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DETERMINATION OF TIME DEPENDENT FACTORS OF
COEFFICIENTS IN FRACTIONAL DIFFUSION EQUATIONS

KENICHI FUJISHIROY AND YAVAR KIAN?

ABSTRACT. In the present paper, we consider initial-boundary value problems for partial
differential equations with time-fractional derivatives which evolve in Q@ = Q x (0,T") where
Q is a bounded domain of R? and T > 0. We study the stability of the inverse problems of
determining the time-dependent parameter in a source term or a coefficient of zero-th order
term from observations of the solution at a point x € 2 for all t € (0, 7).

1. INTRODUCTION

1.1. Statement of the problem. Let Q be a bounded domain of R, d = 1,2,3, with C?
boundary 9Q2. We set ¥ = 0Q x (0,7), Q = Q x (0,7) and we introduce A the uniformly
elliptic differential operator defined by

d

Au(a,t) == a% (aij(x)g—;(:c,t)) :

ij=1
where
d
a; =a;, 1<i,j7<d, and Z a;(0)&& > plél?, 2 €Q, € eRY,
ij=1
for some pu > 0. We associate to this elliptic operator a Robin boundary condition;

Byu(xz,t) = (1 —o(x))u(x,t) + o(x)0, ,u(z,t) =0, (x,t) € 92 x (0,T),

where
a ou
Oy yule,t) = aij(7) 5~ (2, t)v;(x)
i,j=1 v
and v = (vq,. .., 1) is the outward unit normal vector to 2. Here o is a C* function on 9
satisfying

0<o(z)<1l, z€df

and the limit case 0 = 0 (resp. o = 1) corresponds to the Dirichlet (resp. Neumann) bound-
ary condition. Recall that Robin boundary conditions are the mathematical formulation
of the Newton’s law of cooling where the heat transfer coefficient o is utilized. The heat
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transfer coefficient is determined by details of the interface structure (sharpness, geometry)
between two media. This law describes quite well the boundary between metals and gas and
is good for the convective heat transfer.

We set also a € (0,1) and we denote by 0§ the Caputo fractional derivative with respect
to t given by

P g(t) = ﬁ/g (t—s)a%(s)ds.

Then, we introduce the following two initial-boundary value problems (IBVPs in short)
for the fractional diffusion equations

ofu(z,t) + Au(z,t) = f(t)R(z,t), (x,t) € Q,
Byu(xz,t) =0, (z,t) € X, (1.1)
u(z,0) =0, z€f

and

O v(z,t) + Av(z,t) + f(t)q(x, t)v(z,t) =0, (x,t) € Q,
Byv(z,t) =0, (x,t) €X, (1.2)
v(x,0) = vo(z), x €
From now on, problems (1.1) and (1.2) will be respectively denoted by the source term prob-
lem and the reaction rate problem. In the present paper, we assume that A, o, R, vy and
q are given and we consider the inverse problem of determining the parameter {f(t)}ic(o,r)

appearing in the source term problem (1.1) and the reaction rate problem (1.2) from obser-
vations at a point z € Q2 for all t € (0,T).

1.2. Physical motivations. Recall that diffusion equations with time fractional derivatives
such as (1.1) and (1.2) are proposed as new models describing some sub-diffusive anomalous
diffusion phenomena such as diffusion of ions in heterogeneous media or diffusion of fluid
flow in inhomogeneous anisotropic porous media. Indeed, motivated by the work of Adams
and Gelhar [1] related to models for highly heterogeneous aquifer, Hatano and Hatano [16]
proposed a microscopic model of the diffusion of ions in heterogeneous media based on
continuous-time random walk (CTRW in short). From the CTRW model, one can derive a
fractional diffusion equation as a macroscopic model (see e.g., Metzler and Klafter [26] and
Roman and Alemany [31]). We refer also to the work of [10] and the references therein for
models of diffusion in porous media as well as other physical phenomena described by time
fractional derivatives.

In particular, fractional diffusion equations can be associated to the diffusion of contam-
inants in a soil. In this context, our inverse problems correspond to the determination of a
pollution source in (1.1) and the recovery of a reaction rate of pollutants in (1.2).

1.3. Known results. Let us recall that fractional derivatives for both ODEs and PDEs
have attracted many attention. For detailed study of fractional calculus for instance we refer
to books such as Matignon [25], Miller and Ross [27], Podlubny [29] and Samko, Kilbas and
Marichev [35]. Concerning mathematical properties of partial differential equations with
time fractional derivatives and related properties, we refer to Agarwal [3], Gejji and Jafari
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[14], Gorenflo and Mainardi [15], Luchko [22], Matignon [24] and references therein. For the
well-posedness of problems (1.1) and (1.2) with time-independent coefficients one can refer
to [34].

Let us mention that the recovery of time-dependent parameters appearing in the diffusion
equations (1.1)-(1.2) in the case a = 1 has been considered by several authors. The recovery
of time-dependent coefficients has been treated in Section 1.5 of Prilepko, Orlovsky and Vasin
[30], Cannon and Esteva [7], Choulli and Kian [11] and Saitoh, Tuan and Yamamoto [32, 33].
Note also that using the strategy set by Bukhgeim and Klibanov [6] based on Carleman
estimates, Gaitan and Kian [13] proved stable determination of time-dependent coefficients
for diffusion equations in the special case of cylindrical domain €. The determination of
time-dependent factor appearing in the source term has been studied by [7] and [32, 33],
who derived respectively a logarithmic type and a Holder type stability estimate.

In contrast to parabolic equations, few articles addressed inverse problems for (1.1)-(1.2) in
the fractional case 0 < a < 1. In the one dimensional case d = 1, [8] proved unique determi-
nation of a time-independent coefficient and the fractional order o from Dirichlet boundary
measurements. In the multidimensional case, [17] determined the fractional order « from
measurements of the solutions at a point for any time. The recovery of a time-dependent
factor appearing in the source term has been considered by Sakamoto and Yamamoto who
proved in [34, Theorem 4.4] a result of stability for this problem. In the special case o = 1/2
and d = 1, [9, 38] considered an approach similar to [6] based on Carleman estimates for
equation (1.2). Using this approach, [9, 38] proved stability in the recovery of a time-
independent coefficient of order zero from a single measurement on a subdomain. Moreover,
[28] proved uniqueness in the recovery of a time-independent coefficient of order zero from
measurements on a subdomain. In some recent work, [19] proved recovery of some general
time-independent coefficients from the Dirichlet-to-Neumann map associated to a problem
similar to (1.1) with an inhomogeneous Dirichlet boundary conditions of the form A(t)g(z)
where A is a strictly positive and analytic fixed function.

1.4. Main results. In order to state our two main results, let us first introduce some con-
ditions that guaranty existence of sufficiently smooth solutions for the source term problem
(1.1) and the reaction rate problem (1.2). For both (1.1)-(1.2), we assume that the coeffi-
cients a;; and the parameter { f(t)}ico,r) satisfy

;5 € Cl<§) if o = 0,
[ € CQ(Q) if o §é 0,
fe L0,T). (1.3)

Note that the regularity of a;; depends on whether o = 0 or not, which is due to condition
(1.8) that will be introduced later.
For other given parameters in (1.1), we suppose

R € LP(0,T; H*(Q)), 2 <p<oo and B,R=0 onX. (1.4)
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Assuming these conditions, we prove in Section 3 that the IBVP (1.1) admits a unique
solution u € C([0, T); H*(2)) with 0%u € LP(0,T; H*(2)) for some s > d/2. Therefore, using
the Sobolev embedding theorem (e.g. [20, Theorem 9.8, chapterl]), for any zy € €, we see
that u(xg, ) =t — Ofu(zo,t) € LP(0,T). Then, we can state our first result of stability in
the recovery of the time-dependent factor appearing in the source term problem (1.1).

Theorem 1.1. Let condition (1.4) be fulfilled and, fori = 1,2, let u; be the solution of (1.1)
for f = f; € L=(0,T). We assume that there exist o € Q and 6 > 0 such that

|R(xo,t)| >0, a.e.te(0,T). (1.5)

Then, there exists a constant C' > 0 depending on o, p, T, Q, 0, A, o and ||R||Lr0,1;12())
such that

If1 = fallzeor) < Cll07ui(zo, ) — 07 ua(zo, )| Lo 0,1y, (1.6)
107 w1 (o, ) — Ofua(zo, )|l Lror) < Cllf1 = follLe o) (1.7)

In particular, if we take p = oo in (1.4), then

CH6fur (w0, -) — O uan(wo, ) Loy < Ilfr = fall o)
< C||07ur(zo, ) — O ua(wo, *)|| Lo 0,1)-

For the IBVP (1.2), we assume

{q € L>(0,T; H*(Q2)) (and d,¢ =0 on ¥ if o # 0),

1.8
vo € HY(Q)) and B,vy = B,(Avy) =0 on 9. (18)

Then, we prove in Section 3 that the IBVP (1.2) admits a unique solution v € C([0, T|; H*(2))
with 0fv € LP(0,T; H*(2)) for some s > d/2. Thus, we can consider dfv(xg,-) € LP(0,T)
and we can state our second result, concerning stability in the recovery of the time-dependent
coefficient appearing in the reaction rate problem (1.2).

Theorem 1.2. Let condition (1.8) be fulfilled and, fori = 1,2, let v; be the solution of (1.2)
for f = fi € L=(0,T) with || fill t=@o.r) < M. We assume that there exist xo € Q and § > 0
such that

lq(zo, t)ve(zo,t)| >0, a.e. t € (0,T). (1.9)

Then, there exists a constant C > 0 depending on o, M, T, Q, 0, A, o and ||q|| Lo (0,r;12(0))
such that

CH 67 v (o, -) — B va(wo, )| ooy < If1 = follLoe o)
< C||07v1(wo, -) — O va(wo, *) || L (0,7)- (1.10)

Note that in [34, Theorem 4.4], a problem similar to Theorem 1.1 has been considered. In
contrast to [34, Theorem 4.4], Theorem 1.1 holds with a more general boundary condition and
a factor R(x,t) that depends also on the time variable ¢. Moreover, Theorem 1.1 weakened
the regularity assumption for R of [34, Theorem 4.4]. These two extensions make Theorem
1.1 more suitable for application than [34, Theorem 4.4].
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Let us observe that Theorem 1.2 is stated with solutions of the reaction rate problem (1.2)
with a given initial condition vy. The choice of this initial condition is related to condition
(1.9). Indeed, condition (1.9) depends on the solutions of problem (1.2) that we want to
determine. Nevertheless, combining some suitable maximum principle with the Hopf lemma
one can derive (1.9) from conditions on the initial data and the coefficient ¢ of the form
vo > 0, faqg > 0, q(zo,t) > 0" > 0, ae. t € (0,7T), xiergfﬂa(x) > 0. For the moment, such

a result of maximum principle is only available for (1.2) with time-independent coefficients
(e.g. [21, Theorem 1.1] and [23, Theorem 3]), but we believe that such a result can be
extended to (1.2).

In our two main results, we assume conditions (1.5) and (1.9), which means that the
observations at a point cannot be far from the source. However, the results for fractional
diffusion equations without these conditions have not been obtained yet. Here we restrict
ourselves to that case and we establish Lipschitz type stability estimates.

Let us remark that the results of this paper can be extended to the case d > 4. For this
purpose additional conditions such as more regularity for a;; and J2 are required. In order
to avoid technical difficulties, we only treat the case d < 3.

Let us mention that the arguments of Theorems 1.1 and 1.2 can be applied to parabolic
equations (1.1)-(1.2) with @ = 1 for the recovery of a time-dependent parameter. It seems
that, with [11, 13, 34], our results are one of the first results of stability in the recovery of a
time-dependent parameter from a single measurement. In addition, even in the case a =1,
to our best knowledge, with [34, Theorem 4.4], our results are the first results of determi-
nation of a time-dependent parameter from a single measurement at a point 2y € {2 when
Q CcR% d=1,2,3. So even in the context of stable recovery of a time-dependent parameter
appearing in a parabolic equations, it seems that our results improve some previous known
results. Nevertheless, our approach allows only recovery of parameters that depend only on
the time variable ¢t which is a restricted class of parameters. An interesting perspective will
be to generalize our result to recovery of more general coefficients or source term param-
eters appearing in a fractional diffusion equation. For instance, we can consider recovery
of parameters depending on the space variable x or both space and time variable. For this
purpose, we need to consider a different approach and to overcome the difficulties that arise
from fractional time derivatives (no exact formula of integration by parts, of Leibniz rule, of
composition of derivatives...).

1.5. Outline. The remainder of this paper is composed of three sections. In Section 2, we
study the forward problem for the IBVPs (1.1) and (1.2) and we prove the unique existence
of sufficiently smooth solutions. In Sections 3 and 4, we complete the proof of our main
results: Theorems 1.1 and 1.2.

2. FORWARD PROBLEM

This section is devoted to the well-posedness of the IBVPs (1.1) and (1.2). We prove
existence and uniqueness of sufficiently smooth solutions of the source term problem (1.1) and
the reaction rate problem (1.2). More precisely, we look for solutions u of (1.1) and v of (1.2)



6 KENICHI FUJISHIRO AND YAVAR KIAN

such that u, v € C([0,T]; H*(R?)) and dfu, 0%v € C([0,T]; H*'(2)) for some suitable values
of v € [0,1). The smoothness of these solutions are closely related to our inverse problem.
Recall that for fractional diffusion equations with time-dependent coefficients or general
boundary conditions, we cannot reduce the problems to fractional differential equations
like [34]. To prove existence of sufficiently smooth solutions of (1.1)-(1.2), we consider the
abstract evolution problem associated to (1.1)-(1.2) and we use some suitable fixed point
theorem as in Beckers and Yamamoto [4]. We treat separately problems (1.1) and (1.2). We
start with the source term problem (1.1).

2.1. Smooth solutions of the source term problem. In this subsection we study the
well-posedness of problem (1.1). More precisely, we establish conditions that guaranty exis-
tence of sufficiently smooth solutions. The main result of this subsection can be stated as
follows.

Proposition 2.1. Let conditions (1.3) and (1.4) be fulfilled. Then, the IBVP (1.1) admits
a unique solution u € C(|0,T]; H*(Q)) satisfying

Au € C([0,T]; H(Q)) and 0Mu € LP(0,T; H*()) (2.1)
for all0 <~y <1—1/(pa). Moreover, we have

[ Aullego,mmzr @) + 197Ul Loo,r:m27 @)y < Ol f Rl Lo o,0,m82(0) (2.2)
with C > 0 depending on Q, o, T, A, o and ~.

To prove this result we introduce the following IBVP.
OFulz,t) + Au(z,t) = F(z,t), (2,1) € Q,
Bou(z,t) =0, (x,t) €%, (2.3)
uw(z,0) =0, x €.

We also consider the following conditions
8
Fel’0,T;H*Q)), —<p<oo and B,F=0 onX. (2.4)
o'

Note that if we set F'(x,t) = f(t)R(z,t), then conditions (1.3) and (1.4) are equivalent to
(2.4). In order to solve the new problem (2.3) we will use an abstract formulation of the
problem. For this purpose, we define the operator A as A + 1 in L*(Q) equipped with the
boundary condition B,h = 0;

{D(A) = 1{h € H*Q); B,h =0 on 09}, (2.5)

Ah:=Ah+h, he D(A).
Recall that A is a selfadjoint and strictly positive operator with an orthonormal basis of

eigenfunctions (¢, ),>1 of finite order associated to a non-decreasing sequence of eigenvalues
(An)n>1. From now on, || - || and (-,-) denote the norm and the inner product in L?(£2)
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respectively. We define the fractional power A, v > 0, of A by

D(AY) = {heL2 ZAQV 60| <oo}

Ah = Zm  On)bn, h e D(A).

(2.6)

Clearly, D(A") is a Hilbert space with the norm || - || p(ar) defined by ||h||par) = [|A7A].
Since D(A) is continuously embedded into H?(£2) with equivalent norm (e.g. [20, Theorem
5.4, Chapter 2]), we see by interpolation that

D(AY) Cc H*(Q),
C Al g2 < Illpary < Cllhllgze), h € D(AY),

for 0 <~ < 1.
We consider the following abstract problem in L?(2);

{wmw+Amw:F@,teme

u(0) = 0. 27)

We define the operator valued function {S4(t)}i>0 by
t)h = Z bn) Mt bn,  h e L2(Q), t >0,

with F, 5, o > 0, 8 € R, the Mittag-Lefller function given by

o0
Zk

Eop(z) = m~

k=0

g. [4, 34]) and {Sa(t)}+>0 does not enjoy the
Jh # Sa(t)Sa(s)h. From now on, for all Banach
€ L'Y(0,T;X), we define the causal convolution

Recall that Sy € Wh(0,T; B(L*(2))
properties of a semigroup: namely Sy (
space X and all f € L'(0,T;B(X)),
product f % g given by

) (e.
t+ s
g

fxg(t) /ft—s te (0,7).
We introduce the operator valued function {S4(t)}s0 given by

t)h = Z O By o(— At )by, ho€ LA(Q), t > 0.

In light of [6, formula (2.3)], for all t € (0, +00) we have Sy(t) = —A~1S5"(t). Moreover,
according to [34, Theorem 2.2], for any F' € L>(0,T; L*(f2)), problem (2.7) admits a unique
solution

u(t) = Sy % F(t) = /t Sa(t —s)F(s)ds, te(0,T). (2.8)

0
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In view of [4, Theorem 1], this solution is lying in L*(0,7; D(A")) for 0 < v < 1, and we
have
JAYSA(t)h|| < Ct*D7H A, he LA(Q), t > 0. (2.9)

For additional information about the time behavior of fractional operators and some results
on Mittag-Leffler functions, we refer to [24]. In particular, the mapping t S A(t) belongs
to L™(0,T; B(L*(2))) if r € (1, 00) satisfies r(1 —a) < 1.

We consider the following Young’s inequality:

Lemma 2.2. Let X be a Banach space, f € LP(0,T;B(X)) and g € L¥(0,T;X) with
1<p,p <ooandl/p+1/p =1. Then, [ *g is lying in C([0, T]; X) and we have

1f* g®)llx < I fllerossonllgllronx),  t€10,T].

We refer to [5, Exercise 4.30] and [36, Appendix A] for the proof of this lemma.
Let p € (1,00] be as in (2.4) and let p’ € [1,00) be its conjugate index. Noting that A
and S4(t) commute, we see from (2.8) that for F' € LP(0,T; D(A)),

Au(t) = Sa % AF(t) = / t Sa(t — s)AF(s)ds.

By p > 1/a and (2.9), the mapping ¢ — S4(t) belongs to L¥ (0, T; B(L?*(2))). Therefore, by
Lemma 2.2, u belongs to C([0,T]; D(A)) and satisfies

| Au(b)]| < / 15a(t — 8)AF(s)||ds < C / (t — 5 V| F(s) | payds

¢ 1/p
<C (/ s ds) IF || o 01004y < CtYPIIF|l oo mina))-
0

Thus, we can define the map H : L*(0,7; D(A)) — C([0,T]; D(A)) by
H(w) := Sy *xw, w e LP(0,T; D(A)) (2.10)
and for any w € LP(0,T; D(A)), it satisfies

t
[H(w) ()] peay < C/ (t =) Hw(s) | peayds < OtV |lwl| Loo.ripiay- (2.11)
0
Using these properties we will prove Proposition 2.1.

Proof of Proposition 2.1. Let A be the operator defined by (2.5), then the IBVP (2.3)
can be rewritten as

{@O‘u(t) +Au(t) = u(t) + F(t), te(0,7), (2.12)

u(0) =0,

where u(t) := u(-,t) and F'(t) := F(-,t). From now on, we divide the proof of Proposition 2.1
into three steps. First, using a fixed point argument we will prove that problem (2.12) admits
a unique solution u € C([0,T]; H*(?)). Then, we prove that u fulfills |[ullc1.m2()) <
ClIF N zo(o.1.p(a))- Finally, we prove (2.1) and estimate (2.2).
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We start by proving existence and uniqueness of a solution u € C([0,T]; H*(2)). Noting
that F' € LP(0,T; D(A)) by (2.4), we see from (2.8) that the solution u of (2.12) satisfies

u(t) = H(u)(t) + H(F)(t), te(0,T), (2.13)

where the map H is defined by (2.10). Therefore, we will look for a fixed point of the map
G:C([0,T]; D(A)) — C([0,T]; D(A)) defined by

G(w)(t) == H(w)(t) + H(F)(t), weC([0,T];D(A)), t€(0,T).
Now we introduce the family {Y, },~o of functions on (0,7T"), which is defined by

tr—l
Y (t) = —, t>0.
O =16
One can easily check that, for all r,s > 0, we have
Y2V, = Yoo, (2.14)
In particular, noting that Y;(¢) = 1, we also have
t
/ Y.t —71)dr =Y, «Yi(t) =Y, 11(t). (2.15)
0

By (2.11) and (2.15), for w € C([0,T]; D(A)) and all ¢t € [0, T], we have

t t
|mmwmmmscéa—@%wMQmw@sc(lxm—@@)mmmmmm

= CYar1(O)l|wlleqom:peay,

and repeating the similar calculation, we get

IW%@MWSCA@—@”WWM®%W%

t
<o [ alt = o905 ) Iwleqomoiy
0

= OYaar1(t)[[wlleqo.r;n0a)),

where we have used (2.14) in the last equality. By induction, for all w € C([0,T]; D(A)), we
have

crme
|[H" w(t)|[pay < CYnat1 () ||wlleqo,r:pay < m”wHC([QT};D(A))a te[0,T]. (2.16)

Therefore, we obtain
19" (w1) = G™(wa)lleqo.r1:p(ay = 1" (w1 — wa)lleqo.rrinay
CTTLO{
< _ -
~ I'(na+1)
for wy,wy € C([0,T]; D(A)). Thus, G" is a contraction for sufficiently large n € N and G
admits a unique fixed point u € C([0,T]; D(A)) C C([0,T]; H*(f2)). Moreover, we have

llwy — walle(o,m;pea))

u=G(u) =G"(u) = H"(u) + Y _H*(F) (2.17)
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for any n € N.
Now let us show that this unique solution fulfills [|ull¢(o71.2(q)) < C 1l 1oo.p(ay)- For
this purpose, we estimate each H*(F). First, by (2.11), we have

IHE) Do) < CYarroap(OEllrorinay, ¢ e[0,T].
Applying (2.11) and (2.14), for all ¢ € [0, 7], we get

I (F)(0)low) < C / (t — )" [ HF)($) | peayds
<C (/ Yo Yot1-1/p(8) S> | 'l e 0.7:0( )

= CYaar1-1/p (0| Fl| o(o,1:0(4)) -
By induction, we obtain
CTka—l/pHFHLp(O T.D(A))
HE(F) (¢ < CY%or1-1/0(O|F . < o ,
IHE)Dllois) € Vi Flsamotn € oyt o i

Therefore, applying (2.16) and (2.17), we find

te0,7].

[ulleqorpeay < IIH™(w)lleqor).pea )+Z IH*(F)lleqory:pay)

cTm . Tka=1/p .
< T(re L 1) > .
= F(noz T 1) ”UHC([O,TLD(A)) + 2 F(ka 1o 1/p) H ”LP(O,T,D(A))

and by taking sufficiently large n € N, we obtain
ulleqo,r:pa)) < CIF | Leo.r;00a)) (2.18)

with C' depending on T', «, 2, A and o.
We complete the proof of Proposition 2.1 by showing the estimates (2.1)-(2.2). We fix
0 <~ <1—1/(pa). Then, in light of (2.13), for all ¢ € (0,T), we have Au(t) € D(AY) with

AT (Au)(t) = (A7S4) * (Au + AF)(t)

and by (2.9), we have

1A S ()|l 5z2@)y < CE1,
where 1 := a(1—~). Since > 1/p, the mapping t — A7S4(t) belongs to L (0, T; B(L*(2))
where p' € [1, 00) satisfies 1/p + 1/p" = 1. Therefore, Au belongs to C([0,T]; D(A”)) and

| Au(t)|| pary = ‘ / ATSA(t — s) (Au(s) + AF(s)) ds

<0 [[6=r N lowds +C [ 6= 57 1F 6o

t t 1/p

<C (/ (t — 8)“‘1d8> [wlleqo.ry;pcay + C (/ s” (“_1)618) 1 F\| 2o (0,:0(4))
0 0

< CT"|\ulleqomipcay + CT* VP F |l oo,rsp(a)) (2.19)
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Combining this with (2.18), we have
[Au@) | peary < ClIEF | ror:peay < CIElLoo.1:m29)-
Hence, we deduce that Au € C([0,T]; H*(Q2)) and
[Aulleqormz ) < ClF | romm2@)-
By the original equation 9fu = —Au + F, we see that 0%u belongs to LF(0,T; H*'(Q)) with
the estimate;
105 ull Lo o712 () < Cll A o012 () + CIE | o (0.1:027 ()

< Ol Aulleqo,rysv ) + CllEllrorm29)

< Cl|F|zeo,r;52(0))
which implies (2.2). Thus, we have completed the proof of the proposition. O

2.2. Smooth solutions for the reaction rate problem. In this subsection we study the
well-posedness of problem (1.2). The main result of this subsection can be stated as follows.

Proposition 2.3. Let conditions (1.3) and (1.8) be fulfilled. Then, the IBVP (1.2) admits
a unique solution v € C([0,T); H*()) satisfying

Av € C([0,T]; H*(Q)) and 0%v € L>(0,T; H*(Q))
for all 0 < v < 1. Moreover, we have
AV e o,y () + 105 V][ Loo (0,73 120(0)) < Cllvoll e (2.20)
with C' depending on Q, o, T, || f|lz01), |4]lLo(0.1:02(0)), A, 0 and 7.

To prove this result we introduce the intermediate IBVP

v(x,t) + Av(z, t) + ¢(z, t)v(z, t) = F(x,t), (z,t) € Q,
B,v(xz,t) =0, (z,t)€X, (2.21)
v(x,0) =0, ze€Q.

If we assume G(x,t) = f(t)q(z,t), then conditions (1.3) and (1.8) are equivalent to the
condition

{1) e LOO(O,T; HQ(Q)) (and 0,§=0on X if o ?—é 0); (222>

2) vo € HY(Q) and B,vy = B,(Avy) =0 on 9.
In order to prove Proposition 2.3, we consider an intermediate result related to the well-
posedness of problem (2.21).

Lemma 2.4. Let F € L>*(0,T; H*(Q)) satisfy B,F = 0 and condition 1) of (2.22) be
fulfilled. Then, the IBVP (2.21) admits a unique solution v € C([0,T]; H*(Q)) satisfying

Av € C([0,T); H(Q)) and 0%v € L™=(0,T; H*'(2))
for all 0 < v < 1. Moreover, we have
[Av|eo,ry;m2v ) + |07 Lo 0,1m20 ) < CIF || Lo 0,7:12(02)) (2.23)
with C depending on 0, T, a, ||q|| o (o,r;m2(0)), A, 0 and 7.
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Proof. Similarly to Proposition 2.1, the IBVP (2.21) can be rewritten as

{@?v(t) + Av(t) = (1= §()v(t) + F(t),

o0) =, (2.24)

where v(t) := v(+,t) and F(t) := F(-,t). Moreover, ¢(t) denotes the multiplication operator
by G(z,t). Then, we can see that the solution v of (2.24) is a fixed point of the map
KC:C([0,T); D(A)) — C([0,T]; D(A)) defined by

K(w)(t) := (H(1 = q(t))w)(t) + H(F)(t), w e C([0,T]; D(A)), t € (0,T).
Indeed, the Sobolev embedding theorem (e.g. [37, Theorem 2.1,Chapter II]) and condition
1) of (2.22) yields that (1 — ¢)w belongs to L>°(0,T; D(A)) and satisfies

I(X = (&) w(t)l[peay < Cllw(t)lpay

with C' depending on ||| Lo (0,7,m2(0))- Thus we can see that X maps C([0,77]; D(A)) and we
find

o

n _1n . < —
1" (wr) = K2 Cwa)lleqormipian < Fr071

[|wi — walleqo,r1;p(a)),

wy, wy € C([0,T]; D(A)),
which implies that K admits a unique fixed point v € C([0,T]; D(A)) C C([0,T]; H*(Q)).
Then, we have

v=K() = K"(v) = (H(1 — gt ) + Z H(1— G()*" Y(HF). (2.25)

Repeating the argument in Proposition 2.1, we deduce from (2.25) that

vlleqo,r:pa) < CIF || Lo 0,7;0(4)) (2.26)

with C' depending on T, ©, o, A, o and ||| Lo (0, 12(02))-
Finally for 0 < 7 < 1, using estimates similar to (2.19), we deduce that Av belongs to
C([0,T); H*(Q)) and satisfies
[Avleqo, ;2 0)) < ClF Lo 0,7302())-
Moreover, combining this with the original equation, we get 9fv € L>(0,T; H*'(2)) and
(2.23). 0

Armed with Lemma 2.4, we are now in position to complete the proof of Proposition 2.3.
For this purpose, we rewrite problem (1.2) as follows

vz, t) + Av(z,t) + §(z, t)v(z,t) =0, (z,t) € Q,
B,v(z,t) =0, (z,t)€X, (2.27)
v(x,0) =vo(z), x €.

We will prove the result of Proposition 2.3 for problem (2.27) by assuming (2.22) fulfilled.
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Proof of Proposition 2.3. We split the solution v of (2.27) into two terms v = w + vy
where w solves
dpw(a,t) + Aw(r,t) + i, w(e.t) = Fla,t), (u,1) € Q,

B,w(z,t) =0, (z,t)€X, (2.28)
w(z,0) =0, xz€Q
with F(z,t) := —(A + §(z,t))vo(z)'. Then, (2.22) implies F € L>(0,T; D(A)) with the

estimate
|| oo 0.7512(0)) < Cllvoll (-
By Lemma 2.4, the IBVP (2.28) admits a unique solution w € C([0,T]; H*(Q)) satisfying

Aw € C([0,T); H*(Q)) and 0°w € L>®(0,T; H*'()).
Moreover, we find
| Aw|leo,m1:527 ) + 105 W || oo 0,527 () < CNF || oo 0,m;m2(02)) < Cllvoll g
Therefore, the IBVP (2.27) admits a unique solution v € C([0, T|; H%(f2)) satisfying
Av € C([0,T); H*(Q)) and 0% € L™(0,T; H*(Q)).
From the above estimate, we deduce (2.20). O
3. PROOF OF THEOREM 1.1

In this section, we prove Theorem 1.1. To this end, we prepare the following lemmata
with Gronwall type inequalities;

Lemma 3.1. Let C,a > 0 and h,d € L*(0,T) be nonnegative functions satisfying
t
h(t) < Cd(t) + C/ (t —s)*'h(s)ds, tec(0,T),
0

then we have .
h(t) < Cd(t) +C/ (t —s)*'d(s)ds, te(0,T).
0

We refer to [18, Lemma 7.1.1, p.188] for the proof of this lemma. Let us also consider the
following.

Lemma 3.2. We take 2 < p < oo and pn > 2/p. Let f € L>(0,T) and w,S € LP(0,T) be
non-negative functions satisfying the integral inequality

f(t) <w(t) —|—/0 (t —s)" 1 f(s)S(s)ds, a.e.t€ (0,T). (3.1)
Then, we have

[fllzeor) < Cllwllze,r), (3.2)
where the constant C' depends on p, p, T and ||S||r(o,1)-
'Here we use the fact that %c = 0 for any constant ¢. This result holds true for fractional derivatives in

the Caputo sense which is being used here but for Riemann-Liouville fractional derivatives this would not
be true (see [29, pages 78-81])
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Proof. In order to prove this lemma, we will apply the Gronwall inequality to b(t) :=
115, (0.~ For this purpose, we will first derive an estimate of b(t) of the form

t
b(t) < Cllwllz o +C/ b(s)ds, te(0,T). (3.3)
0
Applying (3.1), we get

[f ()" < Clw(s)P +C

/0 (s er T FO)S(E)

which implies

) < Cllull, €Y F()S(€)de| (3.4

To obtain (3.3), we will estimate the rlght-hand side of the above inequality. By the Cauchy-
Schwarz inequality, we get
2

[ @serra= [iseresopras (o) ([Isera) "

which can also be written

1S er20,8) < I f1l o0, 1S o (0,5) -
Therefore, for p > 2, an application of Lemma 2.2 yields

[s-ers@see < ([ e 0as) 1iSlhoron < CUlboaISTon

where r € [1, 00) satisfies 2/p + 1/r = 1. For p = 2, we also have

/0 (s — 5)”_1f(§)5(§)d§‘ < s S ro.s) < CNFIlez, 1S 22 0,5)-
Thus, for any p > 2, we obtain
JACEGANIGES

where C' depends on T', p, p and ||S||zr0,r). By (3.4) and (3.5), we get (3.3) and by the
Gronwall inequality, we get

"< o), (3.5)

b(t) < Cllwlppr), t€(0,T)
with C' depending on p, p, T and ||S||zr(0,7). Thus, we have proved (3.2). O
Armed with Lemma 3.1 and 3.2, we are now in position to prove Theorem 1.1.

Proof of Theorem 1.1. For ¢« = 1,2, let u; be the solution to (1.1) with f = f; and set
u = u; —ug, f:= fi — fo. We recall that the regularity of these solutions are stated in
Proposition 2.1 with p € (8/a, +oc] and v € [0,1—1/(pa)). Then, u solves (1.1) and satisfies

u(t) =H(u+ fR)(t) = / Sa(t = s)(u(s) + f(s)R(s))ds,

0
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where u(t) := u(-,t) and R(t) := R(-,t). Combining this representation with the Gronwall
type inequality of Lemma 3.1 and 3.2, we will prove Theorem 1.1. For this purpose, we
proceed in four steps. First, we set

t
ale) = [ (=57 IR pds.
and we prove that ||u(t)||pa) fulfills
|lu(t)||pay < Cd(t), 0<t<T. (3.6)
Second, we establish the estimate
t
[Au(t) [ pear) < C/O (t = )" HFSR () peayds. (3.7)

Third, applying estimates (3.6)-(3.7), we derive an estimate of |Au(x,t)|. Combining this
with Lemma 3.2, we prove (1.6). Forth, we show (1.7).
We start with estimate (3.6). By (2.11), we have

t

[u(@)l[pa) <C/ (t = s)* us )\ID(A)ds+C/O (t = )" (DI E(s)lpeayds

_c/ () Loy ds + Cd(t): (3.8)

Then, applying Lemma 3.1 with h(t) = [Ju(t)| pa), we get

||U( )“D(A < Cd + C/ a ld( )dS, O0<t<T. (39)

Using Fubini’s theorem, for v > 0, we find

[a=sraas= [—o0 ([6- o @R e ) o
B / ( /;@—8)”‘1(8— O 1ds) FONIRE) | peayde

t
= B(ra) [ (6= IO RE o (3.10)
where B(-,-) is the Beta function. In particular, for v = «, we obtain
t t
[ = dts)as = Blava) [ 0= s RS s
0 0

< T°B(a,a) / (t = )" £ ()| R(3)l| payds
< Cd(t).

Combining this with (3.9), we deduce (3.6).
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Next we estimate || Au(t)||par) for d/4 < v < 1 —2/(pa). Repeating the calculation in
(2.19), we find

[ Au(t) | pear) < C/O (t = )"~ ([lu(s)lpeay + [F()IIR()Ipeay) ds,  ace. t € (0,T),

where y1 = a(1 — 7). By (3.10) with v = 1z and (3.6), we obtain
AU ooy < € [ (6= sy dts)ds +€ [ 6=y~ LHIRE oo
= CBGna) [ (6= P IR o s
+c£k—@WW@WM$mm@
< C1Blp.a) [ (= 1 FOIRS) locwds
+q[@—W”U@WM$%w$

SCA@—@“W@MMﬁMwﬁ

This proves (3.7).
Now let us show (1.6). For this purpose, we first apply (3.6)-(3.7) to estimate |Au(zo,t)|.
Since vy > d/4, the Sobolev embedding theorem yields
t
[Autzo, )] £ CllAuC )l o) < ClAUDl iy < € [ (= 57 FNIRE ounds.
(3.11)
From the original equation, we get
f(t)R(xo,t) = 0 u(zo, t) + Au(zo,t), a.e. te(0,T). (3.12)
Combining this with (1.5) and (3.11), we find

IF(@0)] < % (107 u(wo, )] + [Au(zo, 1)])

t
< Cloputen. ] +C [ (1= IR lowds, ae.te@T) (13
0
with C' depending on ¢, «, €2, A, 0 and T. By Lemma 3.2, we see that

[ fllzro.r) < CllO7u(zo, )| r0,1),

which implies (1.6).
Finally, we complete the proof by proving (1.7). According to (3.11) and (3.12), we have

|07 u(zo, )| < | f(#)R(z0, )| + [Au(z0, )]

< ClFOIIRG Ol 2@ +0/0 (t = )" S (S)IR(s) ] payds
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t
< Cllflle=on 1B pay + Cllfll = 0.r) /O(t—S)“lHR(S)HDM)dS

< Ol f e mIR®)peay + Cllf ey TPl Rl| o o.rp(ay),  ace. t € (0,7),
Therefore, we find
107 u(wo, ) Lro,r) < Cllfllzoeom | Rll o 0,750y + Cllf o0, T | Bl 2o 0,m30(4))
< Cllfllz=0,1)-
Thus, we have proved (1.7). O

4. PROOF OF THEOREM 1.2

In this section, we prove Theorem 1.2. We first prepare the following generalized Gron-
wall’s inequality;

Lemma 4.1. Let y,a,b > 0 and f € L'(0,T) be nonnegative function satisfying the integral
inequality

ft) < a+b/0 (t —s)“ 1 f(s)ds, a.e. te(0,T).

Then, we have
f(t) < aB,, ((U(w)"#"), a.e. t € (0,7).

We refer to [18, Lemma 7.1.2, p.189] for the proof of this result. In light of this result, we
are now in position to prove Theorem 1.2.

Proof of Theorem 1.2. For i = 1,2, let v; be the solution to (1.2) with f = f; and set
v = v — vy, f = fo— fi. We recall that the smoothness of these solutions are given
by Proposition 2.3 with v € [0,1). Then, by setting ¢(z,t) := fi(t)q(z,t) and R(z,t) :=
q(z,t)va(x,t), we see that v solves

O ,8) + Av(z, ) + (. (e, t) = FOR(,8), (5,1) € Q.
. (z,t) € &,
, x e

Recall that v satisfies
o(t) =H(1 = qv)(t) + H(fR)(?)

/ Salt — 5)(1 — (s))v(s)ds + / Salt — 5)f(s)R(s)ds,

where we have set v(t) := v(-,t) and R(t) := R(-,t). Moreover, ¢(t) denotes the multiplica-
tion operator by ¢(x,t).
First we estimate ||v(t)| pca). Since (1 —q(t))v(t), R(t) € D(A) by (1.8), we apply (2.11)
to have
t

lo®)llpea < C / (t = )" (1 — G(6)0(s) [ payds + C / (t — )" £ I R(S) | oy
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<0 [ o lounds + € [ (1= 17(5)ds

with C' depending on €2, o, M, A, o and ||q||Le(0,r;z2())- Then, repeating the arguments
used in Theorem 1.1, we obtain

lv(t) [ pea <0/( — 87U f(s)|ds, O0<t<T.

and from this estimate we also deduce that for any 0 < < 1,

t
[ Ao <€ [ (6= If(o)lds, 0<t<T.
0
where u := a(1 — 7). Therefore, by taking v € (d/4,1), we have

|Av(zo,t) + G(20, t)v(x0,1)| < C||Av(-, 1) + (-, t)v (-, )| 29 ()
< CllAv( Dl a2y + ClloC, Dl an@

< ClDlloen <€ [ (=Pl (@
From the original equation, we have
f(t)R(zo,t) = O v(xo, t) + Av(xg, t) + §(z0, t)v(x0, 1), a.e. t € (0,T). (4.2)
On the other hand, from (1.9), we deduce that
|R(xq,t)| > ¢>0, ae. te(0,T)
with ¢ depending on 4, Q and T'. Therefore, combining this with (4.1) and (4.2), we obtain
[f ()] < Clo7 v (o, )] + ClAv (2o, t) + G0, t)v (0, 1)]
< Il Mumion +C [ (=51 Flds, ace.t€ 0.7)
Applying Lemma 4.1, we see that
O] < C10v(0, =0
Thus, we have proved the second inequality in (1.10). Moreover, by (4.2), we have
|07 v(o, )| < | f(8) R(wo, t)] + | Av(zo, t) + G(wo, ) (w0, 1)

t
SUﬁthmmm+046—$“W@Wk
T.LL
<c (||R||Lm<o,T;D<A)> N 7) T

Thus, we have proved the first inequality in (1.10). U
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