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ON THE MAXIMUM NUMBER OF RATIONAL POINTS

ON SINGULAR CURVES OVER FINITE FIELDS

YVES AUBRY AND ANNAMARIA IEZZI

Abstract. We give a construction of singular curves with many ratio-
nal points over finite fields. This construction enables us to prove some
results on the maximum number of rational points on an absolutely ir-
reducible projective algebraic curve defined over Fq of geometric genus
g and arithmetic genus π.
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1. Introduction

Singular curves over finite fields arise naturally in many mathematics
problems. An example comes from coding theory with the geometric con-
structions of error correcting codes defined by the evaluation of points on
algebraic varieties (see [7]). The study of hyperplane sections or more gen-
erally of sections of algebraic varieties is needed to find the fundamental
parameters of these codes, and we often meet with singular varieties. An-
other example arises from the theory of Boolean functions for which we have
a geometric characterization of the Almost Perfect Nonlinear property by
determining whether the rational points on a certain algebraic set (which is a
singular curve or a singular surface) are included in the union of hyperplanes
(see [4]).

Throughout the paper, the word curve will always stand for an absolutely
irreducible projective algebraic curve.

The zeta function of a singular curve defined over the finite field Fq with
q elements has been studied in [2] and [3]. In particular, in [2] it is proved
that, if X is a curve defined over Fq of geometric genus g and arithmetic
genus π, then the number of rational points on X satisfies:

♯X(Fq) ≤ q + 1 + gm+ π − g, (A)

where m = [2
√
q] is the integer part of 2

√
q. A curve attaining the bound

(A) will be called maximal.
1
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Fukasawa, Homma and Kim in [5] proved that this bound is reached in

the case where g = 0 and π = q2−q
2 by exhibiting a rational plane curve B

of degree q + 1 with q + 1 + q2−q
2 rational points.

The purpose of this paper is to study, in the general case, what is the
maximum number of rational points on a singular curve. In order to do
this, for q a power of a prime, g and π non negative integers such that
π ≥ g, we introduce the quantity Nq(g, π) defined as the maximum number
of rational points over Fq on a curve defined over Fq of geometric genus g
and arithmetic genus π. We recall that Nq(g) is the usual notation for the
maximum number of rational points over Fq on a smooth curve defined over
Fq of genus g. It follows from [2] that:

Nq(g, π) ≤ Nq(g) + π − g. (B)

A curve defined over Fq of geometric genus g and arithmetic genus π with
Nq(g) + π − g rational points will be called δ-optimal.

Following the ideas of Rosenlicht in [8] and Serre in Chap. IV of [9], we
give in Theorem 3.4 a construction of singular curves defined over Fq with
prescribed rational singularities which enables us to control the arithmetic
genus.

Then we use this construction to prove (Theorem 4.2) that, if X is a
smooth curve of genus g defined over Fq and if π is an integer of the form

π = g + a2 + 2a3 + 3a4 + · · · + (n− 1)an

with 0 ≤ ai ≤ Bi(X), where Bi(X) is the number of closed points of degree
i on the curve X, then there exists a curve X ′ over Fq of arithmetic genus
π such that X is the normalization of X ′ and

♯X ′(Fq) = ♯X(Fq) + a2 + a3 + a4 + · · ·+ an.

This allows us to show (Theorem 5.3):

Nq(g, π) = Nq(g) + π − g

if and only if g ≤ π ≤ g+B2(Xq(g)), where B2(Xq(g)) denotes the maximum
number of points of degree 2 on a smooth curve having Nq(g) rational points
over Fq. In particular, for g = 0, it implies that the bound (A) is reached if

and only if 0 ≤ π ≤ q2−q
2 , showing that the curve B in [5] is a very particular

case of Theorem 5.3.
Furthermore, we obtain in Corollary 5.5 an explicit characterization of

δ-optimal curves with g = 1.
Finally, we deal with some properties of maximal curves.

2. Notations and preliminary

Let X be a curve defined over Fq with function field Fq(X) and let X̃ be
its normalization.



ON THE MAXIMUM NUMBER OF RATIONAL POINTS ON SINGULAR CURVES OVER FINITE FIELDS3

For every point Q on X we denote by OQ the local ring of X at Q, by
MQ the maximal ideal of OQ and by degQ = [OQ/MQ : Fq] the degree of
Q.

Let OQ be the integral closure of OQ in Fq(X). The degree of singularity
of Q on X is defined by:

δQ := dimFq
OQ/OQ.

We remark that δQ = 0 if and only if Q is a non-singular point.
Now if we set:

δ :=
∑

Q∈SingX
δQ,

with SingX denoting the (finite) set of singular points on X, the arithmetic
genus π of X can be defined as (see Prop. 3 - Chap. IV of [9]):

π := g + δ,

where g is the genus of X̃ (called the geometric genus of X).
We have obviously π ≥ g and we have π = g if and only if X is a smooth

curve.

In [2] the authors established some connections between a (singular) curve
and its normalization, in terms of the number of rational points and the zeta
function. Firstly they proved:

(1) |♯X̃(Fq)− ♯X(Fq)| ≤ π − g.

Furthermore they proved that the zeta function ZX(T ) of X is the prod-

uct of the zeta function ZX̃(T ) of X̃ by a polynomial of degree ∆X :=

♯(X̃(Fq)\X(Fq)) ≤ π− g. More precisely, if ν : X̃ → X denotes the normal-
ization map, they showed that:

(2) ZX(T ) = ZX̃(T )
∏

P∈SingX

(
∏

Q∈ν−1(P )(1− T degQ)

1− T degP

)

.

As a consequence they obtained that for all n ≥ 1:

♯X(Fqn) = qn + 1−
2g
∑

i=1

ωn
i −

∆X
∑

j=1

βn
j ,

for some algebraic integers ωi of absolute value
√
q and some roots of unity

βj in C.
In particular, they got the inequality:

(3) |♯X(Fq)− (q + 1)| ≤ gm+ π − g.

The integer part m = [2
√
q] comes from the Serre improvement of the Weil

bound (see [10]).
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For g and π non negative integers such that π ≥ g, we define the quantity
Nq(g, π) as the maximum number of rational points over Fq on a curve
defined over Fq of geometric genus g and arithmetic genus π.

We have clearly Nq(g, g) = Nq(g), where Nq(g) is the usual notation for
the maximum number of rational points over Fq on a smooth curve defined
over Fq of genus g. If X is a curve defined over Fq of geometric genus g

and arithmetic genus π, we obtain from (1): ♯X(Fq) ≤ ♯X̃(Fq) + π − g ≤
Nq(g) + π − g. Therefore we have the following upper bound for Nq(g, π):

Nq(g, π) ≤ Nq(g) + π − g = Nq(g) + δ (B)

and using the inequality (3), we have also:

Nq(g, π) ≤ q + 1 + gm+ π − g. (A′)

A question naturally arises:

For which q, g and π the bounds (B) and (A′) are attained?

In order to answer the question, we are going to construct singular curves
with prescribed geometric genus g and arithmetic genus π and having “many”
rational points.

3. Curves with prescribed singularities

Let X be a smooth curve over Fq with function field Fq(X) and let S =
{Q1, . . . , Qs} be a non-empty finite set of closed points on X. We consider
the following subring O ⊂ Fq(X):

O =

s
⋂

i=1

OQi
.

The ringO is a finite intersection of discrete valuation rings. It is well known
(see Prop. 3.2.9 in [11]) that O is a semi-local ring, its maximal ideals are
precisely NQi

:= MQi
∩ O for i = 1, . . . , s and the fields OQi

/MQi
and

O/NQi
are isomorphic. Moreover O is a principal ideal domain and therefore

a Dedekind domain (see Prop. 3.2.10 in [11]).
Now, let n1, . . . , ns be s positive integers, set N := N n1

Q1
· · · N ns

Qs
and let

us consider the subring O′ ⊆ O defined by:

(4) O′ := Fq +N .

Hence a function in O′ takes the same value at the points Q1, . . . , Qs.

We can represent the inclusions with the following diagram:
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Fq(X)

OQ1
· · · OQs

O

O′

Proposition 3.1. O′ verifies the following properties:

(1) Frac(O′) = Fq(X) and O is the integral closure of O′ in Fq(X).
(2) O′ is a local ring with maximal ideal N and residual field O′/N ∼=

Fq. Moreover N is the conductor of O′ in O and, by definition, it
contains the functions of O′ that vanish at the points Q1, . . . , Qs.

(3) O/O′ is an Fq-vector space such that

dimFq
(O/O′) =

s
∑

i=1

ni degQi − 1.

Proof. Let us prove the first assertion. We know from Prop. 3.2.5 in [11]
that Frac(O) = Fq(X). So it is enough to show that O ⊆ Frac(O′).

As O is a principal ideal domain, there exists t ∈ O such that N = tO.

So let x ∈ O. We have x = tx2

tx so that x ∈ Frac(O′).

The integral closure O′ of O′ in Fq(X) is given by the intersection of all

valuation rings of Fq(X) which contain O′. So O′ ⊆ ⋂s
i=1 OQi

= O. Hence
it is enough to show that there are no other valuation rings that contain O′.

Let OP be a valuation ring in Fq(X) different from OQ1
, . . . ,OQs

and let
vP , vQ1

, . . . , vQs
be the corresponding valuations. By the Strong Approxi-

mation Theorem (see Prop. 1.6.5 in [11]) we can find an element x ∈ Fq(X)
such that vP (x) = −1 and vQi

(x) = ni for every i = 1, . . . , s. This implies

that x ∈ N ⊆ O′ and x /∈ OP . We conclude that O′ = O.
We prove now the second assertion. First we show that N is a maximal

ideal in O′. We have that O′ \ N = {a+ n : a ∈ F∗
q and n ∈ N}. If N were

not a maximal ideal, by Zorn’s lemma there would exist a maximal ideal N ′

such that N ( N ′ ( O′. Let x 6= 0 be in (O′ \ N ) ∩ N ′. So x = a + n,
where a ∈ F∗

q and n ∈ N . Hence a = x − n ∈ N ′ and N ′ = O′, which is a
contradiction.

If there existed another maximal ideal in O′, by the Going Up Theorem
(see Th. 5.10 in [1]), it would be the contraction of a maximal ideal in O.
But for every i = 1, . . . , s, we have N ⊆ NQi

∩ O′ and, as N is a maximal
ideal in O′, we have that N = NQi

∩O′. Hence N is the only maximal ideal
in O′ and thus O′ is a local ring. We have obviously O′/N ∼= Fq.
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Moreover, as N is both an ideal of O and the maximal ideal of O′, it is
the conductor of O′ in O.

Let us prove now the third assertion. By the third isomorphism theorem
of modules we have:

O/O′ ∼= O/N
O′/N .

Furthermore we have an isomorphism of Fq-vector spaces:

O/N =
O

N n1

Q1
· · · N ns

Qs

∼=
s
∏

i=1

( OQi

MQi

)ni

.

Hence dimFq
O/N =

∑s
i=1 ni degQi and thus

dimFq
O/O′ = dimFq

O/N − dimFq
O′/N =

s
∑

i=1

ni degQi − 1.

�

The special case of Proposition 3.1 for which S is a singleton {Q} will be
pivotal in the next section:

Corollary 3.2. Let OQ be a discrete valuation ring of Fq(X) with maximal
ideal MQ. Then the ring O′

Q := Fq +MQ is a local ring contained in OQ

such that
[

O′
Q/MQ : Fq

]

= 1. Furthermore OQ is the integral closure of O′
Q

and OQ/O′
Q is an Fq-vector space of dimension degQ− 1.

Remark 3.3. We remark that the ring O′
Q, defined as in Corollary 3.2, is

the biggest (according to inclusion) local ring contained in OQ such that
[

O′
Q/MQ : Fq

]

= 1. In fact, let O be a local ring contained in OQ, with M
as maximal ideal, such that [O/M : Fq] = 1. As O/M ∼= Fq, every element
x in O is of the form x = a+m, with a ∈ Fq and m ∈ M. Thus O = Fq+M.
But M = MQ ∩O ⊆ MQ and hence O ⊆ O′

Q.

The operations on the valuation rings contained in Fq(X) correspond
to operations on the points on X: roughly speaking, “glueing” together
OQ1

, . . . ,OQs
in the local ring O′ corresponds to “glueing” together the

non-singular closed points Q1, . . . , Qs in a singular rational one. In this
way, starting from a smooth curve X, we define a “glued” curve X ′ which
is biregularly equivalent to X except at the “glued” points, and for which
the “glued” non-singular points are replaced by a singularity of a specific
degree of singularity.

Formally:

Theorem 3.4. Let X be a smooth curve of genus g defined over Fq, let
Q1, . . . , Qs be closed points on X. Let n1, . . . , ns be positive integers and
consider the local ring O′ defined as in (4).

Then there exists a curve X ′ defined over Fq, having X as normalization,
with only one singular point P whose local ring is the prescribed local ring
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O′. Moreover P is a rational point on X ′ with a degree of singularity equal
to
∑s

i=1 ni degQi − 1 and X ′ has arithmetic genus g +
∑s

i=1 ni degQi − 1.

Proof. The existence of the curve X ′ is proved in Th. 5 in [8] and Prop. 2
- Chap. IV in [9]. The degree of the singular point, its degree of singularity
and the arithmetic genus of X ′ come from Proposition 3.1 and the definition
of the arithmetic genus. �

We can remark that, by construction, the curve X ′ has a number of
rational points equal to

♯X ′(Fq) = ♯X(Fq)− ♯{Qi, i = 1, . . . , s such that Qi is rational over Fq}+ 1.

Remark 3.5. In the previous theorem we limit ourselves to the construction
of a curve with only one singularity, but there is nothing preventing us from
constructing more singularities at the same time, by giving a finite number
of prescribed local rings, no two of which have a place in common.

4. Singular curves with many rational points and small

arithmetic genus

The construction given in the previous section can be used to produce
singular curves with prescribed geometric genus and arithmetic genus and
with many rationals points.

Firstly, we have the following lower bound for the quantity Nq(g, π).

Proposition 4.1. For q a power of a prime, g and π non negative integers
such that π ≥ g we have:

Nq(g, π) ≥ Nq(g).

Proof. Let X be a smooth curve of genus g defined over Fq with Nq(g)
rational points and let Q be a rational point on X. Let us consider the local
ring

O′ := Fq + (MQ)
π−g+1.

By Theorem 3.4, there exists a curve X ′ defined over Fq, having X as nor-
malization and biregularly equivalent to X except at the point Q, such
that X ′ contains a singular point P corresponding to the prescribed local
ring O′. Hence ♯X(Fq) = ♯X ′(Fq) = Nq(g) and X ′ has geometric genus
g and arithmetic genus equal to g + π − g + 1 − 1 = π. It follows that
Nq(g, π) ≥ Nq(g). �

Now, let us state the following useful result.

Theorem 4.2. Let X be a smooth curve of genus g defined over Fq. Let π
be an integer of the form

π = g + a2 + 2a3 + 3a4 + · · · + (n− 1)an
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with 0 ≤ ai ≤ Bi(X), where Bi(X) is the number of closed points of degree i
on the curve X. Then there exists a curve X ′ defined over Fq of arithmetic
genus π such that X is the normalization of X ′ and

♯X ′(Fq) = ♯X(Fq) + a2 + a3 + a4 + · · ·+ an.

Proof. Let us take, for every i ∈ {2, . . . , n}, ai closed pointsQ
(i)
1 , Q

(i)
2 , . . . , Q

(i)
ai

of degree i on X. We obtain a subset S = {Q(i)
j , 2 ≤ i ≤ n, 1 ≤ j ≤ ai} of

cardinality |S| = a2 + a3 + · · · + an.
For every Q ∈ S we set O′

Q := Fq +MQ and we have, by Corollary 3.2,

that O′
Q is a local ring with maximal ideal MQ and

[

O′
Q/MQ : Fq

]

= 1.

Moreover, OQ is the integral closure of O′
Q and OQ/O′

Q is an Fq-vector space
of dimension degQ− 1.

By Theorem 3.4 and Remark 3.5, we get a curve X ′ defined over Fq having
X as its normalization and such that:

♯X ′(Fq) = ♯X(Fq) + a2 + a3 + a4 + · · ·+ an.

Furthermore:

π = g +
∑

2≤i≤n

∑

1≤j≤ai

(degQ
(i)
j − 1) = g +

∑

2≤i≤n

∑

1≤j≤ai

(i− 1)

and thus:
π = g +

∑

2≤i≤n

(i− 1)ai.

�

Remark 4.3. Roughly speaking, Theorem 4.2 shows that we can “trans-
form” a point of degree d on a smooth curve in a singular rational one,
provided that we increase the value of the arithmetic genus by d− 1.

Remark 4.4. The construction described in the proof of Theorem 4.2 is
“optimal”, meaning that it allows us to provide a curve with a large number
of rational points compared with its arithmetic genus. More precisely, if X
is a curve defined over Fq of geometric genus g, arithmetic genus π and with

N rational points and if X̃ is its normalization, then there exists a curve
X ′ constructed as in the proof of Theorem 4.2 of arithmetic genus π′ ≤ π,
with N ′ ≥ N rational points and whose normalization is X̃ . Indeed from
Remark 3.3, since O′

Q is the biggest local ring contained in OQ such that
[

O′
Q/MQ : Fq

]

= 1, we obtain that every point in S is “replaced” by a

rational singular one with the smallest possible degree of singularity.

5. On δ-optimal curves

We introduce the following terminology, as mentioned in the introduction:

Definition 5.1. Let X be a curve over Fq of geometric genus g and arith-
metic genus π. The curve X is said to be:
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(i) an optimal curve if

♯X(Fq) = Nq(g, π);

(ii) a δ-optimal curve if

♯X(Fq) = Nq(g) + π − g = Nq(g) + δ;

(iii) a maximal curve if it attains the bound (A), that is if

♯X(Fq) = q + 1 + gm+ π − g.

Obviously, we have that maximal curves are δ-optimal curves, and δ-
optimal curves are optimal curves. Moreover, we find again the classical
definitions of optimal curve and maximal curve when X is smooth.

Firstly we give some properties of δ-optimal curves.

Proposition 5.2. Let X be a curve of geometric genus g and arithmetic
genus π. If X is δ-optimal then its normalization X̃ is an optimal curve
and all the singular points are rational with degree of singularity equal to 1.
Moreover, if ν denotes the normalization map and P is a singular point on
X, then ν−1(P ) = {Q}, with Q a point of degree 2 on X̃. Furthermore, we

have π − g ≤ B2(X̃) and ZX(T ) = ZX̃(T )(1 + T )π−g.

Proof. If X̃ was not an optimal curve, that is ♯X̃(Fq) < Nq(g), we would

have ♯X(Fq)− ♯X̃(Fq) > π − g, which is absurd by (1).
Hence we get:

♯X(Fq)− ♯X̃(Fq) = π − g.

On the other hand we know from [2] that:

♯X(Fq)− ♯X̃(Fq) ≤ ♯SingX(Fq) ≤ ♯SingX(Fq) ≤ π − g

so that

♯SingX(Fq) = ♯SingX(Fq) = π − g.

In particular this means that all singular points on X are rational.
Moreover as

π − g =
∑

P∈SingX
δP ,

we find that δP = 1 for all P ∈ SingX.
Now, let us look at the zeta function of X, which by (2) is given by:

ZX(T ) = ZX̃(T )
∏

P∈SingX

(
∏

Q∈ν−1(P )(1− T degQ)

1− T

)

.

Since in our case

deg





∏

P∈SingX

(
∏

Q∈ν−1(P )(1− T degQ)

1− T

)



 = π − g,
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then for every P ∈ SingX, we have ν−1(P ) = {Q} with degQ = 2 (because
of the number of rational points on X, we can exclude the possibility for
which ν−1(P ) = {Q1, Q2} with degQ1 = degQ2 = 1).

In particular, we obtain, firstly, that ♯SingX ≤ B2(X̃) which implies

π − g ≤ B2(X̃), and secondly the zeta function of X. �

We would like, now, to determine for which values of q, g and π there
exist δ-optimal curves.

Remarking that the last quantity in Theorem 4.2 can be written in the
form

♯X(Fq) + π − g − (a3 + 2a4 + · · · + (n − 2)an),

and considering Remark 4.3 and Proposition 5.2, we find that the only pos-
sibility to obtain a δ-optimal curve is to start from an optimal smooth curve
of genus g and work only with its points of degree 2: in fact for every point
of degree 2 that we “transform” in a rational one, the arithmetic genus in-
creases only by 1. In this way we are able to construct a curve for which the
difference between the number of rational points on it and on its normal-
ization is exactly equal to the difference between the arithmetic genus and
the geometric one. Obviously we are limited by the fact that the number of
closed points of degree 2 is finite, “quite little” for an optimal smooth curve
and even sometimes equal to zero.

For these reasons we introduce the following notation. Let us denote by
Xq(g) the set of optimal smooth curves X defined over Fq of genus g. Let
B2(Xq(g)) be the maximum number of points of degree 2 on a curve of Xq(g).

Theorem 5.3. We have:

Nq(g, π) = Nq(g) + π − g ⇐⇒ g ≤ π ≤ g +B2(Xq(g)).

Proof. Let X be a curve in Xq(g). Let π be an integer of the form π = g+a2
with 0 ≤ a2 ≤ B2(X), where B2(X) is the number of closed points of degree
2 on the curve X. Then, by Theorem 4.2, there exists a curve X ′ over Fq of
arithmetic genus π such that X is the normalization of X ′ and

♯X ′(Fq) = ♯X(Fq) + a2 = Nq(g) + a2.

Thus, for every g ≤ π ≤ g +B2(Xq(g)), we have Nq(g, π) = Nq(g) + π − g.
The converse follows by Proposition 5.2. �

In the case where g = 0, i.e. of rational curves, Theorem 5.3 turns in the
following corollary:

Corollary 5.4. We have

Nq(0, π) = q + 1 + π

if and only if π ≤ q2−q
2 .

Proof. The number of closed points of degree 2 of P1 is given by B2(P
1) =

q2−q
2 . �
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In [5], Fukasawa, Homma and Kim study the rational plane curve B of
degree q + 1 defined as the image of

P1 ∋ (s, t) 7−→ (sq+1, sqt+ stq, tq+1) ∈ P2.

They proved that the number of rational points on B over Fq is q+1+ q2−q
2 .

Since its arithmetic genus is q2−q
2 , it follows that B is a maximal curve. It is

an explicit example of a rational singular curve attaining Nq(0,
q2−q
2 ). The

previous Corollary shows that δ-optimal rational curves exist in fact for any

π ≤ q2−q
2 .

For the case of curves of geometric genus 1, it is well-known (see for
example [12]) that the number Nq(1) is either q + 1 + m or q + m. It is
q+1+m if and only if at least one of the following occurs: p does not divide
m, or q is a square, or q = p.

Then Theorem 5.3 implies:

Corollary 5.5. (1) If p does not divide m, or q is a square, or q = p
we have:

Nq(1, π) = q + 1 +m+ π − 1

if and only if 1 ≤ π ≤ 1 + q2+q−m(m+1)
2 .

(2) In the other cases we have

Nq(1, π) = q +m+ π − 1

if and only if 1 ≤ π ≤ 1 + q2+q+m(1−m)
2 .

Proof. In the first case, we have that Nq(1) = q + 1 + m. So let X be a
smooth curve with q + 1 +m rational points. If we denote by ω and ω̄ the
inverse roots of the numerator of the zeta function of X, then we have:

(5) ♯X(Fq) = q + 1 +m = q + 1− (ω + ω̄),

and
♯X(Fq2) = q2 + 1− (ω2 + ω̄2).

From (5) we obtain that ω + ω̄ = −m. Since ω has absolute value
√
q, we

have: ω2 + ω̄2 = (ω + ω̄)2 − 2ωω̄ = (ω + ω̄)2 − 2|ω|2 = m2 − 2q, so that the
number of rational points on X over Fq2 is ♯X(Fq2) = q2 + 1 − (m2 − 2q).
In this way we obtain that for every maximal smooth curve of genus 1 the
number of points of degree 2 is equal to:

B2(X) =
♯X(Fq2)− ♯X(Fq)

2
=

q2 + q −m(m+ 1)

2
The conclusion follows from Theorem 5.3.

For the second case, the proof is totally analogous to the previous one. �

Remark 5.6. We remark that for q = 2, q = 3 or q = 4, as the quan-

tity q2+q−m(m+1)
2 is equal to 0, there exists no δ-optimal curve over Fq of

geometric genus 1 and arithmetic genus π > 1.
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Remark 5.7. We have already seen (Proposition 5.2) that a δ-optimal
(singular) curve has necessarily an optimal normalization. Nevertheless this
is not in general true for an optimal singular curve. Let us show this fact
with an example.

We consider curves over F2 of geometric genus 1 and arithmetic genus 3
and we show firstly that N2(1, 3) = 6. Indeed, we have N2(1, 3) ≥ N2(1) = 5
by Proposition 4.1 and N2(1, 3) < 7 by Corollary 5.5. Let now X be a
smooth curve of genus 1 over F2 with exactly 4 rational points (its existence
is assured by Th. 4.1 in [12]). It is easy to show that such a curve has 3
points of degree 2. Applying Theorem 4.2 with a2 = 2, we obtain a singular
curve X ′ over F2 of geometric genus 1 and arithmetic genus 3 with 6 rational
points and X as normalization. So N2(1, 3) = 6 and X ′ is an example of an
optimal singular curve whose normalization is not optimal.

Actually there is no optimal curve over F2 of geometric genus 1 and arith-
metic genus 3 whose normalization is optimal. This is a consequence of the
fact that an optimal smooth curve of genus 1 has neither points of degree 2
nor points of degree 3.

Finally we focus on the genera and the zeta function of maximal curves
which form a particular subclass of δ-optimal curves.

We recall that for a maximal smooth curve X defined over Fq, it is known

from Ihara in [6] that if q is a square the genus g of X verifies g ≤ q−√
q

2 (see
also Prop. 5.3.3 of [11]).

Moreover in this case (q square), if ω1, ω̄1, . . . , ωg, ω̄g are the inverse roots
of the numerator of the zeta function ZX(T ) of X, then the maximality of
X with the Riemann hypothesis (|ωi| = √

q) imply that they are all equal
to −√

q. Hence one gets:

ZX(T ) =
(1 +

√
qT )2g

(1− T )(1− qT )
.

If q is not a square, following an idea of Serre in [10], the arithmetic-
geometric mean inequality gives

1

g

g
∑

i=1

(m+ 1 + ωi + ω̄i) ≥
(

g
∏

i=1

(m+ 1 + ωi + ω̄i)

)1/g

≥ 1.

The maximality of X implies that the arithmetic mean equals the geometric
one, hence we find that ωi + ω̄i = −m for all 1 ≤ i ≤ g. Thus

ZX(T ) =
(qT 2 +mT + 1)g

(1− T )(1− qT )
.

The following proposition shows what happens analogously for general
(i.e. possibly singular) maximal curves.
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Proposition 5.8. If X is a maximal curve defined over Fq of geometric
genus g, arithmetic genus π and zeta function ZX(T ), then we have:

π ≤ g +
q2 + (2g − 1)q − gm(m+ 1)

2

and

ZX(T ) =
(qT 2 +mT + 1)g(1 + T )π−g

(1− T )(1− qT )
.

Proof. LetX be a maximal curve over Fq of geometric genus g and arithmetic

genus π. By Proposition 5.2, the curve X has a maximal normalization X̃
and π ≤ g + B2(X̃). But the number of points of degree 2 is the same for
all smooth maximal curves of genus g. Indeed, a smooth maximal curve
over Fq of genus g has, by definition, q + 1 + gm rational points and thus
the reciprocal roots of the numerator polynomial of its zeta function are
two complex conjugate numbers ω and ω̄, each one with multiplicity g, such
that ω + ω̄ = −m and ωω̄ = q. With the same technique as in the proof of
Corollary 5.5, we obtain:

B2(X̃) =
q2 + (2g − 1)q − gm(m+ 1)

2

which gives the desired inequality involving g, π and q.
From Proposition 5.2 and the results on the zeta function of smooth

maximal curves recalled above, we find directly the form of ZX(T ). �
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