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Abstract The evolution of capillary forces during evap-
oration and the corresponding changes in the geometrical
characteristics of liquid (water) bridges between two glass
spheres with constant separation are examined experimen-
tally. For comparison, the liquid bridges were also tested
for mechanical extension (at constant volume). The obtained
results reveal substantial differences between the evolution
of capillary force due to evaporation and the evolution due to
extension of the liquid bridges. During both evaporation and
extension, the change of interparticle capillary forces consists
in a force decrease to zero either gradually or via rupture of
the bridge. At small separations between the grains (short &
wide bridges) during evaporation and at large volumes during
extension, there is a slight initial increase of force. During
evaporation, the capillary force decreases slowly at the begin-
ning of the process and quickly at the end of the process;
during extension, the capillary force decreases quickly at
the beginning and slowly at the end of the process. Rup-
ture during evaporation of the bridges occurs most abruptly
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for bridges with wider separations (tall and thin), sometimes
occurring after only 25 % of the water volume was evapo-
rated. The evolution (pinning/depinning) of two geometri-
cal characteristics of the bridge, the diameter of the three-
phase contact line and the “apparent” contact angle at the
solid/liquid/gas interface, seem to control the capillary force
evolution. The findings are of relevance to the mechanics of
unsaturated granular media in the final phase of drying.

Keywords Capillary force · Capillary bridge ·
Evaporation · Contact angle · Surface tension

1 Introduction and background

The assessment of the interparticle forces that arise in cap-
illary liquid bridges and their evolution, including their
demise, are of primary importance because of their contri-
bution to the formation, deformation and flow of particu-
late materials, including soils, and in numerous technologies,
including immersion lithography, fiber coating, inkjet print-
ing, photonic crystal production, etc. The capillary forces
between partially wet grains are thought to impart an appar-
ent macroscopic or “sand-castle” strength to the moist gran-
ular materials, even in the absence of the intrinsic cohesion
or confining stress (see e.g. [1–7]). Two-grain systems are
important not only because they are the most elementary but
also because more complex multi-grain liquid bridges will
eventually break down to a number of two-grain systems (see
e.g. [8–10]).

The objective of the presented experiments is to better
understand the evaporation-induced evolution of capillary
forces in a two-grain liquid bridge at different but constant
separations. To our knowledge, no comprehensive studies on
capillary bridge evaporation have been undertaken. There are
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816 B. Mielniczuk et al.

a few notable exceptions of a specifically focused work on
nano-scale separations (<100 nm) by Gao [11] and Maeda
et al. [12], or spheres at direct contact, Cutts and Burns [13],
or on drying of colloidal crystals by Zhou et al. [14]. Most
of the previous studies on the capillary forces in two-grain
liquid bridges deal with extension of the bridges at a constant
liquid volume or a constant suction [12,15–18].

Some of the fundamental questions related to the evolution
of the evaporating liquid bridges may have been answered
through studies of sessile drop evaporation. The primary such
questions are related to the contact angle (CA) hysteresis, the
contact diameter (CD) pinning and depinning, and how these
properties affect the evaporation and the capillary forces. We
shall explore to some degree the analogies between drying
sessile drops and liquid bridges, based on the vast amount
of recent work on the former subject (e.g. [19–24]). How-
ever, a central point here is the evolution of the capillary
force.

To place the obtained results on evaporation in a wider
context, a parallel series of extension tests is performed on
the capillary bridges. In these tests, the grain separation is
increased from zero at a constant rate at constant liquid vol-
umes of different amounts.

The shape of the capillary bridge at equilibrium is repre-
sented by a set of variables used to determine the capillary
pressure in the Laplace-Young equation (see e.g. [25,26]).
These variables include two quantities representing the two
principal surface curvatures of the bridge gorge measured at
its neck and the volume of the liquid. The form of the surface
of the phase interface is usually determined through mini-
mization of the total free energy of the bridge, under a condi-
tion of constant volume [26]. Numerous efforts were under-
taken to determine the shape of the interface [15–18,27,28].
The surface curvatures determine also the single quantity
of the pressure difference across the liquid-gas interface
(Laplace pressure) and its resultant across the bridge gorge
area as well as the surface tension force acting at the bridge
perimeter. The two forces result in the intergranular capil-
lary force (positive when attractive). Additionally, from the
equilibrium of surface tensions at the solid/liquid/gas inter-
face one can calculate a unique equilibrium contact angle
[26].

As mentioned above, in contrast to evaporating capillary
bridges, the case of an evaporating sessile droplet has been
intensely studied [19,23,29]. The key issue that has emerged
from these studies is the importance of what happens at the
contact of the liquid body with the “real solid surfaces” [20–
24,30,31]. Such surfaces are understood as endowed with
surface roughness, which can be enhanced by the presence of
precipitated liquid impurities (the coffee ring effect discussed
in e.g. Deegan et al. [32]).

The main conclusion from the sessile drop studies con-
cerns the equilibrium contact angle, which is found to be

“a principally unmeasurable physical value” [31,33,34],
whereas the observable contact angles are either blocked
or vary according to the pinning or depinning condition
of the “triple” line at the interface of the three phases
[19,21,30,34,35].

Hence in our experiments, several other quantities that
do not enter the Laplace-Young equation, but are seen to
contribute to the evolution of the capillary bridge shape, have
also been measured. These are the contact diameters and
observable contact angles.

It is realized that the evolution of the shape of the evap-
orating capillary bridge, and that of the capillary forces
is driven by the water mass removal due to evaporation.
The evaporation rate is determined by external conditions,
namely the external vapor pressure (or relative humidity)
and the temperature of the environment, which is kept con-
stant. The aforementioned shape changes may involve the
internal viscous flow of liquid, where the internal velocity
depends on the evaporation flux. The value of capillary num-
ber, Ca(Ca = μυ/γ , where μυ and γ are respectively,
viscosity, velocity and surface tension of the liquid) of 10−4

is considered as a threshold, below which the viscous flow
effects are insignificant compared to surface tension effects
[36]. In our case, based on the measured value of surface
tension of the bridge liquid, and the highest measured value
of the velocity of the radial flow (see a separate paper [37]),
the capillary number was found to be about 4 × 10−7 for 0.7
and 2 mm of separation. As a result, the liquid bridge departs
due to evaporation from the initial state of mechanical equi-
librium, but for a relatively low evaporation rate the latter
can be approximated by a series of quasi-stable states that
are not far from equilibrium, each state having incrementally
different geometries [36].

In reference [37], we report the calculated Laplace pres-
sure and surface tension forces as they evolve during evapo-
ration, whereas results concerning the rupture of the bridges
are presented in [9].

2 Experimental conditions and techniques

The investigated system consists of two precision glass
spheres (grade 25) and a capillary bridge between them
formed by an instilled liquid. The spheres are 8 mm in diam-
eter. The evaporation of the capillary bridge is conducted at
a constant relative humidity of 25 % in a climate-controlled
chamber at a constant temperature of 21 ◦C. Corresponding
experiments with the liquid bridge extension are performed
using the same systems.

The vertical configuration of the spheres has been cho-
sen for most of the experiments as the capillary force mea-
surement relies on gravity. All calculations are performed
for such an arrangement. Because the water volumes are so
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Capillary force between two grains 817

Fig. 1 Apparatus configuration

small, gravity is negligible compared to the other forces, and
the vertical and horizontal configurations can be as assumed
to be equivalent (see e.g. [15]).

The bottom sphere is fixed to the substrate and is placed
on a balance Precia Molen XB220A, with precision of 10−4

gram. The top sphere is attached with epoxy glue Epolam
2010 (creep effects of the glue are negligible) to the microm-
eter table and is suspended from the support without contact
with the balance. The centers of the spheres are collinear
with the axis of vertical symmetry of the balance. The setup
is derived from an earlier device described in detail by Soulié
et al. [38] and Gras et al. [18].

The separation between the spheres for the evaporation
experiments is adjusted by a micrometer screw (see Fig. 1)
with accuracy of 0.01 mm. Sphere separation can also be
changed smoothly with a constant speed by a step motor for
the extension tests.

The liquid is a mixture being used at the University of
Montpellier-2 for experiments on capillary forces, see e.g.
Gras et al. [18]. The mixture composes of the milli-Q ultra-
pure water and some ingredients acquired by water when
it is circulated through the hydraulic system of the appara-
tus (not relevant in our experiments). The liquid has been
frequently tested for surface tension γs using the Wilhelmy
plate method (see, e.g., [25]). The mean value from 17 tests
of the liquids freshly harvested from the liquid bridge and
those exposed to the atmosphere for over 1.5 h, equivalent
to the duration of the evaporation test, was determined as
γs = 0.0496 N/m, with a standard deviation of 0.0029 N/m
(5.7 %). A change in surface tension of individual liquid sam-
ples over the period of 1.5 hour is typically less than the
3 %. Similar values were reported by Gras (mean value of
γs = 0.051 N/m [18]). These values are notably lower than
the nominal value of 0.0728 N/m for the surface tension of

distilled water. Surface tension is notoriously sensitive to the
presence of contaminants (see, e.g. [39,40]). All the force
related results are any way normalized with respect to sur-
face tension.

Before each experiment, the spheres are washed with 95 %
ethanol and dried. A procedure for the placement of water
and the formation of the bridge is standardized as it impacts
the initial contact angles (see [15,41,42]). The procedure
includes: (i) setting the separation between the spheres; (ii)
injecting a specified volume of water onto the lower tip of
the top sphere with a laboratory micro-syringe of 0.1µl accu-
racy; and (iii) allowing the injected water to drip into the gap
between the spheres. The droplet attached under the upper
sphere initial grows in height, and upon reaching the lower
sphere, it transforms into the capillary bridge. For the exten-
sion tests, the initial separation is zero and water immediately
in contact with both spheres, forms a ring-like initial capillary
bridge.

The evolution of the capillary bridge during evaporation
presented here is for a single initial liquid volume of 4µl at
constant separations ranging from D = 0.01 to 2.0 mm. In
terms of non-dimensional separations defined as ξ = D/2R
(see Fig. 2a), these relative separations are ξ = 0.00125 to
0.250. At the instant the liquid is added, the reading of the
balance carrying the lower sphere decreases as a result of
the development of the attractive force in the liquid bond
between the spheres. This force, Fint , referred to as the total
intergranular force, is calculated as Fint = (mdr y − mbal)g,
where mdr y is the mass of the bottom sphere when dry, mbal

is the reading of the balance supporting the bottom sphere
and the liquid bridge during drying, and g is the acceleration
due to gravity.

The quantity of 4µl of water was experimentally selected
as an optimal amount both to repeatedly produce a symmetric
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818 B. Mielniczuk et al.

Fig. 2 (a) Schematic view of the capillary bridge between two identi-
cal spheres; (b) Evolution of the mass of a capillary bridge between two
particles due to evaporation. Inset: initial shape of the bridge at separa-

tion distances of 0.1, 0.7, 1.3 and 2.0 mm. The initial liquid volume is
4µl; (c) Validation of the water body volume determined in the parallel
test (see text)

capillary bridge at all analyzed separations and to minimize
the influence of gravity on the bridge shape.

For the extension tests, the apparatus configuration, prepa-
ration procedure and data processing methods are the same
as those for the evaporation tests. The spheres are initially
placed in contact with one another, after which the liquid
bridge with a pre-determined volume from 0.1 to 10µl is
formed. The top sphere is then lifted with the use of a step
motor at a constant speed of 16µm/s while the capillary force
is continuously measured. The extension rate is chosen both
to minimize the evaporation during the test (the duration is
about 2–3 min) and to minimize the influence of water vis-
cosity.

A still camera Canon EOS500 with a macro lens is used
to image the evolution of the bridge geometry during both
processes. Images are saved each minute for the evaporation
tests and each 5 s for the extension tests, with a resolution of
12 megapixels. The images are processed by Fiji (Image J)
software. The bridge characteristics are determined from the
images using MBRuler Pro and a Matlab program.

The capillary force data were acquired every 10 s for the
evaporation tests and every 1 s for the extension tests. Each
of the tests has been repeated several times, and the results
display some scatter (see, e.g., Fig. 4) presumably due to a
non-symmetric initial shape of the bridge (errors up to 10 %).
Bridges that did not display rotational symmetry or symmetry
across the horizontal mid-plane were rejected. The reported
results are mean values, with the outliers excluded from the
mean calculations.

3 Experimental results

The calibrated balance records and image processing allowed
us to retrieve a number of key physical and geometric char-
acteristics of the capillary bridge as functions of time (see
Fig. 2a). These characteristics are listed as follows: (i) liq-

uid water mass loss; (ii) resultant capillary force FCAP; (iii)
radius of curvature of the surface of the water body mea-
sured at the equator, rg (called the gorge radius or “neck”
radius); (iv) radius of the external curvature of the meniscus
along a meridian of the bridge surface (assuming rotational
symmetry) rext ; (v) length of the external bridge profile l
(slant height, considering frustum curvature) and hence the
interface surface area (assuming rotational symmetry); (vi)
apparent contact angle θ ; (vii) half-filling angle δ and (viii)
contact radius, rcon . The contact radius refers to a “triple”
line of contact of gas/solid/liquid phases. It is assumed that
the triple line is a circle, and the radius reported is an average
of the four “radii” of the bridge visible in the images. The
apparent contact angle is an angle extrapolated from a point
on the interface surface vertical intersection at a distance of
5µm from the triple line, using MBRuler Pro software. The
apparent contact angle is different from the equilibrium con-
tact angle.

The above measurements allow us to calculate the follow-
ing variables: (1) relative volume loss; (2) evaporating sur-
face area; (3) vapor flux evolution during evaporation (from
the evaporation surface); and (4) total capillary force. The
calculations of the suction and surface tension components
of the capillary force and the subsequent analysis are pre-
sented in a separate paper [37].

3.1 Mass loss of liquid water

The variable driving the evolution process of the liquid bridge
during drying is the rate of the loss of evaporating liquid mass
(vapor flux, when referred to the unit interface area), which is
measurable but not controllable. The mass flux results from
the difference between the constant ambient vapor pressure
in the testing chamber and the saturated vapor pressure. In
the following analyses, this difference is considered to be the
independent variable that affects the other variables, such
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Capillary force between two grains 819

as the bridge volume, bridge profile shape, suction, wetting
angle, capillary force, etc. The evaporated mass is measured
in a duplicate experiment, in which the entire water bridge
and both spheres at the same separation sit directly on the bal-
ance, which therefore measures only the decreasing mass of
the liquid bridge water. From the point of geometry of the liq-
uid body and its force relationship with the solid spheres both
experiments are identical. These measurements were vali-
dated by comparing to the volume of the water body approx-
imated as axially symmetric from the area of the projection
of the bridge in the images using Pappus-Guldinus theorem
for selected separations (Fig. 2c) and to a volume calculated
employing a toroidal approximation using current geometric
data from image processing (as discussed later) following
the formula developed in [43]. The difference between the
experiments shown is less than a standard deviation in the
measurements. It tends to be higher as the process advances,
but still below the experimental error. The mass evolution
for an initial bridge volume of 4µl is shown for different
separations in Fig. 2b.

Evaporation curves exhibit initially a linear relationship
between the total mass and time (i.e., a constant evaporation
rate), and in a later stage a decreasing evaporation rate. The
slope of the linear part of the curve varies with the separa-
tion distance; i.e.: 0.112 mg/min at 2.0 mm, 0.078 mg/min
at 1.3 mm, 0.073 mg/min at 0.7 mm, and 0.072 mg/min at
0.1 mm. For separations that range from 0.1 to 0.7 mm, the
liquid mass evolution is approximately the same. For wider
separations with the same initial volume, the evaporation
rates are higher and duration of the whole process is much
shorter.

3.2 Evaporation surface area and evaporation flux

For the evaporation experiments, it is necessary to evaluate
the surface of evaporation area, S, which is an important
geometrical characteristics of the liquid bridge, as it directly
affects the calculated evaporation flux, Fig. 3a.

The surface area of the interface has been obtained from
the image processing of the projections of the evolving bridge
contour. In all cases, the surface area of evaporation decreases
almost linearly with the diminishing volume of the liquid
bridge. At lower separations, the evolutions of the surface
areas are similar to each other, but for higher separations
the area is significantly larger than that for lower separa-
tions. It is also interesting to note that the evolution of the
average evaporation flux, calculated as the ratio between the
total evaporating mass per second and the evaporating sur-
face area, is roughly the same for all separations, as seen
in Fig. 3b. The average evaporation flux is nearly constant
for the first half of the process, after which the evaporation
accelerates substantially, especially for small separations.

3.3 Capillary force evolution

Capillary force, FCAP, is obtained from total intergranular
force, Fint , measured using the precision balance. The cap-
illary force is calculated from the total intergranular force by
subtracting the force due to the hydrostatic pressure, which
is very small, at the neck, following Princen [28] and Adams
et al. [44]. The buoyancy contribution is also found to be
negligible (see [15]).

The value of the initial capillary force, which is the force
at time zero, is equivalent to the capillary force at thermody-
namic equilibrium because no evaporation influence could
have taken effect. The initial value depends strongly on the
grain separation, or, in more “structural” terms, on the slen-
derness of the bridge. In general, the initial capillary attrac-
tion is higher for more narrow separations (i.e., for flatter
bridges), with the exception of the narrowest separations,
0.05 and 0.01 mm (Fig. 4a, b). This is intuitive when one
considers the space between the spheres as a (horizontal)
capillary slot; thus, for a narrower slot, there is the higher
force. Notably, the smallest separations, which are on the
order of tens of micrometers that prove an exception to the
rule are not small enough for adhesion or adsorption or van
der Waals, forces to play a role [45]. The maximum values

Fig. 3 Evolution of the
evaporation surface area (a) and
flux (b) during the evaporation
of a capillary bridge, for
different grain separations. The
initial liquid volume is 4µl
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820 B. Mielniczuk et al.

Fig. 4 Evolution of the capillary force between two spheres: (a) dur-
ing evaporation at different constant separations versus relative volume
loss, with an initial liquid volume of 4µl. (b) initial force immediately
after liquid bridge formation for different separations, liquid volume

of 4µl; (c) during an extension test at constant (nominally) different
water volumes versus variable separation. The thick arrows in (a) and
(c) mark the onset of de-pinning of the triple line (or the onset of change
of the “apparent” contact angle variable), as determined from Fig. 9

of the initial force are in the order of 0.7 × 10−3 N, for the
flatter bridges, about of 1 × 10−4 N for the tallest bridge.
In terms of the non-dimensionalized values these correspond
to 3.6 and 0.6. The former value (for the flattest bridge) cal-
culated by minimizing the interface surface area by Lian et
al. [27], using a toroidal approximation of the bridge shape
and under the assumption of zero contact angle is of the
order of 4–5, thus about 10–20 % higher. The minimization
hypotheses lead in general to overestimations of the experi-
mental values [17]. Hence, our values are clearly of the order
of commonly predicted values. A more detailed analysis is
provided in “Discussion”.

Evolution of the capillary force induced by evaporation
(Fig. 4a) exhibits a general trend of an eventual decline of
the force, as shown for at a series of constant separations.
However, the process occurs in somewhat different modes for
three classes of separations: wide, narrow and extremely nar-
row. These classes can also be described structurally (tall and
slender, short and wide, and very short and very wide bridges,
respectively), see Fig. 2b inset for proportions, and in terms
of their relative separations (0.250 > ξ > 0.0875, 0.0875 >

ξ > 0.0125 and 0.0125 > ξ > 0.00125, respectively).
At the widest separations, 2 and 1.3 mm, the capillary force

decreases monotonically with a modest rate, but abruptly
goes to zero as the bridge ruptures at a relatively early stage
of the water removal; for these two separations, more than
75 and 50 % respectively, of the capillary water remains in
the system after rupture. The value of the force at rupture is
a fraction (77 and 34 % respectively) of the initial value.

For all more narrow separations (below 0.7mm), the
reduction of the capillary force is preceded by an initial,
insignificant increase, which reaches a maximum at the mid-
range of the volume loss (later for smaller separations). The
capillary force value then gradually decreases to zero and
accelerates before rupture, which coincides with a complete
removal of water.

At the narrowest separations (0.01 and 0.05mm), i.e. for
flat bridges, the initial part of the evaporation process fea-
tures a slight increase of the capillary force, with an extended
plateau over a substantial part of the evaporation (between
1/4 and 3/4 of the relative volume loss). The capillary force
then decreases continuously, but accelerates when approach-
ing zero in an unstable fashion (i.e. large force changes per
incremental change in volume). This stage begins when less
than 1/10 of the initial water volume remains. Zero capillary
force is reached at a point when there is no more water left.

In general, narrow separations produce higher capillary
forces throughout most of the process, with important excep-
tions for when the separations are less than or equal to
0.05mm. These findings are consistent with viewing the
bridge as a (curvilinear) capillary slot, which is horizontal
for the presented case.

The most significant feature of the above results is that, in
all cases, the capillary force linking the two spheres across
the capillary bridge eventually tends toward zero. There was
not a single case where a spike in the force value was observed
prior to rupture. A dispersion of data is relatively modest,
except for the very end of the process when the liquid volume
is minute, in particular for the very small separations.

For an evaporating capillary bridge, no theoretical pre-
dictions are available currently to compare with the obtained
results (see Discussion below). However, we have performed
extension tests of capillary bridges at constant volume and
measured the capillary forces as they vary with the increasing
separation. Such experiments have been performed numer-
ous times before and theoretical predictions developed under
different sets of hypotheses are available [15–17] for valida-
tion of the results.

The capillary force evolution during extension (Fig. 4c)
is visibly different from the case where the driving variable
is evaporation. In the extension case, the dominant part is
characterized by a continuous decrease in the force (with a
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Capillary force between two grains 821

Fig. 5 Evolution of a capillary
bridge during evaporation for
two spheres with an initial
volume of water of 4µl and a
separation distance of 0.7 mm:
(a, c) thinning water bridge
versus total volume of water,
(b, d) evolution of the 4µl
capillary bridge during an
imposed increase in separation
(extension) of two wetted glass
spheres (separation in mm)

brief initial exception, see below) to terminate at very small
values. This result is in agreement with the intuitive under-
standing of the bridge as a narrow (curvilinear) slot, the width
of which is being continuously enlarged. The terminal val-
ues are coincident with a geometrical rupture and uniformly
occur at approximately 10 % of the initial force for all vol-
umes. The terminal separations differ in a characteristic way:
the larger the liquid volume, the larger the separation at rup-
ture. The largest separation at rupture is approximately two
times larger than the smallest separation for the volume 20
times larger. The terminal separations at rupture during exten-
sion are very near to those predicted using formulae devel-
oped earlier by Willet et al. [15] and Lian et al. [27] as shown
by Mielniczuk et al. [46]. As opposed to the evaporation
process, the decline of the capillary force during extension
is initially high and decelerates as the process progresses,
making the force-separation curve generally concave rather
than convex (as during evaporation).

3.4 Evolution of the liquid bridge shape

To put the capillary force evolution in a wider context and to
correlate it with changes of the bridge geometric parameters,
a sequence of photographic images was taken every minute
during each experiment. The geometrical parameters of the
shape of the liquid bridge shape were processed based on the
photos.

As an example of the evolution during evaporation, the
shape of the liquid bridge between two vertically arranged
spheres for a particle separation of 0.7 mm with an initial liq-
uid volume of 4µl is shown in Fig. 5a. After a period of rela-
tively slow evolution, which lasts for 46 min, the total bridge
volume is approximately 0.89µl, which is less than 1/4 of the
original volume. At this point, changes occur rapidly, with
the gorge radius decreasing within milliseconds, transform-
ing the bridge into a central water wire and eventually ending

with bridge rupture and splitting the remaining water into two
separate water bodies. Figure 5a displays the images before
(at 0.89µl) and after rupture (0.85µl). A more detailed analy-
sis of rupture is presented in [46].

In analogous way as above the images from the mechani-
cal extension tests (Fig. 5b) were recorded, with the objective
of wide-range comparisons with the evaporation tests. The
sequence of the forms of the liquid bridge during the exten-
sion (Fig. 5b) is apparently quite similar to the sequence of
forms during evaporation (Fig. 5a), but there are a few distinct
differences. It is apparent that the two processes occur under
different conditions: extension occurs at a constant volume
and variable separation, while evaporation occurs at a con-
stant separation and variable volume. Obviously, the overall
aspect ratio of the water body evolves in a substantially dif-
ferent way: in evaporation, the main effect is the gorge radius
shrinking, in extension the height growth is the main factor.
Moreover, Fig. 5a–d demonstrates that, while the meridians
of the subsequent profiles in the case of extension are roughly
parallel, the meridians during evaporation with constant sep-
aration are much less self-similar; additionally, the profile
becomes parabolic.

The site of liquid/solid/air contact is of crucial interest
as we draw an analogy to sessile droplet evaporation. It is
discussed in the following section.

3.5 Contact angle and contact diameter

At the first instant prior to the onset of evaporation, the
capillary bridge is in thermodynamic equilibrium, which is
described by Laplace-Young’s law. The law states that the
Laplace pressure, which is the pressure difference between
the external gas and the internal fluid, depends only on, and is
proportional to the mean principal curvature of the gas-liquid
interface and surface tension [26]. The mechanical equilib-
rium implies that the mean curvature is constant for the entire
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822 B. Mielniczuk et al.

free surface. It also implies that the gas/liquid interface sur-
face intersects the solid surface at a constant equilibrium
contact angle, CA (or Young’s angle, θ ). The equilibrium
CA can be calculated from the values of the surface tension
coefficients: cos θ = (γS − γSL)/γL , where the γ ′s are the
coefficients of the surface tension, with i = S, V and L
standing for solid, vapor and liquid, respectively [26]. The
nominal equilibrium contact angle for clean glass and water,
is listed as zero [47–49].

However, as mentioned above, the equilibrium contact
angle is regarded as an unmeasurable physical value [24,33].
The actual measurable contact angle (or a “diversity” of
them) depends on the definition, the length-scale at which
the three phase contact is considered, and the measurement
technique [31,50]. The “apparent” CA measured at some dis-
tance from the “triple” line, is commonly considered as the
actual CA [31]. In this paper contact angles are defined by
points 0.5µm away from the triple line [51]. It is known to
range between the advancing CA value and the receding CA
value, and their difference is called CA hysteresis (see e.g.
[52]). At a micro-scale the CA is affected by the molecular
and microscopic structure of the substrate and possible chem-
ical impurities [31,50]. As no such details are measured in
our experiments, these CAs are beyond our interest.

Due to the adopted procedure of constructing the liquid
bridge by injecting water onto the top sphere and letting it drip
by gravity to the bottom sphere, the initial top CAs are at their
receding values (between 15◦ and 30◦). They are much lower
than their bottom counterparts, which are at their advancing
values (between 35◦ and 50◦).

Another measurable geometrical characteristics of the
capillary bridge is the contact diameter (CD). It is defined
as an average value of the measurable radius, rcon , at the
four visible triple contact point, multiplied by two, which
amounts to assuming the contact line as a circle, Fig. 2a.
It is alternatively expressed through half-filling angle, δ, as
2R sin δ = 2rcon .

For the evaporation bridges, the evolution of the contact
angles and contact diameter is substantial. It is dominated by
two effects, known in the literature of sessile drop evapora-
tion as pinning and depinning (see e.g. [19–21,34,53]. Pin-
ning consists in contact diameter being arrested, while the
evolution of contact angle proceeds. Orejon et al. [35] and
Bormashenko [31] have introduced the concept of pinning
force arising at the contact (or triple line) when its motion
is stopped by a substrate inhomogeneity. Depinning occurs
when a pinned diameter start moving at a point, while often
the evolution of contact angle is stopped. Hence, a depinning
force is a value of the pinning force at the moment of deac-
tivation of the triple line. This complementarity condition
for CA and CD, is very characteristic for the behavior of the
evaporating sessile drops. However, mixed modes have also
been observed, and notably a slip and stick mode, of intermit-

tent activation and deactivation of both motions (Orejon et al.
[35]). During evaporation of the liquid bridges a very similar
patterns are observed. First, the initial bottom sphere advanc-
ing CAs resulting from the above described liquid insertion
procedure, quite quickly convert into much smaller reced-
ing angles, despite the fact that contact diameter is pinned.
Also, eventhough the CAs at the top and bottom spheres are
initially differentiated, depinning at the top and the bottom
spheres occurs practically simultaneously. Still, the values of
the depinning angle are distinctly higher for the bottom than
for the top sphere, with differences on the order of 10 degrees.
Because the bottom and top spheres are practically identical,
the condition for the depinning of CA does not seem to be
linked to the sphere roughness or to precipitated impurities,
but rather to their history of advancing or receding. The con-
tact diameters at the top and bottom spheres evolve almost
identically. The images in Fig. 6a and b show the mean appar-
ent contact angle and the mean diameter at different separa-
tions. It can be seen in the figure that, for narrow separations
(0.4 and 0.7 mm), i.e. flat bridges, there is a period of initial
CD pinning, which lasts until 25–30 % of the original liquid
volume has been evaporated. At that point, the mean contact
angle, which initially decreases quite quickly from the 30-
35◦ range, stabilizes at a value of 13 − 17◦, while the mean
contact diameter undergoes depinning and starts to decrease
until the bridge ruptures. For very flat and wide bridges, with
separations ≤ 0.1 mm, there is an initial, but not very consis-
tent CD pinning, with a slightly decreasing CA, but followed
by a gradual shrinking of CD, while CA consistently returns
to the original values and above. For wider separations, either
CD is pinned and CA is decreasing all the time (1.3 mm), or
there is a mixed mode where CA and CD are both pinned
(2 mm).

Interestingly, the pattern is distinctly different in the case
of liquid bridge extension (Fig. 6c). Both contact angles and
the contact diameter decrease initially up to separations that
range from 0.5 to 1.25 mm (i.e. 0.625 and 0.105 of relative
separations) and then stabilize at approximately the same
time. However, towards the end of the process, CA begins to
increase slightly. Larger water volumes correspond to termi-
nal CAs and CDs that are higher in value.

Surprisingly, despite a large amount of literature on liquid
bridge extension, not much data are provided regarding CA
and CD. Interestingly, Willett et al. [42] found large differ-
ences in the capillary force in a bridge between two spheres
when extending or compressing the bridge and attributed
them to a receding or advancing contact angle.

One can summarize the above patterns as follows: during
evaporation, the pinning of the contact diameter occurs at the
beginning of the process (or throughout the whole process
for wide separations) associated with a decreasing CA. After
the depinning of CD, contact angle is pinned (or reverses)
and the CD decreases to zero. The situation is different dur-
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Fig. 6 Mean contact angle and mean contact diameter evolution (a, b) during evaporation tests with 4µl of water initially, (c) extension tests for
various liquid volumes

ing extension: the first part of the process proceeds with a
dynamic triple contact until the contact diameter is eventually
pinned at end of the process. Interestingly, the angle behaves
the same way, decreasing initially and pinned toward the end.

There is an abundance of theories for the evaporation of
sessile drops about the causes and mechanisms involved in
the pinning and depinning of the triple line, including solid
surface roughness [54,55], the effect of triple line extension
[56], dissolution of atmospheric impurities [52], hydropho-
bic or rough local spots [57], internal liquid flows, and non-
uniform evaporation flux [58]. Because such studies require
the detailed knowledge of the micro-scale surface roughness
characteristics, they are beyond the scope of this paper.

4 Discussion

In what follows we attempt to interpret the findings about the
capillary bridge evaporation in view of the known previous
results concerning sessile drop drying and of the results of
the extension tests. Let us reiterate that, to our knowledge, no
broad-scope test results of the evaporation of liquid bridges
are available, so there are not much of data for a direct com-
parison.

The comparison with the extension process of the cap-
illary bridge shows analogies and differences in the bridge
evolution. The process during evaporation is controlled by a
decreasing volume of the liquid bridge (at constant separa-
tion). During extension the liquid volume varies impercepti-
bly, while separation increases.

To better visualize and understand the capillary force evo-
lution, a combined 3D graph of the capillary force change
is presented in Fig. 7a with both evaporation (constant sep-
aration) and extension (constant liquid volume). In general,
the capillary force decreases in both processes, but the evap-
oration force FCAP versus the relative lost evaporated liquid

volume is a convex function (slow changes at the beginning
and function fast changes at the end), while the extension
force FCAP versus separation is a concave (fast changes at
the beginning and slow at the end).

A fundamental question arises, which is whether or not
the capillary force between two glass beads is a state vari-
able that depends only on the current liquid bridge volume
and current separation. In the case of the affirmative answer,
that would imply that both families of curves shown in Fig. 7a
would form a unique surface. This is clearly not the case, or
at least, there are notable discrepancies in certain ranges of
the variables. The capillary force differ visibly, especially in
the range of small volumes and small separations, where the
values for FCAP are up to two times lower for the evapora-
tion processes than during extension. To render the numerical
differences more visible, hypothetical curves of the capillary
force at specific separations obtained for the indicated cur-
rent liquid volume experiments are constructed and projected
on a capillary-force–versus-volume plane in Fig. 7b. These
curves are to be compared to the actual experimental curves
for evaporation. Similarly, in Fig. 7c, the capillary force vs.
indicated separations are constructed for specific current vol-
umes and projected on a capillary-force-versus-separation
plane.

There appears to be two types of discrepancies in two dif-
ferent ranges. First, a substantial difference arises from the
fact that the surfaces FCAP(V, D) that hypothetically span
the constant separation (evaporation) curves and those that
span the constant volume (extension) curves do not exist for
certain liquid volume values. These values where the hypo-
thetical surface for evaporation does not exist include a rela-
tively vast range of the total liquid volumes; as an example,
for the small volumes (e.g., less than 2µl at D = 1.3 mm
and less than 1µl, at D = 0.7 mm) that are marked on the
“floor” of the graph in Fig. 7a, the hypothetical force surface
for evaporation does not exist, but it does appear to exist for
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Fig. 7 Evolution of the total capillary force at the gorge of a liquid
bridge. (a) A 3-D representation of the capillary force for the constant
separation evaporation tests (dots) and the constant volume extension
tests (crosses); (b) The capillary force during the evaporation tests for
selected constant separations (dots) versus the values of the force at the
corresponding separations (crosses) in the extension tests at a specific
liquid volume of the bridge (connected by a hypothetical constant sep-

aration curve, shown as dashed line). Note the discrepancy between the
two types of constant separation lines for the two tests at smaller liquid
volumes; (c) The capillary force during extension tests for selected con-
stant volumes (crosses) versus the values of the force (small dots) at the
corresponding volumes in the evaporation tests at specific separations
(connected by a hypothetical constant volume curve, shown as dashed
line)

extension. A clear cause of these discrepancies is the occur-
rence of rupture of the tall and slender bridges relatively early
during evaporation at wider separations. At the same time, the
bridges remain stable for the same volumes during extension.

Additionally, even prior to rupture, in the ranges where
the force exists for both the constant volume and constant
separation processes, there are differences in the capillary
forces that may be as large as 80 % of the maximum value for
a constant separation process (0.1 mm) or 92 % for a constant
volume process (0.2µl). The forces for the constant volume
conditions (extension) are consistently higher than the forces
in the constant separation process (evaporation).

The above findings support the conclusion that in gen-
eral, the evolving capillary forces in a liquid bridge are not
uniquely defined by the current liquid volume V and the sepa-
ration D. Thus, it appears that the capillary force during evap-
oration is not a state function of the liquid volume and sep-
aration. Nevertheless, the relationship between FCAP, V and
D for constant separations and for constant volume seems
to be closer at larger volume values. The discrepancy for
larger separations seems to be related to the bridge rupture.
However, for smaller separations, where both the evapora-
tion and extension functions exist in the entire domain, addi-
tional mechanisms and/or variables must be considered to
explain the discrepancies between the two functions (see
below).

The capillary force data may be compared to the calcu-
lated values obtained by Mielniczuk et al. [37], which were
based on the measurements of the gorge radius of curvature
and on the averaged external radius. From these radii it is
possible to calculate the value of the Laplace pressure, while
from the external radius the surface tension force at the gorge
and hence the corresponding resultant total capillary force.

Figure 8a, b show the evolution of these forces for the evapo-
ration and extension tests and directly compares them to the
measured forces in Fig. 7. It should be noted that the calcula-
tion of the forces is based on the assumption that the process
is not far from equilibrium.

The comparison with the directly measured force is quite
good for the evaporation process at larger separations; how-
ever, for smaller separations (less than 0.4 mm), there is a
sizable discrepancy, almost 50 % for D = 0.01 mm, where
even the qualitative trend is not maintained. For smaller sep-
arations and a specific volume of liquid, the middle phase of
the process is dominated by suction while the latter phase of
the process is dominated by the surface tension (see [37] for
details).

One noticeable anomaly in the calculated forces is that the
force magnitude at the extremely small separation of 0.01 mm
compared to that of 0.05 mm, which does not follow the trend
for larger separations. The tests were repeated several times
and the results appeared to persist, suggesting that either our
measurements at these small separations are biased or there
are interfering short-distance phenomena that we do not con-
sider. However, based on Molecular Dynamics simulations
of the capillary bridges, even the smallest separations are still
within the range of validity of Kelvin theory [45]. In general,
at least for larger and moderate separations, the comparison
provides an indirect confirmation that the adopted experi-
mental techniques are sufficiently accurate for the present
purpose.

The resultant of the capillary force during extension
(Fig. 8b) is in good agreement with the forces calculated from
the imaged radii. The largest discrepancy, which is still less
than 15 %, occurs at the beginning of the test with the largest
volume of liquid.
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Fig. 8 Total resultant of the capillary force between two spheres: a
comparison between the measured force and the force calculated from
the curvature radii by Mielniczuk et al. [37]: (a) during evaporation;
(b) during extension; (c) a comparison for the extension test a theoret-

ical prediction from a closed-form solution based on approximations
by Mikami et al. [59] and adapted by Soulié [38,60] for specific liquid
volumes

For the constant volume process, a number of “theoreti-
cal” solutions for the capillary force have been derived by
minimizing the surface energy. A closed-form solution by
Lian et al. [27], as approximated in [59] and [38,60], has
been compared to the measured data in [37] and shown in
Fig. 8c.

The closed-form solution clearly leads to a systematic
overestimation of the force in the initial instant and at initial
separations. This discrepancy has been reported for numer-
ous experiments (see, e.g., [15,27,38,59,60]) and is com-
monly attributed to the variability of the contact angle and
pinning of the triple line [60], which are not part of the clas-
sical description of the surface energy.

For the evaporation of sessile drops, the continuous loss of
liquid mass due to evaporation is seen as a cause of the droplet
profile deviating from the initial equilibrium profile. In turn,
Bourgès-Monnier and Shanahan [21] found that the Young’s
force (surface tension) deviates from the equilibrium value,
which generates an additional anchoring force at the triple
line that controls the actual equilibrium of the contact.

The most visible aspect of the liquid bridge evolution,
which does not appear explicitly in the Laplace-Young law,
is indeed the dynamics of the contact line. This dynamics is
characterized by three variables: the contact force, the contact
diameter and the contact angle. The first is not measurable
with our setup. The evolution of the contact diameter and
the contact angle are shown in Fig. 6 and were discussed in
a previous section. In Fig. 9a, b we present the relationships
between the capillary force and the mean contact angle and
between the capillary force and the mean contact diameter
for the bridge evaporation process, respectively. Figure 10a,b
present the same relationships for the bridge extension.

It is apparent from Figs. 9 and 10 that the presented curves
are quite different for evaporation and for extension. During
the first phase of evaporation, which is associated with the

pinning of CD and a consistent decrease of CA, the capillary
force either barely changes, or increases slightly for medium
and narrow separations, or decreases slightly for wide sepa-
rations. Therefore, the force is practically independent of the
apparent contact angle, Fig. 9a. Once depinning has occurred
(marked with a vertical arrow, Fig. 9a), the dependence of the
capillary force on the apparent contact angle changes dra-
matically. In general, there is an interval where CA decreases
slightly, after which the force drastically decreases to zero (or
to rupture for 1.3 and 2mm), which occurs at CA value that
is almost constant. This trend is visible to different extents
for different widths of separation.

For the contact diameter (Fig. 9b) a small increase in the
force occurs for evaporation at a near-constant (pinning) or
slightly decreasing contact diameter, after which there is a
gradual decrease of the capillary force with the diameter
decreasing, with nearly the same rate for all separations.
Hence, the capillary force does not depend on the contact
angle during evaporation, but it depends on the threshold
contact angle at depinning.

The depinning occurs at different capillary force values
for different separations. However, the values of the contact
angle at depinning are close to one another: approximately
14–20◦ for all the separation of 0.01, 0.1, 0.4, 0.7 and 1.3 mm
but it is 27◦ for 2 mm. There is a correlation of the depinning
with the advancement of evaporation (see Fig. 6a), depinning
consistently occurs earlier and at a smaller relative evap-
orated volume for the bridge width increasing (i.e., as the
bridge height or slenderness is bigger).

No criterion hypothesis for depinning is advanced at this
point. In the sessile droplet evaporation literature the predom-
inant view is that there is a micro-scale energy barrier that
needs to be overcome to initiate the triple line motion, see
e.g., [61,62]. Most commonly, the resulting criteria involve
surface roughness and liquid impurity or precipitates. Our
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Fig. 9 Capillary force during
evaporation (a) versus mean
apparent contact angle, and (b)
versus mean contact diameter.
The arrows show depinning
points

Fig. 10 Capillary force during
extension (a) versus mean
contact angle, and (b) versus
mean contact diameter

observation that depinning occurs nearly simultaneously at
the top and the bottom sphere contact, but consistently at a
much lower contact angle at the top sphere than at the bottom
contact, the sphere roughness being equal, suggests that his-
tory of the contact (initially receding, or initially advancing)
may play a role.

During extension, there is a mixed mode behavior, which
means that CA and CD vary simultaneously; both vari-
ables either decrease or remain constant. The capillary force
decreases with a constant rate for most of the process. Some
CD pinning is seen at the end of extension and seems to be
simultaneous with the freezing of the contact angle.

Three of the important findings, the different aspect ratio
of the water body, different kinematics of the triple contact
line during evaporation and extension, and most importantly,
the correlation between the capillary force evolution and
depinning, require the above-mentioned variables that are
below the macroscopic level to be considered if a realistic
model of the evaporation of capillary bridges were to be pur-
sued.

5 Conclusions

Apart from a slight initial increase at narrow separations, the
capillary force between two spheres consistently decreases
to zero upon evaporation, unless the capillary bridge ruptures
mid–way, which happens mainly for large separations (i.e.,
tall and thin bridges). At these separations, the rupture of the

bridge may occur at an early stage of the water mass loss,
with an up to 75 % of the capillary water still in the sys-
tem. For all other separations, the capillary force decreases
to zero as the water evaporates completely. For very nar-
row separations, the bridge ends up evolving in an unstable
manner.

In none of the examined cases did the capillary force
increase significantly. The fact that the interparticle capil-
lary force decreases to zero during drying of the bridges is of
importance to the mechanics of unsaturated granular media,
where a substantial growth of “apparent” cohesion during
the terminal stage of desaturation is commonly attributed to
an increase of intergranular forces and suction. The latter
statement is usually substantiated by so-called characteristic
curves that establish a one-to-one relationship between the
macro-scale variables of suction and degree of saturation in
suction-driven dehydration experiments [63,64]. Two-grain
bridges are often the last stage of drying of larger capillary
bridges that span multiple grains. Nevertheless, the inter-
granular forces were seen to decrease to zero upon drying in
multi-grain bridges [9,65].

It appears that the capillary force in a liquid bridge dur-
ing evaporation and during extension cannot be represented
with the same functional dependence on the total liquid vol-
ume and the grain separation. Thus, the capillary force is
not a function of state during evaporation. First, the capillary
force may disappear because of bridge rupture in a significant
range of the variables, especially for larger separations and
for small water volumes. Second, there are significant differ-
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ences in the capillary force value over the rest of the range.
One likely origin for the differences is the evolution of the
triple contact line, and in particular, its tendency towards ini-
tial pinning during evaporation, associated with the contact
angle decrease at a roughly constant capillary force, followed
by a depinning at a contact angle that becomes nearly con-
stant, while the force precipitously decreases to zero, roughly
proportional to the contact diameter change.

Hence, the onset of the decrease in the capillary force
is closely correlated with two crucial characteristics of the
bridge evolution: depinning, i.e. the onset of the decrease
in the contact diameter, and the arrest of the decrease of
the contact angle. This suggests that the evolution, or the
history, of the triple line is crucial for the capillary force
evolution during the evaporation of the liquid bridge and
that it cannot be ignored in the analysis and modeling of the
liquid bridge evaporation. However, the determination of the
depinning criteria likely requires a micro-scale analysis, as
for drying of a sessile drop. In addition, the results suggest
that a depinning criterion should include the history (during
bridge formation) of the apparent contact line advancement
or recession.

All the presented results concern granular systems that are
characterized by constant separations and contain water only
within the inter-particle bridges; hence, their water content is
low. Thus, the above considerations apply only to the terminal
drying phase of granular materials.
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