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HARDY-SOBOLEV EQUATIONS ON COMPACT RIEMANNIAN
MANIFOLDS

HASSAN JABER

ABSTRACT. Let (M, g) be a compact Riemannian Manifold of dimension n >

3, zg € M, and s € (0,2). We let 2*(s) := 2(::25) be the critical Hardy-
Sobolev exponent. We investigate the existence of positive distributional so-

lutions u € C°(M) to the critical equation

u2* (s)—1
Agu+a(z)y = ——— in M
gu +a(z) dy (7, 20)°
where Ay := —divy(V) is the Laplace-Beltrami operator, and dy is the Rie-

mannian distance on (M, g). Via a minimization method in the spirit of Aubin,
we prove existence in dimension n > 4 when the potential a is sufficiently be-
low the scalar curvature at xp. In dimension n = 3, we use a global argument
and we prove existence when the mass of the linear operator Ay + a is positive
at zp. As a byproduct of our analysis, we compute the best first constant for
the related Riemannian Hardy-Sobolev inequality.

Let (M,g) be a compact Riemannian Manifold of dimension n > 3 without
boundary. Given s € (0,2), zo0 € M, and a € C°(M), we consider distributional
solutions u € C°(M) to the equation

W Agutaleu= 1"
u+a(r)y = —— in
g dg(z,x0)*
where 2*(s) := % is the Hardy-Sobolev exponent. More precisely, let HZ (M) be

the completion of C*° (M) for the norm u +— |Jul|z + ||Vull2. The exponent 2*(s) is
critical in the following sense: the Sobolev space H7 (M) is continuously embedded
in the weighted Lebesgue space LP (M, dy(-,z0) ") if and only if 1 < p < 2*(s), and
this embedding is compact if and only if 1 < p < 2*(s).

There is an important literature on Hardy-Sobolev equations in the Euclidean set-
ting of a domain of R™, in particular to show existence or non-existence of solu-
tions, see for instance Ghoussoub-Kang [5], Ghoussoub-Yuan [7], Li-Ruf-Guo-Niu
[15], Musina [16], Pucci-Servadei [17], Kang-Peng [12], and the references therein.
In particular, in the spirit of Brezis-Nirenberg, Ghoussoub-Yuan [7] proved the ex-
istence of solutions for equations like (1) when n > 4 and the potential a achieves
negative values at the interior singular point zy. In the present manuscript, our
objective is both to study the influence of the curvature when dealing with a Rie-
mannian Manifold, and to tackle dimension n = 3.

We consider the functional

Sy = Ju VU F DAy e oy,

) o\ @
f]M dg(z,z0)® Py
1
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which is well-defined due to the above-mentioned embeddings. Here dv, denotes
the Riemannian element of volume. When the operator A, + a is coercive, then,
up to multiplication by a positive constant, critical points of the functional J (if
they exist) are solutions to equation (1). In the sequel, we assume that Ay + a
is coercive. In the spirit of Aubin [1], we investigate the existence of solutions to
(1) by minimizing the functional J: it is classical for this type of problem that the
difficulty is the lack of compactness for the critical embedding. Since the resolution
of the Yamabe problem (see [1], [19] and [24]), it is also well known that there exists
a dichotomy between high dimension (see Aubin [1]) where the arguments are local,
and small dimension (see Schoen [19]) where the arguments are global.

In the sequel, we let Scal,(z) be the scalar curvature at x € M. We let G, :
M\{z0} — R be the Green’s function at z for the operator A, + a (this is defined
since the operator is coercive). In dimension n = 3, there exists m(zg) € R such
that for all a € (0,1)

1
 wady(z, 0)

Gy () + m(zo) + O(dg(z,z0)*) when z — xo.

Here and in the sequel, wy denote the volume of the canonical k—dimensional unit
sphere S¥, k > 1. The quantity m(zo) is refered to as the mass of the point zq € M.
Our main result states as follows:

Theorem 1. Let xg € M, s € (0,2), and a € C°(M) be such that the operator
Ay + a is coercive. We assume that

@) a(xg) < cpsScaly(xo) ifn>4
m(zg) > 0 ifn=3.
with ¢p s == %. Then there exists a positive solutionu € CO(M)NHZ(M) to

the Hardy-Sobolev equation (1). Moreover, u € C%%(M) for all & € (0, min{1,2—s})
and we can choose u as a minimizer of J.

As a consequence of the Positive Mass Theorem (see [20], [21]), we get (see Druet [3]
and Proposition 2 in Section 4 below) that m(x¢) > 0 for n = 3 when a < Scal,/8,
with the additional assumption that (M, g) is not conformally equivalent to the
canonical 3—sphere if a = Scal, /8.

Theorem 1 suggests some remarks. For equations of scalar curvature type, that
is when s = 0, a similar result was obtained by Aubin [1] (for n > 4) and by
Schoen [19] (see also Druet [3]) (for n = 3): however, when s € (0,2), the problem
is subcritical outside the singular point xy, and therefore it is natural to get a
condition at this point. Another remark is that, when s = 0, Aubin (see [1])
obtained the constant c,,o when n > 4, the potential ¢, ¢Scaly being such that the
Yamabe equation is conformally invariant. When s € (0,2), the critical equation
enjoys no suitable conformal invariance due to the singular term dy(-, z0)~°, and,
despite our existence result involves the scalar curvature, one gets another constant

Cn,s-

It is also to notice that, unlike the case s = 0, the solutions to equations like (1) are
not C2. This lead us to handle with care issues related to the maximum principle,
for which we develop a suitable approach. As in Aubin, the minimization approach
leads to computing some test-function estimates. However, unlike the case s = 0,
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the terms involved in the expansion of the functional are not explicit and we need
to collect them suitably to obtain the explicit value of ¢, s above.

The proof of Theorem 1 uses the best constant in the Hardy-Sobolev inequality. It
follows from the Hardy-Sobolev embedding that there exist A, B > 0 such that

(3) </ T )2*2(5) A/ IVul?dvy + B [ w*d
—dv < u|s dv, + / u“ dv
w dg(z,0)5 7 M 9 M 7

for all w € HZ(M). We let Ag(M,g,s,x0) be the best first constant of the Rie-
mannian Hardy-Sobolev inequality, that is

(4) Ao(M, g,s,20) := inf{A > 0; (3) holds for all u € HF(M)}.
We prove the following;:

Theorem 2. Let (M, g) be a compact Riemannian Manifold of dimension n > 3,
o € M, s € (0,2) and 2*(s) = % Then

AO(M7 g,S, SC()) = K(?’L, S)’
where K(n,s) is the optimal constant of the Euclidean Hardy-Sobolev inequality,
that is

Vol2dX
(5) K(n,s) ' = inf Jen IV >
peC(R™)\{0} (f ol () 4 )2*(3)
Rn ‘X's

Theorem 2 was proved by Aubin [2] for the case s = 0. The value of K(n,s) is

_ 1 I'(n—s/2—s) N
K =[(n—2)(n—1s)"" e :
(n,8) = [(n=2)(n = )] <2—sw 11"(2(71—3)/2—5)
It was computed independently by Aubin [2], Rodemich [18] and Talenti [22] for
the case s = 0, and the value for s € (0,2) has been computed by Lieb (see [14],
Theorem 4.3).

@

A natural question is to know whether the infimum Ay(M, g, s, x) is achieved or
not, that is if there exists B > 0 such that equality (3) holds for all u € HZ(M)
with A = K(n,s). The answer is positive: this is the object of the work [11].

A very last remark is that Theorem 1 holds when M is a compact manifold with
boundary provided x( lies in the interior. In particular, we extend Ghoussoub-
Yuan’s [7] result to dimension n = 3:

Theorem 3. Let ) be a smooth bounded domain of R® and let xg € § be an interior
point. For a € C°(Q) such that A + a is coercive, we define the Robin function as
R(z,y) := wytx —y|~' — G.(y) where G is the Green’s function for A + a with
Dirichlet boundary condition. We assume that R(xg,x0) < 0. Then there exists a
function u € C%%(Q) for all 0 € (0, min{1,2 — s}) to the Hardy-Sobolev equation
u2 (s)—1
Au+ta(@)u=——— u>0 inQ and u=0 on IN.

|z — o5’

This paper is organized as follows. In Section 1, we prove Theorem 2. In Section 2,
we prove a general existence theorem for solutions to equation (1). In Section 3, we
compute the full expansion of the functional J taken at the relevant test-functions
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for dimension n > 4. In Section 4, we perform the test-functions estimate for the
specific dimension n = 3 and prove Theorems 1 and 3.

After this work was completed, we learned that Thiam [23] has independently
studied similar issues.

Acknowledgments: The author sincerely thanks Prof. Frédéric Robert for helpful
discussions, suggestions and remarks.

1. THE BEST CONSTANT IN THE HARDY-SOBOLEV INEQUALITY

In this section, we will prove Theorem 2. For that, we begin by the following
proposition :

Proposition 1. Let (M, g) be a compact Riemannian Manifold of dimensionn > 3,
x90 € M, s € (0,2). For any € > 0, there exists B. > 0 such that

|u|2*(s) 2*2(5)
(6) (/M )< (K(n9) +9) [ Vulin, 4 B [ o,
for all w € HZ(M).

Thiam [23] proved a result in the same spirit with addition of an extra remainder
term. The case s = 0 has been proved by Aubin [2] (see also [9], [10] for an
exposition in book form). We adapt this proof to our case.

Proof. Step 1: Covering of M by geodesic balls. For any x € M, we denote
as exp, the exponential map at z with respect to the metric g. In the sequel,
for any r > 0 and z € M, B,(z) C M denotes the ball of center 0 and of radius
r for the Riemannian distance d,. For any x € M and any p > 0, there exist
r = r(z,p) € (0,ig(M)/2), lim,o7(x,p) = 0 (here, iy(M) denotes the injectiv-
ity radius of (M, g)) such that the exponential chart (Ba,(x),exp;!) satisfies the
following properties: on Ba,(x), we have that

(1-p)s <g<(1+p)9,
(1—p)2de < dv, < (1 + p)2dz,
DJMT|5 < |T|y < Dy|T|s, for all T € x(T*M)
where lim,_, o D, = 1, x(T*M) denotes the space of 1—covariant tensor fields on

M, ¢ is the Euclidean metric on R™, that is the standard scalar product on R", and
we have assimilated g to the local metric (exp,)*g on R™ via the exponential map.

It follows from the compactness of M that there exists N € N (depending on p)
and z1,...,n-1 € M \ By (20) (depending on p) such that

M\ By, (z0) C U%;%Brm (Tm),
where 79 = r(xo, p) and rp, = (T, p), Tm < 18, for m=0,..., N — 1.

Step 2: We claim that for all € > 0 there exists pg = po(€) > 0 such that
lime_,0 po(e) = 0 and for all p € (0,p0), all m € {0,...,N — 1} and all u €
C*(B,,, (xm)), we have that :

2

|u|2*(s) 2% (s) € / )
_ <K — V .
(7) (/ dg(z,zo)sdvg < ( (n,s)+ 2) M| ul;dvg
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Indeed, it follows from (5) that for all ¢ € C°(R") :

@) \TE )
s) (/ o dX) <Kns) [ |Veiix.
n R’Vl

)

We consider p > 0, m € {0,..., N} and u € C°(B,,, (#m)) such that (B, (€), exp;})
is an exponential card as in Step 1. We distinguish two cases :

Case 2.1 : If m = 0 then using the properties of the exponential card (B, (o), exp;ol)7
developed in Step 1, and the Euclidean Hardy-Sobolev inequality (8), we write

|’U,|2*(s) Q*L(S) J
([ )™ < arn ke [ Moo, Bix
M

g(z’ Lo n

IN

D2(1+ )T (1—p) 2 K(n,s) /M [Vul2dv,.

Letting p — 0, we get (7), for all u € C°(B,,(z¢)), when m = 0. This proves (7)
in the Case 2.1.

Case 2.2 : If m € {1,..., N — 1} then for all € B, (z,,,), we have :
dg(z,x0) > Ao >0,

with Ao = 3 — 7. Thanks to Hélder’s inequalities and inequalities of Gagliardo-
Nirenberg-Sobolev, we can write that :

. O] 2( 75— o ) 7
|u|2 (s) 2% (s) Uol(Brm(xm)) 2%(s) 2 N
(] )™ s ot
M Yg\LH L0 )\02*(5) By, (2m)
Q;, /M |Vu|§dvg,

where lim,,0 @), = 0 and 2* := 2n/(n — 2) is the Sobolev exponent. Letting p — 0,
we get (7), for all u € C° (B, (z)), when m > 1. This ends Step 2.

IN

Step 3: We fix e > 0, p € (0,p0(¢)) and x1,...,2x as in Step 1 and Step 2. We
consider now (am)mzo,___7N_1 a C'*°-partition of unity subordinate to the covering
(Bs,, (€m))m=0,... n—1 of M and define, for all m =0,..., N — 1, a function 7,, on
M by

ap,
m = SN—1_3-
St
1=0 )

We can see easily that (7, )m=o,... n—1 is a C*°-partition of unity subordinate to the

""" 1
covering (B, (Zm))m=o,...n—1 of M s.t. n2, € C*(M), for every m =0,...,N — 1.
We let H > 0 satisfying for each m =0,...,N —1:

(9) |V7731|g < H.

Step 4: In this step, we will prove the Hardy-Sobolev inequality on C*(M).
Indeed, we let € > 0 and (9 )m=0,...,N—1 be a C*-partition of unity as in Step 3



6 HASSAN JABER

and consider v € C*°(M). Since 2*2(5) > 1, we get that :

*(s e 2* (s) %
|u|2 (s) J o) _ |Zm onm | 2 p 2
d s = d "
M g(xw’CO) M g(x7$0)

N—-1 N—

2
E ImU < E ‘
m=0 G

L2 (M,dg(xz,x0)~%) m=0

2
N—-1 2*(s) 2% (s)
il
< g 7d .
—0 </ (&, 20)* Ug)

1
Using inequality (7) in Step 2 and by density (n2u € C*(M)), we get that

1 * 2% (s)
naul> ) < :
(/ %dvg < (K(n,s)+3) [ Vi)l
o M

dg(z,20)°

ydg(,20)77)

Hence

* % N—1
|u|2 $) )2(5) € / 2 1 1
——dv < (K(n,s)+ = (mVu + 215 |Vulq|ul | Vna
(] 2o 00,0+ ) 3 [ (I + 20819l 0

1
Hul? Vi 2) doy.

Using the Cauchy-Schwarz inequality and (9) from Step 3, we get that:
(10)

U 2 2% (s) €
([ )™ < s1+5) (19l + 2N H Dl + N ulf).

1 dg(@,20)°
We choose now €g > 0 s.t.
(11) (K (n,5) + 5)(1 +c0) < K(n,s) +e
Since
(12 N H[Vulafulla < ol Tl + S,

then by combining (10) with (11) and (12), we get that :

(/ uFe ) (005)+0) [ [Vulido, +B. [ i
—dv < n,s)+e€ ulodvg + Be ul“dvg,
m dg(z,20)5 7 M 9 M I

where B, = (YW 4 NH?)(K(n,s) + §).
u € C°(M). The inequality for HZ(M) follows by density. This ends the proof of
Proposition 1. (I

§). This proves inequality (6) for functions
)

Proof of Theorem 2: We let A € R be such that there exists B > 0 such that
inequality (3) holds for all w € H?(M). Therefore, we have that

2

(13) (/ a2 ) ; )2*(5) - A/ Vul2d B/ 2
—av < wlsdvg, + U dvg.
a dg(z,z0)s 7 M 9 M g
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We consider ¢ € C2°(R™) such that Supp ¢ C Br(0), R > 0 and (B,, (x0), expy,")
an exponential chart centered at zg with pg € (0,i4,(M)). For all u > 0 sufficiently
small (u < 52), we let ¢, € C*°(B,,(20)) be such that

$u(r) = (™" expy, (2))
for all z € B,,(z0). Applying, by density, (13) to ¢,, we write :

_2 _
(14) / Mdv o <A/ |V |2dv —|—B/ > dv
B,un(zo) do(2,20)° 7 = Seanwe) 0 Bun(zo) &

For all € > 0, there exists R, > 0 such that
(1-€)d<g<(1+¢€)d

in Bg, (z0), where g is assimilated to the local metric (exp, )*g on R". Then, for
all p > 0 sufficiently small such that Ru < R., we get successively that :

2*(s) . 2°(s) (X

w) [ el s gre [ Sy,
B, n(z0) 9g(Z:T0) Br) |X]

(16) [ o, sttt [ wopax
Byr(z0) Br(0)

and

(17) / qﬁidvgg(lJre)%u"/ H?dX.

Bur(zo) Br(0)

Plugging the estimates (15), (16) and (17) into (14), letting 4 — 0 and then ¢ — 0,
we get that

2 (s) (X 75y
(/ ¢|X7|(S)dX> < A/ |Vo|2dX, for all ¢ € C°(R™).
n ]Rn

It then follows from the definition of K (n, s) that A > K (n, s). Therefore, it follows
from the definition of Ag(M, g, s, xo) that Ag(M, g, s,z9) > K(n,s). By Proposition
1, we have that Ag(M,g,s,z9) < K(n,s). Therefore, Ayg(M,g,s,z9) = K(n,s).
This proves Theorem 2.

Remark: Proposition 1 does not allow to conclude whether Ag(M, g, s,zo) is
achieved or not, that is of one can take ¢ = 0 in (6). Indeed, in our construction,
1
when € — 0, 7, — 0 and then H > |VnA|, — +0oo (see the proof of Proposition
1). This implies that lim.,g B, = +o00. Proving that Ag(M, g, s, o) is achieved
required different techniques and blow-up analysis: this is the object of the article

[11].

2. A GENERAL EXISTENCE THEOREM
This section is devoted to the proof of the following Theorem:

Theorem 4. Let (M,g) be a compact Riemannian Manifold of dimension n > 3
without boundary. We fiz s € (0,2), zg € M, and a € C°(M) such that A, + a is
coercive. We assume that

18 inf  J(u) <
(18) weHZ (M)\ (0} () K(n,s)
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Then the infimum of J on HZ(M) \ {0} is achieved by a positive function u €
HZ(M) N C°(M). Moreover, up to homothety, u is a solution to (1) and u €
COO(M)NCLY(M\ {x0}) for all § € (0,min{1,2 — s}) and a € (0,1).

loc

The existence of a minimizer of J in HZ(M) \ {0} has been proved independently
by Thiam [23].

We prove Theorem 4 via the classical subcritical approach. For any ¢ € (2,2*(s)],

we define

Vul? + au?)d
- LVl e ey )

Jul a
(fM dy(2,20)° dvg)

q
H, = uEHQM;/iM dvl}.
I { t(M) a dg(z,20) 7

Finally, we define:

Jg(u) :

and

A = inf J, .
T wem (M)\(0} ()
We fix ¢ € (2,2*(s)). Since the embedding H(M) < LI(M,d,(-,29)*) is com-
pact, there exists a minimizer for AS”. More precisely, there exists u, € H2(M) \
{0} N Hq, ug > 0 a.e. such that u, verifies weakly the subcritical Hardy-Sobolev
equation :
ugfl
Agug + aug = A\g————— in M.
glUq 4T NG G xo)

In particular, we have that A\, = J,(ug).
Now we proceed in several steps.

Step 1: We claim that the sequence (\;), converge to Ags(5) when g — 2*(s).

The proof follows the standard method described in [25] and [1] for instance. We
omit the proof.

Step 2: As one checks, the sequence (ug), is bounded in HZ(M) independently of g.
Therefore, there exists u € Hf (M), u > 0 a.e. such that, up to a subsequence, (uq),
converge to u weakly in HZ(M) and strongly in L?(M), moreover, the convergence
holds a.e. in M. It is classical (see [25] and [1]|) that u € HZ(M) is a weak solution
to

u?*(s)fl

Agu + au = )\2*(5) m

in M;u>0a.e. in M.

Step 3: We claim that u # 0 is a minimizer of J®) and that (uq)q — u strongly
in HZ(M).

Indeed, it follows from the hypothesis (18) that there exists €y > 0 such that

(19) AQ*(S)(K(H,S) +e€0) < 1.

Now from Proposition 1, we know that there exists B, > 0 such that for all
q € (2,2%(s)) :

|ug > () ) () / ) )
20 ————dv < (K(n,s)+e Vug|“dvg 4+ Be w’dv,.
(20) (/M dg(z,20)5 7 (K(n,s) + <o) M| al“dg Sy Y
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Hoélder inequality and u, € H, yield:

|uq|2*(s) =@
(21) (/IV 7dvg) >140(1)

r dg(x,20)%

where o(1) — 0 when ¢ — 2*(s). Combining (20) and (21), we get :
{(K(n, s) + €0)Aq + Be, / ugdvg] >1+0(1),
M
where o(1) — 0 when ¢ — 2*(s). Letting ¢ — 2*(s) in the last relation, we write :

(K (n,s) 4 €0)Aax(s) + B(eo)/ udv, > 1.
M
It then follows from (19) that B, [,, u*dvy > 0, and then u # 0. It is then
classical that w € H?(M) is a minimizer and that u, — u strongly in H7 (M) when
q — 2*(s).

Step 4: We claim that v € C%?(M), for all # € (0, min{1,2 — s}). Following the
method used in [6] (see Proposition 8.1) inspired from the strategy developed by
Trudinger [24] for the Yamabe problem, we get that v € LP(M), for all p > 1.

Defining f,(z) := %, we then get from Holder inequality that f, € LP(M),

forallp € [1,2). Since Agu+au = f, and u € Hf (M) and s € (0,2), it follows from
standard elliptic theory (see [8]) that u € C%?(M), for all & € (0, min{1,2 — s}).

Step 5: We claim that u € CL%(M \ {x}), for all @ € (0,1). Indeed, since
u € LP(M) for all p > 1 (see Step 4), we get that f, € L} (M \{xo}) for all p > 1.
Since Agu+ au = f, and u € HZ(M), then, up to taking p > n sufficiently large,
it follows from standard elliptic theory (see [8]) that u € Cllo’s‘(M \ {zo}) for all
a € (0,1).

Remark: If a € C%7(M) for some v € (0,1) then, using the same argument as
above, we get that u € C27 (M \ {zo}).

loc

Step 6: We claim that v > 0 on M. Indeed, we consider x; #* xg such
that Bo,(z1) CC M \ {zo}, with r > 0 sufficiently small and a function h de-

fined on Bo,.(x1) by h(z) := a(x) — AQ*(S)M. Clearly, we have that h €

dg(x,20)®
CY(Bar(21)). Since u € Hf(Bay (1)), w > 0 and (A, + h)u = 0 on By, (z1). It
then follows from standard elliptic theory (see [8], Theorem 8.20) that there exists
C = C(M,g,z1,7) > 0 such that supg (,,yu < Cinfg (;)u. This implies that
UB, (z,) > 0. Therefore, u(z) > 0 for all z € M \ {xo}.

We are left with proving that u(xg) > 0. We argue by contradiction and we assume
that u(xzg) = 0.

Step 6.1.: We claim that u is differentiable at zy. Here again, we follow the
method used in [6] (see Proposition 8.1). Since u € C%%(M), for all « € (0, min{1,2—
s}) (from Step 4) and u(xg) = 0 then for any « € (0, min{1,2 — s}), there exists a
constant C1(«) = C(M, g,«) > 0 such that

(22) lu(z)| < Cr(a)dg(z, x0)"
for all x € M. Therefore, we have that
(23) Agu +au = fu,
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where with (22), we have that

(24) |fu(2)

for all z € M\ {zo}.

We claim that u € C%%(M), for all « € (0,1).
Indeed, we define a; := sup{a € (0,1) ; u € C®*(M)} and N = s — a1(2%(s) — 1)
and distinguish the following cases :

| < CQ(CY)
- dg(x,xo)s—oz(?‘(s)—l)

e Case 6.1.1 N. < 0. In this case, up to taking « close enough to oy, we get that
fu € LP(M), for all p > 1. It follows from (23) and standard elliptic theory that
there exists # € (0,1) such that u € C*9(M). This proves that oy = 1 in Case
6.1.1.

e Case 6.1.2 0 < N, < 1. In this case, up to taking « close enough to oy, we get
that f, € LP(M), for all p < 3. Since 1 > N/ then there exists p € (n, §) such
that f, € LP(M). Therefore, (23) and standard elliptic theory yield the existence
of § € (0,1) such that « € C“9(M). This proves that a; = 1 in Case 6.1.2.

e Case 6.1.3 N, = 1. In this case, up to taking « close enough to a1, we get
that f, € LP(M), for all p < n. This implies that for any p € (§,7n), we have that
fu € LP(M). Equation (23) and standard elliptic theory then yields u € C%(M)
for all # € (0,1). This proves that a; = 1 in Case 6.1.3.

e Case 6.1.4 N/ > 1. In this case, up to taking « close enough to a1, we get
that f, € LP(M), for all p < 77+ Therefore, (23), N € (1,2) (because N, > 0 and

s < 2), and standard elliptic theory yield u € C%%(M) for all § < 2 — N’. It then
follows from the definition of «; that oy > 2 — N.. This leads to a contradiction
with the definition of N/. Then Case 6.1.4 does not occur.

These four cases imply that u € C%%(M), for all a € (0,1). This proves the claim.

In order to end Step 6.1, we proceed as the above, let N/ = s — 2*(s) + 1 and
distinguish two cases :

e Case 6.1.5 N[ < 0. In this case, up to taking « close enough to 1, we have that
fu € LP(M), for all p > 1. Therefore, (23) and elliptic theory yield u € C*(M).
This proves Step 6.1 in Case 6.1.5.

e Case 6.1.6 N/ > 0. In this case, up to taking « close enough to 1, we have
that f, € LP(M) for all p < Ni;/ Since 1 > N/, there exists p € (n, NL;,) such that
fu € LP(M). Therefore, it follows from (23) and elliptic theory that u € C*(M).
This proves the claim of Step 6.1 in Case 6.1.6.

This ends Step 6.1.

Step 6.2: We prove the contradiction here. Since u € C*(M), we are able to follow
the strategy of [8] (see Lemma 3.4) to adapt Hopf’s strong maximum principle. We
let © C M\ {zo} be an open set such that xy € 9Q and O satisfies an interior
sphere condition at zo, then there exists an exponential chart (Ba.,(y),exp, b,
y € Q,r, > 0 small enough such that B, (y) N0Q = {xo}. We consider C' > 0 such
that
Lgc(—u) = =(Ag + O)(—u) = (Ag + a)(u) > 0

on Q. We fix p € (0,7,) and introduce the function v, defined on the annulus
B, (y) \ By(y) by vp(z) = e~k — e7hy where 1 = dg(z,y) and k > 0 to be
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determined. Now, if A\(z) is the smaller eigenvalue of g~—! then that for any x €
B, (y) \ B,(y) we have that:

Ly cvp(z) > e~k l4k2)\($)r2 — 2k (Z g + F0r> -C

i=1

where I'g = I'g(g). Hence we choose k large enough so that Ly cv, > 0 on B, (y)\
B,(y). Since —u < 0 on OB,(y) then there exists a constant € > 0 such that
—u+ev, < 0on dB,(y). Thus we have —u+ev, € H{(B,, (y)\B,(y)), —u+ev, <0
on dB,(y) and Ly c(—u + ev,) > 0 on B, (y) \ B,(y). It follows from the weak
maximum principle (see Theorem 8.1 in [8]) that

(25) —u+ev, <0, onB, (y)\B,(y)

In the sequel, B, (0) denotes a ball in (R™, §) centered at the origin and of radius r.
Now we define @ = u o exp, and @, = v o exp, on B, (0). By (25), we get :

(26) €v, < u, on B, (0)\B,(0)

We define Xy := exp, ! (zo). Since 4(Xo) = 0,(Xo) = 0, then, by (26), we can write
that

7 (X —a(X (X, —5,(X ;
@(XO) := liminf W(Xo +1v) — UXo) < eliminf Op(Xo +1v) = 5,(Xo) = e%(XO),
ov £ <% t REETIN t ov

. a ov
where v is the outer normal vector field on B, (). Therefore %(XO) < e5.2(Xo),

P
but %(ﬂﬁo) = v,(R), it follows that
ou
ov

This is a contradiction since minps u = u(zo) and therefore Vi(Xo) = Vu(zg) = 0.
This ends the proof of Step 6.

(Xo) < evy,(ry) <0.

3. TEST-FUNCTIONS FOR n > 4

We consider the test-function sequence (u.)eso defined, for any € > 0,2 € M, by

(- 2=s
27 € - )
(27) ue(?) <62_S + dg(x,xo)Q_s)
the function ® defined on R™ by
(28) B(X) = (L+]X[P7) 75

Since u. is a Lipschitz function, we have that u. € HZ(M), for any ¢ > 0. Given
p € (0,i4(M)), where i5(M) is the injectivity radius on M, we recall that B,(x¢)
be the geodesic ball of center zy and radius p. Cartan’s expansion of the metric g
(see [13]) in the exponential chart (B, (zo), expy,) yields

Rag

(29) det(g)(w) = 1 — =" (x0)z"a” + O(r?),

where the 2%’s are the coordinates of z, r* = > _(2*)? and (Rap) is the Ricci
curvature. Integrating on the unit sphere S*~! yields

/ Vdet(g)(r0)df = wp_1 |1 — %@0)7’2 +0(r*)
§n—1 n
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3.1. Estimate of the gradient term. At first, we estimate [, |Vuc|2dv,. For
that, we write for all x € M :

7”2(1_5)

|Vu€|§(ac) = (n - 2)26n_2 2(n—s)
(6275 + T?*S) 5—=s

where r = dy(x, ). Therefore, using (27) and the change of variable t = re~!, we

get that
725 (e2=5 4 p2-s) D

/ V| dvg

Bp(mo)

L o Scaly(zo) 2 3

< (1 — 2T (et)? + O((et)?))dt
(30) = (n_ 2)2wn—1/ ( bn (6 ) Z(n—s)((e ) )) .
0

t25(1+t275) 5—=s

p rtl (1 _ Scaly(o) 2 | O(r3)) dr
9)2¢n—2 6n
(n—2)%€"=wy_1 X ; 2(n—s)

Straightforward computations yield

“+o00 tn+1dt
I e = (=27 [ v,
0 25(141275) 5 R"
and
(32)
+oo 43 gy (n—2)"2w ) o X2 VE2dX  if n>5,
62/ oy — €2 1n% if n=4,
0 (14 t27) e O(e) if n=3.

Since

/ |Vu5|§dvg = O("?),
M\B,(z0)

when e — 0, putting together (30) with (31) and (32) yield

(33)
Jan [VO2dX — WSCMQ(%)GQ +o(€?) ifn>5,
|VUe|2dUg = C|V®[2PdX — “3Scal, (z0)e2ln(L) + O(e2 ifn=4,
M R 6 g9 €
fRn |[V®[2dX + O(e) if n =3,

Arguing as the above and using that a € C°(M), we get that :

e2a(zo) [pn P2dX +o0(e?) if n>5,

(34) /M auldvg = {  a(zo)wse*Int + O(e?) if n=4,
O(e) sin =3,
and
(35)
/ wl*@ ) S %d}( — 2Seala(@o) | X252 )X +o(e2) ifn >4,
a dg(z,20)5 7 Jzs %d,}( + O(e) if n=3.



HARDY-SOBOLEV EQUATIONS ON COMPACT RIEMANNIAN MANIFOLDS 13

From Lieb [14], we know that @ is an extremal for (5), that is
S [VO[2dX

22 2*2<s)
Jn XTs

Combining (33), (34) and (35) and this last equation, we obtain, for any € > 0, the
following results :

(36) = K(n,s) "

(37)
(Ci(n, s)a(xg) — Ca(n, s)Scaly(z0)) €2 + o(e?)

J(ue) = K(n,s)™' | 1+ w3(fR4 |Ve|2dX)~! (a(xo) — %Scalg(xo)) 62171(%) + O(€?)

O(e)
where

Jon [@2dX
Ci(n,s) = R

Jzn IVO[2dX
Ca(n, 5) L fp [XPIVOPRAX 2 [ X (ax
2(n, s = : - @2*()

60 [ VOPAX  2(6n [ BED gy

Unlike the case s = 0, it is not possible to compute explicitly the constants C;(n, s)
and Cz(n,s). However, we are able to explicit their quotient, which is enough to
prove our theorem. We need the following lemma taken from Aubin [1] :

Lemma 1. Let p,q € RL such that p—q > 1 and assume that I}} = 0+00 (fidtgw
then )
P—q- +1_ g+t
Il . = 71‘1 a1ty = —-—-71% ..
p+1 p WM& L = T T e
Indeed, an integration by parts shows that [} = il 3111 On the other hand, we

can easily see that [] = I 1 1 +Igill Together, the above relations yield the lemma.

We apply Lemma 1 to the computation of Ca(n,s)/Ci(n,s) when n > 5. We have
that

(38)
Colns) 1 fo XPIVOPAX 2 [ [XPI0F OdX [, [VBPdX
Ci(n,s) 6n  [p, P2dX 2*(s)6n S \‘ﬁgi” Jgn [®2dX
Independently
—92)2 +oo rnts—2eg,
Jou | XPIVO[2AX (n =2 J, (1 BT
Jen |BI2dX =
(14r2—s) 2-=

up to taking ¢t = 727 and using the Lemma 1, we get that :

(n=2)2 ptoo 7Tty
ps 2(n—2)
fR" | X2V |2dX B 2 0 a+t)y 2= nn—-2)(n+2—s)

Jen [®2dX 1 e 7= Pa . 22n—2-s)
5—s 2(n—2)
(14t) 2=

(39)

ifn>5
ifn=4
ifn=3
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Jon |XIP70 - @7 Wax n(n —4)
(40) R T |02dX 2(n—2)2n—2—5s)
and
(41) L (n—2)(n—s).

Jeo 1X[7 2P X
Therefore, plugging (39), (40) and (41) into (38) yields

Csy(n, s) _ (n—2)(6—2s)
Ci(n,s) 12(2n—2—2y)

when n > 5. As a conclusion, the expansion (37) rewrites

(42)
% (a(wo) = cn,sScalg(w0)) € + o)
Rn
J(ue) = K(n,s)™ | 1+ fwwm (a(0) — cn.sScaly(20)) eQZn(%) +0(e?)
R4
O(e)
where
(13) _ (n—2)(6—15)

As a consequence, we then get the following theorem:

Theorem 5. Let (M, g) be a compact Riemannian Manifold of dimension n > 3.
Let a € CO(M) such that A, + a is coercive, zo € M and s € (0,2). Then for all
n > 3, we have that

44 inf J(v) < K(n,s) L

(44) veHZ(M)\{0} ) < K(n.s)

Moreover, if n > 4 and a(xo) < cn sScalg(xo), where ¢, 5 is as (43), then inequality
(44) is strict.

4. TEST-FUNCTIONS: THE CASE n = 3

The argument used for n > 4 is local in the sense that the expansion (42) only
involves the values of a and Scal, at the singular point xg. When n = 3, the first-
order in (42) of Section 3 has an undetermined sign. It is well-known since Schoen
[19] that the relevant quantity to use in small dimension is the mass, which is a
global quantity.

We follow the technique developed by Druet [3] for test-function in dimension 3.
The case of a manifold with boundary is discussed at the end of this section. We

define the Green-function G, of the elliptic operator Ay + a on zy as the unique
function strictly positive and symmetric verifying, in the sense of distribution,

(45) AyGay + aGay = Dy,

where D, is the Dirac mass at zo. We fix p € (0,i,(M)/2) and we consider a
cut-off function n € C2°(By,(x0)) such that n = 1 on B,(x). Then there exists

ifn>5
ifn=4
ifn=3
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Bro € H?(M) such that we can write G, as follow :

n(z)

(46) waGa, () = d,(z,70) + B (@)
for all x € M. According to (45) and (46), we have that
(47) Agﬂmo + a’ﬂzo = fzo
where
— n(@) \ _ (an)(x)
(48) fwo(m) = =4, (dg(x,:co)) 40 (2, 70) for all x € M\ {x0}.

In particular, for all p € (1,3), we have f,, € LP(M). Therefore, it follows from
standard elliptic theory that 8,, € CO(M)NC} (M \{xzo})NHY (M) for all p € (1,3).

loc
In particular, the mass satisfies m(zg) = Bz, (o). For any € > 0, we define, on M,

the function
Ve = Ne + \/Eﬂmm
where u, is the general test-function defined as (27). This section is devoted to

computing the expansion of J(v.). We compute the different terms separately.

4.1. The leading term [, (|Vo.|? + av?)dvy. Integration by parts and using the
definition of v, we write, for any € > 0, that :

(49) / (|Vve|§+av€2)dvg:/ 7]2u5AgU€d’Ug+/ uZnAgndv,
M M M

- / n(Vn, Vu?)gdug + / an’uldvg + / (AgBry + aBay) (€8 + 2v/enue)dug.
M M M

Writing u? in the form :
€

2 _ O 5—2s

(50) Ue (‘T) dg(SC,SC0)2 + (6 )a

with O(1) € C?(M \ B,(x0)) uniformly bounded with respect to €, we obtain that
nAg7N

51) / u?nA gndv :6/ ———dv, + o(e),

( M s M\B, (z0) dg(,0)? . (
and

1
52 /nVn,Vuf) dv :6/ n(Vn,V——==),dv, + o(e).
( ) o ( g=rg ]\/I\IB%p(zU) ( dg(SC,SC())2 g=rg ( )

By integrating by parts, using (50) and since 9,1 = 0 then we write

v 2
(53) / unAgndv, —/ n(Vn, Vu?)ydv, :e/ [Virly
M M

——Z —dv, + o(e)
M\B, (z0) Do (25 20)2 7

We have also that
2
(54) /M anuidv, = e /M %dvg + Ry(€) + o(e),
g\

where, as in (30),

2dv
R =0 375/ an g =0 2/
1(6> (6 B, (z0) dg($,$0)2(62_s+dg($,$o)2_s) € ) 14 ¢2—s

L)
QU
~
v
I
Q
—
[
\._/
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This latest relation and (54) give that

2

2,2 _ an
(55) /M an“uidvg = e/M deg + o(e).

Writing now u, in the form

Je

Vo,
dg(z, z0) ( )

(56) ue(z) =

with O(1) € C?(M \ B,(x0)) we get that

2 772 1
57 / N ucAgucdv :e/ A dv, + o(e).
(57) M\B, (z0) e M\B, (z0) dg(T,T0) g(dg(xaxo)) s ol

Since u, is radially symmetrical, denoting A as the Laplacian in the Euclidean
metric d, we get with a change of variable and Cartan’s expansion of the metric
(29) that

/ uAsucdvg = / DPA;PIX + o(e),
By (w0) "
where ® is defined in (28). Since
Ague = Asue — Or(Indet(g))Orue
in g—normal coordinates, we have that
/ uAguedvy, = / DPA;PIX + ofe)
By (w0) "

dg(z,20)' 40, (Indet(g))
+e/B

4—s

o(0) 2(6275 + dg($,$0)275)2*5

(58) dvg + o(€)

when € — 0. Similar computations to the ones we just developed give that

6/ dy(z,20) =40, (Indet(g)) o :6/ GT(lndet(g))d
B ! B

o (0) 2(62_s+dg(.’1],.’1]0)2_s)3:§ o (20) 2dg(1',1'0)3

s Or(Indet(g))
+0 | ¢ ‘5/ dv, |,
( B, (x0) Ao (%, 70)% (€272 + dg (2, 20)>~*) 7

Cartan’s expansion of the metric g, (29) and to this latest relation yield

g

d =59, (In det -(In det
6/ !](zazO) 0, (Il € (fiz)s d’l}g — / 0 (Il € (gg)dvg +O(€)
B (o) 2(€275 4 dg(z,20)?7%) 2 B, (z0) 2dg(x, o)
(59)
Relations (57), (58) and (59) yield

Or(Indet(g))

2 T

N ucAgucdv, = / PAs;PIX —|—e/ — = dv
/M e n B, (o) 2dg(x,20)% Y

772

1
60 +e/ A
(60) s\, o) Tolrnz0) -y ()

Jdvg + o(€)
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when € — 0. At last, using again the expansion (60) of u., we obtain that :

/M(Agﬂzo + aﬂzo)(eﬂxo + Qﬁnue)dvg = e/M(Agﬂzo + aﬂxo)(ﬂro + 2m)dvg +

O (635/ (Agﬁzu + aﬁmo)n dv ) )
u (@, 20)(€27° + dy(,20)77%) 7
The latest relation and (47) allow to write :

/ (ByBay + 1Bay)(eag + 2Vemue)dv, = € / (Do + aBao)Bao + 21— Ydvg + o(c).
M M

dg(z, z0)

Since By, € CO(M) N HEY (M) for all p € (2,3), it follows from (45) and (46) that

n _
/M(Agﬁcm + aBy) (Bay + m)dvg = wafBz, (o).

Then the last couple of relations give that

/M(Agﬂzo + afag)(€Bry + 2VeEnuc)dvy = ews Py (w0) + 0(€)

n
A T T T 7 . N d
(61) v [ (BB + au) By + sy
when € — 0. Knowing, from (47) and (48), that
" 9, (Indet(g)) / an®?
Ay By, + afy, ) ————dv, = —/ ——— dv, — ——dv, +
e ) g ey 2dg(@20)? 0y dylao 2
n n
- Ayl )dvg,
/]\4\]Bp(:co) dg(x,x0) ~? dy (2, 20)" 7

and combining (53), (55),(60) and (61) with (49), we get that

(62) / (|Vv€|§ + av?)dv, = / DPAsPAX + ews By, (o) + 0(€)
M n
when e — 0.

4.2. Estimate of [, ?v(‘i%)sdvg. Since s € (0,2) then 6 — 2s > 2. Therefore
there exists C'(s) > 0 such that for all X,Y € R, we have :
“X 4 Y|672s - |X|672s - (6 o 28>XY|X|472S‘ S C(S) (|X|472sy2 + |Y|672S)

This allows to write

2% (s) 6—2s
/ Ve d’l}g — / (77“6 + \/E/BIU) d’l}g
M M

dg(z,20)° dg(z,20)°
6—2s
— / (uf + \/Eﬂzo)s d’Ug + 0(63_5)
B,(zo)  dg(,%0)
w8728 4+ (6 — 25)|ue |82 2uc /€5y
— / € ( )| | . \/_6 Odvg+R2(€)+0(€)
B, (w0) dg(z,20)
(63)
where

4—2s_ 132 3—s56—2s
_l’_
(64) R2(€) = O </B . Ue 66;30 € Zo dvg> = 0(6)
p(ZTo

dg(z,20)°
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Direct computations yield

wb—2s @2*(3)(}()
65) / Y :/ X 1 ofe),
( o) Aozl 0 T o TR

when € — 0. Using that 8,, € C%?(M) for all § € (0,1), we get that

—= +0(¢)

6 —2 . 6—25—2 . " P 2fsd
/ ( 5)'“ | S'Uz \/EB 0 d’l}g — 6375(6 _ 25)6;30 (.To)WQ/ r r _
B,(xo0) d!] (:L', 1'0) 0 (62_5 + TQ—S)ﬁ
R

0 (14125

+oo 2—s
(6 — 25) B (2002 / : o
0

5—2s
2—s

(66) %
1 +1279)

when € — 0. Since As® = (3 — s)% in R™, a changes of variable and an
integration by parts yields

400 1275t (1)2*(3)_1 X
(67) w2/ o 5-% / %dX
0 (142-5)7= no X
= (3—s)7' lim —0,®dX,

R—+oc0 BBR(O)
where v is the normal vector field on the Euclidean ball Br(0). Since 0,® =

-3

—|X['75(1 4 |X[>75) 7" for all X € R, passing to the limit in (67) yields
+oo 2—s
te—odt
wg/ — = (3—5) twa.
0 (14t2-9)Fs
Hence, the latest relation and (66) give that

(68) / (6 — 28)|u€|672572u€\/gﬁ10
BP(IU)

dg(z,x0)*

dvg = € (284, (z0)w2) + o(e),

when € — 0. Combining (64), (65) and (68) with (63), we get that
2% (s) 2% (s)
Ve o (X)
69 ——dv :/ ————dX 4 € (284, (z0)w2) + o(e),
©) [ = [ (28 (20)u2) + o)

when € — 0.

4.3. Expansion of J(v.) and proof of Theorem 1. Equality (69), (62) and (67)
yield

S (Vo2 + av?)do,

Tlee) = B) =&
S 2% (5)
(fM dg(z,zo)sdvg)
_ 2613 (-TO)WQ
— 1 _ 0
(70) = K@) (1 T e ®dz © ole)

when € — 0. Noting that m(xzg) = Bz, (x0), we then get the following as a conse-
quence of (70):

(6 — 25)B, (0 )2 / S S

+o(e),
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Theorem 6. Let (M,g) be a compact Riemannian Manifold of dimension n = 3.
Let a € C°(M) such that A, + a is coercive, xg € M and s € (0,2). Assume that
that the mass at xo is positive, that is By, (xo) > 0. Then we have that

inf J(v) < K(n,s)™*.
veH2 (M)\{0}

Proof of Theorem 1. Theorem 1 follows from the existence result (Theorem 4)
and the upper-bounds (Theorem 5 and Theorem 6).

Proof of Theorem 3. As one checks, the estimates (42) and (70) hold when M is
a smooth compact manifold with boundary provided zq lies in the interior. Then
Theorem 1 extends to such a case, and Theorem 3 is a corollary.

4.4. Examples with positive mass.

Proposition 2. Let (M,g) be a compact Riemannian Manifold of dimension n =
3. Let a € C°(M) such that Ay + a is coercive, xg € M and s € (0,2). If
{a £ e3,0Scaly} or {a = c30Scaly and (M, g) is not conformally equivalent to the
canonical n-sphere} then we have that :

inf  J(v) < K(3,8)"%
veHF (M)\{0}

Indeed, the positivity of the mass in this case was proved by Druet [4]. We incor-
porate the proof for the sake of self-completeness.

Lemma 2. Let (M, g) be a compact Riemannian Manifold of dimensionn = 3. We
consider a,a’ € CO(M) such that operators A, + a and Ay + a’ are coercive. We
denote as G, G, their respective Green’s function at any point x € M. We assume
that a 5 a'. Then B, > B for all x € M, where B, B, € C*?(M), 6 € (0,1) are
such that

Na ’ Na /
(71) wo Gy = + Bz and wa G, = + B
dg('rv ) dg(l', )
Proof. We fix x € M and we define hy = 8., — 85, where ., and S, are as in (71).
Noting L := Ay +a and L' := Ay + a/, we have that L'(h;) = —(a’ — a)G, < 0.
Since h, € HY(M) for all p € (1, 3), then for all y € M, Green’s formula yields

ha(y) = — y Gy (2)(a" — a)(2) Gy (2) dvg(2).
Therefore h, < 0 since a < a’. Moreover, since a # a’, we have that h, < 0. This
ends the proof. (I

Proof of Proposition 2 : We consider the operator L° := A, + c3 ¢Scal,, 5° the
mass of (M, g) corresponding to L°. The Positive Mass Theorem (see [20], [21])
gives that 8J(x) > 0, the equality being achieved only in the conformal class of
the canonical sphere. It then follows from Lemma 2 that 8;,(z0) > 0 when {a <
c305calg} or {a = c30Scaly and (M, g) is not conformally equivalent to the unit
n-sphere}. It then follows from Theorem 6 that inf,e g2\ o3 J(v) < K (3, s)~L.
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