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Decision Procedures for Proving
Inductive Theorems without Induction

Takahito Aoto

RIEC, Tohoku University
email: aoto@nie.riec.tohoku.ac.jp

Abstract

Automated inductive reasoning for term rewriting has been ex-
tensively studied in the literature. Classes of equations and term
rewriting systems (TRSs) with decidable inductive validity have
been identified and used to automatize the inductive reasoning. We
give procedures for deciding the inductive validity of equations in
some standard TRSs on natural numbers and lists. Contrary to pre-
vious decidability results, our procedures can automatically decide
without involving induction reasoning the inductive validity of ar-
bitrary equations for these TRSs, that is, without imposing any syn-
tactical restrictions on the form of equations. We also report on the
complexity of our decision procedures. These decision procedures
are implemented in our automated provers for inductive theorems
of TRSs and experiments are reported.

Categories and Subject Descriptors F.3.1 [Specifying and Ver-
ifving and Reasoning about Programs]: Mechanical verification;
F4.1 [Mathematical Logic]: Mechanical theorem proving; 1.2.3
[Deduction and Theorem Proving]: Deduction; F.4.2 [Grammars
and Other Rewriting Systems]: Decision problems

Keywords Inductive Theorems, Term Rewriting Systems, Deci-
sion Procedure, Initial Algebra

1. Introduction

Inductive reasoning on recursively defined data structures is ubiq-
uitous in the verification of formal specifications and software. In
equational logic, the properties to be checked are formalized as in-
ductive theorems of term rewriting systems (TRSs for short). It is
known that the methods for automatically proving inductive theo-
rems of TRSs easily diverge, the construction of effective inductive
theorem provers still remaining a hard challenge [15].

In [21]], Kapur and Subramaniam initiated the problem of identi-
fying classes of conjectures and TRSs for which automated induc-
tive proof methods provide decision procedures. More precisely,
they gave syntactic conditions on structure of (recursive) function
definitions and of conjectures, and showed that if one runs a (pre-
fixed) implicit induction method in a (prefixed) particular strat-
egy for any conjecture and TRS satisfying these conditions, then it
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never diverges and positive/negative answer is found always. This
approach has been extended with other authors to more general
TRSs and classes of conjectures in [11H14}23].

Our work is motivated by strengthening the power of automated
inductive reasoning, by invoking such decision procedures for in-
ductive theorems, inside automated induction provers such as the
authors’ [2| 28]. It is well accepted that, often, a key ingredient
of successful induction reasoning is the use of subsidiary lemmas
[15], and thus various methods for automatically generating lem-
mas have been inspected [3} 126, |31} |32]]. But, as one might expect,
lemma generation methods often generate many incorrect conjec-
tures. Even if decision procedures are only effective for restricted
subclasses, and even if the given conjecture and TRS do not fall in-
side the scope of these classes, decision procedures could be helpful
for solving these lemma candidates, often automatically generated
while searching a successful inductive reasoning.

The decidability results obtained by the approach mentioned
above, however, turned out to be not very helpful for this purpose.
This is because usually conjectures satisfying the syntactic condi-
tions of decision procedures can already be proved solely by the
automated induction provers, as these decision procedures and the
automated induction provers are basically based on similar induc-
tion methods. This motivates us to investigate different approaches
for obtaining classes of equations and TRSs with decidable induc-
tive validity.

In this paper, we propose a new approach for deciding inductive
theorems of TRSs. Our essential idea is to use the validity in the
initial algebras of TRSs, instead of the validity guaranteed by
the existence of inductive proofs. For equations and TRSs, it is
known that the inductive validity and the validity in initial algebras
coincide. Thus, if we can decide the validity in initial algebras of
TRSs, then we get a decision procedure for inductive theorems
of TRSs. Furthermore, this approach is completely different from
finding induction proofs and it does not suffer from the weakness
of the Kapur and Subramaniam’s approach when used inside the
general automated induction proving methods.

Our approach seems very natural but, at the best of our knowl-
edge, such approach for proving inductive theorems has not been
investigated, albeit the usability of decidable arithmetic theories for
building induction schemes has been investigated in [8}20]. An ob-
vious weakness of our approach is that it works only for specific
TRSs. On the other hand, our decision procedures impose no syn-
tactical conditions on the equations and do not require induction
reasoning, contrary to the known decision procedures for inductive
theorems. It may be also considered as a weakness that our ap-
proach does not provide induction proofs, which may be helpful to
give a strategy for constructing proofs in formal proof systems such
as Isabelle/HOL [24]. On the other hand, our approach may have
a similarity to the normalization by evaluation technique, which



accomplishes the syntactic goal (normalization) using semantics
(evaluation).

Because of the nature of our approach, our decision procedures
consist in checking the validity of equations in some models of
TRSs, i.e. in algebras. Hence, our decision procedures presented
can be fallen in the more general category of automated proving
methods. Naturally, the decidability of Presburger arithmetic (PA)
turned out to be very useful. In fact, one of our decidability results
is subsumed by the one using encoding to PA formulas theoreti-
cally. Throughout the paper, we also explain when known methods
for proving the validity of (initial) algebras are available—but we
would stress here that our central idea is rather not the introduction
of the decision procedures for these algebras, but their application
to obtain decision procedures for inductive theorems.

The rest of the paper is organized as follows. Section 2 covers
preliminaries. In Section 3] we give an exponential procedure for
deciding the inductive validity of the TRS consisting of the addi-
tion and multiplication on natural numbers. Then, we extend our
decision procedure by incorporating some standard list functions
such as append, reverse and length in Section [ In Section 5] we
present some decision procedures for the inductive theorems of the
TRS with max and min functions on natural numbers. In Section [6]
we report on the implementation and experiments. Section [/| con-
cludes. Some of proofs have been put in the appendix.

2. Preliminaries

We assume basic familiarity with term rewriting and semantics of
equational logic [5}[19].

A many-sorted signature ¥ = (S, F) consists of the set S of

sorts and the set F of many-sorted function symbols; f : a; X

- X anp — oo, With a; € S and i,n > 0, denotes the signature
of a function symbol f € F.If S is a singleton set, say {a},
then the many-sorted signature is called a first-order signature.
In this case, a1 X --- X an — «p is abbreviated by n, and
fror x--- ><an—>aobyf<">.

The S-sorted variables (or variables) are V = L‘*Jags V<, where
each V is disjoint from the others. The set T(X, V)< of X-terms
(or terms) of sort « € & is inductively defined by (1) V* C
TE,V)*and (Dif f : a1 X -+ X an = a € Fand t; €
T(X, V)% fori = 1,...,n, then f(t1,...,tn) € T(Z, V).
The set of terms is given by T(3,V) = U,cs T(%,V)?. The
set of variables (function symbols) in a term ¢ is denoted by V(t)
(F(t), respectively). A term ¢ is said to be ground if V(t) = 0.
We denote an empty sequence by €, and the positions in a term ¢,
denoted by Pos(t), by sequences of natural numbers. The symbol at
a position p € Pos(t) is denoted by ¢(p), the subterm at a position
p € Pos(t) by t|p, and the term replacing ¢|, with a term s of
the same sort by t[s]p. A context is a term ¢ possibly containing
holes [J. The term obtained from a context C' by replacing the
holes with terms s1,..., s, of appropriate sort from left to right
is denoted by C[s1,...,sn]. A substitution is a finite mapping
o:V = T(X,V)suchthat (1) dom(c) = {z € V | o(z) # x}is
finite and (2) z € V* implies o (z) € T(X, V)*. Each substitution
is identified with its homomorphic extension T(X, V) — T(X, V).
A substitution is said to be ground if o(z) is ground for any
z € dom(o). Ground substitutions will be subscripted by g, for
example 8,. We write to for o(t) and call it an instance of t. It is
a ground instance if to is ground. We assume that when we write
tog, tog is a ground instance, i.e., V(t) C dom(oy).

A Y-equation (or equation) s = t is a pair of 3-terms having
the same sort. A ¥-equation [ = r satisfying V(r) C V(I),1 ¢ V
is called a X-rewrite rule (or rewrite rule), in which case, [ ~ r
may be written as [ — 7. A term rewriting system (TRS for short)
is a finite set of rewrite rules. Let R be a TRS. If | — r € R,

we write s —g t if there exist p € Pos(s) and substitution o
such that s|, = lo and s[ro], = t. We call s — t a rewrite
step (from s to t). The reflexive transitive (equivalence) closure of
—r is denoted by S (&%, respectively). A term s is said to be
R-normal if s —x t for no term t. The set of R-normal terms
is denoted by NF(R). If s =+ t and t € NF(R), then ¢ is said
to be the R-normal form of s. A TRS R is terminating if —x is
well-founded; R is confluent if EroSe - SR o0 én; R is
convergent if it is terminating and confluent. If R is a convergent
TRS, any term s has a unique R-normal form, denoted by s . Let
D ={l(e) | L = r € R}. ATRS R is sufficiently complete if, for
any ground term ¢ there exists a ground term s such that t < s
and F(s)ND = (. The subscript R will be omitted if no confusion
arises.

The equation s = t is an inductive theorem of a TRS R, denoted
by R Eina s &~ t,if s0, & th,, for any ground substitution
0,. Extended to any set E of equations, we write R |Einqg E if
R Eing s =t foralls ~t € E.

Given a many-sorted signature > = (S, F), a X-algebra is a
pair A = ((A%)aes, (f*)ser) of tuples where A* (o € S) are
mutually disjoint, and f* is a mapping A%! X --- x A% — A0,
foreach f : a1 X --- X an = ap € F. Theset A = |, .5 A”
is called the carrier set of the ¥-algebra A and denoted by |Al.
IfS = {ai,...,am}and F = {f1,..., fu}, A is written like
(A* A% A fY). The S-term algebra is a X-algebra
A = (A% qes, (f4) jer) given by AY = T(X, V)" for each
a € Sand f(s1,...,5,) = fi(s1,...,8n), for any fi € F.
The X-term algebra is denoted by 75 (V). Similarly, we can define
a ground X-term algebra as 7x (), which will be denoted by Ts.

A valuation on a XY-algebra A is a tuple p = (pa)acs of
mappings pa : V¢ — A“. We abbreviate po (x) (with x € V) as
p(x). Given a many-sorted signature ¥ = (S, F) and a X-algebra
A = (A es, (f*) jer), we define the interpretation [t].4,,
(which is abbreviated as [t], for brevity) of a X-term ¢ on A w.r.t.
a valuation p on A like this: [z], = p(z) and [f(t1,...,tn)], =
FA(t1]ps - - - 5 [tn],)- Tt is casily shown that [t], € A%, for each
t € T(X, V)" A X-equation s ~ t is valid on a X-algebra A
(denoted by A |= s = t) if [s], = [t],, for any valuation p on A.
For set E of equations, A |= F is defined by A = s = ¢, for all
s~te b

Let A = ((A%aes, (f*)rer) B = ((B)aes, (f°)ser)
be X-algebras. A X-homomorphism o from A to B is a tu-
ple 0 = (0a)acs of mappings oo : A% — B® such that
oa(fMar,...,an)) = fB(0a;(a1),...,0a,(as)), for each f :
a1 X - X an = a € F.IfS = {a} then o is identified with
0. Two X-algebras A and B are isomorphic (denoted by A = B)
if there exists a ¥-homomorphism o consisting of bijective map-
pings. Isomorphic Y-algebras can be often identified.

Let ¥ = (S, F) be a signature and A = ((A%)aes, (f4) rer)
a Y-algebra. An equivalence relation ~ on A is said to be a congru-
ence (on A)if (1) a ~ bimplies a,b € A* for some o € S, and (2)
forany f € Fand 1 < i < n, a; ~ b; implies f*(ay,...,an) ~
fA(bl, ...,bn). We denote the ~-equivalence class of a € A
by [a]~. If ~ is a congruence on A then we obtain its quo-
tient S-algebra A/~ = (((A/~)")acs, (fA/~)ser) by defin-
ing (A/~)* = {[a]~ | a € A} and fA~([a1]~, .. Jan)~) =
[fA(a17 M 7a’”)]N'

Let C be a class of Y-algebras. A Y-algebra A is said to be ini-
tial in K if, for any B € IC, there exists a unique X-homomorphism
A — B. The initial algebras are unique up to isomorphism. Let
R be a TRS, and K be the class of X-algebras satisfying R, i.e.,
K = {A | A E R}. Then the quotient ground X-term algebra
7';;/<i>7g is initial in /C, which is called the initial >:-algebra of R,



and denoted by Zx . Validity on initial algebras and inductive theo-
rems correspond in the following way.

PROPOSITION 2.1 (e.g., [19]). Let R be a TRS over signature 3
and s,t € T(X,V). An equation s = t is an inductive theorem of
R iff it is valid in the initial >:-algebra of R.

3. Deciding Inductive Theorems on Natural
Numbers with Addition and Multiplication

In this section, we consider a first-order signature ¥(y 1 50y =
(N}, o) where Fix i an) = {x,+),s0, 00},
Let R(x,+) be the following TRS over X, 4 < 0) that defines the
multiplication and addition on natural numbers encoded by 0 and
the successor function s.

+(0,y) =y
R( +) = +(S(x)’y) - S(J’_(z’y))
o x(0,y) - 0
x(s(z),y) — +(x(z,y),y)

We present a decision procedure for ’R(XﬁL) Eind s ~ t with
s,t € T(E(X’ers’o), V)

Let N 450 = (N; xN N SN oY) be a Y (x,+,5,0)-algebra,
where N is the set of natural numbers, x~ and +" are multiplica-
tion and addition on natural numbers, respectively, and sN(n) =
n+1and OV = 0.

A key fact of our decision procedure is the following.

LEMMA 3.1. The initial ¥« 1 soy-algebra of R(x 4) is isomor-
phic to N 4 s0)-

Let us next consider a first-order signature (x 410 =
({N}, Fx 41,0, where Frx a0 = {x®, +<2> 10 0<0)}
The sets of natural numbers and integers equipped with the usual
operations of multiplication, addition, 1 and 0 form X, 4 1,0-
algebras (N; x, +,1,0) and (Z; x, +, 1,0), which will be abbre-
viated as N and Z, respectively, in what follows.

For ¥(x t,1,0-algebra K = (|K|;x,+,1,0), the carrier
set |K'| will be identified with K. Let ¥(x 1 10y-algebra K =
(|K[; x,+,1,0) be commutative ring. A zero ring is a ring with
a singleton carrier set where we have 0 = 1. A nonzero commuta-
tive ring K is said to be an integral domain if a x b # 0 for any
a,b € K suchthat a # 0 and b # 0.

The polynomial ring over a commutative ring K and inde-
terminates 1, . ..,Zn is denoted by K[z1,...,zy]. Elements of
Klz1,...,25] are called K-polynomials; each element has its

1 1 k k
canonical expression C’la:;nl B IR C’ka:;nl L
where C; € K \ {0} and each tuple (mi,...,m}) € N"is
distinct, for all 1 < 7 < k. (Here, we use the usual abbrevia-
tion of multiplication.) The set K[z1,...,x,] forms an integral
domain with the usual multiplication and addition operations on
K-polynomials, 1 and O from K. For any a1,...,a, € K and
any ¢ € Klz1,...,2,], we denote by o(ai,...,an) the ele-
ment in K obtained by replacing each x; with a; in the canon-
ical expression of ¢ and applying operations over K according
to the canonical expression. For example, if we take the ring
K = Z of integers and ¢ = 22%y + 3zy® + 1 € Z[z,y] then
0(1,1) = 2x1*x1+3x1x12+1 = 6 € Z. For any
ai,...,an € K, the mapping ¢ — ¢(ai,...,an) is a ring homo-
morphism K[z1,...,z,] — K.

For each Xy 1 1,0)-algebra K = (| K
its counterpart ¥(x 4 s 0)-algebra K° <\K| x,+,s°,0) by
putting s°(x) = x + 1. Then, clearly N° = N(Xﬁ_’s,o) and
7° = Z(x +s0)- The formal polynomial (t)x of ¢ over the
indeterminates x1, . . ., @y is an element in K[z1,...,z,] defined

\ X, +,1,0), we define

inductively as (X (t1,t2))x = (t1)x % (t2)k, (+(t1,t2))x =
(t1)x + (t2Dx. (s(t))x = (t)x + 1. (0)x = O and (z:)x =
x;. If obvious, the subscript K of (t[)x is omitted. Note that

(sh(ai,...,an) € K forany a1,...,a, € K.

LEMMA 3.2. Let K be a commutative ring, S €
T(E(x, 4,50, 121, ..,2n}), and (s)x the formal polyno-
mial of s over the indeterminates x1,...,Tn. Then, for any

valuation p on K°, we have [s]ko , = (s)k(p(z1), ..., p(zn)).

The correctness of our decision procedure is guaranteed by the
following basic property on polynomials.

PROPOSITION 3.3 (e.g., [33]). Let K be an integral domain and
o, € Klzi,...,2n]. Suppose that there exist infinite sets
My, ..., M, C K such that p(ai,...,an) = ¥(ai,...,an),
forany ar € M, ... ,an, € My. Then, ¢ = 1.

Since Z is an integral domain and N C 7 is infinite, we have

LEMMA 3.4. Suppose s,t € T(X(x 450y, V) and V(s) UV(t) C
{z1,...,zn}. Let (s)), (t) € Z[z1,...,zn] be formal polynomi-
als of s,t over the indeterminates x1,. .. ,Tn, respectively. Then

Nix,+,50 FE s~ tif(s) = (t).

THEOREM 3.5. It is decidable in exponential time for given s,t €
T(E(x,+,5,0), V) whether the equation s ~ t is an inductive theo-
rem of Rx +4)-

Proof: From Proposition [2.1]and Lemma [3.1} it suffices to show
N(x +,5,0) Fina s &= t is decidable in exponentlal time. Hence, by
Lemma it remains to give an exponential procedure to decide
(s)z = (t)z for given s,t € T(3(x 4,0, V). First we translate
s € T({O s,+,x}H V) to§ € T({+,x} UN,V) by replacing
every subterm s” (t) such that t(e) # s with +(¢,n) recursively,
and eliminating 0. Clearly, the translation from s to § can be done
in O(|s]), and we have |§| < 2 X |s|, where | - | is the size operator.
Let a monomial expressionbe (n, {x1,...,Zp}m), wheren,p € N
and {x1,...,Zp}m is a multiset of variables. Then one can com-
pute the list Mono(8) of monomial expressions from § recur-
sively like this: Mono(z) = [(1, {z}m)]; Mono(n) = [(n, {}m)];
Mono(+(u1,u2)) = Mono(u1)@Mono(uz), where @ is the con-
catenation operator for lists; Mono(X (u1,u2)) = [(n X m, N @
M) | (n,N) € Mono(u1),(m, M) € Mono(uz)]. Clearly this
computation can be done in O(2/*!) and |[Mono(3)| is 02", Fi
nally, check whether Mono(3) and Mono(£) denote the same for-
mal polynomial, i.e., > {n | (n,N) € Mono(8)} = > {m |
(m, N) € Mono(t £)}, for each N such that (n, N) € Mono(3) U
Mono(¢ ) for some n. This can be done in O((|Mono(§)| +
[Mono(#)])?). Thus the overall procedure can be done in exponen-
tial time. (]
The complexity of derivations in an equational proof system for
showing the identity of two formal polynomials has been studied
in [18]]. Randomized algorithms for effectively checking the iden-
tity of formal polynomials have been studied, e.g., in [9,[25]. Thus,
Theorem [3.3] may be folklore but we could not find any literature
which reports on this. It is also known that even if we incorporate
the exponential function, the validity of equations on natural num-
bers is decidable [10]. However, the underlying decision procedure
given in [16]], which checks that an equation is valid for all values
lower than some (calculated) upper bounds, can be hardly used in
practice (hence, to be used by inductive theorem provers).

EXAMPLE 3.6. Let s = X(s(z),s(y)) and t = +(s(+(y,
x)), X(y,x)) Then we obtain (s)) = (z + 1) x (y + 1) and
(t) = (z+y)+ 1)+ (y X x). Since (x+1) x (y+1) =
zy+z+y+1=(_(z+y)+1)+ (y x x), we conclude from
Theoremthat R(x,+) Eina s = tis valid.



Let St 50 = ({N}, Frys0)), where Fi o0 = {+*,s,
09}, and R4y = {l = r € Rx,4) | l(€) = +}. It is also easy
to see the following.

THEOREM 3.7. It is decidable in polynomial time whether for
given s,t € T(E(4s0),V) the equation s ~ t is an inductive
theorem of R (4.

From the perspective of deciding the validity on natural num-
bers, the above results let us think that the situation is much nicer
for equations than for general first-order formulas: for an arbi-
trary first-order formula ¢ over ¥ + 5.0y, N(x,+s,0 = ¢ (Peano
arithmetic) is undecidable, and even for the one over the signature
Y (4,5,0)> the complexity of deciding N4 <0y = ¢ (PA) is doubly
exponential (e.g. [17]).

In fact, an exponential-time decision procedure for checking the
validity of universal PA formulas is known [6}/27], and one can use
this to decide N4 5.0) = s = lﬂ

Similar to the Peano arithmetic case, one may be tempted
to expect deciding the validity of equations on natural num-
bers is often decidable—but it is not true; in fact, extending
N(x,4.,s,0 With a simple function is enough to make the induc-
tive validity of equations undecidable. This follows from the well-
known result on the Hilbert 10th Problem [22]: it is undecid-
able whether Jai,...,an € Z. ¢(a1,...,a,) = 0 for given
¢ € Z|z1,...,xn]. We now explain this, as the undecidability of
inductive theorems seems to be folklore which we could not find in
the literature.

Let us consider a first-order signature X(eq x50 =
(AN}, {eq®} U Fx 1.50))- Let R(eq,x,+) be the following TRS
OVET X(eq, x,+,5,0)

quO( O)) 0 — B(O)

eq(slT —

Riea,x,+) = Rix,+) U eg(o s(z)) 50
eq(s(z),s(y)) — eq(z,y)

In the proof of Theorem@ we showed that the equality of two for-
mal polynomials (|s]) and (|t]) is decidable, for all natural numbers
(i.e. (s) = (t))). The idea here is to use the fact that it is unde-
cidable whether (|s|) and (¢ are different for all natural numbers.
By the additional eq-rules, this problem can be encoded as whether
eq(s,t) ~ 0 is an inductive theorem.

PROPOSITION 3.8 (Toyama [30]). It is undecidable whether for
given s,t € T(X(eq,x,+,5,0), V) the equation s = t is an inductive
theorem of R (eq,x ,+)-

4. Deciding Inductive Theorems on Lists of
Natural Numbers

In this section, we extend the decidability results of pre-
vious section to lists of natural numbers. For this, we
assume a set ]:(Ien,rev,@,x +,::,nil,s,0) = ]:(><,+,s,0) )
{IenL—>N7revL—>L’@L><L—>L N><L—>L I| } of func-
tion symbols and c0n31der the many sorted  signature
Z)(Ien,rev,@,x,+,::,ni|,s,0) = <{N7 L}7]:(Ien,rev,@,><,+,::,ni|,s,0)>~
We define the following TRS  R(enrev,@,x,4+) OVer
X (len,rev, @, x ,+,::,nil,s,0) that encodes append, reverse and length
functions on lists of natural numbers, where nil and :: are the list

! Note that, as implied from the definition of the interpretation, N (+,5,0) =
~ t should be understood as N ¢ o) E Vzi,...,
{21,...,@n} = V(s) UV(D).

Tn. S & t, where

constructors: R (jen,rev,@,x,+) =

Q(nil, ys) - ys
(((:c) xs),ys) — ::_(Ia:7 Q(zs,ys))
rev(nil — ni
R n U rev(::(z,xs)) —  Q(rev(zxs), ::(x, nil))
Ien(nll) - 0
len(::(z, xs)) —  s(len(zs))

We are now going to present a procedure to decide whether
Renyev,@,x,4) |[Fina s ~ t for given terms s,t €
T(Eten,rev,@, x ,+,::,nil5,0), V). In the following, we will of-
ten abbreviate the subscripts (len,rev, @, X, +,::,nil,s,0) and
(len,rev, @, x, +) as (len,...).

Let Z(::,ml,so = ({N, L} {oVXE=L il sV 7N 0N be a
many-sorted signature. Consider a (jen,...)-algebra with the set LE
of lists of natural numbers and natural numbers ]LN as the car-

rier sets: Ljen,..) = <IL4;Ien]]‘,rev]]y@u‘7 ><]L7+ Sk 'IH‘,s]L,O]L)
where len™([]) = 0, len™([a1, . .., ax]) = k,rev*([a1, ..., ax]) =
[ak,...,a1], @%([a1,...,ak], [axi1,...,a]) = [al, coa,
<ia,y) = @ Xy +(@y) = o+ g, a0, ar,. . a)) =

[ao, - .., ai], nil* =[], s"(z) = z + 1 and 0% (x) = 0.
Again, a key fact of our decision procedure is the following.

LEMMA 4.1. The initial ~ X(ien,rev,@,x,+,::,nil,s,0)-algebra  of
7z(len,rev,@,x,-‘r) is isomorphic fo ]L(Ien,rev,@,><,+,::,ni|,s,0)-

We now present a decision procedure for the validity on
L(Ien,rev,@,x,+)'

In the rest of this subsection, Ljen rev,@, x,+,::,nil,s,0) 15 abbre-
viated as L. In our decision procedure, we consider normal form
defined in terms of the function symbol single instead of ::. The
term single(z) is

interpreted as the singleton list ::(x, nil). Thus we consider a
Signature 2(single,len,rev,@,><,~|»,::,ni|,s,0) = <{N7 L}, {SingIeN_)L} U
Fen,...))- We abbreviate {singIeN_’L}U}'“en,_”) as Fsingle,...) and
E(single,len,rev,@,x,+,::,ni|,s,0) as E(singIeA,...)-

Procedure 1ist-check(s,t)

1. Normalize s and ¢ by the following TRS: S(jen rev,::,@) =

@(zxs, nil) - xs
Q(nil,ys) - ys
i(x, xs) —  Q(single(z), zs)
rev(nil) — il
rev(single(z)) — single(z)
rev(rev(zs)) — s

rev(Q(zs,ys)) — @(rev(ys), rev(zs))
Ien(nl ) - 0
len(single(z)) — s(0)
len(rev(zxs)) —  len(zs)
len(Q(zs,ys)) — +(len(zs),len(ys))

Note that S(jen,rev,::,@) is convergent and each term has a unique
S(len,rev,::;,@)-normal form. In the rest of this section, we will
abbreviate S(jen,rev,::,@) as S, and the S(ien rev,::,@)-normal form
of a term u as uJ.

As we will see, if len(u) is a subterm of a Syjen,...)-normal
term of sort N then v € VE. To deal with such terms, let
len(VE) = {len(zs) | =s € V'}, and S(x,4.500en) =
({N, L}, Fx 4,50 U {len" 1),

2. Define (elem)-terms and (list)-terms by the following (ex-
tended) BNF.

(elem)-terms v; := xs | single(u) | rev(xs)
(list)-terms w; == nil jv1@---Quy,



where s ranges over VY, and wu ranges over
T(E(X#,S,OM%V)N. Here, @ is assumed to be associative.
As we will see, s|, ¢ are either terms in T(X(x 1 50,jen)> V)"
(if they have sort V) or (list)-terms (if they have sort L).

3. Consider a set V'™ of new variables that is bijective to
len(VE). Let 6 : len(VE) — V'V be a bijection. Further-
more, for any u € T(E(X,Jr,s’oJen),V)N, let Abs(u) be the
term in T(X(x 1 5,0y, V' U V'Y) obtained by replacing every
len(zs) € len(V*) in u with §(len(zs)).

If s|, ¢t} have sort N, then check (Abs(sl)]) = (Abs(tl))), i.e.
whether Abs(s]) and Abs(¢].) are the same formal polynomial,
and use Theorem[3.3]

4. Consider now the remaining case when s/, t]. have the sort L.

For any (list)-term w, let List(w) be the list of its (elem)-terms,
i.e. if w = nil then List(w) = [] and if w = v1 @ - - @ vy, then
List(w) = [v1, ...,V

Take Iy = List(s)) and I = List(¢]). Then, check {1 and
l2 have equal lengths, and that, for each pairs (v;, v;) of i-the
elements of [; and lo, either v; = v} € V¥, v; = rev(zs) = v}
for some xs € VX, or v; = single(u;), v, = single(u}) for
some u;, uj and (Abs(u;))) = (Abs(u;)|) holds.

LEMMA 4.2. Let s € T(X(single,...); V). (1) If s has sort N then
Abs(sl) can be computed in polynomial time. (2) If s has sort L
then List(s).) can be computed in polynomial time.

It is easy to show that > U —s is terminating, where [> is the
proper subterm relation. This fact is a basis of the proof of the
following Lemma.

LEMMA 4.3. Let s € T(X(singte,...)s V). (1) If s has sort N then
sl € T(Z(x,4,5,0,en) VYN, (2) If 5 has sort L then s| is a (list)-
term.

Note in the next lemma that it follows from Lemma [F.3] and
T(Sgen,..ys V)Y € T(Z(singte,...ys V)V that (1) for any s €
T(S(en,..ys V)V, sb € T(X(x,+5,0,en), V)", and hence Abs(s])
is defined, and (2) for any s € T(Xjen,...), V)L, s is a (list)-term
and thus List(s] ) is defined.

LEMMA 4.4. I. For s,t € T(Sgen,. , V)V, L E s =~ tiff
N |= Abs(sl) ~ Abs(t]).

2. Let s,t € T(E“en’m),V)L, List(s)) = [u1,...,ux] and
List(t)) = [v1,...,u]. Then L |= s = tiff k = l and for every
i=1,...,k either (i) u; = v; € VL, (i) us = rev(zs) = v;
for some xs € VI, or (iii) u; = single(4;) and v; = single(9;)
with N |= Abs(t;) =~ Abs(%;).

Now we arrive at the main theorem of this section, claiming the
decidability of inductive validity of R (ien,rev,@, x,+)-

THEOREM 4.5. It is decidable in exponential time whether for
given s,t € T(E(ien rev,@,x ,+,::,nil5,0), V) the equation s ~ t is
an inductive theorem of R (ien,rev,@, x ,+)-

Proof: We first claim list-check(s,t) can be done in ex-
ponential time. If s,¢ have sort N, then, by Lemma [{2]
Abs(s]), Abs(t]) can be computed in polynomial time. Then, N =
Abs(sl) ~ Abs(t]) can be checked in exponential time by Theo-
rem If s, t have sort L, then, by Lemma List(s)), List(¢})
can be computed in polynomial time and the size of their elements
is O(s) or O(t). Thus, the condition of Lemma[d.4]can be checked
in exponential time by Theorem Thus, list-check(s,t) can
be done in exponential time. The correctness follows from Lem-

mas .1 and 4] and Proposition[2.1] O

EXAMPLE 4.6. Let s = rev(Q(rev(::(+(len(ys),len(zs)),
xs)),ys)) and t = Q(rev(ys), Q(::(len(Q(xs, ys)), xs), nil)).
Our decision procedure for R (ien,...) ind 8 ~ t works as
follows. First, normalize s,t by S(en,..) to obtain List(s]) =
[rev(ys), single(+(len(ys),len(zs))), xs] and List(tl) =
[rev(ys), single(4(len(xs), len(ys))), xs]. Next, we compare each
components. Since the first and third components are identi-
cal, it remains to check N = Abs(+(len(ys),len(zs))) =
Abs(+(len(zs), len(ys)). This is done in the procedure presented
in the proof of The()rem and yes’ is returned as (+(y, x)|) =
y+z = z+y = (+(z,y)). Hence, we conclude from Theorem
that R(ien,...) Fina s = t is valid.

We now focus on a fragment of R (jen,rev,@,x,+) having a more
efficient decision procedure. For this, we consider a many-sorted
Signature E(Ien,rev,@,«‘f,::,niIA,s,O) = <{N7 L}7-F(Ien,...) \ {X}>’ and
7z(len,rev,@,+) = {l —TE 7z(len,rev,@,x,-‘,—) | l(€) # Xy.

THEOREM 4.7. It is decidable in polynomial time whether for
given s,t € T(X(ien,rev,@,+,::,nils,0), V) the equation s = t is an
inductive theorem of R (ien,rev,@,+)-

5. Deciding Inductive Theorems on Natural
Numbers with Max and Min

In this section, we consider the decidability of inductive theorems
of TRSs for other important functions defined on natural numbers,
namely the maximum max and minimum min functions. In contrast
to the previous sections, our results only cover the cases without
multiplication x. Also, the complexity of the decision procedures
are exponential if max/min are combined with addition +.

In Section 5.1 we consider the case with both of max and
min, and in Section 5.2 (5.3) we consider the case with only max
(mix, respectively). Our presentation goes from broader classes to
narrower classes.

5.1 Decidability with Max and Min

Let X (max,min,+,5,0) = ({IV}, F(max,min,+,s,0)) be a first-order sig-
nature, where F(maxmin,+,5,0) = {max(2), min<2)} U F(4,,0)- Let
us consider

max(0, y) -y
max(z, 0) o o

7z(max,min) = :Iali((((;(z)% S(y)) : (S)(max(x7 y))
min(z, 0) 5 0
min(s(z),s(y)) — s(min(z,y))

that encodes the maximum/minimum operations on natural num-
bers, and the TRS R(maxmin,+) = R(maxmin) U R(4) over
Y (max,min, +,5,0)- 1t is €asy to check that R (max,min,+) 1S convergent
and sufficiently complete [

Let Nimaxmin,+50 = (N; max", min", +V, sV, 0N> be a
Y (max,min, +,s,0)-algebra where the operations are defined in a sim-
ilar way to Ny 50y with additionally defining max" and min"
as: max'(n,m) = n (min“(n,m) = m)if n > m, and
max" (n,m) = m (in"(n, m) = n, respectively), otherwise.

Again, a key fact of our decision procedure is the following.

LEMMA 5.1. The initial ¥ (max,min,+,s,0)-algebra of R (max,min,+) is
isomorphic t0 N(max,min, +,5,0)-

We now explain that any validity of equations in N(max,min, +,s,0)
can be encoded in that of first-order (universally quantified) PA
formulas. (Universal quantification will be implicit below.)

For this, let consider a formula ¢ of the form z; =~
01(ur,v1) A -+ AN zx =~ Og(uk,vk) — s =~ t, where



st € T(X(maxmin, 4,50, V) and §; € {max,min},u;,v; €
T(E(4,s,0),V) for ¢ = 1,...,k. Select a subterm occurrence
of §(u',v") in s ~ t with § € {max,min} and v',v' €
T(X(+,s,0), V), and the replace this occurrence with a fresh vari-
able z—Ilet the result be s ~ t'. Let the translation Pre be re-
placing ¢ by z1 = §1(u1,v1) A -+ Az = Op(ug,vi) A 2z =
§(u',v") — s’ & t'. Clearly, the translation Pre is terminating and
the final result Pre™ () is of the form z1 & 01 (u1, v1) A+ - -Axg =
Ok(ur,vr) = s = t with s,t € T(X(4,,0), V). Next, replace
each x; =~ max(u;,v;) in Pre™(p) by (us < v; — = =
vi) A (v < u; — T, = u;) and x; ~ min(u;,v;) in Pre™(p)
by (ui < vi = z &= wi) A (v; < ug — z; = v;) for each
i =1,...,k. Clearly, the result thus obtained is a PA formula and
the translation preserves validity. Furthermore, the whole transla-
tion can be done in polynomial time. Thus, by the fact that the
validity of universal PA formulaﬁs decidable in exponential time
[61127], the following corollary is obtained.

COROLLARY 5.2. It is decidable in exponential time whether for
given s,t € T(Z(max,min7+75,0),V) the equation s =~ t is an
inductive theorem of R (max,min, +)-

In the rest of this subsection, we show another decision pro-
cedure for a subclass of the problems in the hope that the pro-
cedure performs more efficiently experimentally, albeit in expo-
nential time complexity—namely, a decision procedure for the
fragment without addition + and successor function s. Thus, we
present a decision procedure of R(maxmin) Find s =~ t for
s,t € T(E(max,min,o)a V)a where z:(max,min,o) = <{N}7 ]:(max,min)>
With Fmax,min) = {max(Q),min(z),O(O)} and R (max,min) = {{ —
7 € R(max,min,+) | 1(€) € {max, min}}.

Let N(max,min,s,o) = <N7 maxN7 minN7 SN7 ON> be a E(max,min,s,O)_
algebra, defined in a similar way t0 N(max,min,+s,0)- Note here that
the successor function s is necessary to construct Nmay,min,s,0)-

LEMMA 5.3. The initial ¥ (max,min,s,0)-algebra of R (max,min) I8 iso-
morphic to N(max,min,s,o)-

We are now going to present a decision procedure for
R(max,min) ':ind s =~ t for s,t € T(Z(max,mimo),\/), where
Z(max,min,O) = <{N}7 {max(2), min(2)7 O(O)}>

Let us denoted by P (X)) the powerset of a set X.

Procedure max-min-check(s,t)

1. Normalize s and ¢ by the following TRS: S(max,min) =
{ min(max(z, y), z)

min(z, max(y, z))

— max(m!n(m,z),min(y,z)) }
—  max(min(z,y), min(z, z))

Note that S(max,miny iS convergent and each term has a
unique S(max,min)-normal form. In the rest of this subsection,
sl S - is abbreviated as sJ.

max, min

2. We define (min)-terms and (max)-terms by the following BNF.

(min)-terms
(max)-terms

v =0 | z | min(vy,v2)
w; 1= V1 | max(wl,wg)

where z ranges over variables. Obviously, sl,t] are (max)-
terms. For each (min)-term v, define a set [v]mi € P(V)U{T}
as follows: [V]min = T if v is a (min)-term containing 0, and
[U]min = V(v), otherwise. For each (max)-term v, define a set
[W]maz € P(V)U{T} as follows: by [v]maz = {[v]min} for

2Note that one has to check the validity of formulas of the form
Vzi,...,xk. 1 for quantifier-free ¢, and not that of the form
3x1,...,xE. ¥ (satisfiability problem of quantifier-free PA formula),
which is in NP.

(min)-terms v, or by [max(w1, w2)]maz = [W1]maz U [W2]maz
otherwise. Compute U = [s)]mqee and V' = [t)]mae.

3. Foreach X, Y € P(V)U {T}, define X C° Y by X° CY°,
where X° = X for X C V and T° = V. For each set
A CPV)U{T}, let Min(A) be the set of minimal elements
of A w.r.t. the set inclusion C°, i.e.

Min(A)={X €A|VWW €A (Y C° X=X =Y)}

Compute the sets of variables S = Min(U) and T =
Min (V). Then return ‘yes’ if S = T" and ‘no’ otherwise.

LEMMA 5.4. max-min-check(s,t) can be done in exponential
time.

To show the correctness of the procedure, we need some techni-
cal definitions and lemmas. To interpret (min)-terms, we introduce
a function Min,,.

DEFINITION 5.5. For any valuation p : V — N, we define Min,, :
{X CV | X #0,]X| < o0} U{T} — N as follows: (1)
Min,(T) = 0, and (2) Min,(A) = min{p(z) | x € A}, for finite
non-empty A C V.

Some properties of Min,, follow.

LEMMA 5.6. Let p Y — N be a valuation, and
A,B C V finite non-empty sets. Then, (1) Min,(A U B) =
min{Min,(A),Min,(B)}, and (2) A C B implies Min,(B) <
Min,(A).

LEMMA 5.7. Let A, B € {X CV | X # 0,|X| < oo} U{T}.
Then A C° B implies Min,(B) < Min,(A).

The correspondence of the function Min,, and the interpretation
of (min)-terms is expressed like this:

LEMMA 5.8. Lef p : V — N be a valuation. Then, for any (min)-
term v, Min, ([V]min) = [v]p-

Next, we introduce a function Max, to interpret (max)-terms.

DEFINITION 5.9. Let p : V — N be a valuation. For any finite
SC{X CV|X #0,|X| < oo} U{T}, define Max,(S) =
max{Min,(X) | X € S}.

The correspondence of the function Min, and the interpretation
of (min)-terms is extended to that of Max, and the interpretation
of (max)-terms.

LEMMA 5.10. Let p : V — N be a valuation. Then, for any
(max)-term w, Max, ([W]maz) = [w],-

Some properties of Max,, follow.

LEMMA 5.11. Let p : V — N be a valuation. Then, for any
finite non-empty S C {X CV | X # 0,|X| < oo} U{T},
Max, (S) = Max, (Min(S)).

LEMMA 5.12. Let S, T C{X CV | X #0,|X| < o0} U{T}
be finite and non-empty. Suppose that S (T) consists of elements
minimal w.r.t. C° i.e. X C° Y implies X =Y forany X,Y € S
(for any X, Y € T, respectively). Then S = T iff Vp. Max,(S) =
Max, (T)

Now we can prove the correctness of the procedure.

LEMMA 5.13. For any s,t € T(Z (max,min,0), V),
max-min-check(s,t) returns ‘yes’ iff N(may mins,0) = 5 = t.



Proof: 1In the following, let us abbreviate N(maymins0) as
N. First, note that we have N | min(max(z,y),z) =
max(min(z, z),min(y,z)) and N | min(z,max(y,2)) =
max(min(z, y), min(z, z)). Thus, N = s ~ tiff N = s| ~ t|
holds. Thus it remains to show that max-min-check(s,t) returns
‘yes” iff N = sl ~ t].
(=) Suppose max-min-check(s,t) returns ‘yes’. Then, by
definition of the procedure, Min([sl]maz) = Min([td]maz)-
Clearly, [sl]mae and [t)]maes are finite and non-empty. Thus,
using Lemmas [5.11] and for any valuation p : V —
N, [sl, = Maxp([sma) = Maxp(Min([s/mar)) =
Mary (A (1} = W[4 = T Hence, N =
sl ~tl.
(<) Suppose N = s] = t|. Again, using Lemmas |5.11
and [5.10] we know that, for any valuation p : V — N,
Max, (Min([sd]maz)) = Max,(Min([t}]maez)) holds. Since each
of Min([sl]mas) and Min([t)]maez) consists of elements minimal
w.rt. C°, by Lemma[5.12} Min([s{}maz) = Min([t!]maz ). Thus,
O

max-min-check(s,t) returns ‘yes’.

THEOREM 5.14. It is decidable in exponential time whether for
given s,t € T(X(max,min,0), V), the equation s ~ t is an inductive
theorem of R (max,min)-

EXAMPLE 5.15. Let s = max(min(y,0), max(min(y, z), z))
and t = max(xz, min(max(x,y),z)). Then we can es-
tablish that [sllmaz = [$lmez = {T,{y,2},{z}} an
[tJr]max = [max(;r,max(min(m,z),min(y, Z)))]m‘” =

Hz} {=z, 2} {y, 2} }

maz-min-check(s,t) returns ‘yes’, as Min({T,{y,z},
{z}}) = {y, 2}, {z}} = Min({{z},{z, 2},{y, z}}). Hence,
we conclude from Theorem that R(max,min) Find 8§ ~ T is
valid.

5.2 Decidability with Max

In the previous subsection, we considered the case that both of max
and min are presented. In this section, we consider the case that
only max is presented, i.e. decidability of inductive theorems of
Rimax, ) = { = 7 € Rimaxmin, 1) | 1(€) € {max, +}}.[]

We first explain a corollary that follows from an existing work.
In []], an exponential decision procedure for N(may, 1,0y = s = ¢
for s,t € T(X(max,+,0), V) is presented, where Npax + 0y and
¥ (max,+,0) are given in the obvious way.

We now briefly explain the decision procedure of [1]]. Given an
equation s & t of X (max, +,0), normalize s, ¢ by the following TRS:

+(max(z, y), ) = max(+(z, z), +(y, 2))
+(z, max(z,y)) = max(+(z, ), +(z,9))
max(z,0) —
max(0,y) — y

Let s’ = t’ be an arbitrary but fixed result. Let (max)-contexts be
given by the following BNF.

(max)-contexts v; = 0O | max(vi,v2)

Then s’ and ¢’ are O or of the from Clu1,...,u] for some
(max)-contexts C' and u1,...,u, € T(X(4),V). The case ei-
ther s = 0 or ¢ = 0 is clear, so we suppose otherwise.
Clearly, Clu1,...,um] &~ C'[ul,...,uy] is valid if and only if

ui < C'uy, ..., up] is valid for all 1 < ¢ < m and v <
Clui, ..., um] is valid for all 1 < j < n. Thus, it suffices to de-
cide the validity of inequations u < Cvy, ..., vy ], for any (max)-

context C' and u, v1,...,vn € T(X(4),{z1,...,Tn}). Let the
formal polynomials of u, v1, ..., vm be (u)) = c1z1 4+ -+ cnn
and (|v;]) = dinz1 + -+ + dinzn (1 < @ < m). Corollary 3.17

3 A decision procedure for Min can be built similarly.

of [1]] shows that the inequation v < Clvi,...,vn] is valid if
and only if there exist the non-negative real numbers A1, ..., Am
and y1,...,7n such that >, A; = 1 and, foreachj = 1,...,n,
(3>, dijAi) —7v; = c;. The latter is a linear programming problem,
which is known to be solvable in polynomial time.

Thus, the next corollary immediately follows from [1].

COROLLARY 5.16. It is decidable in exponential time whether for
given s,t € T(X(max,+,0), V), the equation s = t is an inductive
theorem of R (max,+)-

In the rest of this section, we show that by replacing addition
+ with successor function s, one can obtain a polynomial decision
procedure, i.e. R (max) Eind s & t is decidable in polynomial time
for s,t € T(E(max,s,0)7 V), where E(max,s,O) = <{N}7 F(max,s,0)>7
Fimaxsoy = {max@ sM 0OV and Rypey = {I — 7 €
R(max,min,+) | 1(€) = max}. Note that since Nmax, +,0y cannot
encode s and N(may,s,0) cannot encode +, this result does not follow
from Corollary

LEMMA 5.17. The initial ¥ (max,s,0)-algebra of R(max) is isomor-
phic 10 N(mayx,s,0)-

We now present a decision procedure for the validity on
N(max,s,o)-

Procedure max-check(s,t)

1. Normalize s, ¢ by the following TRS:

Simagy = { s(max(z,y)) = max(s(z),s(y)) }

Note that S(max) is convergent and each term has a unique
S(max)—normal form. In the rest of this subsection, SLS(max) is

abbreviated as s/.
2. We define (s)-terms and (max)-terms by the following BNE.

(s)-terms
(max)-terms

u; = | 0| s(u1)

Vi = Ul ‘ max(vl,vg)
where x ranges over variables. Obviously, s/, t] are (max)-
terms. From each (max)-term v, define a set [v] of (s)-terms
by [u] = {u} if uw is an (s)-term, [max(v1, v2)] = [v1] U [vg]
otherwise. Compute the sets U = [s}] and V = [t]] of (s)-
terms.

3. Define a relation < on (s)-terms by s < t if either (1) s™ (u) <
s™(u), for some n < m and u € V U {0}, or (2) s"(0) <
s™(x), for some n < m and variable = € V. For each set X of
(s)-terms, let Maz - (X) be the set of maximal elements of X
w.rt. <:

Maz<(X)={s€e X |s<tfornote X}

Compute the sets S = Maz < (U) and T = Maz (V) of (s)-
terms. Then return ‘yes’ if S = T and ‘no’ otherwise.

LEMMA 5.18. max-check(s,t) can be done in polynomial
(quadratic) time.

LEMMA 5.19. For any s,t € T(E(max,s,0), V), max-check(s,t)
returns ‘yes’ iff N(maxs,0) = 5 = t.

THEOREM 5.20. It is decidable in polynomial time whether for

given s,t € T(E(maxs,0), V) the equation s = t is an inductive
theorem of R (max)-

EXAMPLE 5.21. Let s = max(s(z), ) and t = max(s(0),s(z)).
Then  maz-check(s,t) returns ‘ves’, as we  have
Maz_(sbs,. ) = Mz ({s(@)x}) = {s(a)} and
./\/la:z.<([tJ,$(max)]) Maz({s(0),s(z)}) = {s(z)}. Thus,
we conclude from Theoremthat R(max) Fina § = t is valid.



It is not difficult to give a decision procedure and obtain the next
theorem in the similar way to Theorem [5.20}

THEOREM 5.22. It is decidable in polynomial time whether for
given s,t € T(X(mins,0), V) the equation s = t is an inductive
theorem of R (min)-

6. Experiments

The decision procedures of the paper have been implemented in the
SPIKEﬂprover [7,128].

For the experiments, we take into account some categories and
construct collections of conjectures randomly for each category.
Each collection gathers equalities of same inductive validity and
built over one of the following signatures:

® X4+ and its extension with 0, X4 ¢ o),
® (x4, and its extension with 0, X 1 s0),

® Y(len,rev,@, x,+,::,nil,s,0) DY considering equalities between terms
of list sort,

o Z:(max,min,O),

® X (max,s,0) and similarly ¥ min 5,0

For each category, we excluded trivial equations and equations
whose roots of both sides of the equation is s. All equalities have at
most three distinct variales of each sort and the depth of both sides
is smaller than five. The number of examples widely varies between
each category. Furthermore, since most of the randomly generated
conjectures are not inductive theorems, we have additionally incor-
porated several ad-hoc heuristics to generate a sufficient number of
inductive theorems to reach a target of 100 examples (we failed for
only one category).

The numbers of examples and the summary of experiments are
shown in Table [T} Each test was performed on a PC with one
2.50GHz CPU and 4G of memory. For any information of the form
a(b) in the table, a (resp. b) represents the number of examples that
has (resp. has not) been successfully checked within the 10 seconds.

Our decision procedures successfully solved all these examples,
as shown in the column entitled “SPIKE + direct”. For comparison,
we also tested the examples with SPIKE integrating an incomplete
solver for PA, as previously described in [4}[29]. The figures from
the column entitled “SPIKE + PA (Cor. 5.2)” (resp., “SPIKE +
PA([4])”) give the statistics about the use of the PA solver with
a prior encoding of equalities to PA, according to Corollary [5.2]
(resp., without encoding). In the categories to which our decision
procedures and the PA solver are applicable, the first are 2—6 times
faster; the latter failed at some examples due to lack of additional
resources.

When the decision procedures and the PA solver are disabled,
SPIKE acts as an implicit induction theorem prover, able to per-
form several induction and rewrite steps during a proof session. We
used a unique proof strategy for all tests and no additional lem-
mas (0-knowledge proofs). Apart from the TRS and the conjec-
ture to be proved, we additionally provided a unique precedence
suitable for ensuring the termination of the input TRS. For some
categories, SPIKE inductively proved/disproved most of the exam-
ples, as shown in the column “SPIKE (induction) [28]”. However,
for some categories more than half of the examples have not been
solved or require more than 10s to be solved. A special category,
involving equations over the extended signature X (max min,+,s,0)
helped to better compare with the PA solver. ‘-* means that the
TRS category cannot be solved by the corresponding SPIKE con-
figuration, hence it matches the values from the last column. We

“https://code.google.com/p/spike-prover/

can safely conclude that SPIKE has become more effective by in-
corporating our decision procedures.

The collection of examples and details of the experiments are
available on the webpage http://www.nue.riec.tohoku.ac.
jp/tools/experiments/ppdpl4/.

7. Conclusion

We have given decision procedures for checking the inductive va-
lidity of equations built over common function symbols defined on
natural numbers and lists. Our results are summarized in Table 21
In contrast to the line of research from [11H14]], our decidability
results do not impose any syntactical conditions on the equations
or induction reasoning albeit specific to some TRSs. Experiments
show that our decision procedures are effective for enhancing in-
ductive theorem provers.

Our strong restriction on TRSs can be slightly relaxed. For ex-
ample, the decidability result for R (.4 also applies to the follow-
ing variation ”REX7 +4)» Which is convergent, sufficiently complete
and has the same initial algebra as R 4):

+(z,0) -

+(z,s(y) —  +(s(z),9)

X (z,0) - 0

x(z,5(y)) — +(z,x(z,y))

As future works, we would like to tackle some problems which
are left open in the current contribution: extending the decision
procedure of [1] to equations over X (max,+,s,0) and to equations
OVeT X(min,+,0), Obtaining a decision procedure for equations over
Y(max, x,+)- We also intend to find other standard TRSs for which
our approach works, and how to (semi-)automatically find induc-
tively valid equations that sufficiently characterize the validity in
initial algebras. We also intend to apply our approach for classes of
conditional TRSs and (conditional) equations.

!
Rix+) =

Acknowledgements

Thanks are due to Yoshihito Toyama for kindly allowing us to
include his unpublished result [30]. We also thank Yuki Chiba,
Nao Hirokawa and Michio Oyamaguchi for helpful comments. We
are also grateful to our anonymous reviewers for their time and
comments.

References

[1] L. Aceto, Z. Esik, and A. Ing6lfsdéttir. The max-plus algebra of the
natural numbers has no finite equational basis. Theoretical Computer
Science, 293:169-188, 2003.

[2] T. Aoto. Designing a rewriting induction prover with an increased
capability of non-orientable equations. In Proc. of 1st SCSS, volume
08-08 of RISC Technical Report, pages 1-15, 2008.

[3] T. Aoto. Sound lemma generation for proving inductive validity of
equations. In Proc. of 28th FSTTCS, volume 2 of LIPIcs, pages 13—
24. Schloss Dagstuhl, 2008.

[4] A. Armando, M. Rusinowitch, and S. Stratulat. Incorporating decision
procedures in implicit induction. Journal of Symbolic Computation,
34:241-258, 2002.

[5] F. Baader and T. Nipkow. Term Rewriting and All That. Cambridge
University Press, 1998.

[6] W. W. Bledsoe. A new method for proving certain Presburger formu-
las. In Proc. of 4th IJCAI pages 15-21, 1975.

[7] A. Bouhoula, E. Kounalis, and M. Rusinowitch. Automated mathe-
matical induction. Journal of Logic and Computation, 5(5):631-668,
1995.

[8] R. S. Boyer and J. S. Moore. Integrating decision procedures into
heuristic theorem provers: a case study of linear arithmetic. In Ma-


http://www.nue.riec.tohoku.ac.jp/tools/experiments/ppdp14/
http://www.nue.riec.tohoku.ac.jp/tools/experiments/ppdp14/

Table 1. Summary of Experiments

signature / inductive | number of | SPIKE + SPIKE + SPIKE + SPIKE
TRS complexity validity problems direct PA(Cor. PA([4]) (induction) [28]
R+ Yigs ! yes 101 101(0) 101(0) 101(0) 30(71)
polynomial no 1197 1197(0) 1197(0) 1197(0) 887(310)
Ri+) Y450/ yes 101 101(0) 101(0) 101(0) 75(26)
polynomial no 536 536(0) 536(0) 536(0) 407(129)
Rix,+) Dix,4.s) ! yes 60 60(0) - - 2(58)
exponential no 1670 1670(0) - - 992(678)
Rix,+) Y, 4,50 ! yes 244 244(0) - - 145(199)
exponential no 1204 1204(0) - - 910(294)
R(Ien,rev,@,x,+) E(Ien,rev,@,><,+,::,ni|,s,0) / yes 213 213(0) - - 24(189)
exponential no 1777 1777(0) - - 1068(709)
7z(max,min,#—) E(ma><,min,+,s,0) / yes 104 - ]02(2) - 51(53)
exponential no 1741 - 1719(22) - 1164(547)
R (max,min) > (max,min,0) / yes 153 153(0) 148(5) - 121(32)
exponential no 1528 1528(0) 1478(50) - 1285(243)
R (max) Y (max,s,0) / yes 116 116(0) 116(0) - 114(2)
polynomial no 1107 1107(0) 1107(0) - 1061(46)
R (min) E(min,s,O)./ yes 115 115(0) 115(0) - 114 (1)
polynomial no 1081 1081(0) 1081(0) - 1032(49)
Table 2. Summary of Results
TRS signature complexity | reference
R(exp, X,+) Z(exp, X,+,s,0) deCIdable ([IO])
(eq, X ,+) (60, X ,+5,0) undecidable | ([30])
(x,4) (X ,4,5,0) exponential | Thm.
Ri+) (+,5,0) polynomial | Thm.
(len,rev,@, x ,+) (len,rev,@, X ,+,::,nil,s,0) CXPOHGmial Thm.
R(Ien,rev,@,+) 2(Ien,rev,@,Jr,::,niI,s,O) p01yn0mial Thm.
R (max,min, +) 3 (max,min, +,5,0) exponential | (validity of QFP [6}27])
R (max,min) 3 (max, min,0) exponential | Thm.
R (max,+) ¥ (max,+,0) exponential | (Cor. 3.17 of [1])
(max) (max,s,0) polynomial | Thm.
R (min) ¥ (min,s,0) polynomial Thm._ 22)

chine Intelligence, volume 11, pages 83—124. Oxford University Press,
1988.

[9] Z.-Z. Chen and M.-Y. Kao. Reducing randomness via irrational num-
bers. In Proc. of 29th STOC, pages 200-209. ACM, 1997.

[10] R. D. Cosmo and T. Dufour. The equational theory of
(N, 0,1, 4+, x,7) is decidable, but not finitely axiomatisable. In Proc.
of 11th LPAR, volume 3452 of LNAI, pages 240-256. Springer-Verlag,
2004.

[11] S. Falke and D. Kapur. Inductive decidability using implicit induction.
In Proc. of 13th LPAR, volume 4246 of LNAI, pages 45-59. Springer-
Verlag, 2006.

[12] S. Falke and D. Kapur. Rewriting induction + linear arithmetic =
decision procedure. In Proc. of 6th IJCAR, volume 7364 of LNAI,
pages 241-255, 2012.

[13] J. Giesl and D. Kapur. Decidable classes of inductive theorems. In
Proc. of 1st IICAR, volume 2083 of LNAI, pages 469—484, 2001.

[14] J. Giesl and D. Kapur. Deciding inductive validity of equations. In
Proc. of CADE-19, volume 2741 of LNAI, pages 17-31, 2003.

[15] B. Gramlich. Strategic issues, problems and challenges in inductive
theorem proving. Electronic Notes in Theoretical Computer Science,
125(2):5-43, 2005.

[16] R. Gurevi€. Equational theory of positive numbers with exponentia-
tion. AMS, 94(1):135-141, 1985.

[17] J. Harrison. Handbook of Practical Logic and Automated Reasoning.
Cambridge University Press, 2009.

[18] P. Hrubes and 1. Tzameret. The proof complexity of polynomial
identities. In Proc. of CCC, pages 41-51. IEEE, 2009.

[19] G. Huet and D. C. Oppen. Equations and rewrite rules: a survey.
Technical report, Stanford University, Stanford, CA, USA, 1980.

[20] D. Kapur and M. Subramaniam. New uses of linear arithmetic in au-
tomated theorem proving by induction. Journal of Automated Reason-
ing, 1-2:81-111, 1991.

[21] D. Kapur and M. Subramaniam. Extending decision procedures with
induction schemes. In Proc. of CADE-17, volume 1831 of LNAI, pages
324-345, 2000.

[22] Y. Matiyasevich. Diofantovost’ perechislimykh mnozhestv. Dokl. AN
SSSR, 191(2):278-282, 1970. English translation in: Soviet Math.
Doklady, 11(2):354-358, 1970.

[23] T. Nakazima, T. Aoto, and Y. Toyama. Decidability of inductive
theorems based on rewriting induction. JSSST Computer Software,
31(3):294-306, 2014. In Japanese.

[24] T. Nipkow, L. C. Paulson, and M. Wenzel. Isabelle/HOL — A Proof
Assistant for Higher-Order Logic, volume 2283 of LNCS. Springer,
2002.

[25] J. T. Schwartz. Fast probabilistic algorithms for verification of poly-
nomial identities. J. of the Association for Computing Machinery,
27(4):701-717, 1980.



[26] S. Shimazu, T. Aoto, and Y. Toyama. Automated lemma generation
for rewriting induction with disproof. JSSST Computer Software,
26(2):41-55, 2009. In Japanese.

[27] R. E. Shostak. On the SUP-INF method for proving Presburger
formulas. J. of the Association for Computing Machinery, 24(4):529—
543, 1977.

[28] S. Stratulat. A general framework to build contextual cover set induc-
tion provers. Journal of Symbolic Computation, 32:403-445, 2001.

[29] S. Stratulat. Implementing reasoning modules in implicit induction
theorem provers. In Proc. of 16th International Symposium on Sym-
bolic and Numeric Algorithms for Scientific Computing (SYNASC
2014), to appear.

[30] Y. Toyama. Private communication.

[31] P. Urso and E. Kounalis. Sound generalizations in mathematical
induction. Theoretical Computer Science, 323:443-471, 2004.

[32] T. Walsh. A divergence critic for inductive proof. J. of Artificial
Intelligence Research, 4:209-235, 1996.

[33] Y. Yamazaki. Ring and Module (in Japanese). Iwanami, 1990.

A. Proofs

Proof: [of Lemma First, it is easy to check that Ry 4) is
convergent and sufficiently complete [5]. Hence any ground term
teT (E(X,+,s,0)) has a unique normal form ¢} € T (E(s,o))-
Thus the mapping given by ¢ : [¢f] +— ¢} is a bijection
from T (Z(X’_A'_’s’())) /éR(x,+) to T (Z(s,o)). Let -/\/(><,+,s,0) =
(T (Z,0) 5 xN 4N N oMY bea Y(x,+.5,0)-algebra, where op-
erations are given by x?V (s,t) = x(s,t), +V (s,t) = +(s, 1),
sN(t) = s(t) and 0V = 0. Then it is easy to check that ¢
is @ ¥(x 4 s,0-homomorphism, and thus, Zr ., = N(x 4 5,0)-
Since N(x 45,0 is isomorphic to N(x 1 50y via an obvious bijec-
tion {n — s"(0) | n € N}, the claim follows. O

Proof: [of Lemma[3:2] By induction on s.

Proof: [of Lemma (=) Suppose N(x +s0) | s = t.
Then, for any valuation p : V — N, we have [s]n., , .0 =
[t]5(x 4 c0).p- Since N° is a subalgebra of Z°, it follows that, for
any valuation p : V — N, [s]zo,, = [t]z,,. Hence by Lemma|3.2]
(shz(ai,...,an) = (t)z(a1,...,as) for any a1,...,an € N.
Since N C Z is an infinite set and (Z; x,+,1,0) is an integral
domain, we have (|s) = (/¢)) by Proposition[3.3]

(<) If (s) = (¢) then (s)(a1,...,an) = (t)(a1,...,an)
for any ai,...,an, € Z. Hence, by Lemma [3.2] [s]zo, =
[t]z,p for any valuation p on Z°. In particular, [s]n., | o .» =
[tIN(x 4 20).» for any valuation p on N°, as N(x 4 s0) = N°isa
subalgebra of Z°. O

Proof: [of Theorem As for Theorem [33] but taking into
account that the computation of the list of monomial expressions
Mono(§) can be done in O(]3]) if the term § does not contain the

O

multiplication x. O
Proof: [of Proposition [3.8] Let us denote by Z.[x1,...,zn]
the set of formal polynomials over the indeterminates x1, ...,z
with natural number coefficients. First note that Jai,...,a, €

Z.p(a1,...,an) =0iff Ja1,...,an € N. p(d101,...,0nas) =
0 for some 61, ...,d8, € {—1,1}, where ¢ € Z[z1, ..., xy]; thus,
it is a corollary of the undecidability of Hilbert’s 10th problem that
it is undecidable whether Jaq,...,an, € N. p(a1,...,a,) = 0
for given ¢ € Z[x1,...,2x] (}). For any ¢ € Z[z1,...,Zn],

there exist @p,on € Zi[z1,...,xs] such that ¢ = @, —
on. Since Jai,...,an € N. p(a1,...,an) = 0 iff
Jai,...,an € N. gp(ar,...,an) = en(ai,...,an), it fol-

lows from (f) that it is undecidable whether Jai,--- ,a, €

N. p(a1,...,an) = (ai,...,an) for given ¢,bp €
Zylz1,...,2n] (). Let u,v € T(E(x,4,0),V). It is easy to
check that R (eq,x,+) is convergent and sufficiently complete [3],
and hence Req,x,4+) Fina €d(u,v) ~ 0iff (u))(ai,...,an) #
(v)(ai,...,an) for any ai,...,a, € N. If it is decidable
whether R(eq,x,+) Fina €q(u,v) ~ 0, then so is whether
Yai,...,an € N. (u))(a1,...,an) # (v)(a1,...,as) and so
is Jai,...,an € N. p(a1,...,an) = ¥(a1,...,an) for given
0, € Zy[z1,...,zn]. This contradicts ().

Proof: [of Lemma [A.I]] Similar to Lemma [3.1] Note that it is
easy to check that R(ien rev,@,x,+) i convergent and sufficiently
complete [5]. O

Proof: [of Lemma Let s € T(X(single,...), V). First, eliminate
all occurrences of :: by the third rule. The size of the term is at
most doubled by this. Then, normalize recursively using len-rules
the outermost subterms of the form len(u) with uw ¢ V. Next,
normalize using rev-rules by counting the number £ of occurrences
of rev along the path, swapping arguments of @ if k£ is odd and
eliminating rev. Finally, if s has sort NV replace each len(xs) with
d(len(zs)), else (i.e. if s has sort L) change the final (list)-term to
a list of (elem)-terms by listing up all non-nil (elem)-terms from
left to right. Clearly, Abs(s]) (or List(sl)) is obtained, and each
step can be done in O(]s|). Thus overall computation can be done
in polynomial time. O

Proof: [of Lemma@] We show (1) and (2) simultaneously by
Noetherian induction on s w.r.t. > U —s.

(1) All cases satisfying s(e) # len are straightforward by the
induction hypothesis. Suppose s = len(ts). By induction hy-
pothesis, ts] is a (list)-term. If ts| = zs € V then s =
len(2s) € T(Z(x,+,5,0,en), V)" and the claim follows. Otherwise,
s = len(ts) =s len(ts|) —s s for some s’. Then, by induction
hypothesis, s). = s’} € T(Z(x,+5.0,ems V)"

(2) We distinguish six cases:

1. s € VL. Then s| (= s) is an (elem)-term, which is a (degener-
ated) (list)-term.

2. s = nil. Then s{ (= s) is a (list)-term.

3. s = u(t1,t2). Then s —s Q@(single(t1),t2) = s’. By induc-
tion hypothesis, 1/, and ¢ are (list)-terms, so sl (= s'})is a
(list)-term.

4. s = single(t). Then, by induction hypothesis, t] €
T(S(x, 4,50, VY U {len(zs) | xs € V'}). Since s| =
single(t].), sl is a (list)-term by definition.

5. s = rev(ts). Then by induction hypothesis ts/ is a (list)-term.
Ifts| ¢ Vthen s = rev(ts) —s rev(ts]) —s s’ for some s’.
By induction hypothesis, s’} is a (list)-term, so s/ is it, too. If
ts] € V then, by definition, rev(¢sl) (hence s]) is a (list)-term.

6. s = @Q(t1,t2). By induction hypothesis, for each ¢ = 1,2,
t;) = wj is a (list)-term.

We distinguish two cases.
(a) w1 = nil or wa = nil. Then s Ss Q(w1,w2) —s s for
some s’. The claim follows from s = s’/ and the induction

hypothesis.

(b) Otherwise, for i = 1,2, either w; = Q(wj,wy),
w; = x5 € VYV, w; = single(u;) for some u; €
T(S(x,+ 500 V)V, or w; = rev(xs). In either cases,

Q@(w1, w2) is a (list)-term.

d



Proof: [of Lemma[d4] For any | — r € S and valuation p on
L, [{], = [r],- Hence L = s ~ sl and L |= ¢ = t]. Thus
LEsl~t)iffLEs~t.

1. Let 57t € T(Z(Ien,m)av)N- Let u € T(E(X,+,s,0,len)7v)N
Since the length of lists ranges over natural numbers, for any valua-
tion p on N, there exists a valuation p’ on L such that [Abs(u)], =
[u] > and vice versa. Thus, it follows from Lemma and

T(E(.enw),V) C T(S(ange...., V) thatif [s/],, # [t1], then
[Abs(s)],» # [Abs(tl)], for some p’, and if [Abs(s})], #
[Abs(tl)], then [sl], # [[tu] o for some p’. Thus the claim fol-
lows.

2. (=) If k # I, then take a valuation p such that p(zs) = [0]
for all zs € VL. Then, for any (elem)-term v, [v], is a singleton
list, and thus the length of [s] ], equals to k and that of [t} ], equals
to [. Hence, [s)], # [t],- Next, suppose otherwise, i.e. k = [. We
show if there exists some 7 such that none of (i), (ii), (iii) holds, then
[ui]p # [vi]p (and hence [sd], # [¢4],) holds for some p. We
distinguish six cases, where we omit the symmetric case.

1. u; = xs and v; = ys with xs # ys. Then it’s easy to see
[[uz]]p # [vi], for some p.

2. u; = xs and v; = single(?;). Then it suffices to take p such
that p(zs) = [].

3. u; = zs and v; = rev(ys). If xs # ys then it’s easy to see
[wi]p # [vi], for some p. If s = ys then it suffices to take p
such that p(zs) = [0,1], as [u:], = [0,1] # [1,0] = [vi],-

4. u; = single(t;) and v; = single(?;). Then we have @; # 95
and hence [4;], # [0:], for some p by the case (1). This
implies [u;], # [vi],-

5. u; = single(d;) and v; = rev(zs). Then it suffices to take p
such that p(zs) = [0, 1].

6. u; = rev(zs) and v; = rev(ys) with s # ys. Then it’s easy
to see [u;], 7 [vi], for some p.

(<) Suppose k = [ and for each 1 < i < k, either (i), (ii) or (iii)
holds. It suffices to claim L = u; & v; forall 1 < ¢ < k. Cases (i)
and (ii) are trivial. Case (iii) follows by (1). Hence L |= u; =~ v;
for all 4.

O

Proof: [of Theorem 4.7 - | Similar to the proof of Theorem 4.5 .
using Theorem [3.7]instead of Theorem[3:3]

Proof: [of Lemma[5.3] Similar to Lemma[31] O

Proof: [of Lemma Procedure max-min-check(s,t) can be
implemented like this:

1. For a (max)-term wu, let ®(u) be given recursively like this:
O(z) = {{z}}, ©(0) = {{0}}, ®(min(u,v)) = {X U
Y | X € &(u),Y € ®(v)} and P(max(u,v)) = ®(u) U
®(v). Then it is easy to see ®(u) = [ul] for u € {s,t}.
Compute ®(s) and ®(t). Clearly, ®(s) (P(t)) can be computed
in O(2*) (resp. O(2!")), and since ®(s) is a set of sets of
variables in s, we have |®(s)| < 2°.

2. Compute Min(®(s)) and Min(®(t)). This can be done in
O(12(s)[*) + O(|2(1)]*).

3. Finally check Min(®(s))
O(|2(s)] x [@(1)])-

Thus the overall computation can be done in @ (2(/¢/+1tD),

Proof: [of Lemma [5.6] (1) This holds, since min(A U B)
min{min(A4), min(B)} holds for any non-empty A, B C N. (2)
For any non-empty A,B C N, A C B implies min(B) <

= Mun(®(t)). This can be done in

O

min(A): The case A = B is trivial. Otherwise B = AU C
for some non-empty C, and so, min(A) = min(B U C) =
min{min(B), min(C)} < min(B). The claim follows immedi-
ately from this. (]

Proof: [of Lemma [5.7] The case A,B € {X C V | X #
0,|X|] < oo} follows from Lemma n (2. If A = T, then
A C° B implies B = T. Thus the claim follows tr1v1ally It
B =T, then Minp(B) = 0, and thus Min,(B) < Min,(A) holds
for any A. |

Proof:  [of Lemma [5.8] If v contains 0 then, clearly, [v], = 0.
Thus, Min, ([v]min) = Min,(T) = 0 = [v],. It remains to show
the case that v does not contain 0. We prove Min,([v]min) =
[v], for any (min)-term v not containing 0 by induction on v. If
v =z € V then Min,([z]min) = Min,({z}) = min{p(z)} =
p(x) = [z],. Otherwise v = min(v1,v2), for vy, v2 not contain-
ing 0. As v1, v2 does not contain 0, [min(vi, v2)]min = [V1]min U
[v2]min. Hence, by Lemma (1) and induction hypothesis, we
have Min,([min(v1, v2)]min) = Miny([v1]min U [V2]min) =
min(Ming ([01] ). Min ([l min)) = min([or]ps [os],) —
[min(v1,v2)],.

Proof: [of Lemma[5.10] By induction on w, we have the follow-
ing cases:

ew is a (min)-term. Then, wusing Lemma [5.8
we have Max,([w]maz) = Max, ({[w]min }) =
max{Min, ([w]min)} = Min, ([wlmin) = [w],.

°w = max (w1, wa). Then, we  have
Max,([wlmes) = Maxy([wilmar U [w2]ma)
max{Max, ([w1]maz), Max, ([w2]mas ) }
max{[w:]p, [w],} = [max(wi,w2)], = [w],.

d

Proof: [of Lemma|5.11|| Suppose A, B € Sand A C° B # A.
Then by Lemma [5.7, Min,(B) < Mlnp(A) Thus Max,(S) =
(]

Max, (S \ {B}). The claim readily follows from this.

Proof: [of Lemma (=) Obvious. (<) Let X = {x € V|
3X.x € X € SUT}. Suppose Vp. Max,(S) = Max,(T).
Suppose T € S. Then, by minimality of S, S = {T}.If T € T
then, by minimality of 7', "= {T} = S. Otherwise, T' C {X C
V| X # 0,]X]| < oo}. Then, since T is non-empty, we have
Max,(T) = 1 by taking p = {z — 1 | « € X}. Since
Max,(S) = 0, this is a contradiction. Thus, ' = {T} = S if
T € SUT. Therefore it remains to show the case T ¢ SUT, i.e.
S,T C{X CV | X #0,|X| < oo}. Suppose S # T. Then
w.l.o.g. one can assume that there exists A € S\ 7. We distinguish
two cases.

1. There exists B € T such that B C A # B.Letp = {z —
1|z e B}U{z+— 0|z € X\ B} Clearly, Min,(B) = 1.
Since A\ B # 0, Min,(A) = 0. Let A’ € S\ {A}. Then
we have A"\ A # () by minimality, and hence A’ \ B # 0 by
B C A. Hence Min,(A") = 0. Thus, since Min,(A") = 0 for
all A" € S, we have Max,(S) = 0. On the other hand, since
[B], = 1, we have Max,(T") > 1. This is a contradiction.

2. There exists no B € T suchthat B C A # B.Letp = {z —
1]z € A} U{x+— 0|z € X}. Then we have [A], = 1. On
the other hand, for any B € T', we have B \ A # (), and hence
[B], = 0. Thus Max,(S) = 1 and Max,(7") = 0. This is a
contradiction.

d

Proof: [of Theorem [5.14] For the correctness of
max-min-check(s,t), by Lemmasand 15.130 R (max,min) Find



s & t iff N(mayxmins,0) = § & t iff max-min-check(s,t) returns
‘yes’. By Lemma the procedure max-min-check(s,t) runs
in exponential time. U

Proof: [of Lemmal|5.17] Similar to Lemma|3.1 O

Proof: [of Lemma Procedure max-check can be imple-
mented more efficiently like this:

1. For each occurrence of u € V U {0} in s, count the number
k of s from the root of the term to that occurrence, and collect
all (k,u). This can be done in O(]s|). Let the collection be
S. Clearly, |S| < |s|. Compute a set T by applying the same
procedure to ¢.

2. Eliminate non-maximal elements w.r.t. < in S (T"). This can be
done in O(|S|?) (resp. O(|T|?)).

3. Check S = T (as sets of (s)-terms). This can be done in
O(IS| = [T1).

Thus the overall procedure is O((|s| + [t|)?). Hence the claim
follows. O

Proof: [of Lemma In the following, let us abbreviate
Nimaxs0) as N, ul as ul for v € {s,t}. Since N |=
s(max(z,y)) =~ max(s(z),s(y)), we have N = s ~ ¢ iff
N [ sl = t}. Thus it remains to show that max-check(s,t)
returns ‘yes” iff N |= s = ¢.

For any non-empty finite set U = {u1,...,un} of (s)-terms,
let Max(U) = max(u1, max(uz, ..., max(un—1,un) -+ )). Then
N = u} = Max([ul]) for u € {s,t} by definition.

For any u = s (z) and v = s™(z) withn < m (2 € VU {0}),
we have N E max(u,v) ~ v. For u = s™(0) and v = s™(x)
with n < m, we have N |= max(u,v) & v. Thus for any (s)-
terms w,v such that u < v, we obtain N = max(u,v) ~ v.
Hence, we have N = Max(Maz<(U)) ~ Max(U) for any
non-empty finite set U of (s)-terms. Hence we have N = u] ~
Max([ul]) &~ Max(Maz < ([ul])) for u € {s, t} by definition. Let
S = Maz<([s)]) and T = Maz - ([t}]).

Suppose max-check(s,t) returns ‘yes’. Then, by the definition
of the procedure, we have S = T'. Then, N = s| ~ Max(S) =~
Max(T') = t], and thus N |= s ~ t]. Thus it remains to show the
converse.

Suppose N |= s} ~ t]. By N |= s] &~ Max(S) and N = ¢] ~
Max(T'), we have N = Max(S) = Max(T'). By the definition of
the procedure, it suffices to show S =T

Let X = {z € V | s"(z) € SUT, forsomen € N} and
Y={zeV|s"(z) €T, forsomen € N}. Let p = {z +— 0 |
x € XUY}and k= max{[u], |ue SUT}.

Firstly, we claim X = Y. For this, we suppose X # Y and
show the contradiction. W.l.o.g. assume s™(z) € Sand x ¢ Y.
Then by taking a valuation § = {z — k+ 1} U{y — 0 |
z #y,y € XUY}, wehave [Max(S)]s > k+n+1>k =
[Max(T")]s- This is a contradiction. Thus we have X =Y.

Next we show that if s"(z) € S and s™(z) € T thenn =
m. Suppose to the contrary that there exists x € ) such that
s"(z) € S and s™(xz) € T with n # m. Then by taking
d={z—k+1}U{y— 0]z # y,y € X UY}, we have
[Max(S)]s =n+k+1# m+k+1=[Max(T)]s. This is a
contradiction. Thus s™(z) € S and s™(z) € T imply n = m.

Let U = {s"(z) | s"(z) € S,z € V}. We have shown
that either S = U or S = U U {s"(0)} and either T = U
or T = U U {s™(0)} for some n,m. If S = U = T, we
are done. Suppose S = U and T' = U U {s™(0)}. Then, by
definition of <, we have mm > n for any s"(z) € U. Thus, by
taking a valuation p = {z — 0 | z € X}, [Max(9)], =
max{n | s"(z) € U} < m = [Max(T)],. This is a contradiction.
Similarly, it does not happen the case S = U U {s"(0)} and

T = U for some n. It remains to show that if S = U U {s'(0)}
and T = U U {s™(0)} then I = m. Suppose | # m. Suppose
S =UU{s'(0)} and T = U U {s™(0)}. Then by definition of <,
we have [, m > n for any s"(z) € U. Thus, by taking a valuation
p={z— 0]z e X}, [Max(S)], =1 # m = [Max(T)],. This
is a contradiction. Thus, in all cases, we conclude S = T.
Therefore, N = s] = ¢t} implies S = T. Hence
max-check(s,t) returns ‘yes’ iff N = s| ~ ¢]. |

Proof: [of Theorem [5.20] By Lemmas [5.17] and [5.19
R(max) Fina 8 = tiff Nimaxs0) = s & ¢ iff max-check(s,t)
returns ‘yes’. The procedure max-check(s,t) can be done in
polynomial time by Lemma[5.18] O
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