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Abstract

This text defines and studies planar Markovian holonomy fields which are
processes indexed by paths on the plane which takes their values in a compact
Lie group. These processes behave well under the concatenation and orientation-
reversing operations on paths. Besides, they satisfy some independence and in-
variance by area-preserving homeomorphisms properties. A symmetry arises in the
study of planar Markovian holonomy fields: the invariance by braids. For finite
and infinite random sequences the notion of invariance by braids is defined and
we prove a new version of the de-Finetti’s theorem. This allows us to construct a
family of planar Markovian holonomy fields called the planar Yang-Mills fields. We
prove that any regular planar Markovian holonomy field is a planar Yang-Mills field.
Planar Yang-Mills fields can be partitioned into three categories according to their
degree of symmetry: we study some equivalent conditions in order to classify them.
Finally, we recall the notion of (non planar) Markovian holonomy fields defined by
Thierry Lévy. Using the results previously proved, we compute the spherical part
of any regular Markovian holonomy field.
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Introduction

Yang-Mills theory is a theory of random connections on a principal bundle, the
law of which satisfies some local symmetry: the gauge symmetry. It was introduced
in the work of Yang and Mills, in 1954, in [YM54]. Since then, mathematicians
have tried to formulate a proper quantum Yang-Mills theory. The construction on
a four dimensional manifold for any compact Lie group is still a challenge: we will
focus in this article on the 2-dimensional quantum Yang-Mills theory. On a formal
level, a Yang-Mills measure is a measure on the space of connections which looks
like:

e~ 25w pg

3

where Sym(A) is the Yang-Mills action of the connection A, which is the L? norm
of the curvature, and DA is a translation invariant measure on the space of connec-
tions. Yet, many problems arise with this formulation, the main of which is that
the space of connections can not be endowed with a translation invariant measure.
It took some time to understand which space could be endowed by a well-defined
measure.

One possibility to handle this difficulty in a probabilistic way is to consider
holonomies of the random connections along some finite set of paths: thus, af-
ter the works of Gross [Gro85], [Gro88], Driver [Dri89], [Dri91] and Sengupta
[Sen92], [Sen97] who constructed the Yang-Mills field for a small class of paths
but for any surface, it was well understood that the Yang-Mills measure was a
process indexed by some nice paths. Their construction uses the fact that the holo-
nomy process under the Yang-Mills measure should satisfy a stochastic differential
equation driven by a Brownian white-noise curvature. The Yang-Mills measure has
to be constructed on the multiplicative functions from the set of paths to a Lie
group, that is the set of functions which have a good behavior under concatenation
and orientation-inversion of paths. This idea was already present in the precur-
sory work of Albeverio, Hpegh-Krohn and Holden ([AHKHS86a], [AHKHS88a],
[AHKHS88b|, [AHKHS&6Db]).

In [Lév00], [Lév03] and [Lév10], Lévy gave a new construction. This con-
struction allowed him to consider any compact Lie groups, any surfaces and any
rectifiable paths. Besides, it allowed him to generalize the definition of Yang-Mills
measure to the setting where, in some sense, the curvature of the random connec-
tion is a conditioned Lévy noise. The idea was to establish the rigorous discrete
construction, as proposed by E. Witten in [Wit41] and [Wit92] and to show that
one could take a continuous limit.

The discrete construction was defined by considering a perturbation of a uni-
form measure, the Ashtekar-Lewandowski measure, by a density. The continuous
limit was established using the general Theorem 3.3.1 in [Lév10]. This theorem

vii



viii INTRODUCTION

must be understood as a two-dimensional Kolmogorov’s continuity theorem and
one should consider it as one of the most important theorem in the theory of two-
dimensional holonomy fields. In the article [CDG16], G. Cébron, A. Dahlqvist
and the author show how to use this theorem in order to construct generalizations
of the master field constructed in [AS12] and [Lév12].

In the seminal book [Lév10], Lévy defined also Markovian holonomy fields.
This is the axiomatic point of view on Yang-Mills measures, seen as families of
measures, indexed by surfaces which have a good behavior under chirurgical oper-
ations on surfaces and are invariant under area-preserving homeomorphisms. The
importance of this notion is that Yang-Mills measures are Markovian holonomy
fields. It is still unknown if any regular Markovian holonomy field is a Yang-Mills
measure but this work is a first step in order to prove so.

The axiomatic formulation of the Markovian holonomy fields allows us to un-
derstand Lévy processes as one-dimensional planar Markovian holonomy fields.

Lévy processes and planar Markovian holonomy fields

Let G be a compact Lie group. If dim(G) > 1, we endow the group G with
a bi-invariant Riemannian distance dg. If G is a finite group, we endow it with
the distance dg(z,y) = d5,4. There exist two notions of Lévy processes depending
on the definitions of the increments: left increments Y;Y,~! or right increments
Y, 1Y;. We will fix the following convention: in this article, a Lévy process on G is
a cadlag process with independent and stationary right increments which begins at
the neutral element. In fact one can use a weaker definition and forgot about the
cadlag property and define a Lévy process as a continuous in probability family of
random variables (Y;);cg+ such that for any ¢ > s > 0:

e Y. 'Y, has same law as Y;_,
e Y71V, is independent of o (Y, u < s),
e Yy =ea.s.

Let Y be a Lévy process on G. Let us denote by D(R) the set of integrable
smooth densities on R. For any vol € D(R), one can define a measure E,, on
G® such that, under E,;, the canonical projection process (Xt);ep has the law of
(Yvol(]—oo,t]))teR- The family (EUOl)voleD satisfies three properties:

-Area-preserving increasing homeomorphism invariance: Let us con-
sider v, an increasing homeomorphism of R. Let vol and vol’ be two
smooth densities in D(R). Let us suppose that ¢ sends vol on vol’. The
mapping v induces a measurable mapping from G¥ to itself which we will
denote also by ¢ and which is defined by:

V(w1 ier) = (zw(t))teR'

It is then easy to see that E,o = Eyor 0 99~ For example, for any real
t € R and any bounded function f on G:

Eyor [f(X’l/J(t))} = E[f(yvol’(]—oo,w(t)]))} = E[f(Yvol(]—oo,t]))] =Eya [f(Xt)} .

-Independence: Let vol be a smooth density in D(R). Let [sq,to] and
[s1,t1] be two disjoint intervals. Under E,;, 0((XS_1X,5), so<s<t< to)
is independent of o ((X;1X;),s1 <s <t <t).
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-Locality property: Let vol and vol’ be two smooth densities in D(R). Let
to be a real such that volj_ o ;0] = Uoll']_oo to]- The law of (X¢)i<¢, is the
same under E,; as under E, ;.

Let us consider a family of measures (E,o;) (r) On G®; we say that it

voleD
is stochastically continuous if, for any vol € D(R), for any sequence (t,)nen, if

t, converges to t € RU {—o0}, Eye (da(Xt,, Xt)) — 0, where we recall that
n— oo

(Xt)ter is the canonical projection process and where, by convention, X_ . is the
constant function equal to the neutral element e. If (EUOl)uoleD(]R) is stochastically
continuous and satisfies the three axioms stated above then there exists a Lévy
process (Y;)ier+ such that, for any smooth density vol in D(R), the canonical
projection process (X¢),cp has the law of (YUOl(]_OOat]))te]R'

With these axioms in mind, looking in Section 3.1 at the definitions of planar
Markovian holonomy fields, the reader can understand why we can consider Lévy
processes as one-dimensional planar Markovian holonomy fields. The surprising
fact that we will prove in this paper is that the family of regular two-dimensional
planar Markovian holonomy fields is not bigger than the set of one-dimensional
planar Markovian holonomy fields.

Braids

The most innovative idea of this paper is to introduce for the very first time
the braid group in the study of two-dimensional Yang-Mills theory. This is also one
of the main ingredient in the article [CDG16].

The braid group is an object which possesses different facets: a combinatorial, a
geometric and an algebraic one. One can introduce the braid group using geometric
braids: this construction allows us to have a graphical and combinatorial framework
to work with. Since it is the most intuitive construction, we quickly present it so
that the reader will be familiar with these objects.

PROPOSITION 0.1. For any n > 2, let the conguration space Cy,(R?) of n in-
distinguishable points in the plane be ((R?)"\ A)/S,, where A is the union of the
hyperplanes {x € (R*)", x; = x;}. The fundamental group of the configuration
space Cy,(R?) is the braid group with n strands B,,:

Bn =T (CH(R2))

Every continuous loop v in C,(R?) parametrized by [0,1] and based at the
point ((1,0), ..., (n,0)) can be seen as n continuous functions ; € C([0, 1], R?) such
that, if we set o : j — ~;(1) for any j € {1,,n}, the following conditions hold:

1-Vj e {1,...,n},v;(0) = (4,0),
2-0€6,,

3-Vte[0,1],V) # ', (t) # vy (t).

The function +; is given by the image of v by the projection =; : (RQ)n — R2. We
call 7 a geometric braid since if we draw the (v;)7_; in R3, we obtain a physical
braid. One can look at Figure 1 to have an illustration of this fact.

With this point of view, the composition of two braids is just obtained by gluing
two geometric braids, taking then the equivalence class by isotopy of the new braid
as shown in Figure 2. In this paper, we will take the convention that, in order to
compute (152, one has to put the braid B2 above the braid ;.



x INTRODUCTION

FI1GURE 1. A physical braid S.

A

T
\

FIGURE 2. The multiplication of two braids.

K

F1GURE 3. A two dimensional diagram representation of 3.

-«

As we see in Figure 3, one can represent a braid by a two dimensional diagram
(or, to be correct, classes of equivalence of two-dimensional diagrams) that we call
n-diagrams. This representation can remind the reader the representation of any
permutation by a diagram, yet, in this representation of braids, one remembers
which string is above an other at each crossing. It is a well-known result that any
n-diagram represents a unique braid with n-strands.

Thus, in order to construct a braid, we only have to construct a n-diagram.
Besides, every computation can be done with the n-diagrams.

For any i € {1,,n — 1}, let 5; be the equivalence class of (’y; )71 defined by:

Vk € {1,,n}\ {i,i+ 1}, Vt € [0,1], 74 (t) = (k,0),

vt € [0,1], vi(t) = <z + l) - lei”

2 2 ’

i 1 1.
YVt € [0,1]a 'Yiz-i-l(t) = (’L—|— 5) + §emt,

with the usual convention R? ~ C. As any braid can be obtained by braiding two
adjacent strands, the family (ﬂi);:ll generates ,,.
Layout of the article

Since the theory of Markovian holonomy fields is a newborn theory which mixes
geometry, representation, probabilities, we recall all the tools we need and try to
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N

FIGURE 4. The elementary braid j;.

make this paper accessible to any people from any domain of mathematics. This
paper is in the same time an introduction and a sequel to [Lév10]. The reader
shouldn’t be surprised that we copy some of the definitions of [Lév10] as any
reformulation wouldn’t have been as good as Lévy’s formulation.

In Section 1, we recall the classical notions: paths, multiplicative functions,
Besides, we supply a lack in [Lév10]: we decided to develop the notion of random
holonomy fields, as it might be possible, in the future, that some general random
holonomy fields of interest would not be Markovian holonomy fields. Thus, any
proposition in [Lév10] that could be applied to random holonomy fields is stated
in this setting. We study the projection of random holonomy fields on the set
of gauge-invariant random holonomy fields and, in the gauge-invariant setting, we
explain how to restrict and extend the structure group. At last, we develop the
loop paradigm which, in particular, implies the new Proposition 1.40.

The Section 2 is devoted to the theory of planar graphs and the notion of G—G’
piecewise diffeomorphisms. One of the main results is Corollary 2.31 which states
that any generic planar graph can be seen, via such diffeomorphism, as a sub-graph
of the N2-graph.

Using the previous sections, we define in Section 3, four different notions of pla-
nar Markovian holonomy fields. Under some regularity condition, it will be proved
in the paper that the four notions are essentially equivalent. These objects are pro-
cesses, indexed by paths drawn on the plane, which are gauge-invariant, invariant
under area-preserving homeomorphisms, which satisfy a weak independence prop-
erty and a locality property. We consider the questions of restriction and extension
of the structure group for planar Markovian holonomy fields.

The equivalence between the notions of weak discrete and weak continuous
planar Markovian holonomy field is then proved in Section 4, using a theorem of
Moser and Dacorogna.

In Section 5 we define the group of reduced group, as Lévy did in [Lév10], and
obtain a generalization of Lévy’s work in the planar case. This allows us to exhibit
general families of loops which generate the group of reduced loops of any planar
graph.

Two sections are devoted to the link between braids and probabilities: Sec-
tions 6 and 8. In the first one, after explaining an algebraic definition of the braid
group, we show how the Artin’s theorem can be applied on the group of reduced
loops. We define the notion of invariance by braid for finite sequences of random
variables. Section 8 is devoted to the geometric point of view on braids and to a
de-Finetti-Ryll-Nardzewski’s theorem for random infinite sequences which are in-
variant under the action of the braid groups. Under an assumption of independence
of the diagonal-conjugacy classes, one can characterize the invariant by diagonal
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conjugation braidable sequences which are sequences of i.i.d. random variables. In
the end of the section, we apply these results to processes.

In Sections 7, 9 and 10, the reader can find the main results about planar
Markovian holonomy fields. Section 6, on finite braid-invariant sequences of ran-
dom variables, allow us in Section 7 to construct, for any Lévy process which is
self-invariant by conjugation, a planar Yang-Mills field associated with it. This
construction differs from all the previous constructions since it uses neither the
notion of uniform or Ashtekar-Lewandowski measure nor the notion of stochastic
differential equations. This allows us to consider any self-invariant by conjugation
Lévy processes, where before, one had to consider Lévy processes with density with
respect to the Haar measure and which were invariant by conjugation by the struc-
ture group G. In Section 9 and 10, using the results of Section 8, we prove that
any regular planar Markovian holonomy field is a planar Yang-Mills field. Besides,
we show that one can characterize their degree of symmetry according to the law
of the holonomy associated to simple loops.

Since any regular planar Markovian holonomy field is a planar Yang-Mills field,
is it possible to show that any Markovian holonomy field is a Yang-Mills field? In
Section 11, we answer partly to this question. First we recall the notion of Markov-
ian holonomy fields. The free boundary condition expectation is constructed and
allows us to make a bridge between Markovian holonomy fields and planar Mar-
kovian holonomy fields. The results shown previously allows us to prove Theorem
11.23: the spherical part of a regular Markovian holonomy field is equal to the
spherical part of a Yang-Mills field.

In order to get a more accurate idea of the results shown in this article and the
different notions defined in it, one can refer to the diagram Page 118.
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CHAPTER 1

Backgrounds: Paths, Random Multiplicative
Functions on Paths

Let M be either a smooth compact surface (possibly with boundary) or the
plane R%2. A measure of area on M is a smooth non-vanishing density on M,
that is, a Borel measure which has a smooth positive density with respect to the
Lebesgue measure in any coordinate chart. It will often be denoted by vol. We call
(M,vol) a measured surface. We endow M with a Riemannian metric v and we
will denote by vy the standard Riemannian metric on R2.

1.1. Paths

The notion of paths that we will use in this paper is given in the following
definition.

DEFINITION 1.1. A parametrized path on M is a continuous curve c: [0,1] —
M which is either constant or Lipschitz continuous with speed bounded below by
a positive constant.

Two parametrized paths can give the same drawing on M but with different
speed and we will only consider equivalence classes of paths.

DEFINITION 1.2. Two parametrized paths on M are equivalent if they differ
by an increasing bi-Lipschitz homeomorphism of [0,1]. An equivalence class of
parametrized paths is called a path and the set of paths on M is denoted by P(M).

Actually, the notion of path does not depend on ~ since the distances defined
by two different Riemannian metric are equivalent. Two parametrized paths pp;
and ppe which represent the same path p share the same endpoints. It is thus
possible to define the endpoints of p as the endpoints of any representative of p. If
p is a path, by p (resp. p) we denote the starting point (resp. the arrival point)
of p. From now on, we will not make any difference between a path p and any
parametrized path pp € p.

DEFINITION 1.3. A path is simple either if it is injective on [0,1] or if it is
injective on [0, 1] and p = p.

Later, we will need the following subset of paths.

DEFINITION 1.4. We define Aff, (M) to be the set of paths on M which are
piecewise geodesic paths with respect to 7.

The set of paths Aff,, (R?) will be simply denoted by Aff(R?). An other set of
paths will be very important for our study: the set of loops.

3



4 1. BACKGROUND

DEFINITION 1.5. A loop I is a path such that [ = [. A smooth loop is a loop
whose image is an oriented smooth 1-dimensional submanifold of M. The set of
loops is denoted by L(M). Let m be a point of M. A loop [ is based at m if [ = m.
The set of loops based at m is denoted by L., (M).

We can define the inverse and concatenation operations on paths. Let p; and
p2 be paths, let pp; and pps be representatives of these paths and let us suppose
that p;1 = p2. The inverse of p;, denoted by pl_l, is the equivalence class of the
parametrized path ¢ — pp1(1 —t). The concatenation of p; and ps denoted by p1p2
is the equivalence class of the parametrized path:

, pp1(21) ift <1/2,
pp1pp2 it { pp2(2t —1) ift > 1/2.

DEFINITION 1.6. A set of paths P is connected if any couple of endpoints of
elements of P can be joined by a concatenation of elements of P.

Using concatenation we can introduce a relation on the set of loops.

DEFINITION 1.7. Let P be a set of paths. Two loops [ and [’ are elementarily
equivalent in P if there exist three paths, a,b,c € P such that {I,1’} = {ab, acc™1b}.
We say that [ and I’ are equivalent in P if there exists a finite sequence | = lg, ..., [, =
I’ such that [; is elementarily equivalent to ;41 for any i € {0,....,n — 1}. We will
write it [ ~p ['.

DEFINITION 1.8. A lasso is a loop [ such that one can find a simple loop m,

the meander, and a path s, the spoke, such that [ = sms™1.

A loop has a well-defined origin and orientation. A cycle is a loop in which
one forgets about the endpoint. In a non-oriented cycle, the endpoint and the
orientation are forgotten.

DEFINITION 1.9. We say that two loops [ and ls are related if and only if
they can be decomposed as: I = cd, lo = dc, with ¢ and d two paths. The set
of equivalence classes for the relation defined on L(M) is the set of cycles. The
operation of inversion is compatible with this equivalence. A non-oriented cycle
is a pair {/,/71} where [ is a cycle. Besides, a cycle is simple if any loop which
represents it is simple and it is said smooth if any loop which represents it is smooth.

We need a notion of convergence of paths in order to define the continuity of
random holonomy fields. The definition makes use of the Riemannian metric +,
yet the notion of convergence with fixed endpoints will not depend on the choice
of the Riemannian metric. We denote by d., the distance on M which is associated
with ~.

DEFINITION 1.10. Let p; and p2 be two paths of M. Let £(p1) (resp. ¢(p2)) be
the length of the path p; (resp. p2). We define the distance between p; and ps as:

di(p1,p2) = inf sup [d, (pp1(t), pp2(t))] + [€(p1) — £(p2)]-
PP1EP1,PP2EP2 t¢[0,1]

The topology induced by d; does not depend on the choice of ~.
Let (pn)n>0 be a sequence of paths on M. Let p be a path on M. The sequence
(Pn)n>0 converges to p with fixed endpoints if and only if:

e di(pn,p) = 0 as n — 400,
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e Vn >0,p, =pand p, = p.

We will see that the convergence with fixed endpoints behaves well when one
considers images of paths by bi-Lipschitz homeomorphisms. Let us consider ¢ a
locally bi-Lipschitz homeomorphism from R? to itself.

LEMMA 1.11. Let p be a path on the plane, the image of p, ¥(p), is also a path.

PROOF. We only have to prove that ¢ (p) has a finite length. This is a conse-
quence of the fact that if ¢ : [0,1] — R? is a continuous function, the length of ¢ is

. -1
given by SUP{t),.. tn|t1<...<tn}C[0,1] 2?21 le(ti) — c(tiv1)]- U

LEMMA 1.12. Let (pn)nen be a sequence of paths which converges to a path p
with fized endpoints. The sequence (V(pn)),cy converges to 1 (p) with fized end-
points.

PROOF. Let us consider (p,)neny and p which satisfy the conditions of the
lemma. Lévy proved in Lemma 1.2.17 of [Lév10], that p, converges to p uni-
formly when the paths are parametrized at constant speed. Let us denote by
(Pn(t))tef0,1] and (p(t))¢e(o,1) these parametrized paths. Since 1) is locally Lipschitz,
(¥ (pn(t)))sef0,1) converges uniformly to (¢(p(t)));e(o,1) When n goes to infinity and
there exists a real R such that the speed of ¥(p,,) for any integer n and the speed
of 1(p) are bounded by R. An application of Lemma 1.2.18 of [Lév10] and the
triangular inequality allows us to assert that the length of ¢ (p,,) converges to the
length of ¢(p). This proves that d;(¥(pn), ¥ (p)) converges to zero when n goes to
infinity. (]

Using this notion of convergence, one can define a notion of density. The
following lemma was proved by Lévy in Proposition 1.2.12 of [Lév10].

LEMMA 1.13. The set of paths Aff (M) is dense in P(M) for the convergence
with fized endpoints.

One has to be careful when working with the convergence with fixed endpoints.
For example, the set of paths whose images are concatenation of horizontal and
vertical segments is not dense in P(R?). Indeed, one condition in order to have the
convergence with fixed endpoints is that the length of the paths converges to the
length of the limit path. But, for any path p which can be written as a concatenation
of horizontal and vertical segments, £(p) > |[p — p[|1, where ||.]|; is the usual L'
norm on R?, yet this inequality does not hold for a general path p.

1.2. Measures on the set of multiplicative functions

In this section, the presentation differs from the one of [Lév10]: new definitions
and new results already appear in this section.

From now on, except if specified, G is a compact Lie group, with the usual
convention that a compact Lie group of dimension 0 is a finite group. The neutral
element will be denoted by e. We endow G with a bi-invariant Riemannian distance
dg. If G is a finite group, we endow it with the distance dg(z, y) = 6,,. We denote
by M(G) the space of finite Borel positive measures on G.
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1.2.1. Definitions. Let P be a subset of P(M) and let L be a set of loops
in P.
DEFINITION 1.14. A function A from P to G is multiplicative if and only if:
e h(c™!) = h(c)~! for any path c in P such that c=! € P,
e h(cica) = h(cz)h(cy) for any paths ¢; and ¢g in P which can be concate-
nated and such that cico € P.
We denote by Mult(P,G) the set of multiplicative functions from P to G. A
function from L to G is pre-multiplicative over P if and only if:
e it is multiplicative,
e for any [ and !’ in L which are equivalent in P, we have: h(l) = h(l').
We denote by Multp(L,G) the set of pre-multiplicative functions over P.

We will often make the following slight abuse of notation.

NoOTATION 1.15. Let ¢ be a path in P. If a multiplicative function h is not
specified in a formula, h(c) will stand for the function on Mult(P, GQ):

h(c) : Mult(P,G) — G
h — h(c).

The notion of equivalence of loops, as stated in Definition 1.7, is important due
to the following remark.

REMARK 1.16. Let h be in Mult(P,G) and let [,I’ be loops in P. A simple
induction and the multiplicative property of h imply that if [ ~p I’ then h(l) = h(l’).

Let P be a set of paths and let @ be a freely generating subset of P in the
sense that:

e any path in P is a finite concatenation of elements of @,

e no element of () can be written as a non-trivial finite concatenation of
paths in Q UQ ™!,

e QNQ1=0.

Then we have the identification:
(1.1) Mult(P,G) ~ G©.

This is the edge paradigm for multiplicative functions. The novelty of the approach
we have in this paper is to put the emphasis on the loop paradigm for gauge-
invariant random holonomy fields. The first paradigm is interesting for general
random holonomy fields on surfaces, yet the second seems to be more appropriate
for gauge-invariant random holonomy fields on the plane.

REMARK 1.17. All the following definitions and propositions deal with multi-
plicative functions on a set of paths P. All of them extend to GT, with T" C R.
Indeed, if P = Uper{c,,c '}, with ¢, being the path on the plane based at 0
and going clockwise once around the circle of center (0,r) and radius r, then
Mult(P,G) ~ GT.

We will now endow the space of multiplicative functions with a o-field in order
to be able to speak about measures on Mult(P,G).

DEFINITION 1.18. The Borel o-field B on Mult(P,G) is the smallest o-field
such that for any paths ci,...,c, and any continuous function f : G"™ — R, the
mapping h — f (h(c1), ..., h(cy)) is measurable.
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DEFINITION 1.19. A random holonomy field p on the set P is a measure on
(Mult(P,G),B). If P = P(M), we call it a random holonomy field on M.

Let u be a random holonomy field on P: the weight of p is u(1). One can
define a regularity notion for random holonomy fields.

DEFINITION 1.20. A random holonomy field p on P is stochastically continuous
if for any sequence (py,)n>0 of elements of P which converges with fixed endpoints
tope P,

(12) [ da (o). o) ) o

Mult(P,G) n—oo
The measure p is locally stochastically %—H'dlder continuous if for any compact set
S C M, for any measure of area vol on M, there exists K > 0 such that for any
simple loop I € P bounding a disk D such that [ C S:

(1.3) / dc; (e, h{1)) p(dh) < K \/wol(D),
Mult(P,G)

where e is the neutral element of G.

A family of random holonomy fields, (1),cr, with each p defined on some set
P, is uniformly locally stochastically %—Hélder continuous if the constant K in
equation (1.3) is independent of the random holonomy field in F.

1.2.2. Construction of random holonomy fields I. Let us review the two
mains results on which the construction of random holonomy fields is based.

NoTATION 1.21. Let J and K be two subsets of P(M) such that J C K. The
restriction function from Mult(K,G) to Mult(J,G) will be denoted by pj . If
M C M’ are two surfaces, we denote by pas,a the restriction function p P(M),P(M")-
The notation is set such that for any J C K C L C P(M), pjk © pK.,L = pJ,L-

The fact that G is a compact group allows us to construct measures on the set
of multiplicative functions by taking projective limits of random holonomy fields on
finite subsets of paths. This behavior is very different from what can be observed
for Gaussian measures on Banach spaces. Indeed, in [Lév10], Proposition 2.2.3,
Lévy proved, when F is a collection of finite subsets of P, the next proposition
using an application of Carathéodory’s extension theorem. We give a proof based
on the Riesz-Markov’s theorem, proof which shows clearly why we only consider
compact groups.

PROPOSITION 1.22. Let F be a collection of subsets of paths on M. We denote
by P their union. Suppose that, when ordered by the inclusion, F is directed: for
any J1 and Jo in F, there exists J3 € F such that JyUJs C J3. For any J € F, let
my be a probability measure on (Mult(J, G),B). Assume that the probability spaces
(Mult(J, G), B,my) endowed with the restriction mappings pjx for J C K form a
projective system. This means that for any J, and Jo in F such that J, C J2, one
has

my, =Mmj, © P;ll,Jz-
Then there exists a unique probability measure m on (Mult(P,G),B) such that for
any J € F,
mj=mo p}_}g.
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PRrROOF. We endow G with the product topology. As an application of Ty-
chonoff’s theorem it is a compact space. A consequence of this is that Mult(P, G),
endowed with the restricted topology, is also a compact space as it is closed in G*.
Besides, the o-field B is the Borel o-field on Mult(P, G). Let us consider A the set
of cylinder continuous functions, that is the set of functions f : Mult(P,G) — RT
of the form:

f:h— f (h(pl); LS h(pn)) ’

for some n € N, some p,...,p, € P and some continuous function f: G" — R.

The set A is a subalgebra of the algebra C (Mult(P, G), R) of real-valued contin-
uous functions on Mult(P, G). This subalgebra separates the points of Mult(P, G)
and contains a non-zero constant function. Due to the Stone-Weierstrass’s theo-
rem, A is dense in C (Mult(P,G),R). Any function f in A depends only on a finite
number of paths, so that there exists some J € F such that f can be seen as a
continuous function on Mult(J, P). We define:

m(f) = my(f),

which does not depend on the chosen J € F thanks to the projectivity and multi-
plicative properties.

We have defined a positive linear functional m on A, the norm of which is
bounded by the total weight of any of the measures (mj)jer. Thus m can be
extended on C (Mult(P,G),R) and an application of the Riesz-Markov’s theorem
allows us to consider m as a measure on (Mult(P,G),B). This is the projective
limit of (my)jer. O

The notion of locally stochastically %—Hélder continuity allows us to have an
extension theorem from some subsets of paths to their closure, as shown in the
proof of Corollary 3.3.2 of [Lév10].

THEOREM 1.23. Let pag (ar) be a random holonomy field on Aff,(M). If it is

locally stochastically %—Hé'lder continuous then there exists a unique stochastically
continuous random holonomy field p on M such that:

-1
HAfE, (M) = H O Pase (M), P(M)*

1.2.3. Gauge-invariance. For any subset P of P(M), a natural group acts
on Mult(P,G), the gauge group, that we are going to describe. Let us fix a subset
P of P(M) which will stay fixed until the end of the chapter.

DEFINITION 1.24. Let V = {& € M,3p € P,x = por x = p} be the set of
endpoints of P. We define the partial gauge group associated with P by setting
Jp = GV. If P = P(M), this group is called the gauge group of M. The group
Jp acts by gauge transformations on the space Mult (P,G): if j € Jp, the action
of j on h € Mult(P,G) is given by:

Ve € P (jeh)(c) = j=" h(c)je.
Let @ = {c1, ..., ¢, } be a finite set of paths on M. Looking only at the evaluation
on ¢; for i € {1,...,n}, we have the inclusion: Mult(Q,G) C G™. The gauge action

of Jg on Mult(Q, @) extends naturally to an action on G™ by (j e g); = jc_j_lgijgi
for any i € {1,...,n}.
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REMARK 1.25. If [y, ..., 1, are loops based at a point m, the partial gauge group
is nothing but G and the corresponding action on G" is the diagonal conjugation:

G o (g1, ngn) = (G 915, s 5 gnd)-

We denote by [(g1,...,g9n)] the equivalence class of (gi,...,gn) in G™ under the
diagonal conjugation action.

We now define a sub-o-field of B, the invariant o-field.

DEFINITION 1.26. On Mult(P,G), the invariant o-field, denoted by Z, is the
smallest o-field such that for any paths c1, ..., ¢, in P and any continuous function
[+ G"™ — R invariant under the action of Ji., . ..} on G" defined after Definition
1.24, the mapping h — f (h(c1), ..., h(cy)) is measurable.

Let us remark that if M is the disjoint union of two smooth compact surfaces,
M = M; U My then Mult (P(M),G) ~ Mult(P(My),G) x Mult(P(Ms),G). Be-
sides, let Z (respectively Zy, Zy) be the invariant o-field on Mult (P(M),G) (re-
spectively Mult (P(My), G), Mult (P(Ms),G)). We have T ~T; ® I.

Locally bi-Lipschitz homeomorphisms between surfaces give rise to some exam-
ples of functions which are measurable with respect to the Borel and the invariant
o-fields. Given M and M’ two smooth compact surfaces, suppose that we are given
a locally bi-Lipschitz homeomorphism v from M to M’, we can construct, for any
h in Mult (P(M'), G), a natural multiplicative function ¢¥*h on M:

(¥*h) (p) = h (¥(p)) , Vp € P(M).

This defines a function * : Mult (P(M'),G) — Mult (P(M),G). The function
1™ is measurable for the Borel and the invariant o-fields. From now on, we denote
also by 9 the application ™.

On the invariant o-field on Mult(P,G), any measure is of course invariant
by the gauge transformations. Explicitly, for any measure u on (Mult(P,G),T),
for any measurable continuous function f from (Mult(P,G),Z) to R and for any
j € Jp:

(1.4) / G« Wu(h) = | F(R)dpu(h).

Mult(P,G) Mult(P,G)
The following definition is less trivial as the following class of gauge-invariant mea-
sures is not equal to the collection of all measures.

DEFINITION 1.27. Let p be a random holonomy field on P. We say that pu is
invariant under gauge transformations if and only if the Equality (1.4) holds for
any continuous function f from (Mult(P,G),B) to R and any j € Jp.

REMARK 1.28. Let p be a gauge-invariant random holonomy field on P. Let
p a path in P which is not a loop: p # p. Then under ;ﬁ—, h(p) has the law of a
Haar random variable. Indeed, applying the gauge transformation which is equal
to 1 everywhere except at p or p, where its value is set to be an arbitrary element
of G, we see that the law of h(p) is invariant by left- and right-multiplication.

There exists a one-to-one correspondence between measures on (Mult(P, G),T)
and gauge-invariant measures on (Mult(P, G), B). The next proposition is similar
to the results of [Bae94|. For any positive integer n, for any continuous function f
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on G™ and any set of paths {ci,...,¢,} in P, we define the function qu _____ ., such
that, for any g1, ..., g, in G:
(15) chl,...,cn, (gl;---;gn) :/ f(]'(gl;;gn))dj;

Jep,en

where dj is the Haar measure on J.,

..... Cn*

NoOTATION 1.29. If i is a finite measure on a measurable space ({,.4) and if
B C A is a sub-o-field, by pz, we denote the image of p by the identity map:
(€, 4) = (2, B).

PROPOSITION 1.30. For any measure p on (Mult(P,G),I), there exists a
unique gauge-invariant random holonomy field on P which will be denoted either
by v or u, such that fyz = p.

PROOF. The uniqueness of ji follows from the upcoming Proposition 1.37. Let
us prove its existence. We will define & by the fact that for any measurable function
f:G"™ - RT and any n-tuple cy, ..., ¢, of elements of P:

(1 (h(er), s hlen))) = 1 (P, o (1), s Blen)))

Let us consider a finite set of paths in P, P, = {c1,...,¢n}. Let us consider
the natural inclusion ¢ : Mult (P1,G) C G™ given by the evaluations on ¢y, ..., ¢y.

The equalities fip, (f) = u (f_]q
on G™ define a linear positive functional on C(G™). By compactness of G™, ap-
plying the theorem of Riesz-Markov, it gives a measure jip, on G", the support of

which is easily seen to be a subset of ¢ (Mult (P, G)). We can thus look at the
induced measure on Mult (P, G) denoted by fi puie(py,c)- The family of measures

., (h(c1),ons h(cn))) for any continuous function

,,,,,

(ﬂ|Mult(P1,G)) PLCP AP, <00 forms a projective family of measures for the inclusion
of sets. Thus, by Proposition 1.22, it defines a measure on (Mult (P,G),B). O

Let us introduce a notion which will be important in the definition of planar
markovian holonomy fields. Let u be a random holonomy field on P.

DEFINITION 1.31. Let P, and P, be two families of paths in P. We will say
that (h(p)),cp, and (h(p)),cp, are I-independent if and only if, for any finite
family (p})™, in Py, any finite family (p)"; in P and any continuous function
f:G" = R (resp. g : G™ — R) invariant under the action of Jy,1  ny (resp.
Jipi o ), the following equality holds:

»»»»»»

(16) £ (@) g (b)) | = [ (@) i o (), ) ]

This is equivalent to say that under p, the two o-fields o (h(p) : p € P1) N Z and
o (h(p) : p € P2) NT are independent.

Let us remark that the invariant o-field on G? which we denote by Zy) is, in
general, different from the product Z ® Z where Z is the invariant o-field of G.
When G = G3, this fact is implied by the following assertion:

11 =#{[(0,0")],(0,0") € &3} # (#{[0] 0 € &3})* = 0.
In particular, if (X,Y") is a random vector such that X is Z-independent of Y, the
knowledge of the laws of the random conjugacy classes [X] and [Y] does not allow
us to reconstruct the law of the random diagonal conjugacy class [(X,Y)]. In the
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following remark, we will see that in some very special cases, the Z-independence
is equivalent to the independence.

REMARK 1.32. Let P, and P, be two sets of paths such that their sets of end-
points Vp, and Vp, are disjoint. The two families (h(p)),c p, and (h(p)),cp,. defined
on (Mult(P,G), B, u), are Z-independent if and only if they are independent.

We only have to prove that the Z-independence implies the independence. Let
us suppose that they are Z-independent. If f and g are real-valued continuous
functions on G™ and G™ respectively, we denote by f®g the function from G™ x G™
to R defined by:

FRg(@1, o Tny Tn 1y ooy Trbm ) = F(@1, 000y £0)9(Tng1y ooy Trbm)-
With this notation and the notation (1.5), since the two families P, and P, have
disjoint sets of endpoints,
(f ® g)JPluP2 = f']Pl ® §Jp2a

where the partial gauge group was defined in Definition 1.24. Thus, using the
gauge-invariance of u,

wlf ((h(p))per) g (R(P))per,)] = 1 [(f © 9) (M(P))pers; (h(P))per,)]

(T 9) 1,0, (BE)pers, (BD))pers)]
= 1 Foe, @ Gur, (BD)pers, (BD))per)]
[

sey (B)per)| 1 [Gar, (BD))per,)]

[f ((h(P))per)] 1l (R(p))per,)] -
This proves that the two families (h(p)),cp, and (h(p)),cp, are independent.

Let us introduce the main ingredient in order to construct gauge-invariant
random holonomy fields: the loop paradigm for multiplicative functions. From now
on, P will be connected, stable by concatenation and inversion, m is an endpoint
of P and we recall that L,, is the set of loops in P based at m.

LEMMA 1.33. The loop paradigm for the multiplicative functions is:
(1.7) Mult(P,G)/Jp ~ Multp(L,,,G)/JL,,.
PRrROOF. There exists a natural restriction function:
r: Mult(P,G)/Jp — Multp(Lp,G)/JL,,-
Let us show that there exists an application
t: Multp(Ly, G)/JL,, — Mult(P,G)/Jp,

such that r ot =1¢d and ¢ or = id.

The proof uses the ideas used in order to prove Lemma 2.1.5 of [Lév10]. For
any endpoint v of P, let ¢, be a path in P joining m to v. This is possible since we
supposed that P was connected. We set g, to be the trivial path. Then, for any
path p in P we define I(p) = qppqgl. One can look at the Figure 1 to have a better
understanding of I(p). For any h in Multp(L,,,G), we define for any path p,

(h)(p) = h(l(p))-
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FIGURE 1. Construction of the loop I(p).

This is a multiplicative function. Let us show, for example, that it is compatible
with the concatenation operation. For any h € Multp(L,,,G) and any paths p
and p’ in P such that p = p/, the following sequence of equalities holds:

(W) (pp') = h(Upp") = Mappp'a) = Mappay "4y p o)
= hlayp'a5 ) h(appa; ') = b (Lp) h (1)) = (k) (B )e(h)(P),

where in the third equality we used the fact that h is an element of Multp(Ly,, G)
and not only in Mult(L,, G).

Thus ¢ is an application from Multp(Ly,,G) to Mult(P,G). This applica-
tion ¢ defines a function, that we will also call ¢ from Multp(L,,,G)/JL,, to
Mult(P,G)/Jp. Indeed, if j € Jr,, ~ G, h € Multp(L,,,G) and p € P:

u(j o h)(p) = j ® h(l(p)) = j(m) ™ h(l(p))j(m) = j & u(h)(p),

where j is the constant function which is equal to j. Let us show that ¢ o r = id:
for any h € Mult(P, G),

() @) yep = r()UD) = (hlappaz )
= (ha) " h)hlay) .

thus, in Mult(P,G)/Jp, we have the equality (¢«(r(h))(p)),ecp = (h(p))pep. The
equality r o« = id is even easier. O

From the proof of Lemma 1.33, one also gets the following lemma.
LEMMA 1.34. There exists an application:
t: Multp(Lp, G) = Mult(P,G)

which is measurable for the Borel o-field and such that, for any loop | € L,,, the
following diagram is commutative:

Multp(Ly,, G) - Mult(P,G)
M h(l)
G

An other consequence of Lemma 1.33 is Lemma 2.1.5 in [Lév10] given below.
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LEMMA 1.35. For any paths c1,...,c, in P and any measurable function f :
G" — R invariant under the action of J, . ., on G", there exist n loops l1,..., 15
in P based at m and a measurable function f : G™ — R invariant under the diagonal
action of G such that:

f (her), - hlen)) = F (h(l), - h(ln)) -

Lemma 1.35 allows us to reduce the family of variables that Z has to make
measurable: we only have to look at finite collections of loops based at the same
point. This leads us to the Definition 2.1.6 of [Lév10], which, in our case, is a
result and not a definition.

PROPOSITION 1.36. The invariant o-field T on Mult(P,G) is the smallest o-
field such that for any positive integer n, any loops li,...,l, based at m and any
continuous function f : G" — R invariant under the diagonal action of G, the
mapping h— f(h(l1),..., k(1)) is measurable.

Another consequence of Lemma 1.35 is the following proposition.

ProprosITION 1.37. If u and v are two stochastically continuous gauge-invariant
random holonomy fields on P, the two following assertions are equivalent:

(1) p and v are equal,

(2) there exist an endpoint m of P and A,, a dense subset of L, for the
convergence with fixed endpoints, such that for any integer n, any n-tuple
of loops 11, ..., L, in Ay, and any continuous function f : G™ — R invariant
under the diagonal action of G,

[ ) b ) = [ ), () d ()
Mult(P,G) Mult(P,G)

If the random holonomy fields are not stochastically continuous, the proposition
still holds if one replaces A, by Lp,.

REMARK 1.38. The first consequence of this proposition is the change of base
point invariance property of gauge-invariant random holonomy fields. For the sake
of simplicity, let us consider y a gauge-invariant random holonomy field on M. Let
us consider a bijection ¥ : M — M and let us consider for any point z of M, p, a
path from ¢ (z) to . Then the random holonomy field which has the law of:

(h(pz))zeM b [h(p)]pEP

under p, is still gauge-invariant and the last proposition shows that p and the new
random holonomy field are equal. Thus, for any paths p1, ...p,, we have the equality
in law:

n

([(A))sers # 1@, B0)) = BRI,

i=1
under p. For example, if [y, ..., 1, are n loops based at m and if s is a path from m’

to m, under a gauge-invariant measure p, (h(slis™'),...,h(sl,s7')) has the same
law as (h(l1), ..., h(l,)).

1.2.4. Construction of random holonomy fields II: the gauge-invariant
case. In this section, for the sake of simplicity, we will suppose that M is connected.
However, all results could be easily extended to the non-connected case. Thanks
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to Lemma 1.33 and Proposition 1.30, constructing a gauge-invariant random holo-
nomy field p becomes easier. We recall that P is a connected set of paths, stable
by concatenation and inversion.

PRrROPOSITION 1.39. Let m be an endpoint of P. Suppose that for any finite
subset L of loops in P based at m, we are given a gauge-invariant measure pr,
on Multp(L,G) such that, when endowed with the natural restriction functions,
(Multp(L,G),B),uL) is a projective family. Then there exists a unique gauge-
invariant random holonomy field u on P such that for any finite subset L of loops
in P based at m, one has:

pL = o pyp.

PROOF. The uniqueness of such a measure comes from a direct application of
Proposition 1.37.

Let us prove the existence of the measure pu. Let L,, be the set of loops in P
based at m. Using a slight modification of Proposition 1.22, we can consider the
projective limit jur,, of (ur,)r;crL,. #L;<c0, defined on (Multp(Ly,,G),B) and
which is gauge-invariant. The set P satisfies the assumptions of Lemma 1.34: let
us consider a measurable application ¢ from Multp(Ly,, G) to Mult(P,G) given
by this lemma. We define the measure:

n=((pL, © fl)\z)Aa

where we remind the reader that ( )~ is the notation for the extension of mea-
sures from the invariant o-field to the Borel o-field given by Proposition 1.30. By
definition, it is defined on the Borel o-field on Mult(P, G) and it is gauge-invariant.

If L is a finite subset of loops in P based at m, thanks to the definitions of
v and pr, , (up, ot™1) o PZ,IP = pr. The gauge-invariance of py implies that

((,uL)‘I) = pr. This leads us to the conclusion: puyp = po pz,lp. O

In particular, if we combine this proposition with Theorem 1.23, we get the
following result.

PROPOSITION 1.40. Let~y be a Riemannian metric on M, let m be a point of M .
Suppose that for any finite subset L of loops in Aff. (M) based at m, we are given a
gauge-invariant measure py, on Multp(L,G) such that (Multp(L,G),B) ,ur) is a
projective family of uniformly locally stochastically %—H()’lder continuous random ho-
lonomy fields. Then there exists a unique stochastically continuous gauge-invariant
random holonomy field u on M such that for any finite subset L of loops in P(M)
based at m, one has:

-1
KL = 1O P pary:

1.2.5. Restriction and extension of the structure group. Let H be a
closed subgroup of G. There exists a natural injection ip : (Mult(P, H),B) —
(Mult(P,G), B) . Thus, we can always push forward any H-valued random holo-
nomy field by ip in order to define a G-valued random holonomy field. Of course,
if a G-valued random holonomy field on P, say p, is such that there exists a closed
group H C G such that for any path p € P, one has h(p) € H u a.s., then we can
restrict the group to H: for any finite Py C P it defines a measure on Mult(Py, H)
and we can take the projective limit thanks to Proposition 1.22.
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In the gauge-invariant setting, what can be done 7 First of all, if y is a H-
valued gauge-invariant random holonomy field, u o i;l is not in general a G-valued
gauge-invariant random holonomy field. The simplest counterexample is to consider
P to be reduced to a single loop: a G-valued random variable can be H-invariant
but not G-invariant by conjugation. Thus, in order to extend the structure group
from H to G of a H-gauge-invariant random holonomy field p, one has to consider:

(1.8) ((oiph)z)

the gauge-invariant extension (see Proposition 1.30) to B of the restriction on the
invariant o-field Z of Moz;l. Thus, the natural injection is replaced by the following
map:

e ((woiphz) -

NoTATION 1.41. In the following, we will denote p o %;1 = ((M o i;l)‘z).

Now, let us consider the problem of restricting a gauge-invariant random ho-
lonomy field . Thanks to Lemma 1.35, we know that the only important objects
are loops based at m. Hence the question: what can be done with a G-valued
random holonomy field such that for any loop or for any simple loop I € L,,, u a.s.
h(l) € H? An important remark is that it does not imply that for any path p € P,
wa.s. h(p) € H. Indeed, as we have seen in Remark 1.28, for any p such that p # p,
under p/1(1), h(p) has the law of a Haar random variable on G. Nevertheless, the
following result is true.

PropPOSITION 1.42. Let p be a G-valued gauge-invariant random holonomy
field such that for any loop | € L,,, h(l) € H, p a.s. Then there exists an H-valued
gauge-invariant random holonomy field pg such that:

= pmoip.
Let M be a smooth connected compact surface and let us suppose that P is P(M)

and that p is stochastically continuous. The result is still true if for any lasso [
based at m, h(l) € H, p a.s.

REMARK 1.43. An important remark is that gy is not unique. Besides, using
the group of reduced loops (Section 2.4 of [Lév10] and the forthcoming Section
5.3), one can show in the last case that it is enough that h(l) € H, u a.s., for any
simple loop [ based at m. This is due to the fact that for any graph, there exists a
family of generators of the group of reduced loops which can be approximated, for
the convergence with fixed endpoints, by simple loops.

We give below the loop-erasure lemma, taken from Proposition 1.4.9 in [Lév10],
that we will use in the proof of Proposition 1.42.

LEMMA 1.44. Let (M,~) be a Riemannian compact surface and let ¢ be a loop
in Aff(M). There exists in Aff, (M) a finite sequence of lassos l1,...,l, and a simple
loop d with the same endpoints as ¢ such that:

c~ly..lyd.

PROOF OF PROPOSITION 1.42. Let us prove the second case, when P = P(M)
and p is stochastically continuous. The first assertion is easier and can be proved
using the second part of the proof.
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Let us suppose that for any simple lasso | € L, (M), h(l) € H, p a.s. Let
us consider v a Riemannian metric on M. As a consequence of Lemma 1.44, for
any loop | € Aff, (M) based at m, h(l) € H, p a.s. Thus, by Lemma 1.13, using
the stochastic continuity of p and the fact that H is closed, for any | € L,,(M),
h(l) € H, p a.s.

By restricting the measure y, one can define, for any finite subset L of L., (M),
a gauge-invariant measure pr,, on Multp( M)(L ¢, H). As a consequence of Propo-
sition 1.39, there exists a unique H-valued gauge-invariant random holonomy field
pg on M such that for any finite subset Ly of L., (M), pr, = pm o pZ}ﬁP(M).
This H —vz}lued gauge-invariant random holonomy field py satisfies the equality:

M:MHOZ;(IM)- O



CHAPTER 2

Graphs

2.1. Definitions and simple facts

The construction of special random fields, the planar Markovian holonomy
fields, uses the notion of graphs. The graphs we consider are not only combinatorial
ones: we insist that the faces are homeomorphic to an open disk of R?. Let M be
a either a smooth compact surface with boundary or the plane R?.

DEFINITION 2.1. A pre-graph on M is a triple G = (V,E,F) such that:

e [, the set of edges, is a non-empty finite set of simple paths on M, stable
by inversion, such that two edges which are not each other’s inverse meet,
if at all, only at some of their endpoints,

e V, the set of vertices, is the finite subset of M given by |J {€,e},
eckE

o T, the set of faces, is the set of the connected components of M\ |J €([0,1]).
ecE

Any pre-graph G = (V,E,F) whose bounded faces F € F are homeomorphic to an
open disk of R? is called a graph on M.

REMARK 2.2. By Proposition 1.3.10 in [Lév10], if G is a graph on M then OM
can be represented by a concatenation of edges in E.

Due to the last definition, any pre-graph G = (V,E,F) is characterized by its
set of edges E. Thus, in order to construct a pre-graph, we will only define its set
of edges. We will often use the following graph.

EXAMPLE 2.3. Let [ be a simple loop on R?. We denote by G(l) the graph on
R? composed of | and I~ as unique edges.

When M is homeomorphic to a sphere, we will consider that ({m},0, M \ {m})
is a graph for any m € M.

DEFINITION 2.4. A graph is connected if and only if any two points of V are the
endpoints of the same path in P(G). A connected graph on R? will be also called a
finite planar graph; its set of faces is composed of one unbounded face denoted by
F, and a set F? of bounded faces.

DEFINITION 2.5. Let G be a graph on M, P(G) is the set of paths obtained
by concatenating edges of G. The set of loops in P(G) is denoted by L(G) and if
v €V, L,(G) is the set of loops in L(G) based at v.

For any smooth connected compact surface with boundary M embedded in R?,
a graph on M can be considered as a finite planar graph. This kind of graphs, of
interest later, will be called embedded graphs on R2.

17
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DEFINITION 2.6. An embedded graph on R? is a graph on a smooth connected
compact surface with boundary M embedded in R2.

The two definitions of graphs on R? seen here are in fact almost equivalent. An
embedded graph is obviously a graph on R? and a direct consequence of Propositions
1.3.24 and 1.3.26 of [Lév10] is the following result.

PROPOSITION 2.7. Every finite planar graph on R? is a subgraph of an embedded
graph.

The intersection of a graph G = (V, E, F) with a subset A of R? is the pre-graph
(V',E',F"), denoted by GN A, such that E' = {e € E,enN A € {e,e}}. This allows
us to define the notion of a planar graph. For any positive real r, let D(0, r) be the
closed ball of center (0,0) and radius r in R?.

DEFINITION 2.8. A planar graph G = (V,E,F) is a triple of sets which represent
the vertices, the edges and the faces which are linked by the same relations as
in Definition 2.1 and for which there exists an increasing unbounded sequence of
positive reals (r)nen such that for each integer n, G ND(0,r,) is a finite planar
graph.

EXAMPLE 2.9. We consider N? as a planar graph, the edges being the vertical
and horizontal segments between nearest neighbors.

NOTATION 2.10. Sometimes, one wants to consider connected graphs whose
edges are in a given subset A of P(M). We denote by G(A) the set of connected
graphs G = {V,E,F} such that E C A.

In the notions of graph exposed above, the edges are non-oriented, which means
that there is no preference between e and e~! for any edge e.

DEFINITION 2.11. An orientation on a graph G is the data of a subset ET of
E such that E* N (E*) ™" = § and E+ U (E*)~! = E. Given an orientation E* on
G, for each subset J of E, we denote by JT the set JNET,

2.2. Graphs and homeomorphisms

In the following we will need to understand the action of orientation-preserving
homeomorphisms on the set of graphs.

DEFINITION 2.12. Let G and G’ be two finite planar graphs. They are home-
omorphic if there exists an orientation-preserving homeomorphism v which sends
G on G'. We will denote it by ¥(G) = G’ and by definition, this means that ¢
induces a bijection Sg from the set V of vertices of G to the set V' of vertices of G’

and a bijection Eéf from the set E of edges of G to the set E' of edges of G’. These
bijections are defined by:

Sg(v) = ¢(v), for any v € V,
Sg(e) = 1(e), for any e € E.

DEFINITION 2.13. Let ¢ and ' be two orientation-preserving homeomorphisms
of R? which send G on G’. The homeomorphisms ¢ and ¢ are equivalent on G if

and only if SY = Sg and Eéf = Eg/.
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We would like to have an easy way to know if two finite planar graphs are
homeomorphic. For that, an important notion is the cyclic order of the outgoing
edges at a vertex.

DEFINITION 2.14. Let G = (V,E,F) be a finite planar graph. Let v be a vertex
and let [E, be the set of edges e € E such that e = v. For any e € E,, let e, be a
parametrized path which represents e. We define:

1
rozmin{ U—ep(§>‘,eeEv}.

Let r €]0,7q[. For each e € E,, we define s.(r) € [0, 3] as the first time e, hits the
boundary of D(0, r):

se(7) inf{t € {oﬂ v —ep ()] r}.

The cyclic permutation of E,, corresponding to the cyclic order of the points
{ep(se(r)),e € E,} on the circle 9D(0,r) oriented anti-clockwise, does not depend
on the chosen r €]0,7¢[: it is the cyclic order of the edges at the vertex v denoted
by o,.

A consequence of Jordan-Schonfliess theorem is the Heffter-Edmonds-Ringel
rotation principle, stated in Theorem 3.2.4 of [M'T01].

THEOREM 2.15. Let G = (V,E,F) and G' = (V,E,F') be two finite planar
graphs such that the following assertions hold:

(1) there exists a bijection S : V. — V|

(2) there exists a bijection £ : E — E' such that for any e € E, € (e7!) =
Ele)™,

(3) for any edge e € E, S(e) = E(e),

(4) for any vertexv €V, 0g(,y =E 00y 0 e

Then there exists an orientation-preserving homeomorphism 1 : R? — R? such that

P(G) =G’ and ¢ induces the two bijections S and E.

If one considers only piecewise affine edges, the theorem can be applied to
pre-graph with affine edges.

Later we will need the notion of diffeomorphisms at infinity. The motivation will
appear in Lemma 12.10 where we show that the free boundary condition expectation
on the plane associated with a Markovian holonomy field is a planar Markovian
holonomy field. In the following definition, D(0, R)° is the complement set of the
closed disk centered at 0 and of radius R.

DEFINITION 2.16. A homeomorphism ¢ of R? is a diffeomorphism at infinity
if there exists a real R such that ¥p (g, g)- is a diffeomorphism.

Each time we consider a homeomorphism from a close domain delimited by a
Jordan curve to an other domain delimited by an other Jordan curve, we can extend
it as a diffeomorphism at infinity. Indeed, using the Carathéodory’s theorem for
Jordan curves, we can suppose that both domains are the unit disk. In this case,
the result follows from the following lemma.
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LEMMA 2.17. Let D be the closed disk of center 0 and radius 1. Let ) : D — 0D
be a homeomorphism. There exists a diffeomorphism ¥ : D¢ — D¢ such that for
any x € 0D,

lim © (y) = (2).
y—T
Besides, if 1 preserves the orientation, ¥ will also preserve the orientation.

PROOF. Let 1 be a smooth even positive function supported on [—1,1]. Let us
consider for any real r > 1 the function n,(.) = (r — 1)7'n((r — 1)71.). The family
(nr)r>1 is a smooth even approximation to the identity when r goes to 1.

There is a natural bijection ® between the set of homeomorphisms of JD and
the set HomZy of strictly increasing or decreasing continuous functions f from R
to R such that f — Id is 1-periodic. Let 1 : 9D — 0D be a homeomorphism of the
circle. We define the smooth function ¥ by:

v: D°—D°

re2im0 g pe2im(2($)*n;)(6)

Since 1 is continuous on the disk, the function ®(¢) is uniformly continuous.
Thus ®(1)) * 1, converges uniformly to ®(¢)) as r tends to 1. This implies that for
any x € 9D, lim ¥(y) = ¢ (). Besides, for any real r > 1, the convolution with 7,

y—x

sends H omﬂgﬁ) on itself: this implies that ¥ is bijective. Since W is differentiable, it
remains to show that the Jacobian of W is strictly positive. Yet, for any z € D¢, only
the module of z is involved in the calculation of the module of ¥(z): the Jacobian
matrix is triangular. Since 7, is even for any r > 1 and ®(v)) is strictly increasing
(or decreasing), the derivative of ®(¢) * ), is strictly positive (or negative). These
two facts imply that the Jacobian matrix of W is invertible, thus the function ¥ is
a diffeomorphism. The last assertion about the orientation-preserving property is
straightforward. (|

2.3. Graphs and partial order

The graphs with piecewise affine edges are interesting when one considers a
special partial order on graphs studied in [Lév10].

DEFINITION 2.18. Let G and G’ be two planar graphs. We say that G’ is finer
than G if P(G) C P(G’). We denote it by G < G'.

In fact, in Lemma 1.4.6 of [Lév10], Lévy showed that this partial order is not
directed. Yet, one can, by restricting it to a dense subspace of graphs, make it
directed: for this, the edges of the graphs which we consider must be in a good
subspace as defined below.

DEFINITION 2.19. Let P be a subset of P(M). A good subspace A of P is a
dense subset of P for the convergence with fixed endpoints such that for any finite
subset {c1, ..., cn } of A there exists a graph G such that {c1,...,¢,} C P(G).

If A is a good subspace, G(A) endowed with < is directed. The following lemma
is a reformulation of Proposition 1.4.8 of [Lév10].

LEMMA 2.20. For any Riemannian metric v on M, the set Aff, (M) is a good
subspace for P(M).
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There are other natural examples of good subspaces of P(M). For example,
Baez in [Bae94] used the good subspace of piecewise real-analytic paths in P(R?) in
order to define the Ashtekar and Lewandowski uniform measure. Another example
of good subspace is used in the articles [Sen92] and [Sen97].

By definition, any path in M can be approximated by a sequence of paths in A
if A is a good subspace. But Aff. (M) satisfies the stronger property which roughly
asserts that G(Aff,(M)) is “dense” for a certain notion in the set of planar graphs.
The next theorem is a direct consequence of Proposition 1.4.10. in [Lév10]. It has
to be noticed that, in the proof of Proposition 1.4.10. in [Lév10], the measure of
area does not have to be the measure of area associated with the chosen Riemannian
metric. For the next theorem, let us suppose that M is an oriented compact surface
with boundary.

THEOREM 2.21. Let G = (V,E,F) be a graph on M. Let v be a Riemannian
metric on M and let vol be a measure of area on M. There exists a sequence of

finite planar graphs (Gn = (V,,E,, Fn))neN in Q(Aff.y (M)) such that:

(1) for any integer n, there exists v, an orientation-preserving homeomor-
phism of M such that ¥, (G) = G,,.

(3) for any edge e € E, 1, (e) converges to e for the convergence with fized
endpoints,
(4) for any face F € F, vol(¢n(F)) — vol(F).

n—oo

Another interesting property of G(Aff(R?)) is the fact that any generic finite
planar graph with piecewise affine edges can be sent by a piecewise smooth appli-
cation on a subgraph of the N? planar graph. We will prove this in Section 2.5, but
before, we need to gather a few facts about graphs and triangulations.

2.4. Graphs and piecewise diffeomorphisms

DEFINITION 2.22. Let G be a finite planar graph in G(Aff(R?)). It is simple if
the boundary of any face of G is a simple loop. It is a triangulation if any bounded
face is a non degenerate triangle.

DEFINITION 2.23. Let G be a finite planar graph in G(Aff(R?)). A mesh of G
is a simple graph G’ in G(Aff(R?)) such that G < G’. A triangulation of G is a
triangulation T such that G < T and the unbounded face of T is the unbounded
face of G.

Two triangulations are homeomorphic if they are homeomorphic as finite planar
graphs.

DEFINITION 2.24. Let G and G’ be two finite planar graphs in G(Aff(R?)). A
homeomorphism ¢ : R? — R? is a G — G’ piecewise diffeomorphism if the three
following assertions hold:

(1) ¢(G) =G,

(2) there exists a mesh Gg of G (resp G, of G’) such that ¢p(Goy) = Gf and
for any bounded face F' of Go, ¢p : F' — ¢(F) is a diffeomorphism
whose Jacobian determinant is bounded below and above by some strictly
positive real numbers and can also be extended on the boundary of F,
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(3) let Fio be the unbounded face of Go. The application ¢|p_ : Foo = ¢(Fio)
is a diffeomorphism.

We will say that Gg is a good mesh for ¢.

The piecewise diffeomorphisms we will construct will always be of the following
form: they will be the extension (using Lemma 2.17 and the discussion before) of
a piecewise affine homeomorphism from the interior of a piecewise affine Jordan
curve to itself. Recall the definition of equivalence defined in Definition 2.13.

PRrOPOSITION 2.25. Let Gy and Go be two homeomorphic simple finite planar
graphs with piecewise affine edges. Let us choose an orientation-preserving homeo-
morphism ¢ : R? — R? such that ¢(G1) = Gy. There exist two triangulations, Ty
of G1, T2 of Gy and an orientation-preserving G, — Go piecewise-diffeomorphism
1 such that:

(1) Ty is a good mesh for 1,

(2) ¥ and ¢ are equivalent on G,

(3) ¥(T1) = Ta.
Consequently, the set of orientation-preserving G, — Go piecewise diffeomorphisms
18 not empty.

In order to prove this proposition, we will need the following result proved in
the paper of Aronov-Seidel-Souvaine ([ASS93]).

THEOREM 2.26. Let Q1 and Q2 be two simple n-gons, seen as planar graphs
with n vertices. Let us choose an orientation-preserving homeomorphism 1 which
sends Q1 on Qo. Let T (resp. Tz) be a triangulation of Q1 (resp. Q2). There
exists T} (resp. TQ) a triangulation of Q1 (resp. Q2), finer than Ty (resp. Tz) and
an orientation-preserving homeomorphism 1)’ such that ¥ and v’ are equivalent on
Ql and ’L/Jl(Tl) = TQ.

Let Gy, respectively Go, be a simple graph in g(AfF(RQ)) with only one face
denoted Fi, respectively Fs. Let ¥ be an orientation-preserving homeomorphism
which sends G; on Gy. Then there exists a positive integer n such that 9F; and 0F;
can be seen as two n-gons such that, when one considers these n-gons as graphs,
1) sends OF; on OF3: in order to do so, it is enough to add some vertices on the
boundaries of Fy and Fy. This remark will allow us to apply Theorem 2.26 to the
faces of simple planar graphs with piecewise affine edges. Let us remark also that
the homeomorphism ¢ between Ty and T5 in Theorem 2.26 can be chosen so that
it is affine on each bounded face of 7.

LEMMA 2.27. Let Ty and Ty be two triangulations in the plane. If they are
homeomorphic, there exists a function i defined on the union of the bounded faces
of T and affine on each bounded face of Ty such that 1) is an orientation-preserving
homeomorphism which sends Ty on Ts.

ProOF. Let T7 and T3 be two homeomorphic triangulations and let ¢ be
an orientation-preserving homeomorphism of R? which sends Ty on Ty. For any
bounded face F' of 11, we can find an orientation-preserving affine map |, de-
fined on F, such that ¢ and ¢ are equivalent on the border OF, seen as a graph
with 3 vertices. This map is actually unique.

Let us remark that for any triangle 7', any = € T and any affine map F, F(x)
depends only on the image by F' of the edge which contains x. This allows us to
glue the affine maps (1/1‘ F)  and to get the desired 9. (I
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FIGURE 1. An approximation by a generic graph.

We can now prove Proposition 2.25.

PROOF OF PROPOSITION 2.25. Let G; and Go be two simple homeomorphic
finite planar graphs with piecewise affine edges. Let ¢ be an orientation-preserving
homeomorphism such that ¢(G1) = Ga. For any bounded face F of Gy, F and
¢(F) are simple polygons. As any polygon can be triangulated, one consequence of
Theorem 2.26 and Lemma 2.27 is that there exists Ty g (resp. Tz r) a triangulation
of I (resp. ¢(F)) and v a function defined on F, affine on each bounded face
of Ty r, such that 1/1‘ r is an orientation-preserving homeomorphism between Ty r
and Ty r and such that ¢ and ¢ are equivalent on F. We define Ty (resp. T»)
as the triangulation obtained by taking the union of all the triangulations (T1,r)
((To,r) ). As in the proof of Lemma 2.27, we can glue the ¢ together: this
gives a function ¢r. defined on the complementary of the unbounded face Fi
of G;. As G is simple, the boundary of F, is a Jordan curve. Thus, according
to the discussion we had before Lemma 2.17, we can extend ¢pc on Fi and the
resulting homeomorphism, denoted by 1, is such that ¢r_ is a diffeomorphism.
By construction, v is an orientation-preserving G — G’ piecewise diffeomorphism,
¢ and 1 are equivalent on G; and (T1) = Ts. O

2.5. The N? planar graph

We have seen after Lemma 1.13 that the set of piecewise horizontal or vertical
paths is not dense in P(R?) for the convergence with fixed endpoints. In the follow-
ing, we show that, in some sense, we can always inject any graph in the N? graph
defined in Exemple 2.9. This property is crucial in the study of planar Markovian
holonomy fields. Let G = (V,E,F) be a finite planar graph in G(Aff (R?)). We
remind the reader that for any v € V, E,, is the set of edges e € E such that e = v.

DEFINITION 2.28. The graph G is generic if for any vertex v € V, #E, < 4.

It is worth noticing that any finite planar graph can be approximated by a
generic graph. This is illustrated in Figure 1.

LEMMA 2.29. Let vy be a vertex of G. There exists a sequence of generic graphs
Gp = (Vo,Ep,TFy) in g(AfF (R2)) such that for any n > 0:
(1) vy € Gy,
(2) there exists an injective function Ly, : Ly,(G) — Ly(Gy,) such that for any
loop 1 € L,(G), L,(l) converges with fixed endpoints to .

The notion of generic graphs was defined so that one could send any of such
graph in the N? planar graph. Let us suppose, until the end of the chapter, that G
is a generic finite planar graph in G (Aff (Rz)).
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PROPOSITION 2.30. There exists an orientation-preserving homeomorphism of
R?, denoted by v, such that 1 (G) is a subgraph of the N? planar graph.

PROOF. For each v € V, we choose a point © of N2 such that the points (7),ev
are all distinct. For each of these points, we choose a subset E; of edges in %NQ
going out of ¥ such that #E; = #E,. We consider the two pre-graphs:

(1) G, with set of edges E,, such that E, = {e,([0, 3]), e, represents e € E},

(2) G; such that the set of edges E; is equal to U,evE;.
Let us define the application S : v — 0. Because #E; = #E, and thanks to the
shape of the graphs, we can choose a bijection £ : E, — E; such that the conditions
of Theorem 2.15 hold. Using this theorem, there exists an orientation-preserving
homeomorphism ¢ such that ¢)(G,) = G, and ¢ induces the two bijections S and
E. Let us define G’ = ¢(G): we approximate G’ in a B%NQ. For k big enough
this approximation defines a graph G without new vertices. By construction, the
assumptions 1. to 4. of Theorem 2.15 hold for G and G. Using a dilatation we can
suppose that £ = 1. Using Theorem 2.15, there exists an orientation-preserving
homeomorphism ¢ which sends G to the subgraph G of the N2 planar graph. [

COROLLARY 2.31. There exists a subgraph G’ of the N2 graph such that the set
of orientation-preserving G — G’ piecewise diffeomorphisms is not empty.

PRrROOF. Due to Proposition 2.30 there exists a subgraph G’ of the N? planar
graph such that G and G’ are homeomorphic: the graph G’ is also simple. By
Proposition 2.25 the set of orientation-preserving G — G’ piecewise diffeomorphisms
is not empty. (]



CHAPTER 3

Planar Markovian Holonomy Fields

In this chapter, we define the continuous and discrete planar Markovian holo-
nomy fields: these are families of random holonomy fields on subsets of P(R?) satis-
fying an area-preserving homeomorphism invariance and an independence property.

3.1. Definitions

First, we define the strong and weak notions of (continuous) planar Markovian
holonomy fields. We will use the following notation: if [ is a simple loop in R?,
Int(1) will stand for the bounded connected component of R? \ I.

DEFINITION 3.1. A G-valued strong (continuous) planar Markovian holonomy
field is the data, for each measure of area vol on R? of a gauge-invariant random
holonomy field E,,; on R? of weight E,(1) = 1, such that the three following
axioms hold:

P, : Let vol and vol’ be two measures of area on R?. Let 7 : R? — R?
be a locally bi-Lipschitz homeomorphism which preserves the orientation

and which sends vol on vol” (i.e. vol’ = vol o1~1). The mapping from
Mult(P(R?),G) to itself induced by 1, denoted also by 1), satisfies:

—1
IEvol’ o "/) = Evol-

Moreover, let G and G’ be two finite planar graphs, let ¢ : R? — R? be
a homeomorphism which preserves the orientation, which sends vol on
vol’ and which sends G on G’. The mapping from Mult(P(G'),G) to
Mult (P(G), G) induced by ¢, denoted also by ¢, satisfies:

(Evol’)\Mult(p(Gr),G) © ¢_1 = (Evol)\Mult(P(G),G) :

P, : For any measure of area vol on R?, for any simple loops {; and I such
that Int(l1) and Int(l2) are disjoint, under E,,;, the two families:

{h(p),p € P(m)} and {h(p),p € P(W)}

are Z-independent.

P3 : For any measures of area on R2, vol and vol’, if | is a simple loop
such that vol and vol’ are equal when restricted to the interior of I, the
following equality holds:

(Ewl)\Muzt(P(M),G) = (Evol’)|Mult(P(|nt(z)),G)'

In the study of Markovian holonomy fields, it will be convenient to have the
notion of weak (continuous) planar Markovian holonomy fields.

25
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DEFINITION 3.2. A G-valued weak (continuous) planar Markovian holonomy
field is the data, for each measure of area vol on R? of a gauge-invariant random
holonomy field E,,,; on Aff (RQ) of weight E,,;(1) = 1, such that the three following
axioms hold:

wP1: Let vol and vol’ be two measures of area on R2. Let 1 : R? — R?
be a diffeomorphism at infinity which preserves the orientation and which
sends vol on vol’ (i.e. vol' =wvolot~"). Let p1, ..., p, be paths in Aff (R?)
such that for any i € {1,...,n}, p; = ¢(p;) is in Aff (R?). Then for any
continuous function f: G" — R,

Evot [£(h(p1), - 1)) | = Buorr [ £ (h1), - h(01)) .

wP5 : For any measure of area vol on R2, for any simple loops {1 and Io
in Aff (Rz) such that Int(l;) and Int(l3) are disjoint, under E,,;, the two
families:

{(p).p € AFF (R2) 0 P(Int() } and {n(p).p € AfF (R?) 0 P(Int(i2)) }

are independent.

wP3 : For any measures of area on R?, vol and vol’, if [ is a simple loop
such that vol and vol’ are equal when restricted to the interior of I, the
following equality holds:

(E”"l)\Mult(AfF(Int(l)),G) = (Evol’)|Mult(Afr(|nt(z)),G)'

It can seem strange that we replaced the Z-independence by the usual indepen-
dence in wP2, but this was precisely the point of Remark 1.32. As a consequence,
any strong planar Markovian holonomy field defines, by restriction, a weak planar
Markovian holonomy field. We will see later that the two notions are equivalent
when we restrict them to stochastically continuous objects. By G-valued (contin-
uous) planar Markovian holonomy fields, we will denote the family of G-valued
strong or weak (continuous) planar Markovian holonomy fields.

DEFINITION 3.3. A G-valued planar Markovian holonomy field (Evf’l)uol is
stochastically continuous if, for any measure of area vol on R?, E,, is stochas-
tically continuous.

A discrete counterpart exists for strong planar Markovian holonomy fields.

DEFINITION 3.4. A G-valued strong discrete planar Markovian holonomy field
is the data, for each measure of area vol, for each finite planar graph G, of a gauge-
invariant random holonomy field E¢ , on P(G) of weight EC (1) = 1, such that the
four following axioms hold:

DP; : Let vol and vol’ be two measures of area on R?, let G and G’ be
two finite planar graphs. Let 1) be a homeomorphism which preserves the
orientation, satisfies 1/(G) = G’ and such that for any F € F® vol(F) =
vol'(¥(F)). The mapping from Mult(P(G'),G) to Mult(P(G),G) in-
duced by v, denoted also by 1, satisfies:

Efoy o™ = EI,

vol*
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DP, : For any measure of area vol on R2, for any finite planar graph G, for
any simple loops I; and Iy in P(G), such that Int(l;) N Int(lz) = @, under
EC | the two families:

vol?

{nw).p € P@) N P(Ine@)) } and {n(p),p € P(G) N P(Intl2)) }

are Z-independent.

DP3 : For any measures of area on R?, vol and vol’, if [ is a simple loop
such that vol and vol’ are equal when restricted to the interior of [, if G
is included in Int(l), then the following equality holds:

ES, =ES

wol — Lwol’+

DPy: For any measure of area vol on R?, for any finite planar graphs G,
and Go, such that G; < Go:

G —1 G
Bpor © Pp(61),P(G2) = Evol:

where we remind the reader that
PP(Gr),P(Gs) : Mult(P(G2), G) = Mult(P(G1),G)
is the restriction map.

We will use also the following weak version of discrete planar Markovian holo-
nomy fields.

DEFINITION 3.5. A G-valued weak discrete planar Markovian holonomy field
is the data, for each measure of area vol, for each finite graph G in g(AfF (RQ)), of
a gauge-invariant random holonomy field E€, on P(G) of weight EC (1) = 1, such
that the four following axioms hold:

wDP;: Let vol and vol’ be two measures of area on R?, let G and G’ be two
simple finite planar graphs in g(AfF (RQ)). Let ¢ be a G — G’ piecewise
diffeomorphism which preserves the orientation. Suppose that for any
bounded face F' of G, vol(F) = vol’(¢(F)). Then the mapping from

Mult(P(G'), G) to Mult(P(G),G) induced by 1 satisfies:
ESy oy~ =ES

vol*

wDP, : For any measure of area vol on R?, for any finite graph G in
G (Aff (R?)), for any simple loops /; and l» in P(G), such that Int(l;) and
G

vol?

{h(p),p € P(G)N P(|nt(11))} and {h(p),p € P(G)N P(Int(lg))}

are independent.
wDP3 : For any measures of area on R?, vol and wvol’, if [ is a simple loop
such that vol and vol’ are equal when restricted to the interior of [, if G

is included in Int(l), then the following equality holds:
ES, = ES

wol — ol -

Int(l2) are disjoint, under E the two families:

wDP4: For any measure of area vol on R?, for any finite planar graphs G,
and Gg in Q(Aff (RQ)), such that G; < Gao:

G —1 G
Epor © Pp(61),P(G2) = Evors



28 3. PLANAR MARKOVIAN HOLONOMY FIELDS

where again pp(c,) pG,) : Mult(P(G2),G) — Mult(P(G1),G) is the

restriction map.

Let us remark that the Axioms DP3 and wDP3 can be directly deduced re-
spectively from DP; and wDP; by considering the identity function of the plane.
Yet, in order to have a similar formulation for continuous and discrete objects we
preferred to keep them in the definitions.

As for the continuous objects, any G-valued strong discrete planar Markovian
holonomy field defines, by restriction, a weak discrete planar Markovian holonomy
field. By G-valued discrete planar Markovian holonomy fields, we will denote the
family of G-valued strong or weak discrete planar Markovian holonomy fields. In
any assertion about G-valued discrete planar Markovian holonomy fields, the reader
will have to understand that, in the case we are working with a weak discrete planar
Markovian holonomy field, all the graphs must be in G (AfF (RQ)). From now on, if
not specified, all the planar Markovian holonomy fields will be G-valued, thus we
will omit to specify it.

REMARK 3.6. Let (Ef’oz)@,,uol

Using Proposition 1.22, the Axiom DP4 or wDP4 allows us to define for any

measure of area vol and any possibly infinite planar graph G, a unique gauge-

invariant random holonomy field EZ ; on P(G) whose weight EC (1) is equal to 1,
G

be a discrete planar Markovian holonomy field.

vol
such that, for any finite planar graph Gf < G, ES ; o p;(lgf) P@) = E,~’

ol*

Besides, the family

{ (Mu” (P (G) ) G) , B, ESOl)GEQ(AfF(]Rz)), (pP(G)vp(G,))G,G’GQ(AfF(Rz)),GﬁG’ }

is a projective family. There exists a unique gauge-invariant random holonomy field
on Aff (]RQ), whose weight is equal to 1, which we denote by EAf such that for any

vol?

finite planar graph Gy € G(Aff(R?)), EAf o p;(le) AFR2) = ES/

vol vol*

The notions of area-dependent continuity and locally stochastically %—H'dlder
continuity that we are going to define are similar to the notions explained in Defi-
nition 3.2.8 of [Lév10] that Lévy used for discrete Markovian holonomy fields. Let
(IES’OZ) G.vol be a family of random holonomy fields such that for any measure of area

vol and any finite planar graph G, EC , is a random holonomy field on P(G).
DEFINITION 3.7. The family (E,

Uol)([; vop 18 locally stochastically %—H()’lder con-

tinuous if for any measure of area vol on R?, (Egol) is a uniformly locally %-Hélder
continuous family of random holonomy fields.

It is continuously area-dependent if, for any sequence of finite planar graphs
G,, which are the images of a common graph G by a sequence of area-preserving
homeomorphisms ¥, (¢,(G) = G,,) and such that vol(¢,(F)) tends to vol(F) as
n tends to infinity for any bounded face F' of G, the following convergence holds:

EGn G

vol vol»

G

—1
° vy, n— o0 K

where we denote by ¢, the induced map from Mult(P(G,,), G) to Mult(P(G),G).
It is regular if it is locally stochastically %—H'dlder continuous and continuously
area-dependent.

The new notion of stochastic continuity in law is defined as follow.
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DEFINITION 3.8. Let (IEG be a family of random holonomy fields such

UOl) G,vol
that for any measure of area vol and any finite planar graph G, Efj}ol is a random
holonomy field on P(G). The family (ESOI)G Loy 18 stochastically continuous in law
if for any measure of area wvol, for any integér m, any finite planar graph G, any
sequence of finite planar graphs (G, ),>0 and any sequence of m-tuples of loops
in Gy, ((I3)f21)en if there exists a m-tuple of loops in G, (Ix)jL, such that for
any ¢ € {1,..,k}, I converges with fixed endpoints to I; when n goes to infinity,
then the law of (h(lg));n:l under E€" converges to the law of (h(lk));n:1 under EZ

vol
when n goes to infinity.

Let us also remark that the Axioms DP; and wDP; are not discrete versions
of P; and wP; since in DP; and wDP; we do not require that vol’ is the image of
vol by . Thus, it is not obvious that any planar Markovian holonomy field, when
restricted to graphs, defines a discrete planar Markovian holonomy field. For now,
we define the notion of constructibility but later we will show that, under some
regularity conditions, any planar Markovian holonomy field is constructible.

DEFINITION 3.9. Let (Ewl)wl be a weak (resp. strong) planar Markovian ho-

lonomy field. It is constructible if the family of measures <(Evol)\Mult(P(G),G))G l

is a weak (resp. strong) discrete planar Markovian holonomy field.

REMARK 3.10. If (Eyo),,,; is a constructible stochastically continuous planar
Markovian holonomy field, its restriction to graphs defines a stochastically contin-
uous in law discrete planar Markovian holonomy field.

We have seen, in Remark 3.6, that given a strong discrete planar Markov-
ian holonomy field (IES’OI) we could define a family of probability measures

(ED00) ot I (B,

vol vol

G,vol’
)Gywl is locally stochastically 2-Holder continuous, so is EAT for

any measure of area vol. By Theorem 1.23, one can extend Eﬁffl as a stochastically

continuous random holonomy field on R?, denoted by E,.;. We have thus defined
(Evol)wl a family of stochastically continuous random holonomy fields on R2.

Using a slight modification of Theorem 3.2.9 in [Lév10], if (EY,).

tinuously area-dependent then the family (Evol)wl is a stochastically continuous
strong planar Markovian holonomy field. Let us explain the only difficult part of
this assertion which is to prove that the axiom P; is valid for (EUOZ)UOZ'

Using the same arguments as Lévy used in Proposition 3.4.1 of [Lév10], if
is continuously area-dependent then for any finite planar graph G, for
G

vol —

is con-

(Eg’ol) G,vol

any measure of area vol, E (Evol)\Mult(P(G),G) . Let us remark that it is im-
portant, in order to prove this assertion, that we consider all the homeomorphisms
in the Axiom DP;. As a consequence, (EUOl)UOl satisfies the second assertion in
Axiom P;.

It remains to prove the first assertion in Axiom P;. Let vol, vol’ and 1) which
satisfy the conditions of this first assertion. Let pq, ..., p, be paths on the plane

and let f be a continuous function on G"™. We need to prove that:
(3.1) Eoot [f (h(p1), s h(pn))] = Eworr [f (A(4(p1)), -+, h(¢h(Pn)))] -

Let us consider, for any ¢ € {1,...,n}, a sequence of piecewise affine paths (pg)jeN
which converges with fixed endpoints to p; when j goes to infinity. Using Lemmas
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1.11 and 1.12, for any i € {1,...,n}, ¢¥(p!) converges with fixed endpoints to v (p;)
when j goes to infinity. Since E,,; is stochastically continuous, it is enough to prove
Equation (3.1) when ps, ..., p, are piecewise affine paths. But in this case, there
exists a graph G such that {p1,...,pn} C P(G) and ¥(G) is also a planar graph:
Equality (3.1) is a consequence of the already proven second assertion in Axiom
P;.

In a nutshell, we just proved the following theorem.

THEOREM 3.11. Let (ES

vol)G,voz be a strong discrete planar Markovian holo-

nomy field. If it is reqular then there exists a unique stochastically continuous strong
planar Markovian holonomy field (Evol)wl such that, for any finite planar graph

G and any measure of area vol, (ES,). , . is the restriction to Mult(P(G),G) of

G,vo
-1
Eyor: Eyor 0 PpG),p(M) = ES,-

The unicity is a consequence of Proposition 1.37 and Lemma 1.13.

REMARK 3.12. The proof of Lévy of the axiom A4 page 123 of [Lév10] in
the proof of Theorem 3.2.9 is based on a wrong statement, namely that 7' is well
defined and is a Riemannian metric. In this article, we corrected this proof by
considering the modified Axiom P; in Definition 3.1 and Axiom A,4 in Definition
11.6.

The next assertion is a consequence of Theorem 3.11 and Remark 3.10 when
one considers strong discrete planar Markovian holonomy fields. It is a direct
consequence of Theorem 1.23 and Remark 3.10 for weak discrete planar Markovian
holonomy fields.

COROLLARY 3.13. Any strong discrete planar Markovian holonomy field which
s reqular is stochastically continuous in law.

Any weak discrete planar Markovian holonomy field which is locally stochasti-
cally %—H()’lder continuous is stochastically continuous in law.

In the rest of the paper, we will mostly work with stochastically continuous in
law discrete planar Markovian holonomy fields.

3.1.1. Example: the index field. For any parametrized loop I, for any x in
R2\ 1([0,1]), the index of I with respect to z is defined as the integer:

m( 1 dz
T) = — .
! 2ir Jiz—x

Actually, one needs to approximate uniformly [ by piecewise smooth loops and take
the limit. An other way to define the index field is by first constructing the L2-
functions valued non-random holonomy field on Aff(R?) which sends [ on n;: this
can be defined as a combinatorial object. Using the L? norm on the set of N-valued
functions on the plane and considering the Lebesgue measure on the plane, it is
easy to see that this holonomy field is locally stochastically %—Hélder continuous.
Using Theorem 1.23, we can extend it in order to get a stochastically continuous
non-random planar holonomy field on the plane. This construction shows that n;
is square-integrable for any rectifiable loop. This can be obtained also by using the
Banchoff-Pohl’s inequality proved in [Vog81]. Since n; takes values in N and since
any loop is bounded, n; is integrable against any measure of area vol. Besides if [;
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e

A 0
FIGURE 1. The index of a curve.

and [y are based at the same point, using the additivity of the curve integral, we
get:

(32) nl1l2 = nll + an‘

Let D be an element of the Lie algebra g of G. We can now define the index field
driven by D.

DEFINITION 3.14. The index field driven by D is the only planar Markovian
holonomy field (Evol)wl such that for any measure of area vol, any loops l1, ..., [y
based at the same point and any continuous function f from G™ to R invariant by
diagonal conjugation, we have:

Euor [/ (1(12), s h(1a)) | = (P Jez mia(edvel(da), D Jeo e ol )

The existence of such a planar Markovian holonomy field is due to the fact
that one can consider for any finite family of loops (li,...,1,) based at 0, the
random holonomy field on (l1,...,1,,) such that (h(l1),...,h(l;)) has the law of

UeP Je2 my (@vol(da) iy =1 - 17D Je2 min (r)vol(dx) ;7 =1) “where U is a Haar random

variable on G. It is a gauge-invariant random holonomy field due to the Equation
(3.2) and it is actually a measure on Multpg2)({l1,..-,In},G). An application of
Proposition 1.39 allows us to conclude. An interesting fact with this planar Mar-
kovian holonomy field is that it is stochastically continuous and constructible. It
can also be used in order to add a drift to any holonomy field on the plane. Indeed,
if p is a random holonomy field on the plane, vol be a measure of area and D an
element of the center of g, there exists a planar holonomy field ;”-¥°! such that for
any loops [y, ..., l,, based at the same point and any continuous function f from G™
to R invariant by diagonal conjugation, we have:

MD,vol [f ((L1), ..., h(1))] :M[f (eD Jr2 nay (96)vol(dac)h(ll)7 " eD Jr2 nzn(m)vol(dﬂc)h(ln))} .

Any regularity which holds for x holds for u” wol - Besides, if (Evol)vor 1s a planar

Markovian holonomy field, so is (Efolv Ol)vol.

3.2. Restriction and extension of the structure group

We have seen in Section 1.2.5 how to restrict and extend the structure group
of a gauge-invariant random holonomy field: we would like to do the same for
planar Markovian holonomy fields. We will work in the setting of discrete planar
Markovian holonomy fields, but the upcoming Propositions 3.15 and 3.16 can also
be applied to (continuous) planar Markovian holonomy fields. Let H be a closed
subgroup of G.
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. G
3.2.1. Extension. Let (Evol)G,uol

holonomy field. Recall the notation u o %;1 defined in Notation 1.41. Following
Section 1.2.5, for any finite planar graph G and any measure of area vol, we can see
EC , as a G-valued gauge-invariant random holonomy field on P(G) by considering
Efj}ol ) %;(1@). It is not difficult to verify next proposition.

be a H-valued discrete planar Markovian

ProproOSITION 3.15. The family (IE(S’OI 0%;(1@))@ vop 18 @ G-valued discrete planar
Markovian holonomy field. The reqularities are the same for the H-valued and the
G-valued random holonomy fields.

3.2.2. Restriction.
PROPOSITION 3.16. Let (ES,

vol)G,vol be a G-valued stochastically continuous in

law discrete planar Markovian holonomy field. Let us suppose that for any finite
planar graph G, any vertex v of G, any measure of area vol and any simple loop
le L,(G),

h(l) € H, EE, a.s.,
then there exists a H-valued stochastically continuous in law discrete planar Mar-

kovian holonomy field (INES’OI)G vop Such that:

G oG -1
E,;=E . ° i p(G)

vol
for any finite planar graph G and any measure of area vol.

The proof of Proposition 3.16 relies heavily on a theorem which will be proved
later, namely Theorem 9.1, thus it will be given page 92. It is more difficult than
one might think to prove this proposition because of the non-unicity of the random
holonomy field pg in Proposition 1.42. In fact, one can show in general that the
natural choice we made in Proposition 1.42 does not allow one to define a H-
valued discrete Markovian holonomy field: we will give an exemple page 92 which
illustrates this fact. Let us explain the problem which appears when one wants to
restrict the structure group of a discrete Markovian holonomy field. Let (ESOZ) G vol
be a G-valued stochastically continuous in law discrete planar Markovian holono’my
field which satisfies the condition of Proposition 3.16. Let G be a finite planar graph
and let vol be a measure of area on the plane. It is natural to set:

(3.3) ESy = (((Egol)ll‘u(@) ° fl)\zH)’

where v is any vertex of G, ¢ : Mult(L,(G), H) — Mult(P(G), H) is any map
given by Lemma 1.34, Zy is the H-invariant o-field and ~ is the gauge-invariant
extension (where the gauge group is now built on H) given by Proposition 1.30.

Let ! and I’ be two simple loops in P(G), with [ = v, such that Int(I)NInt(l") = 0

as shown in the Figure 2. If the family of measures (E,) G oy Just defined above
was a discrete planar Markovian holonomy field, then h(l) and h(l’) would be

independent under E(Soz' But if p is the path from v to I’ used to define ¢ and if
f1, f2 are two continuous functions on H invariant by conjugation by H, we have:

B4 EL(AGO)R(0W)) =EL (A (k0) ().

In the r.h.s. appear the two loops [ and pl’p~! which are not of null intersection

(as they share at least v) and only appear functions invariant by conjugation by H
and not by G. This does not allow us to split the expectation into a product.
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FIGURE 2. Two simple loops [, I’ with a path p joining [ to I'.
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CHAPTER 4

Weak Constructibility

In this section, any weak continuous planar Markovian holonomy field is shown
to be constructible. Let us state a proposition which is a direct consequence of an
important theorem of Moser and Dacorogna in [DM90]. Let Leb be the Lesbegue
measure on R2.

PROPOSITION 4.1. Let QQ be an open simple n-gon m_RQ. Let f and g be two
strictly positive functions on Q which are in C1(Q) N C°(Q). Suppose that:

/ fdleb = / gdLeb.
Q Q

Then there exists ¢ € Diff'(Q) N Diff°(Q), a homeomorphism of Q which restricts
to a diffeomorphism of Q, such that:

g.Lebg = (f.Lebjg) o™
and ¢(x) = x for any x € IQ).
ProOOF. In [DM90], page 15 the authors define for any positive integer k, a
property (H}) for open subsets of R”. They show in Theorem 7 of the same paper,

that for any positive integer k, any open domain £ which satisfies (Hy), any positive
functions f and g in C*(Q) with f + % and g + é bounded and which satisfy:

fdleb = / gdLeb,
Q Q

there exists ¢ € Diff' (Q) N Diff°(Q) with ¢(z) = = on 9N such that:
g.dLebm = (deebm) o ¢71.

Besides, Proposition A.2 of the same paper asserts that any domain with Lips-
chitz boundary satisfies (Hy) for every k > 1. The proposition follows from this
discussion. (|

THEOREM 4.2. Any weak planar Markovian holonomy field is constructible.

PRrROOF. Let (Eyq),,, be a weak planar Markovian holonomy field. Let us
consider (Efj}ol) Gvol’ the family of random holonomy fields that we get by restricting
(Evot) o, 00 Mult(P(G),G) for any finite planar graph G in G (Aff (R?)). As
explained before Definition 3.9, we only have to check that the Axiom wDP; is
satisfied by (Egol)q},voz'

Let vol and vol' be two measures of area on R2. Consider G and G’ two
simple finite planar graphs in G (Aff(R?)). Let ¢ be an orientation-preserving

G — G’ piecewise diffeomorphism. Let us suppose that for any bounded face F' of
G, vol(F) = vol' (¢Y(F)).

35
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Let F!  be the unbounded face of G'. Let us suppose that we managed to
construct an orientation-preserving diffeomorphism at infinity ® on R? such that:

(4.1) vol{ (g ye = (vol o (®o w)_l)l(Féc)‘: ,
(42) (I)lG/ - Ile/.

As G’ is a simple graph, the boundary of F’_ is a simple loop. Applying the Axiom
wP3 and using the condition (4.1):

=E®

G
E volo(Poyp)—1*

vol’

Yet by condition (4.2), G’ = ®(G’) = ® o ¢)(G). Thus, as an application of Axiom
wPq, we get:

IEgol’ = Egolo(tbow)*l = Ef;lf((gz)w)fl = Egob
which is the desired equality.

It remains to construct an orientation-preserving diffeomorphism at infinity ®
on R? satisfying the two conditions (4.1) and (4.2). This will be done by applying
twice the Proposition 4.1. Let Ggo be a good mesh for . First we regularize
the measure vol o 1!, which does not have a smooth density, by applying the
proposition for each face of the mesh Gy. Then we transport the resulting measure
of area on vol’ by applying again Proposition 4.1 for each bounded face of G’.

Let us fix a measure of area vol” such that, for any bounded face F' of Gy,
vol” (Y(F)) = vol(F). Let us consider any bounded face Fy of Gy which is in-
cluded in a bounded face of G. By definition of a G — G’ piecewise diffeomorphism
and the definition of a good mesh for 1, g, is a diffeomorphism from Fy to
¥(Fy) which are two simple n-gons. Thus, @‘w(po) = vol|p, © (Yyr,) " defines a
measure with strictly positive smooth density on 1(Fp). Using the condition on
the Jacobian determinant of 1, this smooth density can be extended as a strictly
positive continuous function on (Fp). Using Proposition 4.1, we can consider

() € DIff' (1(Fy)) N Dff° (1/;(F0)) With @y, (x) = @ for any 2 € O(Fp) such
that:

Voljyy gy = VOl y(Ey) © (D)) ™

Let us finally set ¢jy(r.) = Idjyr.), where Fii is the unbounded face of
G. Thanks to the boundary condition on ¢ ) for any face F' of Go, we can
glue together all the homeomorphisms ¢y ) constructed for each face F' of Go.
It defines an orientation-preserving diffeomorphism at infinity ¢; on R? such that
UOZ|/’/1/J(Foc)C = (’UOZ o ((;51 o w)il)\w(Foo)c and ((bl)\G/ = Id‘@/.

For any bounded face F' of G’, we have:

vol” (F) = vol (" (F)) = vol'(F).

Besides, G’ is a simple graph: we can apply Proposition 4.1 for any bounded face F'
of G’ in order to transport Uolf}, on Uol|'F. Applying the same arguments (gluing the
homeomorphisms as we just did) allows us to construct an orientation-preserving
homeomorphism ¢ such that:

(,UOl/)‘(Fo,o)c = (’UOl” [¢] (b;l)‘(Folo)c
(¢2)‘G’ - Id‘G/’
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where we recall that F., = ¢(F) is the unbounded face of G’. The orientation-
preserving diffeomorphism at infinity ® = ¢ o ¢; satisfies the two conditions (4.1)
and (4.2). O






CHAPTER 5

Group of Reduced Loops

In order to construct planar Markovian holonomy fields, we need to study the
group of reduced loops. In order to construct a gauge-invariant random holonomy
field on P, it is enough to construct a measure on Multp(L,G) for any set L of
loops of P: this was the loop paradigm explained in Lemma 1.33. Let G be a finite
planar graph, let v be a vertex of G, let L be the set of loops L,(G) and let P be
equal to P(G), then:

Multp(L,G) = Hom(71(G,v),GY),

where GV is the group based on the same set at G, endowed with the multiplication
.v such that z.vy = yz for any z,y € G and m (G, v) is the fundamental group of
G based at v. In this chapter we study the group 71 (G, v).

5.1. Definition and facts

Let us fix, until the end on the section, a finite planar graph G = (V,E,F) and
a vertex v of G. The group of based reduced loops RL,(G) is the fundamental
group of G based at v: RL,(G) = m1(G,v). For convenience we define it using a
combinatorial point of view, as Lévy does in Section 1.3.4 of [Lév10].

Let [ be a loop in P(G). Recall the definition of equivalence of paths explained
in Definition 1.7. The equivalence class of | in P(G), denoted by [l]~, contains
a unique element of shortest combinatorial length, which is said to be reduced.
Besides, if I3 and Iy are two loops in P(G) based at v, [l1l2]~ depends only on
[[1]~ and [l2]~. Thus, it is equivalent to speak about equivalence classes or about
reduced paths and the set of reduced paths is endowed with an internal operation.

DEFINITION 5.1. The set of reduced loops in P(G) based at v will be denoted
by RL,(G). Let [; and I3 be two loops in RL,(G), we define 1 x Iy = [l1l2]~.

Endowed with this operation, RL,(G) is a group. The existence of the inverse
of a loop [ based at v is due to the fact that [I[71]~ = [1,]~, where 1, is the trivial
path constant to v. In the following, we will denote the reduced product of I; with
Iy by il rather than I3 x l3. In the following we will study RL,(G) using families
of lassos. Let us state a simple, yet crucial lemma about lassos.

LEMMA 5.2. Two lassos in L,(G) whose meanders represent the same cycle are
conjugated in RL,(G).

PRrROOF. Let ! and !’ be two lassos based at v. They can be written asl = sms™!

and I’ = s'm’s’~!, where s and s’ are respectively the spoke of I and I’. As the
loops m and m’ are related, there exist ¢ and d two paths such that m = cd and
m’ = dc. Let us denote by p the loop s’c™'s™!, then I’ = plp~ 1. O
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DEFINITION 5.3. A loop in G is called a facial lasso if it is a lasso and its
meander represents a non-oriented facial cycle of G.

The exact definition of facial cycle, an oriented or non-oriented cycle which
represents the boundary of a face, is given in [Lév10], in Definition 1.3.13. For
any face F' of G, we will denote by OF both the non-oriented and oriented facial
cycles associated with F. If we specify that JF is oriented, we will consider the
anti-clockwise orientation.

In the following, we address the problem of creating families of lassos which
generate the whole group RL,(G). The well-known Lemma 5.6 provides a solution
of this problem which is not adapted to our context, but will nevertheless be the
departure point of our discussion. In order to state it, we need the definition of a
spanning tree.

DEFINITION 5.4. A spanning tree T' of G is a subset of E such that:
e if an edge e isin T, e~! is also in T,
e the set of non degenerate loops in T is empty,
e V={e,ecE}.
If G is composed of a unique edge e which is a loop, the set {e} is considered as a

spanning tree of G. A rooted spanning tree is the data of a spanning tree 7" and a
vertex v of G.

Let T be a spanning tree of G rooted at v. The restriction of 7" to a subgraph
G' = (V,E',F) of G is defined as following: if E = {I,/=!} with [ a loop, then
T’ = {l} and in the other cases we consider 7" =T NE’.

DEFINITION 5.5. Let u and w be two vertices of G. The path [u,w]r is the
unique injective path in T joining u to w. For any edge e € E, we set lor =
[v, e]rele, v]r.

LEMMA 5.6. Let ET be an orientation of G. The group RL,(G) is freely gen-
erated by the loops {le,r :e € (E\T)T}.

PROOF. We only have to prove that ({lc,r:e € (E\T)"}, RL,(G)) satisfies
the universal property of free groups: given any function f from {lQT te € (E\T)+}
to a group G there exists a homomorphism ¢ : RL,(G) — G such that ¢(le1) =
fler), for any e € (E\T)T.

Let G be any group and let 1 be its neutral element. We recall the Equa-
tion (1.1), in Subsection 1.2, which shows that one can construct a multiplicative
function from P(G) to G by specifying the value on E*. In the definition of multi-
plicative functions, we asked that the function reverses the order of multiplication.
Only for this proof, we will suppose that it preserves the order. This means that if
g € Mult(P(G),G), then for any path p; and ps in P which can be concatenated,
g(p1p2) = 9(p1)g(p2). Let f be a function from {ler : e € (E\T)"} to G. We

define the element ¢ in GE' by:
5(0) { fller), ifee (E\T)T,

1 otherwise.

)

This defines an element of Mult(P(G), G), called also ¢, which restriction on L, (G)
induces a homeomorphism from RL,(G) to G. Beside, for any path pin T', ¢(p) = 1.
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FIGURE 1. The lasso Lj; ;.

Let e be any element of (E\ T)*:
¢(ler) = (v, elrele, v]r) = d([v, e]r)d(e)d([e, v]r)) = f(le,1)-
The universal property of free groups holds: RL,(G) is the free group generated
by {ler:ec (E\T)"}. O
REMARK 5.7. The loops l.r defined above are lassos and since G is a finite
planar graph, #(E\ T)T = #ET — #7T = #ET — #V + 1 = #F°.
5.2. The example of RLy(N?)

We define in this section a family of facial lassos in N? which will be important
in Section 9. Even if this family can be studied with the help of the upcoming
Proposition 5.12, we give an elementary proof that it generates RLg(N?).

NoTAaTION 5.8. Let (4,7) and (k,1) be couples of reals such that i = k or j = 1.
We denote by (i,) — (k,1) the straight line from (i, j) to (k,1) in R2. If j = [ and
k =i+1it will also be denoted by €7 ;; if i = k and [ = j+1 it will also be denoted
by eﬁj.

DEFINITION 5.9. Let ¢, j be two non negative integers. Let Oc; ; be the loop
in L(N?) defined by:

dcij = (i,5) = (i+1,7) = (i +1,j+1) = (4,5 +1) = (i,))
= ezr,jeyﬂ,j(ezr,j+1)_1(€1ifj)_1-
Let p; ; be the path in P(N?) defined by:
pi; = (0,0) = (4,0) = (4,5) = €0,0:€1—1,060-Ci j—1-
Let L; ; be the reduced loop based at 0:
Lij = [pi0ciipi)] ..
One can refer to Figure 1 to have a clear representation of the lasso L; ;.

LEMMA 5.10. The family (Li,j) is a freely generating subset of RLo(N?).

(4,5)€N?
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Y

FIGURE 2. The spanning tree 7T'.

PrOOF. We only have to work with the finite planar graph:
G=Nn{(z,y),x < k,y <k},

where k and k' are any positive integers. We remind the reader that the intersection
of a graph with a set was defined before Definition 2.8. Lemma 5.6 implies that
RLy(G) is a free group of rank k x k’. Let [ be a loop in RLy(G). We endow the
graph G with the following orientation: from bottom to top, from left to right. Let
T be the tree defined by:

T = {(e;fj)ﬂ,i € {0,...k},j € {0, K — 1}} U {(e{o)ﬂ,i € {0,....k— 1}}.

The root of T will be chosen to be (0,0). One can look at Figure 2 to have a better
idea of the graph and the tree we have just constructed. Applying Lemma 5.6 to
this situation, [ can be written as the reduced concatenation of some elements of
{lj}}ee(E\Tﬁ, where E is the set of edges of G. Moreover (E \ T)% is equal to

{er;ie{0,...,k—1},j€{1,...,k'}}. Since
(ley , 7)™ = LioLii-Lij-1,

the family (Lm)(m.)€N2
it is a freely generating subset of RLo(G). O

is a generating subset of RLy(G) whose cardinal is k x k'

5.3. Family of generators of RL,(G)

In the setting of planar graphs, this section is a generalization of Section 2.9 in
[Lév10] about tame generators. The proofs explained here do not use the ideas in
[Lév10] but rather uses a recursive decomposition of graphs. Let G = (V,E,F) be
a finite planar graph, let v € V and let T" be a spanning tree of G rooted at v. Next
definition follows Definition 2.4.6. of [Lév10]. Let (I 1)cecr be the loops defined in
Definition 5.5.

DEFINITION 5.11. Let F be a bounded face of G and let c¢p be a simple loop
representing the facial non-oriented cycle associated with F: it can be written as
cr = ej...ep,. We define the reduced path 1., 7 =le, 7...le, 7 in RL,(G).
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FI1GURE 3. A graph, a spanning tree, a facial cycle: the associated
reduced facial lasso.

Let (cp) pepy be such that cr is a representative of the non-oriented facial cycle
associated with F': it is called a family of facial loops of G. We have defined a new
family of loops (ICF,T)Fer- The difference with Definition 2.4.7 in [Lév10] is that
the choice of cf is not given by the choice of T', there is freedom to choose the base
point of cp.

A remark that we will often use is that, when one changes the root of T' from
v to an other vertex v’, this has the effect to conjugate the family (lCF*T)FelFb by
[v/,v]7. This comes from the fact that, for any spanning tree T, any vertices v, v’
and v, we have the equality in the set of reduced paths, [v,v"|r = [v, v']7[v/,v"]r.
Proposition 5.12 and Lemma 5.13 give the two most important properties of these
families of reduced loops.

PROPOSITION 5.12. For any bounded face F, 1., v is a facial lasso based at v
whose meander represents the non-oriented facial cycle OF. Besides, (1o, 1)pers
freely generates RL,(G).

PrOOF. The equality 1., 7 = [v,cp]rcr(v,cplr allows us to see that ., 7 is
a lasso of meander c¢p and spoke [v, cp|r.

As seen in Lemma 5.6 and Remark 5.7, RL,(G) is a free group of rank #F°.
Thus, it remains to show that (1., 7)rcpe generates RL,(G). Using Lemma 5.6,
it is enough to show that for every e € E\ T, l. 1 is a product of elements of the
form lci;T. Let e be an edge which is not in 7. As T is a tree, there exist ¢, p and
p’ three simple paths in 7" which do not intersect, except at the point ¢ = p = p/,
such that: -

i [an]T =Cp,

d [vaE]T =cp/,

e the meander m of I r is pep’ .
Let v’ be any point of G inside the meander of I, 7. Since T is a tree, [v, V'] must
begin with the path c. If not, it would create a non degenerate loop in T'. Define G’
(resp. T”) the restriction of G (resp. T') to the closure of the inside of the meander
m of lor. An example is given in Figure 4. Let ¢ be the root of T'. For every
bounded face F' of G inside m, l.. r = clcF,T/c_1 where 1.,. 7 is the facial lasso
based at ¢ defined in G’ thanks to T".

Applying the upcoming Lemma 5.13 to G’ endowed with 77, m can be written
as a product of lassos of the form lci;T,, thus l. 7 can be written as a product of

lassos of the form 1E! - O
CF,
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FI1GURE 4. The restriction of G used in Proposition 5.12.

LEMMA 5.13. Let us suppose that v is actually a vertex on the boundary of the
unbounded face. Let (Fi)ﬁFlb be an enumeration of the bounded faces. Let I be the
only loop in P(G) based at v with anti-clockwise orientation which represents the
non-oriented facial cycle of the unbounded face Fy,. There exists a permutation o
of {1,...,#F"} and an application € : {1,...,n} — {—1,1} such that the equality

le(n) le(nfl) 15(1)

CcE T cp T

=1
o(n—1)" P,y T >

o(n)’

holds in RL,(G). Besides, for any integer k € {1,...,n}, e(k) is equal to 1 if and
only if cF,,, s oriented anti-clockwise.

PROOF. In this proof, all the equalities will hold in RL,(G): from now on
we will omit to specify this. The last assertion comes from a topological index
argument. Let us suppose that there exists a permutation o of {1,...,#F’} and

o —1 1
an application € : {1,...,n} — {—1,1} such that IZS:)M) Ili;ﬁ(njl)I._,li;:(l)j =lo.
We can compute the index of loo: my, =m1, €(n)+...+m,  .€(1). For any
o(n)’ o(1)’

bounded face of G, namely F', we can evaluate the last equality for any = € F'. This
implies that for any i € {1,...,n}, 1 =mn,_  ,€(i), hence the second assertion.
o(i)’

Let us show the first part of Lemma 5.13. The proof goes by induction on
the number #F® of bounded faces. For a graph with only one bounded face F' the
result is true since lo, = IS, with € being —1 of 1, depending on the orientation
of cp. Let us suppose that #F® > 1. There exists a unique way to write o, as
p1e1p2es...npy, With p; a path in T (which can be constant) and e; an edge in E\ T
bounding F, for any i in {1,...,n}. Let us decompose the graph G in n subgraphs.
The i-th subgraph G; is the part of G which is inside the meander m; of I, 7. The

vertex v; = m,; will be the chosen point on the boundary of G;, then:

e the restriction 7; of T' to G; is still a spanning tree of Gy,
e for any bounded face F' in G;, Lo, 7 = [v,vi]rlep [v,vi];l, where 1., 7,
is the facial lasso based at v; defined in the graph G;.

If n > 1, each of the graphs G; has strictly less than #F? bounded faces. An
example is drawn in Figure 5. By induction the result holds for G;, based at v; and
endowed with T;. It follows that l., 7, which is equal to [v,vi]Tmi[v,vi]}l, is an
ordered product of all the facial lasso (or their inverse) associated with the faces F'
in G;. But the family (G;); induces a partition of the set of bounded faces of G.
As loo = ley, 1. le, 7 it is now clear that the result holds.
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FIGURE 5. Decomposition when n > 1.

FIGURE 6. Decomposition when G; has as many faces as G.

It remains the case where n = 1. In this case, loo = pep’, with p and p’ two
simple paths in T and e an edge in E\ T bounding F,,. We have to find a new way
of decomposing G in order to apply the induction hypothesis. Let F' be the only
bounded face which is surrounded by e. We can suppose cg turning clockwise thus
it can be decomposed as cr = ae~'b. Consider the loop: | = [v,cp|rae™ e, v]r.
This is a lasso and as before we consider G;, which is the graph G restricted to the
closure of the interior of the meander m; of [. We base this graph at v; = m.

First of all, if G; has the same number of faces than G, as in Figure 6, then the
equality I = I2}' must hold and thus one has lo = ([v,e]rblcp, v]r)I;,}. The path
[ = [v,e]rblep, v]r is a loop based at v which represents the non-oriented facial
cycle of the unbounded face of the graph obtained when one removes e to G. On
this graph, T is still a spanning tree and this graph has one less bounded face. The
induction hypothesis allows us to conclude.

In the case where G; has less faces than G, as in Figure 7, the restriction of 7" in
my is not a spanning tree. We will define T} to be the restriction of 7" in Int(m;) to
which one adds all the edges in the path a and we set its root equal to v;. With these
modifications, 7; is a spanning tree of G; and for any bounded face F' of G;, we have
l.T= sllcFyTlsl_l, where L., 7, is the facial lasso based at v; defined in G; thanks
to T; and s; is the spoke of . We define also I’ = [v, ¢p|rale, v]r and Gy the part of
G inside Int(my ) of I. The restriction of T to Gy is denoted Tyr. In this case Ty is a
spanning tree of Gy. Besides, for any bounded face F' in Gy, le,. 7 = syle, 1, sl_,l,
where 1.,. 1, is the facial lasso based at v = m;, defined in Gy thanks to Tjr and sy
is the spoke of I’. In the case we are studying, G; and G have strictly less bounded
faces than G, thus we can apply the induction hypothesis. Using the link between
facial lassos in G; (resp. in Gy/) and in G, there exists an ordering on the bounded
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FIGURE 7. Decomposition when G; has less faces than G.

faces of G; (resp. Gy) such that I (resp. !’) is the ordered product of the facial
lassos (lci;T)Few (resp. (lci;,T)FeIFf,)v where F? (resp. FY) is the set of bounded
faces of G; (resp. Gy). Since oo = [v, €]re[e, v]r = [~ and as any bounded face
F of G is either a bounded face of G; or G/, we can conclude that there exists a
permutation o of {1, ..., #F°} and an application € : {1,...,n} — {—1,1} such that:

RN 1 DA A
CFy(ny T CFg(n—1)" CFy 1y L
This allows us to conclude. ([

Let us finish with a proposition which will be needed in order to prove Propo-
sition 7.5.

PROPOSITION 5.14. Let Iy and lz be two simple loops in G such that Int(ly) and
Int(l2) are disjoint. There exists a spanning tree T, rooted at v, such that for any
family of facial loops (cr) pegy the following assertions hold:

(1) for every loop 1 in P(G) included in Int(l1), [[’U,l]Tl[’U,l];l} is a product
in RL,(G) of elements of{li FeF* FC Int(ll)},

cp, T

(2) for every loop l in P(G) included in Int(l2), [[U,l]Tl[’U,l];l} is a product
in RL,(G) of elements of {1jEl FeF FC Int(lg)}.

cp, T

PROOF. We can decompose [; and [l as a concatenation of edges of G: [} =
el..et and I = e}...ef’. The set {el,...ef "' el,...,es' '} can be extended as a
spanning tree T' of the graph G, rooted at v. Thanks to the construction, the
restriction 77 of T to Int(l;) is a spanning tree of the restriction G; of G to

Int({1). We set v; to be equal to i: this is the root of T7. Applying Proposi-

tion 5.12, for any loop [ inside I, [[Ul,L]Tll[vl,l]il} is a product of elements of

{lfFlTl;F e F C Int(ll)}. For any vertex w in Gi, [v,w]r = [v,v1]r[v1, w|n

in RL,(G). Thus for any face F' € F® such that F is included in Int(l;), 1., 7 =
[v,v1)7lep 1 [v,01] 7" in RL,(G) and for any loop ! in P(G) included in Int(ly),
[v,L]Tl[vl,L];l is equal in RL,(G) to [v, vl]T[vl,L]Tll[vl,L]il [v, vl];l. Thus the loop

[v, ]7l[v1, 17" is a product of elements of {lfFl,T;F €F' FC Int(ll)}. The same
holds for the loop Is. O
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5.4. Random holonomy fields and the group of reduced loops

Let us explain two applications of the group of reduced loops which concern
the uniqueness and construction of random holonomy fields on the plane.

PROPOSITION 5.15. Let p and v be two stochastically continuous measures on
(Mult(P(RQ), G),B) which are invariant by gauge transformations. The two as-
sertions are equivalent:

(1) p and v are equal,

(2) there exist v € R? and A, a good subspace of L,(R?), such that for any
finite planar graph G in G (AU) which has v as a vertex, there exist a Tooted
spanning tree T and a family of facial loops (cr)peps of G such that the
law of (h(lep 7)) pere is the same under p and under v.

PROOF. It is an easy application of the multiplicative property of random ho-
lonomy fields, Proposition 1.37 and Proposition 5.12. O

PROPOSITION 5.16. Suppose that for any finite planar graph G in G(Aff(R?)),

we are giwen a diagonal conjugation-invariant measure g on G#Fb, a rooted span-

ning tree T and a family of facial loops (cp)peps. For any finite planar graph

G, there is only one possibility to extend ug as a gauge-invariant random field on

P(G), which will be also denoted by pg, such that the law of (W(lep,T)) peg under

ug 1s the same as the law of the canonical projections under the measure ug on
1

GHF® If (MG)GGQ(AfF(RQ)) is uniformly locally stochastically 5-Holder continuous, if

for any finite planar graphs G and G’ in g(AfF(RQ)) such that G < G’ and for any
family of facial loops (cr)pers of G, (h(lep,T)) e has the same law under pg as
under ugs, then there exists a unique stochastically continuous random holonomy
field p on the plane such that for any finite planar graph G in g(AfF(R2)), for any
rooted spanning tree T and for any family of facial loops (cp)peps of G, the law of
(h(lep. 1)) peps is the same under p as under ug.

PROOF. For any finite planar graph G in G(Aff(R?)) and any vertex v of G,
there exists a natural measurable function from Hom(RL,(G),G") to the multi-
plicative functions Multpg)(Ly(G),G): we can transport any measure from the
first space to the second. Using the freeness of the generating families 1., 7, the
multiplicity property of random holonomy fields and Proposition 1.39, we can ex-
tend ug as a gauge-invariant random field on P(G). This gauge-invariant random
field does not depend on the choice of v. An application of Proposition 1.40 and
Lemma 2.20 allows us to construct the desired u. The uniqueness of u is a conse-
quence of Proposition 5.15. (|






Part 2

Construction of Planar Markovian
Holonomy Fields






CHAPTER 6

Braids and Probabilities I: an Algebraic Point of
View and Ginite Random Sequences

For any finite planar graph G, we have constructed in the last section a set of
generating family of facial lassos of G: what is the transformation which sends one
generating family to an other? It has to be noticed that, as soon as the root of
the spanning tree is chosen, for any generating family of lassos constructed in the
last section, their product, up to some suitable permutation, is always equal to the
same loop. This remark and Artin’s theorem, Theorem 6.6, motivate the study of
the group of braids.

6.1. Generators, relations, actions

A geometric definition of the braid group was given in the introduction. One
can also define the braid group using a generator-relation presentation. Let n be
an integer greater than 2.

DEFINITION 6.1. The braid group with n strands B,, is the group with the
following presentation:

n-1| . . li — j| =1 = BiB;Bi = BiBiB;
<(6i)i—l ‘ Vi, j € {1, .on—1}, i—j]>1= ﬂzﬂ; = ﬂ]ﬂjz ]>-

The elements (ﬁi)?z_ll we defined in the introduction satisfy the braid group
relations. An example of the first relation between j5; and 5; when |i — j| = 1 is
given in Figure 1.

This presentation of the braid group is not intuitive, yet it allows us to recall
some natural actions of the braid group B,: one on the free group of rank n and
one on G". Let F,, be the free group of rank n generated by ey, ..., e, and let G be
any group.

N N

N
{

FI1GURE 1. The braid relation

51
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DEFINITION 6.2. The natural action of 5,, on [, is given by:
Biei = €it1,
Bieiy1 = €i+1€i€;+11a
Biej =ej, for any j & {i,i+ 1}.

There exists a diagrammatic way to compute the action: one puts ey, ..., e,
at the bottom of a diagram representing 3, then propagates these ey, ..., e, in the
diagram from the bottom to the top with the rule that, at each crossing, the value
on the string which is behind does not change and the value on the upper string is
conjugated by the value of the other so that the product from right to left remains
unchanged. At the end one gets a n-uple (fi, ..., fr) at the top of the diagram: the
braid sends e; on f;.

DEFINITION 6.3. The natural action of 5,, on G™ is given by:
(61) ﬁl i (xla ceoy Ti—1, Liy Tit1, axn) = (-Tla ey Li—1, $i$i+1$;l, Ly -eey :Cn)a
for any integer i € {1,...,n — 1} and n-tuple (z;)?; in G™.

There exists also a diagrammatic way to compute the action: one puts z1, ...,
x, at the upper part of a diagram representing 8, then propagates these z1, ..., x,
in the diagram from the top to the bottom with the rule that, at each crossing, the
value on the string which is behind does not change and the value on the upper
string is conjugated by the value of the other so that the product from left to right
remains unchanged. At the end one gets a n-uple (y1,...,y) at the top of the
diagram: the braid sends (z1, ..., z,) on (y1, ..., Yn).

Let h be a G-valued multiplicative function on the free group. This means
that h(z7) = h(z)~! and h(zy) = h(y)h(z) for any = and y in F,. For any
n-uple (f1, ..., fn) of elements of F,,, we define h(f1, ..., fn) = (h(f1), ..., h(fn)). The
following lemma shows how both actions are linked: it is a consequence of the
diagrammatic formulation of both actions.

LEMMA 6.4. For any braid 3 € By, h (B e (e1,....en)) = B L e h(er,...,en).

With the n-diagrams picture in mind, it is obvious that the application, which
sends a braid on the permutation obtained by erasing the information at each
crossing, is a homomorphism: it is the one which sends S; on the transposition
(i,7+ 1) for any integer i € {1,...,n — 1}.

LEMMA 6.5. The operation of erasing the information at each crossing induces
a natural homomorphism from By, to &,. We will denote the image of 8 by os.

6.2. Artin theorem and the group of reduced loops

For any braid 8 with n strands, the action ag of 8 on IF,, is an automorphism
of F,: there exists a morphism from B, in Aut(F,) which is moreover injective.
In [Art47] and [Art25], Artin gave a sufficient and necessary condition for an
automorphism of F,, to be the induced action of a braid in B5,,.

THEOREM 6.6. An automorphism a of F,, is the induced action of a braid in
B, if and only if the two following conditions hold:
Conjugacy property: for anyiin{1,....,n}, a(e;) is in the same conjugacy

class as one of the elements of (e;)}_;.



6.3. BRAIDS AND FINITE SEQUENCE OF RANDOM VARIABLES 53

Product invariance: a(e, ... e1) = e, ... 1.

REMARK 6.7. Let 8 be a braid in B,, and ag the induced action on F,. For
eachd in {1,...,n}, ag(e;) is conjugated to e,,(;) and this property characterizes og.

Let G = (V,E,TF) be a finite planar graph, v be a vertex of G, T' and T’ be two
spanning trees of G rooted at v, (cr)pep and (c)pepe be two families of oriented
facial loops oriented anti-clockwise. There exist two freely generating families of
the group of reduced loops of G associated with (cr)pep and (¢fp)peps. Using
Artin theorem, we can characterize the transformation which sends one family on
the other.

b
PROPOSITION 6.8. There exists an enumeration of the bounded faces (Fi)ffl

and a braid 3 in Byge such that:

#E #EF"
6 i (ICFi,T),L-Zl = (lc,Fa(i) 7T/)i:1 ’
where 0 = og and where B is seen as acting on the free group generated by
#E
(lcFi7T)i:1 °
PROOF. For any bounded face F' of G, the first part of Proposition 5.12 asserts
that l., r and l 7 are facial lassos based at v whose meanders represent the
facial cycle OF oriented anti-clockwise. By Lemma 5.2, we deduce that 1/ 7/ is
conjugated to 1., 7 in RL,(G). Besides, thanks to Lemma 5.13, we can find an
b
enumeration of the bounded faces (Fi)ﬁFl and a permutation o of {1, ..., #F°} such
that:

(1) Lep, 7 Lep 1 Lopy 7 = loos
(2) | T’ 1. T . lcl T = looa

R R ) F )
o(n) o(n—1) (1)
in RL,(G), where I, is the facial loop based at v, turning anti-clockwise, represent-
ing the non-oriented facial cycle 0F,,. Besides, Proposition 5.12 tells us that both
(lep)perr and (17 ) pepe are free families of generators of the free group RL,(G).
A natural automorphism of RL,(G) is defined by:
Vie{1,...,#F"}, a(lep, 1) = Lo, LT
This automorphism of free group satisfies the conditions of Artin’s theorem given in
Theorem 6.6. There exists a braid 8 such that a is equal to ag, the action induced
by 8 on the free group RL,(G) with free generators (1., 7)rers- Using Remark
6.7, it is straightforward to see that o is equal to o3. (I

6.3. Braids and finite sequence of random variables

In the last section, the transformations between families of loops of the form
(lep, ) peps have been characterized. In the context of random holonomy fields, a
random variable is associated with any loop: it is natural to study the action of the
braid groups on finite sequence of random variables. When one has to deal with
non-commutative random variables (i.e. random variables in a non-commutative
group), this action is in some sense more appropriate than the symmetrical group
action which is often studied in the mathematical literature. This leads to a theory
of braidability which is more efficient than the exchangeability concept for sequences
of random variables in a non-commutative group. Let n be an integer strictly greater
than 1 and G be an arbitrary topological group.
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DEFINITION 6.9. The braid group B, acts on the set of n-tuple of G-valued
random variables according to the formula:

(6.2) Bio(X1, ., Xic1, Xi, Xig1, oo, Xp)=(X1, o0, Xim1, X Xi1 X771 X, 0, X))
for any i € {1,...,n — 1}.
Recall the notation og which was defined in Lemma 6.5.

DEFINITION 6.10. Let (Xi,...,X,) be a finite sequence of G-valued random
variables. It is purely invariant by braids if for any braid 8 € B, one has the
equality in law:

ﬂ [ ] (Xl, ,Xn) = O’ﬁ [} (Xl, ...,Xn),

where o ® (X1,..., Xp,) = (Xo-1(1), .., Xo—1(n)) for any permutation o € &y,.
It is invariant by braids if for any braid S € B,,, one has the equality in law:

ﬂ [ ] (Xl, ,Xn) = (Xl, ,Xn)

Let us recall that if m is a probability measure on G, the support of m, denoted
by Supp(m), is the smallest closed subset of G of measure 1 for m. The closure of
the subgroup generated by the support of m is denoted by H,,. If X is a G-valued
random variable and m its law, we define Supp(X) = Supp(m) and Hx = H,,. Let
T be a finite index set such that #71 > 2.

DEFINITION 6.11. Let (X¢),., be a sequence of G-valued random variables.
We say that (X;),op is auto-invariant by conjugation if for any different elements 4
and j in T and for any g € Supp(X;), we have the equality in law:

This definition can be extended to collections of measures on G.

The first result on random sequences which are purely invariant by braids is
the following proposition.

PROPOSITION 6.12. A finite sequence of independent G-valued random variables
is auto-invariant by conjugation if and only if it is purely invariant by braids.

PrOOF. Let (Xi,...,X,) be a finite sequence of G-valued random variables
which are independent. Let us suppose that (X, ..., X,,) is auto-invariant by con-
jugation. Since 8 +— og is a morphism and using the independence of the variables,
we just have to show that (X, X2_1X1X2) and (X2, X7) have the same law. This
result follows from the independence of the variables X; and X and from the
invariance by conjugation of the law of X; by any element g in the support of Xo.

Now, let us suppose instead that (X1, ..., X,,) is purely invariant by braids. Let
i < j be two integers in {1,...,n}. Let f(; ;) be the braid defined by:

Biig) = 5;1...55526j_1...6i.
An example of such a braid is shown in Figure 2. By considering only the i*" and
4" positions in the equality in law Biig) ® (X1,.0s Xp) = 0p,, @ (X1, ..., Xpn), We get
the following equality in law:

(X4, X;) = (X3, Xi X5 X7,

By disintegration and using the independence of the variables, one gets the desired
result. O
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i j

FIGURE 2. The braid f(; ;).

The proof of Proposition 6.12 is straightforward, but looking at the following
equality in law: (X5 ' X1 X, X5 ' X' X0 X1 X5) = (X1, X2), where (X, X5) is an
auto-invariant by conjugation couple of random variables, one can see that it gives
identities which, at first glance, do not seem trivial. A last remark to be made about
Proposition 6.12 is that there exist finite sequences of non-independent G-valued
random variables which are purely invariant by braids.






CHAPTER 7

Planar Yang-Mills Fields

In this chapter, we construct a family of planar Markovian holonomy fields:
the planar Yang-Mills fields. First, we construct the pure planar Yang-Mills fields.
Then, in Section 7.2, we generalize the construction in order to construct all planar
Yang-Mills fields.

7.1. Construction of pure planar Yang-Mills fields

In order to construct pure planar Yang Mills fields, given any Lévy process
Y which is invariant by conjugation by G, we define, in Proposition 7.2, for any
finite planar graph G, an random holonomy field on P(G) associated to Y. In
Propositions 7.3 and 7.5, we show that these random holonomy fields allow us to
define a family of random holonomy fields on R? which is a strong planar Markovian
holonomy field. In Section 7.2, we weaken the condition on the Lvy process by using
our results about the extension of the structure group. First of all, let us recall the
definition of Lévy processes.

DEFINITION 7.1. A Lévy process (Z;)¢>0 is a random cadlag process from RT
to G, with independent and stationary right increments. This means:

(1) VO<ty<..<ty, (Ztllthi)?:l are independent,

(2) V0 <s <t Z;1Z has the same law as Z;_.
We say that (Z;)¢>0 is invariant by conjugation by G, or conjugation-invariant, if
and only if for any g € G, the process (971 Z:g)i>0 has the same law as (Z;);>0.

There is a correspondence between continuous semi-groups of convolution of
probability measures starting from the Dirac measure on the neutral element of
G and Lévy processes. Let us consider Y = (Y;):>0 a conjugation-invariant Lévy
process on G which is fixed until the end of Section 7.1.

PROPOSITION 7.2. Let G be a finite planar graph, let vol be a measure of area.
There exists a unique random holonomy field Esz on P(G), whose weight is equal
to 1, such that for any rooted spanning tree T' of G, any family (cr)pege of facial
Y,G .,

loops of G, each oriented anti-clockwise, under E

(1) the random variables (h (L., 1) )Fer are independent,
(2) for any F € F®, h(l., ) has the same law as Yool(F)-

vol

The family (EY’G)G l is the discrete planar Yang-Mills field associated with Y .

PROOF. Let G be a finite planar graph, let vol be a measure of area. For
any positive real t, let us denote by m; the law of Y;. For any rooted spanning
tree T and any family (cr)pep of facial loops oriented anti-clockwise, we define

57
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the measure EzﬁTa(CF)ng on (Mult(P(G), G), B) as the unique gauge-invariant
Y,G

probability measure such that, under E,’ " ()
() F el

(1) the random variables (h (lc, 1) )FE]F,) are independent,
(2) for any F € F®, h(l., r) has the same law as Yool(F)s

where we remind the reader that the loops 1., 7 where defined in Definition 5.11.
Since @ peppMyoy(r) 18 invariant by diagonal conjugation, by applying the first part
of Proposition 5.16 we see that the definition makes sense. We will show that the

probability measure E}J/(’)?T (F) ot neither depends on the choice of T', nor on the
oL FEF

choice of (cr)pcps- Thanks to the uniqueness property in this last definition, we
have to prove that given another rooted spanning tree 77 and another family of

facial loops (¢fz) pepy oriented anti-clockwise, under IE?}/(’)?T (F) s (h(lc%7T/))F€Fb
s FeF

has the same law as (h (,..7) )Fer.

First of all, let us prove that one can suppose that T and T’ are rooted
at the same vertex v of G. Let v be the root of T, let v' be a vertex of G
and let us define the rooted spanning tree T as the tree T rooted at v. When
we change the root of T from v to v’ we conjugate every of the 1., by the

same path [v/,v]r. By Remark 1.38, since EszT (cp),..., 1S gauge-invariant, un-
I FEF
Y,G
der EUOLT,(CF)FELA)’ (h(ICF,T))FeIFb has the same law as (h(lcFvT))FeIFb’ namely
® m . E s — Y,G
FeRtThvol(F)- vol, T,(cF)pepb Uol,'f,(cF)FEFb'

Now let us assume that T and T” are rooted at the same vertex. By Proposition
b
6.8, there exists an enumeration (E)ffl of the bounded faces of G, a braid § in

Bype such that:
#E
#F
e (L:Fi,T)i:1 = <1c’ T/) .

Fog(i)’ i=1

. #F° _1 #F®
Using Lemma 6.4, h ( S o (Ic,. 7) =hB"le (h(ICFwT))i:l , and thus:

i=1

_ F° #Fb
B Lo (h(ICFi7T))i1 =0p-1 @ (h(lc,Fi’T,)) i—1
Y,G
vol,T,(cF) ppb

Applying the Proposition 6.12, under E , the following equality in law

holds:
_ #F° #F®
6 ! 4 (h(ICFi,T))izl = 0’571 hd (h(ICFi,T))izl :
) L Y,G , #E?
From this, we get the equality in law under Evol.,T.,(CF)Fer' (h(lchi*T'))i:l =

#F°

(h(lcF“T)) n 0

This proposition allows us not to have to choose a special rooted tree for each
graph in order to construct planar Yang-Mills fields. More importantly, it will allow
us to show the independence property and the area-preserving homeomorphism
invariance of the family of random holonomy fields which we will construct thanks
to Proposition 5.16.
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PROPOSITION 7.3. There exists a unique family of gauge-invariant stochasti-
cally continuous random holonomy fields (Efol)wl, whose weight is equal to 1, such
that for any measure of area vol, for any finite planar graph G, for any rooted span-

ning tree T of G and any family of facial loops (cr)pcps oriented anti-clockwise,

under EY , :
(1) the random variables (h (lep,1)) pege are independent,

(2) for any F € F*, h(l., ) has the same law as Yool(F)-
The family (Ezol)wl is the planar Yang-Mills field associated with (Y;)i>o0-

In order to prove this result, we will need the following statement, from [Lév10],
which allows us to bound the distance of a Lévy process to the neutral element.

PROPOSITION 7.4. There exists K > 0 such that E[d@ (1, Yt)] < K+t for any
t>0.

PROOF OF PROPOSITION 7.3. Let vol be a measure of area on the plane. We

. e . Y,G
will apply Proposition 5.16 to the family of measures (Ewl ) GEG(AT(R2))" Then we
will study the restriction to general finite planar graphs of the random holonomy
field that we will have defined. In order to do all this, we have to prove a compat-
ibility condition and a uniform locally stochastically %—Hélder continuity property

. Y,G
for the family (Evol )Geg(AfF(R2))'

Compatibility condition: Let G; and Gy be two graphs in g(AfF(RQ)) such
that G; < Gs. Let us consider m a vertex of Gy and G,. Using Proposition 7.2, it
is enough to show that G, satisfies the following property:

there exists a family of facial loops (cr) rery oriented anti-clockwise and

a spanning tree 17 of Gy rooted at m, such that under EZ(’)?Z :

() 1. the random variables (h (L.,,1)) repe are independent,
2. for any F € F4, h (1., ) has the same law as Yoou(r)-

We show this by an induction argument on the finite set [Gl,Gg} which is
equal to {G,Gl <G X Gg}, endowed with the partial order <. It is clearly
true that (H) holds for G = Go. Consider a finite planar graph G in [Gl,Gg]
satisfying (H), we will show that there exists G’ € [G1, G| for which (H) is still
valid. Thanks to Proposition 7.2, property (#) holds for G for any family of facial
loops (cr) pepe oriented anti-clockwise and any choice of spanning tree T' rooted at
m. Since G; < G, at least one of the following assertions is true:

(1) there exist an edge of Gq, e, and a vertex v of G of degree two such that
vee(0,1)),

(2) there exists a face F; of Gy, bounded or not, such that the restriction of
G to F3 has a unique face Fj and 0Fp, oriented anti-clockwise, contains a
sequence of the form ee™! with the interior of e included in Fy,

(3) there exists a face Fy of G; which contains more than one face of G.

Let us consider the three possibilities.

(1) Let us consider a family of facial loops (cr)pcps for G, oriented anti-
clockwise, none of which is based at v, and a choice of spanning tree T of G rooted
at m. Let e; and ez be the two edges of G such that e = ejes and &7 = v. We
consider G, the graph defined by:

(V,E,F) = (V\{o},E\ {er!, 5! } U {(ere2)™"} ,FF).
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By construction G’ € [G1,G/[. Besides, (cp)pepe is still a family of facial loops for
G’ oriented anti-clockwise and 77 = (T'\ {e",e5'} ) U {(e1e2)*!} is a spanning
tree of G’ rooted at m. It is now obvious that G’ satisfies property (#) with the
choices of (cr) pepn and T".

(2) We will consider that Fj is bounded, the unbounded case is similar. In
this case, let v be the vertex of e of degree 1 and define F; = Fy Ue((0,1)) U {v}.
Consider any family of facial loops for G oriented anti-clockwise, (cr)pcps, such
that cp, # v. Let us choose any spanning tree of G rooted at m, T'. We consider
G’, the graph defined by:

(V,E,F') = (V\v,E\{e,e™ '}, (F\ Fy) UF).

The spanning tree T' of G must include the unoriented edge {e, 6_1} in order to
cover v, thus we can define 77 = T \ {e,e"'}. The facial loop cp, contains the
sequence ee . We define ¢/ Fy from cp, by removing this sequence. For any other
face F € I/, we set ¢ = cp. For any face F' € F'®, using the identification between
Fo and F{, l.,.1 = o 7 in RL,,(G), and by Remark 1.16, h(le, r) = h(lc’F,T')-
The graph G’ satisfies property () with the choices of (cx) g/ cpn and T".

(3) We will study this case under the hypothesis that Fj is bounded, the un-
bounded case being easier. The key point will be the semigroup property satisfied
by the marginal distributions of the Lévy process Y. Let F, and F; be two faces
of G contained in F; and adjacent, sharing an edge e on their boundaries. We can
find a facial loop oriented anti-clockwise representing the boundary of F). (resp. Fj)
of the form cp, = e1...ene (vesp. ¢y = e tef...el)). Let Fry = F, UF Ue((0,1)).
We complete the family (cr,,cr,) in order to have a family of facial loops (cr) pepe
oriented anti-clockwise for G. Let us consider G’, the graph defined by:

(VB F) = (V.E\ {e.e”'}, (F\ {F,, R}) UFyy).

It is still a finite planar graph. Let us consider T' any spanning tree of G’ rooted at
m: it is also a spanning tree of G rooted at m. Let cf; | = e1...eney...ep,. For any
other face F’ of G’ different from F,;, F” is a face of G and we set ¢, = cps. Once
these choices made, it needs only a simple verification to check that the following
equalities hold in RL,(G):

lc/F T = ICFT,TICFL,T)

1

Lo, 7=l m,VF €F’ F #F..
Using the multiplicativity of h:
My, ) = hllep, 2)0(ley, 1)
h(le,, 1) = h(le,, 1), VF' € F°, F # Fp ;.

EY,GQ

Let us recall that under E, ™,

(1) the random variables (h (1., 7)) pep are independent,
(2) for any F' € F®, h(lc, r) has the same law as Y, o).
Using the semigroup property of the marginal distributions of the process Y, we
can conclude that G’ satisfies (H) with the choices of (¢/p/)prcpn and T.
By descending induction, it follows that G satisfies property (). Let us prove
the uniform %—Hélder continuity.
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Uniform %-Hiilder continuity: Let G be a finite planar graph with piecewise

affine edges. Let [ be a simple loop in G bounding a disk D. A consequence of what
Y,G(1)

we have just seen is that the law of A(l) under Eﬁ? is the same as under E, "/,

where G(1) is the graph containing only the edge I (see Example 2.3). Thus:

de (1, h()EXS (dh) = / de (1, h(D) By (dh)
Mult(P(G(1)),G)

=E [da (1, Yooup))] < K+/vol(D),

where the last inequality comes from Proposition 7.4 and where K depends only
on G. The family (Ez/f)GEQ(AfF(Rz)) is uniformly locally stochastically i-Hélder
continuous.

Thus, Proposition 5.16 can be applied in order to construct a stochastically
continuous random holonomy field EY , such that for any finite planar graph G €
G(Aff (RQ)), for any rooted spanning tree T' of G and any family of facial loops
(¢F) pepe oriented anti-clockwise, under EY ) :

/Muzt(P(G),G)

(1) the random variables (h (lc, 1) )Fer are independent,

(2) for any F € F®, h(lc, ) has the same law as Yyo(r).-
It remains to prove that this property is true for any finite planar graph, not
necessarily with piecewise affine edges. Let (mi);er+ be the continuous semi-
group of convolution associated with (Y;)i>0. Let G = (V,E,F) be a finite pla-
nar graph, let T be a rooted spanning tree and let (cF) - be a family of facial
loops oriented anti-clockwise. Let us consider a sequence of finite planar graphs
(G, = (Vn,En,Fn))neN in G(Aff(R?)) and (¢n)nen a sequence of orientation-
preserving homeomorphisms which satisfy the conditions of Theorem 2.21. For
any integer n, (¢¥n(cr))pepe is a family of facial loops for G, which is oriented
anti-clockwise and 1, (T) is a spanning tree of G,,. Using the discussion we had
before, the law of (h(lwn(CF),wn(T)))Fg]Fb under EY | is F@} Meyol(y, (F))- As for any

€

edge e € E, (vn(e)), >, converges to e for the convergence with fixed endpoints, for
any face F' € F®, one has Ly, (cr)pn(r) — lep 1 for the fixed endpoints conver-
) n— o0 ’

gence. Besides, using condition 4 of Theorem 2.21 and the continuity of (m:);er+,

& Moy, (F)) e & Muyo(r)- Since EY | is stochastically continuous, under
Felrb Felb

EY ,, the law of (h(lCFVT))Fer is @ Myoi(r)- O
FeF?

Let us remark that, in the latest argument, we actually proved that the family

(Eﬁ?)@ oy 18 continuously area-dependent. For any Lévy process which is invari-

ant by conjugation, we have constructed a family of gauge-invariant stochastically
continuous random holonomy fields. In the following, we will show that this family
is a strong planar Markovian holonomy field.

ProprosSITION 7.5. The family of random holonomy fields (IEY is a con-

UOl)Uol
structible stochastically continuous strong planar Markovian holonomy field.

Y,G)
vol ) G,vol

DPy, is continuously area-dependent and locally stochastically %-Hélder continu-
EY’G)GUOZ satisfies the three

vol

PRrROOF. We have already shown that the family (E satisfies the Axiom

ous. By Theorem 3.11, it remains to check that (
Axioms DP41, DP3 and DPj3 in Definition 3.4.
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Besides, (EZ&?)G vol
gument, it is enough to show that wDP5 holds instead of DP5. Let us give briefly
the arguments which allow us to do so: first of all, using Theorem 2.21, we see
that it is enough to consider graphs with piecewise affine edges. Let us suppose
that the Axiom wDP5 holds, let us consider G a finite planar graph with piece-
wise affine edges and two loops /; and ls in P(G) such that Int(l1) N Int(l2) = 0.
The only interesting case is when Int(l1) N Int(l3) # 0: let us consider a point v
in this intersection. Using Remark 1.38, it is enough to prove that for any family
of loops (I})*_; (resp. (I2)™,) in Int(l1) (resp. in Int(l2)) based at v, (h(lil))?:l is
Z-independent of (h(lQ)) ,_, under the measure EY’G Let us consider such families
of loops (1})™_; and (I2)™,. One can always approximate G by a finite planar graph
G’ with piecewise affine edges such that there exist I and I two loops in G’ and p

a path in G’ such that:

(1) Int(I}) Nint(ly) = 0,

(2) for any loop [ in Int(l;) based at v, there exists a loop in Int(l}) which
approximates [ for the convergence Wlth fixed endpoints,

(3) for any loop [ in Int(l2) based at v, there exist a loop in Int(l}), denoted by I’
such that pl’p~! approximates [ for the convergence with fixed endpoints.

is stochastically continuous in law: using a continuity ar-

Let us consider the graph G’, the two loops {] and [} and the path p given by
the last assertion. We can approximate (I})™_; and (I?)", by two families (/')
and (pl>p~1)™, such that the first one is in Int(l}) and (1’2)1 1 is in Int(l%). The Z-
independence of (I})7_; and (I2)7, under the measure E}"¥ would be a consequence

of the Z-independence of (I/1)"_; and (pl?p~!)™, under Esz’ , which is equivalent

to the the Z-independence of ()7, and (I2), under EY;¥". Using Remark 1.32,

this is equivalent to the independence of (I/!)?_; and (I/?)", under Ewl " which is
granted since we supposed that the Axiom wDP2 holds.
Let us prove that (Ewl )G oo Satisfies the three Axioms DP1, wDP3 and DPs3.

DP;: Consider vol and vol’ two measures of area on R?, G and G’ two finite
planar graphs and 1 a homeomorphism which preserves the orientation. Let us
suppose that 1(G) = G’ and for any F € F°, vol(F) = vol'()(F)). Let () pepn
be a family of facial loops oriented anti-clockwise for G’ and let 7" be a rooted
spanning tree of G’. We consider (cF = wil(cip(F)))Fer and T = ¢~ 1(T"). The
family (cr)pepe is a family of facial loops for G which are oriented anti-clockwise
and T is a rooted spanning tree of G. Recall the notations used in the proof of
Proposition 7.2. By construction, we have the equality:

Y,G’ 01/1_1 _ mY,G

vol’,T’,(c},)FeF,b vol,T,(cF) pepb’

where we denoted also by % the induced application from Mult(P(G’),G) to
Mult(P ( ), @) induced by the homeomorphism . Using the Proposition 7.2,

G’ 1_ YG

we get Em;l/ © w vol .
wDP5: Let vol be a measure of area on R%, G = (V,E,F) be a finite planar
graph in g(AfF (RQ)), m be a vertex of G and L; and Ly be two simple loops in
P(G) whose closure of the interiors are disjoint. As an application of Proposition
5.14, we can consider T a spanning tree rooted at m, such that for any family of

facial loops (cr)peps oriented anti-clockwise:
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(1) for every loop I in P(G) inside Int(Lq), {[m Urlm, {7 } is a product in

RL,,(G) of elements of{ o T,F €F°, F C Int(L }
(2) for every loop [ in P(G) inside Int(Ls), {[m,ﬂ l[m, 1] } is a product in

RL,,(G) of elements of {lcilT,F €eF FC Int(Lg)}

Let us consider (p;);—, (resp. (pj)jzl), some paths in P(G) which are inside
Int(L1) (resp. Int(L2)). Recall the definition given by Equality (1.5). For any
continuous function f1 (resp. f2) defined on G™ (resp. on G”,), using the gauge-

invariance, EY/® [fl (h(pi))iy) f2 ((h(p;)):/:l)} is equal to:

ES [Fig (B0 cshon)) fogy (b))

Thus, it is also equal to:

08 [ () ) oy, (00),)]

where, for any i € {1,...,n}, Il = [m,&]Tpi[m,p_i];l and for any i € {1,...,n'},
[ = [m,p)rpim, i7"
5.14: this implies that there exist (1;)7_, some loops in Int(L;) and (I}), some
loops in Int(Lsy) such that for any i € {1,...,n} and any j € {1,...,n},

. Recall the form of T given in the proof of Proposition

I; = [m, Li]rli[m, L)Y,
l/ = [m, l] A [m,lj]T ,
in RL,(G). Using the properties satisfied by T':
~. n ) b PR
o ((h(zz))izl) Co ({h(lCF,T),F EF,FC |nt(L1)}) ,

/

o ((h(l))é 1) Co ({h(lcF,T);F EF,F C |nt(L2)}) .

=

We recall that Int(L1) N Int(L2) = (), thus the two o-fields:
o ({h(lCF,T); FeF,Fc |nt(L1)}),
o ({h(lCF,T); FelF,Fc Int(Lg)})

are independent under EX'¥. Thus E}'® {fl (h(pi))iy) f2 ((h(pz));/zl)} is equal

vol vol

,,,,, () V] [y ()],

which is equal to Evol [f1 (h(p )P EXS |:f2 (( (P}))j= )} the axiom wDPs3 is
satisfied.

DP3: Let [ be a simple loop, let vol and vol’ be two measures of area on R?
which are equal in the interior of [. Let G be a finite planar graph included in
Int(l). The bounded faces of G are in the interior of [ thus for any bounded face
F of G, vol(F) = vol’(F'). By definition, it is clear that Esz’ =E"C.

vol’

to:

E’L}J/O? |:f1J
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Y,G)
vol ) G,vol

Theorem 3.11. The family of holonomy fields (IEY )wl is a constructible stochasti-

We have proved all the conditions on (E we needed in order to apply

vol
cally continuous strong planar Markovian holonomy field. (I

For this new construction, we used the loop paradigm which links the mul-
tiplicative functions on a set P and the pre-multiplicative functions on its set of
loops. The edge paradigm given by the Equation (1.1) can be used to give an
explicit formula for discrete planar Yang-Mills fields associated with a conjugation
invariant Lévy process with density.

PROPOSITION 7.6. Let us suppose that for any positive real t, Yy has a density
EY,G

vol

Q¢ with respect to the Haar measure. Let ( )G voy € the discrete planar Yang-
Mills field associated with Y. For any finite planar graph G and for any measure

of area vol:

(7.1) EC(dh) = ] Qo) (h(OF)) &) dhe),

Felfb ecE+
where OF is the anti-clockwise oriented facial cycle associated with F', the notation
Quol(F) (h(aF)) means that we consider Qo(r) (h(c)) where ¢ represents OF (this
does not depend on the choice of ¢ since Quoyry is invariant by conjugation) and
Reci+ dh(e) is the push-forward of @ cp+ dge on Mult(P,G) by the edge paradigm

identification. It is independent of the choice of orientation ET.

Recall the definition of L; ; in Definition 5.9. In order to make the proof simple,
we will use the upcoming Theorem 9.6 which roughly asserts that a stochastically
continuous planar Markovian holonomy field is characterized by the law of the
random sequence (h(Lp 0))nen-

PROOF. A slight modification of Section 4.3 in [Lév10] shows that:

(7.2) < TT Quottr (h(0F)) R dh<e>)

FeF? e€E+ G,vol
is a stochastically continuous in law discrete planar Markovian holonomy field.
Let G = (V,E,F) be the planar graph N2 N (R* x [0,1]). Let us consider ET
an orientation of E. As an application of Theorem 9.6, we only have to check
that for any positive real «, (h(Ln,O))n ¢y has the same law under EZ:;E as under
[T Qa(h(0F)) @ dh(e). Since the value of o will not matter we suppose that

FcFb e€E+
a equals to 1.

By Proposition 7.2, under E;/J’CG, (h(L"vO))neN are i.i.d. random variables which
have the same law as Y;. It remains to prove that this property is true under

[T Qu(hOF) ® dh(e).

Fel® ecEt

Under the probability law @, g+ dh(e), (h(e))e€IE+ are i.i.d. and Haar dis-
tributed. Using the multiplicativity property of random holonomy fields, for any
integer n, h(Ly o) is a product of elements of (h(e)),cx = (h(€))eer+ U(h(€) ™) eer+ -
An important remark is that for any integer n, the edge e;, (, defined in the Nota-
tion 5.8, appears only once in the reduced decomposition of L, o and in no other
reduced decomposition of L,, o with m # n. Applying Lemma 7.7, one has that un-
der @, cp+ dh(e), (h(L"’O))nGN are independent and each of them is a Haar random

variable. Recall the notation dc; ; defined in Definition 5.9. Since Y; is invariant
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by conjugation, for any bounded face F' in F, there exists an integer n € N such
that Q1 (OF) = Q1(h(0cnyp)) = Q1(h(Lno)). Let f: GN¥ — R be a measurable
function, the following sequence of equality holds:

F (L)) [T @1 (ROF)) R) dhe)

FeF? ecEt

F(M(L0)pen) [T @1 (h(0cn0)) Q) dhe)

neN ecE+

F(h(Zn0))nen) [T @1 (L)) R) dhle)

neN ecE+

_ /G T (90 ner) @ (Qu(g0)dgn) .

neN

/Muzt(P(G),G)

/Mult(P(G),G)

B /Muzt(P(G),G)

which is the assertion we had to prove. (I

LEMMA 7.7. Let ()2, be a sequence of independent G-valued random vari-
ables which are Haar distributed. Let (8;)32, be a sequence of G-valued random
variables such that for every j € N*, B; is a product of elements of {«, a;l,i € N*}:
B = w; ((ozz-, ozi_l)ieN*), with w; being a finite word.

Suppose that for any j € N*, there ewists an index i; such that o, appears
ezactly once in w; and in no other word (wj)jiz;. Then (3;)7 is a family of
independent Haar distributed random variables.

PROOF. Let k be any positive integer and let (j, 41, ..., jx) be a k + 1-tuple of
positive integers. Let ¢; € N* such that «;; appears exactly once in w; and in no
other word (wj:); 5. Let F : G¥ — R and f : G — R be two continuous functions.
There exist w; and wy two words in (g, o )iz, J a subset of N\ {i;} and Fa
continuous function from G#7 to R such that a.s.:

FBHF(Bjy---Bji) = f(wrag,wa) F ((vi)ies) -

Using the translation invariance of the Haar measure:
E [£(8)F (B B3.)] = E | Flwiaswn)F (ai)ies)|
:/ E [f(wlz'LUQ)F((O‘i)iGJ)} dx
G

- [ E[f@F (@) do

- (/Gf(ac)dx) E {F((ai)ieJ)} :

Thus for any j € N*, §; is a Haar random variable which is independent of

7.2. Construction of general planar Yang-Mills fields

In the last subsection, we considered only Lévy processes which were invariant
by conjugation by G. Actually for any G-valued self-invariant by conjugation Lévy
process Y, one can construct a planar Markovian holonomy field associated to Y.
Let us recall the notion of support of a process.
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DEFINITION 7.8. Let Y = (Y}) be a random process. The support of Y is

Hy =( U Hy,).
teRT

teRT

An other formulation is to say that the support of a process, say Y, is the
smallest closed group such that for any t € RT, P(Y; € Hy) = 1. If Y is a Lévy
process, we can consider Y as a process living in Hy .

REMARK 7.9. Let Y be a Lévy process and let us suppose that for any ¢ > 0,
e is in Supp(Y:). Then for any ¢ > 0, Hy = Hy,. Indeed, using the property that
Y is a Lévy process, for any 0 < t < s, Supp(Ys) = Supp(Yz)Supp(Ys—¢). Thus,
using the condition on the support of Y;, Hy, is increasing in ¢. Yet, using the
same argument, we see that Hy,, = Hy,, thus Hy, does not depend on ¢ > 0. This
remark explains why we impose that for any ¢t > 0, e € Supp(Y;) in the upcoming
Proposition 8.26.

The notion of invariance by conjugation for a random process can be weakened.

DEFINITION 7.10. A G-valued process (Y;)>0 is self-invariant by conjugation
if it is invariant by conjugation by Hy .

Let n be a finite Borel measure on G™. For any g in GG, the measure n9 on G"
is the unique measure such that for any continuous function f : G" — R:

(7.3) n?(f) = /Gf(g_lglg, s 9 gng)n(dgn, ... dgn).

We can now construct a planar Yang-Mills field associated with any self-invariant
by conjugation Lévy process.

THEOREM 7.11. For every G-valued self-invariant by conjugation Lévy pro-
cess Y, there exists a unique stochastically continuous strong planar Markovian
holonomy field (Efal)wl, called the planar Yang-Mills field associated with Y, such
that for any measure of area vol, for any finite planar graph G, for any rooted span-
ning tree T of G and any family of facial loops (cr)peps oriented anti-clockwise,
under EY |, the law of (h(ICFvT))Fe]Fb is:

vol?
/ ( QFcpb mvol(F))gdga
G
where (My)r>o0 is the semi-group of convolution of measures associated with Y .

Let us notice that on (EY

Y B), (h(lCFVT))Fer is not, in general, a sequence of
independent variables.

PROOF. The unicity part uses the same arguments as usual. Let us prove the
existence of the stochastically continuous strong planar Markovian holonomy field
(Efal)wl. Let Y = (Yt) >0 be a G-valued self-invariant by conjugation Lévy pro-
cess and Hy be the support of Y. Using the discussion after Definition 7.8, we
can see the process Y as a Hy-valued Lévy process which is invariant by conjuga-
tion (by Hy). Thus, applying Propositions 7.3 and 7.5, there exists a Hy-valued
stochastically continuous strong planar Markovian holonomy field such that for any
measure of area vol, any finite planar graph G, for any rooted spanning tree T of
G and any family of facial loops (cr) pcps oriented anti-clockwise, under EY

(1) the random variables (h (1.5 7)) pepe are independent,
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(2) for any F € F®, h(l., r) has the same law as Yooi(F)-

Recall that Proposition 3.15 can also be applied to planar (continuous) Markov-
ian holonomy fields. Thus we can extend the group on which Efal is defined, from
Hy to G: we will denote it EY ;. It is a G-valued stochastically continuous strong
planar Markovian holonomy field and by definition, for any measure of area vol, for
any finite planar graph G, for any rooted spanning tree T' of G and any family of

facial loops (cp) pepe oriented anti-clockwise, under EY ., the law of (h(lcFvT))FeIFb

1S:

/G (®F€]Fbmvol(F))g dg
This ends the proof of the theorem. (I

DEFINITION 7.12. By construction, the planar Yang-Mills field associated with
a self-invariant by conjugation Lévy process Y is constructible. Its restriction to
multiplicative functions on finite planar graphs is called the discrete planar Yang-

Mills field associated with Y, we will denote it (EZO?) G ol

We are led to classify the planar Yang-Mills fields according to their degree of
symmetry. In Section 10, we will prove equivalent conditions in order to classify
planar Yang-Mills fields.

DEFINITION 7.13. Let (E},

vol

)vol be a planar Yang-Mills field associated with
a G-valued self-invariant by conjugation Lévy process Y = (Y}) ter+- The planar
Yang-Mills field (EZOZ)UOZ >0
conjugation by G and mized if not pure. They are also non-degenerate if Hy = G

and degenerate if Hy # G. The same definition holds for the discrete planar Yang-
Mills field associated with Y.

and the Lévy process Y are pure if (Y}) is invariant by

According to this definition, any planar Yang-Mills field is either pure non-
degenerate, pure degenerate or mixed degenerate.
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CHAPTER 8

Braids and probabilities II: a geometric point of
view, infinite random sequences and random
processes

In order to characterize planar Markovian holonomy fields, we will use inten-
sively the invariance by area-preserving homeomorphisms. The braid group will
appear again, as the diffeotopy group of the n-punctured disk which is studied in
the following section.

8.1. Braids as the diffeotopy group of the n-punctured disk

Let D be the disk of center 0 and radius 1 and Q,, = {qr = 2’“*%, 1<k<n}
Let Diff(D, @y, 0D) be the group of diffeomorphisms of D which fix the set @Q,, and
fix pointwise a neighborhood of dD. The class of isotopy of the identity mapping
in Diff(D, @, D) is a normal subgroup called Diffy(D, @,,,0D). The diffeotopy

group of the disk with n points is M,,(D) = Diff(D, @,,, 8D)/Diﬁ0(]D), Qn,0D). An

important theorem is that:
(8.1) M, (D) ~ B,,.

This isomorphism is constructed by sending some special elements, the half-
twists or Dehn-twists, on the canonical family of generators of the braid groups
denoted by (ﬂi)?:_f. A half-twist permutes the points ¢ and g1 for some k and
does not move the other points (qi)igé{k,k—i-l}' For a precise definition, one considers

for 1 < k < n, t, the isotopy class of the diffeomorphism #; equals to identity
outside the disk of radius 2 centered at % and defined by 3,(z) = Y otorp~!,
where: !

b X (g B G
2 2

t(rew) _ Tei27r (6+a(r)) 7

and « is a smooth bijection from [0, 1] to itself, which is equal to 0 on a neighborhood
of 1 and to % at %

This geometric construction of the braid group allows us to recover the action
of the braid group which was given by Definition 6.2. Indeed, the group M, (D)
acts on the fundamental group of D\ Q,, which is isomorphic to F,, the free group of
rank n. We will take —% as the base point for the fundamental group of D\ @,,. Let
x) be the homotopy class of the loop based at —% which goes only around g;, anti-
clockwise. One can verify that the action of M, (D) on F,,, with the identification
given in (8.1), is the action given by Definition 6.2.

71
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FIGURE 1. The braid S, k = (2, 3, 6).

Given a finite planar graph G, the fundamental group of G is isomorphic to
the fundamental group of the disk without one point in each of the bounded faces:
m(G) =~ m ((]D) \ Ql]Fb‘)). Thus, we get a natural action of a braid group on the
group 71 (G) which is isomorphic to the reduced group of loops on G defined in Sec-
tion 5.1. A consequence of the existence of such action is the upcoming Proposition
9.10.

8.2. A de-Finetti theorem for the braid group

Proposition 6.12 implies that every finite sequence of i.i.d. random variables
which is auto-invariant by conjugation is invariant by braids. It is natural to wonder
if one can characterize finite sequence of random variables which are invariant by
braids. As for exchangeable sequences of random variables, it is easier to work with
infinite sequence of random variables.

DEFINITION 8.1. An infinite random sequence & = (’Ei)ieN* in G is braidable
(or braid-invariant or invariant by braids) if for any integer n greater that 1 and

any braid 8 € B,,, the following equality in law holds:
Be (é-i)lgign = (‘Ei)1§z‘§n'

Let us recall that ¢ is spreadable if for any increasing sequence of positive
integers (k;);>1, we have the equality in law:

(&) i<i = (&) 1<i’

These properties seem to be quite different, yet we are going to prove that one
condition is weaker than the other.

LEMMA 8.2. Any braidable infinite family of random variables is spreadable.

PROOF. Let k = (k1 < k2 < ... < k;) be a finite strictly increasing sequence
of integers. Let Ok be the braid:

B =B B 1By By BB
We have drawn in Figure 1 the braid Sy with k = (2, 3,6). Since for i = 1, ..., n, the
lines linking (4, 1) to (k;, 0) are behind in the diagram, this braid verifies that for any
element (g1, ..., gx, ) of G¥, for any integer i between 1 and n, (ﬂko (g15--es gk”))i =
gk;- Let £ = (&;)ien+ be a braidable random sequence. The following equality in
law holds Fy e (&)1<i<kn = (§i)1<i<kn. By restricting it for ¢ between 0 and n — 1,

we get the equality in law (&k,,...&k,) = (&1,...&n), from which one can conclude
that & is spreadable. (I

Let m be a probability measure on G. We denote by m®> the measure on
GN" such that the unidimensional projections are independent and identically dis-
tributed with law m. Let £ be an infinite random sequence in G.
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DEFINITION 8.3. Let A be a o-field. The sequence £ is i.i.d. conditionally to A
if there exists a random measure n on G, A-measurable, such that the conditional
distribution of £ given A is n®>: P[¢ € . | A] = n®>. It is conditionally i.i.d. if
there exists a o-field A such that it is i.i.d. conditionally to A.

If ¢ is i.i.d. conditionally to A, its law is of the form:

/ m®>®dv(m),
Mi(G)

where v is the law of n. If we just want to keep in mind the form of the law of £, we
will say that & is a mizture of i.i.d. random sequences. Let us state an extension
of de Finetti-Ryll-Nardzewski’s theorem for the braid group.

THEOREM 8.4. The sequence £ is braidable if and only if it is i.i.d. conditionally
to Te = Npen+0 (&, k > n) and conditionally to Te, almost surely the law of &1 is
invariant by conjugation by its own support.

PrROOF. An application of Proposition 6.12 to any subsequence of the form
(€,)N_, shows that the second condition implies the fact that ¢ is braidable.

Now, let us suppose that £ is braidable. As a consequence of Lemma 8.2, the
infinite sequence ¢ is spreadable. Using the de Finetti-Ryll-Nardzewski’s theorem
(Theorem 1.1 of [Kal05]), £ is i.i.d. conditionally to 7¢. Besides, conditionally to
Te, & is still braidable: an application of Proposition 6.12 shows that conditionally
to Te, (€n)nen- is an ii.d. sequence of random variables invariant by conjugation
by their own support: the second condition holds. (I

If ¢ is braidable, the law of £ is of the form fMl(G) m®>®dv(m), where v-a.s., m
is almost surely invariant by conjugation by its own support. In the next theorem,
we give a condition under which one can characterize the mixture which appears
in the last theorem. In order to do so, we consider the diagonal conjugation of G
on GY" defined for any g € G and (2, )nen+ € GY by g.(Zn)nens = (97 ng)nen-
Recall the notion of Z-independence defined in Definition 1.31.

DEFINITION 8.5. The sequence ¢ satisfies the property (P) if for any integer
n € N*, (& )k<n and (& )k>n are Z-independent: for any n,m > 0, any continuous
functions which are invariant by diagonal conjugation f : G® — Rand g : G™ — R,
f(&, &) and g(€pt1, -, Entm) are independent.

THEOREM 8.6. Let & be an sequence of random variables in G such that:
(1) & is braidable,
(2) it is invariant (in law) by diagonal conjugation: for any g € G, g.£ has
the same law as &,
(3) it satisfies the property (P).
There exists mg a probability measure on G, invariant by conjugation by its own
support, such that the law of & is:

| =) s
G

where (m?m)g is defined using a similar equation as (7.3).

PROOF. Let £ be an infinite braidable sequence of G-valued random variables
which is invariant by diagonal conjugation and satisfies the property (P). As a
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consequence of Theorem 8.4, there exists a random measure 1 on G, which is
almost surely invariant by conjugation by its own support, such that the condi-
tional distribution of ¢ given T¢ is n®>°. Let v be the law of 7, the law of ¢ is
fMl(G) m®>dy(m). Since £ is invariant by diagonal conjugation by G, we only
have to show that there exists a probability measure mg such that the law of £ on
the invariant o-field 7 is equal to m?oo. Let us remark that this would imply also
that mg is invariant by conjugation by any element of its own support. Let k be
a positive integer and f : G*¥ — R be a continuous function invariant by diagonal
conjugation: as G* is compact, f is bounded. As the sequence ¢ satisfies the prop-
erty (P), (f (ik+1, - &iktk));>0 i an 1.i.d. sequence of bounded random variables.

Thus, by the law of large numbers, there exists a real I*(f) such that:

% Z F S P T O I*(f) as..

0<i<n

Yet, by disintegration and the law of large numbers, we get also that:

1
g Z f(gik-l-la "'agik-l‘k) njoo 77®k(f)a a.sS..

0<i<n

The random variable n®%(f) is thus almost surely constant. Let us define the set
of measures:

Qpi = {m € Mi(Q),m®*(f) = 1"()} .
We just proved that for any positive integer k, for any continuous function f :
G* — R, invariant by diagonal conjugation,
v( Q) = 1.

Let us consider Fj a dense countable set of continuous functions which are invariant
by diagonal conjugation of G on G*. Our previous discussion allows us to write the

following equality:
< NN QM)L

kEN* feFy
Let us take a measure mg € [ cp- ﬂfefk Qf 1 for any positive integer k and
any continuous function f on G* invariant by diagonal conjugation,

m®*(f) = m?k(f), v(dm) a.s.
We have just managed to prove that on the invariant o-field, the law of ¢ is mf? s
the law of £ is thus fG(m?C’O)g dg and my is invariant by conjugation by its own
support. (I

We will give conditions which ensure the fact that ¢ is actually a sequence of
i.i.d. random variables. Let us remark that it is enough to show that the measure
myg, given by Theorem 8.6, is invariant by conjugation by G.

8.3. Degeneracy of the mixture

Since the measure mg is invariant by conjugation by its own support, one
way in order to show that mg is invariant by conjugation by G is to prove that
Supp(mg) = G.
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8.3.1. Non-degeneracy case. Let G be a finite group whose neutral element
is e.

PROPOSITION 8.7. Let & be an infinite sequence of G-valued random variables
which is braidable, invariant by diagonal conjugation, satisfies the property (P) and
such that e € Supp(&1). The following assertions are equivalent:

(1) € is a sequence of i.i.d. random variables which support generates G,
(2) there exists an integer k such that Supp(l_[f:1 &) =G.

In order to prove this proposition, we will need the two following facts which
hold only when G is finite. The first assertion is that for any measure m on G such
that e € Supp(m), there exists an integer k such that for any &’ > k, Supp(m**') is
equal to H,,, where H,, was defined after Definition 6.10. The second asserts that
no subgroup of G can intersect every conjugacy classes of G: it is Jordan’s theorem
given below.

THEOREM 8.8. Let H be a subgroup of G. Let us suppose that:

G=|Jg 'Hy,

geaG

then G = H.

PROOF. The proof is taken from Serre’s lesson [SBG79] and can be summa-
rized in a simple calculation:

#6<#( Uotn) =#( U (' Ho\ ) ule) < T -1 41,

geG geG

which can hold if and only if H = G. (|
We can now handle the proof of Proposition 8.7.

ProOOF oF PROPOSITION 8.7. It is quite obvious that the assertion 1 implies
the assertion 2. It remains to prove the other implication. As a consequence of
Theorem 8.6, there exists a probability measure mg invariant by conjugation by its
own support such that the law of £ is [, G(m?"o)gdg. Let mg be such a probability
measure. As e € Supp(&1), e is in the support of mg: the support of miF is
increasing in k£ and so is the support of H§:1 &. Let k be an integer such that

Supp(]_[f:1 fi) = G: for any k' > k, Supp(]_[ii1 Ei) = @G. Let N > k such that
Supp(mi™) = H,,:v. Since N is greater that k, Supp(]_[fi1 &) = G. On the other
side, since the law of Hivzl &iis [ (miN)9dg, its support is equal to Ugegg_leSNg.
Thus, one has the equality:

G=|Jg 'Hung
geG
which implies, by Jordan’s theorem (Theorem 8.8), that Hp.~ = G and then
H,,, = G: the support of mg generates the group GG. We recall that mg was invari-
ant by conjugation by its support, hence by H,,,: mg is invariant by conjugation
by G and the law of ¢ is thus mg™. O
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For an arbitrary compact Lie group, it is not true in general that for any
measure m on G such that e € Supp(m), there exists k such that Supp(m**) = H,,.
Thus, in order to deal with any compact Lie group, we will substitute this fact by
the Ito-Kawada’s theorem (Theorem 8.12).

As for Jordan’s theorem, it does not hold when G is infinite, as in every compact
Lie group, any maximal torus intersects all the conjugacy classes. Thus, we have
to impose that the subgroup H intersects every conjugacy class “as much as” G
does, which is the meaning of the condition imposed in the upcoming Proposition
8.13. Doing so, we will be able to prove the following proposition which holds for
any arbitrary compact Lie group. From now on, let G be a compact Lie group.

PROPOSITION 8.9. Let & be an infinite sequence of G-valued random variables
which is braidable, invariant by diagonal conjugation and satisfies the property (P).
Let us suppose that e € Supp(&1). The following assertions are equivalent:

(1) & is a sequence of i.i.d. random variables which support generates G.
(2) the random variables [];;_, & converge in law to a Haar random variable
as n goes to infinity.

In order to prove this proposition, let us introduce Ito-Kawada’s theorem and
a measurable version of the theorem of Jordan which holds for any compact Lie
group.

DEFINITION 8.10. Let m be a probability measure on G. It is:

e aperiodic if its support Supp(m) is not contained in a left or right proper

coset of a proper closed subgroup of G,
e non-degenerate if H,, = G.

REMARK 8.11. It is obvious that m is non-degenerate if it is seen as a measure
on H,,. Besides, if e € Supp(m) then m is aperiodic.

Under the condition of aperiodicity and non-degeneracy, Ito-Kawada’s theorem
(Theorem 3.3.5. of [Str60], first proved in [KI40]) explains the behavior of m*”
when n goes to infinity.

THEOREM 8.12 (Ito-Kawada’s theorem). Let pu be a non-degenerate and aperi-
odic probability measure on G. The sequence p*™ converges in distribution to the
normalized Haar measure on G as n goes to infinity.

Let us state our generalization of Jordan’s theorem, Theorem 8.8, valid for any
compact Lie group. Recall that for any compact Lie group K, we denote by Ag
the normalized Haar measure on K.

PROPOSITION 8.13. Let H be a closed subgroup of G. If

/ Ag-1Hg9 = Mg,
G
then G = H.

ProOOF. We want to prove that fG Ag-1Hg # Ag: it is enough to construct a
continuous function ¢ : G — R, invariant by conjugation, such that Ay (@) # Ag(9).
The space H\ G of right cosets of H is a nice topological space: it is a differentiable
manifold and there exists f a non-constant real continuous function on H \ G. Let
p: G — H\ G be the canonical projection, the function f = fopis a real non-
constant square-integrable function f on G invariant by left multiplication by H:
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for any g € G, for any h € H, f(g) = f(hg). One can also assume that f is of zero
mean on G.

Let E = {¢ € L*(G), Jod(g)dra(g) = 0} be the space of square-integrable
zero mean functions on G. The group G acts on E, by left multiplication on the
argument and this representation has no non-zero fixed point. On the other hand,
the restriction of this representation on H has at least one fixed point, namely
f. We can decompose E as a sum of finite dimensional irreducible representations
of G:

None of the Ej; is the trivial representation of G' as we have restricted the action of

G to zero mean functions. The action of H on E admits a fixed point f. We can
o0

decompose f on € E;. As, for any integer i, the space E; is invariant under the
i=1

action of H, there exists at least an integer iy such that FE;, seen as a H-module

is not irreducible. We denote by x;, the character of the G-module E;,. By the

classical theory of character,

/Gxiod)\g = dim(ES) =0,
whereas:
/ Xiod)\H :/ Xiod)‘H = dlm(EZI(—)I) =1,
G H

where Eg and EZIZ are the vector spaces of fixed points in E;, under the actions of
G and H. Thus, we just found a central function y;, such that:

/ XiodAG 7&/ XiodAH -
G G
This ends the proof. (]

We have now all the tools in order to prove Proposition 8.9.

PROOF OF PROPOSITION 8.9. As a consequence of Theorem 8.12, Remark 8.11
and the fact that e € Supp(&1), it is easy to see that the condition 1 implies condition
2. Let us prove the other implication.

Let ¢ be an infinite sequence of G-valued random variables which is braidable,
invariant by diagonal conjugation and which satisfies the property (P). Let us sup-
pose that e € Supp(£1). As a consequence of Theorem 8.6, there exists a probability
measure mg invariant by conjugation by its own support such that the law of £ is
fG(m?"o)gdg. Let mg be such a probability measure. Using the hypothesis on &7,
e € Supp(my).

Let us suppose that HZ:l & converges in law to a Haar random variable. As
we have seen in Remark 8.11, the measure my is aperiodic and non-degenerate if
seen as a measure on H,, . Using Ito-Kawada’s theorem, when n goes to infinity,
mg" converges to the Haar probability measure on H,,, which we denote by Ay, .

n
For any integer n, the law of [] & is [ (mg§")? dg and thus, using the hypothesis
i=1
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n
on the law of ] & and our previous discussion, one gets the equality:
i=1

)\G:/ D)
G

By Proposition 8.13, it follows that H,,, = G. Since the measure my is invariant by
conjugation by H,,,, it is invariant by conjugation by G: the law of ¢ is m?oo. (I

8.3.2. General case. The following theorem gives weaker conditions on ¢ in
order to understand the case when £ is an infinite sequence of i.i.d. random variables
such that He¢, # G. We recall that G is a compact Lie group.

THEOREM 8.14. Let £ be an infinite sequence of G-valued random variables
which is braidable, invariant by diagonal conjugation and satisfies the property (P).
The following assertions are equivalent:

(1) the sequence £ is a sequence of i.i.d. random variables invariant by con-
jugation by G,

(2) there exists v a probability measure on G such that for any positive integer
n, the law of TT}_, & is v*".

Before proving this theorem, let us recall some basic, yet crucial, results about
representations and integration. First of all, Peter-Weyl’s theorem asserts that the
set of matrix elements of irreducible representations

{g = v(r(g)w), € G,v e Viwe VW},

where G is the set of irreducible representations of G, is dense for the uniform
norm in the set of continuous functions on G. Thus, any measure m on G is fully
characterized by its Fourier coefficients defined as:

vr € G, w(m) = Lﬂ(g)m(dg).

Secondly, let 7 : G — GI(V') be an irreducible representation of dimension d,. Let
A be a matrix acting on V. By the Schur’s lemma,

[ (o) g = T2 5
G 0

Let m be a probability measure on G.

DEFINITION 8.15. The measure m quasi-invariant by conjugation if there exists
v a probability measure on G such that for any n € N

/ (m9)™"dg = v*".
G

The main characterization of quasi-invariant by conjugation probability mea-
sures is given by the following proposition.

PROPOSITION 8.16. The measure m is quasi-invariant by conjugation if and
only if for any irreducible representation © of G, the matriz w(m) has only one
etgenvalue.



8.3. DEGENERACY OF THE MIXTURE 79

PROOF. Let m be an irreducible representation of G and let n be a positive
integer. Let us compute 7 ([, (m*™*)%dg) and © ((fG midg) *n):

™ </G(m*”)gdg) = /Gzﬂ(gg’gl)m*”(dg’)dg
= [ #t0) [ wtam () nt6)

1 n
= d—TT (m(m)™) Id,

™

(o)) == (L))
_ (%Tr(ﬂ(m))) Id.

Proposition 8.16 is equivalent to the following assertion: for any positive inte-
ger n,

(52) [imeyag - ( / midg) "

if and only if for any irreducible representation 7 of G, the matrix m(m) has only
one eigenvalue. Yet, using the remark about Peter-Weyl’s theorem, Equality (8.2)
holds for any positive integer n if and only if for any irreducible representation m,
for any positive integer n:

(fora) (o))

hence if and only if for any irreducible representation 7, for any positive integer n:

re(etny) =10 ( (200 10)).

The proposition is a consequence of the link between the traces of the positive
powers of a finite matrix and the set of its eigenvalues and the fact that the matrix
%jl’))l d has only one eigenvalue. (I

It is natural to wonder if a quasi-invariant by conjugation probability measure is
invariant by conjugation. The answer is no and we will construct a counter-example
in the symmetric group Gs.

LEMMA 8.17. Let (ut),>q (reps. (nt)y>q) be the continuous semi-group of con-
volution of measures starting from d;q on the symmetric group Ss, associated with
the jump measure m (resp. my):

m((12)) =0, mo((12)) =1,
m((13)) =1, mo((13)) =1,
m((23)) =2, mo((23)) =1,
m((123)) = 2, mo((123)) =1,
m((132)) = 0, mo((132)) = 1.



80 8. BRAIDS AND PROBABILITIES II

The measure [ is quasi-invariant by conjugation and for any n € N,
/ (11)™"dg = ni".
G

PrOOF. We have to check that the condition of Proposition 8.16 is fulfilled
by p1. Actually we only have to show that for any m € é\g, 7w(m) has only one
eigenvalue, which is equal to the one of m(mg). The group &3 has only three
irreducible representations two of which have dimension one. It remains to compute
7(m) where 7 is the representation of G3 on {(a,b,c) € R® a+b+c= 0}. We leave
this calculation as an exercise. O

The quasi-invariance by conjugation property does not imply the invariance by
conjugation property, yet, we have the following theorem.

THEOREM 8.18. Let m be a probability measure on G. Let us suppose that
m 1§ invariant by conjugation by its own support. Then, m is quasi-invariant by
conjugation if and only if m s invariant by conjugation by G.

ProOOF. Almost by definition, any probability measure which is invariant by
conjugation is quasi-invariant by conjugation. It remains to prove the “only if”
part of the theorem. Let m be a quasi-invariant by conjugation probability mea-
sure. Using Proposition 8.16, for any irreducible representation = of G, m(m) has
only one eigenvalue. Any irreducible representation m € G defines by restriction
a representation of H,,. Since H,, is a closed subgroup of G, it is a compact Lie
group, thus we can apply Peter-Weyl’s theorem which allows us to decompose any
representation of H,, as a direct sum of irreducible representations:

n
=@
=1

with m; € H,,. Since m is invariant by conjugation by H,,, thanks to Schur’s
lemma, for any i € {1,...,n}, m;(m) is a scalar matrix, hence 7(m) is diagonal. As
it has only one eigenvalue, it is a multiple of the identity. Let = € G acting on V,
let weV,veV*andlet h € G:

| owthantyoymtas) = o (00 ( [ staymia)) o)

—o(( [ wtomtan ) w)
G
= [ otrtayoymiay)
Thus, using Peter-Weyl’s theorem, m is invariant by conjugation by G. (]

We have now all the tools in order to prove Theorem 8.14.

PROOF OF THEOREM 8.14. Let £ be an infinite sequence of G-valued random
variables which is braidable, invariant by diagonal conjugation and which satisfies
the property (P). As a consequence of Theorem 8.6, there exists a probability
measure mg invariant by conjugation by its own support such that the law of £ is

fc(m?w)gdg-
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Let us suppose that £ is a sequence of i.i.d. random variables, then one can
take as mg the law of &;: the law of £ is equal to m?oo and thus, for any n, the law
of TTh_; &k is mg™.

Instead of assuming that ¢ is a sequence of i.i.d. random variables, let us
suppose that there exists v a probability measure on G such that for any n, the
law of [];_; & is v*™. The law of [[p_; & is [,(mF)?dg: it shows that the
probability measure mg is quasi-invariant by conjugation. Yet, it is also invariant
by conjugation by its own support. By Theorem 8.18, my is invariant by conjugation
by G and thus £ is a sequence of i.i.d. random variables. (I

8.4. Processes and the braid group

Sections 8.2 and 8.3 can be generalized in order to get similar results for G-
valued processes indexed by R™.

8.4.1. Definitions. We define the rational increments of a process as Kallem-
berg does in [Kal05]. Let (X;);er+ be a G-valued random process indexed by R¥.

DEFINITION 8.19. We define the (rational) increments of (X;);er+ for n in
N*U(N*)~! and j > 1 as:

(8.3) Xng =X Xs.

The process (X¢)icr+ has spreadable (resp. braidable) increments if for every

n € N*U (N*)~!, the sequence (X i), is spreadable (resp. braidable).

In the following we will need a weak version of the notion of independence
of increments which will replace the property (P) in the study of processes with
braidable increments.

DEFINITION 8.20. The process (X;);cg+ has Z-independent increments if for
any increasing sequence ofreal 0 =ty < t; < ... < t,, < ... the sequence (X,;ylilth)neN*
satisfies the property (P) defined in Definition 8.5.

Let us consider a Lévy process (Xi)icr+-

DEFINITION 8.21. The process (Xi)icr+ has auto-invariant by conjugation
increments if for any 0 = ¢ < t; < to... < tg, the sequence of increments
(X' Xy,)E is auto-invariant by conjugation .

Recall the notion of self-invariance defined in Definition 7.10. In the next
proposition, we link the different notions of invariance by conjugation that can be
applied to a Lévy process.

PROPOSITION 8.22. The three following conditions are equivalent:

(1) X has auto-invariant by conjugation increments,
(2) for any t € RY, X; is invariant by conjugation by its own support,
(3) X is invariant by conjugation by Hx, thus self-invariant by conjugation.

ProOOF. We will show that 1 implies 2, 3 implies 1 and at last 2 implies 3.

Let us assume that X has auto-invariant by conjugation increments. Let
t € RY, then (X;, X; ' Xo;) is auto-invariant by conjugation: X; is invariant by
conjugation by the support of X; !Xy As X is a Lévy process, X; ' Xo; and X;
has the same law, thus the same support: X, is invariant by conjugation by its own
support.
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Now, let us show that 3 implies 1. Let us assume that X is invariant by
conjugation by Hx. By definition for any ¢ € R*, Supp(X;) C Hx. Let t; < t5 and
t3 < tg be four non negative reals. As the process X is invariant by conjugation
by Hx, X; 'X;, is invariant by Supp(Xy,—+,) and thus by Supp(X;,'X;,). This
implies easily that X has auto-invariant by conjugation increments.

It remains to prove that 2 implies 3. Let us assume that for any ¢t € RT, X; is
invariant by conjugation by its own support. Let us first remark that, if U and V are
two random independent variables in G, Supp(UV') = Supp(U).Supp(V'). Besides,
if they are both invariant in law by conjugation by a set S, UV is also invariant
by conjugation by S. Moreover, if U is invariant by conjugation by any element of
S, it is invariant by conjugation by any element of the closure of the semi-group

generated by S: (J,—, S*, which, in the case where G is compact, is a group. Let
n be a positive integer and let ¢ be a positive real. Using the hypothesis on X, X«
is invariant by conjugation by Supp(X+). Taking n independent copies of X and
applying the remarks above, we find that X; is still invariant by conjugatign by
Supp(X +) and thus also for any integer k > 1, by Supp(X%)k = Supp(X«,), or by
the semi-group generated by Supp(X%t), which is nothing but Hx , . Tﬁus, X, is

U Hx,.-

qeQ+t

form a continuous semi-group of convolution of mea-

invariant by conjugation by:

Since the laws of (Xt)t>0

sures, for any s >0, X; € | Hx,, a.s. and thus Hx, C quQ+ Hx

> hence the
qeQt

equality:

Hx = |} Hx,.
qeQt
Thus, for any positive real ¢, X; is invariant by conjugation by Hx. Using the fact
that X has independent and stationary increments, it implies that the Lévy process
X is self-invariant by conjugation. O

8.4.2. Generalized Biilhmann’s theorem. We can now state the general-
ization of Bithlmann’s theorem (Theorem 1.19 of [Kal05]) for the braid group.

THEOREM 8.23. Let X be a G-valued stochastically continuous process indezxed
by Ry with Xg = e. The following conditions are equivalent:

(1) X has braidable increments,
(2) X is a mizture of self-invariant by conjugation Lévy processes.

The o-field which makes the rational increments, as defined in Definition 8.19,
conditionally i.i.d. is the o-field T = Nieq+ o(X;'X,,s >t). Besides, the following
conditions are equivalent:
(1) X s invariant by conjugation by G and has braidable and T-independent
mcrements,

(2) there exists a self-invariant by conjugation Lévy process Y, such that the
law of X is UYU™!, where U is a Haar variable on G independent of Y.

PROOF. Let us consider the first part of the theorem. Let us show that the
condition 2 implies the first one: it is enough to show that any self-invariant by
conjugation Lévy process has braidable increments. Let Z be a self-invariant by
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conjugation Lévy process. By Proposition 8.22, for any n € N* U (N*)~! the
sequence of increments (Z,_;);, defined in Definition 8.19, is a sequence of i.i.d.
random variables which are invariant by conjugation by their own support. Hence,
by Theorem 8.4, it is braidable: the process Z has braidable increments.

Now, let us consider X a G-valued stochastically continuous process indexed
by Ry with Xg = e. Let us suppose that X has braidable increments. Following
the proof of Theorem 1.19 of [Kal05], we introduce the processes:

-1

Yt =X (%) X (t—i—%) , teQn[o,n7'], ke N*, neN*

Let n be a positive integer. Using the same arguments used in Lemma 8.2, no-
tice that the sequence (Y,*).en- is spreadable. Applying to these sequences the
deFinetti-Ryll-Nardzewski’s theorem (Theorem 1.1 and Corollary 1.6 in [Kal05])
which is valid for sequences in Polish spaces, we conclude that for any n € N*,
conditionally to the tail o-field 7,, the sequence (Y,*)ren- is a sequence of i.i.d.
random variables. We considered ¢t € Q1 N [0,n7!] in the definition of Y,* as the
product of a countable family of Polish spaces is still a Polish space. The o-field
T, we are conditioning on is a.s. independent of n: we call it 7. Given 7, X has
conditionally stationary independent (rational) increments. For any t € QT let m;
be the law of X; conditionally to 7: for any t € Qt and any s € Q*, almost surely
myg * Mg = Myys. Besides, using the stochastic continuity of X and the fact that
Xo = e, one has that almost surely (m;);cq+ is uniformly continuous. We can ex-
tend the semi-group (my);eq+ in order to get a semi-group (my)er+: by stochastic
continuity the process X is then a mixture of Lévy processes. Let us consider a
positive rational number ¢. Using a similar argument as in the proof of Theorem
8.4, applied to the sequence (X,q)nen, conditionally on 7, the random variable X,
is invariant by conjugation by its own support. Using a continuity argument allows
us to extend the result for any ¢ € R*. The result follows from Proposition 8.22:
X is a mixture of self-invariant by conjugation Lévy process.

The second part of the theorem is deduced from Theorem 8.6 applied to the
increments of X. O

8.4.3. Degeneracy of the mixture. In this subsection, Sections 8.3.1 and
8.3.2 are generalized in the setting of processes. The proofs will be omitted since
the results follow directly from their counterpart in the setting of sequences and
from Theorem 8.23. Recall Definition 7.13, where the notions of pure/mixed,
degenerate /non-degenerate Lévy processes were defined. Let us state the conse-
quence of Proposition 8.7.

PROPOSITION 8.24. Let G be a finite group. Let X be a G-valued stochastically
continuous process tnvariant by conjugation by G such that Xo = e and which has
braidable and Z-independent increments. The following assertions are equivalent:

(1) X is a pure non-degenerate Lévy process,
(2) there exists t € R* such that Supp(X;) = G.

If one of the two conditions holds then for any t € RT, Supp(Xy) = G.
Let us remark that, in order to prove the last proposition, we have to replace

the property of Supp(m**) we used in the proof of Proposition 8.7 by the following
straightforward lemma.
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LEMMA 8.25. Let G be a finite group and let (Y})
For any real t > 0, Supp(Y:) = Hy .

>0 be a Lévy process on G.

Let us state the consequence of Proposition 8.9. From now on, let G be a
compact Lie group.

PROPOSITION 8.26. Let X be a G-valued stochastically continuous process in-
variant by conjugation by G such that Xg = e and which has braidable and Z-
independent increments. Let us suppose that e is in Supp(X:) for any t € RY. The
following conditions are equivalent:

(1) the process X is a pure non-degenerate Lévy process,
(2) the random variable X; converges in law to a Haar random variable on G
when t goes to infinity.

In order to conclude this section, it remains to state the consequence of Theo-
rem 8.14.

THEOREM 8.27. Let X be a G-valued stochastically continuous process invariant
by conjugation by G such that Xg = e and which has braidable and Z-independent
increments. The following assertions are equivalent:

(1) the process X is a pure Lévy process,
(2) there emists a G-valued Lévy process Z such that for any t € RT, X; has
the same law as Z;.

REMARK 8.28. If the increments of X are exchangeable then the theorem is no
more valid. Let us consider the Lévy process Y (respectively Z) associated with
(1t)e>0 (respectively (1:):¢>0) defined in Lemma 8.17. Let U be a random Haar
variable which is independent from Y and Z and let X = UYU~!. The process X
is stochastically continuous, invariant by conjugation by G, has exchangeable and
Z-independent increments and for any ¢ > 0, X; has the same law as Z;. Yet, the
process X is not a pure Lvy process since Y is not invariant by conjugation by G.



CHAPTER 9

Characterization of Stochastically Continuous in

Law Weak Discrete Planar Markovian Holonomy
Fields

The characterization of stochastically continuous in law weak discrete planar
Markovian holonomy fields is given by the following theorem whose proof will be
the main goal of this section.

THEOREM 9.1. Let (ES,

UOl)G,Uol be a G-valued stochastically continuous in law

weak discrete planar Markovian holonomy field. There exists a G-valued Lévy pro-
cess, (Yt)tz(w self-invariant by conjugation such that (IES’OZ)G voy 18 the weak discrete
planar Yang-Mills field associated with (Y})tzo. This means that for any measure of

area vol and any graph G € G (AfF(RQ)), EC | is equal to EY'C  where (EY,G)G l

vol vol vol
is the discrete planar Yang-Mills field associated with (Y7),-
If G is Abelian, the Lévy process is unique and is characterized by the fact that
for any simple loop 1 in Aff(R?), under E%ll) (see Example 2.3), h(l) has the same
law as Yvol(lnt(l))-

REMARK 9.2. If G is a non Abelian group, the Lévy process (Y),~, is not
unique: it is unique up to an equivalence. Two Lévy processes are equivalent if
they have the same law when we restrict their law to the invariant o-field on GR",
Theorem 9.1 asserts that there exists a one-to-one correspondence between the set
of equivalence classes of G-valued self-invariant by conjugation Lévy processes and
the set of G-valued stochastically continuous in law weak discrete planar Markovian
holonomy fields.

9.1. Proof of Theorem 9.1

In Section 9.1.1, we show that the two-dimensional time objects which are
the planar Markovian holonomy fields are characterized by a one-dimensional time
process. In Section 9.1.2, it is shown that this one-dimensional time process has
Z-independent increments: this allows us to prove Theorem 9.1 when the group G is
abelian. In general, the result follows from the braidability of the one-dimensional
time process which is proved in Section 9.1.3.

9.1.1. First correspondence for stochastically continuous in law weak
discrete planar Markovian holonomy fields. We can go further than Proposi-
tion 5.15 when one considers stochastically continuous in law weak discrete planar
Markovian holonomy fields.

DEFINITION 9.3. For any 0 < s <t we define dc! = (s,0) — (¢,0) — (¢,1) —
(s,1) = (s,0), and ps = (0,0) — (s,0). These paths can be seen as paths on

85



86 9. CHARACTERIZATION OF PLANAR MARKOVIAN HOLONOMY FIELDS

the same finite planar graph. Recall the notion of reduced loops defined in the
beginning of Section 5.1. The reduced loop Lt is:

L% = [psdcip; M~ .

REMARK 9.4. These loops satisfy the following equalities:

Lt =L'L:, VO<r<s<t,

sTr

Lt =1L,o , VieN,

where we considered the reduced product in the first equality and where the family
(Li,5)i,; was defined in Definition 5.9.

The following lemma is a straightforward application of Theorem 7.11.

LEMMA 9.5. Let Y be a G-valued self-invariant by conjugation Lévy process.
Let U be a Haar variable on G which is independent from Y. Let (E’l};l)vol be the

planar Yang-Mills field associated with Y . Under the measure Edym, (h(LB))t€R+ has

the same law as (USQU_l)teR+.

The following theorem asserts that the process (h(L{)),cp+ characterizes any
stochastically continuous in law weak discrete planar Markovian holonomy field.

THEOREM 9.6. Let (EG )Gvol and (INESOZ) be two stochastically continu-

vol
G,vol
ous in law weak discrete planar Markovian holonomy fields. The three following

assertions are equivalent:

(1) (ESOl)Gvol and (INES’OZ)G l are equal,
(2) (M(L));er+ has the same law under B4 as under EAT,

(3) for any positive real o, (h(Lnyo)) has the same law under Elzzdz as

2 neN
ZN
under E_ ;...

We remind the reader that Ef‘i\g and Egi were defined in Remark 3.6. The
proof will consist in proving the equivalence between the conditions 1 and 2, then
between 2 and 3.

PROOF. Since condition 1 clearly implies condition 2, let us show that condition
2 implies condition 1. Let us suppose that (h(Lf)),cp+ has the same law under
EAT as under IEdA;F. Let vol be a measure of area and let G be a finite planar
graph in G (Aff (RQ)). We have to show that ESOZ = INES’OI. The proof will consist
in a sequence of simplifications, changing the graph and the measure of area little
by little. By Proposition 1.37, these measures are characterized by the way they
integrate functions of the form: h — f(h(ly),..., (L)), where f is a continuous

function invariant by conjugation and Iy, ..., l,, are elements of L, (G), where v is any

given vertex of G. Thus, we have to show that (IES’OI) ILo(G) = (IE(S’O[)‘ © Since
v L,

these two measures are defined on multiplicative functions on loops, we can suppose

that G is simple. Let us consider a sequence of generic and simple graphs (G,,)n>0
which approximate the graph G in the sense of Lemma 2.29. Using the stochastic

. . . G ~G G
continuity in law of (Evol)G,uol (resp. (E”"l)@,uol)’ the measure (EUOZ)|Lv(G) (resp.
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F, | F, F
F5
F, F, F, F| R F

FIGURE 2. Graphs G; and Gs.

vol

(fEG ) ) can be recovered using the sequence of measures <<Efgl) )
|L.(G) 1Lv(Gn) / peN

vol

(resp. ((fEG"’) > ) . This allows us to suppose that G is also generic.
L0 (Gn) / e

Using Corollary 2.31, there exists G’ a subgraph of the N? graph such that the
set of G — G’ piecewise diffeomorphisms is not empty: let ) be such a homeomor-
phism. Let vol’ be a measure of area on R? such that for any bounded face F of G,
vol'((F)) = wol(F). Using the Axiom wDPy, we know that ES, o¢~! = EE

vol*

By definition of EY ,, the measure EE' , is equal to (EN2 ,) . The same
y vol vol q vol | Mult(P(G'),G)

discussion holds for (ESOI)G . Thus, if we show that, for any measure of area
,V0

, =EN . we will get that (ES,) ¢ o and (Efol)(g are equal.
vo ,vol

1 N2
vol’, E vol’ 1

» Hvol

Let vol’ be a measure of area on R?. Since {L; j,i,j € N*} is a family which
generates RLy(N?) and since we are considering gauge-invariant measures, we only
have to prove that (h(Li,;));,; has the same law under Efjl, as under IET;,. Let us
show that it is actually enough to know that (h(L, 0))nen has the same law under

N2 N2
K, as under E ;.

Let us consider the two finite planar graphs G and G drawn in Figure 1. Let

vol” be a measure of area such that UOZII;LO = Uolfﬁ , where Fo, (resp. Foo) is the

unbounded face of G (resp. @) Besides, we impose that the following condition
holds for vol”:

(9.1) Vi € {1,...,5},vol" (F}) = vol'(F}).
The loops (L ;)i jefo,13 belong to L0y (G) and the loops (Lio)icfo,3] are in

L0,0)(G). Let us approximate the loops (L ), je{o.1} by loops whose intersection

is reduced to the base point. Such loops are drawn in bold in the left part of
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Figure 2. The two graphs G; and Go drawn in Figure 2 satisfy the hypothesis of
Theorem 2.15 and are in G (AfF(RQ)): they are homeomorphic. Thus, by Proposi-
tion 2.25, there exists an orientation-preserving G; — G2 piecewise diffeomorphism
which we denote by 1. We can suppose, up to a modification of G; and Go which
will not change the general form of both graphs and thus will not invalidate the
discussion, that vol’ (F) = wvol”(¢(F)) for any bounded face F' of G;. This last
assertion is essentially due to the condition (9.1) on wol”. Using Axiom wDP;

and using the stochastic continuity in law property, we conclude that under Efjl,

(resp. RN ), (h(Lo,1),h(Loo), h(L1,1),h(L1,0)) has the same law as (h(Li,O))ie[|O,3|]

Ugl’ ,
N N
under E vol’”

vol’

(resp. EN" ). A slight generalization of these arguments allows us to

show that for any integer n there exists a measure of area vol” such that under Egjl
(resp. EN), (h(Lon=1)s -, B(L0,0); ---s A(Ln—1,n=1), --.s A(Ln—1,0)) has the same law

vol
as (h(Li0))ic[jo,n2—1)] under Egjl,, (resp. Eﬁil,,).

Thus it is now enough to show that for any measure of area vol”, (h(L;))ien
has the same law under E?jl// as under @21,,. Let n € N, let S be the graph
defined as the intersection of the N? graph and [0,n + 1] x [0,1]. Let us consider
an orientation-preserving homeomorphism v such that its restriction on R™ x R is

given by:
¥: RYxR—R?
(z,y) = (vol” ([0,2] x [0,1]),).

The image of S by v, ¥(S) is a simple graph in G(Aff(R?)) and for any bounded face
F of S, vol”(F) = dz(y(F)). Let us define for any i € {0, ...,n+ 1}, t; = vol”(L}).
We can apply the Axiom wDP; to the two graphs S and ¢(S), to the two measures
of area vol” and dz and to . It shows that under E?jl// (resp. INETEIN), (h(Lio))p
has the same law as (h(LZ“))?:O under EAT (resp. EAT). It remains to show that
for any integer n, any sequence of positive reals tg < ... < ty, (h(LZ“))?:O has the
same law under EAT as under EAT. Yet, we started with the fact that (h(L}))ser+
has the same law under Egg as under IEQ;F. This allows us to conclude.

Let us prove the equivalence between the conditions 2. and 3. Suppose that for

any positive real a, (h(Ln,0))nen has che same lav;z under EEZI as unc}er IEIEZI. By
the Axiom wDPy, we can change EY, (resp. EN, ) by EAf (resp. EAf ). As an

application of the Axiom wDP4, with ¢ given by ¢ : (x,y) — (az,y), the random
vector (h(Lg_(:fH))) N has the same law under IEQ;F as under IEQ;F. Using the fact
ne

i+1

r p—1 i
that for any positive integers p and ¢: h<L6’) =1 h (Li" > , we can conclude
i=0

q
that (h(L:))icq+ has the same law under EAT as under EAT and by stochastically
continuity the same assertion holds for (h(L¢));cr+. Thus, condition 3. implies
condition 2. The other implication can be proved using the same arguments. [

gol)@ﬁ'uol

be a stochastically continuous in law weak discrete planar Markovian holonomy field
and EAT be the usual expectation associated with it.

9.1.2. Law of the conjugacy classes and the Abelian case. Let (E

DEFINITION 9.7. Until the end of this section, we set, for any 0 < s < ¢,
Zt = n(Lt) and Z, = Z|.
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REMARK 9.8. Using the multiplicativity property of random holonomy fields
and Remark 9.4, for any 0 <r < s <t, Zt = Z5Z!, hence for any 0 < s <*t,

Zt=(Z,)' 7.

S

Since Z! = h(psdcip; '), by Remark 1.38, under E)T, Z! has the same law as
h(Oct). Besides the left translation by s sends dz on itself and dct on dcj *:
applying Axiom wDP; (Definition 3.4), we get that under E4,

Zﬁ has the same law as Z;_;.

Moreover, using the stochastic continuity property, under EAT, the process (Z;):>0
is stochastically continuous and Zj is equal to the neutral element of G.

A simple but important lemma is the following.

LEMMA 9.9. Under B4, for any to > 0, for any finite subset T' of [0,to] and
any finite subset T of [to,o0[, (Z¢)ter and (Zfoth)teT' are Z-independent. This
means that for any continuous functions f : GT — R and f' : GT" = R invariant
by diagonal conjugation by G,

EN [ (Z0ier) S (25 20) er )| =EAE F ((Z0),en)) BEL |1 (2" 20) e ) |

PROOF. Let tg > 0, T be a finite subset of [0,to] and T’ be a finite subset of
[to, o0[. Obviously we can suppose that T Cltg,00[. Let ¢, be any real strictly
greater that to such that 7" C [t}, oo[. We remind the reader that for any ¢t € T”,

-1 _ t ,—1
Ly 2= h(ptaactgptg ),

thus for any continuous functions f : GT — R and f’ : GT — R invariant by
diagonal conjugation by G:

B [ F((Z0rer ) ((Z;;Zt) GT/> | = BAT [1((h(28))eer) £ (k@€ Drer)]

t

Let us denote by ¢; the maximum of 7”. The loop L is in Int(Lf)”) for any t € T

and the loop ac’;6 is in Int(aczg) for any t € T'. Besides Int(Lg“) N Int(acz[})) = 0.
Using the Axiom wDP5:

st (en) ((2'2) o ) -2 1 (e |1 ((212), ., ) |

The stochastic continuity of EAT and taking the limit ), — to allows us to conclude

the proof. 0

When G is Abelian, for any n-tuple (g, ..., gn) of elements of G, the diagonal
conjugacy class of (g1, ...,gn) is reduced to {(g1,...,gn)}. Thus, the last lemma
asserts that U({Zt,lf < to}) is independent of a({Zt_oth,t > to}). Using Remark
9.8, this implies that (Z;);cr+ is a Lévy process. Applying Theorem 9.6 and Lemma

9.5, we deduce that (ESOI)G vo; 18 the planar Yang-Mills field associated with the

Lévy process (Z;)i>0. The Abelian part of Theorem 9.1 is thus proved.
When G is not Abelian, we have to get rid of the conjugacy classes in Lemma
9.9: it is what we intend to do in the following subsection.
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F1 ........................... E'l
Y F, FF Y F Y F, Fs F
Fs Fo i

FiGUrE 3. The graphs G; and Gs.

9.1.3. Braidability and the non-Abelian case. Recall the notions and
notations set in Definition 8.19.

PROPOSITION 9.10. Under B4, the process (Z;);cr+ has braidable increments.
PROOF. The proof will be essentially graphical. The braid group with m
strands is generated by the elementary braids (ﬁi)?gl defined in Section 6. This al-
lows us to reduce the braidability condition to the fact that for any n € N*U(N*)~1,
any positive integers m and ¢ such that ¢ < m, the following equality in law holds:

ﬂi [ ] (Zn,l, ceny Zn,m) = (Zn,h ceey Zn,m)

The proof does not depend on the value of n, we will suppose it is equal to 1. We
remind the reader that Z;; = h (pi,lﬁcﬁflp;ll): we have to understand the law
of the random variables associated with m lassos. Using the stochastic continuity
of IEQ;F, we can “shrink” the meander of these lassos and we can suppose that their
intersection is reduced to the base point as we did in the proof of Theorem 9.6.
Let ¢ be a positive integer, we will focus only on what happens in the interior of
aciﬂ Let us consider the graphs G; and Gy drawn in Figure 3. They represent

what is happening in 602:1'%: the loops in bold represent the part of the i** and

i+ 1" lassos inside dci™] and we added to it two paths in dots in order to consider
simple graphs. The two graphs satisfy the hypothesis of Theorem 2.15 thus, they
are homeomorphic. Let us consider an orientation-preserving homeomorphism ¢
between G; and Gy which sends F; on F/ for any i € {1, ...,5}. By Proposition 2.25,
there exists an orientation-preserving G; — G piecewise diffeomorphism v which is
equivalent to ¢ on Gi: it sends F; on F! for any ¢ € {1,...,5}. It is possible to take
it such that 1 is the identity on the unbounded face of G;. Besides, one can remark
that G is the horizontal flip of G1: for any integer i € {1, ...,5}, dz(F;) = dz(F)).
Thus for any bounded face F' of Gy, dz((F')) = dx(F'). Using the area-preserving

homeomorphism invariance, namely Axiom wDPq, IES’; oyl = ES’;. Letting
the shrinking parameter to zero in this equality allows us to recover the following
equality in law: under E4, 3; o (Zl,l, . Z1,m) = (ZM, . ZLm). O

Recall that we are working under IEQ;F. Using the results of Section 9.1.2 and
9.1.3, we already know that the process Z = (Z;);cp+ is invariant by conjugation
by G and has braidable and Z-independent increments. By Theorem 8.23, there
exists a self-invariant by conjugation Lévy process Y, such that the law of Z is
UYU™!, where U is a Haar variable on G independent of Y. Lemma 9.5, combined
with Theorem 9.6 allows us to finish the proof of Theorem 9.1.
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9.2. Consequences of Theorem 9.1

THEOREM 9.11. For a discrete planar Markovian holonomy field, the following
conditions are equivalent:

e it is stochastically continuous in law,

e it is reqular.
If the discrete planar Markovian holonomy field is a weak one, then one can replace
the reqularity condition by the locally stochastically %—H()’lder continuity.

PrROOF. We already saw in Corollary 3.13 that, depending if we are working
with weak or strong discrete planar Markovian holonomy fields, the regularity or
the locally stochastically ——Holder continuity implies the stochastically continuity
in law of the discrete planar Markovian holonomy field.

Besides if a discrete planar Markovian holonomy field (E'uol)@ oy 18 stochasti-

cally continuous in law, its restriction to the piecewise affine graphs is a stochasti-
cally continuous in law weak discrete planar Markovian holonomy field. By Theo-

rem 9.1, there exists a planar Yang-Mills field (IEY ) such that

vol

_ Y
(Evol)Geg(Afr(RZ)) vol ((Evol)IMult(P(G)ﬁG))Geg(AfF(Rz)),vol :
Using the stochastic continuity in law of both of the fields, this equality holds with-
out the restriction on the graphs. Using the proof of Proposition 7.3, up to a slight

modification since Y is only self-invariant by conjugation, ((E}J/oz)l Mult(P(G),G )) Gwol

is locally stochasmcally -Hélder continuous and continuously area-dependent, thus
(IES’OZ) G vop 1S alsO locally stochastically 2—Holder continuous and continuously area-

dependent. O

In Section 3 we have defined four different notions of planar Markovian ho-
lonomy fields. By now, we know that, by restriction, a strong planar Markovian
holonomy field defines a weak continuous one. Using the results of Section 4, a
weak planar Markovian holonomy field defines, when restricted, a weak discrete
planar Markovian holonomy field. Theorem 9.1 now allows us to show that the
four different notions are in some sense equivalent when one considers stochastically
continuous objects. Indeed, a stochastically continuous in law weak discrete planar
Markovian holonomy field is the restriction of a planar Yang-Mills field, which by
the results of Section 7 was shown to be a stochastically continuous strong planar
Markovian holonomy field. Besides, by construction, any planar Yang-Mills field is
constructible. This discussion allows us to state the following theorems.

THEOREM 9.12. Let (Eyo1),,, be a family of stochastically continuous random
holonomy ﬁelds We have equivalence between:

(1)

vol)yor 15 @ strong planar Markovian holonomy field,

Evor) | Mult (AfF(R2), G)) is a weak planar Markovian holonomy field,

eld,

(Evor) | Mult(P(G), G)) is a weak discrete planar Markovian

((
( vol Mult(P(G),G))G ol s a strong discrete planar Markovian holonomy
fi
( GEeG(AFF(R2)),v0l

holonomy field,
(5) (Eyot),,,; s a planar Yang-Mills field associated with a Lévy process which
is self-invariant by conjugation.
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Thus, any stochastically continuous strong planar Markovian holonomy field is con-
structible.

THEOREM 9.13. Any G-valued stochastically continuous in law weak discrete
planar Markovian holonomy field is the restriction of a unique G-valued stochasti-
cally continuous strong planar Markovian holonomy field.

We encourage the reader to have a look at the diagram page 118 where we drawn
the different links between all the notions introduced or used in this paper. The last
consequence of Theorem 9.1 is the Proposition 3.16. Before giving the proof of this
proposition, we will construct an explicit G-valued stochastically continuous in law
discrete planar Markovian holonomy field (E€ ) ,o; which satisfies the hypothesis
of Proposition 3.16 but for which the natural restriction defined by the Equation
(3.3) is not a discrete planar Markovian holonomy field.

For this, we consider the symmetrical group G = &3. Let H be the subgroup
of G isomorphic to Z/37Z which contains the neutral element e and the two 3-cycles
c and ¢?. Let X be a H-valued Lévy process which jumps only by multiplication
by c. As H is abelian, X is a self-invariant by conjugation G-valued Lévy process
and, because of the condition on the jumps, for any positive time ¢:

(9.2) P[X: =] #P[X: = ?].
Let (E;;

vol

)vol be the G-valued planar Yang-Mills field associated with X and let us

) . X,G
consider the restriction (Ewl ) vol

Gowol of (EX )vol to the finite planar graphs: it is a

G-valued stochastically continuous in law discrete planar Markovian holonomy field.
Since H is normal in G, (EX’G)G o; Satisfies the conditions stated in Proposition

vol
X.G as defined by the Equation (3.3), and

3.16. The natural restriction of (Ewl )G vol?
denoted by (IEX’G is neither a strong nor a weak H-valued discrete planar

vol )Gﬁuol’
Markovian holonomy field since it does not satisfy the weak independence property.
Indeed, let us consider two loops [, I’ and a path p as drawn in Figure 2 and
let us suppose that they are drawn on a finite planar graph G. Let us suppose
that vol(Int(l)) = wvol(Int(l")) = 1. If (fEX’G)Gyml satisfied the weak independence

vol
property, under I~Ei(olG , h(1) and h(l") would be independent. Recall Equation (3.4),
where f1 and fo are, in this case, any functions on H since H is abelian. Under
Efo’lG, the random couple (h(l), h(pl’p~1)) has the same law as (UAU !, UBU 1)
where A, B and U are three independent random variables such that U is a Haar
variable on G and the two random variables A and B have the same law as X;. The
two random variables UAU ! and UBU ! are not independent since the Equality

(9.2) implies that:
P(UAUT' UBU™") = (c,c)] # PlUAU " = JP[UBU " = ¢J.

This proves that under fEi(’G h(l) and h(l') are not independent.

ol
Using Theorem 9.1, we can now prove Proposition 3.16.

PROOF OF PROPOSITION 3.16. As a consequence of Theorem 9.1, (ESOl)G,Uol
is a discrete planar Yang-Mills field associated with a self-invariant by conjugation
Lévy process (Y:)i>0. Besides, the law of a simple loop ! under IES’O(IZ) is equal
to [, mgol(lnt(l))dg where m,0(nt(r)) is the law of Yioney)- Hence, under the

hypothesis of Proposition 3.16, for any positive real t, Y; is almost surely in H:
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we can find a modification of (Y;);>o which is H-valued. Using Theorem 7.11, we
can define a H-valued planar Yang-Mills field, associated with the H-valued Lévy
process (Y:)¢>0, whose restriction to planar graphs is a H-valued stochastically
continuous in law discrete planar Markovian holonomy field which satisfies the
required conditions. (I






CHAPTER 10

Classification of Stochastically Continuous Strong
Planar Markovian Holonomy Fields

Let (]EUOl)UOl be a stochastically continuous strong planar Markovian holo-
nomy field: it is a planar Yang-Mills field to which is associated a Lévy process
Y = (Y})i>0. In Definition 7.13, the notions of pure non-degenerate/pure degener-
ate/mixed degenerate planar Yang-Mills field were defined according to the degree
of symmetry and the support of Y. In this section, we will see equivalent conditions
for (E”"l)uol to be in each of these categories. The theorems explained below are
straightforward applications of Theorem 9.1 and Section 8.4.3. Indeed, by defini-
tion, (EUOl)vol is a pure non-degenerate (resp. pure) planar Yang-Mills field if and
only if Y is pure non-degenerate (resp. pure). Applying Proposition 8.24 (resp.
Proposition 8.26, resp. Theorem 8.27) to the process Z; defined in Definition 9.7
allows us to prove Theorem 10.1 (resp. Theorem 10.2, resp. Theorem 10.3).

The first theorem gives an equivalent condition, when G is a finite group, for
(Evol)wl to be a pure non-degenerate planar Yang-Mills field.

THEOREM 10.1. Let G be a finite group, let (Evol)wl be a stochastically contin-
uwous strong planar Markovian holonomy field. It is a pure non-degenerate planar
Yang-Mills field if and only if for any simple loop 1, for any measure of area vol,
the support of h(l) under E,o is G.

Let G be a compact Lie group and (E”"l)uol be a G-valued stochastically con-
tinuous strong planar Markovian holonomy field. The second theorem gives an
equivalent condition for (Ewl)wl to be a pure non-degenerate planar Yang-Mills
field.

THEOREM 10.2. Let us suppose that for any loop I and any measure of area
vol, under (E”"l)uol’ e is in the support of h(l). The planar Markovian holonomy
field (E”"l)uol is a pure non-degenerate planar Yang-Mills field if and only if for

any sequence of simple loops (ln) in R? satisfying vol(lnt(ln)) — 00, one has:
n—oo

neN

Evol Oh(ln)_l — )\Ga

n—o0

where g 1s the Haar measure on G.

One could remove the condition on the support of h(l) if one could understand
the support of any Lévy process which is invariant by conjugation. The third

theorem gives an equivalent condition for (E”"l)uol to be a pure planar Yang-Mills
field.

THEOREM 10.3. The planar Markovian holonomy field (EUOl)vol s a pure pla-
nar Yang-Mills field if and only there exists a Lévy process (X)i>o0 such that for

95
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any simple loop 1, for any measure of area vol, the law of h(l) under (Evol)wl is the
law of Xyoi(int(1))- If this condition holds, then (X1)i>0 is invariant by conjugation

and it is the unique Lévy process associated with (Evol)wl.



Part 4

Markovian Holonomy Fields






CHAPTER 11

Markovian Holonomy Fields

In this chapter, some definitions and results about Markovian holonomy fields,
taken from [Lév10], are recalled. In the next chapter, the free boundary expec-
tation on the plane associated with any Markovian holonomy field will be defined.
This is a planar Markovian holonomy field which will allow us to apply the re-
sults obtain previously and to characterize the spherical part of regular Markovian
holonomy fields (Theorem 11.23).

11.1. Measured marked surfaces with G-constraints

Until the end of the paper, M will be an oriented smooth compact surface with
boundary and, from now on, as we only consider such surfaces, we will call them
simply surfaces.

DEFINITION 11.1. To any connected component of the boundary of M one can
associate a non-oriented cycle (Definition 1.9). The union of these non-oriented
cycles is denoted by B(M).

A collection of marks C on M is a finite union of disjoint simple smooth non-
oriented cycles in the interior of M. The couple (M,C) is called a marked surface
and any element of C is called a mark.

The orientation of M induces an orientation on each connected component of
the boundary: we denote by BT (M) the subset of B(M) of positively oriented
representative of each non-oriented cycle. The non-oriented cycles included in C
does not carry a canonical orientation.

Let us recall that a non-oriented cycle is a set {c,c™!} where ¢ and ¢! are
oriented cycle, thus by definition a mark is an oriented cycle. Besides if M has only
one boundary, we will denote by OM the positively oriented cycle associated with
the unique boundary of M. Let (M,C) be a marked surface.

DEFINITION 11.2. A graph on (M,C) is a graph on M such that each oriented
cycle in C is represented by a loop in L(G).

The Proposition 1.3.10 in [Lév10] asserts that for any graph G on M, any
cycle of B(M) is represented by a loop in L(G). Let G be a Lie group fixed once
for all. Let Conj(G) be the set of conjugacy classes of G.

DEFINITION 11.3. A set of G-constraints on (M, C) is a mapping C from C U
B(M) to Conj(G) such that C(I=!) = C(I)~! for any [ € C U B(M). The family of
sets of G-constraints on (M,C) is denoted by Conj (M, C).

NoTATION 11.4. Let C be a set of G-constraints, let ¢ be an oriented cycle in
CUB(M) and let  be an element of G. We will denote by C._,, the unique set of
G-constraints such that:

99
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(1) for any oriented cycle ¢’ € C U B(M) different of ¢ and c¢71, Cj_.(c') =
c(d),
(2) Cou(c) = [2] and Corsp(c7t) = [zfl] ,
where we recall that [z] is the conjugacy class of x. Besides, we will denote by
¢ — [z] the set of G-constraints defined on {c,c~!} which sends ¢ on [z] and ¢!
on [z71].

DEFINITION 11.5. A measured marked surface with G-constraints is a quadru-
ple (M, vol,C,C) where (M,C) is a marked surface, vol is a measure of area on M
and C is a set of G-constraints on (M, C).

The isomorphism notion on the set of measured marked surfaces with G-
constraints is the following: (M, vol,C,C) and (M’ ,vol’,C’,C") are isomorphic if
and only if there exists a diffeomorphism 1) : M — M’ such that:

e voloyy~! =vol,
e 7 sends C on (’,
e VieCUBM),C'(w()=C().

11.2. Splitting of a surface

An important notion for the definition of Markovian holonomy fields is the
operation of splitting. We will not define this notion rigorously in this paper but
instead we refer the reader to Section 1.1.2 in [Lév10] for a rigorous definition.

Let M be a surface, a splitting of M is the data of a surface M’ and a gluing:
M’ — M, which is an application which glues two boundary components of M’.
The set which consists of the image of the boundary glued and its inverse is the
joint of the gluing: we split according to this non-oriented cycle. Thus, we will
consider a splitting as the inverse of the gluing: a splitting is the action to split
a surface according to a non-oriented cycle drawn on it. We will also say that we
split a surface according to a mark [ and by this, we mean that we split according
to the non-oriented cycle {l,17!}. There is uniqueness (modulo isomorphism) of
the splitting according to a mark on a surface M: the split surface of M according
to I is denoted by Spl;(M).

Let (M,C,vol,C) be a measured marked surface with G-constraints. Let | be
a mark in C and f; : Spl;(M) — M be the gluing associated with the splitting
Spli(M). Thanks to the empty intersection of the marks on M, we can transport
the marks on Spl;(M). We will denote them Spl;(C). Since outside a negligible
subset, a gluing is a diffeomorphism, it is possible to transport the measure of area
on Spl;(M) by setting Spl;(vol) = vol o f;. In order to transport the G-constraints
on Spl;(M), we set Spli(C)(I") = C(fi(I")) for any I’ € Spl;(C) U B(Spli(M)).

11.3. Markovian holonomy fields

The definition of a Markovian holonomy field was first stated in Definition 3.1.2
of [Lév10]. In this paper, we only consider oriented Markovian holonomy fields:
for sake of simplicity, we will call them Markovian holonomy fields. In the following
definition, we add the condition that the measures are non-degenerate, which means
that their weight is strictly positive. Besides, we change Axiom Ay: in order to
undestand this change in the definition, one can read Remark 3.12.
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DEFINITION 11.6. A G-valued Markovian holonomy field, HF, is the data, for
each measured marked surface with G-constraints (M, vol, C, C) of a non-degenerate
finite measure HF (57 y01,¢,cy on (Mult (P(M),G),T) such that:

A; : For any (M, vol,C,C), HF (a1, v01,c,0) (3L € CUB(M), (1) ¢ C(1)) = 0.
A, : For any (M,vol,C) and any event I' in Z, the function which sends C
on HF (a7v01,¢,0)(I') is a measurable function on Conjg (M, C).
Ajs : For any (M,vol,C,C) and any [ € C,
HF(M,uol,C\{l,H},C‘B(M)Uc\w,l}) = /GHF(M,uol,c,cH[m])dwa
where Cj_, ;) is defined in Notation 11.4.

Ay Let o (M,vol,C,C) — (M’ vol’,C',C") be a bi-Lipschitz homeomor-
phism which preserves the orientation such that voloy =t = vol’, 1(C) = C’
and C' = (' o4. The mapping from Mult(P(M'), G) to Mult (P(M),G)
induced by v, also denoted 1), satisfies:

HF (a1 worr .0y © 0™ = HF (a1 wot.,0)-
Moreover, let G (resp. G’) be a graph on (M,C) (resp. on (M,C’)),
let ¢ be a homeomorphism from (M, vol,C,C) to (M',vol’,C’,C") which
sends G on G’, which preserves the orientation and such that vol o ¢~ =
vol’, ¢(C) = €' and C' = C’ o ¢. The mapping from Mult(P(G’),G) to
Mult (P(G), G) induced by ¢, also denoted ¢, satisfies:

1
(HF(]\/I/,UOl/,C/,C/)) | Mult(P(G'),G) © ¢ - (HF(]\/IaU‘)vaaC)) [ Mult(P(G),G) *
Ajg : For any (Mj,voly,Cy,Cq) and (Ma,vola,Ca, Cs), one has the identity:

HF (A1, LMy, voly Livola,c1UCs,c10Cs) = HF a1y woty ,c1,00) @ HF (0t wols,€5,C0) -

Ag : For any (M,vol,C,C), any | € C and any gluing along I, ¢ : Spl;(M) —
M, one has:

HF (sp1, (01), Sp11 (wol), Spli (C),5p11 (C)) = HF (arwo1,c,0) 0 1
Ay : For any (M,vol,0,C) and for any ! in B(M),

/GHF(M,voz,@,ch)(l)dx =1

The Markovian holonomy fields are easier to understand them when they are
exposed in a less formal way. A Markovian holonomy field is a family of mea-
sures. For each surface M with marks, set of G-constraints and measure of area,
we are given a gauge-invariant random holonomy field on M which satisfies the
set of G-constraints (Aq). Moreover, the family of measures given by a Markovian
holonomy field is invariant under a class of area-preserving homeomorphisms, Ay,
and satisfies a kind of Markov property, As and Ag. The measures associated with
(M,vol,C,(C), seen as a function of the G-constraints, provide a regular disinte-
gration of HF(M,UOZ7®7C‘B(M)) (Axioms Aq, Az and Ag). The last assumption is a

normalization axiom.

As for the planar Markovian holonomy fields, if not specified, all the Markovian
holonomy fields will be G-valued, thus we will omit to specify it. In the definition
of a Markovian holonomy field, we didn’t specify any regularity condition on the
field. In what follows, we will focus only on regular Markovian holonomy field in
the following sense.
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DEFINITION 11.7. Let HF be a Markovian holonomy field.

(1) HF is stochastically continuous if, for any (M, vol,C,C), HF (a1401,0,0) 18
stochastically continuous (Definition 1.20).
(2) HF is Fellerian if, for any (M, vol,C), the function

(tv C) = HF(]\/I,Uol,C,C)(]')a

defined on R% x Conjg (M,C) is continuous.
(3) HF is regular if it is both stochastically continuous and Fellerian.

11.4. Partition functions for oriented surfaces

Given an even positive integer g and p a positive integer, let E* be the con-
nected sum of § tori with p holes. For g = 0 we define 2+0 to be the sphere with
p holes. The c1a551ﬁcatlon of surfaces asserts that any connected oriented compact
surface is diffeomorphic to one and exactly one of {Ep #PENge QN}. Besides,
as a consequence of a theorem of Moser and as explained in Proposition 4.1.1 of
[Lév10], if M and M’ are oriented, if (M,vol,0,C) and (M’ ,vol’,(,C") are two
measured marked surfaces with G-constraints, then they are isomorphic if and only
if:

(1) M and M’ are diffeomorphic,

(2) vol(M) = vol' (M),

(3) there exists a bijection ¢ = BT (M) — B*(M’) such that C = C’" o4 on
BT (M).

Let HF be a Markovian holonomy field, we define the partition functions of HF.

DEeFINITION 11.8. Let g be an even positive integer, p be a positive integer
and t be a positive real. Let vol be a measure of area on E;;g of total mass t. Let
{b1,ba,...,bp} be an enumeration of B (X} ). We define the mapping:

ZF (e ap) GP  — R}

(T1, oy p) = ZF

D9, t(xla ey xp) = HF(Z;’g,UOl,@,(bi?—)[Zi])le)(1)’

It is called the partition function of the surface of genus g with p holes. Using
the diffeomorphism invariance given by Axiom A4 and using Moser’s theorem, it
depends neither on the choice of vol nor on the choice of the enumeration: Zp gt 1

a symmetric function.

REMARK 11.9. If p = 0, we define Zaf g+ as the positive number which is equal
to the mass of HF( vol,0,0)-

The discussion on the notion of isomorphism between measured marked surfaces
with G-constraints implies that if (M, vol, (), C) is a measured marked surface with
G-constraints then there exist p and g such that M is diffeomorphic to Z;" g

HF(M,'UOZ,@,C)(]-) = Z;:g,'uol(]\/f) (1‘1, ceey ZL'p),

where x1, ...,z, are representatives of the p constraints put on B (M).

The Fellerian condition satisfied by regular Markovian holonomy fields implies
that their partition functions are continuous in (¢, 1,...,2,). Besides we can re-
formulate the axiom of normalization Ay (Definition 11.6) in terms of partition
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functions. If HF is a Markovian holonomy field, for any ¢ > 0,

/ Zio,t(g)dg = 17
G

that is to say: Zfoytdg is a probability measure on G. In one of the main theo-
rems proved in Chapter 4 of [Lév10], Lévy characterized the family of probability
measures (Zf:o,tdg)bo.

THEOREM 11.10. Let HF be a regular Markovian holonomy field. The probabil-
ity measures (fooytdg)bo on G are the one dimensional distributions of a unique
conjugation-invariant Lévy process (Y;)i>o0. Moreover, this Lévy process character-
izes completely the partition functions of HF.

We say that Y = (Y;)i>0 (resp. HF) is the Lévy process (resp. a regular Mar-
kovian holonomy field) associated with HF (resp. to Y). Given this theorem, it
is natural to wonder if every Lévy process which is conjugation-invariant is asso-
ciated with a regular Markovian holonomy field. Of course, some other conditions
must hold such as the existence of a conjugation-invariant square-integrable den-
sity. Indeed, as the constraints on the boundary are given by specifying a conjugacy
class, Zi"y ,(x) is a function of [x]. Besides, by definition of regularity, it must be
continuous in z thus square-integrable. To finish, let us remark that Z1+, 0.4() is

strictly positive since we supposed that the measures (H( M,uol,C,C)) are

(M,vol,C,C)
non-degenerate. Hence the natural following definition:

DEFINITION 11.11. Let (Y;)¢>0 be a Lévy process on G. It is admissible if:
e it is invariant by conjugation by G,

e the distribution of Y; admits a strictly positive square-integrable density
@ with respect to the Haar measure on G for any ¢t > 0.

The discussion we just had allows us to write the following proposition.

ProprosSITION 11.12. Let HF be a reqular Markovian holonomy field, the Lévy
process (Yi)e>o associated with HF is an admissible Lévy process.

In fact, we get all the admissible Lévy processes by studying the Lévy processes
which are associated with regular Markovian holonomy fields: this is given by
Theorem 4.3.1 in [Lév10].

THEOREM 11.13. Every admissible Lévy process Y is associated with a reqular
Markovian holonomy field.

The proof of this assertion consists in constructing, just as we did for planar
Markovian holonomy fields, for every admissible Lévy, a special Markovian holo-
nomy field YM which will be called a Yang-Mills field. For this, Lévy used the edge
paradigm for random holonomy fields. A Yang-Mills field is a kind of deformation
of a uniform measure.

11.5. Uniform measure and Yang-Mills fields

Let (M, vol,C,C) be a measured marked surface with G-constraints, endowed
with a graph G = (V,E,F). The uniform measure on Mult (P(G),G) is almost a
product of Haar measures as for any orientation E* of G, Mult (P(G),G) ~ GE".
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But one has to be careful: since (M,C,C) is an oriented marked surface with G-
constraints, the elements in Mult (P(G), G) that we have to consider have to obey
the constraints.

NoTaTION 11.14. For any conjugacy class O C G and any integer n > 1, we
denote by dp(,) the natural extension to G™ of the unique G"-invariant probability
measure on

On) ={(z1,...,zn) € G" : 1.7, € O}

under the G™ action (g1, ..., gn) ® (Z1, ..., Zn) = (912195 e GnTngy *).

Let l4,...,l4 be ¢ disjoint simple loops in L(G) such that C U B(M) is equal
to {ll,lfl,...,lq,l(;l}. For any i € {1,...,q}, we can decompose l; = €;1...€;n,
with e; ; € E for any ¢ and j. Let ET be an orientation of G, such that for any
i€ {l,....,q} and j € {1,..,n;}, €;; € ET. We label e, ...,en, the other edges
of ET. Recall that any measure constructed on GE" defines canonically a unique
measure on Mult (P(G),G).

DEFINITION 11.15. The uniform measure U%LC’C is the measure provided by

the following measure on GE':

dgr ® ... ®dgm ® 6C(l1)(n1)(d91,n1 ---dg1,1) ®...Q 5C(lq)(nq)(dgq,nq---dgq,l)-

This probability measure on Mult (P(G), G) does not depend on any of the choices
we made.

NOTATION 11.16. We define also a similar measure without constraints for any
surface M (resp. R?) endowed with a graph (resp. a planar graph) G. Let ET be
an orientation of G. The measure on Mult (P(G),G) seen on GE' as Recit A9e
is denoted by U®.

Yang-Mills fields can now be defined.

DEFINITION 11.17. Let (Y;):>0 be an admissible Lévy process on G. For any
positive real ¢, let () be the density of Y;. A regular Markovian holonomy field YM
is called a Yang-Mills field (or sometimes a Yang-Mills measure) associated with
(Y2)e>o0 if for any measured marked surface with G-constraints (M, vol,C, C) and
any graph G on (M, C),

G
(YM(M,vol,C,C))‘Mult(p(G)yg) = H Qvol(F) (h(aF)) U]M,C,C(dh)v
FeF

where OF is the oriented facial cycle associated with F', defined in Definition 1.3.13
of [Lév10] and the notation Q. (ry (R(OF)) means that we consider Qo) (h(c))
where c represents OF: this does not depend on the choice of ¢ since Qo (r) is
invariant by conjugation.

A Yang-Mills field associated with (Y;);>0 is a regular Markovian holonomy
field associated with (Y;);>0: Theorem 11.13 is a consequence of the following
proposition.

PROPOSITION 11.18. For any G-valued admissible Lévy process (Y;)i>o there
exists a unique Yang-Mills field YM associated with (Y;)i>o.
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For this proposition one has to introduce, as we did for planar Markovian holo-
nomy fields, a discrete analog of Markovian holonomy fields: the discrete Markovian
holonomy fields. The definition of discrete Markovian holonomy fields can be found
in Section 3.2 of [Lév10]. Then one can show that the family of measures:

((YM(M,uol,C,C))|Mult(p((g)1g)) (M,v0l,C.C,G)

is a Fellerian continuously area-dependent (Proposition 4.3.11 in [Lév10]) and lo-
cally stochastically 3-Holder continuous (Proposition 4.3.15 in [Lév10]) discrete
Markovian holonomy field (Proposition 4.3.10 in [Lév10]) associated with Y. Then
it is shown, in Theorem 3.2.9 of [Lév10], that under these regularity conditions,
every discrete Markovian holonomy field can be extended to a regular Markovian
holonomy field. It has to be noticed that we changed the definition of Markovian
holonomy fields (Axiom A4): this allows us to correct the arguments used in the
proof of Axiom Ay in Theorem 3.2.9 of [Lév10] by using the one explained before
Theorem 3.11. This allows to conclude for the proof of Proposition 11.18.

The definition of discrete Markovian holonomy field follows closely the defini-
tion of a Markovian holonomy field except for the invariance by homeomorphisms
which becomes almost a combinatorial condition. It is the same difference between
the Axioms P; and DP; of Definitions 3.1 and 3.4 in Section 3.1.

REMARK 11.19. The difference between the assumption A4 in Definition 3.1.2
in [Lév10] and D4 in Definition 3.2.1 in [Lév10] makes the proof of Lemma 3.2.2.
in the same book incomplete. Thus, it is not clear that any Markovian holonomy
field defines by restriction a discrete Markovian holonomy field.

This remark leads us to the following definition.

DEFINITION 11.20. Let HF be a Markovian holonomy field. It is constructible

if the family of measures ((HF(M,UOW,C)) is a discrete

|M“lt(P(G)vG)) (M,vol,C,C,G)
Markovian holonomy field.

It is still an open question to know if any Markovian holonomy field is con-
structible.
11.6. Conjecture and main theorem

We can resume the results of Proposition 11.12 and Theorem 11.13 by the
following diagram.

Partition function

T

Regular Markovian holonomy fields Admissible Lévy processes

\/

Yang-Mills fields

Besides, it was shown that the left arrow goes into the constructible regular
Markovian holonomy fields and the composition of the two arrows is equal to the
identity on the set of admissible Lévy processes. It is natural to wonder if the two
arrows are each other inverse: this leads us to the following conjecture.
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CONJECTURE 11.21. Every regular Markovian holonomy field is a Yang-Mills
field.

From this conjecture, it would be true that every regular Markovian holonomy
field is constructible. In order to state the main result concerning this conjecture,
we need the notion of planar mark. Let M be an oriented smooth compact surface
with boundary.

DEFINITION 11.22. A planar mark is a mark [ on M such that [ cuts M in two
parts, one of which is of genus 0.

THEOREM 11.23. Let (HF(arv01.c,09) (Mowol,€,0)
nomy field and (Yi)ier+ its associated G-valued Lévy process. Let us consider
(YM(Mv'UOl’CvC))M,'uol,C,C the Yang-Mills field associated with (Yi)iep+-

Let (M,vol,0,C) be a measured marked surface with G-constraints, let | be a
planar mark on M, let My be a part of M of genius O defined by | and let m be a
point in My. The following equality holds:

be a reqular Markovian holo-

(HF(MVUOZ*@*C))IMult(Lm(Ml),G) = (YM(MWOWC))|Mult(Lm(M1),G)'

Let C be a collection of marks on M which do not intersect the mark . Let us choose
an orientation of C denoted by CT. Let C be a set of G-constraints on B(M). We
endow the set of G-constraints on CUB(M) with the measure dAC gy COMiNG from:

QR dsew @ o).
cect beB(M)+

By disintegration, for any set of constraints on B(M), dACy gy almost surely:

(HF(]\/I,UOLC,C))|Mult(Lm(M1)7G) = (YM(M7’UOI,C7C)) | Mult(Lom (M1),G) *

In order to prove Conjecture 11.21, one would have to generalize Theorem
11.23 in order to include all the remaining loops, including the generators of the
fundamental group of the surface.



CHAPTER 12

The Free Boundary Condition on The Plane

Let HF be a regular Markovian holonomy field which will be fixed until the end
of the chapter. The measure HF 5/ 401,¢,c) 18 not in general a probability measure.
One way to deal with probability measure would be to normalize it by their mass.
Yet, a better way to get a probability measure is to consider the free boundary
condition measure.

12.1. Free boundary condition on a surface

Let M be a surface homomorphic to a disk 23” , endowed with a measure of
area vol.

DEFINITION 12.1. The free boundary condition expectation on M associated
with HF is the probability measure on (Mult(P(M),G), B) such that for any pos-
itive integer n, any measurable function f : G® — RT and any finite family c1, ...
¢n, of elements of P(M):

B ot (£ (1), en)) ) = | Aot onrsia) (£ (h(er), o hlen) )

where |:|T:I\/[,7jol7@761\/[~>[z] is the extension of HF s 01,0002 to the Borel o-field
given by Proposition 1.30.

REMARK 12.2. In this definition we have extended the o-field to the Borel o-
field, in a way such that the new measure becomes invariant by the gauge group.
In order for the definition of EJ"\'{UOZ to be consistent with the way we named it, one
has to verify that it is indeed a probability measure. Since the constant function 1
is gauge-invariant, i_]q ,,,,, ., =1, thus IE';'MF’UOZ(I) = Jo HF(arvor0,0M— (o)) (1)dz = 1,
the last equality coming from the normalization Axiom A+ in Definition 11.6.

The free boundary condition expectation on M of a Yang-Mills field is computed
in the following lemma.

LEMMA 12.3. Let YM be the Yang-Mills field associated with a G-valued ad-
missible Lévy process (Yi)ier+. For any positive real t, let Q: be the density of Yi.
Let G be a graph on M :

(]EIY\/?{I’UOI)‘MUH(P(G)’G) = H Qvol(F) (h(aF)) UG(dh)a
FeF

where U® was defined in Notation 11.16 and where we used the notation Quoi(r) (M(OF))

already used in Proposition 7.6.

107
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ProoOF. This follows from the fact that fG U%@’aMﬁzdx = U® which is a

consequence of: [ {fGn FOy1(n) (dey, ...,dzn)] dy = [gn fdx:...dxy, given by the
Equality (26) of Lemma 2.3.4 in [Lév10]. O

12.2. Free boundary condition on the plane

PROPOSITION 12.4. Let (M, vol) and (M’,vol’) be two measured compact two-
dimensional sub-manifolds of R? which are homeomorphic to the unit disk. Let
us suppose that M is included in the interior of M', denoted by Int(M'). Let us
assume that voll’M =wol. The free boundary condition expectations on M and M’

are related by: E?jml = E?/[F,mol/ o p]_Ml,M/, where we remind the reader that par,a
was defined in Notation 1.21. Thus, for any measure of area vol on R?, the family:

{(Mult (P (M) 5 G) ’B’Ell-\l/}:,vol‘M)MCRz 3 (pM’M/)Mclnt(]\/I/)} B

is a projective family of probability spaces.

PROOF. Since IE';'MF’UOI and E;‘j,wl, o p&{M/ are gauge-invariant, it is enough,
by Proposition 1.37, to show that, for any positive integer n, for any continuous
conjugation-invariant function f on G™ and any n-tuple of loops 1, ..., [, in M based
at a fixed point m of M: EYE  [f(h (L), ... h (In) )| =B8] s [f (R (1) 5o b (1) ) ]
The Lh.s. is equal to:

// f(h(ll))"‘)h(ln))HF(M’,UOZ’,@,BM’%{I])(dh)d‘r
G I MP(M'),G)

:/G/G/f(h(ll)a---ah(ln))HF(M’,vol’,BIVI,{BM’H[x],BMH[y]})(dh)dydx

:/// F(R(11), ey h (1))
G J G JM(P((M\Int(M)UM),G)
HF

((Mr\|nt(M))uM,voz;(M/\lm(M))uuol,(z),{aMH[z],aMa[y]}

_ / / / / PO, oo () HF (0100104001 11 (dR)
GJG M(P(M’\lnt(M)),G) M(P(M),G)
HF

) (dh)dydx

) (dh)dydx

(M’\Int(M),Uol"M,\lnt(M) 0,{0M’—[x],0M—[y]}

_ / / / P10 h(1) Y HF (31,0000, g001 13 (dB)
G Ja Jmepon,e)
HF

(M,\Int(M) ’UOl\,M’ \Int(M) 0A0M" =[], 0M—[y] }) (1)dyd$

_ / / P, oo h1) HF (01000, (001113 (1)
G M(P(M),G)

(/G HF(M’\Int(M),vol‘/M,\lnt(M),(D,{BM’%[z],BM%[y]}) (1>dz) dy
-1/ £ (B0, e B0 JHF (o0, (001 1) (A1)
aJmp(n),a)

= B o[£ (1(00). - 20))]
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where we applied successively the definition of E]va/wol,, the Axioms Az, Ag and
Aj5. Then after a change of notation and a Fubini exchange of integrals, the nor-
malization Axiom Ar with the definition of E]va voi l€ad us to the result. O

The free boundary expectation on the plane is the projective limit of this family
of measured spaces. Let vol be a measure of area on R2.

DEFINITION 12.5. The free boundary condition expectation on R? associated
with HF, denoted by EYf,, and defined on (Mult(P(R?),G),B) is the projective
limit of:

{@MUHGNAD,G)JiEﬁLdM)

This random holonomy field is gauge-invariant.

McR? (vaM/>MCInt(IV[’)} :

Lemma 12.3 gives for any embedded planar graph G an explicit formula for
the restriction on Mult(P(G),G) of the free boundary condition expectation on
the plane associated with a Yang-Mills field. Proposition 2.7 asserts that any finite
planar graph G’ can be seen as a subgraph of an embedded planar graph. It is
thus possible to give an explicit formula for the restriction on Mult(P(G’), G) of
the free boundary condition expectation on the plane associated with a Yang-Mills
field.

PROPOSITION 12.6. Suppose that R? is endowed with a measure of area vol.
Let G = (V,E,F) be a finite planar graph. LetY = (Y)i>0 be a G-valued admissible
Lévy process with associated semigroup of densities (Q¢)r>0. Let YM be the Yang-
Mills field associated with Y. The free boundary condition expectation on R? of YM
satisfies:

YM G
(E”0l)|Mult(P(G),G) (dh) = H Qvol(F) (h(aF))U (dh),
Fel?
where OF is the anti-clockwise oriented facial cycle associated with F' and where we
used the same convention as before for Qo) (h((?F)).

In order to simplify the proof, we will use the upcoming Theorem 12.8.

PROOF. We have already seen in the proof of Proposition 7.6 that

11 Quowr) (n(OF)) U (ah)

b
FeF G,vol

is a stochastically continuous in law weak discrete planar Markovian holonomy
field. Using Theorem 12.8 and the constructibility result of Section 4, the family

((EZL\?) | Mult(P(G), G)) G ool is a stochastically continuous in law weak discrete planar

Markovian holonomy field. Recall the definition of L;; in Definition 5.9. Using

Theorem 9.6, we only have to check that for any positive real «, (h(L"’O))nGN has

the same law under EYY as under [] Qa(h(OF)) UN(dh), where F® is the set
FeF?

adx

of bounded faces of the N? graph. The value of o will not be important, so we

will suppose that @ = 1. In fact, we will prove that for any positive integer n,
(Egy)lMult(P(Gn)ﬁG) (dh) = Fl;[Fb Ql(h(@F))UGn (dh), where G,, = (Vy,,Epn,Fp) =

N2 ([0,n] x [0,1]).
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Let 9D(0,n + 1) be the loop based at (n + 1,0) turning anti-clockwise, rep-
resenting the cycle bounding the disk of radius n + 1 centered at (0,0). Let
G}, = (V] ,E!,F.) be the graph defined by:

o B, =K, U{0D(0,n+1),0D(0,n+1)"" € o, (e o)},
eV, =V,U{(n+1,0)}.

The finite planar graph G/, is an embedded graph and G, is a subgraph of G,,.
Using Lemma 12.3:

(E)i(;/l) | Mult(P(G,),G) (dh) = H Qdm(F) (h(aF))UG; (dh)'
FeF?

Since ([T pepe Quot(r) (R(OF)) UG(dh))G o1 18 @ weak discrete planar Markovian ho-
lonomy field, the restriction of [ [ pcpne Qax(r) (h(@F))UG; (dh) to Mult(P(G,,),G)

is F]‘I[Fb QuROF))UE (dh): (EXM), \qurupicny.c (@R) = FHW Q1 (h(OF))UC (dh).
’ ’ 0

This last proposition and Proposition 7.6 show that the free boundary condition
expectation on R? of a Yang-Mills field associated with an admissible Lévy process
Y is the planar Yang-Mills field associated with Y. This implies the following result.

ProproOSITION 12.7. Let YM be the Yang-Mills field associated with an admis-
sible Lévy process Y = (Yi)ier+. For any planar graph G = (V,E,F), any measure
of area vol, any family of facial loops (cp)peps oriented anti-clockwise and any
rooted spanning tree T of G, under the free boundary condition on the plane EZL‘?,

the random variables (h (lc, 1) )Fer are independent and for any F € F°, h(l., 1)
has the same law as Yy,o1(r)-

12.3. Building a bridge between general and planar Markovian
holonomy fields

The free boundary condition expectation on R? allows us to link the theory of
Markovian holonomy fields with the one of planar Markovian holonomy fields. Con-
sider HF a regular Markovian holonomy field and let (E?OFI)UOI be the free boundary
condition expectation on the plane associated with HF.

THEOREM 12.8. The family (]EZ'OFl)Uol s a stochastically continuous strong pla-
nar Markovian holonomy field.

Using the theory of planar Markovian holonomy fields, it is enough to show
that for any wvol, E:'gl is stochastically continuous and that its restriction to Aff(R?)
is a stochastically continuous weak planar Markovian holonomy field. As we have
already checked the weight condition and as we have noticed the gauge-invariance
of the free boundary condition expectation in Definition 12.5, it remains to show
that it is stochastically continuous and that the Axioms wP;, wPs and wP3 in
Definition 3.2 hold. These are proved in the following Lemmas 12.9, 12.10, 12.11

and 12.12.

LEMMA 12.9. For any measure of area vol, ENF, is a stochastically continuous
random holonomy field.
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PROOF. Let wol be a measure of area, let p, be a sequence of paths which
converges, as n. goes to infinity, to a path p for the convergence with fixed endpoints.
Let D be a disk centered at (0,0) such that for any integer n, p, € D. We remind
the reader that HF(D,UO“D’@,M_}[I] is the extension given by Proposition 1.30 of
HF(D7UOZ‘D7®76D_>[Z]) on the Borel o-field. By definition,

Ezigl [dG(h(pn>a h(p)} = / FlT:(]D),uolm,@,aD%[zD [dG(h(pn>a h(p))} dx

G
/GHF(]D)WOID,@,BDH[ED{(@)J{pn’p}(h(pn%h(p))}dz.

Since p,, and p have the same endpoints, Jy, .1 is equal to G? and its action on
G? is given by: (k1,k2) @ (g1,92) = (k:;lglkl, kz;lggkzl). The invariance of dg, by

right and left translations, implies that (dg) , = dg. This leads to:

Jipn.p

ngl):l [dG (h(pn)a h(p)] = /G HF(D,’UOZ‘@,@,BD—)[I]) [dG (h(pn)a h(p))] dx.
Since HF is regular, it is stochastically continuous, thus we have:
HF(D,UOl‘@,@,@D%[m]) [dG(h(pn)v h(p))] n:>>o 0.

Thus, with an argument of dominated convergence, E [de (h(py), h(p))] converges

to zero as n goes to infinity. [l

LEMMA 12.10. The family of random holonomy fields (EHF)M)Z satisfies the

vol
area-preserving diffeomorphisms at infinity invariance property wPiy.

ProoF. Consider vol and vol’ two measures of area on R?. Let ¢ be a diffeo-
morphism at infinity which preserves the orientation and let R be a positive real
such that:

(1) vol’ = vol o p~1,

(2) ¥ : D0, R)® — ¢ (D(0, R)°) is a diffeomorphism.
Using the gauge-invariance of EHF, it is enough to consider piecewise affine loops
based at the same point. Let Iy, ...,1, be loops in Aff (RQ) based at the same point
such that for any i € {1,..,n}, I} = ¥(l;) is in Aff (R?). Let R’ be a positive
real such that R’ is greater than R and such that for any ¢ € {1,...,n}, l; is in
Mp = D(0,R’). The set M' = (Mp/) is a connected compact two-dimensional
sub-manifold of R2. Let us consider f : G® — R, a continuous function invariant

by diagonal conjugation: ENF [f((h(li)?zl))] is equal to:

vol

ESF oty [/ (L))
_ /G /Mult(P(MR)ﬁc)f((h(li)i—l))HF(MR“volMR,’Q)’aMR%[m])(dh)dx

_ /G /Mult(w),c)f (o) ) HF 1 ) (@)
= BN vorr {f((h(lg)?zl))} =EMP, {f((h(l;)?zl))]

|’

The Axiom wP; is satisfied by (EHF )vol. (]

vol
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LEMMA 12.11. The family of random holonomy fields (EZ'OFZ)M)Z satisfies the
weak independence property wPo.

PROOF. Let vol be a measure of area on R?. Let [ and I’ be two loops in
Aff(R?) such that Int(l) Nint(I’) = ). We can always consider [ and I’ two smooth
simple loops in R? such that the closure of their interiors are also disjoint and such
that I C Int(l) and I’ C Int(I’). Using this remark, we can suppose that [ and I’ are
smooth. Using the gauge-invariance of IE:'EI, as we did in order to show the Axiom
wDP, in the proof of Proposition 7.5, we can work with loops. Let us consider
l1, ..., Iy, some loops in Int(l) and 1], ..., 1}, some loops in Int({’). The aim is to prove
that for any continuous functions f and g, from G™, respectively G™, to R, we
have:

BN [ £ ()2 g ()Y | = BN [ £((h))is)) |G [a (R ) |

We will use the notations and results stated in Remark 1.32. Let Ly be a
smooth loop such that £y surrounds [ and I’. Depending on the context Lg we
either stand for Int(Lg) or for the oriented cycle represented by L. Besides, we
will suppose that the orientation of Ly was chosen such that Ly = dInt(Ly). The
same notations will hold for [ and I’. Using the different axioms in Definition 11.6,
we have:

EE | ((h)i) g (D))
= EF o[£ (AL gAY

-/ Tea)y o () AUV HF ey an.co o (AR)dy
G J Mult(P(Lo),G) )iy U9y

:// Fagon ((W))1_y) Gy (0072 JHF (2,00, 20 ) (dR)dy
G J Mult(P(Lo),G) "= ii=1

:/ / fJ(l,L)TLl ((h(l'b));l:l) EJ(l/_)ﬁi ((h(l;))gl)
G3 J Mult(P(Lo),G)" "~ =t
HF (£4,dz,0,{ Loyl — 1211~ [w]}) (dh) dydzdw

:/ / Faon ((A()iy ) HF 12,0, w)) (dR)
& J Mmun(p), &)=

/ e, (R HF iy )
Mult(P(11),G) 1=

/  HF(g de0, (2o - [ 1— [y (dR) dydzdw.
Mult(P(Lo\(IUl)),G)

Since fG fMult(P(W),G) HF(Lg,dm,@,{Loﬁ[y],l’—>[z],l—>[w]})(dh>dy is equal to 1,
EHE [/ (R0 ) g ()LL) | s equal to
// fJ(li)v_Ll ((h(15)) =1 )HF (10,1 [w]) (d) dw
G J Mult(P(1),G) =
// 9a0ym (WD) )HF 01 0.0 12y (dh)d,
G J Mult(P(1),G)

1/i=1

which is equal to EYF [f((h(li))?zl)]Eg'gf {g((h(lg))ﬁl)} . O
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LEMMA 12.12. The family of random holonomy fields (EZ'OFZ)M)Z satisfies the
locality property wPs.

PROOF. Let [ be a simple loop, let vol and vol’ be two measures of area whose
restrictions to the closure of the interior of [ are equal. The random holonomy fields
IE:'EZ and IE:'EI/ being gauge invariant and stochastically continuous, by Proposition
1.37, we only have to prove, for any loops Iy, ..., I, in Int(l) based at the same point
and for any continuous function f : G™ — R invariant under the diagonal action of

G, that:
EHF [f(h(ll),...,h(ln))} = EHF, [f(h(zl),...,h(ln))]

Using Riemann’s uniformization theorem, we can find a smooth curve [ in the
interior of [ such that 1, ..., 1, are in the interior of [. Let M be the closure of the
interior of I:

B £ (), o h0)) ] = B ot [ £ (B, s (1)
= B o, £ (h(00), - (1)
— EMF, [f(h(ll), ...,h(ln))]

This allows us to conclude. ([

REMARK 12.13. Using the same kind of calculations as the one explained in
this subsection and using Theorem 11.10, it is easy to see that for any simple loop
I, the law of h(l) under ENF is the law of Y’ imeqD)) Where (Y2)er+ is the Lévy

vol vo
process associated with HF.






CHAPTER 13

Characterization of the Spherical Part of Regular
Markovian Holonomy Fields

We have now all the tools in order to prove Theorem 11.23.

PROOF OF THEOREM 11.23. Let us remark that the second part about marks
is a consequence of the first part by conditioning: we will prove the first assertion.
Let (H F(I\/[w”"lvcwc))(M,vol,C,C) be a regular Markovian holonomy field and (Y;);er+

its associated G-valued Lévy process. Let (YM(M,vol,c,C)) be the Yang-

Mills field associated with (Y3):cp+-

Let (M, vol,(,C) be a measured marked surface with G-constraints, let [ be a
planar mark on M, let M7 be a part of M of genius 0 defined by I and let m be a
point in M;. We want to prove that:

M ,vol,C,C

(HF(MvUOZv@vC))|Mult(Lm(M1),G) = (YM(MWOlv@vC))|Mult(Lm(M1),G)'

For any loops [y, ..., l,, in M7 based at m and any continuous function f invariant
by diagonal conjugation, [ f(h(l1), ..., h(In))HF (ar,001,0,c)(dh) is equal to:

/ /f(h(h), oo R )HF (M w0l 01, 0.C g 101y U= 12D (D)
HFMQ,UOZW2,(Z),C‘aMQ\W,l}u{1—>[z]} (1)dzx

where M5 is the second part of M defined by I. Using Theorem 11.10, HF and YM
have the same partition functions. Thus, since [ is a planar mark, it is enough to
show that for any measure marked surface with G-constraints (M, vol, ), C) such
that M is homeomorphic to a sphere with a positive number p of holes,

HF (a1,001,0,0) = YM(a1,001,0,0)-

The proof can be made by induction on the number of holes: we will only
prove the case where p = 1 since the arguments for the induction are similar.

Let (E:IoFl)uol be the free boundary condition expectation on the plane, defined

in Definition 12.5, associated with HF. It is a stochastically continuous strong
planar Markovian holonomy field as shown in Theorem 12.8. Hence, by Theorem
4.2, it induces a stochastically continuous in law weak discrete planar Markovian

holonomy field (E?OFZG) - The Remark 12.13 ensures that the condition in order
,vol
RHF.G

vol

to apply Theorem 10.3 is satisfied by ( )G . It is equal to the pure discrete
,vol

vol

planar Yang-Mills field, denoted by (EY’G)G J associated with the Lévy process

(Y2)ser+- By stochastic continuity, for any measure of area vol, Eff, = EY  where

vol»
EY | is the pure continuous planar Yang-Mills field associated with (V;);ep+-
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Let (EZL\?)UOZ be the associated free boundary condition expectation on the
plane associated with YM. Using Proposition 12.7, for any measure of area vol,
IEI(')VI' = Efol. Recall the notation for the free boundary condition on a surface and
let us consider a disk-shaped suface M endowed with a measure of area vol. The

last two equalities imply that E]va vol = E}@{'wl. Using Definition 12.1:

E'szl = : HF (01,001,0, {00 = [2]}) 42,

and a similar equation holds for YM. Let ¢t be equal to vol(M) and let us define

Zi(x) = HF(M,vol,@,{é)M%[x]})(l) which is also equal to YM(M’UOL@y{aMﬁ[z]})(1) and
which is strictly positive. Then:

I—/”\: M,vol,0,{OM—[z]})
EHF — ( ;voi,V, Z 7 d .
M,vol /G Zt (SC) t (ZL') X

Besides, the law of h(OM) is Z(g)dg: it implies that HF(M'”OLZ"S’(S;M““”) is a disin-

tegration of E]va’wl with respect to h(OM). The same discussion holds for YM. By
almost sure uniqueness of the disintegration we have:

HF (0010, (00— 1)) YM (0010, {00 [a]})
Zi(x) Zi(x)

, a.s. in z,

thus:

(13.1) HF (01.v01,0,. {001 [2]}) = YM(1,001,0, {005 [2]}), @-S. In T.

It remains to remove the a.s. part. Using Proposition 1.37 and Lemma 1.13, we
need to show that, for any continuous function f invariant by diagonal conjugation
from G™ to G and any piecewise affine loops, for any Riemannian metric, [y, ..., [,
in the interior of M, based at the same point:

HF (01,001,000 [2]}) (F (A1) s 2(10)))=YM(a1,001,0, {001 [2]3) (F (B(11); s h(10n))) -

Yet, given such n-tuple, we can always find a mark [ such that [4,...,l, is in the
interior of [. Thus, it is enough to show that for any mark [, for any x € G, once
we restrain the measures on Mult(P(Int(l)), G), we have the equality:

HF (31,0010, {00 = [2]}) = YM(01,001,0, {00 —[2]})-

Let [ be a mark on M and let us denote by M’ the closure of the interior
of I. Let us suppose that the orientation of [ is such that [ = dM’. Let us recall
that Z;f 0,s Was the notation for the partition function of the regular Markovian
holonomy field HF associated to the planar annulus of total volume which is equal
to s. Applying the Axioms Ags, Ag and As, we get that for any continuous function
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f invariant by diagonal conjugation from G™ to G and any loops I, ...,1, in M’:

HF(M,UOZ,@,{BM—)[I]}) (f (h(ll)a ooy h(ln)))

:/f(h(ll)a---ah(ln))HF(M,vol,@,{BMH[m]})(dh)

= /G/f(h(ll)aah(ln)) HF(M,vol,l,{é)l\/[%[z],l—)[y]})(dh)dy

/G/f(h(ll),...,h(ln))

HE (0t ot g 0,100 5113 ) © HE (It (07), 000,y as 0, 10M s 2]0M7 ]} (

/G/f(h(ll),...,h(ln))

-1
HF(M/,voz‘M,,0,{6Mq[y]})(dh)Z;fo,uol(M\lnt(M/))(55’y )dy.
Thus, if we only consider the restriction on Mult (P(M'),G):

dh)dy

T OF -1
HF(M7U01a®a{6M—>[I]}):/GHF(]\/I’,vol‘M/,@,{61\/[’—>[y]})ZQJTO,vol(M\Int(IV[’))(z’y )dy.

Recall that the partition functions of HF and YM are equal. Thus, again if we only
consider the restriction on Mult (P(M'), G):

IV IV —1
YM(a1,001,0, {0 M~ [2]}) :/GYM(I\/[/,vol‘M/,@,{BM’%[y]})Z;:O,vol(M\lnt(M’))(‘r’y )dy.

Once we restrain the measures on Mult (P(M’),G)), using Equation (13.1), for
any z € G:

HF (1,001,0, {oM —[2]}) /GHF(M’,volM/,@,{61\/[’—>[y]})Z;O,vol(M\lnt(M/))(z’y1)dy

YN -1
:/GYM(M’,vol‘M/,@,{61\/[’—>[y]})Z;O,vol(l\/[\lnt(l\/[’))(z’y )dy

= YM(u1,v01,0, {foM —[2]})-
This proves that the Equality (13.1) now holds for any « in G. O
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