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DIMENSION REDUCTION FOR DIPOLAR BOSE-EINSTEIN
CONDENSATES IN THE STRONG INTERACTION REGIME

WEIZHU BAO, LOIC LE TREUST, AND FLORIAN MEHATS

ABSTRACT. We study dimension reduction for the three-dimensional Gross-
Pitaevskii equation with a long-range and anisotropic dipole-dipole interaction
modeling dipolar Bose-Einstein condensation in a strong interaction regime. The
cases of disk shaped condensates (confinement from dimension three to dimension
two) and cigar shaped condensates (confinement to dimension one) are analyzed.
In both cases, the analysis combines averaging tools and semiclassical techniques.
Asymptotic models are derived, with rates of convergence in terms of two small
dimensionless parameters characterizing the strength of the confinement and the
strength of the interaction between atoms.

1. Introduction and main results

In this paper, we study dimension reduction for the three-dimensional Gross-
Pitaevskii equation (GPE) with a long-range and anisotropic dipole-dipole interac-
tion (DDI) modeling dipolar Bose-Einstein condensation [11, 14|. In contrast with
the existing literature on this topic [1], we will not assume that the degenerate
dipolar quantum gas is in a weak interaction regime.

Based on the mean field approximation [3, 9, 13, 18, 19, 20|, the dipolar Bose-
Einstein condensate is modeled by its wavefunction ¥ := W (¢, x) satisfying the GPE
with a DDI written in physical variables as

h2
hO ¥ = —5—AW + V(x)U + Ng|¥|*W + NCqipp, (Uaip * [¥[?) T, (1.1)

where A is the Laplace operator, V(x) denotes the trapping harmonic potential,
m > 0 is the mass, i is the Planck constant, g = % describes the contact (local)
interaction between atoms in the condensate with the s-wave scattering length a,
N denotes the number of atoms in the condensate, and the dipole-dipole interaction
kernel Ugip(x) is given as
1 1-3(x-n)?/[x[2 1 1-3cos?(f) 3
Ugip(x) = — =— x € R?, 1.2
aip (%) 4 |x|3 47 |x|3 (1.2)
with the dipolar axis n = (ny,n2,n3) € R3 satisfying |n| = \/n? +ni +n3 = 1.
Here 0 is the angle between the polarization axis n and relative position of two
atoms (that is, cos# = n - x/|x|). For magnetic dipoles we have Cg;, = uou?hp,
where g is the magnetic vacuum permeability and pq4ip the dipole moment, and for
electric dipoles we have Cgj, = pﬁip /€0, where ¢ is vacuum permittivity and pgip
the electric dipole moment. The wave function is normalized according to

/ W (t,x)[2dx = 1.
R3
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1.1. Nondimensionalization. We assume that the harmonic potential is strongly
anisotropic and confines particles from dimension 3 to dimension 3 — d. We shall
denote x = (z, z), where x € R3~? denotes the variable in the confined direction(s)
and z € R? denotes the variable in the transversal direction(s). In applications,
we will have either d = 1 for disk-shaped condensates, or d = 2 for cigar-shaped
condensates. Similarly, we denote n = (n,,n,) with n, € R3~% and n, € R% The
harmonic potential reads |2, 15, 16|
moo2 2 21,2

V(X) = 5 (wm‘x’ +wz‘2’ )

where w, > w,;. We introduce three dimensionless parameters

47 Nl|a Cai
£ = V wx/w27 /8:%7 )‘0: 3‘97)7

where the harmonic oscillator length is defined by [2, 15, 16]

B 1/2
ag = i .

The dimensionless parameter Ag measures the relative strength of dipolar and s-
wave interactions. Let us rewrite the GPE (1.1) in dimensionless form. For that,

we introduce the new variables ¢, #, Z and the associated unknown U defined by

f=wet, d=—, == V{2 =aV(tzz). (13
agp agp

The dimensionless GPE equation reads [2, 15, 16]
-1~ 1 1 - S N ~
i0pY = —SAV + o (\@12 + 6—41512> U+ Bo|U)2W + 303 (Udip * 1\142) U, (1.4)

where o = signays € {—1,1}. Define the differential operators 0, = n -V and
Onn = OnOn. Mathematically speaking, the convolution with Ugs, in equation (1.1)
has to be considered in the distributional sense and we have the following identity

(see [3])

(1.5)

with § being the Dirac distribution.
Remark 1.1. Let us define the Fourier transform of a function u € L'(R?) by

u(k) :/ u(x)e " *dx, xR
R3

From identity (1.5), we get

— 1 (k-n)?
ip(k) = —3
Ud P( ) 3 + |k3|2
We can re-formulate the GPE (1.4) as the following Gross-Pitaevskii-Poisson
system (GPPS) [3, 7]

, for all k € R, (1.6)

~ 1 .~ 1 1 ~ o~ _
10,V = —imf +3 <|gz|2 + 8—4|z|2> U+ B0 — )| V)T — 3003(Onny) U,
_ (1.7)

Ap = —|U %, lim (£, %) = 0.

|%|—00
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Under scaling (1.3), dimension reduction of the above GPPS (1.4) was formally
derived from 3D to 2D and 1D in [1, 7, 17| for any fixed 3, A9 and n when ¢ — 0T,
Rigorous mathematical justification was only given in the weak interaction regime,
i.e. when 8 = O(e) from 3D to 2D and when 8 = O(g?) from 3D to 1D [1]. It is an
open problem for the case where (3 is fixed when € — 0.

1.2. New scaling. In order to observe the condensate at the correct space scales,
we will now proceed to a rescaling in x and z. Let us denote

o = g2dng=2n, (1.8)
The scaling assumptions are
a1l and ek 1.

We define the new variables

t'=t, Z =X, - a1/2§c,

m |

which means that the typical length scales of the dimensionless variables are € in the
z-direction and /2 in the z-direction. The wavefunction is rescaled as follows:

@E’a(t/,wl, ZI) - 8d/2afn/4ql(£7£,7 Z)eigd/2€2_
Notice that the L? norm of W5 is left invariant by this rescaling, so we still have

/ | WS (t, x, 2) P dedz = 1.
R3

We end up with the following rescaled GPE (for simplicity we omit the primes
on the variables):

2 2
100U =S HU — AT %\yw
o (RO 4 38U+ (050 2) wee (1.9)
where the transversal Hamiltonian is
1 |22 d
= ——A —_— =
s gt T 2

and Ugi’g is defined by

US{S‘(%Z) = Udip (%,€z> . (z,2) e R3.

Let us remark that

U2 (ks ) = e~ 20, (ﬂkm %) , for all (ky, k.) € R®. (1.10)

Thanks to identity (1.6), we can remark that U/'di\p is a bounded function of R? into
[—%, %] For v > 0, we denote by V(ﬁp the tempered distribution whose Fourier

transform is

— 1 km A% + kz -1 2
Viip (K, k) = (—— + (ke - ) > (1.11)

3 Ykal? + [k ]2

so that Vg (ks k.) € [1/3,2/3] for all (k,, k.) € R? and

—
—

UG (ko ks) = €% 2V (ky, k), for all (ko ks) € RP.
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Let us note that (1.8) is equivalent to

Be %% =1
so that equation (1.9) becomes
2 2
Z-aat\l,e,a :ngz\I,e,a _ a—Ax\Ifa’a + M\I,E,a
g2 2 2
+a <0|\If€’a|2 + 320V x |x1ﬁva|2) yee, (1.12)

Remark 1.2. The spectrum of H. is the set of integers N. We define (wg)ren an
orthonormal basis of L?(R?) made of eigenvectors of H. where wy is the ground
state (associated to the eigenvalue 0)

wo(z) = e 122,

—

Remark 1.3. Since (deip)vZO is uniformly bounded in L*> and
=
Vdﬂi’p — Vgip, a-€.
as v — 0, Lebesgue’s dominated convergence Theorem ensures that
Viip * U — Vip * U in L*(R?)
for all U € L*(R3). Moreover, let us remark that

0 n:—d 3
Vaip ¥ U(z,2) = Z3 U(z,z), (z,2)€R

for all U such that U(x,z) =V (x,|z|) for all (z,z) € R3.

In this paper, we study the behavior of the solution of equation (1.12) as e — 0
and a — 0 independently so that § may be bounded but can also tends to 4o00.

Our key mathematical assumption will be that the wavefunction W& at time
t = 0 is under the WKB form:

TS0, 2, 2) = UL (@, 2) := Ag(z, 2)e @/ y(z 2) € R®, (1.13)

init
Here A is a complex-valued function and Sy is real-valued.
Let us introduce another parameter v > 0 to get a better understanding of the
different phenomena involved during the limiting procedures. In this paper, we will
study instead of equation (1.12) the following one :

00 = SH — S0+ 0+ o (ofgl? + 30V < [W2) v, (114)
(0,2, 2) = Ag(x, 2)e!50@ V(z, 2) € R3,

From now on, we denote by U7 the solution ¢ of equation (1.14). Let us insist
on the fact that =7 is equal to the solution ¥ of equation (1.12) if we assume

that v = e/

1.3. Heuristics. In this section, we derive formally the limiting behavior of the
solution of (1.14) as ¢ (strong confinement limit), a (semiclassical limit) and ~
(limit of the dipole-dipole interaction term) go to 0. Our main result, stated in the
next section, will be that in fact these limits commute together: the limit is valid
as €, a and 7y converge independently to zero. Thus, this gives us as a by-product
the behavior of the solution of equation (1.12) as € and « converge independently
to zero.
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a) Strong confinement limit : € — 0. Let us fix o € (0,1] and ~ € [0, 1]. Following
[6], in order to analyze the strong partial confinement limit, it is convenient to
begin by filtering out the fast oscillations at scale €2 induced by the transversal
Hamiltonian. To this aim, we introduce the new unknown

(I)a,oc,v(t’ ) _ 6itHz/€2 \Ile,aﬁ(t, )

It satisfies the equation
t
100, O5T = — A geon 4 128 ’ 5T 4 o FY (;"ﬁe’“ﬂ)
where the nonlinear function is defined by
F(0,®) = 7= (0 |e*i(m2<1>|2 + 3)\0dep * ]e*i(mZCI)P) e =P, (1.15)

A fundamental remark is that for all fixed ®, the function 6 — F7(0,®) is 27-
periodic, since the spectrum of H, only contains integers. For any fixed a > 0 and
Ao = 0, Ben Abdallah et al. |6, 5] proved by an averaging argument that we have
P& = @Oy 4 0(62) where ®%%7 solves the averaged equation

100, @0 = — A PO 4 |2 | o0 o) (9%7), % (t =0) = B,
(1.16)
where Fj, is the averaged vector field
1 2
El(P)=— F7(0,®)do. (1.17)
2T 0

In our study, we consider the case A\g € R and a similar averaging argument should
give us the same result
@870477 — @0,0’7’}/ + 0(62)-

b) Semi-classical limit : o — 0. Let us remark that equation (1.14) is written in the
semi-classical regime of "weakly nonlinear geometric optics", which can be studied
by a WKB analysis. Here we are only interested in the limiting model, so in the first
stage of the WKB expansion. Let us introduce the solution S(¢,z) of the eikonal
equation

8,8 + e2l® IV S!2 . @ —0, S(0,2) = Sp(x) (1.18)
and filter out the oscﬂlatory phase of the wavefunction by setting
QET = emiS(h)/o ey (1.19)
so that
QN + VoS - V0007 Qmm S = Z—A qean it — Qe (1.20)
i <U,Qe,ow\2 + 3V * Q57 ) Qo
where

Q5%7(0,z,2) = Ag(x,2), for all (z,2) € R3.
For all fixed € > 0, we can expect that
Q57 = Q5% + O(a),



6 W. BAO, L. LE TREUST, AND F. MEHATS

as o — 0 where Q07 solves the equation
1
200 +V,8 -V, 0507 ¢ imomxs (1.21)
%_;Qs,O,'y —i (U|Q€,07“f|2 + 3)‘0Vd7 " |Q€,0,7|2) Qs,O,'y’
€ P
Q507(0,z,2) = Ag(x, 2), for all (z,2) € R>.

= —1

Remark 1.4. A key point here in this analysis is that the nonlinearities F7V and
Fgy are gauge invariant i.e. for all U € L*(R3), all v € [0,1] and for all t, we have

FY(t, U = FY(t,U)ed,  FY(Ue™*) = FJ(U)e¥/?,
¢) Dipole-dipole interaction limit v — 0. We expect that for any (e, a) € (0,1]?
qlevav’y — \1]870470 _|_ O(’Yq)
where ¢ > 0 and
2 2
10 e0 = %Hleﬂfvavo - %Axwa’avo + %qf&avo (1.22)
€
+a (oS0 4 BNV, [ WO ) w0,
YOOt = 0) = Wy
In this paper, the main difficulty we have to tackle and also the main difference

with respect to the previous work of the authors [4] in the case A\g = 0, is the study
of this limit v — 0.

d) The simultaneous study of the three limits. We introduce for any (¢, «,7) € (0,1]?
A5t x, z) = glitt=/e? o=iS(t.z)/ o Ue (¢, x, 2), for (z,2) € R,

which is the solution of the equation

1 al, t
AT 4 VS - Vo ASOT 4 SATINS = AT i (? AgM) (1.23)

AS*7(0,x, 2) = Ap(z, 2).

We will also consider the solution A=%7 of (1.23) with a = 0, the solution A%*0 of
(1.23) with v = 0 and the solution A%*7 of

1 A
atonav’y + V$S . V$A07a7’y + §A07047’YA$ — ZaQ xAO,Q’fY _ ZFC;YU (Aoyavy) , (124)

AO’O"V(O7 x,z) = Ao(z, 2),

for all (z,2) € R3. As long as the phase S(¢t,-) remains smooth, i.e. before the
formation of caustics in the eikonal equation (1.18), we expect to have

AST = A%00 L (2 4 o+ 49),
and the solution U&*7 of equation (1.14) is expected to behave as
ST (¢, 2, 2) = e 1/ IS Ea)/o AO00(y 4 o) 4 O( + o+ 49) (1.25)

for some g > 0.
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1.4. Main results. In this paper, our main contribution is the rigorous study of the
dipole-dipole interaction limits v — 0 as well as the study of the three simultaneous
limits € — 0, @ — 0 and 7 — 0 involved in the problem. The techniques used for
the study of the limits ¢ — 0 and ae — 0 were developed by the authors in [4]. We
will recall and use some of the results proved in this first paper.

1.4.1. Ewistence, uniqueness and uniform boundedness results. Let us make precise
our functional framework. For wavefunctions, we will use the scale of Sobolev spaces
adapted to quantum harmonic oscillators:

B™(R3) := {u € H™(R?) such that (|z|™ + [2|™)u € L*(R?)}
for m € N.
Remark 1.5. Assuming that m > 2, we get that
B™(R3) «— H™(R3) «— L>®(R3).

H™(R?) and B™(R3) are two algebras. In this paper, we will also make frequent
use of the estimate

|[x|* 05| 2 < Cllullgm, for all u € B™(R?) and k + |x| < m (1.26)
(see [12] and 6] for a more general class of confining potential).

For the phase S, we will use the space of subquadratic functions, defined by
sQ,(R*™9) = {f € CF(R3>7%R)) such that 85 f € L®(R379), for all 2 < || < k}.

where £ € N, £ > 2. In the following theorem, we give existence and uniqueness
results for equations (1.18), (1.23) and (1.24), as well as uniform bounds on the
solutions.

Theorem 1.6. Let (g,,7) € [0,1]2, Ag € B™(R3) and Sy € SQy1(R>™%), where
m >5 and s > m+ 2. Then the following holds:

(i) There exists T > 0 such that the eikonal equation (1.18) admits a unique
solution S € C([0,T]; SQs(R3~4)) N C*([0,T] x R3~%).

(ii) There exists T € (0,T] independent of ¢, a and ~ such that the solutions A=Y
and A% of, respectively, (1.23) and (1.24), are uniquely defined in the space

C([0,T]; B™(R*)) N ([0, T; B™*(R?)).

(1ii) The functions (A>*7). o~ are bounded in
C([0,T); B™(R?)) N CH([0,T); B"~*(R?))

uniformly with respect to (g,a,v) € [0,1]3.

1.4.2. Study of the limits « — 0, € = 0 and v — 0. We are now able to study the
behavior of A% as @« — 0, ¢ — 0 and v — 0.

Theorem 1.7. Assume the hypothesis of Theorem 1.6 true. Then, for all (e, c,7) €
[0,1]3, for all ¢ € (0,1), we have the following bounds:
(i) Averaging result:
[ AZST — AO’OW”Loo([o,ﬂ;Bm—Q(RS)) < Ce? (1.27)
(11) Semi-classical result:

|| A5 — A&ONHLOO([QT];B"L—Q < Ca (1.28)

(R?))
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(#1i) Dipole-dipole interaction limit result:
1A= — ASXO oo (o 777, Bm-s(may) < Ca* (1.29)
(iv) Global result:
1457 — A0 o -5 rsy) < Cal€” +a+77). (1.30)

The constants C and Cy do not depend on «, € and vy but Cy does depend on q. The
estimates related to the original equation (1.12) can be summarized in the following
diagram:

As,a,s\/a O(e*+(vas)?) A0,c,0
(0% 2 QL
Ot (v/ac)?) QA+ Vaa | o)
As,0,0 AO’O’O

0(e?)

Remark 1.8. The case \g = 0 has already been studied by the authors in [4] where
we got estimates that are similar to (1.27) and (1.28).

Remark 1.9. Assume that either ny, =0 or n, = 0. Then, for all (g,a) € (0,1]?,
for all q such that
g=1 ifd=1,
{ qell,2) ifd=2,
we get the same conclusion as in Theorem 1.7.

The following immediate corollary gives a more accurate approximation of
A5V than A%00, This result can be useful for numerical simulations and has to
be related to the ones of Ben Abdallah et al. [5].

Corollary 1.10. Assume the hypothesis of Theorem 1.6 true. Then, for all (e, ) €
[0,1)%, we have the following bound:

HAa’a’e‘/a - AO’O’E\/EHLoo([o,T];Bm-?(RS)) < 0(52 + )
where C' > 0 does not depend on & or .

The following proposition concerns the special case of an initial data polarized
on one mode of H,. It generalizes the case studied by Bao, Ben Abdallah and Cai
[1, Theorems 5.1 and 5.5] where the initial data was taken on the ground state of

H..

Proposition 1.11. Let k € N. Assume the hypothesis of Theorem 1.6 true. Assume
also that

Ag(x,2) = ap(r)wi(2), (x,2) € R
where wy, is defined in Remark 1.2. Then, the function A% stays polarized on the

mode wy, 1.e.
Aoyavy(t’x’ Z) = BOC,'Y(t, ﬂj)Wk;(Z) fOT all A Rd-
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Here, B“7 is the solution of
1 YA
OB +VuS -V, BT + B, S = WTB‘W —iGvE(BYY,  (1.31)
BY7(0,z) = ap(x), z¢€R*>
where
Gk (u) () = u(x)/ | (2)[F <0 + 3)\0V(ﬁp s |wrul?(z, z)> dz.
Rd
Let
g=1 ifd=1
q€[L,2) ifd=2,

we have moreover the following bound for all o € [0,1] :
1A% — A% o 0.7y, -5y < Ca”
where Cy does not depend on o but depends on q. Hence, we obtain that
JAs =V — AO’QO||L°°([O7T};Bm*5(]R3)) <O +a+ (Va))
and for a € (0,1] fized
eV = O e o 7 sy < O (1.32)

Remark 1.12. Let us notice that by Remark 1.3, the nonlinearity GV* of equation
(1.31) becomes a local cubic nonlinearity when v = 0
n?—d

P

GOF(u)(x) = ( 3 ||wk”%4(Rd)> lu(x)|?u(z), for all z € R34

The paper is organized as follows. In Section 2, we study some properties of the
dipolar term that are needed in the proofs of Theorems 1.6, 1.7 and 1.11 given in
Section 3.

2. Study of the dipolar term
Let us define for € R, v € [0,1] and ® € L?(R3)
F1(9, (I>) — i (O.|6—z‘07-tzq)|26—i67-lz q)) ,

Fia(®) = 2= [T F1(9, ®)d6,

| | | 2.1
F3(0,@) = 330e ™ (V] +]e M0 2) e, 21

2w
FY (@) = 5= [ F3 (0, ®)db

so that
P By B and B = Fia - F

In order to prove the uniform well-posedness of the nonlinear equations (1.23)
and (1.24), we will need Lipschitz estimates for F'7 (0, -) defined by (1.15) and Fg,(+)
defined by (1.17). We only study here the dipolar terms F}) and F; 4 Since the

cubic ones Fy (6, ®) and F} q,(®) have already been studied in [4, Lemma 2.7.| (see
also |6, Proposition 2.5], [10, Lemma 4.10.2] or [8, Lemma 1.24]).



10 W. BAO, L. LE TREUST, AND F. MEHATS

(). Using the fact that V] takes its

2.1. Some properties of F)(6,-) and F) i

2,av

values in [—1/3,2/3] (Remark 1.1), we get the following lemma.
Lemma 2.1. Introduce the convolution operator
. 3 3
K7 :ue H™(R®) — Vg +u € H™(R)
for v € 10,1] and m € N where Vdﬂi’p is defined by (1.11). Then, we get for all
u € H™(R3)
2
Kl < 2 o
The following lemma gives Lipschitz estimates for the dipolar terms.
Lemma 2.2. For allm > 2 and M > 0, there exists C' > 0 such that
||F£iav(u) _F;av(v)HBm < CMZHU_UHB"L
175 (0,u) = F5 (0,0)[l g < CMP|lu— v pm,
for all u,v € B™(R3) satisfying ||ul|pm < M, ||v|[gm < M, for all € R and for all
v € [0,1].

Proof. Let us fix v € [0,1], u,v € B™(R3) satisfying ||u|gm» < M, |[v|gm < M. To
begin, assume that 6 = 0, then we get that

I1E5 (0.) = F (0.0) g = 330 [ K7 (u2)u — K (o)
< 3o [ K72 - 0)] . + %0 [Tl = K020 e
Lemma 2.1 and Remark 1.5 ensure that
1K (o) =) < C B ()| g 16 = 0l < C 62 o 1t = ]

2
< Cllallzm lu =l g < CM? |Ju =] g

M

We also have
1% K (Jul*) (u = 0)|| 2 < C B ([wl)]| o 115" (= 0)]l 1
< C B (uP)| g 1t = 0l e < CIM s = 0]
For the second term, we get
[ (Jul®) = K (Jo*)ul| g < OB (uf? = [0*)|| gl g
< C[lul? = P[] g el g < CM? Jw = 0| g
and
[ ™ (K (juf?) = K7 (Jo))ul 2 < C K7 (ul® = [ol*)]] oo %™ ull 2
< Clul® = 1P| g el g < CM? = 0]l g
This gives us
155 (0, u) — F' (0,0)

lpm < OM? |lu = g

where C depends on m but is independent of v, v and v. Since e**= are isometries
of B™, we get for 6 € R

175 (0,u) = F5 (6, 0) | g =

0= (F; <O e_igqu) — F; (O e_iGsz))
< HF; (O,e*i(mzu) - F) (O,e*i(mzv>

< CM?Jju = o]

-

[ < 0202 | 10
Bm™ Bm
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and

1
HF;,a ) F;av( )HBm: %

2T
/0 (Fy (0,u) — F (0,v))do

Bm
1 2m N N
< o[BG )~ B (0.0)]
0
< OM? ||lu — || gm -
U

2.2. The limit v — 0. Let us study now the behavior of F) and F

9.av @7 — 0.

2.2.1. General case.

Lemma 2.3. For all m > 2, g € (0,1), there is a constant Cp, ; > 0 independent
of v such that

[F7 (0, w) = FO (0,0 g < ¥ Crmglltelfom el pmss.,
172, (@) = Foo ()l g <A Comglalifm el e
for all w € B™5(R3), for all v € (0,1] and for all § € R.

Proof. Let u € B™5(R?) and v € (0,1]. As in the proof of Lemma 2.2, we can
assume that § = 0. Thanks to Remark 1.5, we get

HF'Y (0,u) — FO 0,u HBm = “K7(|u|2)u—K0(|u|2)
<C Yo (B (Jul)u — KO(|ul?)u)

|K|<m

+C || |x|™ (K7 (Jul*)u — K°(Jul*)u) || .
<o 3 |K@ ul?) — KOO )| . 107l

k1] +]r2|<m

+C | K7 (uf?) = KO(ful)]| o |
< Cllullsn Y- ||(Val, = Vah) = @ e

|k|<m

“HBm

.2

x| ul| 2

Let us denote v := 9%|u|? for some || < m. We have that v € B*(R?) and, since
B™ < L,
lollgs < llu?llpm+s < Cllullpm||ull gmes.

Moreover,

|V Vi) +o] . = € (V0 V80

Since for all (kg,k,) € R3

Lt

1 (vky -ng + ko -ny)?
VA’ ke k)= | —= ,
dlp( ) < 3 + \’yk:gg\? T V{)ZP
we obtain
(Vdﬂip Vdolp) = Wiy(kxa kz) + W;(km, kz)
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where
(kz . nz)2’7kx‘2 '72(]%6 . na:)2
(|’7km|2 + |kZ|2) |kz|2 |’7k:r|2 + |kZ|2

— 2y(ky - ny) (ks - my)
Wy (kg, k2) = Nkal® + ka2

Wi (kg ks) = —

Step 1 : Study of HWF@HLI Since we have

— |yka|? 1
(W (ke k2)| < = ,
! (ke |> + k2 ?) 1 4 =l
[Ykz |
1

we get for g1 > 0 and pq,p| € [1,+00] such that p% +or=1 by Holder,
1

w11

0]
< | ————dkydk, < ,
Ll /Rs M ARz > Hfl”LlengLpl

[k |?
where
fr = (k)P (1 + ke [?) " [0

1

(vl )1 (1 [f )™ (1 * e > |
kx|

Thanks to the change of variable k = k,/|yk,|, we obtain that ||g1|/zr1 does not
depend on ~:

g1 =

H ‘p1 _/ dk, / dk
91llper = . (1_|_ |km|2)mq1 R (1+ |k|2)p1

so that [lg1|/75, < +oo if and only if
P11 > (3 —d)/2 and py > d/2.
On the other hand, we have
1l oy = 2P |2 (14 [Ra?) ™ (1]

e
Assume that p; € [1,2) N (d/2,2) is fixed and define m; = 3 <%). Then, we get
thanks to Sobolev inequalities and inequality (1.26) of Remark 1.5 that

Hfl”Lpl < nyd/plmkxld/lol (1 + ’kz‘Z)ql ’1/)\‘”Hm1 < C'}’d/pIH’U

< | gtk sogy -
1 Bm1+p1 +2q1

In the case d = 1, we choose p =p; =1 and ¢; € (1,5/4) so that
d
mi+ — + 2(]1 < 5.
b1

In the case d = 2, we fix p € [1,2). Then, we choose p; = 2/p € (1,2] and
q1 € (1/2p1,3/4) so that m; € [0,3/2) and m; + pil + 2¢q1 < 5. We proved that

HW]@‘

1 SPCpllullnfull s

p=1 ifd=1
pell,2) ifd=2.

for
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Step 2 : Study of HW;@\

L We have
L

|- |
e |Fa
W3 k)] < —2
1 z
BRI
so that, we get for g2 > 0 and po, pl, € [1, +00] such that p% + pl,Q =1,
k.
— 2
Y =~ T
|3 ke k], < [ — e dkadts < 208l g el
72’kx’2
where
Ja = (’7|kx|)d/p2 (1 + |km|2)q2 0]
|2 |
Ky
2 d/ ’ 2‘(12 AR
kNP2 (1 4 |ky <1+ = >
(k)2 (1 [kaf?) (14 el

Thanks to the change of variable k = %, we get that ||ga||Lr2 does not depend on
v:

|| ‘pQ _/ dk, / ’k‘md/{:
92l ppe = Ri—d (1_|_ |km|2)p2@ Ré (1+ ‘k’2)p2

and [|ga|/73, < +oo if and only if
p2g2 > (3 —d)/2 and py > d.

Let us fix from now on ¢ € (0,1) and py = d/q € (d,+00). For p3 > 0 and g3 > 0,
we get thanks to Remark 1.5 that

|kx|d/p2 (1 + |km|2)(Q2+QS) (1 + |k32|2)p3 1]
(14 [k [)™ (1 4 [k2[*)"
1
(1 [ka )™ (1 [k f?)7
1
(14 k2 [)® (1 + [k [*)"

q

1all oy =7

!
LP2

oo

/
LP2

< nyq

vl gsr2+asma+26an-+a3+03)
LP2

and

, < o0
LP2

1
H (1 + [k )™ (1 + [K2[2)P
if and only if
2q3py > 3 — d and 2p3py > d.
Let us choose

q2€<(3—d) (3—d) 1>7q3€<(3—d)(p2—1) (3_d)(p2_1)+i>

2p2 7 2po * 12 2po ' 2po 12

|km|d/p2 (1 + |kx|2)(QQ+q3) (1 + |kz|2)p3 |i}\|HLoo
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nd d 1) d 1 1
s € (pz—), (Pz—)+_ .
2p2 2p2 12
so that
3 1 d+B—d)+B—d)(ps—1)+d(ps—1
3/2+d/p2+2(q2+q3+p3) < otgt ( )+ ( p)(pQ ) +d(p2 — 1) <5,
2
and
W33, <2eCollullm ull s
Hence,

[E7(0,u) = F2(0,0) || g < V' CrmglullFm [l pmess.
Finally, we get that
oy (@) = Fy (W] g < 35 Jg [1F7 (00) = FO (8,1) || g 8 < 9o gltlfpm [l .

O

Ml

2.2.2. Case of a function which is polarized on one mode of H.,.

Lemma 2.4. Letm > 2, M >0 and

g=1 ifd=1,
qe[1,2) ifd=2

Then
[FQy () = Fay ()| g < Y9 CimgllullBm [l pmes,
for all v € (0,1] and all u € B™5(R3) under the form
u(z, 2) = a(z)wp(z),  for all (z,2) € R3

where k € N and wy, is defined in Remark 1.2. The constant C,, , depends neither
on u nor on .

Proof. Let v € [0,1] and u € B™"°(R3) such that u(z, 2) = a(z)w(z). We get that

FJ, () = wy / k() F1(0, u)(-, 2)dz + / () (F3y + Fla)(0,u)(, 2)dz

R4 R
where
)y (0,u) = 3Ngel7t: <WY * |efi€7{zu|2) e M=y, (2.2)
F;Q(H,u) = 3\ge!Mt <W; * |e_i9qu|2) e M=y, (2.3)

for all u € L3(R3), v € [0,1] and § € R. We also have wy(z) = Fwy(—2) for all
z € R? 50 that

(alwpPWy * lawe|?) (-, —2) = — (alwg|* W3 * |awk|?) (-, 2)
and
/ a(x)\wk(z)IQW; * \a(w)wk(z)Ide =0.
]Rd

Hence,

1 2T 1 2T

F)(u) = —/ Fi(0,u)df + —/ Fy (0, u)db.
2w 0 2 0 ’

The first step of the proof of Lemma 2.3 gives us the result. U
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3. Proofs of our main Theorems

This section is devoted to the proofs of Theorems 1.6 and 1.7 and Proposition
1.11 which are inspired by the ones of [4, Theorem 1.3. and 1.4.]. To do so, we
recall without any proof some of the results the authors obtained in this paper for
the sake of readability.

3.1. Main tools. We begin by the following Lipschitz estimates which summarize
[4, Lemma 2.7.] and Lemma 2.2.

Proposition 3.1. For all m > 2, there exists Cy,, > 0 such that
172, (u) = Fg, (0)llm < CoaM?|Ju — 0]
IF7(0,u) = F7Y (0,0)[ g < CoaMP|Ju = 0] pm,
for all M > 0, u,v € B™(R?) satisfying ||u|pm < M, ||v|[gn < M, all & € R and
all v € [0,1].

We give then in Proposition 3.2 the local in time well-posedness of the eikonal
equation [4, Proposition 2.2.].

Proposition 3.2. If Sy € SQsH(R?’*d) with s > 2, there exists T > 0 such that
the eikonal equation (1.18) admits a unique solution S € C([0,T];SQs(R3~9)) N
C*([0,T] x R3~9).

The following lemma is related to the non-homogeneous linear equation (3.1) (see
[4, Lemma 2.6.]). The crucial bound (3.2) is obtained by energy estimate.

Lemma 3.3. Let us assume that for some m > 2, s >m+2 and T > 0, we have
(i) ag € B™(R3),
(ii) S € C([0,T];8Q,(R3>~4)) NC*([0,T] x R3~%) solves the eikonal equation (1.18),
(i) R € C([0,T]; B™(R3?)).
Then, for all o € [0,1], there ewists a unique solution a € C([0,T]; B™(R3)) N
C([0,T]; B™2(R?)) to the following equation:

0a+ VS -Vya+ gAch = i%Axa + R, a(0,z,2) = ap(z,2). (3.1)

Moreover for all t € [0,T], a satisfies the estimates
t t
Jo®) e < ool +C [ o) ds+ [ (ala). A pods (32

t
2 2 2
<ol +C [ (lalo) o+ 17 (5) ) s (33)
where C' is a generic constant which depends only on m and on

sup HagSHLOO([O,T]XR?’*d)'
2<|k|<s

3.2. Proofs of Theorems 1.6 and 1.7 and Proposition 1.11. Theorem 1.6 can
be proved by standard techniques. Point (i) is a consequence of Proposition 3.2.
The existence and uniqueness result (ii) stems from a fixed-point technique based
on the Duhamel formulation of the different equations and on the local Lipschitz
estimates of Proposition 3.1. The uniform bound (iii) can be obtained by Gronwall
lemma. For details, one can refer for instance to [4] where the case \g = 0 was
treated.
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Let us now prove Theorem 1.7.
Averaging limit € — 0: proof of (1.27). For v € [0, 1], let us introduce the function
F7: Rx B™R3 — B™(R3)
(0, u) — fOG(F“/(s, u) — Foy(u))ds
which satisfies the following properties for every u € B™(R3):

(a) 0 — F7(0,u) is a 2m-periodic function, since 6 — F7(0,u) is 2m-periodic
and F}, is its average,

(b) if |lul|gpm < M then |.Z7(0,u)| gm < 47Cp, M3 for all § € R, where C,,, was
defined in Proposition 3.1.

Using the relations

F(t/%,u(t) = (F7(t/%, ult) — F,(u(t))) + Fg, (u(t)),
52% (Z7(t/e%,ut)) = (F7(t/* u(t)) — F,(u(t))) + € DT (t/*, u(t)) (Dsult)),
and equations (1.24) and (1.23), we obtain for all («,v) € [0,1]? and € € (0, 1],

( . A.S  ia
2
—i (F, (A=) — F(]U(AO’“”)) — 20, F (t)?, A5)
+ie2 Dy F (L)%, A7) (9 A5,

> (AT =A%) = (3.4)

We have that

sup sup || Dy.Z7 (s/e?, A5 (5)) (0L A5 (s)) || gm-2 < C. (3.5)
s€[0,T] &

Indeed, according to Theorem 1.6, the sequences
(A7) .,y and (LA™ )c 0,4
are uniformly bounded, respectively in
L>=([0,T); B™(R3)) and in L>([0,T]; B 2(R?)).
Thanks to Lemma 2.1, we get

(A57“’7)> By A= ds

2,av ’Bm_Q

0
/ H(DuFJ(S,AE’“W) D, F}
0

0 R .
< / 3o H (Vdvi * <2 Re(efisHZAe’a’“’e_iSHZ(%AavOW)) eIz gy ’ ,ds
B™m—
—ZSHZ £,0,Y |2 —isH2 £,y
+/0 3o || (Vi + Azea) g amen| s
2w E— .
+ _/ 3)\0 H d1 <2 Re —zs’Her aye ZsﬂzatAg aﬁ)) e—zs’HzA&ozﬁ ‘ ds
P Bm—2
2w )
+ _/ 3)\0 H d1p —stzAa,oz,'y’2> e—zs’HzatAa,oz,'yHBm_Q ds

so that the dipolar part of D F(t)e?, A5%7) (0, A5*7) is uniformly bounded in
L>(]0,T); B™2(R3)). The same property also holds for the cubic nonlinearity so
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that we obtain inequality (3.5). Then, applying Lemma 3.3 to equation (3.4), we
get

s — ave|R, (1) < C / AT A%, (s)ds
/ 12, (A7) = 3 (AP)|[3,_ads
+ & /0 | DT ()%, A5 (9 A57)|| 40— ds
+ e /0 t (0LF7 (12, A7), AT — AD0)  (5)ds
<Cet+ 0 /0 t | A=Y — A%Y|2, (s5)ds

t
— ¢ / (0n.F7 (t/2, AO), A=Y — AD@)  (s)ds,
0

Bm—2

where we used the Lipschitz estimates of Proposition 3.1. The last term can be
treated exactly as in [4], integrating by parts in time and using the equation (3.4).
The conclusion follows by the Gronwall lemma.

The semi-classical limit « — 0: proof of (1.28). The proof of the error estimate
(1.28) follows exactly the same arguments as the ones of [4, Theorem 1.4.] since for
~ fixed, the new dipolar term can be treated exactly as the cubic term.

The dipole-dipole interaction limit v — 0: proof of (1.29). In the case of inequality
(1.29), we have for any ¢ € (0,1], (o,7) € [0,1]? that

at(Ae,a,y _ Aa,a,O) + VIS X vz(Aa,oz,v _ Ae,a,O) + %(Ae,a,v _ Ae,a,O)

= Z§A (Aa s AE,O@O) — Z’(F’Y(S/gz,Aa,oz,'y) _ F’Y(S/(?Q, AE,(LO))
—i (F7(s/e?, A5*0) — FO(s/e?, A*0))

so that Lemma 3.3, Proposition 3.1, Theorem 1.6 and Lemma 2.3 ensure that
1A= (£) = A0 () [ Bns < C /O t 1A= (s) — A0 (s) | m-sds
[ 762, A7) = /22 A0 ) s
i /0 (177 (52, A%0(s)) = FO(s /%, A“0(5)) [y ds

t
<0 e [ 1400 - A0 st
0

for any ¢ € (0,1), and by Gronwall’s lemma
HAe,aﬁ o AO@W”C([O,T};B’"*) < C’)/q.

The case ¢ = 0 follows the same ideas. The proof of (1.29) is complete and (1.30)
follows. g
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Proof of Proposition 1.11. In this case, we remark that the solutions remain po-
larized on a single mode of H, as time evolves. Hence, we can apply Lemma 2.4
instead of Lemma 2.3 and Proposition 1.11 follows from the arguments used in the
proof of the estimate (1.29) in Theorem 1.7
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