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Multidomain extension of a pseudospectral
algorithm for the direct simulation of
wall-confined rotating flows

G. Fontaine, S. Poncet and E. Serre

Abstract In this work, we improve an existing pseudospectral algorithm, in order to
extend its properties to a multidomain patching of a rotating cavity. Viscous rotating
flows have been widely studied over the last decades, either on industrial or aca-
demic approaches. Nevertheless, the range of Reynolds numbers reached in indus-
trial devices implies very high resolutions of the spatial problem, which are clearly
unreachable using a monodomain approach. Hence, we worked on the multido-
main extension of the existing divergence-free Navier-Stokes solver with a Schur
approach. The particularity of such an approach is that it does not require any sub-
domain superposition: the value of a variable on the boundary between two adjacent
subdomains is treated as a boundary condition of a local Helmholtz solver. This
value is computed on a direct way via a so-called continuity influence matrix and
the derivative jump of an homogeneous solution computed independently on each
subdomain. Such a method is known to have both good scalability and accuracy. It
has been validated on two well documented three-dimensional rotating flows.

1 Numerical modelling

Let’s introduce the numerical fundamentals of the present method. A pseudospectral
method is used to solve the Navier-Stokes PDE system in an annular cavity, where
incompressibility is assured through a projection method.
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1.1 Pseudospectral methods

Let Ω be the inner points of an annular cavity and Γ the domain boundary. The
spatial approximation is of Chebyshev type in the axial z and radial r directions, of
Fourier-Galerkin type in the azimuthal θ direction. Let Ψ be a variable (u,v,w, p,φ),
which can be written for any point (r,θ ,z) ∈ Ω ∪Γ as:

ΨNrNθ Nz (r,θ ,z) =
Nθ /2

∑
k=−Nθ /2

Nr−1

∑
n=0

Nz−1

∑
m=0

Ψ̂nkmTn (r)Tm (z)eikθ (1)

where Tn and Tm are the Chebyshev polynomials of degrees n and m respectively.
Nr, Nz and Nθ are the approximation degrees in the radial, axial and azimuthal di-
rections, respectively. Ψ̂nkm is given by :

Ψ̂nkm =
1
K

1
ckc′

m

K−1

∑
q=0

N

∑
i=0

M

∑
j=0

1
cic

′
j
Ψ (ri,θq,z j)cos

(
inπ
N

)
cos

(
imπ
M

)
e−ikθq (2)

c0 = c′0 = cN = c
′
M = 2 and ck = c

′
m = 1 and for n = 1, ...,N−1 and m = 1, ...,M−1.

This approximation is done using a Gauss-Lobatto point distribution in the radial
and axial directions with Fourier-Galerkin points in the azimuthal direction. Thus
derivatives can be estimated in the spectral space with a good precision, allowing the
use of efficient FFT algorithms. These methods are called pseudospectral because
of the non-linear diffusive terms, which must be computed in the physical space.

1.2 Geometry

The velocities are made dimensionless according to the Reynolds number Re =
ωR2

1/ν , where ω is the angular velocity, R1 the outer radius of the domain, ν
the kinematic viscosity. Hence the dimensionless geometry is defined by two pa-
rameters: the aspect ratio of the cavity L = R1−R0

2h and the curvature parameter
Rm = R1+R0

R1−R0
, where R1 and R0 are the outer and inner radii of the cavity, respec-

tively, and 2h its height [3].

1.3 Projection method

Let’s consider the Navier-Stokes equations in primitive variables :(
∂V
∂ t

+(V.∇)V
)
=− 1

ρ
∇p+ν∆V+F in Ω (3)

∇.V = 0 in Ω (4)



Multidomain pseudospectral algorithm for rotating flows 3

where V is the velocity vector with (u,v,w) its components in the cylindrical basis,
p the pressure, ρ the density and F a force term.

1.3.1 Time discretization

A semi-implicit second order scheme has been chosen for the time discretization
with an implicit retarded Euler scheme of 2nd order for the diffusive terms and an
explicit Adams-Bashforth evaluation for the non-linar convective terms.

1.3.2 Projection scheme

For incompressible viscous flows, an equation is missing to describe the pressure
evolution. We deal with this particularity by using an improved projection method
[2] based on the Goda’s projection method. It requires 3 steps:

• First step: the computation of a preliminary pressure p̄n+1 through this Poisson
equation:

∇2 p̄n+1 = ∇.[−2V.∇Vn +V.∇Vn−1 +Fn+1] in Ω

∂ p̄n+1

∂n
= n.[

−3Wn+1 +4Vn −Vn−1

2δ t
−2V.∇Vn +V.∇Vn−1+

ν(2∆Vn −∆Vn−1)+Fn+1] on Γ

(5)

where W represents the boundary conditions.
• Second step: prediction step. Using the gradient of p̄n+1, a preliminary velocity

field V∗ is computed through 3 Helmholtz solvers:
3V∗−4Vn +Vn−1

2δ t
+2V.∇Vn −V.∇Vn−1 =−∇p̄n+1 +ν∆V∗+Fn+1 in Ω

V∗ = Wn+1 on Γ
(6)

This velocity field does not a priori satisfy the incompressibility constraint in
Ω . The principle of the projection method is namely to project this field on a
divergence-free field.

• Third step: pseudo-pressure calculation and correction. An intermediate variable
called pseudo− pressure φ is computed through a Poisson solver:

φ =
2δ t
3

(pn+1 − p̄n+1)

As ∇.Vn+1 = 0, the Poisson problem to solve for φ is :
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∇2φ = ∇.V∗

∂φ
∂n

= 0
(7)

Corrected pressure and velocity fields may be then evaluated at time step n+1:
pn+1 = pn+1 +

3
2δ t

φ

Vn+1 = V∗−∇φ
(8)

1.4 Resolution algorithm : complete matricial diagonalisation
technique

For both Poisson and Helmholtz solvers, complete matricial diagonalisation tech-
nique is used. For the Poisson solver, this technique exhibits a null-eigenvalue prob-
lem, which is treated by a ”source term reset” technique ([7]), for indexes in the op-
erators corresponding to the null-eigenvalue index. According to the variable spatial
evaluation, each Helmholtz/Poisson solving operation in the physical tridimensional
domain is equivalent to Nθ bidimensional Helmholtz/Poisson solving operations in
the (r,z) plane, each k ∈ [[1;Nθ ]] being the azimuthal mode in the flow spectrum [3].
For each mode k and for each variable Ψ = (u,v,w, p,φ), the following bidimen-
sional system has then to be solved :{

∆Ψ̂ −σkΨ̂ = Sk in [−1,1]× [−1,1]
AΨ = b on Γ (9)

Ψ̂ being the Fourier transform of Ψ in the azimuthal direction. The azimuthal prop-
erties of the differentiation matrixes are treated in σ so as to allow the ∆ operator
to be independant of the azimuthal mode. The azimuthal dependance of what will
follow is only linked to σ ’s one. Hence we will limit the multidomain approach
to bidimensional problems, because the extension to tridimensional flows is quite
immediate, thanks to spectral properties in the Fourier-Galerkin direction.

2 Multidomain approach: influence matrix technique

This technique is a direct Schur multidomain technique used by Raspo [1] for ro-
tating flows using the vorticity-stream function formulation. It requires the patching
of the cavity into subdomains without subdomain covering. The values of each vari-
able on the frontier between two subdomains are treated as boundary conditions in
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the Helmholtz local solvers, the particularity of the influence matrix technique being
the determination of this condition through a direct matrix computation.

2.1 Multidomain geometry

We will limit the discussion to a radial multidomain decomposition (Fig.1), because
the curvature terms vary only along this direction. The generalization of this tech-
nique to an axial decomposition is quite immediate. We introduce the local aspect
ratio of the subdomain m denoted L(m) and its local curvature parameter Rm(m) for
m ∈ [[1;M]] (M the number of subdomains), which satisfy :

M

∑
m=1

L(m) = L (10)

Rm(m)−1 = Rm(m+1)+1 (11)

Fig. 1 Example of a multidomain decomposition in the radial direction with 3 subdomains

Local derivation matrixes are deduced from these, in order to have a good approxi-
mation for the curvature terms from one subdomain to another and to adapt the local
mapping to the one which would be used in a monodomain approach.

2.2 Multidomain decomposition of the solutions

Let Ψ be either (u,v,w, p,φ), Ω (m) and Ω (n) two adjacent subdomains, ξ the border
between these two subdomains and λ the value of Ψ on ξ . For both subdomains,
the local problems to be solved may be written as :{

∆ (m)Ψ (m)−σ (m)Ψ (m) = S(m) in Ω (m)

A(m)Ψ (m) = b(m) on Γ (m) (12)
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∆ (n)Ψ (n)−σ (n)Ψ (n) = S(n) in Ω (n)

A(n)Ψ (n) = b(n) on Γ (n) (13)

The resulting problem is that the boundary conditions to be imposed on the parts of
Γ (m) and Γ (n) corresponding to ξ are unknown. To find λ , we choose to ensure both
C 0 and C 1 continuities through ξ . Ψ is written as the combination of an homoge-
neous solution Ψ̃ and a boundary solution Ψ : Ψ = Ψ̃ +Ψ .
On Ω (m) : 

∆ (m)Ψ̃ (m)−σ (m)Ψ̃ (m) = S(m) in Ω (m)

A(m)Ψ̃ (m) = b(m) on Γ (m)

Ψ̃ (m) = 0 on ξ (m)

(14)


∆ (m)Ψ (m)−σ (m)Ψ (m) = 0 in Ω (m)

A(m)Ψ (m) = 0 on Γ (m)

Ψ (m) = λ (m) on ξ (m)

(15)

On Ω (n) : 
∆ (m+1)Ψ̃ (n)−σ (n)Ψ̃ (n) = S(n) in Ω (n)

A(m)Ψ̃ (n) = b(n) on Γ (m)

Ψ̃ (n) = 0 on ξ

(16)


∆ (n)Ψ (n)−σ (n)Ψ (n) = 0 in Ω (m)

A(n)Ψ (n) = 0 on Γ (n)

Ψ (n) = λ on ξ
(17)

If λ is assumed to be known, one can verify easily that (eq. 12)=(eq. 14)+(eq. 15)
and (eq. 13)=(eq. 16)+(eq. 17).

2.3 The influence matrix technique

Let’s consider the boundary solution Ψ . It can be written as the linear combination
of Green’s elementary solutions G

(m)
kξ , defined for each subdomain Ω (m) by :

∆ (m)G
(m)
kξ −σ (m)G

(m)
kξ = 0in Ω (m)

A(m)G
(m)
kξ = 0on Γ (m)

G
(m)
kξ (ηl ∈ ξ (m)) = δkl ∀l ∈ [[1;Nξ ]]

(18)

Assuming that ξ is the only boundary (i.e. there are only 2 subdomains Ω (m) and
Ω (n)), the boundary solution should be written as:
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Ψ (m) = Ψ̃ (m)+

Nξ

∑
k=1

λkG
(m)
kE in Ω (m)

Ψ (n) = Ψ̃ (n)+

Nξ

∑
k=1

λkG
(n)
kS in Ω (n)

(19)

Ψ̃ (m)∪Ψ̃ (n) is obviously continuous through ξ , but not ∂Ψ̃ (m)

∂ r ∪ ∂Ψ̃ (n)

∂ r . As the bound-
ary solution is continuous too, Ψ (m) ∪Ψ (n) should be continuous for any value of
λ . The influence matrix technique aims to find λ in order to make it C 0 and C 1

through ξ . We denote ∂r =
∂
∂ r . This C 1-continuity problem on ξ writes:

˜∂rΨ (1)(ξ )− ˜∂rΨ (2)(ξ ) =
Nξ

∑
l=1

λl [∂rG
(2)
lS (ξ )−∂rG

(1)
lE (ξ )] (20)

This can be written in a matrix form:

D = M λ (21)

where Dk is the derivative (time-dependent) jump vector and M the continuity in-
fluence matrix of the problem. Note that it depends only on the time-independent
Green solutions, so it just has to be computed in pre-processing. This matrix is
diagonal-dominant. If there are more than 2 frontiers in the domain, the influence
matrix is built by blocks. The block dimension is then N f ront , the number of fron-
tiers. Each diagonal block is a Green derivative jump vector along each frontier.
Some non-diagonal blocks appear, resulting locally of the influence of 2 frontiers on
one another through a single subdomain, as shown on Figure (2).
If M is inversible, we can find λ as:

λ = M−1D (22)

This is achieved using LAPACK subroutines. This vector is then used as a bound-
ary condition on ξ in the local Helmholtz solvers to get a C 0 and C 1 Ψ (m) ∪Ψ (n)

solution.

2.4 Singularity of the Poisson-problem

The Neuman-Poisson problem has an infinity of solutions defined up to an additive
constant. As Dirichlet boundary conditions are implemented on the frontiers, this
problem no longer exists locally. Nevertheless, it is transposed to the influence ma-
trix of the Poisson-problem of the k = 0 Fourier mode, which has a null-eigenvalue.
It is treated by a diagonalisation technique of this modal matrix. The derivative jump
is expressed in the diagonalisation basis and its i0-th component is set to zero, if i0
is the null eigenvalue index, as proposed by Abide and Viazzo [7].
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Fig. 2 Block definition of the influence matrix for an 1-D multidomain decomposition

3 Spatial accuracy

Let’s consider a domain Ω subdivided in M subdomains with Nr grid points in
each subdomain. The total number of points may vary either with M or Nr. For
(r,z,θ) ∈ [−1,1]× [−1,1]× [0,2π], let’s consider the divergence free analytical
steady solution introduced by Raspo et al. [2]:

uana(r,z,θ) =
1

2π
sin(πr)2sin(2πz)cos(θ)

vana(r,z,θ) =− 1
2π

sin(πr)2sin(2πz)sin(θ)

wana(r,z,θ) =
1

2πL
sin(πz)2sin(2πr)cos(θ)

pana(r,z,θ) = [cos(πz)+ cos(πr)]cos(θ)

(23)

Figures 3 and 4 show the decrease of the quadratic truncature error L2 when one
increases Nr and M respectively. In the first case, the spectral convergence is ob-
tained. As we impose only a C 1 continuity through the frontier, the spatial accuracy
increases indeed faster with Nr than with M, because in its last case, it multiplies the
number of interfaces and so the number of C d discontinuities (d ≥ 2).
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Fig. 3 Spatial accuracy evo-
lution with the total number of
points (NrNzNθ M) when Nr
varies : spectral convergence

Fig. 4 Spatial accuracy evo-
lution with the total number
of points (NrNzNθ M) when
M varies : no spectral conver-
gence

4 Physical results

We consider two multidomain rotating flow configurations: a high aspect ratio
Taylor-Couette system and an interdisk rotor-stator flow.

4.1 Axial decomposition : Taylor-Couette flow

The numerical parameters are fixed to M = 7, (Nr,Nθ ,Nz) = (35,24,85) (in each
subdomain) with a time step set to δ t = 10−3. We consider a Taylor-Couette cavity
with rotating terminal disks characterized by L = 0.025 and Rm = 12.33. We intro-
duce the parameter ε = Ta/Tac, where Tac is the critical Taylor number at which
”Taylor rolls” appear. For ε = 1.36, the flow becomes tridimensional (Wavy Vortex
Flow, Fig.6) with a dominant Fourier mode k = 3, which is in perfect agreement
with the previous DNS results of Serre et al. [6].
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Fig. 5 Iso-value v = 0.5 for a
Wavy Vortex Flow at ε = 1.36

4.2 Radial decomposition: interdisk rotor-stator flow

We consider the rotor-stator interdisk cavity considered by Poncet et al. [5] for
which L = 6.26 and Rm = 1.8. The domain is decomposed into 4 subdomains with
(Nr,Nθ ,Nz) = (45,48,45) in each subdomain and a time step equal to δ t = 10−4.
The transition to tridimensional flow appears at Re = 25000 with the appearance of
17 spiral arms, whose characteristics fully agree with the ones obtained by [5].

Fig. 6 Iso-value w = 0.005
for a 3D rotor-stator flow at
Re = 25000: 17 spiral arm
structures
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