 4) gives for § < 1/2
(HE) (), Hy*lo = H*712, [H**(00 x [0,T)), Hy*]g = H**?,
[(H ) (Q), HY?)g = HY712 [HY(09 % [0, 7)), H*?]g = H*?,
the two left identities are not explicitly written in [I9], however (H})/ 2)
difficulty since it can be bypassed using (Hll)/Q)’ =[H ' H?y6 = [H ', Hp)1/6 ([19] sections

12.3, 12.4), and the reiteration theorem [[X,Y]q,, [X, Y]Ol]g = [X,Y](1-6)9o+06,- We deduce
that for 0 < 6 < 1/2,

" does not cause any new

X@ — H29—1/2 « H29,9 C [XO,XI]Q C XH'

For 6 > 1/2 we first apply the Lions-Peetre reiteration theorem

[XO’XI]Q = [[X07X1]3/87 [X0>X1]1]89/5,3/5 = [X3/87X1]80/573/57

so that we are reduced to prove [X%/8, X1]y = X(50+3)/8 for 1/5 < 6 < 1. To this end, we use
the existence of a lifting operator independent of 1/4 < s <1 E|
R . XS — H28+1/2,S+1/4(Q X [O,T]),
(u0,g) + wsuch that ulgxo7) =g, uli=0 = uo,

Such an operator can be constructed as follows: for any (g, up) € X*, there exists a map

Ri: H**(0Qx[0,T]) — H>HV2sH4Q x [0,T)),
g = ng7
on the half space Fy/ Rib = g(§,7)o(\/1 + |£']? + |T|?z4q) with ¢(0) = 1, ¢ smooth enough,
works. There is also a map
Ry : Hl2)sfl/2(Q) . Hj2js+1/2,s+1/4(Q < R),
up —  Rauo,
in this case, one might take Ra(ug) = ¢((1 — Ap)t)ug (this is a very special case of theorem

4.2 chapter 1 in [19], see also theorem 2.3 chapter 4 in [20]). With these two operators, we can
now define

R(ug, g) = Ra(ug — Ri(g)|=0) + R1(9).

3R is usually called a coretraction of the trace operator u — (u|¢=o, wlaax[o,11)-
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R is continuous X® — H2+1/22 for s > 1/4 since ug — Rigli—o € H2DS_1/2. For s > 1/2 this is
a consequence of H}, = Hj and 1' while for s = 1/2 this comes from Hll)/ 2= %2 and

. We can conclude by introducing
T: H>*/22Q % [0,T]) — H*»2(Q) x H*20Q % [0,T]),
u = (uli=0, u|anx(o,)-
By construction, T o R = Id on X%/® and X! so that [X%/8 X1, = T([H®/*5/8 H5/25/4)y).

From basic results on anisotropic Sobolev spaces ([20] chapter 4 proposition 2.1 theorem 2.3)
we obtain as expected

T([H5/4’2(Q % [O,T]),H5/2’2]9) _ T(H(59+5)/4,2) _ X(59+3)/8.
O

Proposition A.2. Let H ;1 (Q x Ry) = {u € H>*(Q x [0,T]), ulpaxioy = 0}. For § < 3/4,

[LQ H272] _H20,2 ©
»44(0) 6,2 — .

The result is quite expectable since the trace on ¢ = 0 sends H2%2(9Q x [0, T]) to H?~1(Q),
for which there is a trace on 0 if and only if 20 —1 > 1/2 < 6 > 3/4.

Proof. The inclusion C is obvious, we focus on the reverse inclusion.
Let R be the restriction operator H*2(R%x [0, T]) — H?%2(Qx[0,T]), since R is continuous for

0 < 6 < 1 and surjective with value to H?%2, we only need to check that for H (20)2 59 (RYxRy) =

{ue H??: ulgax{oy = 0} we have
V6 < 3/4, [L2,H(20’i89]9 = H?2(R? x Ry). (A1)

Using a partition of the unity, we can reduce the problem to the case 9Q = R x {0} and
for conciseness we write H(QO)2 aQ(Rd X Ry) = 1'—1'(20)2 Let u € H?%2(R? x Ry), since L? C H*?, it

is easily seen from definition |A.1|that u € [L?, H(Qd?]g,g if

o
> 2% K (2%, u)? < oo, where K(t,u) = inf Jluollge + tlurllp2e. (A2)
j=0 u:qurulELQJrH(d) (0)

We define an anisotropic Littlewood-Paley decomposition as follows : the dual variable of z,t
are (&,7) = (&,&4,7), we set u = ijo Aju(x,t) where for j > 1, Aju(&, 1) is supported in
(|€]2 + |72 ~ 27, Aou is supported in [€2 + |7| < 1, and set Sju = Zi:o Agu, Rju =
u — Sju. From the Plancherel theorem and [pq AjulAju = 0 for |j — I| large enough (“almost
orthogonality” ), we have

1A ull 22 ~ [A5ul 227 = Julfza ~ D 29| Aulf7.. (A.3)
§>0
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Let us write
U= <Rju + Sju(a’,0,0); (x4, t)> + <Sju — Sju(a’,0,0)9;(xq, t)> = ug + u1,

where {Z)\] = Cj2_3j1(|§d‘2+|7‘)1/2N2j with ¢ such that ;(0) = 1. Since vol((|€4]% 4 |7])"/? ~ 27) ~
237, ¢; is uniformly bounded in j. For this choice it is clear that (ug, u1) € L? x H (203 The

decomposition u = Sju+ Rju would correspond to the standard interpolation [L?, H*?]y, thus
we will only focus on how to estimate in ({A.2)

||SJU($,, 0, O)wj (:I"d7 t) HL2 + 2% ||S]U(l'/, 0, O),(vbj (xda t) ||H2’2‘

We first note that
F(Syu(a', 0,000 () = 05(6a.7) [ Syu(€'m.8)nas
so that F(S;u(a’,0,0)9;(z4,t)) is supported in (|¢[? + |7[)1/? < 27. We deduce
274 Sju(a’,0,0)0;(xa, )|l 22 + ISju(a’, 0,009 (xa, 1) 12 < [|Sjula’,0,0)8;(xa, 1) 2

< 114112 / 1S7u(€’, 1, 6) | 2 dnds.
R2 3

Using again vol((|¢4]* + EDRERS 27) ~ 2% we have |||z ~ 27%2%/2 = 2731/2_ Moreover
Agu(€',n,0) is supported in (|n|? + |8])1/2 < 2F independently of ¢, thus the Cauchy-Schwartz
inequality implies

J
/R2 |’Sj“(§/a7775)||Lg,d77d5 < /R2 Z |Agu(€',n, 5)|]L§,d77d5
k=0

J

S D [ Akul| 2%,
k=0

Plugging this in (A.2)) (and omitting the estimate on S;u, Rju)

% - ; 2
2249]._[{(272%1/,)2 ,S, 22(4973).7' <Z HAkUHL2220k2(3/229)k>
Jj=0 = P

0 J )
S > (Z | Agul| 2220 2<3/229)(kj)>

7=0 k=0

= laxbl,
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where (ak)kzo = (HAkuHLQQ%k)kZO € l2, (bk)kzo = (2(20_3/2)k)k20 € ll, we can conclude by
Young’s inequality and (A.3))

oo
S 2K (27292 < (lalla bl S llulane,
0

thus H22 C L2, H{o- O

Remark A.3. Using a similar argument, it is not difficult to check that [L2, H(QO’?]M =H (209)’2
for 6 > 3/4. Of course the identification in the case § = 3/4 is less clear.
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