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Abstract

We study highly oscillating solutions to a class of weakly well-posed hyperbolic initial boundary
value problems. Weak well-posedness is associated with an amplification phenomenon of oscillating
waves on the boundary. In the previous works [CGW14, CW14], we have rigorously justified a weakly
nonlinear regime for semilinear problems. In that case, the forcing term on the boundary has amplitude
O(g?) and oscillates at a frequency O(1/¢). The corresponding exact solution, which has been shown to
exist on a time interval that is independent of € € (0, 1], has amplitude O(e). In this paper, we deal with
the exact same scaling, namely O(¢?) forcing term on the boundary and O(g) solution, for quasilinear
problems. In analogy with [CGMO03], this corresponds to a strongly nonlinear regime, and our main
result proves solvability for the corresponding WKB cascade of equations, which yields existence of
approximate solutions on a time interval that is independent of € € (0, 1]. Existence of exact solutions
close to approximate ones is a stability issue which, as shown in [CGMO3], highly depends on the
hyperbolic system and on the boundary conditions; we do not address that question here.

This work encompasses previous formal expansions in the case of weakly stable shock waves [MR&3]
and two-dimensional compressible vortex sheets [AM87]. In particular, we prove well-posedness for the
leading amplitude equation (the “Mach stem equation”) of [MR83] and generalize its derivation to a
large class of hyperbolic boundary value problems and to periodic forcing terms. The latter case is
solved under a crucial nonresonant assumption and a small divisor condition.
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1 Introduction

1.1 General presentation

This article is devoted to the analysis of high frequency solutions to quasilinear hyperbolic initial
boundary value problems. Up to now, the rigorous construction of such solutions is known in only a
few situations and highly depends on the well-posedness properties of the boundary value problem one
considers. In the case where the so-called uniform Kreiss-Lopatinskii condition is satisfied, the existence
of exact oscillating solutions on a fixed time interval has been proved by one of the authors in [Wil02], see
also [Wil96] for semilinear problems. The asymptotic behavior of exact solutions as the wavelength tends
to zero is described in [CGW11] for wavetrains and in [CW13] for pulses. The main difference between
the two problems is that in the wavetrains case, resonances can occur between a combination of three
phases, giving rise to integro-differential terms in the equation that governs the leading amplitude of the
solution!. Resonances do not occur at the leading order? for pulses, which makes the leading amplitude
equation easier to deal with in that case.

In this article, we pursue our study of weakly well-posed problems and consider situations where
the uniform Kreiss-Lopatinskii condition breaks down. Let us recall that in that case, high frequency
oscillations can be amplified when reflected on the boundary. As far as we know, this phenomenon was
first identified by Majda and his collaborators, see for instance [MR83, AM87, MAS8S| in connection with
the formation of specific wave patterns in compressible fluid dynamics. Asymptotic expansions in the
spirit of [AMS&7] are also performed in the recent work [WY14]. In various situations (depending on the
scaling of the source terms and on the number of phases), these authors managed to derive an equation
that governs the leading amplitude of the solution. Solving the leading amplitude equation in [MR83] and
constructing exact and/or approximate oscillating solutions was left open. As far as we know, the rigorous
justification of such expansions has not been considered in the literature so far. The present article follows
previous works where we have given a rigorous justification of the amplification phenomenon: first for
linear problems in [CG10], and then for semilinear problems in [CGW14, CW14]. These previous works
considered either linear problems, or a weakly nonlinear regime of oscillating solutions for which the
existence and asymptotic behavior of exact oscillating solutions can be studied on a fixed time interval.

The regime considered in [MR83, AMS&7], and that we shall also consider in this article, goes beyond
the one considered in [CGW14, CW14]. In analogy with [CGMO03], this regime will be referred to as that
of strong oscillations. We extend the analysis of [MR83, AMS87] to a general framework, not restricted to
the system of gas dynamics, and explain why the problem of vortex sheets considered in [AMS87] and the
analogous one in [WY14] yield a much simpler equation than the problem of shock waves in [MR83]. We
also clarify the causality arguments used in [MR83, AMS87] to discard some of the terms in the (formal)
asymptotic expansion of the highly oscillating solution. We need however to make a crucial assumption in
order to analyze this asymptotic expansion, namely we need to assume that no resonance occurs between
the phases. This is no major concern for pulses because interactions are not visible at the leading order,
and this may be the reason why this aspect was not mentioned in [MR83]. Resonances can have far worse
consequences when dealing with wavetrains, and what saves the day in [AM87, WY14] is that there are
too few phases to allow for resonances. This explains why the amplitude equation in [AM87] and the
corresponding one in [WY14] reduce to the standard Burgers equation. When the system admits at least

IThis is not specific to the boundary conditions and is also true for the Cauchy problem in the whole space, see, e.g.,
[HMR&6, JMRI5].

Interactions between pulses associated with different phases need to be considered only when dealing with the construction
of correctors to the leading amplitude.



three phases (two incoming and one outgoing), and even in the absence of resonances, the amplification
phenomenon gives rise, as in [MR83], to integro-differential terms in the equation for the amplitude that
determines the trace of the leading profile. We refer to the latter equation as “the Mach stem equation”,
and show how it arises more generally in weakly stable (WR class®) hyperbolic boundary problems with
a strongly nonlinear scaling, both in the wavetrain setting, where the equation we derive appears to be
completely new, and in the pulse setting, where the equation coincides with the one derived in [MRS&3].

Our main results establish the well-posedness of the Mach stem equation in both settings, and then
use those solvability results to construct approximate highly oscillating solutions on a fixed time interval
to the underlying hyperbolic boundary value problems. In the wavetrain case we are able to construct
approximate solutions of arbitrarily high order under a crucial nonresonant condition and a small divisor
condition; in the pulse setting we construct approximate solutions up to the point at which further
“correctors” are too large to be regarded as correctors.

In Appendix B we compute the formal large period limit of the Mach stem equation for wavetrains, and
find a surprising discrepancy (described further below) between that limit and the Mach stem equation
for pulses derived in [MRS&3].

The construction of exact oscillating solutions close to approximate ones is a stability issue that is far
from obvious in such a strong scaling. We refer to [CGMO03] for indications on possible instability issues
and postpone the stability problem in our context to a future work. In any case, it is very likely that no
general answer can be given and that stability vs instability of the family of approximate solutions will
depend on the system and/or on the boundary conditions, see for instance [CGMO04] for further results in
this direction.

The precise Mach stem formation mechanism described in [MR&3] for reacting shock fronts comes from
wave breaking (blow-up) in the "Mach stem equation”. The numerical simulations in [MR84] suggest
that the latter equation displays a similar blow-up phenomenon as the corresponding one for the Burgers
equation. Our results show that, in a precise functional setting, the Mach stem equation is a semilinear
perturbation of the Burgers equation, which might suggest that the hint in [MR84] is true. However, the
semilinear perturbation in the Mach stem equation takes the form of a bilinear Fourier multiplier which
makes the rigorous justification of a blow-up result difficult. We also postpone this rigorous justification
to a future work.

Notation

Throughout this article, we let M,, 5(K) denote the set of n x N matrices with entries in K = R or C,
and we use the notation My (K) when n = N. We let I denote the identity matrix, without mentioning
the dimension. The norm of a (column) vector X € CV is |X| := (X* X)¥2, where the row vector X*
denotes the conjugate transpose of X. If X, Y are two vectors in CV, we let X - Y denote the quantity
> ;X;Yj, which coincides with the usual scalar product in RY when X and Y are real. We often use
Einstein’s summation convention in order to make some expressions easier to read.

The letter C' always denotes a positive constant that may vary from line to line or within the same
line. Dependance of the constant C' on various parameters is made precise throughout the text. The sign
< means < up to a multiplicative constant.

3The WR class is described in Assumption 1.6 below.



1.2 The equations and main assumptions

In the space domain le_ = {z = (y,24) € R“ xR : 24 > 0}, we consider the quasilinear evolution
problem with oscillating source term:

Z?tug—l—zg»l:lAj(ug)(‘)juE:O, tST,xERd s
t
(1) bckgn) =G (1, 2B o<y emi,
UE7G‘t<0 - 07

where the A;’s belong to My (R) and depend in a C* way on u in a neighborhood of 0 in RN, bis a
C*> mapping from a neighborhood of 0 in R to RP (the integer p is made precise below), and the source
term G is valued in RP. It is also assumed that b(0) = 0, so that the solution starts from the rest state
0 in negative times and is ignited by the small oscillating source term 2 G on the boundary in positive
times. The two main underlying questions of nonlinear geometric optics are:

1. Proving existence of solutions to (1.1) on a fixed time interval (the time 7" > 0 should be independent
of the wavelength ¢ € (0, 1]).

2. Studying the asymptotic behavior of the sequence u. as € tends to zero. If we let u2"® denote an
approximate solution on [0,7"], 7" < T, constructed by the methods of nonlinear geometric optics
(that is, solving eikonal equations for phases and suitable transport equations for profiles), how well
does ugpp approximate u. for € small 7 For example, is it true that

: _ AP 2
lim - fJue = 2P| oo 0,71 xme ) — 0
The above questions are dealt with in a different way according to the functional setting chosen for
the source term G in (1.1). More precisely, we distinguish between:

e Wavetrains, for which G is a function defined on (—oo, Ty] x R x R that is ©-periodic with respect
to its last argument (denoted 6y later on).

e Pulses, for which G is a function defined on (—o0, Tp] x R%~! x R that has at least polynomial decay
at infinity with respect to its last argument.

The answer to the above two questions highly depends on the well-posedness of the linearized system
at the origin:

8w+2§l:114j(0)8jv =f, t<T,xz¢€ Ri,

(1.2) db(0) - v|zy=0 = g, t<T,yeR",
Uafug‘t<0 =0.

The first main assumption for the linearized problem (1.2) deals with hyperbolicity.

Assumption 1.1 (Hyperbolicity with constant multiplicity). There exist an integer ¢ > 1, some real
functions Ai,...,\q that are analytic on R?\ {0} and homogeneous of degree 1, and there exist some
positive integers vy, ...,V such that:

d q
VE= (61, &) RNV}, det[r T+ 4,0)] = [T (7 + An(6)

j=1 k=1



Moreover the eigenvalues A\i(§), ..., \y(§) are semi-simple (their algebraic multiplicity equals their geo-
metric multiplicity) and satisfy A1 (€) < - < A\g(€) for all € € R4\ {0}.

For reasons that will be fully explained in Sections 2 and 4, we make a technical complementary assump-
tion.

Assumption 1.2 (Strict hyperbolicity or conservative structure). In Assumption 1.1, either all in-
tegers v1,...,vq equal 1 (which means that the operator Op + Zj A;(0)0; s strictly hyperbolic), or
Aq(u), ..., Ag(u) are Jacobian matrices of some flux functions fi,..., fq that depend in a C* way on
w in a neighborhood of 0 in RN . In the latter case, Assumption 1.1 holds for all u close to the origin,
namely for an open neighborhood O of 0 € RN, there exist an integer ¢ > 1, some real functions Ay, . .. ' Ag
that are C> on O x R\ {0} and homogeneous of degree 1 and analytic in &, and there exist some positive
integers vy, ...,V such that:

d q
det[TI—FZQAj ] H T+ A(u, §))

Jj=1

forue O, 7€ R and & = (&1,...,&) € R\ {0}. Moreover the eigenvalues A1 (u,€), ..., A\g(u, &) are
semi-simple and satisfy \i(u, &) < --- < Ag(u, &) for allu € O, € = (&1,...,&1) € RT\ {0}.

For simplicity, we restrict our analysis to noncharacteristic boundaries and therefore make the following:

Assumption 1.3 (Noncharacteristic boundary). The matriz Ay(0) is invertible and the Jacobian matriz
B := db(0) has mazimal rank, its rank p being equal to the number of positive eigenvalues of Ag4(0)
(counted with their multiplicity). Moreover, the integer p satisfies 1 <p < N — 1.

Energy estimates for solutions to (1.2) are based on the normal mode analysis, see, e.g., [BGS07,
chapter 4]. We let 7 — iy € C and n € R denote the dual variables of ¢ and y in the Laplace and
Fourier transform, and we introduce the symbol

d—1

A(C) = —i Ag(0) ™ | (T — i) T+ > _mj 4;(0) |, ¢:=(T—iy.n) €C xR,
j=1

For future use, we also define the following sets of frequencies:
= {(r v, € Cx R\ (0,0) 1 y 20}, vi={cez: 242+l =1},

EO::{(T,n)ERXRd_l\(O,O)}:Eﬂ{'yzo}, Yo =X NS,

[1]

Two key objects in our analysis are the hyperbolic region and the glancing set that are defined as follows.

Definition 1.4. e The hyperbolic region H is the set of all (T,m) € Zo such that the matriz A(T,n)
18 diagonalizable with purely imaginary eigenvalues.

o Let G denote the set of all (1,€) € R x R? such that € # 0 and there exists an integer k € {1,...,q}

satisfying o

k
— (&) =0.
e (©

If 71(G) denotes the projection of G on the first d coordinates (that is, w(7,§) = (1,&1,..-,&4-1)
for all (1,€)), the glancing set G is G := w(G) C Ep.

T+ (&) =



We recall the following result that is due to Kreiss [Kre70] in the strictly hyperbolic case (when all integers
vj in Assumption 1.1 equal 1) and to Métivier [Mét00] in our more general framework.

Theorem 1.5 ([Kre70, Mét00]). Let Assumptions 1.1 and 1.3 be satisfied. Then for all { € E\ Zg, the
matriz A(C) has no purely imaginary eigenvalue and its stable subspace E*(C) has dimension p. Further-
more, B defines an analytic vector bundle over 2\ Eq that can be extended as a continuous vector bundle
over =.

For all (7,7n) € Zg, we let E*(7,7n) denote the continuous extension of E® to the point (7,7). Away from
the glancing set G C Zg, E%(() depends analytically on ¢, see [Mét00]. In particular, it follows from the
analysis in [Mét00], see similar arguments in [BGRSZ02, Coull], that the hyperbolic region H does not
contain any glancing point, and E*(¢) depends analytically on ¢ in the neighborhood of any point of H.
We now make our weak stability condition precise (recall the notation B := db(0)).

Assumption 1.6 (Weak Kreiss-Lopatinskii condition). e Forall ( € 2\ Zy, KerBNE?*(() = {0}.
o The set T :={C € Xy : KerBNE*(() # {0}} is nonempty and included in the hyperbolic region H.

e There exists a neighborhood V of T in X, a real valued C*° function o defined on V, a basis
Ei(C),...,Ep(C) of E*(C) that is of class C* with respect to ¢ € V, and a matriz P(() € GL,(C)
that is of class C* with respect to ( € V, such that

V(eV, B (Ei(() ... Ey)=P()diag (v+io((),1,...,1).

As explained in [CG10, CGW14, CW14], Assumption 1.6 is a more convenient description of the so-
called WR class of [BGRSZ02]. Let us recall that this class consists of hyperbolic boundary value problems
for which the uniform Kreiss-Lopatinskii condition breaks down ”at first order” in the hyperbolic region?.
This class is meaningful for nonlinear problems because it is stable by perturbations of the matrices A4;(0)
and of the boundary conditions B.

Our final assumption deals with the phase ¢y occuring in (1.1).

Assumption 1.7 (Critical phase). The phase ¢q in (1.1) is defined by

po(t,y) :=zt+n-y,
with (z,n) € Y. In particular, there holds (7,n) € H.

The shock waves problem considered in [MR&3] enters the framework defined by Assumptions 1.1,
1.2, 1.3, 1.6 and 1.7 with the additional difficulty that the space domain has a free boundary. The
vortex sheets problem considered in [AMS87] and the analogous one in [WY14] violate Assumption 1.3
but these problems share all main features which we consider here. We restrict our analysis to fixed
noncharacteristic boundaries mostly for convenience and simplicity of notation.

Our main results deal with the existence of approximate solutions to (1.1). This is the reason why
we only make assumptions on the linearized problem at the origin (1.2), and not on the full nonlinear
problem (1.1).

“Let us also recall that the uniform Kreiss-Lopatinskii condition is satisfied when KerB NE*(¢) = {0} for all ¢ € Z, and
not only for ¢ € =\ Eo.



1.3 Main result for wavetrains

In Part I, we consider the nonlinear problem (1.1) with a source term G that is ©-periodic with respect
to its last argument 6y. As evidenced in several previous works, the asymptotic behavior of the solution
ue to (1.1) is described in terms of the characteristic phases whose trace on the boundary equals ¢g. We

thus consider the pairwise distinct roots (and all the roots are real) wy,...,w;, to the dispersion relation
d—1
det [z[ + ;ﬂj A;(0) + wAd(O)] =0.
]:

To each w,, there corresponds a unique integer k,, € {1,...,q} such that 7 + A, (7,w,,) = 0. We can
then define the following real phases and their associated group velocity:

(1.3) Vm=1,...,M, @n(t,z):=0ty) +w,2i, Vm:=Vi, (0,w,).

We let @ := (¢1,...,9n) denote the collection of phases. Each group velocity v,, is either incoming or
outgoing with respect to the space domain ]Ri: the last coordinate of v,, is nonzero. This property holds
because (7,7) does not belong to the glancing set G.

Definition 1.8. The phase @, is incoming if the group velocity Vo, is incoming (Og,Ar,,(n,w,,) > 0),
and it is outgoing if the group velocity vy, is outgoing (Og, Ay, (n,w,,) <0).

In all what follows, we let Z denote the set of indices m € {1,..., M} such that ¢, is incoming, and O
denote the set of indices m € {1,..., M} such that ¢,, is outgoing. Under Assumption 1.3, both Z and
O are nonempty, as follows from [CG10, Lemma 3.1] which we recall later on.

The proof of our main result for wavetrains, that is Theorem 1.10 below, heavily relies on the nonres-
onance assumption below. For later use, we introduce the following notation: if 0 < k < M, we let ZM*
denote the subset of all & € ZM such that at most k coordinates of a are nonzero. For instance ZM:! is
the union of the sets Ze,,, m = 1,..., M, where (ey,...,epr) denotes the canonical basis of RM. We also
introduce the notation:

d d

(1.4) L(,&) =TI+ &Aj(0), L(O) =0+ A;(0)9;.

j=1 j=1
The nonresonance assumption reads as follows.

Assumption 1.9 (Nonresonance and small divisor condition). The phases are nonresonant, that is for
all a € ZM \ ZM31 | there holds det L(d(a - ®)) # 0, where a - @ := .-

Furthermore, there exists a constant ¢ > 0 and a real number v such that for all o« € ZM \ ZM3! that
satisfies o, = 0 for all m € O, there holds

|det L(d(a - @))| > c|a| 7.

Let us note that the small divisor condition is only required for a with nonzero components c,, which
correspond to incoming phases. If there is only one incoming phase, then there is no such a with at
least two nonzero coordinates, and we do not need any small divisor condition. The reason for this
simplification will be explained in Sections 2 and 3. Our main result reads as follows.



Theorem 1.10. Let Assumptions 1.1, 1.2, 1.3, 1.6, 1.7, 1.9 be satisfied, let Ty > 0 and consider G €
C>((—o00, Toly; HT(RI™! x (R/(OZ))g,)) that vanishes for t < 0. Then there exists 0 < T < Ty and
there exists a unique sequence of profiles (Uy)n>0 in C((—oo, T); HY*(RL x (R/(© Z))M)) that satisfies
the WKB cascade (4.1), (4.3) below, and Up|i<o = 0 for all n € N. In particular, each profile Uy, has its
0-spectrum included in the set

Z%/[::{CMGZM/VmGO,amzo},

which means that no outgoing signal is generated at any order.
Furthermore, if for all integers N1, No > 0, we define the approzimate solution

NiAN2 D(t, x)
u?pp,Nl,NQ (t,.’,l') — Z EI-I-TL Z/[n <t,$, 8’ > )
n=0

then

d
atu?pmNth + ZAj(u?pp,Nl,Nz) aju?pp,Nl,Nz _ O(€N1+1), t<T,zé€ R4 7
j=1
N1,N: olt,y _
bufPPR2| ) =2 G <t,y, L (67 )> +0(eM1+2) | t<T,yeRIL,

app,N1,N2 _
5 ’t<0 - 07

u

where the O(eM+1) in the interior equation and O(e™1+2) in the boundary conditions are measured respec-
tively in the C((—oo, T]; HN?(RL))NL>®((—o0, T)xR%L) and C((—oo, T]; HN2 (R4=1)NL>®((—o00, T xRI~1)
norms.

Of course, the approximate solutions provided by Theorem 1.10 become interesting only for N7 > 1,
that is, when the remainder O(¢™+2) on the boundary becomes smaller than the source term 2 G.

The spectrum property in Theorem 1.10 is a rigorous justification of the causality arguments used
in [AM87, WY14]. Theorem 1.10 will be proved in Part I of this article. In Section 2, we shall derive
the so-called leading amplitude (Mach stem) equation from which the leading profile Uy is constructed.
Section 3 is devoted to proving well-posedness for this evolution equation. As far as we know, the bilinear
Fourier multiplier that we shall encounter in this equation had not appeared earlier in the geometric
optics context and our main task is to prove a tame boundedness estimate for this multiplier. Section 4
is devoted to the construction of the correctors U,,, n > 1, and to completing the proof of Theorem 1.10.
We refer to Appendix A for a discussion of the two-dimensional isentropic Euler equations, with specific
emphasis on Assumption 1.9.

1.4 Main result for pulses

We keep the same notation (1.3) for the phases, but now consider the nonlinear problem (1.1) with a
source term G that has ”"polynomial decay” with respect to its last argument 6. This behavior is made
precise by introducing the following weighted Sobolev spaces:

TH(RY) = {u € L* (R x Ry) : 6907 yue L*RY) ifa+ 8| < k} ,

Our second main result reads as follows.



Theorem 1.11. Let Assumptions 1.1, 1.2, 1.8, 1.6, 1.7 be satisfied. Let ko denote the smallest integer
satisfying ko > (d+1)/2, and let Ky, K1 be two integers such that Ky > 8+ (d+2)/2, K1 — Ky > 2ko+2.
Let Ty > 0 and consider

G € Ny e (o0, Tolis TR (Ry ),

that vanishes for t < 0. Then there exists 0 < T < Ty and there exist profiles Uy, U1, Us vanishing int < 0
that satisfy the WKB cascade (5.2), (5.4) below. If we define the approzimate solution

2
t
UPPP(t, 1) = Z€1+n u, (t,:z:, 900(6731),ﬂ> ,

n=0 €
then
d
Dl + ) " A (ufP) 0ju” = O(?) t<T,zeR?,
j=1

- t
002 ym0) = 2 (1, 28D ) o) o<y,

app —
Uge ’t<0 - 07

where the O(g3) in the interior equation and in the boundary conditions are measured respectively in the
C((—o0, T); LA (RL)) N L>®((—o00,T] x RL) and C((—o0, T); L2 (RT™1)) N L®((—o0,T] x RE™Y) norms.
The exact regularity and decay properties of the profiles are given in (5.9).

The approximate solution provided by Theorem 1.11 is constructed, as in [MR83], according to the
following line of thought: we expect that the exact solution u. to (1.1) admits an asymptotic expansion

of the form
t
Ue ~ E Za—:kuk <t,x, $olt,y) ’y),ﬂ> ,
€ €
k>0

that is either finite up to an order K > 2, or infinite. We plug this ansatz and try to identify each profile
U),. The corrector U is expected to be negligible with respect to Uy, and so on for higher indices. Hence
the identification of the profiles is based on some boundedness assumption for the correctors to the leading
profile. Of course, such assumptions have to be verified a posteriori when constructing Uy, U4; and so on.
For instance, Theorem 1.10 is based on the assumption that one can decompose u. with profiles in H°,
and we give a rigorous construction of such profiles for which the corrector

O(t
€1+nun <t, x’ (Efx)> ,

is indeed an O(e1*") in L>®((—o0,T] x RL).

In Sections 5 and 6, we give a rigorous construction of the leading profile Uy and of the first two
correctors Uy, Uy that satisfy all the boundedness and integrability properties on which the derivation
of the leading amplitude equation relies. In particular in section 5 we explain why, assuming that the
first and second correctors Uy, Uy satisfy some boundedness and integrability properties in the stretched
variables (t,x,0y,&4), the leading profile Uy is necessarily determined by an amplitude equation that is
entirely similar to the one in [MR&3]. The analysis of Section 5 clarifies some of the causality arguments
used in [MR83]. This makes the arguments of [MR83] consistent, and one of our achievements is to prove
in section 6 local well-posedness for the leading amplitude equation derived in [MR83] (which we call the
Mach stem equation).
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However, the drawback of this approach is that, surprisingly, it is not consistent with the formal
large period limit for wavetrains. More precisely, it seems rather reasonable to expect that the pulse
problem is obtained by considering the analogous problem for wavetrains with a period © and by letting
O tend to infinity. In particular, the reader can check that the leading amplitude equations derived in
[CW13], resp. [CW14], for quasilinear uniformly stable pulse problems, resp. semilinear weakly stable
pulse problems, coincide with the large period limit of the analogous equations obtained in [CGW11],
resp. [CGW14], for wavetrains, even though the latter equations include interaction integrals to account
for resonances. One could therefore adopt a different point of view and first derive the profile equations for
pulses by considering the limit ©@ — +oc0 for wavetrains, and then study the property of the corresponding
approximate solution. Surprisingly, the two approaches do not give the same leading profile Uy, as we
shall explain in Appendix B. It seems very difficult at this stage to decide which of the two approximate
solutions should be the most “physically relevant” since we do not have a nonlinear stability result that
would claim that the exact solution u. to (1.1) is close to one of these two approximate solutions on a
fixed time interval independent of ¢ small enough. The clarification of this surprising phenomenon is left
to a future work.

11



Part 1
Highly oscillating wavetrains

2 Construction of approximate solutions: the leading amplitude

2.1 Some decompositions and notation

We recall here some useful results from [CG10]| and introduce some notation. Recall that the matrix
A(z,n) is diagonalizable with eigenvalues i w,,, m = 1,..., M. The eigenspace of A(z,n) for iw,, coincides
with the kernel of L(dg,).

Lemma 2.1 ([CG10]). The (extended) stable subspace E°(7,n) admits the decomposition
(2'1) ES(Ia ﬂ) = Bmez Ker L(d(pm),

and each vector space in the decomposition (2.1) is of real type (that is, it admits a basis of real vectors).

Lemma 2.2 ([CG10]). The following decompositions hold
(2.2) CVN =aM_ Ker L(dpm) = @M_, A4(0)Ker L(dgm),

and each vector space in the decompositions (2.2) is of real type.
We let Py,..., Py, resp. Q1,...,Qum, denote the projectors associated with the first, resp. second,
decomposition in (2.2). Then for allm =1,..., M, there holds Im L(dy,,) = Ker Q,,.

Using Lemma 2.2, we may introduce the partial inverse R, of L(dy,,), which is uniquely determined by
the relations

Vm=1,...,M, Ry, L(dg,)=1-PF,, Lden)Rn=I1—-Qmn, PnRn=0, R,Qn=0.

When the system is strictly hyperbolic, which is the case considered in Sections 2, 3 and most of
Section 4, each vector space Ker L(dp,,) is one-dimensional and M = N. The case of conservative
hyperbolic systems with constant multiplicity will be dealt with in Paragraph 4.4. In the case of a strictly
hyperbolic system, we choose, for all m = 1,..., N, a real vector r,, that spans Ker L(dy,,). We also
choose real row vectors {1, ...,{y, that satisfy

Vm=1,...,N, 4, L(dey) =0,
together with the normalization £, A4(0) 7, = Oy With this choice, the partial inverse R, and the
projectors Py,, Q., are given by

Uy X
VXeCV, RpX= ) — s P X = (ln Aa(0) X) 1, Qe X = (b X) Aa(0) 7 -
m'#m — =m/
According to Assumption 1.6, KerB N E®*(z,n) is one-dimensional and is therefore spanned by some
vector e = Y 7 €m, én € Span ry, (here we have used Lemma 2.1). The vector space BE*(z,n) is

(p — 1)-dimensional and is of real type. We can therefore write it as the kernel of a real linear form

(2.3) BE*(z,n) = {X € C", b X =0},
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for a suitable nonzero row vector b. Eventually, we can introduce the partial inverse of the restriction
of B to the vector space E*(z,7n). More precisely, we choose a supplementary vector space of Span e in

E*(z,m):
(2.4) E*(r,n) = E°(r,n) ® Span e.

The matrix B then induces an isomorphism from E*(r, 1) to the hyperplane BE*(z, 7).

2.2 Strictly hyperbolic systems of three equations

For simplicity of notation, we first explain the derivation of the leading amplitude equation in the case of
a 3 x 3 strictly hyperbolic system. We keep the notation introduced in the previous paragraph, and we
make the following assumption.

Assumption 2.3. The phases 1,3 are incoming and po is outgoing.

Assumption 2.3 corresponds to the case p = 2 in Assumption 1.3 (up to reordering the phases). The only
other possibility that is compatible with Assumption 1.3 is p = 1, and two phases are outgoing. This
case would yield the standard Burgers equation for determining the leading amplitude (see Paragraph 2.4
below for a detailed discussion), so we focus on p = 2 which incorporates the main new difficulty.

Let us now derive the WKB cascade for highly oscillating solutions to (1.1). The solution u. to (1.1)
is assumed to have an asymptotic expansion of the form

(2.5) ue ~ve Yy ey (t,w, <I>(t€7 $>> ;

where we recall that ® denotes the collection of phases (¢1, 2, ¢3), and the profiles Uy are assumed to
be ©-periodic with respect to each of their last three arguments 61, 69, 05. Plugging the ansatz (2.5) in
(1.1) and identifying powers of €, we obtain the following first three relations for the Uj’s (see Section 4
for the complete set of relations up to any order):

(a) L(0g)Uy =0,
(2.6) (b)  L(9g)Ur + L(0) Uy + M(Up,Up) =0,
(c)  L(0p) Uz + L(O) Uy + M(Uo,Ur) + M (U, Uy) + N1(Uo, Uo) + No(Uo, Uy, Up) = 0,
where the differential operators £, M, N7, N5 are defined by:
L(0p) := L(dpm) 0a,, ,
M (v, w) = 0jpm (dA;(0) - v) Dy, w,
(2.7) Ni(v,w) == (d4;(0) - v) djw,
1
No(v,v,w) = 3 i Om, (dzAj(O) < (v,v)) O, w.

The equations (2.6) in the domain (—oo,T] x RY x (R/©Z)3 are supplemented with the boundary con-
ditions obtained by plugging (2.5) in the boundary conditions of (1.1), which yields (recall B = db(0)):

(a) BUy=0,

(2.8) 1,
(b) BlU; + 5 d b(O) . (Z/{O,Z/[()) = G(t,y,eo) ,
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where functions on the left hand side of (2.8) are evaluated at x4 = 0 and 6; = 0 = 03 = y. In order to
get ue|i<o = 0, as required in (1.1), we also look for profiles U}, that vanish for ¢ < 0.

The derivation of the leading amplitude equation is split in several steps, which we decompose below
in order to highlight the (slight) differences in Paragraph 4.4 for the case of systems with constant
multiplicity.

Step 1: Uy has mean zero.

According to Assumption 1.9, the phases ¢,, are nonresonant. Equation (2.6)(a) thus yields the
polarization condition for the leading amplitude Ufy. More precisely, we expand the amplitude Uy in
Fourier series with respect to the 6,,’s, and (2.6)(a) shows that only the characteristic modes Z*! occur
in Uy. More precisely, we can write

3
(29) UO(t7:E7 017927 03) = go(ta$) + Z O-m(t7x79m) Tm ,

m=1

with unknown scalar functions o,, depending on a single periodic variable 6, and of mean zero with
respect to this variable.

Let us now consider Equation (2.6)(b), and integrate with respect to 61, 63,03. Using the expression
(2.9) of Uy, we obtain

(2.10) L(O)Uy, =0,

because the quadratic term M (Uy,Up) has zero mean with respect to (61,62, 63). Indeed, M(Uy,Uy) splits
as the sum of terms that have one of the following three forms :
*)86m Om fm(t7 l‘) ) *) Om ang'm T s *) Omy 86m2 Omgy fm1m2 (ml 7£ m2) )

where 7, Ty m, are constant vectors (whose precise expression is useless), and each of these terms has zero
mean with respect to (61,62, 63). Equation (2.10) is supplemented by the boundary condition obtained
by integrating (2.8)(a), that is,

(2.11) BUo|s,—0 = 0.

By the well-posedness result of [Cou05], we get U, = 0. The goal is now to identify the amplitudes o,,’s
in (2.9).

Step 2: Up has no outgoing mode.
We first start by showing oy = 0. We first integrate (2.6)(b) with respect to (61,63) and apply the
row vector 5 (which amounts to applying (Q2), obtaining

1 O rO
12 L(a)(dg T’Q) + 5 (@ // M(UO,Z/[(]) do, d93> =0.
0J0

Since there is no resonance among the phases, integration of the quadratic term M (Uy,Uy) with respect
to (01, 03) only leaves the self-interaction term og 9,09, and the classical Lax lemma [Lax57] for the linear
part® ¢y L(9) (02 72) gives the scalar equation

0jp2 L2 (dA;(0) - r2) 2
EQ T9 '

at02+V2-Vx02+020'28920'2 =0, co:=

®In fact, £o L(0)(-r2) equals ¢2 72 times the transport operator d: + v - V, and €2 r2 does not vanish.
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Since vo is outgoing and oy vanishes for ¢ < 0, we obtain g9 = 0.

The above derivation of the interior equation for o9 can be performed word for word for the other
scalar amplitudes o1, 03, because M (Uy,Up) also has zero mean with respect to (61,602) and (62,03). We
thus get

0 pm b (dA;(0) -
(2.12) Ot0m + Vi - Vaeom + om0y 0mn =0, m=1,3, c¢p:= jpm b (A4;(0) - 7m) Tom ,

m em Tm

but we now need to determine the trace of o, on the boundary {z4 = 0}.
Since only o1, o3 appear in the decomposition (2.9), the leading amplitude Uy takes values in the stable
subspace E°(7,7n) (Lemma 2.1), and the boundary condition (2.8)(a) yields

O-l(tvyv 0790) ™ = a(t7y790) €1, 0-3(t7y7 0790) r3 = a(t7y790) €3,

for a single unknown scalar function a of zero mean with respect to its last argument 6y (recall that
e = e1 + e3 spans the vector space E*(z,7n) N Ker B).

Step 3: Uy has no outgoing mode.

The derivation of the equation that governs the evolution of a comes from analyzing the equations for
the first corrector U;. Since (2.6)(c) is more intricate than the corresponding equation in [CGW14], the
analysis is starting here to differ from what we did in our previous work [CGW14]. The first corrector U
reads

3
ul(t7x7917 92793) - gl(th') + Z U{n(t,x, Hm) +U{IC(t7‘T7 91762703) 9

m=1

where U, represents the mean value with respect to (61, 62,63), each U™ incorporates the 6,,-oscillations
and has mean zero, and the spectrum of the "noncharacteristic” part U is a subset of Z3 \ Z*! due to
the nonresonant Assumption 1.9. More precisely, U] is obtained by expanding (2.6)(b) in Fourier series
and retaining only the noncharacteristic modes Z3 \ Z*!. From the expression (2.9) of Uy (recall U, = 0
and o9 = 0), we get

(2.13) L(0p) U = —01 003 0503 (AA;(0) - 11) r3 — 03 09,01 Ojp1 (dA;(0) - 13) 71 .

In particular, the spectrum of U is a subset of the integers o € Z3 that satisfy ag = 0 and oy ag # 0, so
U has zero mean when integrated with respect to (61, 63).

Equation (2.6)(b) also shows that the component U? that carries the g-oscillations of U satisfies
L(ds) 09,U? = 0, so that U? can be written as U? = 73(t,x,02) ro for an unknown scalar function 7 of
zero mean with respect to 6s.

Let us now consider Equation (2.6)(c). Since Uy only has oscillations in §; and 63, and since there is
no resonance among the phases, none of the terms N7 (U, Up), Nao(Uo, Uy, Up) has oscillations in 6y only.
Looking also closely at each term in M (Up,U1), M(Ur,Uy), we find that both expressions have zero mean
with respect to (01,603), because the only way to generate a #3-oscillation would be to have a nonzero
mode of the form (aj,as,0) or (0, a2, as) with ag # 0 in U, but there is no such mode according to
(2.13). We thus derive the outgoing transport equation

Omo+ve -V =0,

from which we get = 0.
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Step 4: computation of the nonpolarized components of U} ,U;, and compatibility condition.
At this stage, we know that the first corrector U reads

Z/[l = ul(tVT? 91763) - gl(th') +Z/[11(t,x, 91) +u§(t7'x703) +u{m(t7x7017 93) )

with U{° determined by (2.13). Moreover, the nonpolarized part of 2/{11 3 is obtained by considering
Equation (2.6)(b) and retaining only the 6; 3 Fourier modes. We get

L(den,) 0p,,UT" = —L(0) (0 Tm) — 0m Op,,0m Ojom (dA;(0) - 1) 1, m=1,3,
o (I —P,)U", m=1,3, is the only zero mean function that satisfies
(2.14) (I — Pp,) 0p, UT" = =Ry, L(0) (0 Tm) — O Op,,0m 05Pm Rem (AA;(0) - 1) i, m=1,3.
We now consider the boundary condition (2.8)(b), which we rewrite equivalently as:

BU,|zy—0 + B PiUL | oy=0.0,=0, + B PsU3 |1 y—0,05-0,
+B ([ - Pl)u11’$d=0791=90 + B ([ - P3)u%’$d=0793=90 + Bu{lc’md=0791=93=90

% (A26(0) - (¢, ¢)) a2 = G(t,, 6o) -

We differentiate the latter equation with respect to 6y and apply the row vector b, so that the first line
vanishes. We are left with

bB (I - Pl) (691u11)|xd=0,91=90 +bB (I - P3) (893u§)|xd=0,93=90 + QBa@o (u{lc|xd=0791=93=90)
b (d?b(0) - (e, €)) Dp, (a*) = b Dy, G .

l\’)l»i

The first two terms in the first row are computed by using (2.14), and [CG10, Proposition 3.5]. We get
(2.15) v Jg, (a2) — XLopa + b B 9y, (u{m|$d:0761:63:60) =b0,,G,

where the constant v and the vector field Xi,, are defined by

(2.16)
1 1
5Q(d%(@) (e,€)) = 5 0B R1 9jip1 (d4;(0) - ex) ex — bBR3 93 (AA;(0) - e3) e3,
(2.17
d—
Xiop :=bB(Rie1 + Rzes) 0 + Z Jer + R3 Aj(0) e3) 05 = ¢ (0ro(T,n) O + Op;0(1,m) ;)

with ¢ a nonzero real constant, and o defined in Assumption 1.6. It is also shown in [CG10, Proposition 3.5]
that the partial derivative 0,0 (7,n) does not vanish, so that, up to a nonzero constant, X, = 0 +w-V,
for some vector w € R?~! (which represents the group velocity associated with the characteristic set of
the Lopatinskii determinant).

Step 5: computation of U and conclusion.
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The final step in the analysis is to compute the derivative dp, (U}'°|z,=0,0,=05=6,) arising in (2.15) in
terms of the amplitude a. Restricting (2.13) to the boundary {z4 = 0} gives

£(89) Zjllrw’l‘dz0 - - a’(tv Y, 91) (aGOCL)(ta Y, 93) 8]'()03 (dA](O) : 61) €3
—a(t,y,0s) (Fg,a)(t,y,01) 051 (AA;(0) - e3) ey .

Let us expand a in Fourier series with respect to §y (recall that a has mean zero):

a(t,y,00) = > ap(t,y) e TFP/O
keZx*

Then the Fourier series of U] reads

Lll (t x 91,93 Z Uk, k3(t :E) 2”r(k191+/€393)/®,

k1,ks€Z*
with
Uky ey (1, 9,0) = —L(ky d1 + ks deps) ™" (k1 B + ks Es 1) ,
(2.18) El 3= 8](,01 (dA (0) )61 s E3 1= 8](,03 (dA (O) )63

Plugging the latter expression in (2.15), we end up with the evolution equation that governs the leading
amplitude a on the boundary:

(219) v 86() (a“z) - XLOpa + aeonQr[a, a] - Q@gOG,
with
Qperla, @) :i==> | > bBL(kidgy + ksdes) ' (k1 Big + ks Es ) ag, dg, | > 7F0/€.
ke€Z \ ki1+kz=k,
kq kg#0

Equation (2.19) is a closed equation for the leading amplitude a on the boundary. It involves the vector
field Xt,p associated with a characteristic of the Lopatinskii determinant, a Burgers term g, a® and a new
quadratic nonlinearity dp,Qper[a, a]. The operator Qpe, takes the form of a bilinear Fourier multiplier. Its
above expression may be simplified a little bit by computing the decomposition of L(k; dp; + k3 dpz)~!
on the basis 71,72,73, and by recalling the property bBr; = bBrs = 0 (so only the component of
L(ky dey + k3 dps)~! on ry matters). We obtain:

ki1ly By 3+ ksl B3y - 2ink6y/O
(2.20) Qper|a,al == —bBrg ay, ap. | e2i7k00/O
v 2| L e w) the o)
k1 k3#0

Anticipating slightly our discussion in Section 3, well-posedness of (2.19) will be linked to arithmetic
properties of the phases y,,, and this is one reason for the small divisor condition in Assumption 1.9. This
is in sharp contrast with the theory of weakly nonlinear geometric optics for both the Cauchy problem
(see [HMR&6, JMR93, JMRI5] and references therein) and for uniformly stable boundary value problems
(see [Wil99, Wil02, CGW11]), where arithmetic properties of the phases do not enter the discussion on
the leading profile for the high frequency limit.
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2.3 Extension to strictly hyperbolic systems of size N

The above derivation of Equation (2.19) can be extended without any difficulty to the case of a hyperbolic
system of size N provided that Assumption 1.9 is satisfied. In that case, the number of phases equals N.

Steps 1 and 2 of the above analysis extend almost word for word, to the price of changing some
notation. Namely, the first relations of the WKB cascade (2.6), (2.8) shows that the leading amplitude
Up reads

N
Up(t,x,01,...,0N8) =Uy(t,x) + Z Om(t, z,0m) T
m=1
with unknown scalar functions o, depending on a single periodic variable 8,,, and of mean zero with respect
to this variable. The quadratic expression M (Uy,Up) still has zero mean with respect to (01,...,0x) so
the nonoscillating part U, satisfies (2.10) and (2.11), and therefore vanishes. Furthermore, each function
om satisfies the Burgers equation (2.12), which reduces the leading amplitude Uy to

(2.21) Up(t,z,01,...,0N) = Z om(t, 2, 0m) T
meZ

where Z denotes the set of incoming phases. The boundary condition (2.8)(a) then yields
VmeZl, O’m(t,y,oﬁo)?”m Za(tayﬁo) €m

for a single unknown scalar function a of zero mean with respect to its last argument 6y (e = > 7 en
spans the vector space E*(7,n) N Ker B).

Step 3 of the above discussion is unchanged, showing that in the first corrector U, each profile ur
vanishes when the index m corresponds to an outgoing phase. The noncharacteristic part &7 is obtained
by using the relation

L(Og) Uy = — Z Omy 891112 Omy 0jPmy (AA;(0) - Ty ) Ty + Ty 897111 Omy Ojomy (AA;(0) - Tmy) Ty -

m1<ms2
m1,mo€Z
which is the analogue of (2.13).
Step 4 is also unchanged because U; has no outgoing mode, and when m corresponds to an incom-
ing phase, (I — P,,) g, U{" is given by (2.14). Eventually, the boundary condition (2.8)(b) gives the
compatibility condition

(2.22) Uago (a2) — XLOpCL + Ogoner[a, CL] = bagoG,
with

1 1
(223)  vi= S0 (@(0) (e,€) =5 D bB R djipm (A4;(0) - em) em

mel

d—1
Xiop =Y bBRmemdi+ Y Y bBRyAj0)end; =1(0-0(z,n) 0 + 0y,0(r,n) 0;)

meZL j=1meZT

where ¢ is a nonzero real constant and the function o is defined in Assumption 1.6. (Again, [CG10,
Proposition 3.5] shows that the partial derivative d,0(z,n) does not vanish.) The new expression of the
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bilinear Fourier multiplier Qpe, reads:

(224) Qperla,@]:=— > bBrm Y,

meO mi<mg
mq,mo€T

e2i7rk90/@ ,

Z Z Ky b, Eml,mz + kmy Um Em%ml

Q. Ek
kml (gml - (L)m) + kmz (gmz - (L)m) " "2

k€Z | kmy +hmy=k,
kmy kmg 70

with
(2.25) Vmi,me €L, Enm, = 0;0m, (dA;(0) - em,) em, -

The definition (2.24) reduces to (2.20) when N = 3 and Assumption 2.3 is satisfied.

2.4 The case with a single incoming phase

In this short paragraph, we explain why the computations in [AM87, WY 14] lead to the standard Burgers
equation for determining the leading amplitude, and does not incorporate any quadratic nonlinearity of
the form (2.20) we have found under Assumption 2.3.

The vortex sheets problem considered in [AM87] and the analogous one in [WY14] differ from the
framework that we consider here by the fact that the (free) boundary is characteristic. Nevertheless,
one can reproduce a similar normal modes analysis for trying to detect violent or neutral instabilities.
The two-dimensional supersonic regime considered in [AM87] precludes violent instabilities, but a similar
situation to the one encoded in Assumption 1.6 occurs®. The situation in [WY14] for three dimensional
steady flows is similar, and the corresponding Lopatinskii determinant is computed in [WY13].

The two-dimensional Euler equations form a system of three equations (N = 3), but due to the
characteristic boundary (the corresponding matrix A;(0) has a kernel of dimension 1), the number of
phases ¢,, on either side of the vortex sheet equals 2. One of them is incoming, and the other is outgoing.
In such a situation, there are too few incoming phases to create a nontrivial component U for the first
corrector Uy, so that the bilinear Fourier multiplier (per vanishes. Though our argument is somehow
formal, the reader can follow the computations in [AM87] or in [WY14] and check that they follow the
exact same procedure that we have described in our general framework.

3 Analysis of the leading amplitude equation

Our goal in this section is to prove a well-posedness result for the leading amplitude equation (2.19). Up
to dividing by nonzero constants, and using the shorter notation # instead of 6y, the equation takes the
form

(3.1) Ora+w-Vya+ cadpa+ p10pQperla,al =g,

8The reader will find in [CS04] a detailed analysis of the roots of the associated Lopatinskii determinant, showing that
they are located in the hyperbolic region and simple.
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where w is a fixed vector in R4"!, ¢, 1 are real constants, and Qper is a bilinear Fourier multiplier with
respect to the periodic variable 6:

ki1ly By 3+ k3l B3y 2ink0/©
(3.2) Qperla, al == g E g, ap, | 21700
' keZ | kiths= kl 1= Wa) Fhs(ws—wa)
klkg#o

The source term g in (3.1) belongs to H™°°((—o0, Tp]s X Rg_l x (R/(©®Z))g), Ty > 0, and vanishes for
t < 0. Furthermore, it has mean zero with respect to the variable 6. Recall that in (3.2), a; denotes the
k-th Fourier coefficient of a with respect to 6 (which is a function of (¢,y)).

Recall that for strictly hyperbolic systems of size N, (2.24) should be substituted for (3.2) in the
definition of Qper, while in the particular case p = 1 (one single incoming phase), (3.1) reduces to the
standard Burgers equation for which our main well-posedness result, Theorem 3.4 below, is well-known.
For simplicity, we thus encompass all cases by studying (3.1), (3.2) and leave to the reader the very minor
modifications required for the general case.

3.1 Preliminary reductions

We first introduce the nonzero parameters:

Wy — Wy
51 === —< 53::
23—217 23—£17

W3 — Wo

that satisfy 63 = 1+ d;, and we observe that Qper[a, a] in (3.2) can be written as

O/l E3

Qperla,a] = — 27 (w3 — wy)

O FE
2 k13 )Fper(%% a) — Fper(a, dga) ,

27T@3_£1

where the bilinear operator Fpe, is defined by:

— i Upy Uk 2imk0/©
(3.3) Fper(u,v) := E E e )
keZ \ kitks= kl 01 + k3 03
Ky kg;é()

The bilinear operator e, satisfies the following two properties:

(3.4) (Differentiation)  Op(Fper(u, v)) = Fper(Opu, v) + Fper(u, 0pv),
27 o1

(3.5) (Integration by parts) Fper(u,0pv) = ———uv —
O 03 03

Fper(Ogu,v), if ug =vg =0.
Using the properties (3.4), (3.5), we can rewrite equation (3.1) as

(3.6) Oa+w-Vya+cadpa+ pFpe(Opa, 0pa) =g,

with new (harmless) constants ¢, p for which we keep the same notation. Our goal is to solve equation
(3.6), that is equivalent to (3.1), by a standard fixed point argument. The main ingredient in the proof
is to show that the nonlinear term e (0pa, Opa) acts as a semilinear term in the scale of Sobolev spaces.
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3.2 Tame boundedness of the bilinear operator [,

The operator Fpe, is not symmetric but changing the roles of ; and d3, the roles of the first and second
argument of Fp,e, in the estimates below can be exchanged. This will be used at one point in the analysis
below. We let H" := HY(R?! x (R/©Z)) denote the standard Sobolev space of index v € N. The norm
is denoted || - ||g». Functions are assumed to take real values. In the proof of Theorem 3.1 below, we
shall also make use of fractional Sobolev spaces on the torus R/© Z or on the whole space R9~!. These
are defined by means of the Fourier transform, see, e.g., [BGS07, BCD11]. Our main boundedness result
for the operator Fpe, reads as follows.

Theorem 3.1. There exists an integer vy > 1+ d/2 such that, for all v > vy, there exists a constant C,,
satisfying

(3.7) Vu,0 € H,  [[Fpe:(Opu, 9pv)| v < Coy (Ilullzzvo [0l e + llull e 0] w0 ) -

Estimate (3.7) is tame because the integer vy is fixed and the right hand side of the inequality depends
linearly on the norms ||ul|gv, ||v||gv. This will be used in the proof of Theorem 3.4 below for propagating
the regularity of the initial condition for (3.6) on a fixed time interval.

Proof. We first observe that, provided that Fper(u, v) makes sense, then Fpe,(u,v) takes real values. This
simply follows from observing that

(Fper(u,v)) -k = (Fper(u, )k »
provided that u and v take real values. We are now going to prove a convenient new formulation of
Assumption 1.9.

Lemma 3.2. There exist a constant C > 0 and a real number vo > 0 such that

1 .
Vki, ks € Z\ {0}, Ty 01 & K 0a] < O min([k|7°, [k3]™).

Proof of Lemma 3.2. Since in our framework, we have Z = {1,3} and O = {2}, we can apply Assumption
1.9 to any (k1,0, k3) € Z3 with k; k3 # 0. We compute

L(d(k1 1+ k3 p3)) ra = (k1 (W — ws) + k3 (wg — wy)) Aq(0) 72,

and the quantity ki (w; —wsy) + k3 (w3 — w,y) cannot vanish for otherwise there would be a nonzero vector
in the kernel of L(d(k1 ¢1 + k3 ¢3)). We thus derive the bound

1
k1 (wy — wa) + k3 (wg — wy)|

< C|IL(d(ky 1 + k3 03) 7,

for a suitable constant C' that does not depend on ki, k3. The norm of L(d(ky @1 + k3 @3))~! is estimated
by combining the lower bound given in Assumption 1.9 for the determinant, and an obvious polynomial
bound for the transpose of the comatrix. We have thus shown that there exists a constant C' > 0 and a
real parameter -y (which can be chosen nonnegative without loss of generality), that do not depend on
k1, ks, such that .

|k1 (wy — wa) + k3 (wg — wy)|

< Ok, k3) .
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Up to changing the constant C, we can rephrase this estimate in terms of the rescaled parameters 41, d3:

1

3.8 - -
( ) |k7151+k‘353| -

< Cf(ky, k)

and it only remains to substitute the minimum of |ki|, |ks| for the norm |(k1, k3)| in the right hand side
of (3.8).

There are two cases. Either |kyd1 + k3 ds| > [01] > 0, and in that case, it is sufficient to choose
C > 1/]61| (we use 9 > 0). Or |ky 01 + k3 03] < |d1], and we have

|61]

k3| <
|03

"k161+k353‘+ “k151’<2 ‘kl‘a

[ [

because k1 is nonzero. Up to choosing a new constant C', (3.8) reduces to

1

<Ry,
|k1 01 + k3 03] — al

and we can prove the analogous estimate with ks instead of ki by the same arguments. This completes
the proof of Lemma 3.2 O

The proof of Theorem 3.1 relies on the following straightforward extension of [RR82, Lemma 1.2.2].
The proof of Lemma 3.3 is exactly the same as that of [RR82, Lemma 1.2.2], and is therefore omitted.

Lemma 3.3. Let K: R x Z x R4 x Z — C be a locally integrable measurable function such that,
either

K(&, k,n,0) d
sup /RMZ! (& Ky, O) dn < +o0,

(f k‘ ERd Y/ V=¥

or

K(&, k,n,0)*d
sup /RMZ\ (&, kym, 0)2 € < o

(néERd 1xZ VI=yA
Then the map
(f,9) H/ SR ko, 6) F(E— .k — € g(n,0)

EGZ
is bounded on L*(R4™! x Z) x L2(RY™! x Z) with values in L?>(R1 x 7).

To prove boundedness of the bilinear operator Fp,e,(Jg-, 9p-), we shall apply Lemma 3.3 in the Fourier
variables. More precisely, for functions u, v in the Schwartz space S(R4~! x (R/© Z)), there holds”:

& (Fper(Dtt, Bpv)) (€) = C* /R LY G —(]2)_5% 5 ke ()(E — ) ce(w) () dn.
LeZ0¢{0,k}

Omitting from now on the constant multiplicative factor, we consider the symbol

{(k; — O 0/((k—0) 61+ £353) if£& {0k},
0

K(k,0) = )
otherwise.

"Here we use the notation ¢, for the k-th Fourier coefficient with respect to the variable 6, and the "hat” notation for the
Fourier transform with respect to the variable y.
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We wish to bound the H" norm:
L S U6 aFnlOnm, ) (O de
ROy en

for v € N large enough ((-) stands as usual for the Japanese bracket).
Given the parameter 79 > 0 in Lemma 3.2, we fix an integer vy > v + 2 + d/2. We consider two
functions x1, x2 on R% x R? such that y; + y2 = 1, and

x1(&k,m, €) =0 if ((n,0)) = (2/3) (£, k) ,
x2(&,k,m, €) =0 if ((n,0)) < (1/3) (&, k)) -
We first consider the quantity
(3.9 L3 w6k (€0 Kk O ai¢ - e mdn.
R~ ez

which we rewrite as

(€ k.m0 (€. K)" K (k. 0)
/R% (€~ n.k— O (g, O

On the support of x1, there holds

(€~ k= 0) 2 (€0~ (0.0) > 5 (€1,

(46 =k = )" cre(w)(€ = m)) ((,0)" clw)(m)) .

and therefore

X1k, n,€) (€, k)" K(k, £)
(€ =n, k= £))¥ ((n,£))"

We now use Lemma 3.2 to derive the bound

|KM|2
<
dn C RMZ

[

Lel

(k—0)¢ 1 ‘ b5 02 ‘ ,
l— < C|e|rot?,
‘(k‘ 06 +20 ol |f T T n e e =M
from which we get
x1(& k., €) (€. k)" K(k, / |£|2(vo+2
sup / Z dn<C — dn < +o0,
(§k)ERI~1xZ JRI! ez, <(£ —nk— €)> <(777£) 0 Rd—1 % 2 0

thanks to our choice of vy. Applying Lemma 3.3 to the quantity in (3.9), we obtain

(> |

/d Yl k) (6 k) Kk, O o) (€ = m) ce(w)n) dn| - dE < C fullf ol

keZ ez

Similar arguments yield the bound
2

Lo L el kon ) (€ k) Kk ) crelu)(€ = m) er(w)n) dn| e < €l o

keZ ez

and the combination of the two previous inequalities gives the expected estimate

/R > € RN ek (Foer (B, 890)) ()2 & < C ([ful o [[vll e + ull e 0]l ) -

d—1
kEZ
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3.3 The iteration scheme

In view of the boundedness property proved in Theorem 3.1, Equation (3.6) is a semilinear perturbation
of the Burgers equation (the transport term w - V,, is harmless), and it is absolutely not surprising that
we can solve (3.6) by using the standard energy method with a fixed point iteration. This well-posedness
result can be summarized in the following Theorem.

Theorem 3.4. Let vy be defined as in Theorem 3.1, and let v > vy. Then for all R > 0, there exists a
time T > 0 such that for all data ag € H”(R! x (R/O Z)) satisfying |lao||zrvo < R, there exists a unique
solution a € C([0,T]; H") to the Cauchy problem:

Ora+w-Vya+ cadpa+ pFpe(dpa, 0pa) =0,
a\t:() = aqap -

In particular, if ag € HT®*(R4~! x (R/O 7)), then a € C([0,T]; H*>®) where the time T > 0 only depends
on ||lao|| o -
Proof. The proof follows the standard strategy for quasilinear symmetric systems, see for instance [BGS07,
chapter 10] or [Tay97, chapter 16], and we solve the Cauchy problem by the iteration scheme

oa™t +w - Vya" ! + ca® 9ga™ T + pFper (Gpa™, Gpa™) = 0,

a™ 2o = aopt1
where (ag ) is a sequence of, say, Schwartz functions that converges towards ag in H”, and the scheme
is initialized with the choice a° = ap,0. Given the radius R for the ball in H"°, we can choose some time
T > 0, that only depends on R and v, such that the sequence (a") is bounded in C([0,T]; H”). The
uniform bound in C([0,7]; H”) is proved by following the exact same ingredients as in the case of the

Burgers equation. Contraction in C([0,T]; L?) is obtained by computing the equation for the difference
= g™t — g™ which reads

(3.10) Ar™ 4+ w - Vyr"+1 +ca™ Gpr"tt = —cr™ Opa” — L per (Opr™, Oga™) — quer((%a”_l, Opr™) .

The error terms on the right hand-side are written as

27 1)
Fper(Ogr™, 0pa™) = ~os " Opa” — 5—:1)’Fper(7‘n, E?gga"),
_ n 2T, . 1) nel n
Fper(Oga™ L Opr ) = ~ o5 5 " Opa ! — 5—;Fper(839a Lo ),

where we have used (3.5).
The final ingredient in the proof is a continuity estimate of the form

(3.11) P per (s )| 2 < € min ([l gro-2 [0ll 22, [lull 2 1ol vo-2) |

which we now prove for completeness. We apply the Fubini and Parseval-Bessel Theorems to obtain

2

1
]F‘ er I 2 = 7. S 1L 1. S d ?
Bt =0 [ S| ¥ e | dy

kEZ |k1+k3=k,
k1 k3#0
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and then apply the ¢! x 2 — £? continuity estimate to derive

M@mwméscédiélwmm0§:mﬁw.

keZ keZ

We then apply the Cauchy-Schwarz inequality and derive the estimate

1Fper(t, )32 < € ( sup July, o1 ajoz ) 1013
yeRd—1
which yields (3.11) because the integer 1 in Theorem 3.1 can be chosen larger than (d —1)/2 + 7o + 3.
(The ”symmetric” estimate is obtained by exchanging the roles of v and v.)
At this stage, we multiply Equation (3.10) by 7"*! and perform integration by parts to derive

sup |7 |72 < [l o7 + Co T sup |7 Y72 + CoT sup [[r" L2 sup [l 2,
te[0,7] te[0,T] te[0,T] t€[0,7]

where the constant Cp is independent of n and follows from the uniform bound for sup,cp 7y |la”( me.
By classical interpolation arguments, (a™) converges towards a weakly in L>°([0,T]; H") and strongly in
C([0,T]; H¥ /), v < v. Continuity of a with values in H” is recovered by the standard arguments, see, e.g.,
[Tay97, Proposition 1.4].

If v > vy, it remains to show that the time 7" only depends on the norm ||ag|| o, and this is where the
tame estimate of Theorem 3.1 enters the game. More precisely, we follow the same strategy as in [Tay97,
Corollary 1.6], and show that the H”-norm of the solution a satisfies a differential inequality of the form

a 21,
Wl < &, () 30 ) (e e

where C, is an increasing function of its argument. In particular, boundedness of a(¢) in H*® on an
interval [0,7"), 7" > 0, implies a unique extension of the solution a € C([0,7"); H”) beyond the time T”,
which means that the time T" of existence for a only depends on ||ag||gvo- O

3.4 Construction of the leading profile

Theorem 3.4 is the cornerstone of the construction of the leading profile Uy. Solvability of (2.22) for a is
summarized in the following result. Recall that the smoothness assumption for G was made in Theorem
1.10.

Corollary 3.5. There exists T > 0, and a € C*°((—oco, T]; HT° (R x (R/O Z))) solution to (2.22) with
alt<o = 0. Furthermore, a has mean value zero with respect to the variable 6.

Proof. Equation (2.22) is easier to solve than the pure Cauchy problem in Theorem 3.4 because we can
apply Duhamel’s formula starting from the initial condition ay = 0. From the assumption of Theorem
1.10, we have G € C*((—o0, Tp]; H*>*(R4~! x (R/O©Z))) with Ty > 0 and Gli<o = 0, so we can find
0<T <Tpyand a € C((—o0,T); HT®(R¥! x (R/© Z))) solution to (2.22) with al;<g = 0. Here the time
T depends on a fixed norm of G. Then Equation (2.22) yields a € C*®((—o0,T]; HT>® (R4~ x (R/OZ)))
by the standard bootstrap argument and smoothness of G.

For every fixed y, the mean value

[C)
a(t,y) ::%/0 a(t,y,0)do,
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satisfies the homogeneous transport equation
owa+w-Vya=0,
with zero initial condition, and therefore vanishes. [

After constructing a on the boundary, we can achieve the construction of the leading profile I in the
whole domain.

Corollary 3.6. Up to retricting T > 0 in Corollary 3.5, for all m € I, there exists a unique solution
Om € C®((—00, T); HT®(RL x (R/OZ))) to (2.12) with oplico = 0 and o)z —0 = em a, where the real
number ¢, is defined by e,, = ¢, rm. Furthermore, each o,, has mean value zero with respect to the
variable 0,,.

The result follows from solving the boundary value problem for the Burgers equation (2.12) with
prescribed Dirichlet boundary condition on {zy = 0}. This is a (very!) particular case of a quasilinear
hyperbolic system with strictly dissipative boundary conditions for which well-posedness follows from the
classical theory, see, e.g., [BGS07].

The leading profile Uy is then given by (2.21) and belongs to C*((—oo, T]; HT*°(R% x (R/© Z)N)).
Furthermore, its spectrum with respect to the periodic variables (64, ...,0y) is included in the set

(3.12) Z_?][V::{OZGZN/VWLGO,O(WL:O},

as claimed in Theorem 1.10.

4 Proof of Theorem 1.10
4.1 The WKB cascade

In this paragraph, we give a more detailed version of (2.6)-(2.8). We plug again the ansatz (2.5) in (1.1)
and derive the set of equations (4.1)-(4.3) below. We recall that the operators £, M are defined in (2.7),
while L(0) is defined in (1.4). Then the WKB cascade in the interior reads:

(a) L(9g)Up =0,
(4.1) (b)  L(89) Uy + L(O) Uo + M(Uo,Uo) = 0,
(¢) L(0g)Uky2 + L(O)Uxs1 + MUy, Up11) + MUky1,Uy) +Fr =0, k>0,

with
k42
Vk>0, Fp=0iem |, i > d“A;(0) - Usy, - - Us,) | 8o, Uo
=2 " Kki+trg=k+2—L
k41 k
(4.2) + Z A?+2_Z ajUg_l + ajtpm Z A§+2_é 0p,, Uy ,
(=1 (=1

14 : 1
Vu>1, A ::ZE S dA0) Uy, U,
=1 K1+ Frp=v—~L
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Observe that (4.1)(c) coincides with (2.6)(c) for k = 0. Furthermore, each matrix A”, v > 1, only depends
on Uy, ...,U,_1, and therefore each source term Fy, & > 0, only depends on Uy, ..., U}.
The set of boundary conditions for (4.1) reads (recall B = db(0)):

(a) BlUy=0,
(13) () BUs + 5 BH0) - Wo,th) = Glt,,00)
(¢) BUyypa+d*b(0) - Uo,Ups1) +Gr =0, k>0,
with
k+3
(4.4) Vk>0, Gp ;:Z% S A(0) Uy )
0=3 " Rittrg=k+3—L
In (4.3) and (4.4), all functions on the left hand side are evaluated at 4 = 0,0; = --- = 65 = 6y. The

source term Gy, in (4.3)(c) only depends on Uy, . .. ,U.
We are looking for a sequence of profiles (Uy)ren that satisfies (4.1)-(4.3), and U |¢<o = 0 for all k.

4.2 Construction of correctors

Some notation will be useful in the arguments below. For any function f that depends on (¢,z,61,...,0x),
with ©-periodicity with respect to each 6,,, we decompose f as

N
f=FEa)+ > ™t 0m) + (2,01, ... 0n),

m=1

where f stands for the mean value of f on the torus (R/© Z)N, each f™ incorporates the 6,,-modes
of f (in particular, the spectrum of f™ is included in Z":!' and f,, has mean zero with respect to
0,), and the spectrum of f° is included in ZY \ Zi!. Here, the spectrum only refers to the Fourier
decomposition of f with respect to (01,...,0x). The mappings f — f™ and f — f"¢ are continuous
on C®((—o0, T]; HT*(RY x (R/©Z)N)). Furthermore, if the spectrum of f is included in Z¥, then f
belongs to the space of profiles P"¢ defined in Lemma 4.1 below.

The following observation is well-known in the theory of geometric optics, see for instance [JMR93,
Wil99], and relies on Assumption 1.9.

Lemma 4.1. The operator L(0y) is a bounded isomorphism from P"° into itself, where
P = {f € C®((—o0, T); HT*(RL x (R/© Z)N)) / Spectrum (f) C Z¥ \ZN;l} .

Indeed, for o € Z& \ ZM:1, the matrix L(d(a - ®)) is invertible and the norm of its inverse is bounded
polynomially in |a| (the degree of the polynomial being fixed). We shall feel free to write £(9)" fo°
when f"¢ is an element of P"¢.

Unsurprisingly, the construction of the sequence (U )ren is based on an induction process. We formu-
late our induction assumption.

(H,,) There exist profiles Uy, ... U, in C>®((—oo, T}; HT*°(RY x (R/O Z)™)) that vanish for ¢ < 0, whose
(01,...,0n)-spectrum is included in Z]ZV , and that satisfies

27



e (4.1)(a) and (4.3)(a) if n =0,

e (4.1)(a)-(b) and (4.3)(a)-(b) if n =1,
e (4.1)(a)-(b), (4.3)(a)-(b), (4.1)(c) and (4.3)(c) up to order n — 2 if n > 2,

e Compatibility condition in the interior:
(4.5) VmeZI, (nF'=0, and F, =0,

e Compatibility condition on the boundary:

(4.6) b ( — > BRu Fay=0.0,=00 — B 9, (£(09) ™" F)|y=0,6, = =05 =05)

meZl

+ 890Gn(t7 Y, 60)) = 07

where in (4.5) and (4.6), we have set:

(4.7) 7. J LU + M(Uo,Uo), ifn=0,
' T L(0) Up + MUy, Uyn) + M(Upn,Up) +Fr—1, ifn>1,
1 .
(4.8) G =173 d?b(0) - (Uo,Up)|2,=0,0,=--=0y=0, — G(t,y,60), ifn=0,

d2b(0) . (Z/[Q,Un)|xd:0,91:...:91\,:90 + Gp_1, ifn>1.

Recall that Fy, and Gy are defined in (4.2) and (4.4), so the above source terms F,,, G,, only depend on
Uy, ...,U,. Several properties of these source terms are made precise below which, in particular, will
justify why we can apply the operator £(9p)~! to F°.

The reader can verify that our construction of the leading profile Uy in Sections 2 and 3 proves that
(Hp) holds for some T' > 0. In that case, (4.6) reduces to (2.22), which was solved in Section 3. The
compatibility conditions (4.5) in the interior give the decoupled Burgers equations (2.12) for each incoming
amplitude o,,.

Our goal is to show that (H,,) implies (H,,4+1) with the same time 7" > 0, which will imply that there
exists a sequence of profiles (Uy)ren in C*°((—oo, T]; HT° (R4 x (R/© Z)V)) that satisfies (4.1)-(4.3), and
Uk|t<o = 0 for all k. We decompose the analysis in several steps, as in Section 2, assuming from now on
that (H,,) holds for some integer n € N.

Step 1: properties of F,, G, and definition of U}, (I — Pp) U ;.

From assumption (H,), the profiles Uy, . .., U, belong to C*((—o0, T]; H+*(R% x (R/© Z)™)), vanish
for t < 0, and their spectrum is a subset of ZJIV . The space of such functions is an algebra, and therefore,
we can verify from (4.2) and (4.7) that F}, belongs to C*°((—oo, T]; H***(RL x (R/© Z)N)), vanishes for
t < 0, and its spectrum is a subset of ZJZV . Consequently, ' belongs to the space of profiles P"¢ defined
in Lemma 4.1.

Our goal is to construct a profile U, ;1 that satisfies

(4.9) L(O9)Uns1+ F = 0.

We first observe that if a € Z" is a noncharacteristic mode, that is, o € Z" \ Zi!, and if moreover «
has one nonzero coordinate o, with m € O, then the a-Fourier coefficient of U,,+1 vanishes. This implies
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that any solution to (4.9) has its spectrum included in Z%. We thus define U2, := —L(9p) "' F2, so
Uy, belongs to P and vanishes for ¢ < 0.
For allm=1,..., N, we define (I P, )Z/{

n

% 1 as the unique mean zero solution to

In particular, we can write U, ; = o, 7y for m € O since F; has no outgoing mode. Due to the
compatibility condition (4.5) for m € Z, we have

Vm=1,...,N, L(dem) (I — Pp) s, UT, +F" =0,

which means that the components of U, 11 that we have already defined satisfy

N
£(25) (Z(I—P YUy + 3&) +F, =0,

m=1

because F), has zero mean value. It is clear that the nonpolarized components (I — P,,,) U,

belong to
n+1
C®((—o0,T); HY*(RL x (R/©Z)N)) and vanish for ¢ < 0, because the F™’s do so.

Step 2: U, +1 has no outgoing mode.
Let m € O. We focus on (4.1)(c) for k = n. Since F,, has no outgoing mode, the profile ,,;1 must
necessarily satisfy

Cr L(O) (J:Ln—l—l Tm) + Ly (M(Uo,Up 1) + M(Uny1,Up))™ = 0.

However, the leading profile I is given in (2.21), and since the only noncharacteristic modes of U,, 1 belong
to ZY, we observe that it is not possible to generate a 6,,,-mode in MUy, Up+1) nor in M(Up+1,Up). This
means that the amplitude o))", | satisfies the outgoing transport equation

m m
0oy 1 + Vi - Veop 1 =0,

and therefore vanishes.
Since the profile U, 11 has no outgoing mode, it reads

Unpr =Uni1 + D Py + Y (T = Po) Uiy + Uy
meZl mel

and it only remains to determine the mean value U, 11 and the polarized components P, U, 1, m € L.
Let us observe that such components have no influence on the fulfillment of (4.9), no matter how we
define them because they belong to the kernel of £(0p). Hence we shall no longer focus on (4.9), but
rather on the boundary conditions for U,,41 and the interior compatibility condition at the next order.

Step 3: determining U, 1.

Let us first derive the interior equation for U,;1. We introduce the notation P, U | = o} | 1y for
m € Z. We consider (4.1)(c) for k = n, and take its mean value on the torus, observing first that both

terms M (Up, U5 ) and M(UNS,,Up) have zero mean value. Hence we derive the equation

dé,,
o + 3 [ om0, S0 05 0450) )

dé,,
+ Z / ont109,,0m 5 0jom (dA;(0) - ) rm + Fp(t,xz) =0,

meZl
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where the source term F,, is defined by:

Fni=Fp + Z M(Uo, (I — Pr) Uy ) + Z M = P) Uy 1, Uo) -

meL me’L

We observe that each sum of integrals

© ©
dé,, dbp,
Om Op,, 001 —— + / on 1 0, Om ——
/(; +1 e} 0 +1 )

vanishes, and therefore U,, 11 must satisfy the system

LO)Upi1 = —Fn,
in (—o0,T] x R%. The source term JF,, belongs to C*°((—oo, T]; H+*°(R%)) and vanishes for ¢ < 0.
The boundary conditions for U, 41 are obtained by taking the mean value of (4.3)(b) if n = 0 or
(4.3)(c) for k=n—11if n > 1. In any case we find that U, 11|,,—0 must satisfy

Bun+1|md=0 + B (ugi1|xd:0,€1=---:91\z:90) + &(ty y) =0.

Since U} | has already been determined, we can apply the well-posedness result of [Cou05], supplemented
with the regularity result in [MS11], and construct a solution Uy,1 € C*°((—o0, T]; H+*°(R%)) to the above
equations (in the interior and on the boundary).

Step 4: determining P, U] ;. Part L.
We keep the notation P, U] | = o' 1 1y for m € Z. The evolution of 07", ; is obtained by imposing
the compatibility condition:

lon LO)U™, + Ly (M(uo,um) + M(un+1,u0)) = f,F™.
Keeping on the left hand side only what is still unknown, we end up with:

OOy 4 Vin - Vaoioy + em (0m Op,, o1 + o1 Db, Om)
U
=~ [F 4 L(0) (I = Pon) Ul + MU, 0 )

MO Ty (1= Pr) Uey) + MU = Pr) U, o) + (MU0, US) + MU o)) |

where the constant c,, is the one defined in (2.12). We have thus found that the o}, ;’s must satisfy
decoupled incoming transport equations in Ri x (R/©Z) with infinitely smooth coefficients and source
terms (all vanishing for ¢ < 0). The only task left is therefore to determine the trace of each o7, ;, m € Z,
on x5 =0.

We recall the decomposition (2.4) introduced in Section 2. We thus introduce a decomposition

(410) Z U:Ln—l—l(t? Y, 07 60) T'm = an+l(t7 Y, 60) e+ Z;[n+1(t7 Y, 90) )
meZl
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where a,,11 is an unknown scalar function (with zero mean value with respect to ), and U, takes its
values in E°(z, 7). Thanks to the compatibility condition (4.6), the function U, 11 is uniquely determined
by solving

Bl — 0y <Z B Ry, Fﬁ”\xﬁo,em:eo)

meZ
-B ((ﬁ(a@)—l Frrblc)’-’EdZ()ﬂl:---:GN:Go - (ﬁ(a@)—l FTILlC)’-’EdZ()ﬂl:---:GN:Go) + (Gn - %)(t Y, 60) = 07

where 89_0 1 denotes the inverse of 0, when restricted to zero mean value functions. We get Upyr €
C®((—o0, T]; HT® (R x (R/O Z))), and Uy 11|t<0 = 0.

Before going on, we observe that no matter how we define the scalar function a,,1, our definitions so
far of all components of U, 1 give the relation

(411) Bun+l’md:0,91=---=9]\r:90 + Gn = 07

which means that (4.3)(b) will be satisfied if n = 0, or (4.3)(c) will be satisfied for k =n —1if n > 1. At
this stage, it only remains to determine the scalar function a,1, and the trace of o))", ; on {z4 = 0} will
be obtained by computing

O-:Ln—l—l(tv Y, 07 90) T'm = an-i—l(t) Y, 90) em + Z;[n+1,m(t7 Y, 90) )
where Z/Yn+1,m stands for the component of Uy, 11 on 7, in the decomposition (2.1).

Step 5: determining P, U, ;. Part II. Evolution equation for a,1.

This step mimics the analysis in Section 2, and more specifically Steps 4 and 5 there. Let us assume
that U, +2 has no outgoing mode, which will be fully justified at the next order of the induction process.
The nonpolarized components of the corrector U] , are obtained by looking at (4.1)(c) for & = n. For
m € Z, we thus define (I — P,,) U, , as the solution to

n

(I = Pm) 99,, Uy 5 + Ry L(0) (01 Tm) + (Um 99,,0011 + T aGmUm) 9jom Bin (dA;(0) - 7m) Tm
= —Rp F' — Ry L(O)(I — Pr) Uy — M(Un41, 0 Tm)

- M(Jm Tm, (I - Pm)ug:bi-l) - M((I - Pm)ug:bi-lvam rm) - (M(Z/[(], 7?3—1) +M(u;zl-ci-l’u0)) >

where we should keep in mind that o7 ; is still not fully determined, but the right hand side of the
equality has already been constructed. Since the partial inverses R,, satisfy R,, A4(0) P,, = 0, the term
R, L(0)(o)" 1 ) only involves tangential differentiation with respect to the boundary {zy = 0}, so
we can take the trace of the latter equation on the boundary. We then substitute a,11(t,y,0m) €m +

Uns1,m(t,y,0m) for 0] 1|z,=0 rm. These operations yield

(412) B > (I - Pn) (99, U3 9)ley=0,6,—00
meZL

= —XLOpan+1 + (2U — Qd2b(0) . (6, 6)) ((1 860an+1 + apt1 690(1) + gl,n(t7 Y, 00) ’

with v and Xpop defined in (2.23), and g1, is explicitly computable from all previously determined
quantities.
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We now determine U}$, by using (4.1)(c) for k = n, computing the noncharacteristic components and
by taking the trace on x4 = 0. All these operations lead to the equation

L0 UsSlemo = = Y [M@Uo, Pullifn) + Ml Uo)]|  Laamo

me’l

-y [ (Uo, (I — Po)UM ) + M((I— P, )unﬂ,uo)}“c\xdzo

me’l

— | MU + M1 Uo)| a0 = B0 = LO) UsSalogo
We then use the decomposition:

PoU +1|md 0= an+1(t y,9 )em +Hn+1,m(tyyy9m)y

where Z/Yn+1,m has already been determined, and we thus obtain the expression:

(413) Z/[;Ll_ci_2|xd:0,91:...:9N:90 = IBgper(a, an—l—l) + 92.n
where
SR S
mi#mo kEZ
my,mo€L

Z (ukml Ukmz + ukmz ml) (kml d(pml + km2 d(pm2) (ka Em27m1) eQiﬂ k0/© ’

kml +k3m2 :k
kmy Fmg #0
the vectors E,, m, are defined in (2.25), and g, is explicitly computable from all previously determined
quantities.
We now consider (4.3)(c) for k = n, which we rewrite equivalently as

BUyiaeg=0 + B Y PonUyoles=0,6,=6,

meZL
+B Y (I = Po) Ul olwy=0,0,=00 + BURS 5ls,=0.6,=—b5 =6, + @.an11d*D(0) - (e, ¢)
meZL
(4.14) +d2b(0) - (ae Uni1 +Unr+ Y (T — Pn) U + ;}il) +G, =0.
meZL

We differentiate the latter equation with respect to 6y, apply the row vector b and use (4.12) and (4.13)
to derive the governing equation for a,y1:

(4.15) 2v (CL 590an+1 + api1 89()@) - XLopan—i-l + 890 Qper [aa an-i—l] + 890 Qper [an-i-la a] =0n,

where g,, incorporates all contributions from the source terms g1 5, g2, and the one obtained after differ-

entiating the last line of (4.14) and applying b. Moreover, Qper is the operator defined in (2.24).
Observe that the above governing equation (4.15) for a,i1 is a linearized version of (2.22). Well-

posedness for (4.15) follows from the same arguments as those we have used in Section 3, namely from
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Theorem 3.1 which shows that (4.15) is a transport equation for a,4; that is perturbed by a nonlocal
"zero order” term. We thus construct a solution a,11 € C®((—o0,T]; H¥*(R*! x (R/©7Z))) to (4.15)
that vanishes for ¢t < 0.

Step 6: conclusion.

We have now determined each component of U, 1, which gives a profile in C*°((—oo, T|; HT> (Ri X
(R/©Z)N)) with its spectrum in Z%. Moreover, Uy 11 vanishes for ¢ < 0, and it satisfies (4.9), (4.11). It
is also a simple exercise to verify that, if we define F,, ;1 according to (4.7), our construction of U, 1 gives
the compatibility conditions

VmeZl, lnF =0, and F,41=0,

which is nothing but (4.5) at the order n+ 1. Step 5 above also shows that, with G,,;1 defined as in (4.8),
we have the compatibility condition:

b ( — > BRu Flg=00m=00 — B 00, (L(00) ™ FpS 1) gm0 ==0=00) + JooGrs1 (£, Y, 90)) =0,
meZ

which is nothing but (4.6) at the order n+1. We have therefore proved that (H,1) holds, which completes
the induction.

4.3 Proof of Theorem 1.10

We now quickly complete the proof of Theorem 1.10. The analysis in Paragraph 4.2 shows that there
exists a sequence of profiles (Up)n>0 in C*°((—oo, T]; HY®(RY x (R/(©Z))Y)) that satisties the WKB
cascade (4.1), (4.3), and Uy, |t<o = 0 for all n € N. Moreover, each profile U, has its #-spectrum included
in Z]ZV . The uniqueness of such a sequence also follows from an induction argument, where we use
the regularity of each profile to justify all computations that we have made in order to construct the
U,’s (successive differentiations, identification of Fourier coefficients, substitution (61,...,0x) — 6y on
the boundary etc.). Uniqueness of the sequence (Uy,)n>0 then follows from the uniqueness of smooth
solutions to all amplitude equations we have had to solve: Equation (2.22) and its linearized version on
the boundary, Burgers equation (2.12) and its linearized version in the interior. All other operations, such
as the determination of the non-characteristic components, are of ”algebraic” type and obviously admit
a single smooth solution.

To complete the proof of Theorem 1.10, we thus only need to show that the approximate solutions
built from the sequence (Uy,)n>0 satisfy the error estimates claimed in Theorem 1.10. We thus consider

Ni1+N2 Q)(t x)
uPP NN (¢ ) = Z ey, <t7$7 67 > :
n=0

Let us first consider the boundary conditions in (1.1). Setting u?pp’Nl’N2|m =0 = €v:(t,y) for simplicity,

we compute

Ni+Na+1 ,,  Ni+N2

g
e I E D DRI DI ()R O

n=1 Vi n=0
eN1+Na+2

1
S N1+ Nat+1 N1+ No+2 ‘
+(N1—|—N2—|—1)!/0(1_s) e QMR T (e sv.) - (v, ..., ve) ds
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Collecting powers of ¢ and using the WKB cascade (4.3), we get

! t t
b ) =< [0 s dbest) - @) (10, 2 20 g,
0

lle :N2 :0, and

t
b(u?pmNth‘xd:O) _20 <t,y, ol ,y)>
€

(N1+N2+1)2 Ni1+N2+1

-y e Z% y dgb(O).(Z/{,,l,...,Z/{,,l)<t,y,0,7(’00(z’y),...,7(’00(75’31))

n=N1+Na+2 =1 ’ vi+-Frvp=n—~, <
VYyeens vp<Njp+Ng
ghitha+2 ! Ny+Na+1 N1+No+2
—|——/(1—8) ! 2 dmt 2 b(ESUg)'(Ug... Ug)ds
(N1 + N+ 1) Y ’
if Ny + Ny > 0.

Each profile U;, belongs to C*((—oo, T]; HT*°(R% x (R/(© Z))")) and vanishes for ¢ < 0, hence it also
belongs to L>®((—o0,T] x (R/(© Z))N; L2(R¥1)) N L>®((—00, T] x R x (R/(©Z))Y) when restricted
to the boundary {z4s = 0}. We thus have uniform bounds with respect to € of the type

Hdzb(O) : (Z/[Vl, cee 7UVZ)(t7 Yy, 0, (,DQ/E, cee 7(:00/5)|’L°°((—oo,T};L2(Rd*1)) < C,

and similarly for the above integral remainders in Taylor’s formula. When Nj + N» is positive, we thus
get
||b(u?pp,N1,N2 |90d=0) - 62 G(tv Y, (700/6)||L°°((—007T};L2(Rd*1)) < C€N1+N2+2 ,

and we can derive the exact same O(eV1+¥2+2) estimate for the L norm of the error at the boundary.

When differentiating with respect to y, each partial derivative gives rise to a factor 1/e, which yields

N1,N: N
[B(uPP N2 o) — €2 Gt ¥, 0/€) | oo (—oo ) V2 (1Y) < CeMH2
The case N; = Ny = 0 is similar, except that the error is as large as the source term £? G, which is not
so interesting from a practical point of view.
We leave to the interested reader the verification of the error estimate in the interior domain, which
involves a little more algebra but no additional technical difficulty.

4.4 Extension to hyperbolic systems with constant multiplicity

The extension of the derivation of the leading amplitude equation (2.22) to hyperbolic systems with
constant multiplicity is not entirely straightforward for two reasons, one related to the zero mean property
of Uy and the other to the solvability of the interior profile equations.

When we analyzed the WKB cascade (4.1), (4.3), the first point was to prove that the leading am-
plitude Uy necessarily has zero mean. This property does not extend obviously to the case of hyperbolic
systems with constant multiplicity (similar issues arise in [CGW11]). Let us recall that when the system
is hyperbolic with constant multiplicity, Lemma 2.1 and Lemma 2.2 hold. We then use the notation
introduced in Paragraph 2.1 for the projectors P, Q,, and the partial inverses R,,. The only difference
with the strictly hyperbolic framework is that we do not use the row vectors ¢, here. We now analyze
the equations (2.6), (2.8) in this more general framework.
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Equation (2.6)(a) shows that the leading profile Uy can be decomposed as

M
Up(t,,01,...,00) =Up(t, ) + > U (t2,0m),  Poldi® =Ug",
m=1
where each Uj" is ©-periodic and has zero mean with respect to 6,,. The mean value U, satisfies the
homogeneous boundary condition (2.11), and we are going to show that (2.10) still holds. Indeed, the
mean value U, satisfies
LO)Uy+ MUy, Up) =0,

which, in view of the decomposition of Uy and the definition (2.7) of M, can be first simplified into

M
L) Uy + > MU Ug") =0

m=1
We then compute
(4.16)

m m m m 1 m m
MU Ug") = Ojpm (AA;(0)-Ug") Do, U™ = Djoom & F5(0)- (U™, 00, UG™) = 5 050 Do, @ £5(0) - (Ug", Ug")
where we have used Assumption 1.2 and the symmetry of d?f;(0). Each M (U, U") therefore has mean
zero and U, satisfies both (2.10) and (2.11) as in the strictly hyperbolic case. The result of Step 1 in
Paragraph 2.2 thus extends to conservative hyperbolic systems with constant multiplicity.

We derive the interior equation for each UJ" by retaining only the 6,,-oscillations in (2.6)(b) and
applying the projector @,,. Using [CG10, Lemma 3.3] and the absence of resonances, we get

1
(4.17) (O +Vin - Vy) QumUy" + 92 aj@pm 08, Qm dzfj(o) : (uglvug)n) =0

Let us also recall that the restriction of @, to Im P,, is injective, so that @, " uniquely determines
U with U" = P, U, In spite of the symmetry of d?f(0), (4.17) is not obviously a symmetric hy-
perbolic problem for the unknown @,,Uy", so its solvability is not immediately obvious. We encoun-
tered a similar difficulty in [CGW11], and we resolve it here in a similar way using the expression
0jom (dA;(0) - UF™) Op,, UG for the nonlinear term and the following lemma.

Lemma 4.2. Let w € RN and write dp,, = (7, 0,Wn) = (=, (£),§), where A, (§) = Ak, (4, §)|u=0-
Then there holds
d
(4.18) Qm Zgj duA;(0) - w | P = (= dud, (0,€) - w) Qm P,
j=1
Proof. For u near 0 let P, (u) be the projector on

d
Ker | =g, (u,&) I Z ,

in the obvious decomposition of CV (that is the analogue of the first direct sum in (2.2) for u close to the
origin); thus the projector P, in Lemma 2.2 is P,, = P,,(0). Differentiate the equation

d
Ny (u, ) T Z Pp(u) =0,
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with respect to u in the direction w, evaluate at u = 0, and apply @,, on the left to obtain (4.18). O

Taking w = U} in (4.18) and using U = P, U]", we see that (4.17) is a symmetric hyperbolic system
(essentially scalar) for the unknown @, UJ", so it can be solved with appropriate boundary and initial
conditions just like the corresponding equations in the strictly hyperbolic case.

Equation (4.17) shows that all outgoing modes in Uy vanish, and there holds

(4.19) Uo(t,, 01, .., 00) = > U (L 2,0m), Pnldy" =U".
meZL

In particular, there exists a scalar function a that is ©-periodic with zero mean, such that
(4.20) VmeZI, Uy(ty,0,00) =al(t,y,00)emn, wheree, = P,e.

Our goal is to derive the amplitude equation that governs the evolution of a on the boundary.

At this stage, the analysis of Steps 3, 4, 5 in Paragraph 2.2 applies almost word for word, with obvious
modifications in order to take into account the possibly many incoming and outgoing phases. Namely, we
can show that the first corrector i has no outgoing mode. We can also determine the non-characteristic
component Up°|,,—o and the non-polarized components (I — P,) U["|5,=0 on the boundary in terms of
the amplitude a. We end up with the exact same equation as (2.22), with a real constant v and a vector
field X1,0p as in (2.23). The new expression of the bilinear operator Qper reads (compare with (2.24)):

(421) Qpela,al:=—>_ >

meO mi<mz
my,mo€L

Z Z k‘ml bB Ad(o)_l Qm Eml,mQ +km2 QBAd(O)_l Qm Emz,m1 ~ e2i7rk00/@

Qg ko
kml (gml - (L)m) + km2 (gmz - (L)m) " "2

k€Z | kmy+hmg=k,
kmyq kmg#0

with vectors E,, m, as in (2.25).

The analysis of the WKB cascade (4.1), (4.3) proceeds as before, taking into account that incoming
amplitudes Z/{]m are propagated in the interior domain by vector-valued Burgers type equations (4.17) and
appropriate linearizations at U{", which can be solved using Lemma 4.2.
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Part 11
Pulses

5 Construction of approximate solutions

We follow the approach of Section 2 and first deal with strictly hyperbolic systems of three equations.
We keep the notation of Paragraph 2.2, and make Assumption 2.3. Let us now derive the WKB cascade
for pulse-like solutions to (1.1). The solution w. to (1.1) is assumed to have an asymptotic expansion of
the form

t, x
(5.1) Ue ~ € Zekuk <t,x, (’00(6 y) , —d> :

€

We use the notation 0y as a placeholder for the fast variable ¢g/e, and &; for z4/c. Plugging the ansatz
(5.1) in (1.1) and identifying powers of £, we obtain the following first three relations for the Uy’s (observe
the slight differences with Paragraph 2.2, though we keep the same notation):

(a) 5(89078&1)2/{0 =0,
(5.2) (b) ,C(ago,agd)ul + L(E?) Uy + M(UQ,U()) =0,
(c) L(Ogy,0¢,) Uz + L(O) Uy + M(Uo,Ur) + MU, Uy) + N1 (U, Uy) + Nao(Uo, Uy, Uy) =0,

where the differential operators £, M, N1, N3 are now defined by:

E(aeov afd) = Aq(0) (8€d + i A(T, ﬂ) 860) )
M(v,w) := 0jpg (dA;(0) - v) Ogyw + (dAg(0) - v) O, w,
(5:3) Ni(v,w) = (dA;(0) - v) dyw |

No(v,v,w) = % 00 (2A4;(0) - (v, 0)) Dy w + % (A44(0) - (v, 0)) B, w.

The equations (5.2) in the domain (—oo, T'] xRi xRp, XRE; are supplemented with the boundary conditions
obtained by plugging (5.1) in the boundary conditions of (1.1), which yields (recall B = db(0)):

(a) BUy=0,

(5.4) 1 5
(b) BlU + 5 d b(O) . (Z/{O,Z/[()) = G(t,y,eo) ,

where functions on the left hand side of (5.4) are evaluated at x4 = £; = 0. In order to get uc|¢<o = 0, as
required in (1.1), we also look for profiles U}, that vanish for ¢ < 0.

The construction of profiles in the wavetrain setting was accomplished by first assuming that solutions
exist within the class of periodic functions of #, and then using that assumption to actually construct
periodic solutions. The construction of profiles in the pulse setting has the difficulty that it is not so
clear at first in what function space(s) solutions should be sought. Construction of each successive pulse
corrector involves an additional integration over a noncompact set. Thus, each corrector U; is “worse”
than the previous one U/;_1, and successive correctors must be sought in successively larger spaces. In
fact we will find that correctors beyond Us are useless; they grow at least linearly in (6p, &y), and are thus
too large to be considered correctors.
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We now define spaces Vrp C Vg C Cl}, where Cl} is the space of C! functions K (t,z,60p,&z), valued in
R3, and bounded with their first-order derivatives. The variables (¢,z) lie in (—oo, 7] x R% while the
variables (6p,&4) lie in R x RT. In the subsequent discussion we will assume Uy € Vg, Uy € Vy, and
Uy € C} are solutions to (5.2), (5.4), and then construct profiles with those properties.

Definition 5.1. (a) Let Vg denote the space of functions

3
F(t7x7907£d) = Z Fi(t7$7 907£d) Ad(o) Ti,
i=1

where each function F; is a finite sum of real-valued functions of the form

f(t7$790 + Wi Sd) ) f(taxa 90 +QZ gd) g(t7x700 +gm Sd) )

5.5
(5:5) and ft,w,00 +w,&a) g(t, x, 00 +w, &a) M, 2,00 + w,. §a) ,

where the indices k¢, ... ,r lie in {1,2,3}.8 The functions f(t,z,0), g(t,x,0), etc., in (5.5) are C* and
decay with their first-order partials at the rate O((0)~2) uniformly with respect to (t,z). We refer to these
functions as the “constituent functions” of F' € Vp.

(b) Define a transversal interaction integral to be a function I g’m(t,x,ﬁo,ﬁd) of the form

(56) Ié7m(t7$7007£d) = _/ O-(t7x790 + w; £d+ (QZ _Qz) 8) T(t7$700 + w; £d+ (Qm _gz) S) dS,
&d
where w,, w,,, and w; are mutually distinct. The functions o(t,z,0), 7(t,z,0) are real-valued, C' and
decay with their first-order partials at the rate O((0)~3) uniformly with respect to (t,z).
(¢) Let Vg denote the space of functions

3
H(tv z, 007 gd) = Z Hl(t7 z, 907 gd) Ad(o) iy
i=1

where each H; is the sum of an element of Vg plus a finite sum of terms of the form
(57) Ié,m(twrue(hgd) or (t x 00 +wk gd) pq(t x 007§d)

where Ié"m and Jy, are transversal interaction integrals and the indices i,l,...,q lie in {1,2,3}. The
function a(t,x,0) is real-valued, C' and decays with its first-order partials at the rate O((0)~3) uniformly
with respect to (t,x).

(d) For H € Vg we can write H = Hp + Hy, where Hp € Vp and H; ¢ Vr has components in the
span of terms of the form (5.7). The “constituent functions” of H include those of Hp as well as the
functions like o, o, T as in (5.6), (5.7) which constitute Hy.

Remark 5.2. The same spaces of functions Vr and Vg are obtained if one begins by writing

F(t,z,00,60) = > Fi(t,x,00,&a)ri, H(t,x,00,60) =Y  Hit,x,00,E4) 7,

IIMw
IIMw

and imposes the conditions in (a) (resp. (c)) on the F; (resp. H;).

8Elements of Vr with terms involving no triple products were called functions of type F in [CW13, CW14].
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5.1 Averaging and solution operators

To construct the profiles Uy, U1,Us, we must solve equations of the form L£(0p,,0¢,)U = H, see (5.2),
where H lies in Vg and sometimes in Vg. In this section we define averaging operators Ep and Eg and a
solution operator R, (involving integration on a noncompact set) that provide a systematic way to study
such equations. Henceforth we write £ := £(0p,, 0¢,). The following simple lemma implies the existence
of most of the limits and integrals that appear below.

Lemma 5.3. Let o(t,x,0), 7(t,z,0) be continuous functions such that
o (t,2,0)| + |7(t,z,0)| < C )V,

for some N > 2, uniformly with respect to (t,xz). Let i,0,m,q lie in {1,2,3} and suppose i,{,m are
mutually distinct. Then the following estimates hold true uniformly with respect to all parameters:

+oo
(a) / ot 2,00 + w; €0 + (g — wi) )| ds S 1,
&a

+oo
(b) / ’U(t7x760 + w; Sd + (QZ - Qi) S) T(tvxv bo T+ Ww; Sd + (ﬂm - Qz’) 3)‘ ds S <§d>_N+1 )
&d

400 p400
(C) fOT’N23,/£ / ‘U(tVTaHO +gq§d+((ﬁi_(L)q)s—i_(gﬁ_gi)r)'
d s
T(tv‘/Ev 00 +£q é.d + (gz - gq) 5+ (gm - gz) T)| drds S <£d>_N+2 .

Proof. Part (a) is immediate. To prove (b), we use the Peetre inequality:

—+00
/ o6, 00 + i €4+ (s — i) ) 7(E B + ;s €0 + (s — ;) 3)] ds

&a
“+o00

“+oo
</ (B0 + w; &a + (wy — w;) )N <90+%§d+(gm—gi)8>‘Nd8§/ (wy— wp) 8) Vs,

- &d €a
and the result follows (recall {; > 0). Part (c) is also proved by using the Peetre inequality:

400 p4o0
/5 / |o(t, 2,00 + wy ba + (w; — wy) s + (W — w;)
d

S

r)
+oo p+oo
(b, 2,00 + wy Ca + (w; — wy) s + (W, —w;) )| drds S / / (wp — @) )" Ndrds < (&)~
&a

s

O

The definition of Vg and Lemma 5.3 imply that the limits and integrals in the next definition are well-
defined.

Definition 5.4 (Ep, Eg, Rx). For H € Vg, define averaging operators

1T
EqgH(t,x,00,) :=Z<Tlgngof/0 - H(t,z,00 + w, (éd—s),s)ds> Aq(0) 7y,

3 T
1
Ep H(t,x,00,60) =Y ( lim o [l Aa(0) H(t, 2,00 +w; (€0 — ), 5) ds) -

T—o00 0
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For H € Vg such that Eg H = 0, define the solution operator

3 00
R H(tx@o,fd Z</ g"H(t,x,HO‘FQj(gd—S),S)dS) rj.

7j=1
Remark 5.5. (a) Suppose F' € Vp reads

3

F(t7x7007§d) = Zﬂ(tuxue(hgd) Ad(O) i,

i=1

where each F; has the form

3
Fy(t,x,00,&0) = > aj, filt,z,00 + wy, &) + Z by 94 (t, T, 00 + wy €a) hap (2, 00 + w,, Ea),
k=1 fm=1

Then
3

EqF =Y (aiﬁ Fit 2,00 + w; £a) + bi i g5 (8, 2, 00 + w; €a) hi(t, 2, 00 + w; éd)) Aq(0) ;-
i=1
The obvious analogues hold when F' € Vp involves triple products, or when Ep is used in place of Eg.
(b) Let H € Vi and write H = Hp + Hy, where Hp € Vi and Hr ¢ Vg as in Definition 5.1(d). Then
Lemma 5.3 implies Eqg Hy = Ep Hr = 0.

The following Proposition gives the main properties of the operators Ep, Eg, R

Proposition 5.6. Suppose H € Vi and recall the notation L = L(0p,,0¢,). Then there holds:
(o) ELH =LEpH =0.
(b) If Eq H =0, then Rs H is bounded and LR« H = H = (I — Eg) H.
(¢) If EpH =0 ,then R(w LH=H = (I — Ep) H.

Proof. (a) LEp H = 0 follows directly from Remark 5.5 (a),(b). To show Eg LH = 0, we write H =
25’:1 H,; r;, and note that
L (HZ 7‘1’) = (agd —Ww; 890) HZ' Ad(O) ;-

Thus, the integrals fOT in the definition of Eg L H can be evaluated and are uniformly bounded with
respect to 1. After dividing by T, the limit as T" goes to infinity vanishes.

(b) Boundedness of Ro.H follows from Lemma 5.3. Writing H = Z‘?:l H; A4(0) r;, a direct computa-
tion using L(dy;)r; =0 shows LR H = H.

(c) With 3 = (z,n), define A(3) by L(dyy) = A(B) + wy, A4(0), and observe that

(5.8) U A(B) 1) = —wp Ok -

Writing H = 22:1 H ;r; and using (5.8), a direct computation yields

3 400
RooﬁH:—Z</ (8&1 wago) (ta:90+w (qa—9),s > ZH T,
j=1 \&
since limM_>+ooH (t,z, o +w; (§a — M), M) =0 when Ep H = 0. O
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The next proposition, which extends [CW13, Proposition 1.22], is used repeatedly in constructing U,
U1 and U hereafter.

Proposition 5.7. Suppose H € V.
(a) The equation LU = H has a bounded C* solution if and only if Eg H = 0.°
(b) When Eg H =0, every bounded C' solution to the equation LU = H has the form

NE

U= Tm(t,x, 00 + w,, &a) Tm + RooH .

m=1
(c) When H € Vp satisfies Eg H = 0, solutions to LU = H satisfy

3
EpU =Y Tmlt,2,00 +w, &) rm, (I—Ep)U =RoH.

m=1

Proof. (a) The direction < is given by Proposition 5.6(b). (=) Suppose there is a bounded C! solution to
LU = H, and write H = Hp + H; as in Remark 5.5(b). Since Eg Hy = 0, there is a bounded C! solution
to LU = Hj, so we conclude there is a bounded C! solution to LU = Hp, and similarly to LU = EgHFp.
From the explicit form of Eg Hp given in Remark 5.5(a), we see that there is no bounded C! solution of
LU = EgHp if Eg Hp # 0 (for otherwise solutions display a linear growth with respect to &;). Thus
Eg Hp = 0 and hence Eg H = 0.

(b) By Proposition 5.6(b), Ry H is a bounded C! solution of LU = H; moreover, the general C!
solution of LU = 0 has the form mezl Tm(t,x, 00 + w,,, Ea) Tm.-

(c) Lemma 5.3 implies Ep Roo H =0 when H € Vp and Eg H = 0. [l

5.2 Profile construction and proof of Theorem 1.11

For Qp := (—00,T] x R% x Ry, we define the weighted Sobolev spaces:
r5(Qp) = {u € L*(Qr) : 090, jue L) ifa+ |8l < k;} .
This is a Hilbert space for the norm

||uH12"k(QT) = Z ||9a85x79u”%2(9r;)7
a+|B|<k

and I'*(Qr) is an algebra for k > (d +2)/2. For L € N, when k > % + L + 1, elements of T'*(Qr) are
C' and decay with their first-order partials at the rate (§)~% uniformly with respect to (¢, ).

Definition 5.8. (a) Suppose k > % + 3. Let V}? C Vr be the subspace consisting of elements whose
constituent functions lie in T*(Qr).

(b) Suppose k > % + 4. Let VI’fI C Vg be the subspace consisting of elements whose constituent
functions lie in T*(Qr).

9The proof actually shows that £U = H has a C* solution that is sublinear with respect to &, if and only if Eg H = 0.
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For Ky > 8 + di22, we assume now that the equations (5.2), (5.4) have solutions Uy € Vg, Uy € Vg,
Uy € Cl} such that

(5.9)
3

(a) Uy € Vlffo , Uy = Eply = Z om(t,z,00 +w,, £4) Tm , Where o, (t,z) := / Om(t,x,0p,)d0, =0,
R

m=1

(b) Eplh GVFO -3 and (I Ep)ul GVKO 2,
and then construct solutions with those properties.
Step 1: the leading profile Uy has no outgoing component.

This step justifies one of the causality arguments used in [MR83]. Equation 5.2(a) and Proposition
5.7(b) imply that the expression of Uy reduces to:

3
Uy t x 907&1 = Zam t x760 +Qm§d)rm
m=1

for functions o,, to be determined. The last variable of o, is denoted 6,,, in what follows.
Since U is a bounded solution to LUy = Fy, where Fy = —L(0)Uy — M (Uy,Up) € V}{fo—l, Proposition
5.7(a) implies Eg Fy = 0; that is,

aj(-;pm lm (dAJ(O) ) Tm) T'm

(5.10) OtOm + Vi - Vaom + e om 0p,,0m =0, m=1,23, ¢ :=
Uy T,

Since ¢ is outgoing, this implies o9 = 0, and the boundary condition (5.4)(a) gives, as in Paragraph 2.2,
the existence of a scalar function a such that

(511) O-l(tvyv())e(])rl = a(t7y790) €1, 0-3(t7y70700)r3 = a(t7y790) €3

Step 2: showing (I — Ep)U; € V§°_2.
At this stage, we know that the leading profile U reads

(5.12) Uo(t, x,00,8a) = o1(t, @, 00 + w1 &a) 71 + 03(t, .00 + w3 §a) T3,
where 01,03 satisfy (5.10) and their traces satisfy (5.11). We thus compute
(5.13) Fo=—L(0) (0171 4+ 0373) — 01 09,01 R1,1 — 03 0p,03 R33 — 030,01 R1.3 — 01 0p,03 R3 1,
with
Vmi,mo =1,3, Ruyyme = 0jom, (AA;(0) - 7my) Ty

and the functions (o1, 0p,01), resp. (03,0g,03), in (5.13) are evaluated at (¢, z, 0y + w; £4), resp. (t,z, 00+
w3 &q). By Proposition 5.7(b), we have

3
Z (t, 2,00 + Wy, Ea) Tm + Roo Fo
= , -
(I_EP)UI :Roo]:O = - Z </ Fm(tyxye(] +ﬂm(£d_8)78)d8> Tm -
m=1 €a
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Since we have Eg Fy = 0, the latter integrand F,,(t,z, 0y + w,, (£4 — s), s) reads

Z Vit ow(t,z, 00 + w,, a + (W, — w,,) $)+

k#m
> on(t,x, 00 + wy, Sa+ (W — W) 8) T, Ok (t, 2, 00 + W,y Ea + (Wi — wp,) 8)+
k#m
(5.14) S dm ot 00 + wy, £a) B,00(t, %, 00 + Wy, Ea + (g — ) 8)+
l#m
Z dZLm Uf(t7 x, 60 + W gd + (QZ - (L)m) 3) 89mam(t7 x, 90 + Wi Sd)—i_
l#m
S dpout, w00+ wy Sa+ (wp — wp,) 5) O, ok (t, 2,00 + W, Sa+ (Wh — W) 5)
Uk (Em, k#m

where the ¢, di’, are real constants, and V™ is the tangential vector field given by
Vkm O = fm L(a) (akrk) .

After integrating with respect to s on [£4, +00] the second and third lines of (5.14), constituent functions
in V;,( Y are obtained. The first and fourth lines can be integrated using the moment zero property of the
om’s to yield constituent functions in V§°_2 and V{f‘)_l respectively.!? The integral of the fifth line is a

linear combination of transversal interaction integrals with constituent functions in fo -1,

Step 3: equations for EpU;.
Since Uy € Cg is a solution to LUy = F7, where

(5.15) Fii= = [ L(O)Uh + M(Uo,Un) + M(Uh Uo) + N (Uo,Uo) + No U, Uy, Up) | € V™,

Proposition 5.7(a) implies Eg F; = 0. We rewrite this and include the boundary condition on U; to
obtain

(a) EQ [L(a) EplU; + M(UO,EP Z/[l) + M(Ep Z/[l,Z/[(])] =
(5.16) — Lq {L(a) (I — Ep)Ur + M(Uo, (I — Ep)Ur) + M((I — Ep) Uy, Up) + N +N2] ,
(b) BEpU; = G — %d2b(0) (Uo,Uy) — B(I —Ep)Uy, onmzg=E=0.

Letting V' := (I — Ep)U; (which has been constructed from Uy in Step 2 above), and decomposing
V = Vg + V7 as in Definition 5.1(d), we can use Lemma 5.3(c) to see that

Eq [L(9) Vi + M(Uo, Vi) + M(Vi,Uo)| = 0.
Thus, (5.16)(a) simplifies to
(5.17) EQ |:L((9) EplU + M(U(),Epul) + M(Ep Ul,UQ)]
- B, [L(a) Vi + M(Uo, V) + M(Vie,U) + N1 + Ny | € Vo3,

OWithout this moment zero property, these integrals and thus ¢ would be no better than bounded; consequently, U
would be unbounded.
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The components of EpU; will be determined from equations (5.17) and (5.16)(b).

Step 4: determining the component of EpU; on rs.

We now show 75 = 0, thereby justifying another causality argument in [MR83]. Since U is ”purely
incoming” (no (fp + wy &g)-dependence), using Remark 5.5(a), we see that the component on 7o of the
right side of (5.17) is zero. This is rather clear for the terms Eg (N7 4+ N2), because N7 + N3 is a linear
combination of terms of the form

fl(t7$700+£1£d)7 f3(t7$700 +£3£d)7 g(t7x790 +£1£d)h(t,$,90 +£3£d>7

and it is also true for the terms arising in Eg [L(0) Vi + M(Uy, Vi) + M(VEr,Up)] after examining the
form of Vi = (Roo Fo)F-

Similarly, the component on 7o of Eg [M(Uy, EpU;) + M(EpU;1,Up)] is zero, whatever the value of
the constituent functions 7, in EpU; (which remains to be determined). This forces the function 75 in
the decomposition of EpU; to satisfy the homogeneous transport equation

(8t +V2-Vx)7'2 =0,
Since @9 is an outgoing phase, m is identically zero.

Remark 5.9. The justification of 7o = 0 relies on the assumption that (5.2) (¢) admits a bounded solution
Us. Boundedness of Us makes the expression €3 Us meaningful as a corrector to the approrimate solution
eUy + 2 Uy. However, we shall see in Appendiz B that assuming boundedness of Us has a major conse-
quence on the leading order profile Uy. In particular, the governing equation (5.19) below for the evolution
of a on the boundary will not coincide with the equation obtained by considering (2.19) in Part I in the
regime © — +00.

Step 5: the Mach stem equation for a.
From the previous step of the analysis, the trace of the first corrector U satisfies

“+oo
ul(t7y7070070) =*T _/ €2f0(t7y70700 — Wy XyX) dXT2 +x7rs,
0

where x denotes a coefficient whose expression is not useful for what follows, and Fj is given by (5.13).
Plugging the latter expression in (5.4)(b) and applying the row vector b, we get

+oo 1
(5.18) —QBTQ/ ngo(t,y,O,HO—ng,X)dX—i—ideb(O).(e,e)a2:QG7
0

which is the solvability condition for EpU|;,—¢,—0 in (5.16). It remains to differentiate (5.18) with
respect to 6y and to identify the first term on the left hand side of (5.18). More precisely, we compute

Uy Fo(t,y,0,00,&1) = — lo Lian(0) (a(t,y, 00 + w; &a) er + alt,y, 0o + w3 &a) €3)
1 1
~3 U By 1 9gy(a®) (2, y, 00 + wy &a) — 3 ly B33 09, (a®)(t,y, 00 + ws £4)

— Uy Ey 3(0g,a)(t,y, 00 + wy &a) alt,y, 0o + ws &a)
- £2 E3,1 (I(t, Y, 00 + Wy gd) (aeoa)(tv Y, 00 + Ws gd) 5
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with E171,E3’3,E1’3,E3’1 as in (225), and
d—1
Lian(0) = 0y + Y A;(0)0; .
Jj=1

Using the expression of the matrices R;, Rs in Paragraph 2.1, we thus find that (5.18) reduces to
(5.19) v Op, (a2) — Xvop@ + 09, Qpuia, a] = b0y, G,

with v as in (2.16), XLop as in (2.17), and!!

+oo
(5.20) qul[a,'d](eo) = (QBTQ) 12 E173 / 89()&(90 + (gl - gz) X) 5(90 + (gg - QQ) X) dX
0
+oo
FOBr) BB [ alb+ () - w) X) 900 + (5~ wy) X) X
0
Step 6: completing the construction of Uy, Uy, Us.

It is proved in Corollary 6.5 of Section 6 that, with Ky, K1 € N and G as in Theorem 1.11, there exists
T > 0 and a unique solution

a € Ny C((—oo, T TR 1 HRY )

to (5.19), (5.20). From (5.11), this determines the boundary data of o1, o3. Corollary 6.6 of section 6
yields 01,03 € T'50(Qr) satisfying 5.10 (up to restricting the time 7' > 0). Moreover, a and thus o1, 03
are shown there to have moment zero. That completes the construction of Uy with the properties in (5.9).

Assuming these results for now, we complete the construction of U; and Us. With Uy determined,
(I —Ep)U € Vgo_z is now constructed as in Step 2. To determine EplU; we return to (5.17) and
(5.16)(b), noting that the right side of (5.17) is now determined. Writing (I — Ep)U; = Vp+ V] as before,
we have'? Vp|, J=£,=0 € I'%0=3 and the same holds for the trace of V; as a consequence of Corollary
6.3. The right hand side of (5.16)(b) satisfies the required solvability condition, so (5.16)(b) uniquely
determines the trace EpUi|,,—¢,—0 € T073 taking its value in E*(z,7); recall (2.4). Equations (5.17)
and (5.16)(b) determine decoupled transport equations for the components 11, 73 of Ep Uy, and we obtain
T1,7T3 € I'50=3 and hence Epl € Vgo_s.

The profile U, satisfies LUy = F1, where F; as in (5.15) satisfies Eg F; = 0. Thus, Proposition 5.7
yields a solution Uy = Ry F1 € Cl}.

Apart from the results proved in section 6 that were used in this step, this completes the proof of
Theorem 1.11 in the 3 x 3 strictly hyperbolic case. The profile Uy satisfies (5.2)(a), (5.4)(a), and the
correctors Uy, Us satisty (5.2)(b), (c) and (5.4)(b).

6 Analysis of the amplitude equation

6.1 Preliminary reductions

Our goal in this section is to prove a well-posedness result for the “Mach stem equation” (5.19). We
focus on the case of 3 x 3 strictly hyperbolic systems, and leave the minor modifications for the extension

"The variables (t,%) enter as parameters in the definition of Qpu so we omit them.
12VWe use self-explanatory notation here.
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to N x N systems to the interested reader (see Paragraph 6.5 for the derivation of the corresponding
amplitude equation). Up to dividing by nonzero constants, and using the shorter notation 6 instead of
0o, Equation (5.19) takes the form

(6.1) Ora+w - Vya+ cadpa+ 0pQpula,al =g,

with w € R4, ¢ € R, and the quadratic operator Qpu is defined by

+oo
Qoulla,@l(0) = 1 /O Dpal0 + (w, — ws) X) a(0 + (w3 — wy) X)X
+00
+,u3/0 a(f + (w; —wy) X) Opa(d + (ws —wy) X)dX,

where (1, 3 € R and the w,,’s are pairwise distinct. The latter operator only acts on the §-variable, and
(t,y) only enter as parameters, which we do not write for simplicity.

We first reduce the expression of Q1 by recalling that w;,ws are the two incoming modes while w, is
the outgoing mode. There is no loss of generality in assuming ws > w;. Then we define the two nonzero
parameters

Wy — Wy W3 — Wo

01 := 03 :=

23—217 23—&)17

that satisfy d3 = 1 + ;. Changing variables in the expression of @, and redefining the constants 1 3,
we obtain

“+oo —+00
Qpulla, a)(0) = / Apa(f + 61 X) a0 + 63 X) dX + 3 / a(f + 6, X) dga(0 + 65 X) dX .
0 0

For later use, we define the following bilinear operator F, acting on functions that depend on the
variable # € R (whenever the formula below makes sense):

+oo
(6.2) Fou(u, ) (6) = /O w(0+ 61 X) (0 + 63 X) dX .

The operator I, satisfies the properties:

(6.3) (Differentiation)  Og(Fpu(u,v)) = Fpu(Ogu, v) + Fpu(u, 0pv) ,
(6.4) (Integration by parts) Fpu(u,0pv) = —(% uv — % Fou(Opu,v) .
3 3

Using the properties (6.3), (6.4), we can rewrite Equation (6.1) as
(6.5) Ora+w - Vya+ cadpa+ pFpu(0pa, 0pa) =g,

with suitable constants that are denoted ¢ and p for simplicity and whose exact expression is useless. Our
goal is to solve Equation (6.5) by a standard fixed point argument. The main ingredient in the proof is
to show that the nonlinear term Fyu1(dpa, 0pa) acts as a semilinear term in a suitable scale of Sobolev
regularity.
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6.2 Boundedness of the bilinear operator F,

The operator F,,; is not symmetric but changing the roles of d; and d3, the roles of the first and second
argument of Fp;;; in the estimates below can be exchanged. This will be used in several places.
Let us first recall the definition of weighted Sobolev spaces:

Tk (RY) = {u e L*(RI x R) : 6°0° jue L*(RY) ifa+ |8 < k;} .
This is a Hilbert space for the norm

lulPeceay = D 16% 0, guliaga)-
a+|BI<k

Following the same integration by parts arguments as in [CW13, Proposition 3.3], there holds

Lemma 6.1. For all integer k, the space TF(RY) coincides with

{u € HYRS x Ry) : 0Fu e L2(Rd)} ,

and the norm of T*(RY) is equivalent to the norm
k
0% ull 2 (ray + llull e (e -

Our main boundedness result for the operator Fp, reads as follows.

Proposition 6.2. Let ko denote the smallest integer satisfying ko > (d+1)/2. Then for all k > 2ky+ 1,
there exists a constant Cj, satisfying

(6.6) Vu,v € TERY),  |[Fou(@pu, 99v)llrsmay < O llullre @a) 10llr ga) -

The estimate (6.6) of Proposition 6.2 is not tame, but it will be sufficient for our purpose since we
shall only construct finitely many terms in the WKB expansion of the solution u. to (1.1) (opposite to
what we did in Part I where we constructed approximate solutions of arbitrarily high order).

Proof. Let us first observe that when u,v belong to the Schwartz space S(R?), Fou(u,v) also belongs
to S(RY). By a density/continuity argument, we are thus reduced to proving the estimate (6.6) for
u,v € S(R?). The decay and regularity of u,v will justify all the manipulations below.

1) We start with the basic L? estimate of the function Fpu(u,v). Using Cauchy-Schwartz inequality,
we have

+00 2
‘/ u(y,9+51X)v(y,9+53X)dX‘
0
400 +o0
< [0+ 8 XX [ a6+ 6 0] o6+ 83 X) P dX
0 0

1
S—W | /!u(y,H’)!CW/IU(y,9+51X)\\v(y,9+53X)\2dX-
11 JR R
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Integrating with respect to (y, ), and changing variables (use d3 — d; = 1), we get

1 2
Fput (s )12 gy < 7= /IU(%@)\OW /!’U(yﬁ)!zde dy
61] Jra—1 \Jr R

<o [ (Laseruwora) ([1vm.opa) a
’(51‘ Rd—1 R R
T

< — sup /(1+92) |u(y,9)|2d9 ||U||i2(Rd)'
o\,

Since kg — 1 > (d — 1)/2, we have
upolP<c Y [ jogutw.o)Pdy.
o <ko—1 "7 R
by Sobolev’s inequality, and we thus get (with a possibly larger constant C')
(6.7) [Fpu (v, 0)l| L2 ey < C llullpro may V]| L2 (ra) -

The ”symmetric” inequality

(6.8) [IFpur(w, v)[| 22ray < C l|ull 2 ay [[0]lpro may »

is obtained by exchanging the roles of §; and d3 as explained earlier.
2) Let us now estimate the H k_norm of Fpu(Opu, Ogv) with k > 2ky 4+ 1. We first apply the estimate
(6.7) for the L2-norm:

IFpu(Fgu, 9pv)|| L2 ray < C l|ullprot1gay [|V]| g1 rey < C llullpe ray |v][rk ray -

Using Plancherel’s Theorem, it is sufficient to estimate the k-th derivatives of Fpu1(0pu, 9pv) in order to
estimate all derivatives of order less than k. Let us therefore consider a multiinteger « of length &, and
apply the Leibniz formula (this is justified because the differentiation formula (6.3) holds not only for the
O-derivative but also for the y-derivatives):

(6.9) 0% Foui(Dpu, 0pv) = Y * Fpu(0” dgu, 0~ dgv) ,

BLa

where % denotes harmless numerical coefficients, and 9°%,9%# stand for possibly mixed y, # derivatives.
We begin with the extreme terms in (6.9). If |5| = 0, we need to estimate the term Fpy(9pu, 0% Ogv)
which, using (6.4), we write as

1
—— Opu 0%v — ﬁ Fpul(aggu, 0%v).
3 3

We get the estimate
| pu1 (Dpu, 0% aGU)HLZ(Rd) <C HaQUHLOO(Rd) HUHHk(Rd) +C Hu||1“k0+2(Rd) HUHHk(Rd) )

where we have used (6.7). Since k > d/2 + 1 (this follows from the assumption k& > 2k + 1), we can
apply Sobolev’s inequality and get

[Fput(Opu, 0% Opv) || L2 (ray < C' [|ullprmay [Vl pe may -
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The second extreme term Fp, (0% Ogu, 0pv) is dealt with in the same way.
Using the assumption k > 2 kg + 1, we verify that for § < «, and 8 # 0, 8 # «, one of the following
two properties is satisfied

(I8/=1 and 1+4[B]<k—ko) or (jo|—[B]=1 and [B]=ko+1).
In the first case, we use (6.7) and get
[F o1 (0° Bgu, 0 V)| L2ray < C 167 o[ pro (ra) [Cams vl L2 may < C ||ullprgay [|v]lor @ay »

and the second case is dealt with in a symmetric way (using (6.8) rather than (6.7)).
3) It remains to estimate the L?-norm of §* Fou(Ogu, Ogv). We write (use 63 — 01 = 1 again)

9:53(9+518)—51(9+538),

which gives

o

(6.10) Hk Fpul(agu, 6911) = Z* Fpul(ej Oy, Hk_j 8911) ,

=0

with, again, harmless binomial coefficients that are denoted by . Let us first consider the extreme terms
in the latter sum and focus on Fpy1(9pu, ok Opv). We write

0% dgv = 9p(0*v) — k6~ Lo,

and use the property (6.4) to get

1 0 _
Fou(Ogu, ok Opv) = —5—3 Opuu (Hk v) — 5—; Fpul(aggu, gk v) — kEFpu(0pu, gr—1 v) .

The L?-estimate follows from (6.7) and from the Sobolev imbedding Theorem:
HFpul(aGU,@k an)HL?(Rd) <C HUHN(Rd) HUHFk(Rd) .

The estimate for Fpul(ﬁk Opu, Ogv) is similar.

For 1 < j <k —1, we observe again that there holds either j < k —ky — 1 or j > ko + 1, so that we
can directly estimate all intermediate terms in the sum (6.10) by applying either (6.7) or (6.8). The proof
of Proposition 6.2 is now complete. O

As an immediate corollary of the proof we have:

Corollary 6.3. Let ko denote the smallest integer satisfying ko > (d+ 1)/2. Then for all k > 2 kg, there
exists a constant Cy satisfying

Vu,0 € TFRY),  [[Fpu(u, v)llprray < Ch l[ullpeay [0llpe ga) -
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6.3 The iteration scheme

In view of the boundedness property proved in Proposition 6.2, Equation (6.5) is a semilinear perturbation
of the Burgers equation (the transport term w - V,, is harmless), and it is absolutely not surprising that
we can solve (6.5) by using the standard energy method on a fixed point iteration. This well-posedness
result can be summarized in the following Theorem.

Theorem 6.4. Let kg be defined as in Proposition 6.2, and let k > 2ky + 1. Then for all R > 0, there
exists a time T(k,R) > 0 such that for all data ag € T*(R?) satisfying laollrrray < R, there exists a
unique solution a € C([0,T]);T*(R%)) to the Cauchy problem:

Ora+w - Vya+ cadpa+ pFpu(0pa, 0ga) =0,
a’tzo = aqag .

Of course, one can also incorporate a nonzero source term g € L([0, Ty]; T*(R%)) in the equation, and
obtain a unique solution a € C([0, T];T*(R%)) on a time interval [0,7] with 7' < Tp. We omit the details
that are completely standard.

Proof. We follow the standard energy method for quasilinear symmetric systems, see for instance [BGS07,
chapter 10|, and solve the Cauchy problem by the iteration scheme

O™t +w - Vya"+1 +ca” Oga™ T + pFpu(0pa™, Oga™) =0,
a™imo = aopt1,

where (ag ) is a sequence of, say, Schwartz functions that converges towards ag in I'*(R?), and the scheme

is initialized with the choice a° = ap,o. Given the radius R for the ball in I'*(R%), we can choose some

time 7' > 0, that only depends on R and k, such that the sequence (a") is bounded in C([0,T]; T*(R?)).

The uniform bound in C([0, T; H* (R%)) is proved by following the exact same ingredients as in the case
of the Burgers equation, and the weighted L? bound is proved by computing

(0% a" ) +w -V, (0F ™YY 4 ca” 9p(0F a"TY) = —p 08 F o (9pa™, dga™) + kca™ (081 9pa™ )

and performing the usual L?-estimate for the transport equation.
It remains to show that the iteration contracts in the C([0, T]; L?(R%))-topology for T small enough.
This is proved by defining "1 := a"*! — ¢” and computing

o™ 4w Vyr"+l +ca™ Ppr™ Tt = —cr" pa” — o (Opr™, Oga™) — quul((%a”_l, Opr") .

The error terms on the right hand-side are written as

1 )
Fou(Ogr™, dga™) = 5 r’ Opa" — inul(T",({)@Zea"%
_ n 1 o pey O .
Fou(Opa™ 1,897‘ )= —5—37‘ a1 — 5—;Fpu1(839a 1,r ),

and we then apply the L%-estimates (6.7) and (6.8). This gives contraction of the iteration scheme in
C([0,T); L*(RY)) and, passing to the limit, we obtain a solution a € L>([0,7];T*(R%)) to the Cauchy
problem. Continuity in I'*(R%) is recovered by the same arguments as in [BGS07, chapter 10], using the
norm in I'*(R%) rather than the H*-norm. We feel free to skip the details. O
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We do not claim that the regularity assumption in Theorem 6.4 is optimal as far as local existence of
smooth solutions is concerned, but it is sufficient for our purpose. The global existence of weak and/or
smooth solutions is, of course, a wide open problem. Numerical simulations reported in [MR84] tend
to indicate that finite time breakdown of smooth solutions should be expected, and Proposition 6.2 is
clearly a first step towards a rigorous justification of this fact. We postpone the study of such finite time
breakdown to a future work.

6.4 Construction of the leading profile

Corollary 6.5 below is based on Theorem 6.4 and is entirely similar to Corollary 3.5 for the wavetrain
problem. The only difference is that we restrict here to some finite regularity since the estimate provided
by Theorem 6.4 is not tame. Let us recall that the smoothness assumption for the source term G in (1.1)
was made in Theorem 1.11.

Corollary 6.5. With Ko, K1 € N and G as in Theorem 1.11, there exists 0 < T < T}, and there exists a
unique
a € My C* (=00, T T AR )

solution to (6.5), with al;<o = 0. Furthermore, the integral of a with respect to the variable 8 € R vanishes.

Proof. The proof is rather straightforward. Since G € C°((—o0, T];T51(R%)), Theorem 6.4 yields a unique
solution a € C°((—o0, T); TK1=1(R%)) to (6.5), with al;<o = 0. Furthermore, (6.5) automatically yields
a € CH((—o0,T);TE1=2(R%)) thanks to Proposition 6.2 and the fact that I'1=2(R9) is an algebra. Then
the standard bootstrap argument yields
a € My CH((—o0, T TF 4Ry )

by differentiating (6.5) sufficiently many times with respect to time.

Let us observe that the requirement K1 — Kg — 1 > 2kg + 1 in Theorem 1.11 is used here to apply
Proposition 6.2 for the term Jg,Qpuifa, a] in (6.1) and its successive time derivatives.

Thanks to the property a € C'(I'1=2), q is integrable with respect to # € R, and integration of (6.11)
yields

XLopQ:07 Q|t<0:07

where a denotes the integral of a with respect to 6. Hence a is identically zero. O
Corollary 6.6. Up to restricting T > 0 in Corollary 6.5, for all m € I, there exists a unique solution
T € Moy C¥((—o0, T, THOHRE x Ry))

to (5.10) with omltco = 0 and om|z,=0 = ¢ma, where the real number e, is defined by e, = ep .
Furthermore, each o,, has zero integral with respect to the variable 0, € R.

Proof. From Corollary 6.5, we get a € I'50((—o0, T); XRZﬂ), with Koy > 14 (d+1)/2 (here we use K1 —1 >
Ky). Then we solve the Burgers equation (5.10) with prescribed boundary condition oy, |z,—0 = ¢, a. The
theory is similar to that in the standard Sobolev space H%0, and we feel free to use well-posedness in this
weighted Sobolev space framework. This yields a solution

O € NP0 CH((—00, T); T =Y (RE x Ry)),
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to (5.10) that vanishes in the past. Integration of (5.10) with respect to 6,, shows that the integral of o,
with respect to the variable 6, € R satisfies

8tgm + Vm : v-’Egm = 07 Qm|ibd=0 — 07
and therefore vanishes. O

Remark 6.7. We observe that there has been a rather big loss of regularity in passing from the trace
a to the interior functions op,. This is due to the following fact: the trace a is obtained by solving a
Cauchy problem, where tangential reqularity with respect to the time slices {t = constant} is propagated.
However, constructing a local in time smooth solution to (5.10) requires a full reqularity for the trace
a, that is, reqularity of both (y,0) and time partial derivatives. This is the reason why we also need to
control time derivatives of a, which means controlling time derivatives of 0p,Qpula,a]. In Corollary 6.5,
we have considered sufficiently smooth initial data so that such time derivatives are controlled by an easy
application of Proposition 6.2. Again, we do not aim at an optimal reqularity result.

6.5 Extension to more general N x N systems

The extension of the definitions (Vr,VH, Ep, EQ, R, etc.) and results for pulses in the strictly
hyperbolic 3 x 3 case to the strictly hyperbolic N x N case is straightforward. We first show that the
leading profile Uy reads

Z/[O(ta z, 007 gd) = Z Um(tv x, 00 + W, gd) Tm
meZL
with functions o, that are expected to decay at infinity with respect to 0,,. Moreover, the o,,’s satisfy
(5.10) in the domain {z4 > 0}, and (5.4)(a) yields

VmeT, O’m(t,y,oﬁo)?”m Za(tayﬁo) €m ,

for a suitable function a.
The existence of a bounded corrector Us solution to (5.2)(c) implies that the first corrector reads

Ur(t,z,00,80) = > — /me Folt,z,00 4 w,, (4 — X), X)dX 7y,

meQO
+00
+ Z <7—m(t7$700 +£m£d) - / Em}-O(tayaoye(] +£m (gd - X)vX) dX> T
meZl &a

Plugging these expressions in (5.4)(b), we derive the following amplitude equation that governs the evo-
lution of a on the boundary:

(6.11) U (990 (CL2) — XLopa + 8@0qul [a, a] = bagoG,
with v and Xp,op defined in (2.23), and Q1 defined by:
(6.12)
Qpula,a](00) := Y bBrim > L By, / 9900 + (Wn, — W) X) @60 + (Wyp, — W) X) dX

meQO m1<mg2

my,mo€Z
+oo
+ 0B Y By [ a0t (i, — ) X) 0000+ (i, ) X)X
meO 7n1<nézz
my,mg
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with Ey,, m, as in (2.25).

As in the wavetrain case some care is needed in the extension to hyperbolic systems with constant
multiplicities. Instead of introducing bases {(,, 1}, {rmi}, m=1,...,M, k=1,... 1, of left and right
eigenvectors, we now define the spaces Vg and Vg and operators Ep, Eg, R as follows.

Definition 6.8. (a) Define the set of “constituent functions” C = UM_,C™, where C™ is the set of RN -
valued functions of (t,x,00,&q) of the form F(t,z,00 +w,,&q), where F(t,x,0,,) is C' and decays with its
first-order partials at the rate O({0)~2) uniformly with respect to (t,x). Setting Ve = ®M_,C™, we can
write any F € Ve as F = Z%:l F™ with F™ € C™.
(b) Define Vr to be the space of RN -valued functions of (t,x,00,&;) that may be written as a finite
sum of terms of the form
F, Ba(GvH)’ ,TB(K’L’M)’

where F, G,..., M lie in Ve, By : RN x RN = RY is any bilinear map, and E RY xRV x RN — RN
1 any trilinear map.
(¢) Define a transversal interaction integral to be a function I ¢.m Of the form

. +oo
(613) Ié,m(t7x7907£d) = _/ Ad(o)_l QiB“/(F£7Gm)(t7x790 +w; (fd—S),S) d87
&d
where i,0,m lie in {1,..., M} and are mutually distinct, B : RN x RN — RN is any bilinear map, and

Fflect, G™ € C™ are required to decay with their first-order partials at the rate O({0)~3) uniformly with
respect to (t,x).

(d) Define Vg to be the space of RN -valued functions of (t,x,00,&;) that may be written as the sum
of an element of Vg plus a finite sum of terms of the form

(614) I§7m(t7$7007£d) or B&(AJ Iy (t7$7007£d))7

e 21

where I é‘,m and Jy', are transversal interaction integrals, By : RY x RN — RY is any bilinear map, and
AV € ¢V is required to decay with its first-order partials at the rate O((0)3) uniformly with respect to
(t,z).

(e) For H € Vi we can write H = Hp + Hy, where Hp € Vi and Hy ¢ Vr is a finite sum of terms of
the form (6.14). The “constituent functions” of H include those of Hr as well as the functions like A7,
F*, G™ as in (6.13), (6.14) which constitute H.

(f) With these definitions of Vr, Vg, and “constituent functions”, the subspaces Vf; and VIk{ may be
defined just as in Definition 5.8.

Definition 6.9 (Ep,Eq,R). For H € Vg, define averaging operators

M

1 T
Eo H(t,z,00,6) = Y lm /0 Qi H (2,00 + i, (€ — 5),5) ds
=1

M T

1

Ep H(t,z,00,&q) = g Tlgn T/ P H(z,00 + w,, (£&4 — s), s)ds.
m=1 o 0

For H € Vg such that Eg H = 0, define the solution operator

Roo H(t7$7907£d) = Z /f Ad(o)_l Qm H(t7$700 +£m (gd - S),S) ds.
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With these definitions, Propositions 5.6 and 5.7 hold with the obvious minor changes. For example,
in Proposition 5.7(c), we now have

M
EpU =Y U™, where U™ €C™ and PnU™ =U".

m=1

The construction of profiles is carried out assuming Us € C} and that Uy, Uy satisfy (5.9), where (5.9)(a)
is modified to

M
Up= > U, U =Pnlif" €C™" NV, /ugl(t,x,em)demzo.

m=1 R

Again the interior leading profile equations for the Q,,U{" take the form (4.17), which allows the moment
zero property of the Uj" to be deduced from that of the amplitude a as before. The solvability in T’ k
spaces of (4.17) with boundary conditions (4.20) follows from Lemma 4.2 via L? estimates proved in the
standard way.'> One finds as before that U is purely incoming (4.19).

The consequence (4.16) of the conservative structure assumption is used again in step 2 of the profile
construction when performing the integral that now replaces the integral on [£;, +oo[ of the second line
of (5.14). This integral now reads

+oo
—ZL Ag(0)~1 Qo MUEUE) (82,00 + w,. (64 — 5),5) ds.

The replacements for the other lines of (5.14) are treated essentially as before; the last line now yields
transversal interaction integrals of the form (6.13).
Parallel to (4.21) the nonlocal operator in the equation for a now has the form

Qpulla, a](bo) :==

“+oo
Z Z bB Ad(o)_l Qm Emhmz / 89()&(90 + (gml - gm) X) 6(90 + (gmg - gm) X) dX
0

meO m1<ma2
m1,mo€ZL

+00
+ Z Z bB Ad(o)_l @m Emym /0 a(fo + (gml — W) X) 8905(90 + (gmg —wp) X)dX,

meO m1<ma2
m1,mo€ZL
with Ey,, m, as in (2.25).
Repetition of step 6 of the profile construction yields Uy, Uy, Us with the same regularity and decay
properties as before.

'3Such an argument is given in detail in Propositions 3.5 and 3.6 of [CW13].
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Part 111
Appendices

A Example: the two-dimensional isentropic Euler equations

In this first appendix, we discuss how our main results apply to the two-dimensional Euler equations in
a fixed half-plane. Once again, we refer to [MR83, AM87, WY14] for the derivation of such amplified
high frequency expansions in various free boundary problems. Our discussion here will mainly deal with
the verification of the small divisor condition, that is, Assumption 1.9. In quasilinear form, the isentropic

Euler equations read

Opv + uq v + ug Oov — v (O1ug + Ouz) =0,

2
c(v
(A1) dpur + w1 dur + ug Joug — (v) v =0,
2
Opug + w1 O1ug + ug Ooug — C(’U) 020 =10,

where v > 0 denotes the specific volume of the fluid, ¢(v) > 0 denotes the sound speed and (uq,us) the
velocity field. We consider a fixed reference volume v, and a fixed velocity field (0, ) with

v>0, 0<u<c:=c)),

which corresponds to an incoming subsonic fluid. The above theory applies when looking for WKB
solutions to (A.1) of the form

v v
= D(t
wu | ~10] +¢ g e"U, <t,3:, (,w)>,
€
(5] u n>0

£
provided that the linearization of (A.1) (with appropriate boundary conditions) at the reference state

(v,0,u) satisfies all assumptions of Section 1. Let us therefore consider the linearization of (A.1) at
(v,0,u), which corresponds, in the notation of Section 1, to

0 —v 0 U 0 —v
Ai(0):=|—-c/v 0 0], A0):=| 0 u 0],
0 0 0 —/v 0 u
v Uq —v 0
dA1(0)- [w | = | (—2cd/v+ /v v w0 |,
(75 0 0 Ul
v U9 0 —wv
dAQ(O) ul = 0 (%) 0 s

Uy (=2cd/v+P/H)v 0 ug

where ¢ stands for ¢/(v). The operator 9; + A1(0) &y + A2(0) ds is strictly hyperbolic with eigenvalues

M, &) =ub —c\ /& +E&, Ma(&,&) =ul, M(&,&) =ub+c\/§+E3,

55



so Assumptions 1.1 and 1.2 are satisfied. There are two incoming characteristics and one outgoing
characteristic, so the matrix B encoding the boundary conditions for the linearized equations should be
a 2 x 3 matrix of maximal rank. One possible choice for B is made precise below. The hyperbolic region

H is given by
H={m eRxR/|r|> V@ =P} .

We focus on the verification of Assumption 1.9. For concreteness, let (7,17) € H with 7 > 0 and n > 0,
and consider the boundary phase

(,DQ(t,xl) =Tt+nx].
The three (distinct) eigenvalues of A(7,n) are

ut — /72— (2 — u?)n? uT + /72— (2 — u?)n?
w1 = 3 3 , W2 = 3 D) , W3 'i= —
2 —u Z—u

and they satisfy
T+ A(nw1) =7+ Ai(n,we) =7 + A2(n,ws) =0.

The associated group velocities are

1 —c*n 1 —cn 0
Vi = p) 2 N,z V2T p) D) Nz ) V3T )
THuw \eVT2— (2 —u?)n T+uws \—c/72— (2 —u?)n u

hence the phase ¢ is outgoing while ¢1, 3 are incoming (as in the framework of Paragraph 2.2). The
nonresonance condition in Assumption 1.9, that is,

Vaez?\Z%, det L(d(a- ®)) #0,

holds if and only if the (dimensionless) quantity

2
u n
Y2y
g\/ (c Q)T27

is not a rational number, as follows from a straightforward calculation. We thus introduce a positive
irrational parameter ¢ defined by

(A.2)

[N

V2= (E — )P = (7.
Our choice of parameters gives ¢ € (0,1). For all o, a3 € Z \ {0}, we compute

det L(d(c1 1 + a3 93)) = —aq a3 & (T + uwy) 24 (7* +wiws) +az (n® + W?%)]

C4 7_2

=a1a3(7+2w1)m@—1)(20414+043(C+1))-

It appears from the latter expression that the verification of Assumption 1.9 only depends on the arithmetic
properties of the parameter ¢ in (A.2). In particular, we have the following result.

Lemma A.1. For all v > 1, there exists a set of full measure M. in (0,1) such that for all M € M,
and ¢ > 0, if u= M c and T = cn, then Assumption 1.9 is satisfied for some constant ¢ > 0.
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Of course, one could also fix the parameters u, c and make 7 vary in the hyperbolic region, and obtain
a similar result (meaning that Assumption 1.9 would be satisfied except possibly for 7 in a negligible set).

Proof. Choosing 7 = c¢n with n > 0, one has (7,7) € H, and the parameter ¢ in (A.2) equals M? with
M := u/c. Using the above expression for the determinant of L(d(a; ¢1 + a3 ¢3)), we see that the small
divisors condition of Assumption 1.9 will be satisfied provided that there exists a constant ¢ > 0 such
that

(A.3) V(p,q) € Z*\{(0,0)}, [p+qM? >clp,q)|".

For ¢ € (0,1) and v > 1, let us define

N, = {me 0,1)/3(p,q) €Z*, q¢#0 and |p+qm|< m}

The set NV, is the countable union, as p varies in Z and ¢ in Z*, of intervals of width at most 2 ¢/(|q| |(p, q)|7).
Hence the Lebesgue measure of N, is O(c), which means that the intersection N.~oN. is negligible.
Consequently, for every fixed 4 > 1, the set of parameters M? such that (A.3) is satisfied for some
constant ¢ > 0 has full measure 1. The claim of Lemma A.1 follows. O

We assume from now on that 7,7 are fixed such that 7 = ¢n, and the Mach number M is chosen in
such a way that Assumption 1.9 is satisfied (which is some kind of a generic condition on M). Then we
compute

1+ M?
v 1_M2Q 0
rn=1¢c|, "= C , s =1¢],
0 2u U
1— M2
and
1 1 1 1+M2 1-M? 1
0= — 0), lyi=-— - =,
20u 2uc 1+M 2vu 2uc 2
1 1 1
l3i=———= (0 — —
K 1+M2< uc C2>

We now make the choice of B precise. As in [CGW14, Appendix B], we choose

0 v O
B._<EOQ>,

which does not have any physical interpretation but makes the following calculations rather easy. The
reader can check that Assumptions 1.3 and 1.6 are satisfied, and we can choose e := r; — r3 as the vector
that spans ker B N E*(7,n). The one-dimensional space BE*(r,7) can be written as the orthogonal of the
kernel of the linear form b := (u, —c). We can then compute the bilinear Fourier multiplier Qper defined
in (2.20), and get:

Qulad=vue Y | Y (14 20 MR o G, | imeure
per @, vuc o k3+(2]€1+k3)M2 k1 Qks 5

k1+ks=k,
k1 k3#0
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whose kernel is unbounded and depends, as expected, on the arithmetic properties of M?2.

To conclude this Appendix, let us observe that in three space dimensions, the isentropic Euler equations
are no longer strictly hyperbolic but they enjoy a conservative structure (in the physical variables p, p ).
Similarly, the full Euler equations with the energy conservation law also have a conservative structure.
Hence Assumption 1.2 is satisfied, and one can perform a similar derivation as above for the leading
amplitude equation.

B Formal derivation of the large period limit: from wavetrains to
pulses

B.1 The large period limit of the amplitude equation (2.19)

In this Appendix, we study the relationship between the quadratic operators arising in the leading ampli-
tude equations for the wavetrains and pulses problems which we have considered. For the sake of clarity,
we focus on the easiest case N = 3, p = 2, that was considered in paragraph 2.2 and section 5. The
Fourier multiplier Qper is then defined by (2.20), while the bilinear operator Qpy is defined by (5.20).
From these expressions, we can decompose both operators as

Qper[a7 CL] = (QB T2) £2 E1,3 Fper[aﬁay CL] + (QB T2) €2 E3,1 Fper[aa aea] ;
qul[a7 CL] = (QB T2) £2 E1,3 Fpul[aﬁay a] + (QB T2) €2 E3,1 Fpul[aa 69(1] )

with (observe the slightly different normalizations with respect to (3.3) and (6.2)):

F 9 ky Uk 2i7k/O
(B.1) Fper|u, v](0) :== — 1 Vks Q2inko/e.
’ 2m e klgg::h k1 (wy — wo) + k3 (w3 — wy)
kq kg#0
~ +o00o
(B.2) Fpulu, v](0) := /0 u(f + (W, — wy) 8) V(0 + (wy — wy) 5) ds.

In (B.1), both functions u, v are assumed to be ©-periodic and uy, vy stand for their k-th Fourier coefficient,
while in (B.2), u, v are defined on R and have sufficiently fast decay at infinity (so that the integral makes
sense).

Our goal is to explain how one can compute the (formal) limit of ﬁ'per when the period ©® becomes
infinitely large and to make the link with the expression of ﬁ'pul in (B.2). The additional variables (t,y)
play the role of parameters here, so we focus on INFpCr, Fpul as operators acting on functions that depend
on a single variable §. We pick two functions u, v in the Schwartz class S(R), and define

VOeR, ug(f):= Zu(9+n@), ve(0) = Zv(9+n@).
nez nez

The functions ug, ve are O-periodic and converge, uniformly on compact sets, towards u, v as © tends to
infinity. Moreover, the Poisson summation formula gives the Fourier coefficients of ug, vg in terms of the
Fourier transform of u,v:

1 (2k . 1 (2k .
“9(9):§Z”< @w) Q2imk0/O U®(9)26ZU< @77) 2imk6/O

k€EZ keZ
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We compute

- i u(2k1 7/0)0(2k3 w/O) 2ink0/©
F er UG, Ve 0) = e”'” /
per 1(6) 27r@k€Z k1+§k; k1 (wy —wsy) + k3 (w3 — wsy)
k1 k3#0
j (2 ki 7/0) B2 ks /)
- @2 Z Z (2k 5 iw)+(2]€3w/@)(w — )e2 k0/©
KEZ k1 +hg= 1 =1 =2 3 = =2
klkgyéo

The latter expression suggests that Fper [ug,ve](f) is the approximation by a Riemann sum, of the double

integrall4
47T2//R77 Wl—w2 (5—77)( —Wz)e (e

Formally, this means that, as © tends to 1nﬁn1ty, per[Ue, Vo] tends towards a function whose Fourier
transform is given by

1 u(n) v(€ —n)
(B.3) (ER— 21'77/R??(&l—Qz)Jr(f—Tl)(&?,_&Z)dn’

assuming of course that the latter expression makes any sense. We wish to compare (B.3) with the Fourier
transform of Fp[u, v], whose expression is given by the following (rigorous!) result.

Lemma B.1. Let u,v € S(R). Then (B.2) defines a function Fpul[u,v] € S(R) whose Fourier transform
s given by

1 _ _
(B4) €cR+— & (gi” = g> 0 <—L = g)
2|ws —w;|  \ws —wy W3 — Wy

LI a(n) (€ —n)
' p"/ﬂw@l o) + ( —o)

297
where p.v. stands for the principal value of the integral.

Proof. That ﬁpul [u, v] belongs to S(R) is done in two steps. One first proves differentiability by applying
the classical differentiation Theorem for integrals with a parameter. Then the formula

Fpulu,v] = ﬁpul [u,v] + Fpul[u, V'],

and a straightforward induction argument yields infinite differentiability. Given an integer N, we can
apply the Peetre inequality and get

~ +00
(1+6*)N [Fpu[u,0](0)] < C sup (1 + t4)N Ju(t)]) /0 (14 (0 + (wy — wa) )")™ [u(f + (wy —wo) 5)| ds,

so (14 6%H)N ﬁpul [u,v] is bounded. The previous formula for ﬁpul [u,v]" shows again by induction that all
functions (1 +62)™ Fpy[u, v](M2) are bounded. We may thus compute the Fourier transform of Fpy[u, v].

171t is not obvious at first sight that this double integral makes any sense, but our goal here is to identify formally the
large period limit so let us pretend that all manipulations on the integrals and limits are valid.
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Let us first write

(B.5) Foulu, v](0) = F1(0) + F»(0),

with
[0+ (e = 122)8) 006 + (2 = 5) ).

Fy(0) := 3 /ngn(s) w(f + (w; — wsy) s) V(0 + (wg — wy) s)ds.

Here sgn denotes the sign function. The Fourier transform of Fj is computed by applying an elementary
change of variables and the Fubini Theorem:

= N

F© =5 [ e ub+ (21 —) 9000 + e — ) 5) ds 0
) _Z.gX@s—&z)—Y(Ql—%)
- /R2e ws — wy w(X) o(Y)

dX dYy
|ws — w| '

The contribution of ﬁ(g) therefore gives the term in the first line of (B.4). It remains to compute the
Fourier transform of F5.
The Fubini Theorem gives

Fa©) = [ sen(s) ([0 ul0 4 (1 ) )06+ (5~ ) 5100 ) s = - [ sn(s) @GP} (6 s,
with

Us(0) :=u(0 + (w1 —wy) s),  Vi(0) :=v(0 + (w3 —wy) s).
We thus get

1 .
Fa©) = = [ (o) (itermese [ dmsionae (o) dn ) ds.
47T R
which is an expression of the form
= | sen(e) Se(e)as,

for a suitable Schwartz function S¢ (§ is a parameter here). We can therefore transform the expression of
F5(§) by using the Fourier transform of the sign function, which yields

_ 1
F: = —np.
2(€) 21.7TP RT]SE( n)dn
The function S is given by

Se(n) = 1 a<77+ (w3 —g%ﬁf) 6<77—|- (wy —g2)§> |

|wsg — w| W3 — Wi — Wy

and a last change of variable gives, as claimed in (B.4):

P a3 — )
B0 =57 /ﬂm N s s R
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In view of the decomposition (B.5), and the previous computations of Fourier transforms, we observe
that the formal limit (B.3) for the Fourier transform of Fper[ug,ve] does not coincide with the Fourier
transform of ﬁpul [, v] but rather coincides with the Fourier transform of the function Fb. In other words,
we have formally obtained that in the large period limit © — o0, Fper [ug, ve] tends towards

(B.6) % /ngn(s) u(@ + (w; — wy)s)v(0 + (wg —wy) s)ds,

which is a ”symmetrized” version of the operator ﬁ'pul in (B.2). In particular, for any function a € S(R),
the ©-periodic function Fper[Opae, ag] formally converges, as O tends to infinity, towards

! / sgn(s) Opa(d + (wy — wy) 8) a(f + (wg — wy) s)ds.
R

2
Remark B.2. It might be surprising that the small divisor condition in Assumption 1.9 does not seem
to play any role in the analysis of pulses. However, there remains some kind of trace of this Assumption
but it is hidden in the functional framework. More precisely, we have shown that for some large enough
index v, the bilinear operator Fp,,1 satisfies a bound of the form

[Fpui (Gpu, dgv)[|rv < Cllullrw [[vllr

where T is a weighted Sobolev space. Omitting the variables (t,y) for simplicity, it is also possible to
prove that for all integer v, there exists a bounded sequence (ap)nen in HY(R) such that

<an’ FPM(@GG”’ aean»HV(R) — +00.

In other words, the space I'V is well-suited for studying boundedness of Fp,y and the standard Sobolev space
HY is not. This is not so surprising because on the Fourier side, the kernel of Fpy is unbounded, which is
a trace of the small divisors in the wavetrains problem. Unboundedness of the kernel requires introducing
a principal value in Lemma B.1, which relies on some continuity of the integrand. It is therefore not
surprising that continuity of Fpy holds in a functional space where Fourier transforms have some ewxtra
reqularity properties (which is another way to formulate polynomial decay in the physical variable).

As repeatedly claimed, this paragraph does not aim at giving a rigorous justification of the large
period limit. An open question that is raised by the formal arguments given above is: assuming that the
small divisor condition in Assumption 1.9 holds, proving that the ©-periodic function Fper [ug,ve] does
indeed converge (for instance, uniformly on compact sets), as © tends to infinity, towards (B.6) for u,v in
the Schwartz class. It is also likely that the amplitude equation (6.1) is ill-posed in H*(R?) for any large
integer v, though it is well-posed in I'V. We refer to [BGCT11] for similar ill-posedness issues on nonlocal
versions of the Burgers equation.

B.2 What is the correct amplitude equation for Mach stem formation ?

It is surprising that the formal limit of the amplitude equation (2.19) as © tends to infinity does not
coincide with (5.19) if the operator Qpy is defined by (5.20). In several problems of nonlinear geometric
optics, namely

e Quasilinear hyperbolic Cauchy problems [HMR&86, JMR95, AR02, GR06],
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e Uniformly stable quasilinear hyperbolic boundary value problems [Wil99, Wil02, CGW11, CW13],
e Weakly stable semilinear hyperbolic boundary value problems [CGW14, CW14],

the limit of the amplitude equation for wavetrains does coincide with the amplitude equation for pulses.
Of course, nonlinear geometric optics has received a more complete description for these three problems
than for the one we consider here because in all three above problems, exact solutions on a fixed time
interval have been shown to exist and to be close to approximate WKB solutions (which justifies the
relevance of the corresponding evolution equation for the leading order amplitudes).

In view of all available references in the literature, it is therefore natural to wonder whether the
amplitude equation (5.19), (5.20), which is the one derived in [MR&3], does give an accurate description
for pulse-like solutions to (1.1). Rephrasing the question, is it possible to construct another family of
approximate solutions that would be determined by solving an amplitude equation that is obtained as the
large period limit of (2.19), (2.20) ? The answer is yes, but the price to pay is to forget about boundedness
of the second corrector Us.

Let us quickly review the analysis of the WKB cascade (5.2), (5.4) for pulses. In Step 1 of Paragraph
5.2, we have derived the expression (5.12) of the leading order profile Uy by assuming that the first
corrector U is bounded. The amplitudes o1, o3 solve the decoupled Burgers equations (5.10) and satisfy
the trace relation (5.11). In Step 4 of Paragraph 5.2, we have obtained the expression of the component of
Ep Uy on 7 by assuming that the second corrector Us is bounded. However, this boundedness assumption
is not necessarily supported by a clear physical interpretation, and it might very well be that U5 is not
uniformly bounded in the stretched variables (6, &;).

One can indeed construct (infinitely) many families of approximate solutions to (1.1). Let us choose
a parameter s € [0,1]. Then, given the leading order profile Uy in (5.12) with functions oy, 03 that are
expected to decay sufficiently fast at infinity, one can construct the first corrector U; as a particular
solution to (5.2)(b). One possible choice is:

3

~ +oo
o= 3 {5 [ b Falt -+ i (60— ). X)X
m=1 €a
&d
+(1—1s) Em]:o(t,:n,ﬁo+gm(£d—X),X)dX} Tm

and the general solution to (5.2)(b) is of the form:

3
ul,s + Z T;;(t, €, o + Wm gd) T'm -
m=1

The choice in [MR83] corresponds, as in Paragraph 5.2, to s = 1 and causality is invoked to set the
function 74 equal to zero (see Equation (4.10) in [MR83]). In Paragraph 5.2, we have explained why
74 = 0 can de deduced from the assumption that there exists a bounded corrector solution to (5.2)(c).

If we do not assume existence of a bounded corrector to (5.2)(c), there does not seem to be a clear
option for constructing the outgoing part 75, and therefore, given s € [0, 1], the corrector we have at our
disposal satisfies

~ +oo
ul,s(tvyv())e(])o) =*Try—S / €2f0(t7y70700 — Wo X7X) dXT2
0

0
+(1—s)/ lo Fo(t,y,0,00 —wy X, X)dX rg + %73
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Plugging the latter expression in (5.4)(b), applying the row vector b and differentiating with respect to
8o, we obtain Equation (5.19) with the following new definition of the operator Qpu::

+oo
Qpula,(00) = (B r2) 2 Eras [ yalb + 1 — 22) X) 800 + (s — w3) X)dX
0
+o0o
FOBr) G Buxs [ alb+ () —w) X)00a(B0 + (s~ w) X)X
0

0
~Br) 6B (1-5) [ (b + (2~ w) X)al60 -+ (5~ w) X)X

0
(B?) — (QBT'Q) fg E371 (1 — 8) / a(@o + (gl — g2) X) 8905(90 + (gg — QQ) X) dX.

—00

Unlike all other terms in (5.19), the bilinear term @y does depend on the value of s that is chosen for
constructing the particular solution Z/Nll,s to (5.2)(b), and therefore invoking causality to discard the 75
term has an impact on the leading order amplitude equation (5.19). The choice s = 1/2 is the only that
is compatible with the large period limit ©® — +oc.

Our overall assessment is the following. In the wavetrain problem, the construction of approximate
WKB solutions in Part I is well-understood. In particular Theorem 1.10 shows that the full WKB cascade
has a unique solution (U,)nen in a suitable functional space. There remains of course the problem of
understanding the lifespan of exact solutions to (1.1) and whether approximate and exact solutions are
close to each other. In the pulse problem, the situation is worse since the construction of approximate
solutions in Part II may be questionable. There are basically two options (the infinitely many other ones
seem to be a mathematical artifact). Either one hopes that the expansion of exact solutions will yield
a second corrector Us that is bounded, and in that case the appropriate leading amplitude equation is
given, as in [MR&3], by (5.19), (5.20). Or one rather expects that the amplitude equation for pulses
should coincide with the large period limit of the corresponding wavetrain equation, and in that case the
appropriate leading amplitude equation is still given by (5.19) but with the bilinear operator @y as in
(B.7) with s = 1/2. The two corresponding leading profiles differ in each of the two options. Without any
precise understanding of the behavior of exact solutions, deciding between the two possible expansions
seems hardly possible.

C Some remarks on the resonant case

In this Appendix, we explain why the analysis in Part I breaks down when resonances occur. Let us
consider for simplicity the 3 x 3 strictly hyperbolic case of Paragraph 2.2. A resonance corresponds to
the existence of a triplet (ny,n2,n3) € Z3, with nynong # 0, ged (n1,n2,n3) = 1, and

(C.1) ni Q1 = ng P2 +n3 3.

Incoming waves associated with the phases ¢1, o3 may then interact to produce an outgoing wave for the
phase ¢3. More precisely, the source term €2 G(t,y, po/c) in (1.1) is expected to give rise to incoming
waves associated with the phases o1, p3 of amplitude O(e). Then the products A;(u.) dju. in (1.1) ignites
oscillations associated with the outgoing phase (o of amplitude!® O(e). These ps-oscillations are then

5This is a major scaling difference with our previous work [CGW14] where nonlinear interaction was due to a zero order
term so the outgoing oscillations produced by resonances had amplitude 0(52)7 instead of O(g) here.
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expected to be amplified when reflected on the boundary, as in the linear analysis of [CG10], but this
would give rise to ¢1, p3-oscillations of amplitude O(1) and would thus completely ruin the ansatz (2.5).
Resonances are therefore expected to produce dramatically different phenomena from the ones that are
studied here.

Another hint that resonances should make the ansatz (2.5) break down is to try to solve the WKB
cascade (4.1), (4.3) when the resonance (C.1) occurs between two incoming phases @1, ¢3 and one outgoing
phase y. Let us recall that in the 3 x 3 strictly hyperbolic case considered in Paragraph 2.2, B is
a 2 x 3 matrix of maximal rank. Its kernel has dimension 1 and is therefore spanned by the vector
e =e1 +e3 € E*(z,n). In other words, we can choose a vector ¢ € E*(z,n) such that

R? = Span (B¢, Brs).

We now follow the analysis of Paragraph 2.2 and try to analyze the WKB cascade in the presence of
a resonance. Equation (2.6)(a) shows again that the leading profile can be decomposed as

3
Z/[()(t,x, 917627 93) = Mo(t,l’) + Z O'm(tyxyem) T'm -

m=1

Then Equation (2.6)(b) shows that the mean value U, satisfies (2.10), (2.11), and therefore vanishes. The
interior equation satisfied by each o, exhibits the resonance between the phases, see [Raul2]. Namely,
the o,,’s satisfy the coupled Burgers-type equations

Oro1 + vy - Vo1 + ¢1 01 0p,01 = Bi(0o2,03),
(C.2) 010y + Vo - V09 + c2 09 Op,09 = Ba(o1,03),
003 + V3 - V03 + c3 03 0p,03 = Bs(o1,02),

where the constants ¢, are defined as in (2.12) and, for instance:

297ty 0; dA;(0)-ro)r ,
Bl(UQ,Ug)(t,x,el) = 1 ](pg(él ri( ) 2) 3 Z Can(O'Q)(t,x) (kng)Can(Ug)(t,x)e2”rkmel/®
keZ*
21wty 0; dA;(0)-r3)r ,
+ 1 ]goé)(glri( ) 3) 2 Z(lﬁTlQ)Ckn2(0'2)(t,$)Can(Ug)(t,Z')e2”rkn191/®-

keZx*

The definitions of By (01, 03) and Bs(o1,02) are similar, and correspond to the so-called interaction inte-
grals in [CGW11].
The boundary conditions for the o,,’s are given by (2.8)(a). Using the basis (e, €) of Span (rq,r3), we
decompose
Uo(t,y,0,600,00,00) = a(t,y,b) e+ a(t,y,b) é+ oa(t,y,0,00) 2,

so (2.8)(a) gives
dEO, U2’xd:050-

However, this boundary condition on oy does not seem to be compatible with (C.2) because oy satisfies
an outgoing transport equation with a nonzero source term (it is proved in [CGW11] that the operators
B1, By, Bs in (C.2) act like semilinear terms and do not contribute to the leading order part of the
differential operators in (C.2)). Even if we manage to isolate an amplitude equation for determining the
traces of the incoming amplitudes o1, 03, the overall cascade seems to give rise to an overdetermined
problem for U.
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We do not claim of course that the above arguments give a rigorous justification of the ill-posedness
of (4.1), (4.3) when a resonance occurs, but it clearly indicates that the ansatz (2.5) does not seem to be
appropriate anylonger.

When there is only one incoming phase, all the above discussion becomes irrelevant, and this may
again be one reason why any discussion on resonances is absent from [AMS87] or [WY13, WY14].
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