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Abstract

In this paper, we introduce a new class of BSDE generalizing and offering a unifying
framework to represent the constrained ones presented in [I6] or [I2] as well as the
oblique reflected ones studied by [I1] and [9]. Via a penalization procedure, we provide
an existence and uniqueness result for this new class of so-called constrained BSDEs
with jumps. Remarkably, these BSDEs appear to be very convenient to represent the
solution to eventually non-Markovian switching problems. As a by-product, we enlarge
the class of obliquely reflected BSDE’s, allowing to represent switching problems with
controlled underlined diffusion.

Résumé

Nous introduisons une nouvelle classe d’EDS rétrograde qui généralise et offre un
cadre unifié pour le traitement des contraintes étudiées par [16] et [12], ainsi que des
réflexions obliques considérées dans [I1] and [9]. Par une méthode de pénalisation, nous
obtenons 'existence et 'unicité d’une solution minimale a cette nouvelle classe d’EDSR.
De plus, les EDSRs contraintes a sauts offrent une représentation alternative pour la
résolution de problemes de switching éventuellement non markoviens. L’obtention de
ce résultat fournit également une généralisation de la notion d’EDSR reflexion oblique,
permettant de traiter les problemes de switching avec diffusion sous-jacente controlée.
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1 Introduction

Since its introduction by Pardoux and Peng in [13], the notion of Backward Stochastic Dif-
ferential Equations (BSDEs in short) has been widely extended. In particular, it appeared
as a very powerful tool to solve partial differential equations (PDE) and corresponding
stochastic optimization problems. Several generalizations of this notion are based on the
addition of new constraints on the solution. First, El Karoui et al. [7] study the case
where the component Y is forced to stay above a given process, leading to the notion of
reflected BSDEs related to optimal stopping and obstacle problems. Motivated by super
replication problems under portfolio constraints, Cvitanic et al. [5] consider the case where
the component Z is constrained to stay in a fixed convex set. More recently, Kharroubi
et al. [I2] introduce a constraint on the jump component U of the BSDE, providing a
representation of solutions to a class of PDE, called quasi-variational inequalities, arising
in optimal impulse control problems. Generalizing the results of El Karoui et al. [7] in
a multi-dimensional framework, Hu and Tang [I1] followed by Hamadéne and Zhang [9]
consider BSDEs with oblique reflections and connect them with systems of variational in-
equalities and optimal switching problems. Nevertheless, they only consider cases where
the switching strategy does not affect the dynamics of the underlying diffusion. Our paper
introduce the new notion of constrained BSDEs with jumps, which offers in particular a
nice and natural probabilistic representation for these types of switching problems.

Let introduce an underlying diffusion process whose dynamics are given by
¢ t
X7 = Xo +/ b(Xy, an)du +/ o( X5, ay)dW,, 0<t<T, (1.1)
0 0

where « is a switching control process valued in {1,...,m}. We consider the following
switching control problem defined by

supB[g(X.0r) + [ Eagds s Y elaan)]. (12)

0<Tk ST

where (74); denotes the jump times of the control «. This type of stochastic control
problem is typically encountered by an agent maximizing the production rentability of
a given good by switching between m possible modes of production based on different
commodities. A switch is penalized by a given cost function ¢ and, since the agent is
a large actor on the market, the chosen mode of production influences the dynamics of
the corresponding commodities. As observed by Tang and Yong [I9] and Bouchard [2], the
value function associated to this problem interprets on [0, 7] as the unique viscosity solution
of a given coupled system of variational inequalities. The difficulty in the derivation of a
BSDE representation for this type of problem is, firstly, the dependence of the solution
in mode i € {1,...,m} with respect to the global solution in all possible modes, and
secondly, the dependence in the control of the drift and the volatility of X. In the spirit of
[14], we overcome this difficulty by artificially letting the strategy jump randomly between
the different modes of production. This allows to retrieve in the jump component of a
one-dimensional backward process, some information regarding the solution in the other



modes of production. Indeed, let us introduce a pure jump process (I¢)o<¢<7 based on an
independent random measure p and construct the underlying process (tht)ogtST, whose
dynamics are based on the random mode of production I according to equation (). Let
now consider the following constrained BSDE associated to the two dimensional forward
process (1, X!) (called diffusion-transmutation process in [T4]) and defined on [0, T] by:

Yo = gXI)+ [T F(xE L)ds + K — Ky — [T Ze,dWs) — [ [, Us(i)u(ds, di)
Uiy > c(i,I;—), dP®@dt® \(di) a.e.
(1.3)

We prove in this paper that (L3]) has one unique minimal solution which indeed relates
directly to the solution of the corresponding switching problem (L2]).

In order to unify our results with the one based on BSDE with oblique reflection consid-
ered in [I1] or [9], we extend this approach and introduce the notion of constrained BSDE
with jumps whose solution (Y, Z,U, K) satisfies

T T T
Y; = §+/t f(57Y37Zs,Us)dS+KT—Kt—/t (ZS,dWS>—/t /IUS(z)u(ds,dz), (1.4)

a.s, for 0 <t < T, as well as the constraint
h(t,Yi-, Zy, U(i),i) > 0, dP®dt® \(di) a.e., (1.5)

where f and h are given random functions. Through a penalization argument, we provide,
in Section 2, existence and uniqueness of the minimal solution to this type of constrained
BSDE with jumps (L4)-(L5). This extends the results of [12] by allowing the driver and
the constraint functions to depend on all the components of the solution. Furthermore, in
the case of general non linear switching problems considered in [9], our minimal solution
interprets in terms of solution to their corresponding BSDE with oblique reflections. There-
fore, through the addition of a jump component, the one dimensional constrained BSDE
with jumps is able to provide the solution to a multidimensional obliquely reflected BSDEs.
Nicely, our argumentation only relies on probabilistic arguments and allows to obtain re-
sults in the non-Markovian case. The study of the link between this new type of BSDESs
and the corresponding systems of variational inequalities in a markovian framework is cur-
rently under study and will appear in [§]. We believe that this new approach is numerically
promising, through an algorithm adapted from the one introduced by [3] and detailled in [§].

The last section of the paper deals with general switching problems in a non-Markovian
framework, i.e. problems of the form (L2]) where the functions g, f and ¢ are possibly ran-
dom. In this case, the dynamics of the forward process depends on the current switching
regime, so that the representation of Hu and Tang [I1] or Hamadene and Zhang [9] in terms
of oblique reflected BSDE does not apply. We generalize this approach and introduce a fam-
ily of reflected BSDEs which provides the value process of the optimal switching problem.
We finally link via a penalization procedure this family of reflected BSDEs with a member
of the class of constrained BSDEs with jumps. Therefore, constrained BSDEs with jumps



offer also a nice representation for general switching problems, even in a non-Markovian
framework.

Notations. Throughout this paper we are given a finite terminal time 7" and a probability
space (2,G,P) endowed with a d-dimensional standard Brownian motion W = (W})s>o,
and a Poisson random measure pon Ry X Z, where Z = {1,...,m}, with intensity measure
A(di)dt for some finite measure A\ on Z with A(i) > 0 for all i € Z. We set f(dt,di) =
p(dt,di) — A(di)dt the compensated measure associated to p. o(Z) denotes the o-algebra
of subsets of 7.

For x = (z1,...,2¢) € R® with £ € N, we set |z| = \/|z1]2 + -+ + |z¢|? the euclidean

norm.

We denote by G = (Gt)>0 (resp.F = (F)i>0) the augmentation of the natural filtration
generated by W and p (resp. by W), and by P the o-algebra of predictable subsets of
Q% [0,T]. We denote by S2 (resp. S];f’z, SZ) the set of real-valued cad-lag F-adapted (resp.
continous F-adapted, cad-lag G-adapted) processes Y = (Y;)o<t<7 such that

2
HYHSz = (E[ sup ]Y}ﬂ) < 0.
0<t<T

where F = (F;)i>0 (resp. G = (Gt)i>0) denotes the completed filtration generated by W
(resp. by W and p). LP(0,T), p > 1, is the set of real-valued measurable processes ¢ =
(¢t)0§t§T such that

E[/j\@!”dt} < o

and LE(0,T) (resp. L{(0,T)) is the subset of LP(0,T) consisting of F-progressively mea-
surable (resp. G-progressively measurable) processes.

LE(W) (resp. LE(W)), p > 1, is the set of R%valued F-progressively measurable (resp.
P-measurable) processes Z = (Z)o<t<7 such that

, :
2l = (B[ [ 12Pa])" < .

LP(i1), p > 1, is the set of P ® E-measurable maps U : Q x [0,7] x T — R such that

Voo = (B[ [ |Ut<¢>|px<di>dt])’l’ < oo

A2 (resp. A2) is the closed subset of SZ (resp. S2) consisting of nondecreasing processes
K = (Kt)OStST with K() = 0.

For ease of notation, we omit in all the paper the dependence in w € ), whenever it is
explicit.



2 Constrained Backward SDEs with jumps

This section is devoted to the presentation of constrained Backward SDEs with jumps in
a framework generalizing the one considered in [12] and [16]. Namely we allow the driver
function to depend on the jump component of the backward process and we extend the
class of possible constraint functions by letting them depend on all the components of the
BSDE solution. We provide here an existence and uniqueness result for this type of BSDEs
and remark that they are closely related to the notion of BSDEs with oblique reflections
studied by [11] and [9].

2.1 Formulation

A constrained BSDE with jumps is characterized by three objects :

e a terminal condition, i.e. a Gp-measurable random variable &,

e a generator function, i.e. a progressively measurable map f : Q x [0,T] x R x R? x R?
— R,

e a constraint function, i.e. a P ® B(R) ® B(RY) ® o(Z)-measurable map h :  x [0, 7] x
R x R x R? x T — R such that h(w,t,y,z,.,i) is non-increasing for all (w,t,vy,z,i) €
Qx[0,T] xR xR xT.

Definition 2.1. A solution to the corresponding constrained BSDE with jumps is a quadru-
ple (Y, Z,U,K) € S2 x LA(W) x L2() x A2 satisfying

T T T
Y, = §—|—/ f(s,Ys, Zs,Ug)ds + K — Ky —/ (Zg, dWy) —/ /Us(i)u(ds,di), (2.1)
¢ t t JzT
for 0 <t <T a.s., as well as the constraint
h(t, Y-, Zy, U(i),i) > 0, dP ®dt® \(di) a.e. . (2.2)

Furthermore, (Y, Z,U, K) is referred to as the minimal solution to (ZII)-(Z2)) whenever,
for any other solution (Y, Z,U, K) to ZI)-@23), we have Y. < Y. a.s.. In this case, Y nat-
urally interprets in the terminology of Peng [15] as the smallest supersolution to (2.1)-(22).

Remark 2.1. In the case where the driver function f does not depend on U and the
constraint function h is of the form h(u + ¢(t,y, z), i), observe that this BSDE exactly fits
in the framework considered in [I2]. In the Brownian case (i.e. no jump component), this
type of BSDEs has been studied in [16].

In order to derive an existence and uniqueness result for solutions to this type of BSDE,
we require the classical Lipschitz and linear growth conditions on the coefficients as well as
a constraint on the dependence of the driver function in the jump component of the BSDE.
We assemble these conditions in the following assumption.



(HO)

(i) There exists a constant & > 0 such that the functions f and h satisfy P—a.s. the
uniform Lipschitz property

IN

[f(ty, 2, (ug);) — ft,y', 2 (u));)] kl(y, 2, (ug)) — (', 2", (W5);)] . (2:3)
‘h(t7y7z7ui7i) - h(t,y’,z/,u;,i)\ < k’(%Z?ui) - (ylazlvu;)‘ (2'4)

for all (t,4,y, 2, (uj), 9,2, (u});) € [0,T] x T x [R x R? x RZ]2.

(ii) The coeflicients f and h satisfy the following growth linear condition : there exists a
constant C' such that P—a.s.

|f(t,y, 2, (ug) )] + [h(t g, z,u,0)] < C+ [yl + [2] + [(uy);]) (2.5)
for all (t,4,y, 2, (u;);) € [0,T] x T x R x R? x RL.

(iii) There exist two constants C; > Cy > —1 such that P— a.s.
flty,zu) = flty, zu) < /(uz‘ — P () A(di),
A

for all (y,z u,u') € R x R? x [RT]2, where A¥*%% : QO x [0,T] xZ — Ris P®
o(Z)—measurable and satisfies Cy < A¥2%% < (.

Remark 2.2. Under Assumption (HO) (i) and (ii), existence and uniqueness of a solution
(Y, Z,U,K) to the BSDE (1)) with K = 0 follows from classical results on BSDEs with
jumps, see [I] or [I8] for example. In order to add the h-constraint (Z2), one needs as
usual to relax the dynamics of Y by adding the non decreasing process K in (Z1)). In
mathematical finance, the purpose of this new process K is to increase the super replication
price Y of a contingent claim, under additional portfolio constraints. In order to find a
minimal solution to the constrained BSDE (ZI))-(Z2]), the nondecreasing property of h is
crucial for stating comparison principles needed in the penalization approach. The simpler
example of constraint function to keep in mind is A(.,u,i) = ¢(.,7) — u, i.e. upper-bounded
jumps constraint.

Remark 2.3. Part (iii) of Assumption (HO) constrains the form of the dependence of
the driver in the jump component of the BSDE. It is inspired from [I7] and will ensure
comparison results for BSDEs driven by this type of driver.

2.2 Existence, uniqueness and approximation by penalization

In this section, we provide an existence and uniqueness result for solutions to constrained
BSDEs with jumps of the form (ZT])-(Z2]). This type of BSDEs generalizes the one presented
in [12] since they allow the generator function f to depend on the jump component U of
the backward process and the constraint involves all the components of the solution. The



proof relies on a classical penalization argument and we introduce the following sequence
of BSDEs with jumps

T
vto= §+/ (s, Y, 28, Ug) ds+n/ / (s, Y, 2 UMi),4)\(di)ds (2.6)
t

—/ (Z3, dWy) / /U" pu(ds,di), 0<t<T,neN,
t

where h™ (t,y, z,u,1) := max(—h(t,y, z,u,1),0) is the negative part of the function h. Under
Assumption (HO), the Lipschitz property of the coefficients f and h ensures existence and
uniqueness of a solution (Y, Z",U") € SZ x LZ(W) x L2(ji) to (24, see [1] or [18] . Let
first state two comparison results ensuring a monotonic convergence of the sequence (Y™),,
under the additional assumption

(H1) There exists a quadruple (Y, Z,K,U) € S2 x LA(W) x L3(ji) x A2 solution of
RI)-®.2).

We present in Section some examples where (H1) is satisfied. Let us first state a
general comparison theorem for BSDEs with jumps.

Lemma 2.1. Let fi, fo : Qx[0,T] x RxRIxRZ — R two generators satisfying Assumption
(HO) and &1,& € L*(Q,G7,P). Let (Y1, Z',U') € S2 x LA(W) x L?(1) satisfying

T
Y = §1+/ fl(s,Y;,Z;,U;)ds—/ (Z), dw,) //U1 (ds,di) (2.7)
t t

and (Y?,Z%,U% K?) € S2 x L4(W) x L?(1) x A2 satisfying

T
V2 = 52+/ fQ(S,Y;Q,Z,?,Uf)ds—/ (Z2,dW) / /U2 (ds,di) + K% — K} .
t t
(2.8)

If§1 < §2 and fl(tﬂY;l?Ztl?Utl) < f2(t7y;€17Zt17Ut1) fO?" allt € [OvT] then we have Y;tl < Y?
for all t € [0,T].

Proof. Let usdenote Y :=Y2-Y! 7:= 27271 U:=U?-U!, f= fo(, Y% 22, U?)~
fGYLZEUY) and € = €2 — ¢! so that
— - T _ —
Y, = §+/ fsds—/ (Zs, // wu(ds, de) +KT—Kt,O<t<Tas
t t
(2.9)
Let now define the process a by

fg(t,Y?, Zth Ut2) - f2(t7Yt172t27 Ut2)
a = 7, Livi0y 5

and b the R%valued process defined component by component by

bk _ f2(t7y;€17Zt(k71)7UtQ)_fQ(t7Y;€17Zt(k)7UtQ)
t ‘/;k;

1{‘/;k7£0}, kzl,...,d7



where Zt(k) is the R%valued random vector whose k first components are those of Z! and
whose (d — k) lasts are those of Z2, and V/¥ is the k-th component of Zt(k_l) — Zt(k).

Notice that the processes a, b are bounded since f is Lipschitz continuous. Observe also
that the process K defined by

v ZIUQUI ! 1 o1 712 1 51 771
R = K? - / / T.(D)A(di)ds + / (fals, Y2, Z1,U2) — fu(s, YL, 22, U))ds

is an increasing process according to (HO) (iii) and f1(t, V', ZL, U}) < fo(t, YL, Z}, U}L) for
all ¢ € [0,T]. With these notations, we rewrite (2.9) as:

_ —_ T _ _ vyl 71 U2 Ul
Y;f = §+/ (CZSY; + bs-Zs +/'Ys Y U (Z))\(dl)) ds
t

—/ (Zs,dW) // pu(ds,de) + Kp — K .
t

Consider now the positive process I' solution to the s.d.e.:

Yl zlu2ut
dl“t = Ptf <atdt+<bt,th>+/75 (dZ dS)) FQ = 1.
s

Notice that I lies in Sé since a, b and ~ are bounded, and T is positive according to (H3)
(iii). A direct application of It6’s formula leads to

YL zL U2 Ul A
T U0 ds, di) — Ty d Ky

dlY), = (04-Zy +Y,-Tp-by, dWy) + Ty /

so that the process I'Y is a supermartingale since I' > 0. Hence
LY, > E[rY7|G] = E[I7€]|G] >0, 0<t<T,
leading to Y > 0. O
We can now state our comparison results for the sequence (Y"),,.

Proposition 2.1. Under (HO), the sequence (Y™),, is nondecreasing, and, for any quadru-
ple (Y, Z,U,K) € S x LA4(W) x L%(1) x A% satisfying @I)-22), we have Y™ <Y a.s.,
n € N. Under additional Assumption (H1), the sequence of processes (Y™) converges
increasingly and in LZ(0,T) to a process Y € SZ.

Proof. The monotonic property of the sequence (Y™) follows from a direct application
of Lemma ZT with fi = f+n [;h™d\, fo = f+ (n+1) [ h~dX and K? = 0.

For any quadruple (Y, Z,U, K) € S3 x L(W) x L2(fi) x A% satisfying ZI)-(E2), we
obtain Y™ <Y as., n € N, taking f; = fo = f + an h~d\ in the previous lemma.

Under additional Assumption (H1), the sequence (Y™) is therefore monotonic and
upper bounded, which ensures its monotone and in Lé(O, T) convergence. O

We now turn to the convergence of the triplet (Z™, U™, K™),, where, for any n € N| the
increasing process K" € Aé is defined by

t
n/ /h(s,Ys",ZQ,Uﬁ(i),z’))\(dz’)ds, 0<t<T.
0 JI

8



Since the convergence of the sequence (Y"),, does not hold in Sé, we can not obtain the
convergence of (Z", U™ K™),, in their respective spaces and we use a weak convergence given
by the Hilbertian structure of L2 (W) x L2(j1) x LZ(0, T). The convergence of the penalized
solutions to the minimal solution of (2.1I)-([2:2]) follows directly from an adaptation of Peng’s
monotonic theorem (see [I5]) to BSDEs with jumps. Since the proof is essentially similar
to the one detailed in Section 3 of [I2], we prefer to omit it here for ease of presentation.

Theorem 2.1. Under (HO)-(H1), there exists a unique minimal solution (Y,Z,U, K)
€ 82 x LZ(W) x L?(i1) x AZ to ZI)-22), with K predictable. Furthermore Y is the
increasing limit of (Y™),, K is the weak limit of (K™),, in L2(0,T), and

HZn - ZHLP(W) + HUn - UHLp(g) — 0,
for any p € [1,2), as n goes to infinity.

Remark 2.4. Observe that the only purpose of Assumption (H1) is to ensure an upper
bound on the sequence (Y),, of solutions to the penalized BSDEs. If such an upper bound
already exists, this assumption is not required anymore but will be automatically satisfied
from the existence of a minimal solution to the constrained BSDE with jumps. Cases where
Assumption (H1) is satisfied are presented in the next Section.

Remark 2.5. Notice that the convergence of Y to Y, which is obtained in a weak sense
(i.e. in L2(0,T)) could be improved in the Markovian case (i.e. Y — Y in §Z). In this
case we get the convergence (2", U") to (Z,U) in L2(W) x L2(ji). See []] for more details.

2.3 Link with multi-dimensional reflected Backward SDEs

In this section, we prove that multidimensional reflected BSDEs introduced by [11] and
generalized by [9] are closely related to constrained BSDEs with jumps. The arguments
presented here are purely probabilistic and therefore apply in the non Markovian framework
considered in [I1]. Furthermore, they require precise comparison results based on viability
properties that are reported in the Appendix.

Recall that solving a multidimensional reflected BSDE consists in finding m triplets
(Y, 21 K'ier € (S9? x LE(W) x A2)7 satisfying

Y;ti = §Z + ftT ¢z‘(37 }/;17 s 7}/;m7 Zg)ds - ftT<Z§7 dWS> + Ké" - Kg
V) > maxjen, hij(t, YY) (2.10)
Jo i = maxe 4, {hi ; (£, Y{) K] =0

where, for all i € Z, ¢; : Q x [0,T] x R™ x R — R is an F-progressively measurable
map, & € L2(Q, Fr,P), A; is a nonempty subset of Z \ {i}, and , for any j € A;,
hij:Qx[0,T] x R — R is a given function. As detailed in [11], existence and uniqueness
of a solution to (ZI0) is ensured by the following assumption.

(H2)



(i) For any i € Z and j € A;, we have £ > h; ;(T,&7).

(ii) For any i € Z, EfOT SUPyeR™ [y,—0 [vi(t,y,0)|?dt + E|¢¥|? < +o0, and 1; is Lipschitz
continuous: there exists a constant ky > 0 such that
Wz(t’% Z) - wi(tayl7 Z/)‘ < kw(‘y - y/‘ + ‘Z - Z/‘) ) V(Z,y, Zaylv ZI) €I X [R X Rd]2 .

(iii) For any ¢ € Z, and j # i, 1; is increasing in its (j + 1)—th variable i.e. for any
(t,y,y,2) € T x [R™2 x R such that y; =y}, for k # j and y; < y; we have

wl(tayaz) < ¢z‘(t7y/72’) P—a.s.
(iv) For any (i,t,y) € Zx[0,T] xR and j € A;, h; j is continuous, h; ;(t,.) is a 1-Lipschitz

and increasing function satisfying h; j(t,y) < y. Furthermore, for any [ € A;, we have
le A; U {Z} and hi,l(t,y) > h@j(lﬁ, hj,l(t,y)).

Remark 2.6. Part (ii) and (iii) of Assumption (H2) are classical Lipschitz and monotony
properties of the driver. Part (iv) ensures a tractable form for the domain of R" where
(Y%);er lies, and (i) implies that the terminal condition is indeed in the domain,

Consider now the following constrained BSDE with jump: find a minimal quadruple
(V,Z,U,K) € S x LA(W) x L?(fi) x AZ satisfying
Y, = ¢+ / b1, (s, Ys + Us(D1r,1, -, Vs + Us(m) g pm, Zs)ds + Kr — Ky (2.11)

—/ ZS,dW / / wu(ds,di), 0<t<T, a.s.
t
with
14, (i) [fft_ — iy, (Y + U}(z’))] > 0, dP®@dt®Adi) ae  (2.12)

where the process [ is a pure jumps process defined by

I = Io+//z— p(ds, di).

Remark that, if p =73 -, (7n,A,,)> the process I is simply the pure jump process which co-
incides with A,, on each [7,,, 7,41). This BSDE enters obviously into the class of constrained
BSDEs with jumps of the form (2.1])-(2.2]) studied above, with the following correspondence

5 = ng ) f(taya Z,U) = Tzz)lt(t? (y + ui]-It;éi)iEIa Z) and h(t’y’ Z’Uai) =Y - hlt,,i(tay + U) .

Observe further that Assumption (HO) is automatically satisfied under (H2), and, as
detailed in the next proposition, (H2) also implies (H1) for (ZI1)-(2ZI2]) and its minimal
solution can be directly related to the solution of the BSDE with oblique reflections (ZI0).

Proposition 2.2. Let Assumption (H2) hold and (Y, Z', K'),..., (Y™ Z™ K™)) be the
solution to (ZI0) then (H1) holds true for @II)-@I) and, if we denote (Y, Z,U,K) the
minimal solution to (ZI1)-@2I2), the following equality holds

Yo=Y, Z=2Z" and Ul()= —- Y

10



In order to derive this result, we need to introduce and discuss the corresponding pe-
nalized BSDEs. For n € N, consider the system of penalized BSDEs: find m couples
(Yin, Zim)e1 € (8§’2 x L2(W))? satisfying

- . T . T .
v = £Z+/ ¢i(s,Y;v",...,Yj;”v",zgv")ds—/ (Z2", dW)
t t
—|—n/ S I = hi(s, YIS AG)ds, 0<t<T, as. (2.13)
JEA;

Lemma 2.2. Under (H2), the sequence (Y*"), is increasing and converges to Y dP ® dt
a.e. and in L2(0,T), and the sequence (Z'"), converges weakly to Z* in LZ(W), for all
1.

Proof. For any ¢ € [0,7], y € R™ and z € [RY™, set

Pty 2) = ity ) 0> i — ()] AG).

JEA;

From (H2) (iii) and (iv), we have ¢¥™(t,y + v/, z) > ¢¥*(t,y,z) for any ¥’ € (RT)™ such
that y, = 0. Since ¢! depends only on z;, it satisfies inequality [@23) in the Appendix.
Therefore, Theorem leads to

Vi >V > v forall  (ti,n) €[0,7] x T x N. (2.14)

By Peng’s monotonic limit theorem, there exist m cadlag processes 571,...,577” € SI%,
AT AL LZ(W) and K',..., K™ ¢ A2 such that Y"1 Vi ae, Y — YViin
L2(0,T), Z"™ — Z' in L2(0, T) weakly and

T T
Yy, = ¢ +/ Yi(s, YE ..., Y™ ZD)ds — / (Z:, dWs) + K — K,
t ¢
with Y;! > maxjea, hij(t, Yt]) Then, using the same arguments as in the proof of Theorem

2.4 in [9], we prove that (Y, Z, K) is the unique solution to (ZI0). O

Proof of Proposition 2.2l For i € 7 and n € N, define the processes Y/ € Sé,
ZIm e L2(W) and U'™ € L2(fi) by
vin =yl ozl =z and UInG) = Y —YE D 0<t<T.  (215)

s )

We deduce from @2I3) that (Y!m, ZIn U1 is the solution to the penalized BSDE asso-
ciated to (2.I1))-(ZI2) given by

v/ = 51T+/ T/JISSYI"%-UI"( D1r,21,. - YI"+UI"( )11, 2m, Z1™)ds

- /(ZI"dW +n// (s, Y/, zln uln (i) ds+//Uf" (di, ds) .
t

11



From (2I4)), the sequence (Y7, is bounded in 8% and, proceeding as in Section 2, we
prove that

|yl -y + ||z — Z”w(w) +[lUh — UHLP(&) — 0

L2(0,T)

where (Y, Z,U) is the minimal solution to (ZII)-(@IZ). Combined with (ZIF) and Lemma
[2.2] this concludes the proof. O

The major interest of the previous result is the unification of the notions of BSDEs with
constrained jumps introduced by [I2] with the notion of BSDEs with oblique reflections
considered in [9] and [II]. In particular, constrained BSDEs with jump allow to solve
switching problems which are either Markovian or such that the dynamics of the forward
process is not influenced by the control strategy. The purpose of the next Section is to
extend this link to a more general class of non-Markovian switching problems, where in
particular the dynamics of the forward process depend on the value of the current impulse

control.

3 Constrained Backward SDEs with jumps and non-Markovian
switching

This section is devoted to the interpretation of non-Markovian switching problems in terms
of solutions to BSDEs with constrained jumps. In particular, we consider cases where the
impulse strategy influences the dynamics of the forward process. To our knowledge, no
BSDE representation has yet been established in this framework. We first introduce an
extension to the notion of BSDEs with oblique reflections which allows for a probabilistic
representation of the solution to the switching problem. Then, we relate this new class of
BSDEs with oblique reflections to the class of constrained BSDEs with jumps.

3.1 Non-Markovian optimal switching

Given the set Z = {1,...,m} and a terminal time 7" < +00, an impulse strategy « consists
in a sequence « := (7, (x)>1, where (7%),>1 is an increasing sequence of F-stoppping times,
and (; are F,-measurable random variables valued in Z. To a strategy o = (7%, C)r>1 and

an initial regime 7y, we naturally associate the process (at)¢<7 defined by
o = Z Ckl[%mﬂ)(t) .
k>0
with 79 = 0 and (g = ig. We denote by A the set of admissible strategies. Given a strategy
a € A and an initial condition (ig, X), we define the controlled process X% by

t t
Xf‘:Xo—i—/ b(s,as,Xf)ds—i—/ o(s, s, XH)dWs , (3.1)
0 0
and we consider the total profit at horizon 1" defined by
T
J(a) = E g(aT,Xj‘«‘)—i—/ U(s,as, XO)ds + Y e(mi, G, )| - (3:2)
0 0<7e<T

12



We suppose here that the functions b, o, : Qx [0,7] x T x R* — R% R4 R are progres-
sively measurable functions and g : Q xZ x R? — R is Fr ® 0(ZT) ® B(R%)-measurable, and
that ¢: Q x [0,7] xZ x T — R is a progresively measurable function.

Given an initial data (Xo,ip), the switching problem consists in finding a strategy
o* € A such that

J(a*) = 21613 J(a)

Such a strategy is called optimal and we shall work under the following assumption.
(H3)
(i) b and o satisfy the Lipschitz property: there exists a constant k such that P—a.s.
b(w,t,i,2) — blw,t,i,2")| + |o(w,t,i,z) — o(w,t,i,2")| < kl|z—2a],
for all (w,t,i,2,2') € Q x [0,T] x T x R? x R?,
(ii) The terminal condition g satisfies the following structural condition

g(w,x,i) > maIX{g(w,x,j) +Cw,T,i,7)} Y(w,i,z) € QxRIx T,
j€

(iii) The functions g and 1) are bounded, i.e. there exists two constants g and v satisfying

sup  {lg(w,i,2)[} <g and sup {[¥(w,t,i,2)[} < 9.
(w,i,2)EQXT xR (w,t,3,2)EQX[0,T]x T x R4

(iv) The cost function c is upper-bounded, i.e. there exists a constant ¢ > 0 such that

max c(w,tyi,j) < —c¢.
(w,t,4,§)€QX[0,T|XITXT

Furthermore ¢(.,4,j) is continuous, for all i, € Z, and it satisfies the structural
condition

c(w,t,z‘,l) > c(w,t,z',j)—i-C(w,t,j,l), V(w,t,i,j,l) € QX[07T]X[I]3 s.t. ]% i? ]7& L.

Remark 3.1. Part (i) of Assumption (H3) provides existence and uniqueness of a solution
to B.J). Part (ii) ensures the non-optimality of a switching at maturity, (iv) makes indirect
switching strategy irrelevant and (iii)-(iv) ensures the problem is well posed.

Let define the set of finite strategies D by
D = {a= (%G1 € A|P(x <T, k>0)=0}
Let first observe the following property:

Proposition 3.1. Under (H3), the supremum of J over Ay, coincides with the one over
Doﬂ', that is

sup J(a) = sup J(«), VieT. (3.3)
acA aeD
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Proof. Fix i € Z. Consider a strategy o = (7, (x)k>0 € A\ D and define B := {w €
Q| mh(w) < T, Vn € N*} so that P(B) > 0. Such a strategy is not optimal since we derive
from (H3) (iii) and (iv) that

J@) < g+Ty+E Z c(Th, -1, G)1B | + E Z (T, Ch—1,Ck)1Be | = —00.
o<, <T 0<r, <T

3.2 Reflected BSDEs and optimal switching

Following the approach of [6], we consider in this section a family of reflected BSDE. For
any couple (v,n) with v a stopping time valued in [0,7] and 7 a F,-measurable random
variable taking values in R, we consider the following reflected BSDE

(yvin, zvin Kvin), . € (S x LA(W) x A2)Z,
Y;V’Z"n — g(i,Xr;’i’n) + ftT ¢(S,Z',Xy’i’n)1szyd8 _ ftT<Z£/,i,n’dWs> + K;’i’n _ K:,i,n’
Y/ > maxjer{Y, " + e(t, i, 5)},
Jo 7 = masjer (Y + et 1, ) K = 0,
(3.4)
where X" is a diffusion defined by

. t . t .
X0 = s, + / b(s,i, X" s>, ds + / o(s, 1, X" s>, dWs vVt > 0. (3.5)
0 0

Under (H3), we know from [9] that (84]) has a unique solution for any stopping time v
and any F,-measurable random variable 1, and we denote by O its barrier defined by
O maIx{Y;V’j’n +ct,i,j)}y, i€, t<T. (3.6)
j€
We aim at relating the solutions to this class of reflected BSDEs to the solution of the
optimal non Markovian switching problem presented in ([B.2]). The next proposition relates

a stability property, a Snell envelope representation and a global estimate on the family of
processes (Y"7)(, .
Proposition 3.2. Assume that (H8) holds and take v,V two F-stopping times such that
v <v' andn an F,-measurable random variable valued in R?.

. v,
Vi X M

(i) ForallieT and t >/, we have """ =, , P-a.s.

(ii) For alli € T and t > V', we have the following representation

Y/ = esssupE [/ U(s,1, XP) s ds + O M or + g (i, X7 1,op
TET: t

ft] |
(3.7)
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(iii) There exists a constant Y such that

sup Y"1 <Y . (3.8)
(t7l/7i7n)

. /g v,¢,
Proof. (i) Notice first that X**7 and X" **» " solve the same SDE, namely
X, = XU and  dX; = b(t,i, Xy)dt + o(t,i, X)) AWy for t > /. (3.9)

Under (H3) (i), equation ([3.9) admits a unique solution and we have XV X = v
n [/, T]. We deduce that (Y"l’i’X:”m, Z"/’i’XZ;W,Kyl’i’X:;z’n))iez satisfies the same BSDE
as (Yvin, zvin Kvin),cr on [/, T]. Uniqueness of solution to this BSDE is given by [9].

(ii) Regarding of [@34), (Y1, Z»i1 K¥1) interprets as the solution to a reflected
BSDE with single barrier O**7. We deduce from [7] that Y"%" admits the snell envelope
representation (B.7)).

(iii) For fixed v and 7, the family (Y41, Z»&n K%, 7 is the solution to the BSDE
with oblique reflection (34]). We know from [9] that (Y:&mn Zvénn Kvinn) converges to
(Yvim zvin K¥1) where the sequence (Y471 Zvimn gvinn) s defined recursively
by

}/;Vﬂy?%(] — g(l, X;/LJ]) + / ’IIZ)(S, Z" X;7Z7n)1szyd5 _ / <Z;/7277770, dWs> and K;/77'77770 — 0,
t t

and, for n > 1,

Y;V,Z:ﬂ%n — g(Z’ X{;:L”) + ﬁT ?(87 i, XV,iyc)lszyds _ ‘/;T<Ztl/7i7n7n’ dW5> + K;vivnyn _ szvivnyn7
YO > maer Y el )}
foj‘ [Y;/szvnvn _ maXJEI{Y;VJJLn_l + C(t, Z"j)}]thV?Z?nvn — 0 .
(3.10)
To derive ([B.8)), it suffices to prove by induction on n that

‘Y;VJJI,”’ < (T —t+1)max{+,g}, i€, 0<t<T, neN.
First, rewriting Y™ as a conditional expectation, we derive
|th7iﬂ7,0| < (T_t)qz)-}_g < (T—t—|—1)max{1ﬁ,§}, 0<t<T, 1€T.

Fix n € N and suppose the result is true for Y". Using the representation of Y#hn+1 ag
a Snell envelope, we derive

. T . . .
yrinmt esssupE[/ (s, b, XU L sy ds 4+ OV g (i, X)L,
T€TL t

.

where Qb1 maxjez{YTy’j’n’n + ¢(t,7,7)}. Combining this representation with As-
sumption (H3) leads to |Yt”’2’n’n+1| < (T -t + 1) max{g,¢} and concludes the proof.
(]
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For any stopping time v, any F,-random variable 1 and any Z-valued random variable
¢, we naturally introduce the processes Y¢ and Q%< by

Yty,(,n _ ZYtV’i’nICZi and O;,C,n — Zoij’i’nlg“:i- (3.11)
i€l €T

We are now able to state the main results of this section characterizing the optimal
solution to the switching problem (3.2]) in terms of reflected BSDEs.

Theorem 3.1. Let o = (7, )n>0 be the strategy given by of = (0,ip) and defined
recursively for n > 1 by

* . % T:L—l’C:L—17X:;‘L_1 T:L_pc;i_pXi:;_l
T = infes>71_ 15 Ys =0 , (3.12)
* T;:il’C:;il’Xi; 1 Tnobno X2s ® ek *
- — n
Cn i st O =Y. +e(mr, Crn_1,Gh) s (3.13)

with X* the diffusion defined by
T
X} = CUO‘FZ/ Co_1s )lsgtds+/ o(s,Gp_1, X )ls<eds, t>0. (3.14)
n>1 Th—1

Under Assumption (H3), the strategy o is optimal for the switching problem [B.2) and we
have

Y{0(0,20) = J(a®). (3.15)

Proof. The proof is performed in two steps.

Step 1. The strategy o € D and satisfies %O’io’xo = J(a").
The representation ([B.7]) rewrites

. T . . .
Y007207$0 —  ess SjElpE [/ ¢(S,i0,X§’ZO’xO)dS + Og,zo,mo 1,7+ g(imX%m,xO)lTT] )
T€To 0

(3.16)

Since the boundary O%#:%0 is continuous, the stopping time 7; is optimal for ([B.I6) and
we get

0,i0,70
YO

T . .
/ TZJ(S,io,Xg’ZO’mO)dS + O(T);loﬂfol T +g(ZOaX70“’ZO7$O)1T{:T] )
0

If 7{ =T, the proof is over. Let suppose that 7 < 7" and, according to the definition of
¢}, we derive

0 zo,zo

T + c(77, io, Cf)] .

}/(]07i07$0 Tl ,Cl ’

/ (s, ig, X2 ZO’mo)ds—i—Y
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0,ig,z(
Tik7<ik7X ; ’

Similarly, we can use the representation of Yﬁ* g given by [B7), and we deduce
recursively that
; n7Cn7 X
yOiom / (s io, X2)ds + Y 1 S elmGin G|, (37)

0<k<n

for all n € N satisfying 7, < T. We now prove o € D and assume on the contrary that
p:=P(r; < T, Vn € N) > 0. Combining (H3), (8:8]) and (B.I7), we derive

n7<n7 ** - —
Y5(0,40,720) < YT +E |sup|Ys ™ ] —ncP(r, <T,Vk>0) < YT +Y —ncp.
s<T
Sending n to —oo leads to Yoo’imm = —oo which contradicts Y%%® € S2. Therefore

P(r} <T , Vk>0)=0ie. o* €D. Finally, taking the limit as n — oo in (I7) leads to
}/'Ooyioﬂfo = J(a*).

Step2. The strategy o* is optimal.
According to Proposition B1 it suffices to consider finite strategies and we pick any o =
(Tns Cn)n>0 € D. Since 7] is optimal, we deduce from Part (i) of Proposition that

. ! )
YOO,ZOJ»‘O N E/O ¢(37Z‘0’Xg,zo,xo)d8]

> E Ogiimmo 17‘1 <7+ g(/iOa X’%imwo)]-Tl:T}

> E|(Y27 4 c(r1,d0,C1)) e <1 + 9(do, X%io’xo)lnzT]

> E - Yl X Ziene0 : . X i0.%o

= 1 —|—C(7'1,’L(),C1) 1T1<T+g(20? T )17'1<T .

Proceeding as in step 1, an induction argument leads to

: ™ . Tn, nng
yiowo > E[/ Y(io, X)ds + Yo, o 4 g(Guy XE) 1o + > et Gt Ck)] :
0 0<k<n

for all n satisfying 7,, < T. Since the strategy « is finite, we deduce Y(]O’io’x0 > J(«) by
sending n — oo. O

3.3 Approximation by penalisation and link with constrained BSDEs
with jumps

We finally present in this paragraph the link between constrained Backward SDEs with
jumps and optimal switching in non-Markovian cases. Consider the constrained BSDE
with jumps: find a quadruple (Y, Z,U, K) € S2 x L2(W) x L?(f1) x A2 satisfying

Y, = g(Ir, X5+ /wsIS,X)d,H—KT—Kt (3.18)

—/ (Zs, dWy) / / wu(ds,di), 0<t<T, a.s.
t
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with
—U(i) —c(t, I;-,i) > 0, dP®dt® \(di) a.e. (3.19)

where the process (1, X') is defined by

I = io+/0t/z(i—lt_)p(dt,di)

t t
th = $0+/ b(SaIs,XsI)d5+/ O-(S’IS’XSI)dWS
0 0

The link between (B.I8])-(B.19) and the optimal switching problem is given by the fol-
lowing result which extends the link between BSDEs with constrained jumps and BSDEs
with oblique reflections presented in Proposition 2.2

Proposition 3.3. Under (H3), (H1) holds for (318)-B19) and if we denote (Y, Z,U, K)

its minimal solution we have

I, X7T I X}/

t tItX 61, X}
_ ) . e — y
Y, =Y, . Zy=12,

—y et (3.20)

and  U(i) = p
In particular, we deduce Yy = J(a*) = sup,e4 J ().

Proof. For any stopping time v and any random variable 7, let define the processes
(Yvimn ginn (i) o e (S2 x LE(W) x A2)T as the solution to the penalized BSDE

' ' T ) T o
}/;V,Z,’I]Jl _ g(i,X;’Z’")%—/ ¢(8,’L',X;/’Z’n)d5_/ (Z;/ﬂy??,n’dWS>
t t
T o .
tn / {3 Frann tefs,i,§) — V247 2(5) fds
t .
JET

Under (H3), we know from Lemma[2Z2] (or [I1]) that (Y»&mn Zvinn Kvinn), o converges
o (Ywin zvin Kvin),.r as n goes to oo, for each (v,7). Proceeding as in the proof of
Proposmon 22 one easily checks that the quadruple (Y, Z", U") defined by

Y0 _ NtylthtIvn 7n _ tvlt 7X ;1 t[t,X RO tvlt 7X 1
Y=Y =2 and  Uf'(i) =Y, —Yt—

is solution to the penalized BSDE associated to (B.I8])-(B.19), namely

Y, = g(Ir, X5)+ / U(s, I, X1 ds+n/ / i)+ c(s, I—,1)]” A(di)ds

—/ (Zs, dWy) // w(ds,di), 0<t<T.a.s.
t

From Proposition B2 (iii), we know that the monotone sequence (Y"),, is bounded, and we
derive from Remark 24l that Assumption (H1) is satisfied and that (Y, Z", U") converges
o (Y, Z,U), which concludes the proof. O
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Remark 3.2. The optimal strategy can be described by the constrained BSDE with jumps
BI8)-BI9). Indeed, using the definition of (7, (*)n>0 and the identification ([3.20]) we get

e = i {ezn meE [00) - .G = 6 vz 7] =0
VS

and (py1 such that

B[Un:, (Gio) = elminn G G| L= G Ws =] = 0.

4 Appendix

4.1 Viability property for BSDEs

We extend here the viability property of [4] for a closed convex cone C of R™. Let (Y, Z) €
(Sﬁi’2 x LZ(W))™ satisfying

T T
Y;f = YT+/ F(SaY;aZs)dS_/ <Z3,dWS> +KT_Kt
t t

where F : Q x [0,T] x R™ x R™*¢ — R™ is a progressively measurable function satisfying
(H2) (i) and (ii) and K is an R™-valued finite variation process such that

t
K, = /ksd|K|s,
0

with k; € C and | K|, the variation of K on [0, s] . Denote d¢ the distance to C (i.e. d¢(x)
= minyec |z —y|) and Il¢ the projection operator onto C, then we have the following result:

Proposition 4.4. Suppose Y1 € C and there exists a constant C° such that F satisfies
Ay —Te(y), F(t,y,2)) < (D*|de|*(y)z, 2) +2C°dc[*(y) (4.21)
for any point y € R™ where |de|? is twice differentiable. Then, we have
Y; € C, forall t€[0,T] P —a.s.

Proof. Let n € C®°(R?) be a non-negative function with support in the unit ball and
such that [p,n(z)dz = 1. For § > 0 and = € R? we put

1
n5(x) = 5—d77(§>
0s(0) = VePxnsla) = [ lde(w— o) Pns(e')da
R4
Notice (see part (b) of the proof of Theorme 2.5 in [4]) that ¢5 € C*°(R?) and
0 < ¢s(x) < (de(x) +0)*
Do¢s(z) = [ga Dlde(2)|*ns(x — 2’)da’ and |Dgs(z)| < 2(de(z) + 0) (4.22)

D?¢s(z) = [ga D*|de(2)|*ns(z — 2')da’ and 0 < |D?*ps(z)| < 21,
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Applying 1t6’s formula to ¢s(Y3), this leads to
T 1 T

Bos(¥) = Eos(Vr)+B [ (DRs(Y,), (.Y, Z))s — 5B [ (@3(00)20, 25
t t

T
+E [ (D0y(Y.), k) K],
t

IN

T
52 + E/t /Rd [(D‘dc(y)P’F(s,y, Zs)) — %(DQ‘dc(y)IQZS, Zs>i| ns(Ys — y)dyds
T
_E/t /I[{d(D‘dC(y)‘Q’F(s,y,ZS) — F(s,Ys, Z3)\ns(Ys — y)dyds

T
E / /R (Dlde)P ks ns(Ys — y)dyd K,
t

for 0 <t < T, > 0. Since k; € C and C is a closed convex cone, we have (D|dc(y)|?, ks)
< 0. Then, combining [@2ZI)) with inequality 2d.(.) < 1+ d.(.)?, we get

T
Es(Y) < 8+CE [ [ lde(w)Pusty — Yo)dyds
t JR

T
2B [ [ delym(Ve—y)  max |F(s.Z0) - F(s.Yi, Z2)|dyds
t JRA Yy —Ys|<o

T T
< 52+CO/ E¢5(y;)ds+E/ (14 ¢5(Ys)) ‘mag/c‘<6|F(s,y',Zs)—F(S,YS,ZS)|ds.
t t Y'Yy =Ys|<

Using the Lipschitz property of F', we deduce

Egs(Y) < C(0*+5+ / " Bos(vi)ds),
and Gronwall’s lemma leads to
E¢s(Y;) < C(0°+46), 0<t<T, §>0.
Finally, from Fatou’s Lemma, we have
Elde(Y)" < lminfE¢(¥;) = 0, 0<t<T,
which concludes the proof. O

4.2 A multi-dimentional comparison theorem for BSDEs

We now turn to the obtention of a multi-dimentional comparison result. Consider (Y1, Z!, K)
€ (Sg* x LE(W) x A2)™ satisfying

T T
Y} = v} +/ Fi(s, Y}, Zhds —/ (ZLaw,) + K1 — K,

t t

and (Y2, 7?%) € (SECJQ x LZ(W))™ satisfying
T T
v o= vie [ B2 zhis- [ (zhaw)
t t

Then we have the following comparison theorem generalizing the one in [10].
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Theorem 4.2. Suppose that Y} > Y2 and that, for any (y,v,2,2') € [R™]? x [R™*4]2 we
have

m
— Ay Rty 4y 2) - Bty d) < 2) 1ycols — 2 +20° P P - a.s(4.23)
=1

where C° > 0 is a constant. Then Y} > Y2, for all t € [0,T).

Proof. As in Theorem 2.1 in [I0], it suffices to remark that F! is Lipschitz and apply
Proposition E23] to the couple (Y — Y2 Y?2) and the closed convex cone C = (R*)™ x R™.
O
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