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Abstract

A global estimator of the uncertainty of the average frequency response
function in multi-channel spectral analysis measurements is proposed. The
proposed global estimator is a generalization of the random error estimator
of the frequency response function magnitude of a single-input-single-output
system. In principle, the signal-to-noise ratio (and thus the quality of the
frequency response function estimation) is increasing with increasing number
of averagesM , according to

√
M . However, in the situation that, for practical

reasons, there is a maximum imposed upon the total measurement time Tmax,
it is clear that there is a trade-off between the number of averages M and
the record length T [s] that is used to obtain an estimate of a single-average-
frequency-response-function. There is a choice between a few long records
or many short records, with the requirement that, assuming zero overlap,
the number of averages M times the record length T may not exceed the
total available measurement time, i.e. M × T ≤ Tmax. In addition to the
existence of such an optimum, a minimum record length is required as well
which is related to the reverberation time of the system. The newly proposed
global estimator is used to determine the optimal record length of a multi-
channel system, such that a minimum error of the average frequency response
function is obtained. It is also shown by experimental results that indeed the
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minimum allowable record length is related to the reverberation time of the
system being measured.

Keywords: uncertainty, multi-channel, spectral analysis
PACS: 43.20.-f, 43.20.+g, 43.40.-r, 43.40.+s, 43.60.-c, 43.60.+d, 46.70.-p

1. Introduction

In this article a global estimator is proposed. For demonstration purposes
the estimator is applied to the multi-channel spectral analysis of a vibrating
building element. The measurements were carried out by means of a scan-
ning laser Doppler vibrometer and were intended to determine the radiated
sound power at low frequencies (as described in more detail in [1]). An in-
teresting complicating factor in this experiment is that the building element
is excited by a reverberant acoustic field, which exhibits a random charac-
teristic in time. By looking for a minimum of the proposed global estimator,
an optimum record length is sought, for a given reverberation time of the
room. This is a classical problem, discussed by Piersol in 1978 [2], and later
also by Jacobsen and Nielsen in 1987 [3], where it was concluded that the
analysis record lengths should be at least as long as the reverberation time
to avoid serious errors in the coherence estimate. The measurements also
indeed demonstrate nicely that the minimum record length is required to be
longer than the reverberation time of the system.

2. Theory

A multiple-channel-output system is considered as illustrated in Figure
1. A building element is excited by an acoustic field, as shown, resulting in
a response being measured at different positions, i = 1...N . An additional
position r is being probed simultaneously with each of the other positions,
thus serving as a reference, allowing the responses at positions i = 1...N to
be measured sequentially in time, retaining the phase information of the re-
sponse at the individual positions (assuming the building element to respond
stationary and time-independent). As we assume the exciting acoustic field
to be caused by a single sound source (loudspeaker), we are dealing with
a single-input-multiple-output system, for which a single reference point is
sufficient. In case of a multiple-input-multiple-output system more reference
points will be necessary.
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Figure 1: Test facility measurement set-up.

In the following the auto-spectra of the response of the structure at dif-
ferent positions is denoted by Sii, with i = 1...N , the auto-spectrum of the
reference signal is denoted by Srr, and the cross-spectra between the response
of the structure at different positions and the reference signal are denoted by
Sir, with i = 1...N . The frequency response function between the response of
the structure at different positions and the one of some reference signal can
then be estimated using theH1-optimal estimate or theH2-optimal estimate,
respectively [4]:

H1
ir =

Sri

Srr

(1)

H2
ir =

Sii

Sir

(2)

It is well known that measurement noise is better suppressed when av-
eraging cross-spectra, compared to averaging auto-spectra [4, 5, 6]. Taking
a cross-spectrum enhances common frequency components in both signals
that have a consistent phase relationship. Uncorrelated signal components
average to zero. Since auto-spectra are positive valued, summing them accu-
mulates not only correlated signal components, but also uncorrelated ones.

In view of this, as the estimate of frequency response functions is based
upon both cross-spectra and auto-spectra, it is best to choose the H-estimate
with the least noisy autocorrelation factor, i.e. use H1 in case less noise
is expected on the reference auto-spectrum Srr and use H2 if less noise is
expected on the response auto-spectra Sii.

3
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2.1. Global coherence and global ǫ

A quantity that plays an important role in the statistical uncertainty
of the averaged frequency response function of a single-input-single-output
system is the coherence of the frequency response function, which is defined
as [1]

γri =
|Sri|2
SrrSii

(3)

Given the coherences γri related to each frequency response function Hri,
the normalized standard deviations due to random errors in single-input-
single-output systems are given by [1]:

ǫHri
=

1√
2M

√

1− γri
γri

(4)

where M is the number of averages.
As mentioned above, the goal of this paper is to introduce a global coher-

ence function that considers the quality of all measurements simultaneously,
as well as a global statistical uncertainty on the average frequency response
function. As the coherence function γri as defined above can be seen as the
ratio between the energy in the auto-spectrum of signal i that is coherent with
the reference signal, γriSii, and the total energy in the the auto-spectrum of
signal i, Sii, we propose the following expression for the global coherence:

γglobal =
〈γriSii〉N
〈Sii〉N

(5)

where 〈..〉N denotes the average over all N measurement points. The
thus defined global coherence can be viewed as the ratio between the mean
coherent auto-spectrum by the mean raw auto-spectrum.

In addition, we propose an estimate for the statistical uncertainty of the
average frequency response function as follows:

ǫglobalHri
=

√

〈ǫ2Hri
|H2

ri|〉N
N〈|Hri|〉2N

=

√

〈ǫ2
Hri

|Hri|2〉N

N

〈|Hri|〉N
(6)

Indeed, the variance of the modulus of the average frequency response
function is given by
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V{〈|Hri|〉N} =
1

N
〈V{|Hri|}〉N (7)

while

V{|Hri|} = |Hri|2ǫ2Hri
(8)

Hence, assuming a gaussian distribution, it can be stated with 95% cer-
tainty that the actual value of 〈|Hri|〉N lies between 〈|Hri|〉N−2ǫglobalHri

〈|Hri|〉N
and 〈|Hri|〉N + 2ǫglobalHri

〈|Hri|〉N .
Note that in [1] (section 8.2) a multiple coherence function was defined

for a system with multiple inputs and a single output, which provides a mea-
sure of the linear dependence between a collection of inputs and an output,
independent of the correlation among the inputs. However, to the best of our
knowledge, a global coherence as defined above for a single input multiple
output system, has not been proposed before. The same is true for the global
error of the average of the frequency response function.

2.2. The multi-pass estimator

In the situation that the system being investigated responds stationary
and time-independent, the frequency response functions Hri, i = 1...N , can
be measured sequentially in time using a multi-pass measurement scheme,
which puts less heavy demands on the measurement and data acquisition
system in terms of the required number of channels. Assuming that aH1-type
of estimate of the frequency response functions is required, a fixed reference
signal, here denoted as the signal measured at point r, should be used in order
to retain the phase information at each point i = 1...N , using Equation (1)
for the estimation of the frequency response function:

H1
ri =

Sri

Srr

(9)

By estimating the frequency response function between this reference sig-
nal and the response of the structure at different positions, being measured
sequentially in time, the phase between the response at the different measure-
ment points and the reference can be determined, and thus also the phase
between the individual responses.

A particularity of such a multi-pass measurement scheme is that the refer-
ence signal is acquired at each measurement pass, whilst all other signals are

5
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recorded during one pass only. Having N measurement passes to determine
the N components of the frequency response functions Hri, i = 1...N ,we
thus have N times an estimate of the reference auto-spectrum Srr(i) , with
i = 1...N .

In this particular case, it is advantageous to estimate the auto-spectrum
of the reference signal Srr as the averaged auto-spectrum of all sequentially
in time determined auto-spectra Srr(i) , with i = 1...N , i.e.:

〈Srr〉N =
1

N

N
∑

i=1

Srr(i) (10)

Taking the average auto-spectum of the input increases the signal-to-
noise-ratio of the reference auto-spectrum with a factor

√
N . In combination

with the frequency response functions for different locations i calculated from
respective auto-spectra and cross-spectra on the basis of records of limited
duration, the averaged structural response function Xi at each individual
point i, can be estimated as:

Xi = H1
ri

√

〈Srr〉N (11)

This method is called multi-pass acquisition [7].
Provided the noise contributions are uncorrelated, the error in the esti-

mate of 〈Srr〉N is a factor
√
N smaller than the error in the estimate of Srr,

with obvious advantages for the accuracy of the Xi estimate.

3. Practical application

In this section the multi-pass acquisition is used in a practical applica-
tion, with the aim of illustrating its adequacy. In addition, the proposed
global estimator ǫglobalHri

is used to determine the optimal record length for
the measurement, assuming a maximum allowable measurement time Tmax

of 100 [s], thus finding the best compromise between the number of averages
M and the record length T [s]. In addition, the minimum record length is
being studied by the same estimator ǫglobalHri

. In the considered experiment,
we determine the response of a light-weight double wall panel that is sub-
jected to a random, diffuse acoustic field at one side. The building element
is mounted in a transmission test facility as illustrated in Figure 1.

The transmission rooms are of identical shape, with a slightly inclined
test partition (see Figure 1), and with a volume V= 88.78 m3 each and a

6
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total interior surface S = 121.15 m2 each. The Schroeder frequency fs of
the receiving room is approximately fs = c3/2

√

T60log10(e)/4V = 350 Hz,
assuming a reverberation time of 2.5 [s] (using the averaged T20, see also
Figure 8(a)) and a propagation speed of sound c of 340 [m/s]. A light-weight
double wall panel was mounted in the opening between both rooms, with
dimensions 3.27 x 2.98 m2. The sound field in the sending room is generated
by two sound sources emitting random noise. Its response was measured at
N=145 different measurement positions (using two interleaved meshes of 8x8
and 9x9), as shown in Figure 2.

Figure 2: Double wall mounted in transmission test facility (as illustrated in Figure 1).
Strips of retro-reflecting material (145 in total) are visible to enhance the optical reflec-
tion on a grid of locations on the wall, as required for the scanning laser vibrometry
measurements.

Given our ambition to measure the complex (amplitude and phase) vi-
brational behavior of a structure subjected to a reverberant acoustic field,
rather than just estimating rough amplitude levels, special care needed to
be taken to acquire and process the signals. Given the diffuse character of
the sound fields in both rooms, the vibration of the building element has
very complex, random looking characteristics in time. Nevertheless, as the
response can be assumed to be linear, each acquired response constitutes of
the same modal responses. As a result, whilst the temporal responses have a
random nature, the spatial response should be coherent. In order to obtain
a reasonable estimate of the spatially coherent response of the building ele-
ment, the required measurement record lengths need to be longer than the

7
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(mechanical or acoustical) reverberation time of the acousto-mechanical sys-
tem involved (in this case: the transmission chambers, as these reverberation
times are much longer as compared to the mechanical reverberation time of
the panel).

Indeed, as mentioned by Piersol [2] in 1978, the analysis record lengths
should be at least as long as the reverberation time to avoid serious errors in
coherence measurements in a reverberant acoustic field. Obviously this also
applies to the measurement of the vibrational response of a building element
subjected to a reverberant acoustic field. In a publication by Jacobsen [3],
it is mentioned that the sound field in a reverberant room can be considered
fully coherent if the spectral bandwidth ∆f is less than 2.2/T60, and in
a later publication by Jacobsen [8] if the spectral spectral bandwidth ∆f
is less than 1/T60, where T60 is the reverberation time of the room. This
requirement corresponds to a record length T = 1/∆f of at least equal to or
larger than T60.

The reason for this requirement is that, following Piersol [2], if there
is a finite propagation time between two receivers, the resulting coherence
measurement will include a bias error of the form

γ̂2
xy (f) = γ2

xy (f) [1− τ/T ]2 (12)

where γ̂2
xy (f) is the measured coherence between the two signals x and y,

γ2
xy (f) is the true coherence, τ is the propagation time between the receivers

and T is the record length. Measurements in a reverberant acoustic field
contain multiple reflections, with different propagation times, τi, i=1,2,3,. . . .
The maximum τi that delivers a significant contribution to the measured
signal is a function of the reverberation time of the room T60. The same
statement holds for the response of a mechanical structure that is excited by
a reverberant field. Thus, in order to be able to estimate the true value of the
coherence the record length T should at least be as long as the reverberation
time of the room T60. Jacobsen [3, 8] draws the same conclusion in his papers.

Another way of explaining the requirement that the record length T
should at least be as long as the reverberation time of the room T60 when
dealing with a structure that is excited by a reverberant field is in terms
of frequency response function and transmissibility measurements. In the
present situation we measure the response yi at point i whilst using a refer-
ence signal yr at a fixed position r. Both signals are the response due to a
reverberant acoustic field. If we denote the acoustic excitation by x we can
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write
yi = Hix yr = Hrx (13)

where Hi and Hr are the transfer functions between an acoustic source at a
specific position in the (reverberant) sending room and the vibration of the
plate at points i and r, respectively. We are interested in the estimation of the
transmissibility yi/yr, which is equal to Hi/Hr (in practice being estimated
by means of auto- and cross-spectra, Eq. 9). The impulse responses Hi and
Hr have a length that is approximately equal to T60, which can be truncated
at t = T60 without important loss of signal quality. This again results in the
requirement that T needs to be larger than T60 in order to be able to obtain
a correct estimate of the transmissibility yi/yr, and to obtain an unbiased
estimate of the coherence.

For the experimental determination of the coherent spatial response of
the building element, we made use of a laser Doppler vibrometer (LDV),
a Polytec OFV-505 sensor head and a Polytec OFV-5000 controller. The
phase information in the signals was retained by synchronously acquiring the
reference signal of an accelerometer (Bruel&Kjaer type 4343 amplified with
a Bruel&Kjaer charge amplifier type 2635) placed on the building element
approximately 20 cm from the bottom edge of the send-side-panel.

The coherent, structural response of the building element, including the
phase relations between the measurement points, was estimated by means of
the multi-pass estimator [4].

The quality of the determined low-frequency response of the building ele-
ment to the reverberant sound field was assessed for different record lengths.
In practice this was done by recording, for each measurement position, the
two channels (the scanning laser vibrometer signal and fixed acceleration sig-
nal) in time-domain during 100 seconds using a sampling frequency of 20000
Hz, which was downsampled to 1000 Hz. Thus the practically imposed maxi-
mum total measurement time Tmax equals 100 seconds. The effect of varying
record length T was assessed by considering parts (sub-records) of that total
measurement record.

As a first step, the auto- and cross-spectra for all 145 measurement po-
sitions were estimated using a considered record length of 20 seconds (re-
sulting in a frequency resolution of 0.05 Hz), taking 8 averages with 50%
overlap (thus exploiting the full data record of 100 [s]). The auto-spectra are
shown in Figure 3. The auto-spectra of the (fixed) reference signal, as shown
in Figure 3(a), is rather noisy, as expected. Using the multi-pass approach

9

http://www.sciencedirect.com/science/article/pii/S0003682X14001583

Applied Acoustics 87 (2015) 57-63



0 100 200 300 400 500

10
−10

10
−8

10
−6

10
−4

Frequency [Hz]

A
c
c
e

le
ra

ti
o

n
 [

a
.u

.]

(a) Reference accelerometer auto-
spectra Srr (in grey) and auto-spectra
〈Srr〉N , with N=145 (in blue).
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(b) Laser vibrometer auto-spectra Sii.

Figure 3: Auto-spectra of reference accelerometer (fixed position) and laser vibrometer at
145 different measurement positions at receiving side, using a record length T=20[s].
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(a) Velocity auto-spectrum.
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(b) Coherence.

Figure 4: Example of the multi-pass estimator for the velocity at a single point (point
number 1, at the left bottom of the building element), using a record length T=20[s].

the auto-spectrum of the reference signal is determined by averaging the N
estimates of the auto-spectrum of the reference signal, yielding 〈Srr〉N , with
N=145. This led to a substantial quality improvement (in theory a factor√
N , [4]) of Srr and consequently also of Hri.
The final step in the data processing was to determine the individual

frequency response functions for each measurement point relative to the ref-
erence signal, and calculate from these the respective response functions, by
scaling with the square root estimate of 〈Srr〉N , using Equation (11). The
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resulting velocity spectrum Xi at an example point and the corresponding
ordinary coherence (as defined in Equation (3)) are shown in Figure 4. The
ordinary coherence at this example point, as well as at other points, is rel-
atively high in the frequency range between 40 and 115 Hz. Below 40 Hz,
the response of the used loudspeakers was weak. Above 115 Hz, the double
wall insulated rather well, which, combined with the fact that the laser vi-
brometer measures velocity (and not acceleration), led to lower signal levels
resulting in lower coherences.
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Figure 5: Dependence of the number of averages and overlap ratio, for a fixed total
measurement time Tmax of 100 seconds. Solid line: 0% overlap, dashed line: 50% overlap,
dash-dotted line:75% overlap, dotted line: 90% overlap, diamonds: 99% overlap.

We refer to Figure 5 for the relationship between the record length T
and the number of averages M using different overlap ratios. From this
figure it can be seen that the number of averages M increase significantly
with increasing overlap ratio’s, which would appear to be interesting from
a data processing point of view to increase the quality of the estimators in
a cheap manner. However, it is shown in Appendix A that for randomly
(Gausian) generated signals, using a Hanning window, an overlap greater
than 50% does not decrease the variance of spectral estimators further, whilst
Bendat’s 1/

√
M -rule would suggest a further reduction. For instance, in the

given situation, increasing the overlap from 50% to 99% would increase the
number of averages from 8 to 400 (using a record length of 20 [s]; see Figure
5) and thus would the variance in theory be reduced by a factor

√

400/8 = 7.
However, this predicted reduction of the variance is artificial. For that reason,
in the remainder of this paper an overlap ratio of 50% is used, to ensure that
the estimates for ǫglobalHri

as given in Eq. (6) will be valid.
The global coherence, as defined by Eq. 5, is depicted in Figure 6 as
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(a) 3D view. (b) Color coded top view.

Figure 6: Global coherence γglobal as function of frequency and as function of the record
length, using 50% overlap.

function of both frequency and record length. It can be seen that the global
coherence is significantly lower than 1 for record lengths shorter than 1 or
2 seconds, which is logical as for these short acquisition times the signals
are non-correlated; the measurement time is shorter as compared to the
reverberation time of the rooms. For large sub-record lengths the coherence
is close to 1.

Also notice that for record lengths longer than about 70 [s], the coherence
and the global coherence is 1 for all frequencies. This is because in that case
(with 50% overlap) only one averages is taken (see also Figure 6), which yields
a coherence of 1 by definition. Another issue that should be mentioned here
is that for small values of the number of averages M the coherence value
will be overestimated because not having converged to its actual value. This
point is especially important because Eq. 4 is based on the actual value of the
coherence, that in practice needs to be replaced by it’s estimation. When the
number of averages are high enough, this is allowed. But if this estimation
has not converged, the coherence will be overestimated. Concluding, one
should be cautious when interpreting coherence estimates and consequently
also the proposed global coherence when the number of averages are low.
The estimator will be reliable for values of approximately M ≥ 10, which
corresponds to a record length T < 18 [s] for the present case (Tmax = 100
[s], 50% overlap, see Figure 5). Fortunately, the global coherence is already
rather high for record lengths smaller than 10 [s].

The global error of the average of the response functions ǫglobalHri
as de-
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fined by Eq. 6 is depicted in Figure 7 as function of both frequency and
record length. However, the same aspect as mentioned above also applies
here. When the number of averages M is small the coherence values will be
overestimated. The overestimation of the (global) coherence will lead to an
underestimation of the uncertainty parameter as proposed by Eq. 6. Thus,
the results shown in Figure 7 should be interpreted with some caution for
record lengths larger than T = 18 [s] for the present case, assuming that at
least M ≥ 10 averages are required.

(a) 3D view. (b) Top view.

Figure 7: Global ǫglobalHri
as function of frequency and as function of the record length, using

50% overlap.

In order to enable a more global view on these results for all frequencies
simultaneously, the ǫglobal was normalized to 1 for each frequency line individ-
ually (Figure 8(b)). The reverberation time (T10, T20, T30 and EDT ) of the
receiving room (Figure 8(a)) was determined from the measured room im-
pulse responses (ISO 3282) using Dirac R© software with exponential sweeps
as testing signal.

The optimum record length, as indicated by the minimum of the normal-
ized ǫglobal, is of the same order of magnitude as the reverberation time of
the transmission room (Figure 8(b)). The reverberation time of the trans-
mission room is in this case determining the minimum record length, as the
mechanical reverberation time of the building element is much lower.

4. Conclusions

A global coherence parameter and a global estimate parameter for the
statistical uncertainty of the average frequency response function of a multi-
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(a) Reverberation time of the receiv-
ing room, EDT (green dashed curve),
T10 (blue full curve), T20 (red dash-dot
curve), T30 (light green dotted curve).
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Figure 8: Measured reverberation time of the transmission test facility room and global
ǫ
global
Hri

normalized for each frequency line separately, using 50% overlap, as function of
frequency and as function of the record length.

channel structural-acoustic system is proposed. The proposed parameters
are applied in an experimental test to assess the global uncertainty of the
measured frequency response functions, and it is shown that the minimum
record length needs to be larger than the reverberation time of the structural-
acoustic system to avoid serious errors in the frequency response function
estimate. In addition an optimal choice between the record length and the
number of averages, for a fixed maximum measurement time, is determined
based upon the suggested global parameters.
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Appendix A.

The aim of this appendix is to show that the usable amount of overlap
is limited in practice. Exceeding a certain overlap ratio will not give better
estimates.

It is known that the variance of the auto-spectrum of a gaussian signal
averaged over M time windows is proportional to 1/M [4]. Considering a
signal x with a rms value equal to x, the variance of the double sided auto-
spectrum Sxx is given by (cf. [9]) :

V (〈Sxx〉) =
4x4

Mn2
(A.1)

where n is the number of points of the FFT.
To illustrate the effect of overlap on the variance of the auto-spectrum

of a signal, we consider a numerically generated signal with a normal distri-
bution. The digital signal has a length of 600000. The Fourier transform is
determined for this signal with a length n = 100000. Without overlap M = 6
averages could be taken, whilst with 50% overlap M = 11 averages could be
take and with 99% overlap M = 500 averages.

According to the theory above, the variance should be inversely propor-
tional to the number of averages taken. If we estimate the variance of the
auto-spectrum, which resulted from the averaging process by calculating the
variance over the n points of the averaged FFT-result, it corresponds well
to the theoretical curve up to a certain level of the overlap ratio. But for
the higher overlap ratios the theoretical curve does not correspond to the ac-
tual variance, the latter exhibiting a kind of saturation, as shown in Figure
A.9. When using a Hanning window, the theoretical curve corresponds to
the actual variance curve reasonably well up to about 50% (see Figure 9(a)).
Plotting the variance as function of the number of averages, obviously gives
a straight line on a log-log scale for the theoretical curve (see Figure 9(c)).

It’s interesting to see that the cross-over depends upon the window type
being used. For instance, although a rectangular window is not recommended
for stochastic signals, the theoretical curve follows the actual variance curve
up to about 20% when such a window is used (see Figure 9(b) and 9(d)).
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(a) Variance versus overlap ratio, using
a Hanning window.
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(b) Variance versus overlap ratio, using
a uniform window.
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(c) Variance versus number of averages,
using a Hanning window.
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(d) Variance versus number of averages,
using a uniform window.

Figure A.9: Actual variance (solid blue curve) and theoretically predicted variance (dashed
red curve) for a numerically generated signal with a normal distribution, total signal length
600000, FFT record length n = 100000.
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