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Abstract

We prove strong law of large numbers and an annealed invariance principle for a random walk
in a one-dimensional dynamic random environment evolving as the simple exclusion process with
jump parameter . First we establish that, if the asymptotic velocity of the walker is non-zero in
the limiting case “y = 0o” where the environment gets fully refreshed between each step, then, for
~ large enough, the walker still has a non-zero asymptotic velocity in the same direction. Second
we establish that if the walker is transient in the limiting case v = 0, then, for v small enough but
positive, the walker has a non-zero asymptotic velocity in the direction of the transience. These two
limiting velocities can sometimes be of opposite sign. In all cases, we show that fluctuations are

normal.

1 Introduction

The question of the evolution of a random walk in a disordered environment has attracted a lot of attention
in both the mathematical and physical communities over the past few decades. The first studies were
concerned with static random environments. In this set-up anomalous slowdowns are expected with
respect to the homogeneous case as the environment may create traps where the walker could be blocked
for long times. This effect is most obvious in dimension 1, where it is by now well understood (see [19] for
background). In dynamical random environments instead, the transition probabilities of the walker evolve
with time too. If the environment has good space-time mixing properties, the trapping phenomenon is
expected to disappear and one may hope that the evolution of the walker will resemble more that in
an homogeneous medium. The study of this case has recently led to intense researches; see for example
[12, 16] and references therein, as well as [1] for an overview and further references.

However, examples of dynamical environments with slow relaxation times occur naturally. Indeed,
in the presence of a macroscopically conserved quantity, the environment may evolve diffusively. Time
correlations then only decay as t~%2 in dimension d. Such environments constitute an intermediate class
of models, that is still far for being well understood at the present time [1, 4].

In this paper, we are interested in the asymptotic behavior as t — oco of X;/t, where X; denotes the
position at time ¢ of a walker driven by the one-dimensional simple exclusion process at equilibrium with

density 0 < p < 1. The walker evolves in discrete time: if he sits on a particle at the moment of jumping,



he moves to the right with probability « and to the left with probability 1 — « for some 0 < a < 1, while
if he sits on a vacant site, these probabilities become respectively 8 and 1 — 8 for some 0 < 8 < 1 (see
below for a more rigorous description). Of particular interest is the case a < % < [ or vice versa, as we
then see reappearing the possibility of trapping mechanisms.

Let v be the jump rate of the particles of the exclusion dynamics. Two regimes, depending on the
value of «, are considered in this article. We first deal with the fluid regime v > 1. In the formal limit
“v = 00”, the walker evolves as in an homogeneous medium: he jumps to the right with the homogenized
probability p = pa + (1 — p)5 and to the left with probability 1 — p. We assume p # %7 and say p > %
to fix things. The walker is thus drifted to the right in the limiting case “y = oo” and the fluctuations
are normal. Let us now take 1 <« v < oo. The exclusion processes mixes the particles in boxes of size
fyl/ 2 in between each step of the walker. Therefore, most of the time, the walk will behave in the same
way as the limiting homogeneous walk. However, the walker will eventually visit some regions where
the density of particles is anomalously high or small, and behave then differently. But regions of size [
with an anomalous density of particles, are typically at distance e from the origin for some ¢ > 0 in
the equilibrium measure, while only a time of order [? is needed for the dynamics to disaggregate them.
Therefore, these regions do not act as efficient barriers to the evolution of the walker, that exhibits thus a
positive asymptotic velocity. This is made precise in Theorem 1, where it is also shown that fluctuations
are normal.

We next deal with the quasi-static regime v < 1. The dynamics is then no longer dominated by the
homogenized probability p. Instead of the condition p # %, we now assume that, in the limiting static
case 7 = 0, the walk is transient, say to the right (see (1.9) below). Under this hypothesis, at v = 0, it
is known that X; ~ t® as t — oo for some 0 < § < 1, and that the sub-ballistic behavior observed in
the cases where d < 1, is due to the fluctuations of the environment. Let us now take v > 0. We take it
however small enough so that, over a time ¢t = 7y~ for some small 7 > 0, during which the environment
has not evolved significantly, the walk moves to the right by an amount of order ¢°, if started in an
environment that looks locally typical with respect to the Gibbs measure. As long as the walk evolves
in such configurations of the environment, it is thus drifted to the right. Nevertheless, when coming in
a region where the density of particles is anomalous, its progression may be much slowed down. Since
however + is positive, we may just reuse the argument developed for large v and show that traps are
irrelevant: large traps (of size [) disappear on much shorter time scales (y~'/?) than the time needed for
the walker to see a next trap of that size (a time at least of order [ for some K > 1, see Section 4). We
conclude that the walker has a positive velocity to the right, as stated in Theorem 2. Again, we show
also that fluctuations are normal.

From these two results, we conclude that the value of the limiting velocity v(7y) may change drastically
between the large an small v regimes. The following cases seem to be of particular interest: for some
values p, a and 3, the walk is transient to the left in a static environment while the homogenized drift
2p — 1 is positive (the asymptotic velocity in the static environement is then necessarily zero). Therefore

it hods that v(0) = 0, then v(y) < 0 for small enough v > 0, and finally v() > 0 for large enough v > 0.



We did not show that v(7) has limit v(0) when 7 goes to 0 nor limit 25 — 1 when ~ goes to oo, but
expect both of them. While the latter could be shown using the technique of the present article, at the
cost of slightly more involved estimates (control on both excess and shortage of particles), some more
care should be needed to check the continuity at 0.

Theorems 1 and 2 are shown in essentially the same way. In a first step, by means of a multi-scale
analysis, we show recursively that the walker can pass larger and larger traps, for environments that are
allowed to become locally more and more atypical. The introduction of renormalization techniques to
study random walks in random environments seems to go back to [7] and [9], from where our strategy is
inspired. A similar method is used in [14] (see also [11] and [13] for a slightly different approach). This
first step allows to conclude that the walker is drifted almost surely to the left or the right.

The law of large numbers and invariance principle are deduced in a second step. As the environment
evolves only on diffusive time scales, a ballistic walker discovers fresh randomness most of the time. From
this observation, it is possible to build up a renewal structure, allowing to cut the full trajectory into
pieces that are mutually independent. This idea was first introduced in [18] for the case of a static i.i.d.
environment, and further adapted by [10] to deal with the case of static environments with good mixing
properties. It was exploited in [2] to obtain a law of large numbers for dynamic environments with good
mixing rates, and then in [8, 14]. As this method is rather delicate and model dependent, we had to
perform specific constructions and estimates.

Let us now discuss some existing works that are directly related to our results. A rather comprehensive
study of the model studied here was initiated in [4], where several conjectures, based on numerical
computations and some heuristics, were presented. Partial mathematical results have been obtained in
[13] and [3]. Our Theorem 2 answers negatively one of the “key open question” asked in (3.8) in [4]: Is
~v1(p) > 07 Moreover, two dimensional analogs of our model have been studied in the physics literature.
In [5], the differential mobility of a tagged particle driven by an external field is shown, by means of
numerical computations, to undergo a transition from a quasi-static to a fluid regime as ~ is increased.
These two regimes are somehow analogous to the ones described by our Theorem 2 and Theorem 1
respectively. In addition, the same model was studied in [6] as a way to probe the glassy transition in
liquids, and the possibility of anomalous fluctuations was alluded. Our results suggest that this is not
the case.

Finally, in a recent work [14], a law of large numbers and an invariance principle for the fluctuations
of a walker were obtained, in a set-up close to ours. The authors consider indeed a random walk driven
by a set of non-interacting particles at equilibrium with density 0 < p < +o00. The transition probability
of the walker differs if he sits on a vacant site or on a site occupied by at least one particle. Their
results hold then for all p large enough, assuming that the limiting velocity is non-zero in the limiting
case “p = oo”. This is thus a situation analogous to that described by our Theorem 1, which proof is
moreover based on a similar architecture as their. We stress nevertheless that, even when restricting the
attention to Theorem 1, we developed our strategy independently and that a closer look at the details

shows that many steps cannot be simply adapted.



1.1 Model

An environment is a function (w(t, x));>0,zez with value in the interval (0,1), the time indexed by ¢ is
continuous and the space is indexed by « € Z. Given such a function w we define for any space time

point (n,x) the markovian (discrete time) law Py, by

Py, (Xo=z)=1 and, foralk>0,2€Z (L.1)
Py (X1 =2+ 11Xy = 2) =w(n+k,2) (1.2)
Py (Xp1 =2 1Xp =2)=1-wn+k,z2). (1.3)

Given a discrete time process (X, ),>0 we also define with a slight abuse of notation the continuous time
process (X¢)i>0 := (X|¢])t>o0-

Consider the simple exclusion process on Z

()0 = Ne(t))zezizo € {0,1}*

defined by its generator
Ef = '_YZ (f C0z,z+1 — f) (14)

TEL

where v > 0 is the jump rate of the particles (the intensity of the process) and o, , is defined for any
x,y € Z by,
Ooy(M) = (ooifysee s Nayen) it =GNy )

If n,(t) = 1, site x is said to be occupied by a particle at time ¢, while it is said to be vacant if 7,,(¢) = 0.

For any 0 < p < 1, the probability measure 7, = (pd1 + (1 — p)dp)®Z is invariant for the simple exclusion

process. Remark that for any z, m,(n, = 1) = p. We denote by P, the law of the process with initial

condition distributed according to m,.

Let 0 < o, 8 < 1. Given a realization of 1 we define an environment w as a function of 7 by
NI S (1.5)
B ifnt,xz)=0

We define IP, a law on the space of environments, as the push-forward of PP, through this function. To

fix ideas we will from now on assume that the drift corresponding to empty sites is larger than the drift

corresponding to occupied sites that is

0<a<p<l.

We define for any space-time point (n,z) the annealed law by
Po.=Px P, (1.6)

Remark that the law of (X} — z)>¢ under P, , is the same as the one of (Xj)r>o under Py, that we

will often denote simply by Py.



1.2 Results

We assume that the environment is uniformly elliptic:
0 <a,8< 1L (1.7)

For our first result, we assume that the walker would be drifted to the right if, at each step, the
environment would be entirely refreshed according to the equilibrium measure (limiting case “y = 00”).

We assume thus that p, @ and S are such that
Ey(X; —Xo) = EQ2w—-1) = p2a-1)+(1-p)(26-1) > 0 (1.8)

where FEj is the expectation with respect to Py and E the expectation with respect to P. We show that
the drift to the right will still be observed if, instead of refreshing the environment at each step of the
walker, it evolves according to the dynamics generated by (1.4) with initial condition distributed as P,
provided that v is taken large enough once the parameters p, a and g have been fixed. The following

theorem may therefore be seen as a perturbative result around the trivial case “y = 00”:

Theorem 1. Assume that the uniform ellipticity condition (1.7) and the drift condition (1.8) hold. There

exists ve > 0 so that, for v large enough,

1. there exists v(y) > vy so that

X
lim — = () Py —a.s.

2. the annealed central limit theorem holds that is, under Py

(Xm —\/%tv(v)

where (By)i>0 is a non degenerated brownian motion and the convergence in law is considered under

) = (Bi)i>0
>0

Skorohod topology.

For our second result, we assume that the walker is transient to the right in a static environment

(v = 0) that is the parameters p, a and § are such that

—5 (1.9)

1-— 1-— 1
E(ln w) = pln @ +(1-p)ln
w a

For background about static random walks in random environments, see e.g. [19]. We show that, for

strictly positive and small enough v, the walker has a positive velocity:

Theorem 2. Assume that condition (1.7) and condition (1.9) for transience to the right in a static

environment holds. Then for v small enough

1. there exists v(y) > 0 such that



2. the annealed central limit theorem holds that is, under Py

<Xm —\/%tv(v)

where (By)t>o is a non degenerated brownian motion and the convergence in law is considered under

> - (Bt)tZO
t>0

Skorohod topology.

We stress that in the case where (1.8) holds while the left hand side of (1.9) is strictly positive, the
velocity can be either positive or negative according of the value of 7. We can thus exclude that any of

our two theorems could be valid for all strictly positive ~.

1.3 Outline of the paper

The rest of the article is organized in four sections. In Section 2, we control the time of dissipation of
zones with high density of particles. In Section 3, we use these results on the environment together with
a renormalization procedure to derive that, if the assumption (1.8) holds and if « is large enough, the
walk is ballistic to the right. In Section 4, the same ideas are used to prove that the walk is ballistic to
the right if the assumption (1.9) holds and if v > 0 is small enough. Finally, in Section 5, we build a
renewal structure to precise the results of Sections 3 and 4, i.e. to derive the law of large numbers and

the annealed invariance principle stated in Theorems 1 and 2.

2 Dissipation of traps

The walker can be slowed down in these places where the concentration of particles is too high with
respect to the expected density p. These locally anomalous configuration of the environment are called
traps. Here we make precise the idea that traps disappear on diffusive time scales. Concretely, we
establish that, if in a box of size L around a point x, the density of particles is very close to the density
p for a given initial profile n € {0, 1}%, then, waiting a time bigger than L?, the density in smaller boxes
around x becomes close to p as well, with high probability with respect to the evolution of the process.
The section is divided into three parts: we first state our results, then show some technical lemmas, and
finally give the proof of our propositions. The technical estimates in 2.2 are very close to some results
obtained in [13] (see Lemma 5.3 there).
Before starting, let us introduce an extra notation, to be in use mainly in Sections 2-4. We define for
n € {0, 1}% the law P" of the simple exclusion process defined by (1.4) and deterministic initial condition
1. We define then
P =P" x Py, (2.1)

where w is the environment built from (n(¢, x))i>0,zcz (see (1.5)).



2.1 Statement of the results

Given z € Z, L € N and n € NZ, let
Mot = = 3 (2.2)
Vel = B, D) W '
yE€B(z,L)

be the empirical density of particles in a box of radius L around the point x. In (2.2), we have used the
notations

B(z,L) = [xr—L,z+ LINZ and |B(z,L)| = 2L+ 1.

Let (er)r>0 be some decreasing sequence of numbers in ]0, 1]. The numbers e, will serve to control the
difference between the density p and the empirical density in a box of size L. Given n € {0,1}* and
L € N, we define the set of good sites G(n, L) C Z as follows: we say that € G(n, L) if

Mer < (I4+e)p forall L'>L. (2.3)

The main result of this section is contained in the following proposition, where we use the assumption
~t > L3 instead of the more natural assumption vt > CL? for some large constant C, in order to avoid

the introduction of too many constants.

Proposition 1. There exist constants C < +oco and ¢ > 0 such that, given an initial profile n € {0,1}2,

and given x € Z, t > 0 and J, L € N, the conditions

QEEG(n,L)7 vt > L3, J

IN
t~

) L(€J _GL) Z 07
imply that
exp ( —cJp?(eg — €L)2)

p2(es — €r)?

P"(x ¢ G(n(t),J)> < C

This proposition can only be applied if, given a profile 7, one waits a time ¢ > L3. The next proposition

furnishes a control that holds for short times too,

Proposition 2. There exist a constant ¢ > 0 such that, given an initial profile n € {0,1}%, and given

€e>0,t>0,z€Z and L € N, it holds that if
yeG(n,L) VyeB(zL) and  €>eg,

then
Pn(<77(t)>z.,L >(1+ G)p) < exp(— cLp?(e — EL)2).

It is observed that this last Proposition is independent of ~.

2.2 Some lemmas : heat equation properties and concentration

We let



be the mean value of the field after a time ¢, starting from the initial field 1, where we have used E" for the
expectation with respect to P7. The mean evolution 7j(t) solves the discrete heat equation 0y = YA
with initial condition 7(0) = 7. The operator A appearing here is the discrete Laplacian defined by
Au(z) =u(xz+1) = 2u(z) + u(z — 1) for u: Z — R.

We find it convenient to introduce three closely related kernels. Let first p : Z x Ry — R be the heat

kernel associated to the Laplacian yA: p solves the initial value problem

p(-,0) =do(-),  Op=~Ap. (2.5)

So, for z € Z and t > 0, p(x, t) represents the probability that a free particle jumping with rate + starting

at origin sits on site = at time ¢t. Given L € N, let then py, and p;, be given by

1
pr(z,t) = Z plx+y,t) and  pr(z,t) = mp,;(x,t) (2.6)
yeB(0,L)

for (x,t) € Z x Ry. The quantity pr(x,t) represents the probability that a free particle starting from
origin lies in the box of size L centered at x at time t.

Our first lemma furnishes a concentration bound: with high probability, the empirical density of 7(t)
in a box of size L does not deviate too much from the empirical density of the mean evolution 7j(¢) in the

same box. This result does not depend on ~.

Lemma 1. There exists a constant ¢ > 0 such that, given n € {0, 1}2, LeN,ze€eZ,t>0anda >0,
2
PY((n(t) = 7(t))a,r > a) < ek

Proof. Given § > 0, it follows from Markov inequality that

P ((n(t) = 7(t))a,r, > a) < e—9a o= ())e, . B <e5<n(t)>z,L). (2.7)
We compute
_ 1 _ 1
@(t)er = > Aty t) = ST Y plety— 2zt
2L +1 2L +1
y€B(0,L) y€B(0,L) 2€Z
= ZpL(a: - % t)7727 (28)
z€EZ

as is seen from the definition (2.6) of py.

Let us then work out the third factor. We use Ligett’s inequality to get rid of the exclusion constraint
(see [13]). Let us define the process 6 that represents the collective motion of independent particles
evolving on Z. So let 6 = (A(t));>0 be the process on NZ defined by the generator

LfO) = Y 0.(F(67"+) —2f(0) + f(6"71))
z€T
with 7Y = (...,0, —1,...,0, +1...)if 6 = (...,0,,...,0,,...). We assume that 6(0) = n. It is
convenient to adopt the following interpretation: we say that there are n € N particles at x € Z at time

t > 0 if and only if 0,(t) = n. Let us label all the particles, in an arbitrary way, by k£ € N*. Let X (t)



be their position at time ¢. At any time ¢ > 0, the variables (Xj(¢))r>1 are independent. By Ligett’s

inequality, and remembering the definition (2.6) of pr, we get

En(ea<n<t>>w,L> < En(eae(t»z,L) — En(eﬁ zkzllg(w,mxk(t))) - HEn(eﬁlB(m,mxk(t)))
k>1

=TI (77 pL(Xk(0) = 2.t) + (1 = pL(X4(0) — 2,1)) )

)

— H (62L+1 pr(z —z,t) + (1 —pr(z— x’t)))nz
<e6/(2L+1) _ 1) ZpL(z — xi)m)

<
(

(e¥/ L4 _ 1) (2L + 1)<ﬁ(t)>m), (2.9)

AN
o
”
T

= exp

where the last expression follows from (2.8).
Let us now come back to (2.7). Assuming that 6/(2L + 1) < 1, we conclude using (2.9) that we can
find a constant C' < 400 such that

RGO _En(eam(t»m,L) < oSt (Ma,

Therefore
_ s ST a5
P((n(t) =7(t))e,r > a) < e 201 for 0 <& <2L+1.
This inequality is optimized for 6 = min{%, 2L+ 1}. If o = 7285%(%;1’2, we find
_ _a?@r+1) o2
P"((n(t) — 7)) pr > a) < e WHOLL < e—i(ié“), (2.10)

as ((t))z.r <1 for the simple exclusion process. If instead 6 = 2L + 1, we obtain

C@MN) g1

Pn(<77(t) =N(t))e,r > a) < e—a(2L+1)(1———=k)

a(2L+1)

Because in this case 2L +1 < TeICI) IS

, this implies

P((n(t) =7(t)a,r, > a) < e *CGEFD/Z, (2.11)

The Lemma is obvious for @ > 1 and, for a < 1, (2.10) is always larger than (2.11) as soon as C' > 1/2.

This gives the claim. O

The next two lemmas furnish a control on the solution of the heat equation. The first of these makes

precise the fact that, after a time ¢, the solution at z is well approximated by the empirical density of

1/2

the initial profile in a box of size (y¢)'/# around z.

Lemma 2. There exists a constant C' < +00 such that, given n € {0, 1}2, M,LeN, x€Z andt >0,

2

M) e < (1 + Cﬁ) sup {(n)a,r : 7 > L}.



Proof. Let us start by quoting a property of the heat equation. Let f : Z — R be such that f(z) = f(—=z)
for all € Z, and such that, for all z > 0, it holds that f(z) — f(z+1) > 0. For € Z and t > 0, let also
f(z,t) the solution of the initial value problem f(x,0) = f(z) and 0 f(x,t) = YA f(x,t). It is checked
that, for all ¢ > 0, we still have f(x,t) = f(—=z,t) for all z € Z, and f(z,t) — f(x+1,t) > 0 for all z > 0.

This has the following consequence. It is seen from the definition (2.6) of pas that pas(x,0) =
pa(—x,0) for all x € Z, that pas(z,0) — par(x + 1,0) > 0 for all x > 0, and that pas solves the heat
equation Oyprr(x,t) = yApp(z,t) for € Z and ¢ > 0. Therefore, for any function u : Z — R, it holds
that

ZPM(Z - xvt)u(z) = Z (pM(Z7t> - pM(Z + 1,t)>(22 + 1)<u>w,2’ (2'12)

2€Z z>0
where ppr(2,t) —pa(z +1,t) > 0 for all z > 0.

Let us now write for simplicity

R: sup{(r])gw i > L}.

As shown in (2.8), it holds that (7(t))z,ar = >_.cz Pm (2 — ,1)n2, so that, using (2.12), we find
A)enr = @E)an —R+R =Y (par(z:) = par(z + 1,1)) (22 + D ((M)ez = R) + R (2.13)
220
If z > L, then
<77>a:,z -R = (77>z,z — sup {<77>:1:,r 2> L} < 0,

while, if z < L, then still

(22 + 1)(<77>w,z - R) < 2+ )M = Z Nty < L+ 1R

We see that we already obtain the result if L = 0, so that we can further assume L > 1. Inserting these

two estimates in (2.13), we find

L-1

M(E)er < QLYDRY. (prr(z.t)—par(z+1,1) + R = {1+(2L+1)(pM(O,t)—pM(L,t))}R. (2.14)

A direct computation in Fourier space shows that there exists a constant C' < +o00 such that, for any

z € Z, we have

c
t) — L) < —.
Ip(z,8) =p(z+ 1.0l < =
Therefore
CL
0,t) — Lit) < —.
pM( 3 ) pM( ) ) = 7t
Inserting this estimate in (2.14) furnishes the claim. O

Our last lemma gives a bound that does not require to wait a time ¢ > L? to hold:

Lemma 3. Givenn € {0,1}2, x € Z, t > 0 and L € N, it holds that

@(t)a. < sup {(n)y.r 7> L,y € Bz, L)}.

10



Proof. For L = 0, the lemma follows from Lemma 2. We assume L > 1. To simplify writings, let us write
R := sup{(n)y,:r>L,y€c Bz L)}

We decompose

p('vt) = ﬁ('at) + Zpk("t)

k>L
with
pk('at) = (p(kat) - p(k + 17t))HB(0,k')(')a k Z L

and

p(z,t) = p(z,1) Zpk (z,t) it zeB(0,L—1) and p(z,t) = 0 otherwise.
E>L

Let y € B(x, L). It holds that

Zp —2z,t)n Zp —ztnz—&—ZZpk —2z,t)n

2€EZ z€Z k>L z€Z
Since, for k > L,
Y oply—ztme = (pkt) —plk+1,8)) Y myp. = (p(k, 1) = p(k +1,0)) (2k + 1)(n)y b,
z€EZ z€B(0,k)

and since we assume y € B(z, L), our hypotheses imply (1), < R, so that

My, t) < Y Blatny+ Y (o k+1,0))(2k + 1)R
2€B(0,L—1) E>L
Therefore
TO)es = = S 7)
e T B )] I
yeB(z,L)
1
2€B(0,L—1) ’ y€B(z,L) k>L

If 2 € B(0,L — 1), we have z + z € B(z, L), and so by hypothesis,

Z Nety = Z Nototw < R.

yGB(a: L) weB(o L)
We thus conclude that
) < { B2t + > (b ) = p(k+1,0))(2k + 1) }R = R,
2€B(0,L—1) k>L
which is the claim. O
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2.3 Proof of Propositions 1 and 2

Proof of Proposition 1. We have

P(x ¢ Gor(t). 7)) < 3 P'((n(t)as > (Lt es)p). (2.15)

J>J

By Lemma 2, and since by hypothesis vt > L3 and x € G(n, L), we find for all J’ € N that
M) ey < (L+C/L)sup{(n)gyr:r>L} < (1+C/L)(1+€L)p.

Therefore, thanks to the hypothesis that L(e; — er) is large enough, we get

s

(1+€.])p—<ﬁ(t)>m’.p > (EJ—EL—2C/L)p > *(EJ_EL) > 0. (216)

[\

This last inequality allows us to use the concentration estimate stated in Lemma 1:

P(nO)ar = A+ e)p) = P((n0) = T0), ;0 = (1 +e)p = (1)) )
< P1((nt) =7(0), ;0 = Sles —en)
< exp(—cJ’pZ(eJ—eL)Q), (2.17)

where we have used (2.16) to get the first inequality. Inserting (2.17) in (2.15), we obtain

) 5 —cJp?(es—er)?
P”(x ¢ G(n(t)ﬂf)) < Z e~ P ler—er)” < Ce P

J'>J

PPes —er)?
since p?(e; — €1)? < 1. This is the claim. O
Proof of Proposition 2. We write
P ((n()er > (1 +e)p) = P((n(t))a.r — 7(t)a.r = (1+€)p— ((t))a,r)-
It follows from the hypotheses and from Lemma 3 that
A+e)p—@t)er > I+e)p—(1+er)p = (e—er)p,

so that, by Lemma 1, we find indeed P"((n(t))s,L > (1+€)p) < exp(—cLp®(e — €)?). O

3 Drift for large v

We here prove

Theorem 3. Assume that the drift to the right condition (1.8) holds. Then there exists v. > 0 so that,

for v large enough, there exists v(y) > v, so that

. ¢
htrgérolfT = ou(y) Py — a.s.
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We observe that the uniform ellipticity condition (1.7) is not required. The work is divided into three
parts. We first prove that, given an arbitrary large time T', we can find 7y large enough so that the walker
is drifted to the right, for a set of initial conditions on the environment that has large probability with
respect to the Gibbs state (see Lemma 4 below). Next, thanks to a renormalization procedure, we show
that this preliminary result can be extended to arbitrary long times, and to larger and larger sets of
initial conditions (see Proposition 3 below). Our scheme is eventually inspired by a method developed in
[7] (see also [9] for a dynamical uniformly mixing environment). In the case at hand however, we get off
the hook by means of a much more simple iteration than what was needed there. Theorem 3 is finally
established thanks to a Borel-Cantelli argument.

For the whole section we assume that «, 5 and p are fixed such that the drift condition (1.8) holds.
Let us still fix some parameters. First, we assume from now on that the sequence (e1)r>0, introduced in

Section 2 to control the excess of density in boxes of size L, is explicitly given by

1
€, = m for L eN. (31)

This choice is motivated by the following facts. In view of the definition (2.3) of good sites, we see that
e, >> 1/L'/? (that is much larger than the standard deviation of the exclusion process) is needed to
ensure that a given site is typically good for large L. Moreover, we will need to apply Proposition 1 with
J and L going to infinity in a certain ratio (L ~ J? actually) and we want to keep e; — €1, as large as
possible. The sequence (e1,)r>0 defined by (3.1) converges very slowly to zero, satisfying thus these two
requirements.

Second, we define also a sequence (¢r,)r>o that will serve to quantify the size of the traps in a box
of size L. Intuitively, typical regions of anomalous density in a box of size L are of size In L. For our

estimates, we nevertheless found it convenient to overestimate their size. We set
¢ = L' for  LeN. (3.2)

In the sequel, we will tacitly use the bound | X; — X| <t — s, valid for all 0 < s < ¢.

3.1 Initial step

Lemma 4. Let T € N be large enough, and let v > ¢3.. There exists a constant v > 0 (that depends only
on a, B and p) such that, given n € {0,1}% and x € Z such that

Vy S B(IvT)a Y € G(n7¢T)

It holds

1/4

P Xy — X <VvT) < e %7 |
Proof. Letting v > 0 be a constant that we will determine later, we first write

Pn(XT — XO S VT) S Pn(XT - X1 S VT—|— 1)7 (33)
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as the hypotheses do not allow to determine whether the site « is initially occupied or not.

Let us define a few objects. Since we assume « < 3, there exists 6 > 0 small enough so that (1.8)
will still be satisfied with any p’ € [0, p + J] instead of p. Let § > 0 be such that this holds. Up to
an enlargement of the probability space we define a sequence of i.i.d. random variables (Y)r>1 that are

independent from both the exclusion process and the walker with distribution
PI(Yi=1) = B+(a-B)p+d), P'(Yi=—1) = 1-PI(Y; =1). (3.4)
Thanks to (1.8) and our choice of §, it holds that P"(Y, = 1) > 1/2. For m > 2, we define the events
Em-1 = {y€Gn(m —1),J),Vy € B(z,m)}  with  J=[¢}?], (3.5)
and & = {y € G(n(0), ¢r),Vy € B(z,1)}. By hypothesis, P"(&) = 1.
We aim to show that

T-1 T—1
P (X — X <vI+1) < P”( S Ve <vr+ 1) + 3 P& ). (3.6)
k=1 k=1

Before deriving this expression, let us see that it implies the lemma for v small enough depending on the
values of «, 8 and p. Indeed for such a v, by (3.4), the first term in the right hand side of (3.6) is seen
to be bounded as

T-1
P”( S Vi< 1) < e (3.7)

k=1
for some constant ¢ > 0. The second term in the right hand side of (3.6) is then bounded by means of

Proposition 1. Since T is assumed to be large enough, and since v > ¢3., we deduce that

e exp (— cJp?(es — €4,)?)
SN < > Py ¢Gns). ) < C > z
k=1

p2(€J - 6¢T)2

yeB(z,T), Y,s
se{l,...,T—2}
—cJ 2 _ 2
< o1 exp( cJp(es — €4r) ) < e—¢1T/37 (3.8)

p*(€s — €47)?
where, to get the last inequality, we have used the explicit expressions (3.1) and (3.2) and (3.5), as well
as the fact that T is large enough. We obtain the lemma by inserting the bounds (3.7) and (3.8) in (3.6),
and then (3.6) in (3.3).
We are thus left with the proof of (3.6). For this, we show that, for any m > 1 and any a € R,

P (X14m — X1 <a) < PY(Xyyimo1) + Ym — X1 < a) + P1(ES_y), (3.9)

m—1

from which (3.6) follows by iteration using Fubini.
Let us first deal with the case m = 1. We need to show that P7(Xs — X; <a) < P"(Y; < a), but for
this it is enough to establish that P"(Xy — X7 = —1) < P"(Y; = —1). It holds that

P'(Xp—X1=-1) = > > PUXy— X1 =—1|X; = z,1:(1) = 0) P(X1 = 2,n.(1) = 0)

2€Z o=0,1

=Y P'(Xy=2) Y P'Xy— X1 =-1X1=zn.(1) = 0)P"(n.(1) = 0)
z2€Z o=0,1

= > PUx =2)(1-8+ (8- a)P(n(1) = 1)).
z€B(z,1)

14



Since, by (3.4), we have P"(Y; = —1) =1 -+ (8 — a)(p + ), we will conclude by showing that
P'(n,(1)=1) < p+ 6 for any z € B(x,1). Let z € B(x,1). It holds that
P'(n.(1)=1) = > nup(w—2,1) = 7,(1), (3.10)
weZ
where, as in Section 2, 7j(1) denotes the solution to the heat equation, with Laplacian yA, after a time
1, starting from 7. We can use Lemma 2, with M =0, L = ¢, t = 1 and = = z, to estimate the right
hand side of (3.10). Since v > ¢ and 2 € G(n, ¢7) by hypothesis, we conclude that if T is large enough,

Co
2

P =1) < (14 28 ) supftn). = or) < (1

5 )(1+€¢T)p < p+d. (3.11)

Let us next consider the case m > 1 in (3.9):

Pn(X1+m _Xl < a) = Pn(Xl—i-m _Xm +Xm _Xl < a)

< PUEL )+ Y PN (Xipm—Xm < a—(2m—21)|X1 = 21, Xon = 2m, Em1) P"(X1 = 21, Xon = 2, Em1)-

m—1
21,2m €L

For each term of the sum, we proceed with the first factor exactly as for m = 1. Replacing L = ¢ by

L =Jin (3.11), we find
P (X1 — X < a—(2m — 21)| X1 = 21, Xon = 2m, Em—1) < PV < a— (2 — 21)).
Altogether, we obtain

P'(Xipm—X1<a) < Y PUYp <a—(zm —21))P"(X1 = 21, X = 2m) + P"(E5, 1)

m—1
21,2m €L

= PU(X1+(m71) +Y,-X1 < CL) + Pn( . )7

m—1

as desired. 0

3.2 Renormalization procedure

We let v the constant appearing in Lemma 4.

Proposition 3. Let T be large enough and let v > ¢3.. Given n € {0,1}2, x € Z and t > T such that

Vy € B(.Z‘,t), Yy S G(nv(bt)a

it holds that

1/4

P (Xt —Xo < %t) < e, (3.12)

Proof of Proposition 3. We consider T large enough so that conclusions of Lemma 4 hold for the time

T'/3. We then define a sequence (t,),>0 with to € [T/3,T] and

forn >0,  tpi1 € [t2, (t, +1)7] (3.13)
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such that for some N > 0, ty = ¢ (for example define recursively, from ¢y = ¢ with some suitable N,

tx—1 = |v/%x | until reaching the interval [T/3 T7). We define also a sequence (c,,)n>0 C Ry by

"L 1\v v

k=0

We prove by recurrence on n > 0 that, given n € {0,1}%, x € Z and n > ny, if, for any y € B(z,t,), it
holds that y € G(n, ¢4, ), then

1/4

P1(X;, — Xo < cuty) < e Ptn . (3.15)

This will imply the claim.

By Lemma 4 and the hypotheses, (3.15) holds true for n = 0 since v > ¢3. We now assume that
(3.15) holds for some n > 0, and we show that it implies it for n + 1. We follow the same steps as
in the proof of Lemma 4. To simplify notations, let us write ¢, = t and t,41 = t’, as well as ¢, = ¢
and c¢,y1 = ¢’. As in Lemma 4, we first need to wait an initial step, as the information on the initial
environment does not allow us to use our inductive hypothesis. It follows from the definition (3.13) of

(tn)n>1 that t' = r 4+ (t — 1)t for some t < r < 4t. We write
P Xy — Xo <c't)) < P ( Xy — X, <t/ +7). (3.16)

If ng is large enough, waiting this time r will suffice to dissipate possible traps with high probability.

As in the proof of Lemma 4 we define on the same probability space (enlarged if necessary) a sequence
(Yi)k>1 of ii.d. random variables independent from both the exclusion process and the walker with
distribution

1/4 1/4

P'(Yy=ct) = 1—e % |, P Y=—t) = e %

Using our inductive hypothesis, we aim to show that

t—1
P'(Xy — X, <ct' +7) < P"(ZYk <t +r> + > Py ¢ Glnls), ér). (3.17)
k=1 yEB(aj7t/),
r<s<t’

To see this, we show that, for any m > 1 and any a € R, we have

P Xyt — Xp < a) < P Xpp(m_1yt + Y — Xr < a) + PT(ES_,) (3.18)

m—1

where

gm71 = {Vy € B(l‘,’f‘ + mt)ay € G(U(T + (m - 1)t)a¢t)}
Since t’' = r 4 (t — 1)t, (3.17) follows from (3.18) by iteration.
We prove now (3.18). For any m > 1,
Pn(Xrert - X, < a) = Pn(Xr+mt - Xr+(m71)t + Xr+(m71)t - X, < (L)

S Pn(gﬁ%l)-i- Z Pn(Xr+mt_Xr+(m—1)t S a_(szl_ZO)|Az0,zm71)Pn(Xr+(m—1)t = melaXr = ZO)~

20,2m—1€Z
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with
Ay zm— = A Xt (m=1)t = Zm-1, Xr = 20,Em—1}

Using the inductive hypothesis each term of the sum can be controlled by
Pn(XT-Hnt - Xr+(m71)t <a-— (zm—l - ZO)‘Azo,zm,l) < pn (Ym <a-— (Zm—l - ZO))

Therefore indeed P"(X, e — X < a) < PN(Yy + X (m—1)e — X» < a) + P"(&;,_1). So (3.18) and
hence (3.17) are shown.

We now proceed to bound each term in the right hand side of (3.17) separately. First, it follows from
the definition (3.13) of (t,,)n>0 and the definition (3.14) of (¢,,)n>0 that, if T is large enough,

!/
1/4 c+c
> + t.

mt = E(Y;) = ct(l—e @) —te % . (3.19)
Therefore
t—1 t—1
P"(ZYk <c't +r> < P”( (Ve —mt) < (¢ —m)(t — 1)t + 8t>
k=1 k=1
t—1 ,
< P77<Z (Ve —mt) < -t - 1)t+8t)
k=1
t—1
< P”( (Y3, — mt) < —t3/4t) < et (3.20)
k=1

where we have used the decomposition t' = r + (t — 1)t, as well as the bounds r < 4t and ¢’ < 1 to
get the first inequality, the estimate (3.19) to get the second one, the definitions (3.13) of (¢,)n>0 and
(3.14) of (¢)n>0 to get the third one, and finally a classical concentration bound for sum of independent
bounded variables (|Yx| < t a.s.) to obtain the last one.

We then use Proposition 1 to get a bound on the second term in the right hand side of (3.17). By
assumption, y € G(n, ¢¢/) as soon as y € B(z,t'), while, by the definition (3.2) of the sequence (¢r,), we
have yr > vyt > ¢3,. Therefore

_ 2 _ 2
> Py ¢ Gn(s), o) < o222 QC(M (€. ;"’“) ) < o’ (3.21)
yEB(z,t’), P (eff’t - E¢c/)
r<s<t’ ’

where the last bound is obtained using the explicit expressions (3.1) for (er), (3.2) for (¢r), and (3.13)
for (tn)nZI-
The result is obtained by inserting (3.20) and (3.21) in (3.17), and then (3.17) in (3.16). O

3.3 Proof of Theorem 3

Proof of Theorem 3. Given n € {0,1}% and t € N, we define a subset A(n,t) C Z of admissible points as
follows: x € A(n,t) if and only if for all y € B(z,t), it holds that y € G(n, ¢:). Let us first show that

there exists a constant C' < +o00 and « > 0 such that
P,(x ¢ A(n,t)) < Ce . (3.22)
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Indeed, because the equilibrium measure is a Bernoulli product measure, we find

Po(z g A1) < > PygGne) < > > By > (1+e€p,)p)

yEB(z,t) y€B(z,t) L>¢y

7Cp¢t€3)t

9 Z Z echeitp < Cte

y€B(z,t) L2¢:

AN

2
€p. P

Relation (3.22) is then obtained by inserting the values of ¢, and €4, given by (3.1) and (3.2).

By Borel-Cantelli lemma, it then follows from Proposition 3 and (3.22) that liminf;_, . X¢ —a > vi/2

Py — a.s., where v is the constant appearing in Lemma 4. O

4

Drift for small ~

We here prove

Theorem 4. Assume that the condition (1.9) for transience to the right in a static environment holds.

Then for v small enough there exists v(y) > 0 such that

X
liminf =X = w(y) Py —a.s.
t—o0

We observe that the uniform ellipticity condition (1.7) is not required. The cases where (1.9) holds while

(1.7) is violated correspond to the cases (« = 1,8 > 0) or (o > 0,8 = 1). Since then (1.9) will still hold

if the values or « or 8 are lowered by a sufficiently small amount, we conclude by a coupling argument

that the hypothesis (1.7) can be added without loss of generality. We will thus assume that (1.7) holds.

Several constants and parameter will appear in this section. Since it matters to select them in a given

order, we introduce all of them (at least informally in some cases) already now:

1.

We let as before the sequence (er)r, be given by (3.1).

. We fix the parameters of the model, a, 8 and p, so that (1.7) and (1.9) hold.

We fix a number ¢ > 2 that will serve to bound the probability that the walker deviates to much

to the left, in Lemma 6 and Proposition 4.

We will take 7 > 0 small enough so that the environment can be approximated with high enough

1

accuracy by a static environment on time intervals of length v~ "7, in the proofs of Lemmas 6 and

7.

We will take K > 0 large enough so that environments with no trap of size larger or equal to
K1In L in a given region of size L, are typical with respect to the equilibrium measure, in Lemmas
6 and 7 and in Proposition 4. Incidentally, taking K large enough allows also to successfully apply

Propositions 1 and 2.

We will take § > 0 small enough so that, in a static environment, the walker drifts a distance ° to

the right in a time ¢ with high probability, in Lemmas 6 and 7 and in Proposition 4.

We will finally take v > 0 small enough.
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4.1 Static environment

In this section we consider random walks in static random environment. We refer to [19] for background
on this topic. Given an environment w € [0,1]% we define S¥ to be the law of the walker starting at
time 0 in 2 € Z and evolving in the static environment w. We use S for S§. Given n € {0,1}%, we
can define via (1.5) an environment w(n). To simplify notation we may use S” instead of (. Given a
static environment w, we define the associated potential V' by
V(0)=0 and VieZ, V(i+1)—V(@)= 1n1;7°:i1“.
i

Lemma 5. Let K, and 0 be positive numbers. Let p € [p, 1] be small enough so that

- 1 1-
E? (m ”) < ZEF (m“’) :
w 2 w

where EP denotes the expectation with respect to IP,.

1. There exists C > 0 so that for t large enough (depending on §), if the environment satisfies
<77>7t‘5/2,t5/2 < p, then
Sn( inf XS S —t6> S e—Ct5 (41)

0<s<t

2. Fort large enough (depending on 6 and K ), if the environment satisfies
Vz € B(Ov2t6)7 <77>9c,K1nt5 S ﬁ?
then there exists C'x > 0 such that

SN(X, < t0) < ¢~(1-Cx9) (4.2)

Note that the assumption of point 2. implies the assumption of point 1.

Proof. We assume for simplicity and avoid integer parts that t° is an integer.

We start with point 1. Under assumption (1) _;s /245 /2 < p

V(-t%) > —t°F? <ln 1;“) > —t5w
We remind that (see [19] for example)
1 sEPUn 15
Sp(T s <Th) = 72?,_9 R0 <et — = —

Finally using Markov property at successive return times in 0 we obtain

. 5 46 B2 (n 1)
S Oinf< X, < —t < te ]
<s<t

and that concludes the proof of (4.1).
We turn to point 2. and first control the probability that the walker has not exited the interval
[—2t2,2t9] at time t. Let T := min{k > 0, X, ¢ [-2t°,2t]}. Define the environment @& for i € Z by
w; ifi> -2t

wW; =
0 ifi< =28
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Considering an obvious coupling of S” and S%,
ST > t) < §¥(Tys > 1)

where T, denotes the hitting time of x € Z. Using a classical recurrence (see [19] p.59 for example) it
holds that

Ego(Tys) < —(4t0)2elV1-s.0

QI+

where for a,b € Z, [V]ap = max{V(j) — V(i), 1 <4 < j < b}. Assumption of point 2. implies that
any excursion above a minimum of V' has length at most K In¢° and thus [V] g5 55 < K In(2) In(1=2).
Finally using Markov inequality

SUT >t) < Et2671+6K In(1=2)
T T«

We turn to the probability that the walker is at the left of t° at time t.

SM(X, <t0) < SNT >t) + §7( inf X, < —2%) + SN (Tys < t, Xy < 19)

We have already controlled the first two terms. For the last one, we apply Markov property at time T}s
and then use (4.1) to derive :

16

S (Tys < t, Xy <1°) < teTEn1T9) < 0O

The largest of the three terms is thus the first one at least for ¢ large enough. That concludes the proof
of (4.2). O

4.2 Initial step

The assumption in Proposition 1 will read ¢ > K3 In®(y~%¢), once applied at a time y~'¢ and for a length
K In(y~%) in the renormalization procedure in Section 4.4 below. Therefore, this procedure can only be
initiated for times satisfying this bound, hence the choice of a window In*(y~) < T < In?(y~!) in the

next lemmas:

Lemma 6. Let g > 2. Let K > 0 large enough then § > 0 small enough and then v > 0 small enough.

Let In*(y1) < T <In(y~1). Assume that the initial environment n € {0,1}% is such that
vz € B (0, (7_5T)2) , z € G (n, Kln(v_‘ST)) .

Then,

_ 1
P"(Xyar < 47°T) <

Proof. Let 7 > 0 be a real number that we will fix later. Let us first define an event E relative to the

exclusion process alone. We set
T/7—1

E= () (4,nB))

§=0
with, for 5 =0,---,T/7 =1
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o (1(t))i>0 € A, if and only if

Vr € B (O, (’y*‘sT)Q) , Mt e < (L4e€p1/2)p where tj=jr, L= Kln(’y*‘;T),

e (n(t))i>0 € By, if and only if, for all z € B(0, (y°T)?), the number of jumps of the exclusion
process that moves particles in the time-space window [y~ ¢,y *t;41] X [z — L,z + L] is bounded

by 71/2(2L).
We then decompose
P'(Xy1p < 47T) < P'(X,1p < y7°T|E) + P1(E°). (4.3)

Let us estimate the first term in the right hand side of (4.3). Let w be an environment such that the

corresponding (7(t))s>0 satisfies (17(t))¢>0 € E. Let x; = j47%7 (0 < j < T/7 —1). A coupling argument
shows that
T/7-1
Po(Xyr > v70T) = [ Py, (Xyryyy — Xyon, >9707). (4.4)
j=0
For any 0 < j < T/7 — 1, we define 7 by
7 =, mmax n(y~'s).

On A; N By, it holds that

<77j>:cj,L < (1+€L1/2 +7’1/2)p = p.

For T and 7 small enough, it holds that E?((1 —w)/w) < $E*((1 —w)/w). It then follows from the second

1

part of Lemma 5 with ¢ = v~ "7, that for v small enough :

w
P“Fltj»zj (X'Fltwrl

= X1y, > 7_67) > S;Z; (X,Yflf —x; > 7_67)

> Sl Xy, —a > (7)) 2 1—4 79K (4.5)
Inserting this estimate in (4.4), we find that, for § > 0 small enough and v > 0 small enough,
PEo(Xyap > v70T) = (1= > exp (—(T/r)y' =00 2).
Therefore, thanks to the hypothesis In*(y~1) < T' < In”(y~'), it also holds that
PNX,ip < y°T|E) < 1—exp (—(T/r)y'~9x%/2) < 7@t (4.6)

We next come to the second term in the right hand side of (4.3):

T/7—1 T/7—1
PUE) < 3 PU(A4NE)) £ 3 (PUAS) + PU(BELA,) (47)
Jj=0 j=0

First, applying Proposition 2 we find that for 4 small enough and j =0,--- ,T/7 — 1

P(45) < ST PUWE ) ar > (Lt epie)p) < Oy 0T)2emHenzmen) < (470)2=eK,
z€B(0,(v=%T)2)
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Next, applying a classical concentration bound, for 7 small enough there exists ¢(7) > 0 so that for
j=0,--- T/7—1
PU(B§|A;j) < Cy~°T)?e E < (y7°T)* <K,

Inserting these two last bounds in (4.7), we conclude that, if K is large enough,
P (E°) < T+, (4.8)

The result is obtained by inserting (4.6) and (4.8) in (4.3). O

4.3 Rough lower bound for intermediate times

Lemma 6 derived above does not yet allow to initiate the renormalization procedure described in the
proof of Proposition 4 below. Indeed, while on a time v~ 't the walker moves a distance vt to the right
with probability 1 — 1/t for good environments, it could a priori move a distance y~'¢ to the left with
probability 1/t9. Therefore, as long as roughly ¢ < =174, we could not exclude that the drift is actually
to the left. Conclusions of Lemma 6 are however valid only for ¢t < In?(y~!) and we can not expect,
using the same proof, to generalize this result to times ¢ close to 77!, see (4.6). For intermediate times ¢
such that In*(y~1) < ¢t < In?(y~1), the next lemma furnishes a better lower bound than the deterministic

bound X, > —s (s > 0), so as to make sure that the walker is drifted to the right.

Lemma 7. Let K > 0 large enough then § > 0 small enough and then v > 0 small enough. Assume T
is chosen as in Lemma 6, that is In*(v~1) < T <In(y™1), and let T <t <~~'. Assume that the initial

state n € {0,1}% is such that
Va € B (0, (’y*‘st)z) , z € G (n, Kln(fy*‘st)) . (4.9)

Then for all1 < s <t,

Proof. We first notice that the hypothesis (4.9) implies
vz € B (0, (7_6t)2) , z € G (n, (77_1)5/2) , (4.10)

provided that (er)r>0 is no longer given by (3.1), but is such that

1
Crr /2 T 7 +1In (1 4+ In(y=9%¢))"

(4.11)

For the present proof, we assume that (4.11) holds instead of (3.1), and we use directly the hypothesis
(4.10) instead of (4.9).
Fix 1 < s <t and define an event FE relative to the exclusion process alone. We set

s/T—1

E= () (4nB)

Jj=0

with
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o (1(t))i>0 € A, if and only if

MOy )a;—rr < (L+epn)p  where  t; =41, x;=—k(ry 1), L= (ry1)%/2

e (n(t))i>0 € Bj; if and only if the number of jumps of the exclusion process that moves particles in

the time-space window [z; — 2L, x;] x [y~ 't;,7~t;41] is bounded by 71/2(2L).
We then decompose
P (Xy1y < —77%) < P (X, < =77 %S| E) + P(E°). (4.12)

Let us estimate the first term in the right hand side of (4.12). Let w be an environment such that the

corresponding (n(t)):>o satisfies (1(t))i>0 € E. A coupling argument shows that

s/T—1
Pily (Xyms < =77%) < D Py (Xymrey,, — Xyony, < —20). (4.13)
§=0
For any 0 < j < s/7 — 1, we define 7 by
ﬁj - t-<I¥r‘131}5('+1 n(’Yil,r)

It holds that

<77j>-"£j—L,L < (14e€p12 +Tl/2)p = p.

For 7 small enough and ~ small enough, it holds that E?((1 — w)/w) < $E*((1 — w)/w). By a coupling

argument and the first part of Lemma 5, we obtain for some ¢ > 0,

—cL
¢4 _Xfyflt]. ~N—lr — Ty < —2L) < e e,

Py o (X < -2L) < S¥ (X

Therefore, inserting this estimate in (4.13), it holds that Py (X,-1, < —y7°s) < (s/7)e” L so that

P (X

1y < —y 08| E) < ZemeL, (4.14)
T

For the second term in the right hand side of (4.12), we have too

s/T—1 s/T—1
C (&3 (&3 (& S —C
P"(E°) < ZO P"((A; N B;)°) < ZO (P"(AS) + P"(B§|4;)) < —e L (4.15)
J= J=

since, applying Proposition 2 we find P"(A‘;-) < e ¢l if K is large enough, while, if 7 is chosen small

enough, a classical concentration bound furnishes P7(B§|A;) < e™°F.
Inserting (4.14) and (4.15) into (4.12), we obtain for +y large enough,

5/2

_ 1 -1 — _~—68/2 _
P"(X7_15§—7 6s)§C'y Lr=lemel < 77 < e’

since s < y~1. O
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4.4 Renormalization procedure

We use Lemma 6 as initial step, Proposition 1 to guarantee the dissipation of possible traps with high

probability, and Lemma 7 as lower bound for intermediate times, to derive

Proposition 4. Let g > 2. Let K be large enough, then § > 0 small enough and finally v > 0 small

enough. Fizt >1n”(y~1) and assume that the initial environment n € {0,1}% is such that
vz € B(0,(v°t)?), z € G (n,KIn(y°t)).

Then

)

P (X1 <770/2) < 1/t%

Proof. We take K < +00, § > 0 and v > 0 such that Lemmas 6 and 7 hold. Given ¢t > lng('y_l), we define
a sequence (t,)n>0 with o € [In*~y~ n =] and for n > 0, t,1 € [t2, (t, + 1)?], such that for some
N >0, ty =t. Remind the definition of (¢,,)n>0 in (3.14) with v = 1 so that the sequence is decreasing
from 1 to 1/2. We prove by recurrence that, given n € {0,1}% and n > 0, if, for any = € B(0, (y%t,)?),
it holds that x € G(n, K Iny~°t,), then

PN X1y, < eny %tn) < 1,9 (4.16)

This will imply the claim.

By Lemma 6 and by the hypotheses, (4.16) holds true for n = 0. We now assume that (4.16) holds
for some n > 0, and we show that it implies it for n 4+ 1. To simplify notations, let us write ¢,, = t and
tnt1 =t/ as well as ¢, = ¢ and ¢, 11 = ¢’. It holds that t' = r + (t — 1)t for some t < r < 4t. The cases
t' <~y 'and t' >~ ! are treated differently. We first write a bound analogous to (3.16) in the proof of

Proposition 3:

_48/2

P (X1 <y7%) < P (Xyrp — Xy, Sy % +97%1) + e it t' <47 (4.17)

P1(X 1y <y7%) < P ( X1y — Xy, < &y 70t +970r) if >4y (418)

where (4.17) is derived from Lemma 7 while the bound X.-1, > —y ! in (4.18) is deterministic.
We need to evaluate the the right hand side of either of these bounds. For this, we define on the same
probability space (enlarged if necessary) a sequence (Yj)r>1 of i.i.d. random variables independent from

both the exclusion process and the walker with distribution:

P"(Yy=cy’t) = 1-t7% P (Y,=-"t) =t ¢ if t' <y, (4.19)

Il
[l
|
Q

P"(Yy=cy’t) = 1-t7%  P7(Y,=-y""t) if t'>q7" (4.20)

For any integer m > 0, let us also define the events

D {X’yfl(r+mt) > _7_61—'/}7

{Vaz eB(0,(v°t)?),z € G(n (v~ (r + mt)) ,Kln(’y_‘st))} :

Em
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Using our inductive hypothesis, we aim to show that, for t’ < =1,

t—1
P (Xym1y = Xomap /970 4970) < P (Z Vi <yt 7“”)
k=1
+ Z P (X1 (rmt) — X1t me1)t) < =7t Dine1, Em—1)
1<m<t—1

+ Y (PUDG )+ P ) (421)

1<m<t—1

with (Yi)g>1 given by (4.19), and for t' > y~1,

t—1

P (X -1y — X1, Sy + 7)) < P <Z Y < c/y70% +’yl7’> + ) PUES) (4.22)

k=1 1<m<t—1
with (Yi)r>1 given by (4.20). One sees that the first of these bounds, valid for ' < 41, involves two
extra terms in comparison with the second one, valid for t' > y~!. This comes form the fact that, in the
first case, it is not always so that, after a time yv~1(r + (m — 1)t) (for some 1 < m <t — 1), the walker is
on a site where we have a control on the environment, while it is always so in the second case (the initial

environment is controlled in a box of size (y~9t')?).

The bounds (4.21) and (4.22) are shown in an analogous way; as the latter is easier, we focus on the

1

derivation of (4.21). Let us thus assume t’ < y~'. Let us establish that, for any m > 1 and any a € R,

we have

Pn(Xfyfl(r+mt) - X’yflr < CL) < PW(X’yfl(r-&-(m—l)t) +Y, - X'yflr < G,)

+ P (X7*1(7'+mt) - X’y*1(7’+(m—1)t) < _7_6t’Dm717€m71) + Pn(ID'ﬁnfl) + PW( 707’7,71)' (423)
Since t' = r + (t — 1)t, (4.21) follows from (4.23) by iteration and Fubini theorem. For m > I:

Pn(X’yfl(T’—‘rmt) - X

v~ 1r S CL) S

Pn(X'yfl(r-&-mt) _X'yfl(r—k(m—l)t)+Xfy*1(r+(m—1)t) _X'yflr < a|Dm,1,5m,1) + P’?(DTCR71>+PVI(&CR71)_
(4.24)

The first term in the right hand side is expressed as

Yo P (Xyiimt) — Xy itmony € a— 2+ Xyt D1, Eme 1, Xy i (i (m-1)) = )

z>—y 70t

Pn(X’y—l(rJr(mfl)t) = 2[Dp—1,Em-1). (4.25)
Our inductive hypothesis at scale n and Markov property imply that
P (X'yfl(r+mt) - X’yfl(r+(m—1)t) <a—z+ X'yfl'r’Dmfly Em—-1, X’yfl(r+(m—1)t) = Z) <

Pn(Ym < a_z—’_X'y_lr) +PW(X'y_l(r—i-mt)_X'y_l(r-i-(m—l)t) < _7_5t|Dm717gmfle'y—l(r-i-(m—l)t) = Z)
(4.26)

Inserting (4.26) into (4.25), and then (4.25) into (4.24) leads to (4.23), hence to (4.21).
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We now proceed to bound each term in the right hand side of (4.21) and (4.22) separately. Let us
start with (4.21). To deal with the first term in the right hand side of (4.21), we define for any integer
1 <p<t-—1, the event

Ay = 31<ki < <kpy<t—1:Y, <0foralll<j<p}

We have

We take p = 3(¢ + 1) and we show that

t—1 t—1
1 1
n I =64/ -6 ] I =04t -4 c Ul il
P (g_lYk<C'y t'+ r) < P (kg_lYk<c7 t' + nAp) + P"(Ap,) < o < (t/)(‘1+1)’
(4.27)
provided that v was taken small enough. Indeed, the first term in the right hand side of (4.27) vanishes

since, on Ay, it holds that
t—1
Vi = eyt —1-p)—py°t > <yt + 470
k=1

as indeed the last inequality reads (¢ —c’)t > C(p) (which holds true since c —c¢’ = 27 ("*2) while t > e®?"

for some ¢ > 0). To deal with the second term in the right hand side of (4.21), we apply Lemma 7:

_¢6/2

7 -0
Z P (X'yfl(r—‘,-mt) _X’yfl(r—‘r(m—l)t) S - t‘Dmfl,gmfl) S (t— 1)6 =~ W (428)
1<m<t—1
Similarly,
. _.5/2 1
> PUDL ) < (t—1e T < Wy (4.29)

1<m<t—1
Finally, to bound for any m > 0, P"(E¢,), we apply Proposition 1. The hypothesis reads here (v~ (r +
mt)) > (K In(y~°t))3, and is satisfied since, for v smal enough, r + mt > t > In* 4. Therefore, taking

K large enough,

Z P& _) < Z P (z ¢ G(n(y(r+ mt)),Klnry*‘st))

l=mst—1 2€B(0,(v°t')?),
1<m<t—1

1
O

< (t _ 1)(776t/)2€7cK1n'y"5t < (430)

For (4.22), both the equivalent of (4.27) and of (4.30) remain valid.Inserting (4.27-4.30) into (4.21) and
then (4.21) into (4.17) for ' < 471, or inserting the equivalent of (4.27) and (4.30) into (4.22) and then
(4.22) into (4.18) for t’' > 71, yields the result. O
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4.5 Conclusion of the proof

Proof of Theorem 4. If K is large enough, we have, writing simply € for €g 1, -s¢,

P, (3z € B (0, (7_61?)2) cx ¢ G(n, Kln(v“st))) < Z P, (z ¢ G (n, Kln(y_‘st)))
EB(0,(v-91)2)

—C 62
< ) S B>+ <D Yo ek
z€B(0,(y~%¢)2) L>K In(y—9t) z€B(0,(v~%¢)2) L>K In(y~9t)
< C«(,}/fét)2672echln(*y_‘st)e2 < O/(’)/iét)z(’yiét)ic/K < t37C/K (431)
once t is large enough. This last term can be bounded by 1/t? that is summable for K large enough.

Therefore, since

Py(X: < ’7—5t/2) < P (HCC € B(0, (7—%)2) cxd G(n,Kln(’y_‘st))

+ Py (Xe <y7°t/2 | V2 € B(0,(v°t)?) : z € G(n, KIn(v~°t)),

it follows from Borel-Cantelli lemma, from Proposition 4 and from (4.31) that, for K large enough, 6 > 0

small enough and v > 0 small enough,

—5
t

liminf X; > Tt Py —a.s.

t— o0 2

5 Proof of Theorem 1 and Theorem 2

Theorem 1 is deduced from Proposition 3 and Theorem 3 exactly in the same way as Theorem 2 is
deduced from Proposition 4 and Theorem 4. We only show Theorem 1, and so we fix v large enough so
that the conclusions of Proposition 3 and Theorem 3 are in force.

The key point to prove Theorem 1 is the construction of a renewal structure, that is to cut the random
path used by the walker into pieces that are independent under Py. As mentioned in the introduction, a
similar construction was already used several times to study various models involving dynamical environ-
ments, and again recently in [8, 14]. However, the construction is very model-dependent, leading us to
develop our own version in order to overcome the specific difficulties we had to face. This is in particular
the case for Proposition 5, where we show that there exists Py — a.s. a positive asymptotic density of
times where the walker sits in front of all particles visited until that time. This result constitutes the
main technical part of our proof.

In Section 1.1 the law P of the environment was built from the exclusion process. In this section we
build it from the interchange process on Z together with an independent collection of particles of two

different types, so that each site is occupied by exactly one particle. We use the following definitions:

1. For i € Z and t > 0, £(t,7) denotes the position at time ¢ of the i-th particle, that is the particle

that was in ¢ at time 0. Let P; be the law of this process.
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2. For t > 0 and x € Z, u(t,x) is the unique ¢ such that £(¢,47) = = that is the label of the particle

that is in = at time ¢. Note that u is a function of €.

3. The process £ is build with a collection of space independent Poisson clocks (U(t, ©))ier gez With
parameter ~y, called updates: if the clock x rings at time ¢ then £ exchanges the particle that is at
x — 1 at time ¢t~ with the one that is at . Remark that the time is indexed by R : it is convenient

for technical reason although not necessary to define the model, see Lemma 8 for example.

4. We consider also a family of type of particles (v(i));cz that is just a product of independent Bernoulli

with parameter p and let Py be its law.
The environment w is viewed as a function of ¢ and v:
a ifv(u(td)) =1

B if v(u(t,i)) =0.

We let the reader check that the law of the environment P defined in Section 1.1 is the push forward

w(&v)(t,1) =

probability of P; ® Py through this function. We denote the space where lives ¢ by = and the set of path
that supports the process X by P.

We will use the uniform ellipticity of the environment to control the probability that the walker
executes some displacements independently from any information we could have about the environment.

Define this minimal probability by
k =min{o,1 —a, 5,1 — S}. (5.1)

By assumption (1.7), we have x > 0. For any time-space point (¢,z) € R x Z, we define

thx={(s,y),s§t,y§m+£(s—t)} (5.2)
I, ={sy)t < sy >+ 2(s—1) (5.3)

where v is the constant appearing in Proposition 3. The position of the rightest visited particle at time
n > 0is M(n) :=sup{&(n, n), p € Vp} with V,, = {u(4, X;), i <n—1} the set of label of visited particles

at time n. Our goal is to define a sequence of random times, called renewal times that satisfy

Vn <7, (n,Xn) €Ty (5.4)
M(T) < X, (5.5)
Vn>1, (0, Xn) €T, x. (5.6)
V(n,x) € Ty, E(r.uln,z) > X,. (5.7)

The meaning of (5.4) and (5.6) is clear. Condition (5.5) means that at time 7, all particles visited by the
walker before time 7, are behind the walker. Finally, (5.7) means that all the particles at the left of X,
at time 7 will never enter into the cone 77"y . These four conditions together imply in particular that
after the time 7, the walker will only visits particles that have not yet been visited at time 7. Our goal
is to prove that Py — a.s., there are an infinity of renewal times, and to obtain a bound on the first and

second moments of 7.
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5.1 Existence of a density of points (n, X,,) satisfying (5.4-5.5)
A time-space point (n, X,,) is said to be a candidate if it satisfies (5.4) and (5.5):
Ym<n, (m,X,)¢€ Trj,Xn’
M(n) < X,.
We prove here that, under Py, eventually there is a density of candidates:
Proposition 5. Let ¢ > 2. There exists some ¢ > 0 such that, for n large enough,
Py(#{i <n, (i,X;) is a candidate} < cn) < %. (5.8)

In particular, by Borel-Cantelli lemma,

i <n, (i,X:) i ;
T #{i <n, (i,X;) is a candidate }

n—-4oo n

¢, Py—a.s. (5.9)

To describe the idea of the proof, let us first introduce a notion that is slightly weaker than that of

being candidate. Given [ > 1 and n € N, a time-space point (n, X,,) is said to be good (for I) if

Ym<mn, (m,Xn,)¢€ T:,X,L (5.10)

M(n) < X, +1. (5.11)

We will prove Proposition 5 in two steps: we first establish the result with “candidate” replaced by
“good”, and then show that Proposition 5 follows from this intermediate statement.

Let us take some large integer n. On the one hand, by Proposition 3, it holds that X,, > vn/2 with
high probability, for some v > 0. Therefore, it follows from basic geometric considerations that, with
the same probability, there is a density of points (k, Xj) satisfying (5.10). On the other hand, given a
deterministic path (j,Y});>0 with Yj41 —Y; = %1, it holds that any given point (k,Y}) satisfying (5.10),
satisfies also (5.11) with a probability bounded by 1 — e, where ¢ is some constant independent from
the path and the point (see Lemma 8 bellow). One may therefore try to establish that, with very high
probability, any given path (j,Y;);>0 independent of the environment and having a density of points
satisfying (5.10), has also a density of good points. More precisely, since the number of such paths that
differ from one another before the time n is roughly bounded by 2", we would need to establish that the
probability that a given such path has less than ¢n good points decays faster to 0 than 27", provided
that ¢ has been chosen small enough. If the events that different points on the path are good were
independent, we would indeed conclude by the above that this probability decays like e~ /()" where I(1)
grows to infinity as [ grows to infinity, so that the result would follow by taking [ large enough.

The lack of independence forces us to adapt this strategy. Let us assume that a point (k,Y}) satisfies
(5.10) but not (5.11), and let us denote by d the minimum over the maximal distances to the right
of Yi, + [ travelled by the particles ensuring that (5.11) fails (see (5.13) for a precise definition). The
main observation is that, when considering a next point (¥’,Y}) satisfying (5.10), with &' > k, then, if

(k, Y +d) € TI:ZYW we can estimate the probability that (5.11) is satisfied for (£, Yy ), independently
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of our knowledge about (k,Yy). This observation is made useful thanks to the two following ingredients.
First, in order to decrease the cardinal of possible paths, we consider paths of blocks of size [ instead of
paths of points. While the number of such paths is now bounded by 2*/!, the probability that a given
block is bad (see the precise definition just below) still behaves like 1 — 2= ~ 1 — el Second, each
time a bad block is seen, we estimate how bad it was, i.e. we estimate E, as defined in (5.17). The
probability that E exceeds a certain amount k& > 0 decays exponentially with &k (see Lemma 8 bellow).
Before starting the proof of Proposition 5, let us state an elementary result relative to the updates
of the environment alone (remind that the updates U(t,z) are defined for all ¢ € R). We say that a

time-space point (¢, z) is bad if there exists a particle i € Z and a time s < t such that
&(s,i) €T, and  £(t,i) > 1+ (5.12)

Given (t,z) a bad point, A, , denotes the set of particles satisfying (5.12). Given a particle ¢ € A, , we
define
s(i) = max{s < t, &(s,1) € Ty}

A(?) = min{k, for all s(i) < s <t, £(s,i) € Tt—j_a:-‘rk}'
Finally we define the variable d; ; by
dyp = inf{\(0),i € Ay} (5.13)

if (t,z) is bad, and d;, = 0 if (¢,2) is not bad. We stress that the variables d; , are deterministically
equal at 0 or larger than [, measurable with respect to £ and identically distributed (but off course not

independent).
Lemma 8. There exists ¢ > 0 so that for any k >1

Py (doo > k) < e~k (5.14)
Proof. We first establish the exponential decay for large k. For k& > [, using a union bound,

Py(doo > k) < Y Pi(3s <0s.t. &(s,i) ¢ Tgh,_y, 3t < s st &(t0) € Tp) (5.15)
i>l

For each ¢ > 1, (£(s,1))s<o is a simple continuous time random walk so that there exists some constant
c1 > 0 so that Py(3 ¢ < 0s.t. &(1,1) € T(i_o) < e~ The sum (5.15) is decomposed in two parts. First,
there exists ¢ > 0 such that, for k large enough,
> Pi(3s <08t £(s,4) ¢ Toh_y, T < s st (1) €Thy) < Y Pi(FE <0 st &(t,0) € Tyhy) < e b,
i>k i>k
Second, let us consider an index [ < i < k — 1. Using Markov property at the hitting time of the
complementary of T, J: »_1 together with the fact the interchange process is considered under its invariant

measure we obtain

Py (3s <0 s.t. £(s,4) ¢ T(;fk_l, Jt < sst &(ti) € Tyy) < Pu(Tt<0s.t. &(tk—1) € T)
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so that
Z Py(3s < 0 s.t. &(s,4) ¢ Ty, 3t < s st &(t0) € Tyf) < ke F.
1<i<k—1
We thus obtain (5.14) for k large enough.

As Py(do o > k) is non-increasing with k > [, it remains to prove that P1(dpo > I) < 1 to complete
the proof, or equivalently that Pi(dpo = 0) > 0. We already know that for some K large enough
Yisr P1(Tt < 08t €(t,10) € To+,o) < 1. We consider a time s < 0 so that —3s > K. Using Markov
property at time s together with the fact the interchange process is considered under its invariant measure

we obtain that

Py(do,o =0) > Py (U(s,1) =U(0,1), {3i > 13t < ss.t.&(s,i) > 1 and £(¢,4) € T(fo}c)

> Py (U(s, 1) =U(0,1)) (1 —Py(Fi> K 3t <0st. &(t,0) € TJO)) > 0,

where U(s,l) = U(0,1) means that the clock between the sites { — 1 and [ has not ringed during the time
interval [0, s]. That concludes the proof. O

Proof of Proposition 5. The proof is made of two steps.
In a first step, we fix [ > 1 large enough, and we prove that there exists some constant ¢y > 0 such
that, for all n large enough,

1

Py(#{i < n, (i,X;) is good (for )} < con) < Py

(5.16)
where “good (for 1)” is defined by (5.10-5.11). We observe that
Po(t{i <, (i, X:) is good} < con) < Py (2{i < n, (i, X,) is good} < con, X, > %n) +P (X < %n) .

By Proposition 3, the second term is bounded by Py(X, < %n) < e_¢}t/4 < 1/nq+2, where the second
inequality is valid for n large enough. We thus need a bound on the first term.
Let us assume that X,, > 3n. We first describe how to create a trajectory of boxes of size [ starting

from the trajectory of points (4, X;)o<j<n. For j > 0, we define
t, = inf{kZOs.t. X 2j+£k},

and we remark that, on the event {X,, > %n}, t; <nforalli< in. We cut the time-space parallelogram

defined by its opposite sides

0o 3)] i [(020).(n30)]

into boxes (parallelograms) of size [ : writing T' = | 7| and K = [} ], we consider T' x K boxes C(i, ),

with ¢ € {1,...,T} and j € {1,..., K}, where C(i, ) is the parallelogram defined by the two opposite
sides

. . v, . . V., . . v, oo A
K(z — LG = D+ i - 1)z) , (zl, G— 1)+ Zzz)] and [((z — DL+ 1 (= 1)z) : (zl,jl + Zzz)] :

We denote by I C {1,...,T} x {1,..., K} the subset of indices (i,7), such that (i,7j) € I if and only if

the box C(i,j) contains at least one point (¢, X, ) for some k < yn. We observe the following:
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1. For any 1 < j < K, there exists at least one i € {1,...,T} such that C(4, ) € I.

2. For any 1 < i < T, there are at most two j € {1,..., K} such that C(,j) € I, and in that case the

two indices j are consecutive.

It makes thus sense to consider the subset J C I such that (i,5) € J if j is odd and if 7 is the smallest
number so that (i,7) € I. The cardinal of J is K/2 (assuming K even, the other case being analogous)

and the set J can be described as
J:{(Zl,l),(lg,vg),,(ZK/Q,K/Q)} with 1§21<ZQ<<ZK/2§T

In the sequel, we will say that a subset J C I is admissible if it can be constructed as above starting from
some trajectory (k,Yx)o<r<n that satisfies Yo =0, Yyp1 —Yp = £l forall0 <k <n—1,and Y, > 3n).

Remind now the definition (5.12) of bad points. A block C/(4, ) is said to be bad if at least one point
in C(4,7) is bad. For any block C(,j), we define the variable E(i,j) by E(i,j) = 0 if the block is not
bad, and by

E(i,j) =inf{fm > 1: 3(t,z) € C(i,j) bad s.t. Ip € Ay » s.t. x+ Mp) € T} (5.17)
if the block is bad, where

Pt ot
Ti,j = Til,jl+iil'

We note that E(¢,7) > 1 if and only if the block C(, j) is bad. The crucial observation is that, for any

m > 1, the event {E(i,j) = m} is measurable with respect to
o (U(t,x) L (ta) €T\ Tifj_l) . (5.18)

Moreover using a union bound together with (5.14) we get that there exists ¢; > 0 such that for any
m>1
P(E(i,5) > m) < e ™ (5.19)

Let us now assume that 0 < co < 14;- We have then

{ﬂ{z <mn, (i, X;) is good} < con, X,, > %n} C {ﬁ{(z,j) € Ist. C(i,j) is bad} > {4(}

For some ¢, > 0 we can bound for every n the number of admissible subsets J by e®>T so that
P, ({ﬁ{z <mn, (i, X;) is good} < con, X,, > %n})
< 2t  max Py (t{(i,5) € I s.t. C(i,5) is bad} > £y,
- J admissible ’ ’ — 4

Moreover, since for any admissible J there are also at most e®7 ways to extract half of the blocks of .J,

K n
.. t. PN > < ca PR / PN
Py <ﬁ{(z,]) € Ist. C(i,j7) is bad} > 1 ) < e®l JICJI,?}'};KMPO (V(i,4) € J', C(i,7) is bad)

(wae assume that K /4 is an integer for the ease of notation, the other cases are analogous).
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To get a bound on the maximum appearing in this last expression, we need some extra notations. Let
J1 < -+ < jiya be the set of points such that (i, j) € J' for some unique i. We denote by ® a partition of
{j1,- -, JKk/a} in non-empty intervals, by which we mean non-empty sets of the type [a, b] N {j1,...,ix/a}
for [a,b] an interval of R. We denote by |®| the number of sets in ®, by ¢, the sets of ®, by |¢r| > 1
the cardinal of each set, by [, the smallest integer in the set ¢y, by 7 the largest integer in the set
¢r. Moreover, to lighten the notations, let us simply write C(ji) (resp. E(jx)) for C(i(jr),jr) (resp.
E(i(jx), jr)), where i(jx) is the number such that (i(jx),jx) € J' for a given jx € {j1,...,jx/a}. Then

P(V(i,j) € J', C(i,5) is bad) = P(C(j1),...,C(jk/a) are bad)

< ZP(T1—I1+1SE(ll)§52—11—1,T2—12+1SE(lz)§l3—12—1,~~~,E(l|<1>\)Zr\q>|—l|¢>|+1)
3

= ZP(Tl—ll—l—lSE(h)Slg—ll—l)P(’rg—lg—i-lSE(lg)§l3—l2—1)-~-P(E(l‘q>|)>2T\q>|—l|q>‘+l)
>

<Y Pri—h+1<EWL)P(ry—lb+1< E(l) - P(E(e) = o) — Lo +1)
>

< Ze—cllzi"lw < oK/tg—arlK/4
[

where the equality in front of the third line follows from (5.18), where the inequality in front of the fourth
line follows from (5.19) together with the rough estimates |ry — Iy + 1| > |¢x| for any 0 < k < |®[, and
where the last estimates follows from the fact that the number of partitions ® in intervals is bounded by

2K/4 Since K > c5n/l, we obtain finally that, for some constant cg < 400,
P, (ﬁ{z <n, (i,X;) is good } < con, X, > %n}) < efeTeCsM,

By taking [ large enough, this is bounded by 1/n%2 for n large enough, from where (5.16) follows.

We now turn to the second step of the proof, and derive the result from (5.16). Let g1 be the first
good time, i.e. the first time such that (g1, X, ) is good, and define then, by iteration on i > 1, g;41 as
the first good time after g; +{. By (5.16), the sequence (g;);>1 is almost surely infinite. Remark that

(9:)i>1 are stopping times with respect to the filtration
Fre = o ((Xs)i<w, (§(u, 2))u<kzez), k>1. (5.20)
There exists a constant € > 0 such that, for any ¢ > 1,

Po(g; + [ is a candidate|F,, ,11)

> PO(U(gi + lani + l) = U(giani + l)anﬁl - Xgi =1,---= ng;+l+1 - Xgi+l = 1|‘7'—g7:_1+l)

Y

RTIPy(U(1,0) = U(0,0) > e

where we have used the uniform ellipticity to bound the conditional probability that the walker does
1+ 1 steps to the right. Let us denote by (Z;);>1 a sequence of variables with values in {0,1} such that
Z; = 1if g; +1 is candidate, and Z; = 0 otherwise. The above implies that Py(Zx = 1|Z1,...,Zk_1) > €.
Therefore, for ¢; > 0 small enough, there exists cg > 0 so that

Py(#{n < gi+1:(n,X,) is candidate} < ¢7i) < Py (Z 7y, < C7i> < eest, (5.21)
k=1
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We now compute

Py (8{i <mn: (i, X;) candidate} < cn) <

Py (#{i <n: (i, X;) candidate} < en,#{i < n: (¢, X;) good} > con)+ Py (#{i < n: (i, X;) good} < con).

The second term is bounded by 1/n?"! thanks to (5.16). For the first one, we observe that on the event
{#{i < n: (4, X;) good} > con}, there exists cg > 0 such that ge,, < n. Therefore, if ¢ > 0 is taken so

that ¢ < ¢7cg, we obtain

Py (8{i < n: (i, X;) candidate} < en,f#{i <n: (i, X;) good} > ¢on) <

Py(#{ < gegn : (i, X;) candidate} < ¢n) < e~ 8"

thanks to (5.21). O

5.2 Proof that (0, X,) satisfies (5.6-5.7) with positive probability

We prove here that with positive probability the walker lives in 7~ and does not visit any of the particles

that were behind it at initial time. We introduce

D =inf {n >0 5.6 Xn < Xo+ ﬁn} , (5.22)
F =inf {n >0, st. 32> Xo+ %n, €00, u(n,x)) < Xo} ) (5.23)

with the convention that inf ) = +0o. Remark that F' is defined as a discrete time and that D, F are
stopping times with respect to the filtration (Fy)x>o defined in (5.20). The variable D can be considered
as a function of X and F' as a function of £ and Xy only. Let H be the infimum of these two stopping
times

H=DA\F.

We claim that

Proof of (5.24). In this proof, as Xy = 0 a.s., we consider F' as a function of £ only that is F' = F(€,0).
As Py—a.s. liminf X,,/n > v we deduce by monotonicity that

lim Py (Xn >

L—+oco -

(n—L), ¥n > 0) =1 (5.25)

<

Using the same type of computation as for (5.14) we obtain that
Py (F = +00) > 0,

and we choose L large enough so that (remind (5.25))

P°<X"2 2

(n—L), ¥n > 0) > 1- (5.26)

<
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Finally for L' large enough so that L' —v/4L' > L

Py(H = 400) > P x PYy(F = 400, X1 — Xo = 1,-- = X = Xppy = 1, X, > Zn, Vn > L')
>E (F = 400, PEy(X1 — Xo=1,--- = X = Xy = VP (X, > %(n—L), Vi > 0))

> kL'E (F — t00, P (X, > %(n —L), ¥n> 0))

where we have used uniform ellipticity to get the last line and & is defined in (5.1). As the law of the

environment is invariant by translation, P x Pg, (X, > j(n — L), Vn > 0)) is equal to Py(X, >

3(n— L), Yn > 0) so that finally using (5.26)

F=+40)

/P
Py(H = +00) > K" i 5 > 0.

5.3 Building the first renewal point
We define for n > 0 the shift 6,, on the space Z x P by 0,,(§,z) = (&, 2') where
gty =¢t+ny), (Ly) eRTxZ
Th = Tpai, 1t >0

and consider the increasing sequence of stopping times with respect to the filtration (Fj)r>1 (see (5.20))

defined by :

So =1, and for k > 1,
Ry = inf{n > Sk_1 s.t. (n,X,,) is a candidate}

Sy =Holg, + Rk

Define
K =inf{k > 1s.t. Ry < 400 and Sy = +o0}. (5.27)

We claim that
Py —a.s., K < +o00 (5.28)

so that 7 := R is well defined and moreover 7 is a renewal time in the sense that it satisfies (5.4)-(5.7).

Proof of (5.28). We first deduce from Lemma 5 that
Py —a.s. vk >0 {8k < 400} C {Rp41 < +o0}.

So that
PO(Rk—H < —l-OO) = PO(Rk < —l-OO) - Po(Rk < 400, 8, = —|—OO). (5.29)
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To compute the last term of (5.29) we use first that P“ is markovian
Py(Ri < 400, = +00) = Y Py(Ri =i,Xp, ==, S} = +00) (5.30)
©€L,i>0

= > By (Ba (PSy(Re =i, X, = 2)P2(H(0:6, X) = +0))) ,
2E€7Z,i>0

where E; (resp. Eg) denote the expectation with respect to P; (resp. P2). For any fixed &, let V; , be
the set of label of particles that are strictly behind z at time 7 that is

Note that given ¢, Pgo(Ry = i,Xgr, = 7)) is measurable with respect to o(v(u),p € V;.) while
P (H(0;€,X) = +oc) is measurable with respect to o(v(u),p ¢ Viz)). These two variables are thus

independent under Py

Ex (P3o(Ri = i, Xp, = @) P2, (H = +00)) = Es (B (Re = i, X, = 2)) Es (PY, (H(0,6,X) = +00)) .

Finally Ey (Pgo(Ry = i, X, = x)) is measurable with respect to o(U (s, y), s < i,y € Z) and Ey (P, (H(0;¢, X) =

is measurable with respect to o(U(s,y),s > i,y € Z). These two variables are thus independent under

Py and finally

Py(Ri < 00,8k =+00) = Y Py(Ri =i, Xp, = 2)Pis(H(0:¢,X) = +00).
z€Z,i>0

As the law of environment is invariant by space-time translation, for allz € Z and ¢ > 0, P; ,(H(6:£,X) =

+00) = Py(H = 400) so that
Py(Ry, < 400, Sk = +00) = Po(Ri, < +00)Py(H = +0)
and going back to (5.29)
Py(Ryi1 < 400) < Py(Ry, < +00)(1 — Py(H = +00)). (5.31)

By iteration we conclude the proof of (5.28). O

5.4 Defining a sequence of renewal points by iteration

Remark that 7 has to be thought as a function of X and & so that, in order to iterate the construction,

we study the law of these two processes after 7;. That is the purpose of the next proposition.

Proposition 6. The process and the environment after the first renewal time (X, 4n — X7 )n>0, (€(T1 +
t

t,))i>0zez are independent from (Xpar Jn>0, (E(EAT1, X))i>0,zcz and have same law as (X)) n>0, (§(t, %)) t>0,2ez

under Py(-|H = 400).

Proof of Proposition 6. The proof is quite usual for this kind of construction (see for example in the

static case [18]). We adapt it explicitly to our case in order to be exhaustive. We define
Gi=o ((Xn/\‘rl)nZOa (€(S> x))SSTl,ZEEZ) .
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We have to prove that for any bounded ¢1, ¢

Eo(o1((X7 40 — X5y )n>0)02(8(T1 + 1, 7)2ez,650)|G1)

= Eo(¢1((Xt)i20)92((&(t, 7)) wez t>0) | H = +00). (5.32)

Consider the variables 1 ((Xnuar Jn>0) and ¥2((€(s, ©))s<r zez) Where 11 and 1, are bounded functions.
If Z is some process and ¢ a time the process stopped at time ¢ (that might be random) is denoted Z°
that is for any s > 0, Z! = Z;,;. Using the same arguments as in the proof (5.30)-(5.31) we deduce that

(we precise the arguments of the function only when they change from line to line)

Eo (¢1029112)

= Z Ey (¢1(97LX - Xn)(bZ(an)wl(Xn)wQ(fn)aRk = n7XRk =z,Ho0, = +OO)
k,xz,n

= > E' (¢otaB? [y (1, R = n, Xp, = ) By, (61(X), H(06, X) = +00)])
k,z,n

= Z E! (1/J2E2[E6J,o(¢17 Ry = anRk = x)}qbQEZ[ErU;,z(d)l(XL H(QHE,X) = +OO)])
k,z,n

= > B! (B[ (¢1, Ry = n, X, = @)]) E' (6B [y, ((61(X), H(0n€, X) = +00)))
k,x,n

= Z El (¢2E2[E&0(1/)1, Rk = anRk - x)D En,x(¢1¢2(9n£)v H(ana X) = +OO)
k,z,n

= Eo(¢1¢2| H = +00) Z E' (Y2E*[Eg (1, R = n, Xg, = )]) Po(H = +00)

k,x,n
= Eo(p1¢2|H = +00) E(11 (X )1p2(£7))

where the last line is obtained from the previous one by taking ¢; = ¢ = 1 in the same computation.

This concludes the proof of (5.32) and thus the one of Proposition 6. O

As Py(H = 400) > 0, 7 is also defined and finite a.s. under Py(-|H = +00). We can thus define 1
the second renewal time by 7 = 71 + ™1 (Xpntr, — X7 )n>0, (§(n + T1,2))i>0,0ez) and by iteration we
define in the same way an increasing sequence of renewal times (7x)x>1 that are finite Py—a.s.

The interest of this construction lies in the following

Proposition 7. Under Py, ((er-+- — X7 )o<t<risr—mi 2 Thtl — Tk)k>1 are i.i.d. with same law as ((X¢)o<t<r,, T1)

under Py(-|H = +00).
The proof follows by induction from Proposition 6.

Corollary 1. Under Py, (X

Tk+1

as (Xr,,m) under Py(-|H = +00).

— Xry s Tht1 — Tk )k>1 are positive i.i.d. random variables with same law

5.5 Control on the moments of 71 and conclusion of the proof

Proposition 8. For n > 0 large enough
1

PQ(Tl >7’L) § 3
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In particular, as Py(H = +00) > 0, it implies
Eo(m1|H = +o0) < 400 and Eo(r{|H = +00) < +0o0.
Proof. First observe that for any n € N,
Po(t > n) < Py(t >n, K <In’n) + Py(K > In?n). (5.33)

with K defined in (5.27). As K is distributed under Py like a geometric random variable with success

parameter Py(H = +00) > 0 ( see (5.24)), we obtain that for n large enough

1
n*

Py(K >1n’n) <
In order to manage with the first term of the sum in (5.33), we decompose

Po(r>n,K <In’t) <Py (1 >n,{V1<k<K,S— Ry <vn},K <In’n)

+Py(r>n{31<k<K,Sy—Ry>vn},K <In’n) (5.34)
and again we have to control two terms. For the first one, note that
Py(r>n{V1<k<K,Sy— R <vn}, K< In? n) < Py(#{i < n, (i, X;) is a candidate } < Vnin?n),

so that using Proposition 5 we obtain that for n large enough

1
Po(r>n{V1<k<K,Sy— R <vn},K<In’n)<—.
n
For the second term in (5.34) we observe that
In?n
Po(r>n,{31<k <K Sy—Ry>+vn}, K<In’n) <Y Py (Ri < +00,vn < S — Ry, < +00).
k=1

We study each term of the sum in the same way. Fix some integer k such that 1 < k < In’n

Po(Rk <+OO7\/E<S]€—R]€ <+OO) = Z Po(Rk ZZ',XR,“ :x7\/ﬁ<5k—Rk <+OO)

T€Z,i>0

= > Ei (B2 (Po(By =i, Xg, = 2) P2 (v < H(0:6, X) < +00)))
©€Z,i>0

Given £ and v, for alli > 0 and x € Z

Pz“,)ac(\/H < H(07§7 X) < +OO) < Plo;}x(\/ﬁ <D< +OO)1{F(9¢57LE):+00} + 1{\/ﬁ<F(Oi§,w)<+oo} (535)

We consider separately these two terms. For the first one, observe that given &, Py'o(Ry, =i, Xgr, = )
is measurable with respect to o(v(u), u € V; ») while P, (y/n < D < +00) is measurable with respect to

o(v(p), ¢ Viz). These two variables are thus independent under Py

By ((PSo(Ry = i, Xn, = )P, (v/n < D < +00))
=B, (P5lo(Ry =4, Xp, = 7)) Es (P,(vVn < D < 4+00)) .
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Observe that Eg (Pgy(Rk =i, Xg, = x)) is measurable with respect to o(U(s,y),s < i,y € Z) and
E, (PZ“’I(\/E <D< —I—OO)) L{F(6,¢,z)=+oc} 18 measurable with respect to o(U(s,y),s > i,y € Z). These

two variables are thus independent under P; and

> By (Ba (Po(Rr =i, Xg, =x)) Ep (P, (Vi < D < +00)) L{p(o,¢,.0)+00})

z€Z,i>0

= Z Po(Ri =i, Xg, = )P, ,(v/n < D < +00, F(6;§,x) = +00).
2€Z,i>0

As the law of environment is invariant by space-time translation, for all z € Z and i > 0,
P, .(vV/n < D < 400, F(0;£,2) = 4+00) = Py(v/n < D < 400, F = +0)

so that

> P(Po(Rr =i, Xg, = 2)P2(Vn < H(0:¢,X) < +00))
T€7,i>0

Using Proposition 3 and (3.22), we obtain that for n large enough

+oo
a / 1
Py(Vi < D < 400, F = +00) < Py(3k > v/n, Xi §X0+£k) < Y oeH pett < o
k=y/A "
We turn to the second term in (5.35). As 1{ mcp(g,¢,0)<+o00} 15 measurable with respect to o(U(s,y),s >
i,y € Z) and Ey (P (R = i, Xg, = x)) is measurable with respect to o(U(s,y),s < i,y € Z), these two

variables are independent. Thus, using also the invariance of Py via space-time translation

> Bi (L yncre<ioo}B2 (Peo(Re =i, Xg, = x))) = Py(Ri, < 00)Py(v/n < F < +0)
©€Z,i>0

Using the same type of computation as for (5.14), we obtain that for n large enough

1
Py(v/n < F < 400) < e

That concludes the proof. O

We are now ready to conclude the proof of Theorem 1. The proofs that a finite second moment for
T9 — 71 implies a law of large numbers and an annealed central limit theorem are classical in the context
of random walk in static random environment, see [18] and [17]. We remind here for sake of completeness
the steps of these proofs.

We start with the proof of the law of large numbers, that is point 1. of Theorem 1. For n > 0, k(n)
denotes the label of the "renewal slab” that contains n that is the unique integer such that 74,y <n <

Tk(n)+1- We can thus control the walker via

X

Tk(n)

< <

& XTk(n)+1 (536)
n

Tk(n)+1 Tk(n)

39



Rewrite the right term

Xriuyan _ Xn + Zk(n)+1 A; k(n) (5.37)
Tk(n) k’(?’l) T1 + Zfﬁ;) (Ti+1 — 7'7;) . .
so that using Proposition 7 and the law of large numbers it converges Py-a.s. to
Ey( X, |H =
o(y) = EolEnlH = +o0) (5.38)

Eo(m1|H = +00)
that is always well defined and positive because of (5.24) and Proposition 8. Using the same decomposition
as in (5.37) to study the left term in (5.36), we obtain the law of large numbers that is stated in point 1.
of Theorem 1.

We turn to the proof of point 2. of Theorem 1, mainly following [17]. Define for j > 1

Zj=Xry o = Xy = (T2 — 75)0(7).

These variables are i.i.d (Proposition 6) centered (5.38) and admit a finite second moment (Proposition

8). It thus follows from Donsker’s theorem that

(ZL:;J;Z >t20 (5.39)

converges in law to a brownian motion with variance Eq(Z?) that is positive as Z; is not Py—a.s. constant.
As a consequence of Proposition 7, the law of large numbers and Dini’s theorem

k(tn)) t

Py—a.s., YT >0
0 — a.s., >0, sup - Folra —71)

0<t<T

(Int))
(Zz \1/5 Zi )tzo (5.40)

converges in law to a brownian motion with variance Ey ((Z1)?) /Eo(t2 — 71). Finally observe that

Py —a.s., for all T > 0,

so that we deduce from (5.39) that

k(|nt
X, —nto(y) Sz

vn vn

with the convention 79 = 0. We prove that the right term converges in probability using Propositions 7

Tk+1 — Tk
1) max ML L

su
D 0<k<|nT] Vn

0<t<T

< (v() +

and 8. Indeed for any € > 0
Py (O<giaLXTJ Thyl — Tk > 6\/ﬁ> < Py (11 = ev/n) + (nT + 1)Py (12 — 71 > €/n)
nT +1
< (Tl > 6[) GSTLS/Q

and this last term converges to 0 when n goes to +00. We have thus proven that the Skorohod dis-

k(Lnt])
tance between (M) and (W) goes to 0 in Py probability. We deduce from the
L=y t>0

n n

convergence in law of the latter one that

(X”t —\/%tv(v)>t20 (5.41)

converges in law to a brownian motion with variance 62 := Ey ((X-, — X7,)?) /Eo(72 — 71).
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