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On the Spectrum of Volume Integral Operators
in Acoustic Scattering

M. Costabel

IRMAR, Université de Rennes 1, France; martin.costabel@univ-rennesl.fr

1.1 Volume Integral Equations in Acoustic Scattering

Volume integral equations have been used as a theoretical tool in scattering
theory for a long time. A classical application is an existence proof for the
scattering problem based on the theory of Fredholm integral equations. This
approach is described for acoustic and electromagnetic scattering in the books
by Colton and Kress [CoKr83, CoKr98| where volume integral equations ap-
pear under the name “Lippmann-Schwinger equations”.

In electromagnetic scattering by penetrable objects, the volume integral
equation (VIE) method has also been used for numerical computations. In par-
ticular the class of discretization methods known as “discrete dipole approxi-
mation” [PuPe73, DrF194] has become a standard tool in computational optics
applied to atmospheric sciences, astrophysics and recently to nano-science un-
der the keyword “optical tweezers”, see the survey article [YuHoO7]| and the
literature quoted there. In sharp contrast to the abundance of articles by physi-
cists describing and analyzing applications of the VIE method, the mathemat-
ical literature on the subject consists only of a few articles. An early spectral
analysis of a VIE for magnetic problems was given in [FrPa84], and more
recently [Ki07, KiLe09] have found sufficient conditions for well-posedness of
the VIE in electromagnetic and acoustic scattering with variable coefficients.
In [CoDK10, CoDS12], we investigated the essential spectrum of the VIE in
electromagnetic scattering under general conditions on the complex-valued
coefficients, finding necessary and sufficient conditions for well-posedness in
the sense of Fredholm in the physically relevant energy spaces. A detailed
presentation of these results can be found in the thesis [Sal4]. Publications
based on the thesis are in preparation. Curiously, whereas the study of VIE
in electromagnetic scattering has thus been completed as far as questions of
Fredholm properties are concerned, the simpler case of acoustic scattering
does not seem to have been covered in the same depth. It is the purpose of
the present paper to close this gap.
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The basic idea of the VIE method in scattering by a penetrable object
is to consider the effect of the scatterer as a perturbation of a whole-space
constant coefficient problem and to solve the latter by convolution with the
whole-space fundamental solution. In the acoustic case, we consider the scalar
linear elliptic equation

diva(z)Vu + k(z)?u = f in R? (1.1)

where we suppose that the (in general complex-valued) coefficients a and k
are constant outside of a compact set:

a(z) =1, k(z)=keC outside of the bounded domain 2.

and f has compact support. We further assume that u satisfies the outgoing
Sommerfeld radiation condition. It is well known that under very mild condi-
tions on the regularity of the coefficients a and k, there is at most one solution
of this problem.

We then rewrite (1.1) as a perturbed Helmholtz equation.

(A+Eu = f —divaVu — fu (1.2)

with
a(z) = a(z) — 1, B(x) = k(z)? — k2.

Let now G} be the outgoing full-space fundamental solution of the Helm-
holtz equation, i.e. the unique distribution in R? satisfying (A + k?)G}y, = —4
and the Sommerfeld radiation condition. In dimension d = 3, we have

We obtain the VIE from the following well known lemma.

Lemma 1. Let u be a distribution in R? satisfying —(A + k?)u = v, where
v has compact support, and the Sommerfeld radiation condition. Then u =
G xv, and if v is an integrable function, the convolution can be written as an
integral:

u(e) = [ Gulo— ) oln)dy
Applying this lemma to (1.2), we obtain the equation
u=—Gyg * f +div Gy * (aVu) + Gg * (Bu),
valid in the distributional sense on R¢. This can be written as a VIE

u(z) - div /Q Gr(z —y)a(y)Vu(y) dy — /Q Gil(z — y)By)uly) dy = u™ ()
(1.3)
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where we use the notation
W () = — / Gz — ) f(y)dy .

The fact that the coefficients av and 3 vanish outside of {2 permits to consider
the integral equation (1.3) on any domain 0 satisfying 2 C 2 c R% Once
u solves (1.3) on 2, one can use the same formula (1.3) to extend u outside
of Q2. It is clear that the resulting function w will not depend on 2 and will
be a solution of the original scattering problem (1.1). In the following we will
make the minimal choice £2 = (2 and therefore consider (1.3) as an integral
equation on §2. We shall abbreviate this integral equation as

u— Au = u™® (1.4)

with
Au(z) = div ; Gr(r —y)a(y)Vuly) dy + ; Gz —y)By)uly)dy. (1.5)

Assuming that (2 is a bounded Lipschitz domain, one can consider the VIE
(1.4) in the standard Sobolev spaces H*({2). The natural energy space associ-
ated with the second order PDE (1.1) is H'(£2), but other values of s can be
interesting, too, in particular s = 0, i.e. the space L?(§2), which seems natu-
rally associated with the apparent structure of (1.4) as a second kind integral
equation and may be useful for analyzing certain numerical algorithms for its
solution.

The convolution with Gy, is a pseudodifferential operator of order —2, map-
ping distributions with compact support and Sobolev regularity s to H, 1‘?22 (R%)
for any s € R, which implies immediately boundedness of the operator A in
low order Sobolev spaces:

Proposition 1. Let o, 8 € L>°(£2). Then
A:HY Q) — HY(N) is bounded .
If in addition Vo € L>®(2), then A is a bounded operator in L?({2).

Another immediate observation is that the second integral operator in (1.5)
maps L? to H?, and is therefore compact as an operator in L? and in H'.
This is relevant if a(z) is constant everywhere, since then ov = 0 and the first
integral operator in (1.5), which is not compact, in general, is absent.

Theorem 1. Let a(z) = 1 in R? and k € L>°(R?). Then the VIE (1.3) is a
second kind Fredholm integral equation with a weakly singular kernel and the

Fredholm alternative holds: The operator 1— A is a Fredholm operator of index
zero in L?(82) and in H' ().
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1.2 Smooth Coefficients

Besides the case of the Laplace operator addressed in Theorem 1, another
situation is well known and is studied for example in the book [CoKr83]. This
is the case of a coefficient a(z) that is smooth on all of R%. In this case, @ = 0
on the boundary I' = 942, and the first integral operator in (1.5) can be
transformed by integration by parts.

div G, * (aVu)(z) = —div/Q Vy (Gr(z — y)a(y)) u(y) dy
-4 / Gl = y)atw)uty) dy — div | Gila =y)(Va)(u) uto) dy
- /ka y)aly)u(y) dy— dw/ Gr(2—y) (Va)(y) uly) dy.

This allows to write the VIE (1.3) in an equivalent form that shows its nature
as a Fredholm integral equation of the second kind with a weakly singular
kernel.

- / Gi(z — 1)(By) — K2aly))uly) dy

+d1v/ Gr(z —y)(Va)(y) u(y) dy — / Gr(z — y)B(y)uly) dy = u'™(x)
(1.6)
Theorem 2. Let a € CY(R?) and k € L=(R?). Then the operator 1 — A is a

Fredholm operator of index zero in L*(£2) and in H(£2) if and only if a(x) # 0
for all x € £2.

1.3 Piecewise Smooth Coefficients

In obstacle scattering, the case of a globally smooth coefficient a(x) is not nat-
ural. There one expects rather a sharp interface where the material properties
change discontinuously. We thus assume that the coefficient a is piecewise C,
which means that o € C1(£2).

One can then still carry out the partial integration as in the previous
section, but there will appear an additional term on the boundary I" = 942:

div G, * (aVu)(z)
=-— div/ Vy(Grlz —y)a(y)) u(y) dy + div/ n(y)Gr(z — y)a(y)u(y) ds(y)
2

r

— —a(z)u(z) k2 /Q Gr(z—y)aly)uly) dy—div / Gl —y) (Vo) () uy) dy
/ By Gz — pa(y)uly) ds(y)
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The additional term is just the Helmholtz double layer potential with density
1

au, which we can abbreviate as Zv(au). Here v : H*(£2) — H2(I") is the

trace operator. We obtain our volume integral operator in the form

(I—Au(x) = alx)u(z) + Aru(r) + Dv(ou)(x) (1.7)

with
Avu(z) = —k? /Q Gi(x — y)a(y)uly) dy
+ div ; Gr(z — y)(Va)(y) uly) dy — ; Gr(z —y)By)uly) dy .

The operator A; is bounded from L?(£2) to H!'(§2), hence compact as an
operator in H(2).

The operator u + Z+(au) is bounded in H'(£2) but not compact, in
general. It is also not continuous with respect to the L?({2)-norm of u. This
implies that the operator I — A, despite being generated from a pseudodiffer-
ential operator of order zero, does not have a continuous extension to L?(2)
from the dense subspace H!(§2). It does have a continuous extension to L?({2)
from the subspace H{ ({2), but this is a different operator, where the last term
in (1.7) is missing,.

1.3.1 Extension to a Boundary-Domain System

From the VIE (1.4) with the integral operator written in the form (1.7), we
can get an equation on the boundary by taking the trace on I

ayu + yAyu 4+ yDy(ou) = yu'™c. (1.8)

We now treat the trace yu as if it was an additional unknown, denoted by ¢,
and consider the two equations (1.4) and (1.8) as a coupled boundary-domain
integral equation system.

Taking into account the jump relation for the double layer potential

196 = —50+ Ko,

where K is the Helmholtz double layer potential operator evaluated on I', as
well as the fact that the commutator [K, o between K and the multiplication
by « is compact in the trace space H 3 (I'), we can write this coupled system
in the following matrix form.

<aﬂvt1;41 11+ a)]I@ x}() + [K, a]> <Z> = (uwnc) (1.9)

It is easy to see that this system is equivalent to the original VIE in the
following sense.
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Proposition 2. Let §2 be a bounded Lipschitz domain with boundary I'. Let
a € CH) and B € L>®(N2), and let u" € H(£2) be given.

If u € HY($2) is a solution of the VIE (1.4), then (Z) = (;Lu) solves the
coupled system (1.9) with 1) = yui™c.

Conversely, lety € H%(F) be given and <u

¢
of the coupled system (1.9). If » = yu'™, and if ya # 0 a.e. on ', then ¢ = yu,
and u is a solution of the VIE (1.4).

> € H'(2)x Hz(I') be a solution

Proof. The construction of the coupled system shows that it is satisfied by
any solution of the VIE and its trace on the boundary. To show the converse,
one subtracts the trace of the first equation in (1.9) from the second and finds

ya ('yuf (b) = 0.

Since we assume that ya does not vanish on a set of positive measure, ¢ = yu
follows.

1.3.2 Lipschitz Boundary

The system (1.9) is easier to analyze than the original VIE (1.4). This is due
to the fact that now the main difficulty is pushed to the boundary integral op-
erator K, which is a well-studied classical boundary integral operator [Co8§].
Indeed, splitting off the operators that we already have identified as compact
operators, and taking into account that the coupling operator ¢ — Z(vyag) is
bounded from Hz (I") to H'(I") [Co88], we see that the Fredholm alternative
holds for the system (1.9) (and therefore for the VIE (1.4)) if and only if the

operator
i al D(ya-)
T\ 0 (1 +a)l+aK

is a Fredholm operator of index zero in the space H'(§2) x Hz (I'). This, in
turn, is the case if and only if both

al : H'(2) » H'(R2) and %(1 +a)l+aK:H?(I') — H*(I')

are Fredholm of index zero. We have shown the following result.

Theorem 3. Let 2 be a bounded Lipschitz domain with boundary I'. Let o €
CH(2) and B € L>(£2). Then for the VIE (1.3) the Fredholm alternative holds
in HY(82) if and only if

(i) a(x) #0 in 2 and

(i) £ (1 4+ @)l + aK is Fredholm of index zero in H:(I).
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Condition (ii) can be made more precise by using information about the es-
sential spectrum of the operator %H — K. This operator differs by a compact
operator from the corresponding operator for £k = 0, i.e. the trace of the
harmonic double layer potential operator. The latter is known to be a posi-
tive selfadjoint contraction in H2 (I) if this space is equipped with a suitable
scalar product, see [Co07].

Therefore its essential spectrum, which is also the essential spectrum of
the operator %]I — K, is a compact subset X' of the open interval (0,1). It is
known that for any Lipschitz boundary % € X, that for smooth boundaries
XY = {%}, and that for polygons in R%, X is an interval depending on the
corner angles.

If the coefficient function a is piecewise constant, so that « = a — 1 is a
constant on I', the operator %(1 + a)l + aK is either the identity if & = 0 or
a multiple of the operator ol — (I — K) with

1+4+a 1 o—1
ﬁ =0 — 5 < a = pu (110)
It follows that the operator %(1 + a)l + aK is Fredholm of index zero if and
only if o # X.

If the function « is not constant on I', one can use the fact that the
operator K commutes modulo compact operators with multiplications by C*
functions and apply standard localization procedures. The result is that if for
each point z € I', the number o from (1.10) does not belong to the essential
spectrum 3/, then the operator %(1 + a)I + aK is Fredholm. This condition

a(x)
Yeel: ———¢gXx 1.11
al0) 1 ¢ (1.11)
is, in general, only a sufficient condition. In order to obtain a necessary con-
dition, one would need a “localized” version X, of X', which is only known in
some cases, namely when I has a suitable tangent cone at z.
We summarize this discussion.

Theorem 4. Assume the hypotheses of Theorem 3. Let X C (0,1) be the
essential spectrum of the operator %]I — K in H%(F). If the coefficient a €
c! (ﬁ) is constant on I', then the volume integral operator I — A is Fredholm
of index zero in HY(£2) if and only if

(i) a(x) #0 in 2 and

(i)a(z) # =L forzel, o€ X.

If a is not constant on I', then the conditions (1) and (ii) imply that the volume
integral operator is Fredholm in H'(2).
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1.3.3 Smooth Boundary

If I is smooth (C'*€ with € > 0), then the boundary integral operator K has
a weakly singular kernel and is compact in H2 (I'). This implies that X = {1}
in Theorem 4. But it also implies directly that the operator %(1 +a)l+ aK
is Fredholm of index zero if and only if 1 4+ a does not vanish. We obtain
immediately as a corollary of Theorem 3 the following result.

Theorem 5. Let §2 be a bounded smooth (Lyapunov) domain. Let o € C*(12)
and B € L*>®(§2). Then for the VIE (1.3) the Fredholm alternative holds in
HY(02) if and only if

(i) a(x) #0 in 2 and
(i) a(z) # -1 on I.

The conditions on the coefficient a(z) obtained in Theorem 5 have been known
for a long time as conditions for Fredholm properties of the scattering problem
(1.1). In [CoSt85], the case of piecewise constant coefficients was treated. Using
the method of boundary integral equations, the case of smooth boundaries
in any dimension and the case of polygons in dimension two was studied.
In the thesis [Ch12] and the paper [BBCC12], variational methods for the
interface problem were used to obtain the same conditions in the case of
smooth domains and also necessary and sufficient conditions for some non-
smooth domains.

References

[BBCC12] Bonnet-Ben Dhia, A.-S., Chesnel, L., Ciarlet, P. Jr.: T-coercivity for
scalar interface problems between dielectrics and metamaterials. ESAIM
Math. Model. Numer. Anal. 46(6), 1363-1387 (2012)

[Ch12] Chesnel, L.: Investigation of some transmission problems with sign chang-
ing coefficients, Application to metamaterials. PhD thesis, Ecole Poly-
technique (2012)

[CoKr83] Colton, D., Kress, R.: Integral equation methods in scattering theory.
Pure and Applied Mathematics (New York). John Wiley & Sons Inc.,
New York (1983)

[CoKr98] Colton, D., Kress, R.: Inverse acoustic and electromagnetic scattering
theory, volume 93 of Applied Mathematical Sciences. Springer-Verlag,
Berlin, second edition (1998)

[Co88] Costabel, M.: Boundary integral operators on Lipschitz domains, elemen-
tary results. SIAM J. Math. Anal. 19(3), 613-626 (1988)

[Co07] Costabel, M.: Some historical remarks on the positivity of boundary
integral operators. In: Boundary element analysis, volume 29 of Lect.
Notes Appl. Comput. Mech., pp. 1-27. Springer, Berlin (2007)

[CoDK10] Costabel, M., Darrigrand, E., Koné, E.-H.: Volume and surface integral
equations for electromagnetic scattering by a dielectric body. J. Comput.
Appl. Math. 234(6), 1817-1825 (2010)



[CoDS12|

[CoSt85]
[DrF194]
[FrPag4]

[Ki07]

[KiLe09)

[PuPeT3)|
[Sal4]

[YuHoO07]

1 Volume Integral Operators in Acoustic Scattering 9

Costabel, M., Darrigrand, E., Sakly, H.: The essential spectrum of the
volume integral operator in electromagnetic scattering by a homogeneous
body. Comptes Rendus Mathématique, 350, 193-197 (2012)

Costabel, M., Stephan, E.: A direct boundary integral equation method
for transmission problems. J. Math. Anal. Appl. 106(2), 367413 (1985)
Draine, B. T., Flatau, P. J.: Discrete-dipole approximation for scattering
calculations. J. Opt. Soc. Am. A 11(4), 1491-1499 (1994)

Friedman, M. J., Pasciak, J. E.: Spectral properties for the magnetization
integral operator. Math. Comp. 43(168), 447-453 (1984)

Kirsch, A.: An integral equation approach and the interior transmission
problem for Maxwell’s equations. Inverse Probl. Imaging 1(1), 159-179
(2007)

Kirsch, A., Lechleiter, A.: The operator equations of Lippmann-Schwin-
ger type for acoustic and electromagnetic scattering problems in L2
Appl. Anal. 88(6), 807-830 (2009)

Purcell, E. M., Pennypacker, C. R.: Scattering and adsorption of light
by nonspherical dielectric grains. Astrophys. J. 186, 705-714 (1973)
Sakly, H.: Opérateur intégral volumique en théorie de diffraction électro-
magnétique. PhD thesis, Université de Rennes 1 (2014)

Yurkin, M. A., Hoekstra, A. G.: The discrete dipole approximation, an
overview and recent developments. J. Quant. Spectrosc. Radiat. Transf.
106(1), 558-589 (2007)



