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Global existence for reaction-diffusion systems
with nonlinear diffusion and control of mass

El Haj Laamri* Michel Pierre '

19 novembre 2015

Abstract : We prove here global existence in time of weak solutions for some reaction-
diffusion systems with natural structure conditions on the nonlinear reactive terms which provide
positivity of the solutions and uniform control of the total mass. The diffusion operators are
nonlinear, in particular operators of the porous media type u; — —d;Au;"". Global existence is
proved under the assumption that the reactive terms are bounded in L'. This extends previous
similar results obtained in the semilinear case when the diffusion operators are linear of type
Ui — —diAui.
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1 Introduction

The goal of this paper is the study of global existence in time of solutions to reaction-diffusion
systems of the following type

foralli=1,...,m,

8tu7j _A(Pz(ul) - fi(u17u27"' 7um) ln]07+OO[XQ (1)
wi(t,.) = 0, on |0, +00[x 012,
ui(O, ) = U450 >0 in €.

Here Q is a bounded open subset of RV with a regular boundary, ¢;,i = 1,...,m are continuous
increasing functions from [0, +00) into [0, +00) with ¢;(0) = 0 and the f; are regular functions
such that the two following main properties occur :

e (P) : the nonnegativity of the solutions is preserved for all time;

e (M) : the total mass of the components is controlled for all time (sometimes even exactly
preserved).
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Properties (P) et (M) are natural in applications : these systems are mathematical models
for evolution phenomena undergoing at the same time spatial diffusion and (bio-) chemical type
of reactions. The unknown functions are generally densities, concentrations, temperature so that
their nonnegativity is required. Moreover, often a control of the total mass, sometimes even pre-
servation of the total mass, is naturally guaranteed by the model. Interest has increased recently
for these models in particular for applications in biology, ecology, environnement and population
dynamics.

Mathematically speaking, (P) is satisfied (like for systems of ordinary differential equations)
if and only if f = (fi)i1<i<m is quasipositive whose meaning is recalled in (5).
Condition (M) is satisfied if for instance

Z fi <0 (2)

1<i<m

or, more generally, if this sum is reasonably controlled (see (6) for precise assumption).
These two conditions imply L!(£2)-bounds on the solutions which are uniform on each finite
time interval (see Lemma 2.3) :

Vi=1,...,m, VI >0, sup |lu;(t)|p1(q) < -+oo.
t€[0,T]

Unlike uniform L%°(Q)-estimates on each finite interval, such L!-estimates are not enough to
imply existence of global solution on (0, +0c). More structure is needed for global existence.

Actually, many results of global existence are known for these systems in the semilinear case
when the diffusions are linear and given for instance by ¢;(u;) = d;u;,d; € (0,+00). Existence
of regular bounded solutions on (0,+o0c) may be found for example in [27, 17, 29, 28, 20, 19,
38, 11, 10, 23, 42, 15, 18, 3, 4] and in several other articles whose references may be found in
the survey [33] or in the book [39]. However, it is well-known that the solutions may blow up
in L*°(12) in finite time as proved in [35, 36] where explicit finite time blow up in L*°(Q) are
given. Thus, even in the semilinear case, it is necessary to deal with weak solutions if one expects
global existence.

Our main goal here is to exploit the good ” L!-framework” provided by the two conditions
(P), (M) and to see how the main results of global existence of weak solutions extend from the
semilinear case to the case when the ; are nonlinear, in particular of the porous media type,
namely ¢;(u;) = dju;"*,m; > 1. In this case, degeneracy of the diffusion occurs at the same time
for small u; and for large u;.

We are interested in looking for extensions to these nonlinear diffusions of the two following
main results proved in the semilinear case :
- first the global existence result of weak solutions for (1) when (P), (M) hold and when moreover
an a priori L'-estimate holds for the nonlinear reactive part, namely (see [31], [32] and the survey
[33]).

Vi=1,...m, VT >0, / | fi(ur, ..., um)| < +o0. (3)
(0,7)xQ



- next the fact that global existence of weak solutions hold for quadratic nonlinearities f;
satisfying only (P),(M). This is a consequence of the latter result and of a main a priori
L2((0,T) x §)-estimate on the solutions implied by (P) + (M) and which is interesting for it-
self. This estimate was noticed in [13, 30, 35, 36] and then widely exploited, see for example
[12, 6, 7, 37, 40, 8, 5, 10, 33].

We will first see that these two results extend to the case when the ; are nonlinear but
nondegenerate (that is when ¢} is bounded from below and from above, see Proposition 2.4).
But, the situation is more complicated and not so clear in the degenerate case @;(u;) = d;(u;)™:.
More precisely :

1. We are able to prove global existence of solutions under the a priori estimate (3) if m; €

(N;VQ)+,2> for all 5. We do not know whether the restriction m; < 2 is only technical

or due to deeper phenomena. But, at least, it appears as being necessary to extend the
approach of the semilinear case as such. This is explained in more details next (see Theorem
2.6, Corollary 2.11 and their proofs).

2. On the other hand, we can prove that the a priori L?-estimate of the semilinear case has
a natural extension to the degenerate case, this for any m; > 1. Indeed, under the only
assumptions (P), (M), the solutions u; are a priori bounded in L™iT1((0,T) x ) for all
T > 0. This allows in particular to prove global existence for System (1) with quadratic
reactive terms or with growth less than m; + 1 and some other classical reactive terms (see
Theorem 2.7, Corollary 2.8 and Corollary 2.9).

A main reason to try to exploit the ” L!-framework” provided by (P), (M) for System (1)
is that, like in the semilinear case, the operator u; — Jyu; — diAu;ni has good L'-compactness
properties in the sense that the following mapping is compact when m > (N — 2)T /N :

(wo, F) € LY(Q) x LY((0,T) x Q) — w e LY((0,T) x Q),
where w is the solution of
Ow —dAw™ = Fin (0,T) x Q, w=0o0n (0,7) x 992, w(0) = wy.

This provides compactness for the solutions of the adequate approximations of System (1). Next,
the main difficulty -which is actually serious- is to show that the limit of these approximate so-
lutions is indeed solution of the limit system.

Note that, besides the semilinear case, this kind of L'-approach was also used with success in
[21] for such systems with nonlinear diffusions of the p-Laplacian type dyu; — V - (|Vu;[P~2Vu;).
Let us also mention some global existence and finite time blow up in [16], [29] and [22] for
2 x 2 systems with nonlinear diffusion ¢;(u;) = w;"*,7 = 1,2 and with growth conditions on the
reactive terms like

fl(Ul,UQ) = u? +u§ +Cl?f2(ulau2) = utlS +u’2ya 1 S aa(S S mi, 1 S 577 S ma.
A particular example of System (1) with
m=2,¢1(u1) = u", pa(ug) = dauz, f1 <0, fo=—f1

was also shown in [21] to have weak solutions for m; € [1,2) and initial data (u1g,u20) €
L™FL(Q) x L3(Q) and as well strong bounded global solutions for bounded initial data and
polynomial growth of fi (even for general ¢ in this case). Nondegenerate nonlinear diffusions
were also considered in [13] and [40] with quadratic reactive terms.



2 Main results

Throughout this paper, we denote @ := (0,400) x Q, Q7 := (0,7) x Q, ¥ := (0, 4+00) x IS,
Yr:=(0,T) x 9Q and, for p € [1,+00)

1/p 1/p
la(®)ll ooy = (/ ut,a)Pdz) HuuLp(QT:(/ /|utm|pdtdx> ,

[w(®) || oo () = ess Supx€Q|u(t z)|,  |ullpe(@r) = €ss supy zyeo, [ult, )|

Fori=1,....,m,let f; : Q x [0,400)™ — R be such that

fi is measurable,
VT > 0, f<7 -7O>7 g(? 70) € Ll(QT)a
Regularity : ¢ 3K :[0,+00) — [0, +00) nondecreasing such that : (4)
‘fi(tﬂ x,r) - fi(tv £, 72)‘ < K(M)Hr - va
for all M > 0, for all r,7 € (0, M)™ and a.e.(t,z) € Q,

where ||7]| = >, ;<,, |7 is the norm chosen in R™.

. epe s . fi(t,m,rl,..,ri,l,O,riH, ...,Tm) >0,
Quasipositivity : (P) { for all 7 = (rs)1<icm > 0, ae.(t,2) € Q. (5)

Vr € [0,+00)™, for a.e. (t,x), >, fi(t,x,r) < olr|| + h(t, x)

Control of mass : (M) { for some o € [0, +00), h € L (Q7)™ for all T > 0.

(6)

...These three above properties will be assumed throughout the paper...

Remark 2.1 Note that all results given in this paper immediately extend if (M) is replaced by
the existence of «; € (0,+00) such that

Vr € [0,4+00)™, a.e.(t,x), Zaifi(t,:v,r) < olr|| + h(t, x).

)

Indeed we may multiply each i-th equation by «; and changing u; into v; := a;u;. For simplicity,
and without loss of generality, we will work here with (M) as above.

For i = 1,...,m, let ¢; : [0,4+00) — [0,+00) be increasing, continuously differentiable on
(0, 400) with ¢;(0) = 0. We will mainly consider two situations :

The nondegenerate case :
Jaji, b; € (0,+0), Vs € (0,+00), 0<a; <pi(s) < b < +oo. (7)
The possibly degenerate case :

Vs € [07 +OO)7 QD’L(S) = dz Smia m; € (07 +OO)7 dz € (07 —|—OO) (8)



We consider the associated System (1) where the weak solution of each equation is understood
in the sense of nonlinear semigroups in L!(Q) (see [43] for various definitions of solutions). More
precisely, if ¢ denotes one of the ; and if (wg, F') € L>®(Q) x L>®(Qr), we will use, especially
in the approximation processes, the following notion of bounded solutions :

w € C([0,T); LNQ) N L®(Qr), »(w) € L*(0,T; Hy(Q)),
Orw — Ap(w) = F in the sense of distributions in Qr, (9)
w(0) = wp.

If ¢ satisfies one of the conditions (7) or (8), then for (wg, F') given in L () x L*(Qr), such
a solution exists and is unique (see e.g. [43, Chapters 5 and 6]). Moreover, if @ is the solution
associated with (wg, F') € L>®(Q2) x L*(Qr), we have

(t) = @01 < o = ooy + [ 17(5) = Fls) oy ds (10

so that
(wo, F) € LY(Q) x LY(Qr) — w € ([0, T); L} ()

is a contraction. This allows to extend by density, in a unique way, the notion of solution to any
(F,wg) € LY(Qr) x L'(22) and we will denote it by

w = Sy (wo, F). (11)
This is the notion of solution that will mainly be used in this paper. Note that it satisfies

{ w € C([0,T); LX), p(w) € LY(Qr) and V1 € Cr, (12)

_IQ¢( wO_fQ at@bw‘i'@ A"?Z} fQ @Z}F
where
Cr={Y:[0,T] x Q= R; 9,1, 8§iszp are continuous ,¢ = 0 on Xp, ¥(T) =0}.  (13)
The latter property (12) corresponds to the notion of very weak solution in Definition 6.2 of [43].
Solutions in the sense of (11) satisfy the maximum principle and order properties :
[w(] > O,F > 0} = [Sw(wo,F) > 0], [wl > wQ,Fl > F2] = [Sg,(wl,Fl) > S@(wg,Fg)].

Recall also that w := S, (wo, F) satisfies (see e.g. [43])

t
Vp € [1,+o0], Yt € [0,T], [[wt)l|Lr) < [lwollLr) +/0 1F'(s)|l e () ds. (14)
We now define what we mean by a solution to our System (1).

Definition 2.2 Given u € L'(Q),ui > 0,i = 1,...,m, by global weak solution to System
(1), we mean u = (U1, Uz, ..., Up) : (0,400) X @ — [0,400)™ such that, for all i =1,...,m and
forall T >0

{ u; € C([0, +00); LN(Q)), ilu;) € LH(0,T; Wy (), (15)

u; = S, (uoi, fi(u)) -



Note that we only deal with nonnegative solutions.

The approximate reaction-diffusion system.
Next we consider the following approximation of System (1) with solution u" := (uf,...,u
the sense of (9) for each equation, that is

foralli=1,...,m

for all T > 0,u? € L>®(Qr) w; >0, @;(u?) € L*(0,T; H}(Q)),

o — Agpi(uf)) = f2(u") in @, (16)
ul(t,.) =0on X,

)

u(0,.) =ulfy > 01in Q,

)

where ully € L°°(Q)" converges to u;o in L'(£2) and the approximate nonlinearities fI* satisfy
(4) with K(-) independent of n, (5), (6) with o, h independent of n and are in L>®(Qr x R™)
for each n. The convergence of f* toward f; is defined as follows. Let us denote

6?\/[ ‘= max sup ‘fzn(taxﬂq) - fi(taxarﬂ' (17)
1<z<m0<H <M

We will assume that
e, — 0in LY(Qr) and a.e. as n — +oo. (18)

As a typical example, we may choose

o fi
' L+ %Zlgjgm ’fj’

Note that, with this choice, ||f{’||z~() < n and the other properties may easily been checked
(in (4), K(M) has to be replaced by (2 +m)K(M)).

(19)

Lemma 2.3 Assume that, for 1 < i < m, @; satisfies either (7) or (8) with m; > 0. Then the
approzimate system (16) has a (global and regular) solution u™ and there exists C' : [0, +00) —
[0, +00), independent of n such that

Vn, VI >0, sup Z ui' ()l L1 < C(T) |1+ Z lwioll L1
0T 1 <j<pm 1<i<m

Now, let us assume, like in the semilinear case that, for whatever reason, an a priori L'-
estimate holds for the solution u™ of the approximate System (16), namely

VT >0, sup S @) g < +oo. (20)

1<i<m

Examples of such situations and applications will be given later (see also the survey [33]). The
question is to decide whether, like in the semilinear case, u™ converges to a global weak solution
of (1).

A first -not surprising- result is that, when the nonlinearities ¢; are nondegenerate, then
this convergence property does hold. Moreover, the a priori L2-estimate holds as well. Indeed
we have the following proposition (and this is a particular case of Theorem 2.6 and Theorem
2.7 below) :



Proposition 2.4 Assume all fonctions @; are nondegenerate in the sense of (7). Then, up to a
subsequence, u™ converges in [L'(Qr)]™ for all T > 0 to a global weak solution of (1) in the sense
of Definition 2.2. If moreover ug € L*(Q)™ and h € Lj,, ([0, +00); L*(Q)) in the assumption

loc

(6), then there exists C : [0, +00) — [0, +00) such that

sup > [ufllr2@p < CT) |1+ > luiollr2q)

" 1<i<n 1<i<m

Remark 2.5 Versions of the above L?-estimate may also be found in [13, 30, 40] where they
were used to prove global existence results for systems of type (1) with nondegenerate ¢; and
quadratic reactive terms. Global existence with general right-hand side bounded in L' seems
however to be new.

Now the question is to decide what happens in the degenerate case. We can prove the
following.

Theorem 2.6 Assume that, for 1 <i < m, @; satisfies either (7) or (8) withm; € (N —2)* /N, 2).
Assume L'-estimate (20) holds. Then, up to a subsequence, u™ converges in [L'(Q7)]™ for all
T > 0 to a global weak solution of (1) in the sense of Definition 2.2.

As commented in the introduction, we do not know whether the restriction m; < 2 is neces-
sary or not. We will explain where it naturally appears in the proof and suggest some possible
reasons. We will deduce a global existence result for System (1) below in Corollary 2.11.

On the other hand, it turns out that the a priori L?-estimate does have a natural extension
no matter the value of the m;.

Theorem 2.7 Assume that, for 1 < i < m, ¢; satisfies either (7) or (8) with m; > 0. If
moreover h € L}, ([0,+00); L*(Q)) in the assumption (6), then there exists C' : [0,+00) —

loc

[0,400) such that

sup Z [ui' | Lmit1(@py < C(T)[1 + Z lluioll 2205

" 1<i<m 1<i<m
where we set m; :=1 in case (7).

We deduce the following global existence result.

Corollary 2.8 Assume that, for 1 <i <m, ¢, satisfies either (7) or (8) with m; > 1. Assume
there exists € > 0 such that

Yo il <Ci+ Y Wt (21)

1<i<m 1<i<m

Then, for all ug € L*(Q2)™, ug > 0, the system (1) has a global weak solution in the sense of
Definition 2.2.

As we will see in the proof, the main point of the ” — ¢ ” in the above assumption is that

it makes the nonlinearities f7*(u™) not only bounded in L*(Q7), but uniformly integrable. This
is the main tool to pass to the limit in the reactive terms. Actually, any other assumption



guaranteeing this uniform integrability of the f/*(u™) will lead to global existence. For instance,
it follows from this theorem that global existence holds for the typical system modelling the
chemical reaction

Ui+ Uz =U;+ Uy,

Indeed, applying the mass action law for the reactive terms and a Darcy’s law for the diffusion
lead to the following 4 x 4 system for the concentrations u; = u;(t,x) of the components U;, 1 <
1< 4:

for1 <i<4,
Orui — diApi(u;) = (—1)"[uruz — uguy] in Q, (22)
u; =0o0n X, u;(0) =u > 0.

The following result is a direct consequence of Corollary 2.8 when m; > 1 for all 1 <17 < 4. If
some of the m; are equal to 1, then an extra argument is needed to prove that the reactive terms
are not only bounded in L', but uniformly integrable. This is coming from the entropy inequality
and from an L'-estimate that it provides on u"" ™ (log u;)? (extending the L2-techniques of [12]).
Corollary 2.9 Assume that, for 1 < i < 4, @, satisfies either (7) or (8) with m; > 1. Then,
for all ug > 0 with uglogug € L?(Q)*, System (22) has a global weak solution in the sense of
Definition 2.2.

Remark 2.10 We may also consider more general reversible chemical reactions of the form
p1UL +p2Us + ... + piU; = U1 + @2U2 + ... + g Un,

where p;,q; are nonnegative integers. According to the usual mass action kinetics and with
Darcy’s laws for the diffusion, the evolution of the concentrations u; of U; may be modelled by
the following system

ﬁtui — dzAu:"l = (pi — qi) (k‘gHTzlu?j — k’ll_[;»nzlugj) s 1= 1...m, (23)

where k1, ko are positive diffusion coefficients and where a stochiometric law holds like ) . c;p; =
>, @iq; for some a; € (0,4+00). Similarly to Corollary 2.9, global existence of weak solutions
may be proven when

P 4
<1 g < 1. 24
- mi+1~ " m;+1~ (24)

(2
Indeed, together with Theorem 2.7, this guarantees that the reactive terms are bounded in
LY(Qr). The entropy inequality, which is valid for this system as well as for (22), allows to
prove their uniform integrability in all cases when (24) holds. This approach is the same as for
Corollary 2.9 and relies also on an L'-estimate on u;"ﬁl(log u;)? . For completeness, we also
give the main steps of the proof of this remark after the proof of Corollary 2.9.

It is known that, for instance for a 2 x 2 system, an a priori L! bound of type (20) holds as
soon as two linear relations between f1, fo hold rather than only one, like

fi+t 250, fi+Afa<0, A€0,1).

More generally, if there are m linearly independent similar inequalities in an m x m system, then
estimate (20) holds. Actually, by coupling Theorem 2.6 and Theorem 2.7, we may even prove
the following.



Corollary 2.11 Assume that for all 1 < i < m, ¢; satisfies either (7) or (8) with m; €
((N —2)*/N,2). Assume moreover that there exists an invertible m x m matriz P with nonne-
gative entries and b € R™ such that

Vr € [0,+00)™, Pf(r) <b[1+ ) r ™, (25)

where again m; := 1 in case (7). Then, for all ug € L*(Q)™,ug > 0, the System (1) has a global
weak solution in the sense of Definition 2.2.

Remark 2.12 We emphasize the fact that any L'(Q)-initial data is allowed in this result. As
particular standard situations covered by Corollary 2.11, we have the 2 x 2 systems where the
nonlinearities are as in the two following examples :

1) f1>0, fo=—-f1.

2) fi(ur,ug) = Mufud — U?Ug, fa(ur,uz) = —ufud +U‘f‘ug, Ael0,1), p,g,a, 8> 1.

Indeed, (25) is satisfied with b = (0,0) and successively

11 11
(1) =(1)
Note that in these two examples, there is no restriction on the growth of fi, fo, but as stated in
Corollary 2.11, it is required that m; < 2. On the other hand, when applying Corollary 2.8 to

this system (see also Remark 2.10), we obtain global existence of weak solution, no matter the
values of the mq, me, but with the growth conditions

P q a B

<1, <1
m1—|—1+m2+1 m1—|—1+m2+1

The case my = mg = 3,p = 8 = 5,¢ = a = 2 is for instance not covered (except may be in
small space dimensions) by any of the above results although the reactive terms are a priori
bounded in L!'(Qr) (see the proof of Corollary 2.11) and even if A = 0. This is an interesting
open problem.

3 The proofs

Proof of Lemma 2.3. Since the f' are bounded for each n, existence of a (unique) bounded
global solution u™ is classical. Let us recall a procedure without too many details. Given T €
(0, +00), we consider the set

W:={ve C([O,T];Ll(Q)m);Vi =1,...,m, v(0) = ujg, [[villpee(g,) < R},

where R = ||ujy |l foo(q) +nT (recall that f* is uniformly bounded by n). We equipp W with

the norm : ||v|| := max; sup,c(o 17 [|vi(t)[| L1 (). Then, we consider the mapping F which to v" =
(vf, -+ ,up) € W associates the solution u™ = (uf,--- ,up) € W,ul' = Sy, (uly, fI'(w(v")))

where m : R™ — [0,400)™ is the projection onto the positive cone, that is w(ry,...,rm) =
(r{,...,m5). Using the estimates (10-14), it is easy to prove that F send W into itself and
that some iterate of F is a strict contraction. Whence the existence of a fixed point u". The
L%(0,T; H}(2))-regularity holds by construction for these bounded solutions (see [43]). Next,



multiplying each equation by (u})” = —inf{u],0}, integrating on Q7 and summing over 4,
thanks to the quasipositivity of f™ we deduce that (u})” = 0, whence the nonnegativity of u".
We refer e.g. to [21] for more details.

Next, summing all the m equations of (16) and integrating on 2 gives, using (M) :

o[ Souwws[ ¥ <o 3 e th=o [ 3 ue)+h
Q1<i<m Q1<i<m 1<i<m Q1<i<m

Integrating this Gronwall’s inequality gives for all ¢ € [0, 7]

Yo ooy <€ | D Mol + IRlp @

1<i<m 1<i<m
Whence the estimate of Lemma 2.3.1

Let us now recall the main compactness properties of the solutions of (11). Here ¢ : [0, +00) —
[0, +00) denotes one of the functions ;.

Lemma 3.1 Assume ¢ satisfies (7) or (8) with m; > % Then the mapping

(wo, F) € L'(Q) x LY Q1) — Sy(wo, F) € LNQr)
18 compact.

For a proof, see [2]. B

Lemma 3.2 Let p(w) = dw?,d € (0,+00),q > (N — 2)*/N. Then, for (wo,F) € L'(Q) x
LYQr), w = Sy(wo, F) of (11) satisfies

w*<C for 0O<a<l+—,
/T|| qN

/ IVwi|? < Cy for 1< <1+

T

1+¢gN’

where C = C (T,a, B, q, ||w0”L1(Q), HFHLl(QT))-
If ¢ is nondegenerate in the sense of (7), then the estimates (26) and (27) are valid with
q=1.

For a proof, see Lukkari [24, Lemma 4.7] for the case ¢ > 1 and Lukkari [25, Lemma 3.5] for

(N —2)*
N

but with right-hand side a bounded measure. We may use the measure d;—g ® wg dz to include
the case of initial data wp. We may also use the results in [1, Theorem 2.9]). The estimate in
the nondegenerate case may be obtained in a similar way. B

the case < q < 1. In these two references, the proof is given with zero initial data,

In several of the proofs below, we will use the famous Vitali’s Lemma (see e.g. [14, theorem
2.24, page 150], [41, chapter 16]).

Lemma 3.3 (Vitali) Let (E, u) be a measured space such that u(E) < 400, let 1 < p < +00
and let {fu}n C LP(E) such that f, — f a.e. If {fE}n is uniformly integrable over E, then
feLP(E) and f, — f in LP(E).
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We now deduce various compactness properties of the approximate solution u™ of (16).

Lemma 3.4 Assume that @; satisfy (7) or (8) with m; > (N —2)T /N and that the L'-estimate
(20) holds for the solution u™ of (16). Then, up to a subsequence, and for all T > 0 and
I<i<m,

- u? converge in LY(Qr) and a.e. to some u; € LY (Qr),

- @i(ul') converge in L(Qr) and a.e. to @;(u;) for all a € [1, 1+ 2/(mZN)) in case (8) and all
o€ [1,1 +2/N) in case (7),

- pi(u;) € LA(0,T; WOI’B(Q)) for all B € [1,1+1/(1 + m;N)) in case (8) and for all B €
[1,1+1/(1+ N)) in case (7),

- fM(u™) converges a.e. to fi(u) € LY(Qr).

Proof of Lemma 3.4 : By the estimate (20), f*(u") is bounded in L'(Q7). According to
Lemma 3.1, u} is relatively compact in LY(Qr) for all T > 0. Therefore, up to a subsequence,
we may assume that u? converge in L'(Qr) for all T > 0 and a.e. in Q as well to some limit
U; € L! (QT)

Next, by Lemma 3.2, ¢;(u}) is bounded in L*(Qr) for o € [1,1 4 2/(m;N)) [even for
o€ [1, 1+2/N ) in the nondegenerate case] and for all 7' > 0. By arbitrarity of « in this interval
open to the right, ¢;(ul)® is even uniformly integrable. Since it also converges a.e. to ¢;(u;), by
the Vitali’s Lemma 3.3, the convergence holds strongly in L*(Qr) to ¢;(u;).

Next, thanks to the estimate of the gradient in Lemma 3.2, ¢;(ul') stays bounded in the
space L2 (0,T; Wy (Q)) for all € [1,1+1/(1 4+ m;N)) [even all € [1,1+1/(1+ N)) in the
nondegenerate case]. These spaces being reflexive (for 5 > 1), it follows that ¢;(u;) also belongs
to these same spaces.

Finally, due to the definition of the f]* and to the a.e. convergence of u™ to u = (u;)1<i<m,
it is clear that f!*(u™) converges a.e. to fi(u). By Fatou’s Lemma, fi(u) € L'(Qr).R

Remark 3.5 To prove that the limit u is solution of the limit problem, we would ”only need”
to prove that the convergence of f*(u") to f;(u) holds in the sense of distributions and not only
a.e. But this is where the main difficulty of the proof lies. Indeed, f*(u") is bounded in L' (Qr).
Therefore it converges in the sense of measures to f;(u) + p where p is a bounded measure. The
point is to prove that this measure is equal to zero.

An easy situation is when the f/'(u") are uniformly integrable and not only bounded in
LY(Qr). Then, using Vitali’s Lemma 3.3, we deduce that the convergence of f*(u") to fi(u)
holds in L!(Q7) and therefore in the sense of distributions. It follows that u is solution of the
limit problem.

Actually, our method here, similar to the one in [32], will be to first prove that u is a
supersolution of the limit system. This is where the main difficulty is concentrated. The main
result is stated in the next proposition. It is interesting to emphasize that the conclusion of this
proposition is valid without the structure property (M). This property (M) will only be used
later to prove the reverse inequality.

Proposition 3.6 Under the assumptions of Lemma 3.4, the limit u is a supersolution of the
limit system, which means that, for all ¢ € Cp as defined in (13), v >0 and for 1 <i<m :

/ ¥(0)uio +/ =0 u; + ViV (u;) > ¥ fi(u),
Q Qr Qr
where u; € L™ ((0,T); LY(Q)), ¢i(w) € L*((0,T); WOM(Q))
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Preliminary remark about Proposition 3.6 and its proof : Note that the result of
this Proposition is interesting for itself and, as we already remark, is valid without the structure
assumption (M) on the nonlinearities f*. The ideas of the proof of Proposition 3.6 are taken from
[32]. A first idea is that, if w is a solution of the heat equation, then Tj(w) is a supersolution of
the heat equation where T}, is a regular approximation of the truncation function r € [0, 4+00) —
inf{r, k} as defined below. Here, we first prove that T (u;) is indeed a supersolution for all & :
by letting k go to +oo, it will follow that wu; itself is a supersolution, whence Proposition 3.6.

In order to obtain that Tj(u;) is a supersolution, we pass to the limit as n — 400 in
the inequation satisfied by an adequate approximation of T (u]'). But to pass to the limit in
the sense of distributions in the nonlinear reaction terms (which a priori converge only a.e.),
each truncation of the i-th equation must also involve all the uj, j # ¢ : more precisely, in the
semilinear case, the method was to write for each 4, the inequation satisfied by T (ui'+n3_; ; u})
with 7 > 0, then first to let n — +oo for n, k fixed, and next to let n — 0, then k& — +oo (see
[32]). The main work was to justify the step n — 0 which involves estimates on the gradient of
the solutions.

Here, the ideas are the same, but we have to adapt them to nonlinear diffusions. Besides
and because of the degeneracy due this nonlinearity, gradient estimates are not as good as for
linear diffusions, especially near u; = 0. Moroever, the nonlinear diffusion requires more complex
truncations than in the linear case. This is why we consider the truncating process (29) below.

To prepare the proof of Proposition 3.6, let us introduce the truncating functions T} :
[0, +00) — [0, +00) of class C? which satisfy the following for all & > 1 :

Ti(r)=rifre[0,k—1],
Ti(r) <k ;

T/(r) = 0if r >k (28)
0<T/(r) <1, —1<T}(r) <0 forall r>0.
Next, for all ¢ = 1,...,m and for (n,n,k) € N* x (0,1) x [1, +o00[, we introduce
Al i = 0 (T Ty (V") = V - (T T Vi) Vi), Vit =) . (29)

J#i
Remark 3.7 To give some light on the choice of the above expression, note that, when n — 0,
then T} (nV*) — 1 and when k — +o0, then T}, tends to the identity so that this expression
approximates duul —V - (Vpi(ul)) = ol — Ap;i(ul).
We check that

A2 = T ()T Vi) f2 (") + A + By where

AT = T T VI V) = 0 T T V) Xy [Aps ) + 0] g

thj‘t we write ans an olbmgus /sum nA;‘ =124 X+ Y],

Bl = =Voi(u ) V[T (u) T (n V)]
The proof of Proposition 3.6 will mainly rely on the following estimate.

Lemma 3.8 There exist § > 0,C > 0 independent of n and n such that, for alli=1,....,m and
for allp € Cp,9p >0 :

/ AP > /Q T} (uP)TL (0 Vi) 2 (an)p — C D()rp, (31)
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where D() = ||l oo (@r) + V¥l Loo(@r)-
Proof of Lemma 3.8 : It is a direct consequence of formula (30) and of Lemmas 3.12 and 3.13

below. R

The proof of Lemmas 3.12 and 3.13 below will require the following preliminary estimate :

Lemma 3.9 Let F € LY(Qr)T,wo € LY(Q)T. Then w = Sy(wo, F) as defined in (11) satisfies
the following : there exists C = C (fQT F, fﬂ wo) such that, for all nondecreasing 6 : (0, +00) —
(0, +00) of class C! and with 6(0%) =0

[ 9s@IIVet)l = [ Vw)Te(w) < Ck. (32)
[0(w)<K] [0(w)<K]
In particular,
/ Ve(w) < Ck, / Vw2 < C KT (33)
[p(w)<K] [w<k]

with m =1 in case (7) and with ™ = m; in case (8) assuming m; < 2.

Remark 3.10 The main restriction m; < 2 discussed in the introduction appears in the above
statement. The proof of Theorem 2.6 requires to control the L?-norm of Vui on the level sets
[u? < k]. This L?norm is not bounded if m; > 2 because of the degeneracy around the points
where u? = 0. It is however valid for the large values of u}. But this does not seem to be
sufficient for the proof.

Proof of Lemma 3.9 : As usual, we make the computations for regular enough solutions and
they are preserved by approximation for all semigroup solutions.
Multiply equation d;w — Ap(w) = F by Ty41(0(w)). We obtain

/Q Jy(w)(T) + / T (0(w))VO(w)Vip(w) = / Ty1 (0(w)) F + / Ji(wo),

Qr T Q

where J(r) = Tp41(6(r)), Ji(0) = 0. Since Tj4+1 < k+ 1, we have Ji(r) < (k+ 1) r so that

[ wowivan < wen ([ Fe ) <on

Choosing 6 := ¢ gives the first estimate of (33). The second one is clear in the nondegenerate
case (7). If @;(r) = d;r™ with m; < 2, we choose 0(r) := r>~™i to obtain

di(2 — my)m; / Vul? < Ck,

[w27mi Sk]

which gives the second estimate of (33) by changing k into k>~™. B

Remark 3.11 The two next lemmas provide the expected estimates for B}*, then A7. We will
often use that, for some C' independent of n and 7, it follows from (32) that, for i,7 =1,...,m

/ Vi ()] < Ck/n, / IVV [P < Clk/n>™ ™, M = max{1, maxm;}, (34)
[ (uf) <kl [n V" <k] i
where we used the inclusion : Vj # i, [n V" < k] C [pu} < k].
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Lemma 3.12 There exist C > 0,6 > 0 independent of n and n such that, for alli =1,....m
and for all ¢ € Cp,p >0

| wBr = = €l (35)
Qr
Proof of Lemma 3.12 : We have
| owBr = = [ oV VT T V)
T Qr
= — | Vil [VuPTy (ul )Ty (n Vi) + Ty (uf ) TR (n Vi )n VV;]
Qr
> —n [ YT ()T (n Vi) Vei(u] ) VV,
Qr
the last inequality coming from 7} < 0,¢} > 0,7 > 0. By Schwarz’s inequality and for some
C =C(k)
1/2 1/2
| wri v veun v < cnwuw@ﬂ</’ |v%uwnﬁ (/ |vmﬂﬂ
T [up <k] [n V" <K]
< CllllpemVeilk) [k/m)'=M/2, M = max{l, maxm},

where the last inequality is obtained through (32) and (34). Thus, fQT VBl > —CD(y)nM/?
for some C' = C(k). Whence (35) with 6 = M /2. B

Lemma 3.13 There exist 6 > 0,C > 0 independent of n and n such that, for all i = 1,...,m
and for all ¢ € Cp,p >0 :

YA? > —n°CD(). (36)
Qr

Proof of Lemma 3.13 : We will need several steps. Recall that A} = X' 4 Y.
e Let us bound fQT Yj”w. We have

| vre=n [ enmavngen,
T Qr
so that, using the L'-bound on fi*, we obtain

0 Vit = =nC(k)[¢] L= (@r)- (37)

e Let us bound fQT X;l 1. We have

X o= [ TV A ) =~ 1" - "
Qr Qr

where

I"=n Vo, (uf ) VT (u )Ty (n Vi) and J* = Ky, 4+ Ko, with
[0V <k]
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Kin=n / WV ()Tl )T (i Vi) Tl
[n VI <k]N[ul <EK]
Ko =1 / BV 3 (u) To (YT (n V)WV,

[ Vi <k]
e Let us bound ™. By (27) :

Il < CDW [ V)] <o
Qr
e Let us bound K1 ,,. By Schwarz’s inequality, (32)-(34) and [n V" < k| C [nu] < k]

[Kinl < 1 PV (ui) | Ty, (ui')| T, (n Vi) [V g |

/[nuySkJm[u?Sk1

1/2 1/2
C (k)| oo (@r) </ |wj<u?)|2> (/ |Vu?|2>
[pun <k] [ug <k]
< CDW)ny/w;(k/n) K=1/% < CD(yp)n' M2,

where we used ¢;(r) < Cr™i for r > 1.
e Let us bound K3, Using again Schwarz’s inequality, (32)-(34) and [nV;" < k] C [pu} < k],
we obtain :

IN

IN

Koal < 0 [ wlTei IV L) T V)
[n Vi <k]

1/2
CPl9 [l o< (@r) [/ \ij(u?)V] [/ Vv
[nu} <K] [n V" <k

Cn* D)/ ;(k/n) [k/n)* "/

C?D() [k /) =™/ [k /) M/
CD()n™ 2.

1/2

IN

Y

IN

VARVAY

Proof of Proposition 3.6. Recall that, by Lemma 3.8, we have for all v € Cp, ¢ > 0

Ayt = [ TUETH V)£ ) — € D)’ (35)
Qr Qr
where
Ay i = 0 (L) T Vi) = V- (T Ti(n Vi) Veps(u)) . Vit = .
J#i
Note also that

{ Jo Al it = = Jo Te(ul)Th(n V;(0))(0)

t g ~Te (W) TL(n Vi) Bt + TL ()T (0 Vi) Vipi (ul!) V. (39)

The main point is to pass to the limit in (38)-(39). We do it in the following order : first
n — +oo, then n — 0, finally £ — +o0.
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e Let n — +oo along the subsequence introduced in Lemma 3.4 (n and k are fixed). Since
ulty — ;o in L*(Q) and since T, T}, are Lipschitz continuous

/m%mmwwwma/nwmwM@wm
Q Q

For the last integral in (39), since, for all j = 1,...,m, u} converges in LY(Qr) and a.e. to
uj, it follows that Ty (u?)T}(n V") — Tr(u;)T}(n Vi) in LY(Qr) where we set V; := > iy 1t
also follows that T} (n V") converges in L*(Qr) to T}(nVi). Next, T} (u}') Ve (ul') is bounded in
L*(Qr) by (33) in Lemma 3.9. Therefore it converges weakly in L?(Qr). Its limit is necessarily
Ty (ui) Ve(u;). Indeed, Ty (uf)Vep(ul) = VSi(uf) where we set Sy(r) := [; T;.(s)¢}(s)ds. Since
Sk(ul') converges a.e. to Sk(u;) and is bounded, the convergence holds in the sense of distribu-
tions. Therefore the distribution limit of VSi(ul) is VSk(u;) = T} (ui) Vi(u;). This ends the
proof of the passing to the limit in (39).

Now, to pass to the limit in the right-hand side of (38), let us denote
Wi o= Ty (ui ) T (n V") £ (™), W= Ty (wi) Ty, (n Vi) fi(w)

and let us show that W, converges to W in LY(Qr). Since W,, = 0 outside the set [u? <

kU [V" < k/nl, if M := max{k,k/n}, we may write (see the definition (17) and property (4)
and recall that |T}| < 1)

(Wal < [f*(t, 2z, u")| < |fit, 2, 0)| + g + K(M)||u" (¢, 2)]].

By assumption (see (18)), as n — +o00, €} tends to 0 in L'(Qr). Moreover, u™ converges in
LY(Q1)™ to u. Therefore, to prove the convergence of W,, in L(Q7), it is sufficient to prove
that it converges a.e. We know that, for all j, u} converges a.e. to u;. Therefore, T (u) T (n V)
converges a.e. to T} (u;)T},(n V;). It remains to check that

fit(t, x,u"(t,x)) converges a.e.(t, z) to fi(t,x,u(t,x)). (40)

Let D be the subset of (t,z) € Qp such that, at the same time, u" (¢, x) converges to u(t, x)
with [|u(t, z)|| < 400 and €;(t, z) converges to 0 for all positive integer p as n — +oo along the
subsequence introduced in Lemma 3.4. We know that Qr \ D is of zero Lebesgue measure. Now
let (t,z) € D and let p > |Ju(t,z)||. For n large enough, ||u"(¢,z)|| < p and we may write for all
i=1,...,m (using the definition (17) and property (4)) :

{ |fz'n(t’x’un(ta x)) - fi(tvmvu(ta x))| < Ep(t7x) + |fi(tvx’un(tvx)) - fi(t7x>u(tvx))|
< ep(t,2) + K(p)|w(t, @) — u(t, 2)]|.

The right-hand side of this inequality tends to 0 by definition of D.

According to the above analysis, we can pass to the limit as n — +o0 in (38)-(39) and we
obtain that

{ = Jo Ti(uio) Ty, (n Vi(0)y(0) + [o,. —Th(ui) Ty,(n Vi) O + Ty, (wi) Ty (n Vi) Vepi(us) Vi

> Jo, Thui)Ti(n Vi) fi(w)y — C D()n°. (41)

e We now let n — 0 for fixed k in (41). Since f'(u") converges a.e. to f;(u) (see (40)) and is
bounded in L'(Qr), Fatou’s lemma implies that f;(u) € L'(Qr). As n — 0, Ti(nv;)) — 1 a.e.
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and stays bounded by 1, then by dominated convergence, we can replace at the limit 77,(n V;) in
all integrals of (41). Thanks to § > 0, we then obtain

- / Th(ui0)0(0) + / T (o) Ot + T (1) Vi) Vb > / T () fiu) (42)
Q T T

e Finally, we let & — 400 in this inequality (42). Then T} (u;) increases to u; and T}, (u;) increases
to 1, Vi(u;) is at least in L'(Q7) (see (27)) and fi(u) € L*(Qr). Therefore, we easily pass to
the limit in (42) to obtain

- / wso(0) + / w0+ Vi)V > [ fiu)y. (43)
Q T QT

And this ends the proof of Proposition 3.6. B

Proof of Theorem 2.6. By Proposition 3.6, we already know that the limit u is a supersolution
in the sense that (43) is satisfied for all ¢ € Cp,¢ > 0 and for all i = 1, ..., m. We will show with
the help of the (M) structure property (6) that the inverse inequality is satisfied for the sum of
these m expressions, namely

- S walt(0) + /| (Xl + [ Vi)V < | 3 (44

This will imply that equality holds in each of the inequalities (43).
Going back to the approximate system (16) and adding the m equations lead to the fact
that, for all ¢ as above,

- /Q [; u]1h(0) + /Q - [Z u] O + [; Vi (u)| Vi) = o, [; £ ™)

We already know that, along an adequate subsequence of n — 400, u}' converges in LY (Qr) to
u; and that Vip(ul') converges weakly in L2(Qr) to V;(u;) (see the proof of Proposition 3.6).
Hence, the left- hand side of this equality converges to the expected limit as n — +oo.

For the right-hand side, the assumption (6) on the f says that

offu| +h = fi'(u") >

We know that u" converges in L'(Q7) to u and, according to (40), that fI*(u™) converges a.e.
to fi(u). By Fatou’s Lemma

ollu h — i(u < ollu h lim inf — 7w
/Q[ o+ 3 5 >]w</QT< Iull+ )y + T | DR

Therefore

limsup/Q [Zfz”(U")]w S/Q [Zfz(“)W

n—o0
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whence (44). And as explained above, this implies that equality holds in (43). We will use below
the version obtained after integration by parts, namely that, for all ¢ € Cp

—/ ui0t(0) +/ —u; Optp — i(u;) A = fi(u)i. (45)
Q T Qr

We know that, at least ¢;(u;) € LY(0,T; WOU(Q)) by Lemma 3.4. To conclude the proof of
Theorem 2.6, it remains to show that we exactly have

u; = Sy, (wio, fi(u)), (46)

in the sense of (11).
To this end, we first go back to (42). Note that by approximation, this inequality remains
valid if one replaces T} by the "exact” truncation function

Vr € [0,k], Xx(r) =7, Vr € [k,+o00), Xk(r) =k,
and since X (u;) Vi (ui) = Vi (Zk(u;)) a.e., then (42) may be written

- / S (o) (0) + / () B + Vipu(Su(w)) Vb > / ¥ (us) fi () (47)
Q

T T

Inequality (47) says in some sense that Xj(u;) is a bounded ”supersolution” of 0,3 (u;) —
Ap;i(Eg(ui)) > X5 (u;) fi(u). By the comparaison Theorem 6.5 in [43] (see also Proposition 6.4
in [43]), we may deduce that

Sk(ui) > Sy, (Zk(uio), B (us) fi(u)) -

Now, passing to the limit as k — 400 and using the contraction property (10), we deduce (note
that (X (ui0), Sk (us) fi(u)) converges to (us, fi(u)) in L'(Q2) x LY (Q7)) :

u; > Sy, (w40, fi(u)) =: Us.

But, since u; satisfies (45) and since so does U; by (12), we have

/ (g — U3)0ptp + [pi(us) — @5(Ui)] Ay = 0.

T

Choosing ¢ (t,z) = (T — t)((x) where —A( =11in ©,{ = 0 on 9, we obtain

/ (i — U + [pi(us) — 91 (U)](T — 1) = 0.

T

Since ¢ > 0,u; > U;, ¢; increasing, we deduce u; = U; whence (46). B
Proof of Theorem 2.7. We add the m equations of System (16) to obtain

0UY i) = A i) = 3 f W) S ollut| +h =0 D + b

7

We rewrite this as
Op(e™" Zuf) - A (e_”t Z@Auf)) < e 9h < h.
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Let us set W(t) :=e ">, ul', Z / I8 Z wi(ui'(s))ds. Integrating the last inequality

in time leads to
W(t) — AZ(t) < W(0) + /t h(s)ds. (48)
0

We now multiply this inequality by 0;Z(> 0) and we integrate over Qr :

/T(atZ)WJr QTvatz.vZS/TatZ [W(O)Jr/oth} g/ﬂ [W(0)+/0Th] Z(T).

We have fQT VO Z-VZ =13 [,|VZ(T)|* > 0. Moreover, the above right hand-side is bounded
for all T" > 0. To see it, we may introduce the solution of

T
—A90:W(0)+/ hin Q, 6y =0o0n 0%, 6y > 0.
0
And we multiply the equation (48) at time t = T by 6y to find, after integration by parts

téwaTwaTyﬁé[w«n+[fh]ﬂT)gKﬂV%QSCwWﬂD+[fhh%m

Finally, for all T > 0, we obtained C(T) € (0, 4o00) such that

/Q eﬂﬁ[Z u;'] [Z vi(uM)] < C(T).

we obtain

dz/ u?”bi—i-l < €20'TC(T)'
Qr

In particular, if ;(u;) = dju."

7 7

And if p; is nondegenerate as in (7), this estimate is also valid with m; = 1. B

Proof of Corollary 2.8. For all i =1, ..., m, we set

f’i(ta .’E,T‘)
L+ 25 fit )|

As already stated (see the comments following (19)), these approximations f;* satisfy (4), (5),
(6) with values independent of n. Thus, we may consider the solutions of the approximate
system (16) and apply Theorem 2.7 which implies that, for all ¢ = 1,...,m, u} is bounded in
L™THQr). Together with the assumption (21), it follows that f(u") is uniformly integrable
on Q7. Indeed, for all measurable set K C Q7 with Lebesgue measure denoted by |K|, we have
(recall that |f*| < |fil)

/Z!fz " <C |K|+Z/ unymiti—e

ugy := inf{uo,n}, Vr €[0,+00)™, a.e.(t,x) € Q, f'(t,x,r) =

m;+1—e¢

mi+1 €
<C |K‘ + g </Q ?)mi—l-l) |K’mi+1
T
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Since sup,, [, (u")™i*! < 400, this implies that [, >, [f7(u")| may be made uniformly small
by taking |K| small enough. This is exactly the uniform integrability of the f/*(u").
Moreover, fI'(u™) converges a.e. to f;(u). Therefore, at least up to a subsequence, by Vitali’s
Lemma 3.3, we may deduce that f*(u™) converges in L'(Qr) for all T < 400 to f;(u;). This
implies that uf’ = Sy, (ujy, f*(u")) converges to u; = Sy, (wio, fi(u)).

Finally, by the estimate (27) in Lemma 3.2 of V;(u?) in L?(Qr) with 38 > 1, it follows that
©i(u;) is (at least) in L'(0,T; WOM(Q)) This ends the proof of Corollary 2.8. B

Proof of Corollary 2.9. Note first that the reactive terms in System (22) satisfy the three
assumptions (4), (5) and (6) with o = 0,h = 0. If ;(u;) = d;u;" for at least one odd and one
even value of i € {1,...,4}, then the assumptions of Corollary 2.8 are satisfied : indeed, if for
instance mj > 1, we may write Young’s inequality

1 1
uiug < Euzl’—l—gug, p=(m1+3)/2<mi+1, ¢g=(mi+3)/(m1+1) <2,

and similarly for uous. Whence global existence of weak solutions. With m; > 1,7 =1,...,4, the
strict condition (21) is not necessarily satisfied. We need an extra argument to obtain strong
compactness in L'(Qr) of the reactive terms. We could use the L?-compactness approach used
in [33] and [8, Lemma 5].

Here, as in [12], we can more easily use the entropy structure of the system which would apply
as well to general reversible reactions (see Remark 2.10). This will provide uniform integrability
of the approximate reactive terms and, together with the a.e. convergence and Vitali’s Lemma
3.3, strong L'(Qr) compactness as well, whence the result of Corollary 2.9.

We use the same approximation as in the proof of Corollary 2.8. For ¢ = 1,...,4, let us set

n

wi =i logui —ui +1(>0), z' = / i log 7 ¢} (r)dr > 0. (49)
1

We have .
ow — Az =logu fi*(u") — L(ui ) |Vul|?.

n
3

The main point is that
1
> logul f(u") = —(ujuy — ujulf)(log(ujuy) —log(usuf))/[1+— > |fi(u™)] 0.
1<i<4 " Si<a

We deduce that

() whH—A Y <o (50)

1<i<4 1<i<4

We now make the same computation as in the proof of Theorem 2.7. We integrate this inequality
in time, we multiply by >, 2/'(> 0) and we integrate over Q7. We obtain

/Q(Zw?)(Zzé’)Jr;/QIV/OTZzWS/QZw?(o)/oTZz?- (51)

T 1<i<4 1<i<4 1<i<4 1<i<4 1<i<4
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From

—A/T Z z' < Z w;(0) < Z wio| log uio| +4 € L*(Q), Z zi' = 0 on 09,
0

1<i<4 1<i<4 1<i<4 1<i<4

we deduce that fOT >, 2 is bounded in L?(€2) independently of n. Thus, it follows from (51)
that for some C(T') € (0, +00)

/Q (3 W)Y ) <o),

T 1<i<4 1<i<4

Now, in the nondegenerate case, ¢}(ul') > a; for some a; > 0 so that z* > a;w] and the
above last estimate implies fQT ai(logu?)?(u?)? < C(T). If p;(ul) = d;(u?)™, we have 2l =
dilogu® (u)™ — (m;)~1[(u?)™ — 1]. From the same estimate above, we deduce

/ (log ul2(ul)™*1 < C(T).

T

In all cases, we obtain that (u?)? are uniformly integrable on Q7. Thus we can pass to the limit
in L'(Qr) in the quadratic terms f/*(u™). B

Proof of Remark 2.10. Let us first assume k; = k2 =: k in (23). With the same notation as
in the just above proof of Corollary 2.9, we have

m qi
Zlog wl fi(u") = —k[H ul’ — Hufh] log LI, u;h <0,
i=1 i i

[ v
() _wp)—A> zp <.

We now multiply this last inequality by ) . 2" and, by the same computation as in (51) and
in the lines which follow (51), we deduce as well that [, (log u)?(ut)ymitl < C(T) for all
i =1,...,m. Therefore (u?)™*! is uniformly integrable.

Now let r; :== (m; +1)/qg; for i = 1,...,m and s :=1—>"" ¢;/(m; + 1), this last number
being nonnegative by assumption (24). Then, using >_.(r;) "' + s = 1, by Young’s inequality we
have

m

m
[Th® <> r )™ +s.
i=1 i=1
This implies that the product [[,(u])% is itself uniformly integrable and similarly for [[, (u} ).
Therefore, as in Corollary 2.9, we can pass to the limit in L'(Qr) for the nonlinear reaction
terms of the approximate problem to System (23).

Finally, to treat the case k1 # ko, if for instance p; —q; # 0, we may just change the definition
of the functions w7, 27" as

n

Uy
uf o= logOha) —uf + 1/, 2 = [ log(Ar)éh (1),
1
with AP17% := ky /ko. The rest is unchanged. B
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Proof of Corollary 2.11. Again, we consider the same approximation as in the proof of
Corollary 2.8. By Theorem 2.6, it is sufficient to prove that the L'(Q7)-estimate (20) holds. Let
us denote P = (p;j)1<i j<m- By Assumption (25), and using (19), we have

B () Z pz]f]( ") n m]+1
=1,....m, zj:pz]fj(u 1+ 1 Z \f(u"|_ +Z

Since the right-hand side is nonnegative, we can even write

+

Yi=1,..,m, sz‘jfjn(un) il + Z i m]+1
J

But, by Theorem 2.7, u7 is bounded in L™ Qr) independently of n. Therefore, for some

C(T) € (0,+00) N

/Q sz'jfg”(un) <C(T).

Now multiplying each j-th equation of the approximate System (16) by p;; and summing over
7 leads, for all i =1, ...,m, to

> pijl0nuf — Agj(u mef = > pif] "
j E

Integrating over Q7 and using positivity of the various terms gives

- 1+

/QT Eg:p”f]n(un) = /QT Ej:p”fjn(un) +§j:pijuj0-

We deduce that for some C(T') € (0, +00)

Z/Q > pifj )| < O(T) or /Q 1P (") < O(T),

where Vr € R™, ||r|| = >_, |ri|. If we denote also by || - || the induced norm on m x m matrices,
then we have

m (M| = PP p! P (u™ c(T).m
/QTHf( ) /QTII ) <) |/QT|| )| < o(T)
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