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❆❜str❛❝t

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s t♦ ❣✐✈❡ ✈❛r✐♦✉s ❞✐s❝✉ss✐♦♥s ✉s✐♥❣ ✷①❚❆◆✶

t❡❝❤♥✐q✉❡✳ ❚❤✐s t❡❝❤♥✐q✉❡ ❣✐✈❡s ♠❛t❤❡♠❛t✐❝❛❧ ♠❡t❤♦❞s t♦ st✉❞② t❤❡♦r❡t✲

✐❝❛❧❧② ♣❤②s✐❝❛❧ ♣r♦❜❧❡♠s t❤r♦✉❣❤ ♥❡t✇♦r❦ r❡♣r❡s❡♥t❛t✐♦♥s✳ ❊❛❝❤ ❡①❛♠♣❧❡

❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❡①❡r❝✐s❡ ♦r ❛tt❡♠♣ts✳ ❙♦♠❡t✐♠❡s✱ t❤✐♥❣s ❛r❡ t❡st❡❞ ❛s ✐t

❝♦✉❧❞ ❜❡ ♠❛❞❡ ♦♥ t❤❡ ❜♦❛r❞✱ ✇✐t❤♦✉t ❛♥② ♣r❡♣❛r❛t✐♦♥✳ ❊①❡r❝✐s❡ ❛r❡ ❣✐✈❡♥

✏❛s ✐s✑ ✇✐t❤♦✉t ❛♥② s❡❝♦♥❞ ❧❡❝t✉r❡✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s t❡st ❛rt✐❝❧❡ ✐s t♦

s✉❜♠✐t s♦♠❡ ♠❡t❤♦❞ ❛♥❞ t❡❝❤♥✐q✉❡ t♦ r❡✈✐❡✇❡rs✱ t♦ s❤❛r❡ ❛♥❞ ✐♥❝r❡❛s❡

t❤❡ ❦♥♦✇❧❡❞❣❡ ✐♥ ♠② r❡s❡❛r❝❤ ✜❡❧❞✳

❈♦♥t❡♥ts

✶ ❋✐❧t❡rs ✷

✶✳✶ ❙❡❝♦♥❞ ♦r❞❡r ✜❧t❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✶✳✶ ❈❛s❡ ✇✐t❤ ♥♦ ❝♦✉♣❧✐♥❣ ❢✉♥❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✶✳✷ ❊q✉❛t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❧❛❣r❛♥❣✐❛♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✶✳✸ ❈❛s❡ ✇✐t❤ ♥♦ ❝♦✉♣❧✐♥❣ ❢✉♥❝t✐♦♥ ❜✉t ♦♣❡r❛t♦rs ❢♦r

✐♠♣❡❞❛♥❝❡s ❆ ✫ ❇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✶✳✹ ❙✐♠♣❧❡ ♠❡s❤ ❜✉t ✇✐t❤ ❝✉rr❡♥t s♦✉r❝❡ ✐♥ ❛ ✏❝♦♠♣❧❡t❡

s♣❛❝❡✑ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✷ ◆ ♦r❞❡r ✜❧t❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷ ❆♥❛❧②s✐s ♦❢ ✜❧t❡rs ✶✵

✸ ●✉✐❞❡❞ ✇❛✈❡s ✶✷

✹ ❆♥♦t❤❡r ♠❡t❤♦❞ t♦ ❞❡✜♥❡ t❤❡ ❧❡❛st ❛❝t✐♦♥ ✶✺

✺ ❆ ❝✐r❝✉✐t ✇✐t❤ ❢❡rr✐t❡ ❛♥❞ ❞✐♦❞❡ ✶✼

✻ ❈♦♥❝❧✉s✐♦♥ ✷✶

✶①❚❆◆ ✐s ❛ ♠❡t❤♦❞ ❝r❡❛t❡❞ ❜② t❤❡ ❛✉t❤♦r ❢♦r ❡①t❡♥❞❡❞ t❡♥s♦r✐❛❧ ❛♥❛❧②s✐s ♦❢ ♥❡t✲
✇♦r❦s✳ ✷①❚❆◆ ✐s ❢♦r s❡❝♦♥❞ ❣❡♦♠❡tr✐③❛t✐♦♥ ❡①t❡♥❞❡❞ t❡♥s♦r✐❛❧ ❛♥❛❧②s✐s ♦❢ ♥❡t✇♦r❦s✳ ❙❡❡
❤tt♣✿✴✴♦❧✐✈✐❡r✳♠❛✉r✐❝❡✳♣❛❣❡s♣❡rs♦✲♦r❛♥❣❡✳❢r✴ ❢♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥✳

✶



✶ ❋✐❧t❡rs

❆ ✜❧t❡r ✐s ❛ ♥❡t✇♦r❦ ♠❛❞❡ ♦❢ t✇♦ ♣♦rts✳ ❖♥❡ ❢♦r t❤❡ ✐♥♣✉t ❛♥❞ ♦♥❡ ❢♦r t❤❡
♦✉t♣✉t✳ ❇❡t✇❡❡♥ t❤❡s❡ t✇♦ ♣♦rts✱ ❛♥② ❝✐r❝✉✐t ❝❛♥ ❡①✐st✳

✶✳✶ ❙❡❝♦♥❞ ♦r❞❡r ✜❧t❡rs

❲❡ ❝♦♥s✐❞❡r ❜❛s✐❝ str✉❝t✉r❡s ♠❛❞❡ ♦❢ t❤r❡❡ ❜r❛♥❝❤❡s t♦ ❜❡❣✐♥✳ ❚❤✐s str✉❝t✉r❡ ✐s
♣r❡s❡♥t❡❞ ✜❣✉r❡ ✶✳

❋✐❣✉r❡ ✶

❊❛❝❤ ❜r❛♥❝❤ ❝❛♥ ✇❡❛r ❛♥② ✐♠♣❡❞❛♥❝❡ ❢✉♥❝t✐♦♥✳ ▲❡t a, b, c ❜❡ t❤❡s❡ t❤r❡❡
✐♠♣❡❞❛♥❝❡s✳ ❲❡ ✇❛♥t t♦ st✉❞② t❤❡♦r❡t✐❝❛❧❧② t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜❧t❡r✳

❲❡ ❞❡✜♥❡ t✇♦ ♠❡s❤❡s t❤r♦✉❣❤ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ✇✐t❤ t❤❡ ❜r❛♥❝❤❡s✿

C =





1 0
1 −1
0 1



 ✭✶✮

❋r♦♠ t❤❡ ❞✐r❡❝t s✉♠♠❛t✐♦♥ ♦❢ ❡❛❝❤ ❢✉♥❝t✐♦♥ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❜r❛♥❝❤❡s✱ ✇❡
♦❜t❛✐♥ t❤❡ ✐♠♣❡❞❛♥❝❡ ♠❛tr✐① ❢♦❧❧♦✇✐♥❣✿

Z =





a 0 0
0 b 0
0 0 c



 ✭✷✮

▼❛❦✐♥❣ CTZC ❣✐✈❡s t❤❡ ✐♠♣❡❞❛♥❝❡ ♠❛tr✐① ✐♥ t❤❡ ♠❡s❤ s♣❛❝❡ ✭✐t ✇❛s ❞❡♠♦♥✲
str❛t❡❞ t❤❛t t❤✐s s♣❛❝❡ ✐s t❤❡ ❛❞❡q✉❛t❡ ♦♥❡ t♦ ❛♣♣❧② ❣❡♦♠❡tr② ❛♥❛❧②s✐s ♦♥ ♥❡t✲
✇♦r❦s✿ ✏❤tt♣s✿✴✴❤❛❧✳❛r❝❤✐✈❡s✲♦✉✈❡rt❡s✳❢r✴❤❛❧✲✵✶✵✼✾✸✽✻✑✮✳

❲❡ ✇❛♥t ❦♥♦✇ t♦ st✉❞② t❤❡ ✈❛r✐♦✉s ❜❡❤❛✈✐♦rs ♦❢ t❤❡ ✜❧t❡r ❞❡♣❡♥❞✐♥❣ ♦♥
✐ts ❢✉♥❝t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❝♦✉♣❧✐♥❣ ♦♥❡✳ Pr❡✈✐♦✉s tr❛♥s❢♦r♠❛t✐♦♥ ❧❡❛❞s t♦ t❤❡
♠❛tr✐①✿

✷



Z =

[

a+ b −b
−b b+ c

]

✭✸✮

❋✐❣✉r❡ ✷ s❤♦✇s ❛ ♥❡✇ ❣r❛♣❤✳ ▼❛❦✐♥❣ s❛♠❡ ❡①❡r❝✐s❡✱ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
✐♠♣❡❞❛♥❝❡ ♠❛tr✐①✿

Z =

[

a+ b −b
−b b+ c

]

✭✹✮

❲❤✐❝❤ ✐s ❝♦♠♣❧❡t❡❧② s✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ ❡✈❡♥ ✐❢ t❤❡ st❛rt✐♥❣ ♠❛tr✐①
✐s ♥♦t t❤❡ s❛♠❡✳ ❚❤❡r❡ ❛r❡ ❢♦✉r ❜r❛♥❝❤❡s ✐♥ t❤❡ ❜r❛♥❝❤ s♣❛❝❡✱ ❜✉t t❤❡ ●r❛♣❤
❝❤❛r❛❝t❡r✐st✐❝ st✐❧❧s t❤❡ s❛♠❡ ✭❤❛✈✐♥❣ M ♠❡s❤❡s✱ B ❜r❛♥❝❤❡s✱ R ♥❡t✇♦r❦s ❛♥❞
N ♥♦❞❡s ❣✐✈❡s✿ M = B −N +R ♠❡s❤❡s✳ ■♥ ❜♦t❤ ♣r❡✈✐♦✉s ❝❛s❡s✱ M = 2✮✳

❋✐❣✉r❡ ✷

❚❤✐s ♥❡✇ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❡❛s✐❡r t♦ ✉s❡✳ ■t ❣✐✈❡s t❤❡ s❛♠❡ ❝❤❛r❛❝t❡r✐st✐❝✱
❦♥♦✇✐♥❣ t❤❛♥ ✇❡ ❝❛♥♥♦t ♠❛❦❡ ❛ ❣❡♦♠❡tr✐❝❛❧ ♣r♦❥❡❝t✐♦♥ ❢♦r ❞✐♠❡♥s✐♦♥s ❧❡ss t❤❛♥
✷✷✳ ■t ❛❧❧♦✇s t♦ ❝❤❛♥❣❡ t❤❡ ❝♦✉♣❧✐♥❣ ❢✉♥❝t✐♦♥ ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ ✐♠♣❡❞❛♥❝❡ ♦❢
❡❛❝❤ ♥❡t✇♦r❦✱ ✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r t❤❡ str✉❝t✉r❡ ✜❣✉r❡ ✶✳ ❙♦✱ ✐t ❣❡♥❡r❛❧✐③❡s
t❤❡ ✜rst str✉❝t✉r❡✳

✶✳✶✳✶ ❈❛s❡ ✇✐t❤ ♥♦ ❝♦✉♣❧✐♥❣ ❢✉♥❝t✐♦♥

❲❡ ❝❛♥ ❝❤❛♥❣❡ t❤❡ ❝♦✉♣❧✐♥❣ ❢✉♥❝t✐♦♥ t♦ α ✇❤✐❝❤ ❣✐✈❡s t❤❡ ✐♠♣❡❞❛♥❝❡ ♠❛tr✐①✿

Z =

[

A −α
−α B

]

✭✺✮

✇✐t❤ A = a + b, B = b + c✱ ❛♥❞ ❢♦r❝❡ α = 0✳ ❋♦r ❛♥② s♦✉r❝❡ ✈❡❝t♦r ei✱ t❤❡
s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❣✐✈❡♥ ❜② t❤✐s ❣r❛♣❤ ✐s✿

{

e1 = Ak1
e2 = Bk2

✭✻✮

✇❤❡r❡ kj ✐s t❤❡ ✢✉① ✈❡❝t♦r ✲ ❝✉rr❡♥t ✐♥ ❡❧❡❝tr✐❝❛❧ ❝❛s❡✳ ◆♦✇ ✇❡ ❝❛♥ ❢♦r❣❡t t❤❡
❣r❛♣❤ ❛♥❞ ✐ts ♥❡t✇♦r❦s✱ ❛♥❞ st✉❞② t❤❡♦r❡t✐❝❛❧❧② t❤❡ ✢✉① ❡✈♦❧✉t✐♦♥✳ ❚♦ ♣r♦❥❡❝t
t❤❡ ♣r♦❜❧❡♠ ✐♥ ❛ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥t❡①t ✇❡ ❞❡✜♥❡ ❛ ❜❛s❡ ♦❢ ❛ ♣❛r❛♠❡tr✐③❡❞ s✉r❢❛❝❡✳

✷❇❡❝❛✉s❡ ✇❡ ✇❛♥t t♦ ♠❛❦❡ t❤✐s ♣r♦❥❡❝t✐♦♥ ✐♥ ❛ s♣❛❝❡ ✇✐t❤ ❛t ❧❡❛st ✸ ❞✐♠❡♥s✐♦♥s✳ ❙❡❡ ❢✉rt❤❡r
❤♦✇ ✐t ✐♠♣❧✐❡s ❞✐♠❡♥s✐♦♥ ✷✳

✸



❚♦ ❞♦ s♦✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ ❛ t❤✐r❞ ❢✉♥❝t✐♦♥ e3 ✐♥ ♦r❞❡r t♦ ✇♦r❦ ❛t ❧❡❛st ✐♥ ❛
t❤r❡❡ ❞✐♠❡♥s✐♦♥s s♣❛❝❡✳ ❋♦r ❡①❛♠♣❧❡ ✇❡ t❛❦❡✿







e1 = Ak1
e2 = Bk2
e3 = Ck2

✭✼✮

❚❤✐s ❣✐✈❡s t❤❡ ❜❛s✐❝ ✈❡❝t♦rs✿















b1 =
(

∂e1
∂k1

, ∂e2
∂k1

, ∂e3
∂k1

)

b2 =
(

∂e1
∂k2

, ∂e2
∂k2

, ∂e3
∂k2

)

✭✽✮

ei ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✈❡❝t♦r ♦❢ ❢✉♥❝t✐♦♥s ✇❤❡r❡ ✢✉① ki ❛r❡ ♣❛r❛♠❡t❡rs✳ ❚❤✐s
❧❡❛❞s t♦ t❤❡ ✈❡❝t♦rs✿







b1 = (A, 0, 0)

b2 = (0, B, C)
✭✾✮

❛♥❞ t❤❡ ♠❡tr✐❝✿

Gij = 〈bi,bj〉 =
[

A2 0
0 B2 + C2

]

✭✶✵✮

❆s t❤❡r❡ ❛r❡ ♥♦ ❝♦✉♣❧✐♥❣ ❢✉♥❝t✐♦♥s✱ t❤❡ ♠❡tr✐❝ ✐s ♣✉r❡❧② ❞✐❛❣♦♥❛❧✳ ■t ❞❡✜♥❡s
❛❧❧ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✢✉① s♣❛❝❡✳ ❚❤❡ ❞✐st❛♥❝❡ ✐s ❡✈❡r②✇❤❡r❡ ❣✐✈❡♥ ❜②✿ Gijkikj ✳
❚♦ ♠❛❦❡ ❛ ❝♦♠♣❧❡t❡ ❛♥❛❧♦❣② ✇✐t❤ ❊✐♥st❡✐♥✬s ❛♣♣r♦❛❝❤✱ ✇❡ ❞❡✜♥❡ ki ❛s t❤❡ s♣❛❝❡
❛①❡s ✲ s❛② xi t♦ ✇r✐t❡✿

ds2 = Gijx
ixj = A2(x1)2 +

(

B2 + C2
)

(x2)2 ✭✶✶✮

❲❡ ❝❛♥ ❞❡✜♥❡ ❛ ❝✉r✈❡ ❛tt❛❝❤❡❞ t♦ t❤❡ ♠♦❜✐❧❡ r❡❢❡r❡♥t✐❛❧ {b1, b2}✿

pi ∈ γ (p) s.t. p = αb1 + βb2 ✭✶✷✮

❈♦♦r❞✐♥❛t❡s α, β ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs xi ✇❤✐❝❤ ❥✉st✐✜❡❞
t❤❡ ❝♦♥tr❛✈❛r✐❛♥t ♥♦t❛t✐♦♥ ✇r✐t✐♥❣ ❢♦r ❛♥② ✈❡❝t♦r p✿

p = x1b1 + x2b2 ✭✶✸✮

p ✐s t❤❡ ❣❡♥❡r❛❧✐③❡❞ ✐♠♣✉❧s✐♦♥ ✈❡❝t♦r ❞❡✜♥❡❞ ✐♥ t❤❡ ♠♦❜✐❧❡ t❛♥❣❡♥t✐❛❧ s♣❛❝❡
TpS ❛tt❛❝❤❡❞ t♦ t❤❡ ❜❛s❡ b1, b2✳ p ✐s ❣✐✈❡♥ ❜②✿





p1
p2
p3



 = x1





A
0
0



+ x2





0
B
C



 ✭✶✹✮

Pr❡✈✐♦✉s r❡❧❛t✐♦♥ s❤♦✇s t❤❛t p ♠❛② ✐♥✈♦❧✈❡❞ t❤❡ s♦✉r❝❡ ♦❢ ♠♦t✐♦♥ ✭❡❧❡❝tr♦✲
♠♦t✐✈❡ ❢♦r❝❡s✮✳ ❲❤❡♥ ✇❡ t❛❦❡ ❛ ❧♦♦❦ t♦ ✜❣✉r❡ ✸ ✇❤❡r❡ ✇❡ s❡❡ t❤❡ ❜❛s✐❝ ✈❡❝t♦rs✱

✹



✇❡ ✉♥❞❡rst❛♥❞ t❤❛t ✇❡ ❝❛♥ ❞❡✜♥❡ ❞✉❛❧ ✈❡❝t♦rs✱ c1 ❛♥❞ c2 ❛❧✐❣♥❡❞ ♦♥ b1 ❛♥❞ b2✳
❲❡ ✇r✐t❡✿











c1 = b2×n√
G

c2 = n×b1√
G

✭✶✺✮

❋✐❣✉r❡ ✸

■♥ ♦✉r ❝❛s❡ ✇❡ ❤❛✈❡ n = (0,−AC,AB) /
√
G ✇❤✐❝❤ ❝♦♠❡s ❢r♦♠✸✿

n =
b1 × b2

‖b1 × b2‖
✭✶✻✮

s♦✱ p ❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞ ♦♥ t❤❡ ❞✉❛❧ ❜❛s❡ ♥♦t✐♥❣✿ p = pic
i✳ ❚❤❡ s♦✉r❝❡s

❜❡❧♦♥❣ t♦ t❤❡ ❝♦t❛♥❣❡♥t s♣❛❝❡ ❞❡✜♥❡❞ ❜② t❤❡ ❞✉❛❧ ❜❛s❡✳ ❚❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ p
❛r❡ s❛✐❞ ❝♦✈❛r✐❛♥t ♦♥❡s✳

■❢ p1 ❛♥❞ p2 ❛r❡ ❦♥♦✇♥ s♦✉r❝❡s ❛♥❞ p3 ✉♥❦♥♦✇♥❀ C = 1✱ ❛♥❞ ✐❢ A ❛♥❞ B ❛r❡
♣✉r❡❧② r❡❛❧ ♥✉♠❜❡rs✳ ■♥ t❤✐s ❤②♣♦t❤❡s✐s t❤❡ ♠❡tr✐❝ ✐s ❝♦♥st❛♥t ❛s t❤❡ ❝✉rr❡♥t xi✳
❚❤❡ ❡❧❡♠❡♥t❛r② ❞✐st❛♥❝❡ ✭✇❤✐❝❤ ✐s ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❛♥ ❡♥❡r❣② ✢✉① ✲ ds2 ✐s ✐♥
❱♦❧ts sq✉❛r❡✮ ✐s ❛❧s♦ ❝♦♥st❛♥t✳ ❲❡ ❛r❡ ✐♥ ❛ ✢❛t ♦rt❤♦❣♦♥❛❧ s♣❛❝❡✳ ❘❡❧❛t✐♦♥ ✭✶✹✮
❣✐✈❡s t❤❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✉♥❦♥♦✇♥s✳

❆s t❤❡② ❛r❡ ❝♦♥st❛♥t✱ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❜❛s✐❝ ✈❡❝t♦rs ❛r❡ ❡q✉❛❧ t♦ ③❡r♦✳
◆♦ ❝✉r✈❛t✉r❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤✐s s♣❛❝❡✳

✸❱❡r✐❢② t❤❛t ‖b1 × b2‖ =

√
G✳

✺



✶✳✶✳✷ ❊q✉❛t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❧❛❣r❛♥❣✐❛♥

❚❤❡ ❧❛❣r❛♥❣✐❛♥ ✐s ❧✐♥❦❡❞ ✇✐t❤ ❡♥❡r❣② ❞❡r✐✈❛t✐✈❡s ✈❡rs✉s ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ❝❤♦s❡♥
❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡✳ ▲❛❣r❛♥❣❡✬s ❡q✉❛t✐♦♥ ❞❡❛❧s ✇✐t❤ s♦♠❡t❤✐♥❣ ❧✐❦❡✿

fk = s
∂T

∂xk
+
∂F

∂xk
− ∂U

∂qk
✭✶✼✮

✇❤❡r❡ T ✐s ❦✐♥❡t✐❝ ❡♥❡r❣②✱ U ♣♦t❡♥t✐❛❧ ♦♥❡✱ F ❧♦ss ❡♥❡r❣✐❡s ❛♥❞ x = sq✱ s
❜❡✐♥❣ t❤❡ ▲❛♣❧❛❝❡✬s ♦♣❡r❛t♦r✳

❢♦r ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t✱ ❡❛❝❤ ♦❢ t❤❡s❡ t❡r♠s ❧❡❛❞ t♦ ♣♦t❡♥t✐❛❧ ❞✐✛❡r❡♥❝❡s✳ ❙♦✱
❧❛❣r❛♥❣✐❛♥ L ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ L =

√

Gijxixj ✇✐t❤ L = ds✳ ❙♦❧✉t✐♦♥ ❢♦r
❡❛❝❤ ✢✉① ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ♠❛❦✐♥❣✿

p1 = ds
∂x1

∂e1

∂L
∂x1

= Ax1 ✭✶✽✮

❛♥❞

p2 = ds
∂x2

∂e2

∂L
∂x2

= Bx2 ✭✶✾✮

❊q✉❛t✐♦♥s ✭✶✹✮ s❤♦✇s t❤❛t t❤❡ ❝✉rr❡♥t ❝❤❛♥❣❡ ✇✐t❤ t❤❡ s♦✉r❝❡s✱ ❛s t❤❡
✐♠♣❡❞❛♥❝❡ ❛r❡ ❝♦♥st❛♥ts✳ ■❢ t❤❡ s♦✉r❝❡ ❛r❡ t❤❡♠s❡❧✈❡s ✜①❡❞✱ t❤❡ ❝✉rr❡♥t ❛r❡
✜①❡❞ ❛♥❞ t❤❡ ❝✉r✈❡ ✐s r❡❞✉❝❡❞ t♦ t✇♦ ♣♦✐♥ts✳

❊①❡r❝✐s❡ ❱❡r✐❢② ✐❢✿

p3 = ds
∂x2

∂e3

∂L
∂x2

= Cx2

✶✳✶✳✸ ❈❛s❡ ✇✐t❤ ♥♦ ❝♦✉♣❧✐♥❣ ❢✉♥❝t✐♦♥ ❜✉t ♦♣❡r❛t♦rs ❢♦r ✐♠♣❡❞❛♥❝❡s

❆ ✫ ❇

❚❤❡ ✐♠♣❡❞❛♥❝❡ ♠❛tr✐① ❝❛♥ ✐♥❝❧✉❞❡ ✐♥❞✉❝t❛♥❝❡s ❛♥❞ ❝❛♣❛❝✐t❛♥❝❡s✳ ❢♦r ❡①❛♠♣❧❡✿

Z =

[

R+ L d
dt

0
0 G+ 1

C

∫

t
dt

]

✭✷✵✮

G ❛♥❞ R ❜❡✐♥❣ r❡s✐st❛♥❝❡s✳
❋r♦♠ t❤✐s ♠❛tr✐① ❞❡✜♥✐t✐♦♥ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❢✉♥❝t✐♦♥ ψ ❞❡✜♥❡❞ ❜②✿

ψ (e1, e2, e3) s.t.







e1 = Rx1 + L d
dt
x1

e2 = Gx2 + 1
C

∫

t
dtx2

e3 = αx1 + βx2
✭✷✶✮

❚♦ ❞❡✜♥❡ t❤❡ ❜❛s✐❝ ✈❡❝t♦rs✱ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ ∂x1L d
dt
x1 = 0 ♦r ∂x2

1
C

∫

t
dtx2 =

t/C✳ ❇✉t ✇❡✬❞ ❧✐❦❡ t♦ ❦❡❡♣ t❤❡ ✐♥❞✉❝t❛♥❝❡ ✐♥ t❤❡ ❜❛s✐❝ ✈❡❝t♦r✳ ❆ s♦❧✉t✐♦♥ ✐s t♦
✇r✐t❡ t❤❡ ✐♠♣❡❞❛♥❝❡ ♠❛tr✐① ✉s✐♥❣ t❤❡ ▲❛♣❧❛❝❡✬s ♦♣❡r❛t♦r✳ ■♥ t❤✐s ❝❛s❡✿

✻



ψ (e1, e2, e3) s.t.







e1 = Rx1 + Lsx1

e2 = 1
sC
x2

e3 = αx1 + βx2
✭✷✷✮

■♥ t❤✐s ❝❛s❡✿

b1 = (R+ Ls, 0, α) b2 =

(

0,
1

sC
, β

)

✭✷✸✮

t❤❡ ♠❡tr✐❝ ❝❛♥ ❜❡ ♥♦✇ ❞❡✜♥❡❞ ❜②✿

G =





(R+ Ls)
2
+ α2 αβ

αβ
(

1
sC

)2
+ β2



 ✭✷✹✮

❆s ♣r❡✈✐♦✉s❧② ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ❝✉r✈❡ γ (p) = x1b1 + x2b2✱ ❛♥❞ t❤❡ ❧✐♥❦ ✇✐t❤
t❤❡ ❝♦✈❛r✐❛♥t st✐♠✉❧✉s✿





p1
p2
p3



 =





R+ Ls
0
α



x1 +





0
1
sC

β



x2 ✭✷✺✮

◆♦✇ ✇❡ ❝❛♥ tr② t♦ ✉s❡ t❤❡ ♦t❤❡r ❛♣♣r♦❛❝❤✳ ❲r✐t✐♥❣✿

L =

{

[

(R+ Ls)
2
+ α2

]

(x1)2 + 2αβx1x2 +

[

(

1

sC

)2

+ β2

]

(x2)2

}
1
2

❲❡ ❝❛♥ ❝♦♠♣✉t❡✿

L ∂L
∂x1

=
1

2

(

2
[

(R+ Ls)
2
+ α2

]

x1 + 2αβx2
)

✭✷✻✮

❛♥❞✿

∂

∂e1
L ∂L
∂x1

x1 = (R+ Ls)x1 = p1 ✭✷✼✮

✐❞❡♥t✐❝❛❧❧②

L ∂2L
∂ei∂xi

xi = pi

✶✳✶✳✹ ❙✐♠♣❧❡ ♠❡s❤ ❜✉t ✇✐t❤ ❝✉rr❡♥t s♦✉r❝❡ ✐♥ ❛ ✏❝♦♠♣❧❡t❡ s♣❛❝❡✑

❯s✐♥❣ t❤❡ s♣❛♥✐♥❣ tr❡❡ ♦♥ ❛ s✐♠♣❧❡ ♠❡s❤ ✇❡ ♦❜t❛✐♥ ❛ s②st❡♠ t❤❛t s❡❡♠s ❧✐❦❡ ✭k1

✐s t❤❡ ♠❡s❤ ❝✉rr❡♥t ❛♥❞ J2 t❤❡ ♥♦❞❡s ♣❛✐r ♦♥❡✮✿

{

e1 = z11k
1 + z12J

2

e2 = z21k
1 + z22J

2 ✭✷✽✮

✼



❚♦ t❤❡s❡ ❡q✉❛t✐♦♥s ✇❡ ❝❛♥ ❛❞❞ ❛ t❤✐r❞ ♦♥❡✱ ❧✐♥❦❡❞ ✇✐t❤ ❛♥ ❛✈❛✐❧❛❜❧❡ tr❛♥s❢❡r
❢✉♥❝t✐♦♥✿

e3 = α
k1

J2
✭✷✾✮

α ✐s ❛ ❝♦❡✣❝✐❡♥t ✐♥ ❆♠♣❡r❡✳ ❲✐t❤ t❤❡ t❤r❡❡ ❡❧❡❝tr♦♠♦t✐✈❡ ❢♦r❝❡s ✇❡ ❝❛♥
❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥ ψ (e1, e2, e3)✳ ❲❡ ❞❡✜♥❡✿











b1 = ∂ψ
∂k1

=
(

z11, z21, α
1
J2

)

b2 = ∂ψ
∂J2 =

(

z12, z22,−α k1

(J2)2

)

✭✸✵✮

❚❤✐s ❧❡❛❞s t♦ t❤❡ ♠❡tr✐❝✿

G =







(z11)
2 + (z21)

2 +
(

α
J2

)2
(z11z12 + z21z22)− α2 k1

(J2)3

(z11z12 + z21z22)− α2 k1

(J2)3 (z12)
2 + (z22)

2 + α2 (k1)2

(J2)4






✭✸✶✮

❲❡ ♦❜t❛✐♥ ❛ s♣❛❝❡ str✉❝t✉r❡ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✇✐t❤ t✇♦ ♠❡s❤❡s ❛♥❞ ♥♦ ♥♦❞❡s
♣❛✐r✳

✶✳✷ ◆ ♦r❞❡r ✜❧t❡rs

❲❡ ❝♦♥s✐❞❡r ❛ ✜rst s✐♠♣❧❡ ✜❧t❡r ✭✜❣✉r❡ ✹✮✳

❋✐❣✉r❡ ✹

❲❤❛t❡✈❡r t❤❡r❡ ✐s ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣♦rts ♦❢ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ♦♥ t❤❡ ✜❧t❡r✱
✐t ❧❡❛❞s t♦ t❤❡ ♥❡①t ❝♦✉♣❧❡ ♦❢ ❡q✉❛t✐♦♥✿

{

e1 = Ak1 + hk2

e2 = hk1 +Bk2
✭✸✷✮

k1 ❛♥❞ k2 ❜❡✐♥❣ t❤❡ ♠❡s❤ ❝✉rr❡♥ts ♦♥ t❤❡ t✇♦ ♣♦rts ✇❤❡♥ t❤❡② ❛r❡ ❝❧♦s❡❞ ❜②
❧♦❛❞s✳ t❤❡ t❤✐r❞ ❢♦r❝❡ ✐s ❣✐✈❡♥ ❜② t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜❧t❡r✿ e3 = αk1✳
❚❤✐s ❧❡❛❞s t♦ t❤❡ ❜❛s❡✿

b1 = (A, h, α) b2 = (h,B, 0) ✭✸✸✮

✽



❚❤❡ ♠❡tr✐❝ ❝♦♠✐♥❣ ❢r♦♠ t❤✐s ❜❛s❡ ✐s✿

G1 =

[

A2 + h2 + α2 Ah+ hB
Ah+ hB h2 +B2

]

✭✸✹✮

❲❡ ❝❛♥ ❤❛✈❡ ❛ s❡❝♦♥❞ s✐♠✐❧❛r ✜❧t❡r ❞❡✜♥❡❞ ❜②✿

b1 = (Q, g, β) b2 = (g,W, 0) ✭✸✺✮

❛♥❞✿

G2 =

[

Q2 + g1 + β2 Qg + gW
Qg + gW g2 +W 2

]

✭✸✻✮

▼❛❦✐♥❣ t❤❡ t✇♦ ♥❡t✇♦r❦s ✐♥ s❡r✐❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ ♠❛❦❡ t❤❡ ❞✐r❡❝t s✉♠♠❛t✐♦♥
♦❢ t❤❡✐r ♠❛tr✐❝❡s✳ ❍♦✇ t❤✐s ❛❝ts ♦♥ t❤❡ ♠❡tr✐❝❄ ❲❡ ❝❛❧❧ ζ t❤❡ ❝♦✉♣❧✐♥❣ ❢✉♥❝t✐♦♥
❛❞❞❡❞ t♦ ❧✐♥❦ t❤❡ t✇♦ ✜❧t❡rs✳ ❋✐rst❧② ✇❡ ♠✉st ❛❞❞ t❤❡ ✈❛r✐♦✉s ❡❧❡♠❡♥t❛r② ✜❧t❡rs✿
⊕i=1,2Zi✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❛❞❞✐♥❣ ❜♦t❤ s②st❡♠s✿















e1 = Ak1 + hk2 + 0k3 + 0k4

e2 = hk1 +Bk2 + αk3 + 0k4

e3 = 0k1 + αk2 +Qk3 + gk4

e4 = 0k1 + 0k2 + gk3 +Wk4

✭✸✼✮

❚❤✐s ❦✐♥❞ ♦❢ str✉❝t✉r❡ ❝❛♥ ❝♦✈❡r ❛❧❧ ❦✐♥❞s ♦❢ ✜❧t❡rs ✐♥ ❢❛❝t✱ t❤❡ ❝♦✉♣❧✐♥❣
❢✉♥❝t✐♦♥ α ❜❡✐♥❣ ❛♥② ♥❡t✇♦r❦ ♠❛❦✐♥❣ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✜❧t❡rs✳ ❋r♦♠ t❤✐s
❢♦✉r ❡q✉❛t✐♦♥s ✇❡ ♦❜t❛✐♥ t❤❡ ❜❛s❡ ✐♥ t❤❡ ✹✲❞✐♠❡♥s✐♦♥ s♣❛❝❡✿















b1 = (A, h, 0, 0)
b2 = (h,B, α, 0)
b3 = (0, α,Q, g)
b4 = (0, 0, g,W )

✭✸✽✮

❚❤❡♥ t❤❡ γ = x1b1 + x2b2 + x3b3 + x4b4 ❝✉r✈❡ ✈❡rs✉s st✐♠✉❧✐ ✐s ❣✐✈❡♥ ❜②✿









p1
p2
p3
p4









=









A
h
0
0









x1 +









h
B
α
0









x2 +









0
α
Q
g









x3 +









0
0
g
W









x4 ✭✸✾✮

❍♦✇ ✐t ❛❝ts ♦♥ t❤❡ ♠❡tr✐❝❄ ❋✐rst ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❡tr✐❝ ♦❢ t❤❡ ❝♦✉♣❧❡❞
s②st❡♠✿

G =









A2 + h2 Ah+ hB hα 0
hA+Bh h2 +B2 (B +Q)α gα

hα (B +Q)α α2 +Q2 + g2 g(Q+W )
0 gα g(Q+W ) g2 +W 2









✭✹✵✮

❲❡ s❡❡ t❤❛t G = G1 ⊕G2|α,β=0,0 + µ✱ ✇❤❡r❡ µ ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ ♠❡tr✐❝ t♦
❜❡ ❛❞❞ ✐♥ ♦r❞❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ t✇♦ ♣r❡✈✐♦✉s ♠❡tr✐❝s✳

✾



✷ ❆♥❛❧②s✐s ♦❢ ✜❧t❡rs

❈♦♥s✐❞❡r✐♥❣ ❛ ❧♦✇ ♣❛ss ✜❧t❡r✱ ✇❡ ♦❜t❛✐♥ ♦♥ t❤❡ ❜❛s❡ ♦❢ t❤❡ ❣r❛♣❤ ✜❣✉r❡ ✶ t❤❡
♥❡①t r❡❧❛t✐♦♥s ❢♦r ψ✿







e1 = Rk1 − 1
sC
k2

e2 = − 1
sC
k1 + Tk2

e3 = k2
✭✹✶✮

❚❤✐s ❧❡❛❞s t♦✿

b1 =

(

R,− 1

sC
, 0

)

b2 =

(

− 1

sC
, T, 1

)

✭✹✷✮

❚❤❡ γ ❝✉r✈❡ ✐s✿





p1
p2
p3



 =





R
− 1
sC

0



x1 +





− 1
sC

T
1



x2 ✭✹✸✮

❇♦t❤ ❝✉rr❡♥ts x1 ❛♥❞ x2 ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡ t✇♦ ✜rst ❡q✉❛t✐♦♥s✳ ❚❤❡ t❤✐r❞
❡q✉❛t✐♦♥✱ ❦♥♦✇✐♥❣ x1 ❛♥❞ x2 ❣✐✈❡s p3✱ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✳

▲❡t✬s t❛❦❡ ❛ ❧♦♦❦ t♦ t❤❡ ✜rst ❡q✉❛t✐♦♥s✿

[

p1
p2

]

=

[

R
− 1
sC

]

x1 +

[

− 1
sC

T

]

x2 ✭✹✹✮

❚❤❡ ❞❡t❡r♠✐♥❛♥t ✐s✿

∆ = RT −
(

1

sC

)2

✭✹✺✮

✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❛❞♠✐tt❛♥❝❡✿

y =
1

∆

[

T 1
sC

1
sC

R

]

✭✹✻✮

❲❡ ❝❛♥ ❦♥♦✇ ❝♦♠♣✉t❡ ❤♦✇ t❤❡ ❝✉r✈❡ γ ❣♦❡s ❞❡♣❡♥❞✐♥❣ ❤❡r❡ ♦♥ s✿

[

x1

x2

]

=
1

∆

[

T 1
sC

1
sC

R

] [

p1
p2

]

✭✹✼✮

❛♥❞



















x1(s) = T
[

RT−( 1
sC )

2
]p1 +

1
sC

[

RT−( 1
sC )

2
]p2

x2(s) =
1

sC
[

RT−( 1
sC )

2
]p1 +

R
[

RT−( 1
sC )

2
]p2

✭✹✽✮

✐❢ e2 = 0 ✭✇❤✐❝❤ ♠❡❛♥s t❤❛t p2 = 0✮ st✐❧❧s✿

✶✵













x1(s) = T
[

RT−( 1
sC )

2
]p1

x2(s) = 1
[RTs2C2−1]p1

✭✹✾✮

❋✐❣✉r❡ ✺ s❤♦✇s t❤❡ ❝✉r✈❡ ♦❜t❛✐♥❡❞✳

❋✐❣✉r❡ ✺

❚❤❡ ❝✉r✈❡ ♦❜t❛✐♥❡❞ s❤♦✇s t❤❛t t❤❡ tr✐♣❧❡t x1, x2, s ✭❞r❛✇♥ ✇✐t❤ s♦♠❡ ❢❛❝t♦rs
❜✉t ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ ♠❡❛♥✐♥❣s✮ ❝❛♥ ❜❡ ❢♦r ❡①❛♠♣❧❡ ✭❧♦✇ ✈❛❧✉❡✱ ❤✐❣❤ ✈❛❧✉❡✱
❧♦✇ ✈❛❧✉❡✮ ♦r ✭❤✐❣❤ ✈❛❧✉❡✱ ❧♦✇ ✈❛❧✉❡✱ ❤✐❣❤ ♦r ❧♦✇ ✈❛❧✉❡✮✳ ❲❤❡♥ t❤❡ ❢r❡q✉❡♥❝✐❡s
❛r❡ ❧♦✇✱ t❤❡ ♦✉t♣✉t ❝✉rr❡♥t ✐s ❤✐❣❤ ✇❤✐❧❡ t❤❡ ♦✉t♣✉t ❝✉rr❡♥t ✐s ❧♦✇ ❛t ❤✐❣❤
❢r❡q✉❡♥❝✐❡s✳ ■t ♠❡❛♥s t❤❛t t❤❡ ❝✐r❝✉✐t ✐s ❛ ❧♦✇ ♣❛ss ✜❧t❡r✳

❲❡ ♠❛② ♥♦✇ tr❛❝❡ t❤❡ γ ❝✉r✈❡✳ ❆♥♦t❤❡r ✇❛② t♦ s❡❡ t❤❡ ♣❛r❛♠❡tr✐③❡❞ s✉r❢❛❝❡
✐s t♦ r❡♣❧❛❝❡ ❜♦t❤ x1 ❛♥❞ x2 ✇✐t❤ ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ✭✐♥ ❣✐✈❡♥ ❞♦♠❛✐♥s✮✱ ❛♥❞
t❤❛t ❢♦r ❡❛❝❤ ❢r❡q✉❡♥❝② ✈❛❧✉❡✳ ❋✐❣✉r❡ ✻ s❤♦✇s t❤❡ ❝✉r✈❡ ♦❜t❛✐♥❡❞ ❢♦r ❢r❡q✉❡♥❝✐❡s
❢r♦♠ ✶ t♦ ✶✵✵ ▼❍③✳

✶✶



❋✐❣✉r❡ ✻

❚❤❡ s✉r❢❛❝❡ s❤♦✇s t❤❛t ❢♦r ✈❛r✐♦✉s ✈❛❧✉❡s ♦❢ ❝✉rr❡♥t ❛♥❞ ❢r❡q✉❡♥❝②✱ t❤❡ st✐♠✲
✉❧✉s p1 ❛♥❞ p2 ❝♦✈❡r ❛ sq✉❛r❡❞ s✉r❢❛❝❡ t❤❛t ❝♦✉❧❞ ❜❡ ❞r❛✇♥ ❝♦♥t✐♥✉♦✉s❧② ✇✐t❤
♠♦r❡ s❛♠♣❧❡s✳ ❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ ❛ ❣✐✈❡♥ ✈❛❧✉❡ ❢♦r p1 ✇✐t❤ p2 = 0 ❝❛♥
❧❡❛❞ t♦ t❤❡ ❝✉rr❡♥t s♦❧✉t✐♦♥✳ t❤❡ s②♠❡tr② ♦❢ t❤❡ ✜❣✉r❡ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❝✐r❝✉✐t
✐ts❡❧❢ ✐s s②♠❡tr✐❝✳ ◆♦ ❞✐✛❡r❡♥❝❡ ❝♦♠❡s ❢r♦♠ ❜♦t❤ ♣❛rts ♦❢ ❛♣♣❧✐❡❞ st✐♠✉❧✉s✳

✸ ●✉✐❞❡❞ ✇❛✈❡s

❙t✉❞②✐♥❣ ❣✉✐❞❡❞ ✇❛✈❡s ♠❛② ❧❡❛❞ t♦ ✈❡r② ✐♥t❡r❡st✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥s✱ ❛s t❤❡ ❧✐♥❦❡❞
❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♠❛♥② ♣❤②s✐❝s✳ ❚♦ ❞♦ t❤❛t✱ ✇❡ ✉s❡ ❣❡♥❡r❛❧✐③❡❞
❇r❛♥✐♥✬s ♠♦❞❡❧ ✜rst❧② ❝r❡❛t❡❞ ❢♦r ❧✐♥❡s✳ ❇r❛♥✐♥✬s ❜❛s✐❝ ❝✐r❝✉✐t ✐s ❣✐✈❡♥ ✜❣✉r❡ ✼✳

❋✐❣✉r❡ ✼

▲❡❢t ✈♦❧t❛❣❡ ✐s ❞❡✜♥❡❞ ❜② ✿ eg =
(

Vd − Zci
d
)

e−sr✳ ❘✐❣❤t ♦♥❡ ❜② ✿ ed =
(Vg + Zci

g) e−sr✳ ❇② r❡♣❧❛❝✐♥❣ Vg ❛♥❞ Vd ✐♥ t❤❡ ❡q✉❛t✐♦♥s ❛♥❞ ❞❡✜♥✐♥❣ Zc ❛♥❞

✶✷



τ ♠❡❛♥✐♥❣s✱ ❇r❛♥✐♥✬s ♠♦❞❡❧ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♠❛♥② ♣r♦❜❧❡♠s✱ ❧✐♥❡s✱ ❣✉✐❞❡❞
✇❛✈❡s✱ ❛♥t❡♥♥❛s✱ ❡t❝✳

■♥ ❛ ❜❛s✐❝ ❝❛s❡ ✇❤❡r❡ t❤✐s ♠♦❞❡❧ ✐s ❝♦♥♥❡❝t❡❞ t♦ ❛ ❣❡♥❡r❛t♦r ♦♥ t❤❡ ❧❡❢t ✭R0✱
E0✮ ❛♥❞ ❛ ❧♦❛❞ ♦♥ t❤❡ r✐❣❤t RL✱ ❇r❛♥✐♥✬s ❡q✉❛t✐♦♥s ❜❡❝♦♠❡s ✐♥ t❤❡ ♠❡s❤ s♣❛❝❡
✭♠❡s❤ ♦♥❡ ♦♥ t❤❡ ❧❡❢t✱ t✇♦ ♦♥ t❤❡ r✐❣❤t✮✿

{

eg = (RL − Zc) i2e
−sr

ed = E0e
−sr + (Zc −R0) i1e

−sr ✭✺✵✮

❲❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❡t✇♦r❦ ❡q✉❛t✐♦♥s✿

{

e1 = E0 = (R0 + Zc) i1 + (RL − Zc) i2e
−sr

e2 = E0e
−sr = (Zc −R0) i1e

−sr + (Zc +RL) i2
✭✺✶✮

❆ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❣✐✈✐♥❣ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ✐♥♣✉t ❛♥❞
♦✉t♣✉t ✈♦❧t❛❣❡s✿

f =
RLi2

E0 −R0i1
✭✺✷✮

❙♦✱ ❛ ψ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② t❤❡ tr✐♣❧❡t (e1, e2, f)✳ ■t ❧❡❛❞s t♦ t❤❡
❢♦❧❧♦✇✐♥❣ ❜❛s❡✿















b1 = ∂ψ
∂i1

=
(

(R0 + Zc) , (Zc −R0) e
−sr, RLi2R0

[E0−R0i1]
2

)

b2 = ∂ψ
∂i2

=
(

(RL − Zc) e
−sr, (Zc +RL) ,

RL
E0−R0i1

)

✭✺✸✮

❚❤❡ ❜❛s✐❝ ✈❡❝t♦rs ❧❡❛❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡tr✐❝✿



















































G11 = (R0 + Zc)
2
+ (Zc −R0)

2
e−2sr +

(

RLi2R0

[E0−R0i1]
2

)2

G12 = (R0 + Zc) (RL − Zc) e
−sr + R2L2R0i2

[E0−R0i1]
3 + (Zc −R0) (Zc +RL) e

−sr

G21 = G12

G22 = (RL − Zc)
2
e−2sr +

(

RL
E0−R0i1

)2

+ (Zc +RL)
2

✭✺✹✮
❈❛♥ ✇❡ s♦❧✈❡ t❤❡ s②st❡♠ ❡q✉❛t✐♦♥s ❄

L ∂2L
∂ei∂xi

xi = pi

❲❡ ❝❛♥ ✇r✐t❡ ✜rst t❤❡ γ ♣r♦❥❡❝t✐♦♥✿

[

p1
p2

]

=

[

(R0 + Zc)
(Zc −R0) e

−sr

]

x1 +

[

(RL − Zc) e
−sr

(Zc +RL)

]

x2 ✭✺✺✮

✶✸



❲❤❛t ✇❡ s❡❡ ✐s t❤❛t t❤❡ ❝✉r✈❛t✉r❡ ✐❢ t❤❡r❡ ✐s ❛♥②✱ ❡①✐sts ♦♥❧② t❤r♦✉❣❤ t❤❡
t❤✐r❞ ❝♦♠♣♦♥❡♥t ❝♦♠✐♥❣ ❢r♦♠ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✳ ❇✉t t❤✐s ❢✉♥❝t✐♦♥ ✐s ❛♥
❛r❜✐tr❛tr② ♦♥❡✱ ♥♦t ❧✐♥❦❡❞ ✐♥tr✐♥s✐❝❛❧❧② ✇✐t❤ t❤❡ ♥❡t✇♦r❦✳ ❙♦✱ ❧♦♦❦✐♥❣ ❛t t❤❡ γ
❡①♣r❡ss✐♦♥ ✇❡ ❞♦♥✬t s❡❡ ✇❤❛t ✇❡ ❝♦✉❧❞ ❝❛❧❧ ❛♥ ✐♥tr✐♥s✐❝ ❝✉r✈❛t✉r❡✱ t❤❡ ♦♥❧② ♦♥❡
✇❤✐❝❤ ✐♥t❡r❡st ✉s✳ ❚❤✐s s✉❣❣❡st ✉s✱ ❛t ❧❡❛st t♦ ❝❛r❡ ✇✐t❤ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥
❞✐♠❡♥s✐♦♥✳ ❙♦✱ ❛s ❛ ❣❡♥❡r❛❧ ♠❡t❤♦❞ ✇❡ s❤♦✉❧❞ ❦❡♣t f ❛s ❛ ❣❧♦❜❛❧ ❢✉♥❝t✐♦♥ ❢♦r
t❤✐r❞ ❝♦♠♣♦♥❡♥t ♦❢ ❜❛s✐❝ ✈❡❝t♦rs ❜❡❢♦r❡ t♦ ❞❡✜♥❡ ✐t✳ ❚❤✐s ❣✐✈❡s t❤✐s t✐♠❡ t❤❡
♠❡tr✐❝✿







































G11 = (R0 + Zc)
2
+ (Zc −R0)

2
e−2sr + f2

G12 = (R0 + Zc) (RL − Zc) e
−sr + (Zc −R0) (Zc +RL) e

−sr + f2

G21 = G12

G22 = (RL − Zc)
2
e−2sr + (Zc +RL)

2
+ f2

✭✺✻✮

❲❤❛t ✐s ❞♦♥❡ ❝❧❛ss✐❝❛❧❧② ✐s t♦ ✇r✐t❡ ❡q✉❛t✐♦♥ ✭✺✺✮ ♠❛tr✐❝✐❛❧❧② ❛♥❞ t♦ ✐♥✈❡rs❡
t❤❡ t❡♥s♦r ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ✢✉① ✈❡❝t♦r ❝♦♠♣♦♥❡♥ts✳ ❚❤✐s ✐s s✐♠✐❧❛r t♦ s♦❧✈❡✿

xi =

[

L ∂2L
∂ei∂xi

]−1

pi ✭✺✼✮

✇❡ ❞❡✜♥❡✿

y =

[

L ∂2L
∂ei∂xi

]−1

✭✺✽✮

❲❡ ✜♥❞ ❑r♦♥✬s ❡q✉❛t✐♦♥s✱ ❝❧❛ss✐❝❛❧❧② ♦❜t❛✐♥❡❞ ✐♥ t❤❡ t❡♥s♦r✐❛❧ ❛♥❛❧②s✐s ♦❢
♥❡t✇♦r❦✳ ❇✉t t❤❡ ♠❡tr✐❝ ✐s t❤✐s t✐♠❡ s②♠❡tr✐❝ ❛♥❞ ❝❛♥ ❧❡❛❞ t♦ t❤❡ ❛❞♠✐tt❛♥❝❡
s♦❧✉t✐♦♥ ✭♦r s✐♠✐❧❛r ♦♥❡ ❧✐❦❡ ❧❡❛st ❛❝t✐♦♥ ❛♣♣r♦❛❝❤ ♦♥❝❡ ❞❡✜♥❡❞ t❤❡ ❧❛❣r❛❣✐❛♥ L✮✳

■♥ ❣❡♥❡r❛❧ ❢♦r r❡❛❧ ❝❛s❡s✱ t❤❡ ψ ❢✉♥❝t✐♦♥ ✐s ♥♦t ❧✐♥❡❛r✳ ❙②st❡♠ ✭✺✶✮ ❝❛♥ ❜❡
✇r✐tt❡♥ ♥♦✇ ❞✐✛❡r❡♥t❧②✿

{

ψ1(i1, i2) = (R0 + Zc) i1 + (RL − Zc) i2e
−sr − E0 = 0

ψ2(i1, i2) = (Zc −R0) i1e
−sr + (Zc +RL) i2 − E0e

−sr = 0
✭✺✾✮

❯♥❞❡r t❤✐s ✇r✐t✐♥❣✱ t❤❡ ❜❛s✐❝ ✈❡❝t♦rs ❧❡❛❞ t♦ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① W ✿

ψ′(i) =W (i) =





∂ψ1

∂i1

∂ψ1

∂i2

∂ψ2

∂i1

∂ψ2

∂i2



 =
[

b1 b2

]

✭✻✵✮

■t ♠❡❛♥s t❤❛t t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s t❤❡ ❝♦✈❡❝t♦r ♦❢ t❤❡ ❜❛s✐❝ ✈❡❝t♦rs✳ ❚❤❡
s②st❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ψ(i) = 0✳

❚♦ s♦❧✈❡ ✐t ✇❡ ✉s❡ ❛ ◆❡✇t♦♥✬s ♠❡t❤♦❞✳ ■♠❛❣✐♥❡ t❤❛t ✇❡ ✜♥❞ ❛ peme ❛♣♣r♦①✲

✐♠❛t✐♦♥✿ i(p) =
(

i
(p)
1 , i

(p)
2 , . . . , in(p)

)

✳ ❚❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❝❛♥ t❤❡♥ ❜❡ ✇r✐tt❡♥✿

✶✹



i = i(p)+ ǫ(p) ✇❤❡r❡ ǫ ✐s ❛ ❝♦rr❡❝t✐✈❡ ❢❛❝t♦r ✭ǫ(p) =
(

ǫ
(p)
1 , ǫ

(p)
2 , . . . , ǫn(p)

)

✮✳ ❯s✐♥❣

t❤✐s ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ s②st❡♠ ❡q✉❛t✐♦♥ ✇❡ ♦❜t❛✐♥✿ ψ
(

i(p) + ǫ(p)
)

= 0✳ ❙t❛rt✐♥❣
❢r♦♠ t❤❛t✱ ✇❡ ❝❛♥ ❞❡✈❡❧♦♣ t❤❡ ❡q✉❛t✐♦♥✿

ψ
(

i(p) + ǫ(p)
)

= ψ
(

i(p)
)

+ ψ′
(

i(p)
)

ǫ(p) = 0 ✭✻✶✮

✇❤✐❝❤ ❣✐✈❡s✿

ψ
(

i(p)
)

+W
(

i(p)
)

ǫ(p) = 0 ✭✻✷✮

✐♥ ♦t❤❡r ✇♦r❞s✿

ψ
(

i(p)
)

= −
[

b1 b2

]

ǫ(p) ✭✻✸✮

❚❤❡ ❝♦rr❡❝t✐✈❡ ❢❛❝t♦r ✈❡❝t♦r ✐s s♦ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ γ ♣r♦❥❡❝t✐♦♥ ✐♥ t❤❡
♠♦❜✐❧❡ s♣❛❝❡✳ ❚❤❡✐r ✈❛❧✉❡s ❝❛♥ ❜❡ s♦❧✈❡❞ t❤r♦✉❣❤✿

ǫ(p) = −W−1
(

i(p)
)

ψ
(

i(p)
)

= ∆(p)i(p) ✭✻✹✮

♦r✿

i(p+1) = i(p) −W−1
(

i(p)
)

ψ
(

i(p)
)

✭✻✺✮

❚❤❡ ✈❡❝t♦r i(p) ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ♦r✐❣✐♥❛❧ ✐♠♣✉❧s✐♦♥✳ ❲❡ ✇r✐t❡ t❡♥s♦r✐❛❧❧②
t❤❡ ✈❛r✐❛t✐♦♥ ✈❛❧✉❡✿

Wαβ

[

i(q), t
]

ǫβ [q, t] = ψα

[

i(q), t
]

✭✻✻✮

t ❜❡✐♥❣ t❤❡ t✐♠❡ ✇❤❡♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s ♠❛❞❡ ❛♥❞ q t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦r❞❡r✳
❇② ❞❡✜♥✐t✐♦♥✿

Wαβ =
∂ψα
∂iβ

✭✻✼✮

❆t ❡❛❝❤ t✐♠❡ st❡♣✱ ❡q✉❛t✐♦♥ ✭✺✺✮ ✐s t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❚♦ s♦❧✈❡ ✐t✱
✇❡ ✉s❡ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ❡①♣r❡ss❡❞ ✐♥ ✭✻✻✮✳

✹ ❆♥♦t❤❡r ♠❡t❤♦❞ t♦ ❞❡✜♥❡ t❤❡ ❧❡❛st ❛❝t✐♦♥

❈♦♥s✐❞❡r ♥❡①t s②st❡♠✿







e1 = Ri1 + Lpi2
e2 = yi1 + zi2
e3 = ui1 − vi2

✭✻✽✮

■t ❝r❡❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❛s✐s✿

✶✺



b1 =





R
y
u



 b2 =





Lp
z
−v



 ✭✻✾✮

❛♥❞ t❤❡ ♠❡tr✐❝✿

G =

[

R2 + y2 + u2 RLp+ yz − uv
RLp+ yz − uv L2p2 + z2 + v2

]

✭✼✵✮

❊q✉❛t✐♦♥ ✭✻✽✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿ eα = ψα (i1, i2)✳ ▼❛❦✐♥❣ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥
❜❡t✇❡❡♥ iα ❛♥❞ xα t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ eα − ψα

(

xβ
)

= 0✳
❚❤❡ eα ❝❛♥ ❜❡ t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ ❛♥ ✐♠♣✉❧s❡ ❝♦✈❡❝t♦r p✳
❍♦✇ ♦❜❥❡❝t✐✈❡ ✐s t♦ s♦❧✈❡ ❡q✉❛t✐♦♥ eα − ψα

(

xβ
)

= ǫ ✇✐t❤ ǫ → 0✳ ■t ✐s
❡q✉✐✈❛❧❡♥t t♦ s❡❛r❝❤ ❢♦r✿

Aα =

∫

t

dt
[

eα − ψα
(

xβ
)]2 → 0 ✭✼✶✮

❛♥❞ ❧❡❛❞✐♥❣ Aα ❛s ❧♦✇ ❛s ♣♦ss✐❜❧❡✱ ∀α✳
■❢ ψ1

(

xβ
)

= Ax1 +Bx2 ❛♥❞ ψ2

(

xβ
)

= Cx1 +Dx2 ✇❡ ♦❜t❛✐♥✿

A1 =
∫

t
dt
[

e1 − ψ1

(

xβ
)]2

A1 = (e1)
2 +A2(x1)2 +B2(x2)2 + 2ABx1x2 − 2e1

(

Ax1 +Bx2
)

✭✼✷✮

❛♥❞

A2 =
∫

t
dt
[

e2 − ψ2

(

xβ
)]2

A2 = (e2)
2 + C2(x1)2 +D2(x2)2 + 2CDx1x2 − 2e1

(

Cx1 +Dx2
)

✭✼✸✮

■♥ t❤❛t ❝❛s❡ t❤❡ ♠❡tr✐❝ ✐s✿

G =

[

A2 + C2 AB + CD
AB + CD B2 +D2

]

✭✼✹✮

❲❡ s❡❡ t❤❛t✿

1

2

∑

α

∂Aα
∂xm

=

∫

t

dt
∑

α

(Gαmx
m − p · bα) = 0 ✭✼✺✮

✇❤✐❝❤ ✐s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤✳ ■t ♠❛❦❡s t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥
t❤❡ ✐♠♣✉❧s❡ tr❛♥s♠✐tt❡❞ t♦ t❤❡ ♠♦❜✐❧❡ r❡♣❛✐r ❛♥❞ ✐ts ❛❝t✐♦♥ ♦♥ t❤❡ ✢✉① t❤r♦✉❣❤
t❤❡ ♠❡tr✐❝✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❣❡♥❡r❛❧ ❝❛s❡s t♦ ❥✉st✐❢② t❤❡ ♠❡tr✐❝ ❛♥❞
t❤❡ ❜❛s❡ ✈❡❝t♦rs✳ ■t ✜♥❛❧❧② ❧❡❛❞s t♦ t❤❡ ❝❧❛ss✐❝❛❧ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❣✐✈❡♥ ❜②
t❤❡ ❑r♦♥✬s ♠❡t❤♦❞✳ ❇✉t ❢♦r s♣❛❝❡s ✇✐t❤ ❝✉r✈❛t✉r❡✱ ✐t ♠❛② ❣✐✈❡ ❛♥♦t❤❡r ♣♦✐♥t ♦❢
✈✐❡✇ ♦♥ t❤❡ ♠❡tr✐❝ ♠❡❛♥✐♥❣✳

✶✻



✺ ❆ ❝✐r❝✉✐t ✇✐t❤ ❢❡rr✐t❡ ❛♥❞ ❞✐♦❞❡

❋❡rr✐t❡s ❛r❡ ♠❛t❡r✐❛❧s ✇❤✐❝❤ ♣r♦♣❡rt✐❡s ❞❡♣❡♥❞s ♦♥ ❝✉rr❡♥t ❛♠♣❧✐t✉❞❡s✳ ❉✐♦❞❡s
❛r❡ ♥♦♥ ❧✐♥❡❛r ❝♦♠♣♦♥❡♥ts✳ ❙♦ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜♦t❤ ❢❡rr✐t❡ ❛♥❞ ❞✐♦❞❡ ✐s ❛
❝♦♠♣❧✐❝❛t❡❞ ❛♥❞ ✐♥t❡r❡st✐♥❣ ♣r♦❜❧❡♠✳

❲❡ ❝♦♥s✐❞❡r ♥❡①t ❝✐r❝✉✐t✿

❋✐❣✉r❡ ✽

■♠♣❡❞❛♥❝❡ t❡♥s♦r ♦❢ s✉❝❤ ❛ ❝✐r❝✉✐t ✐s ❣✐✈❡♥ ❜②✿

g =

[

R+ (L0 + Su) p −Mp
−Mp (L0 + Su) p+ Zd

]

✭✼✻✮

L0 ✐s t❤❡ ✐♥❞✉❝t❛♥❝❡ ❧✐♥❦❡❞ ✇✐t❤ t❤❡ ❝❧♦s❡❞ ❝✐r❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✇✐r❡s✳ Su ✐s t❤❡
✐♥❞✉❝t❛♥❝❡ ♦❢ t❤❡ ❢❡rr✐t❡ ♠❛t❡r✐❛❧✳ Zd ✐s t❤❡ ✐♠♣❡❞❛♥❝❡ ♦♣❡r❛t♦r ♦❢ t❤❡ ❞✐♦❞❡✳
M ✐s t❤❡ ♠✉t✉❛❧ ✐♥❞✉❝t❛♥❝❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♠❛t❡r✐❛❧✳ ❲❡ ❞❡✜♥❡✿

Zd = exp

(

−
[

vd − 1

2

]2
)

exp

(

−
[

id − 1

2

]2
)

106+exp

(

−
[

vd + 1

−2

]2
)

exp

(

−
[

id + 1

−2

]2
)

10−3

✭✼✼✮
❛♥❞✿

Su =

(

β

1 + i
is

)

, M = αSu ✭✼✽✮

is ✐s ❛ s❛t✉r❛t✐♦♥ ❝✉rr❡♥t t❤r❡s❤♦❧❞✳
gn (iq) ❣✐✈❡s t❤❡ ❢✉♥❝t✐♦♥ ✈❡❝t♦r ❢♦r t❤❡ ✐♥tr✐♥s✐❝ ♣❛rt✿























g1 (i1, i2) = Ri1 + L0pi1 +

(

β

1+
i1+i2

is

)

pi1 − α

(

β

1+
i1+i2

is

)

pi2

g2 (i1, i2) = −α
(

β

1+
i1+i2

is

)

pi1 + L0pi2 +

(

β

1+
i1+i2

is

)

pi2 + Zdi2

✭✼✾✮

▲❛st ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❧✐♥❦❡❞ ✇✐t❤ t❤❡r♠❛❧ ❞❡s❝r✐♣t✐♦♥✿

g3 (i1, i2) = R (i1)
2

✭✽✵✮

✶✼



❲❡ ❝❛♥ ♥♦✇ ❝❛❧❝✉❧❛t❡ t❤❡ ❜❛s✐❝ ✈❡❝t♦rs✿

b1 =





















R+ L0p− β(is)
−1

(1+ i1+i2
is

)
2 pi1 +

(

β

1+
i1+i2

is

)

p+ αβ (is)
−1

(1+ i1+i2
is

)
2 pi2

αβ (is)
−1

(1+ i1+i2
is

)
2 pi1 − α

(

β

1+
i1+i2

is

)

p− β(is)
−1

(1+ i1+i2
is

)
2 pi2

2Ri1





















✭✽✶✮

❛♥❞✿

b2 =





















−
(

β(is)
−1

[1+ i1+i2
is

]
2

)

pi1 − α

{(

β(is)
−1

[1+ i1+i2
is

]
2

)

pi2 + p

(

β

1+
i1+i2

is

)}

L0p+ Zd − α

(

β(is)
−1

[1+ i1+i2
is

]
2

)

pi1 +

{(

β(is)
−1

[1+ i1+i2
is

]
2

)

pi2 + p

(

β

1+
i1+i2

is

)}

0





















✭✽✷✮
■t✬s ❝❧❡❛r t❤❛t ❞❡r✐✈❛t✐♦♥ ♦❢ bq ✈❡rs✉s im ✐s ♥♦t ③❡r♦✳ ❇✉t t❤✐s ❝❛s❡ ✐s q✉✐t❡

❝♦♠♣❧✐❝❛t❡❞ t♦ ✇r✐t❡✳ ❲❡ ♠❛② ❝♦♥t✐♥✉❡ ✇✐t❤ ❛ s✐♠♣❧❡st ❡①❛♠♣❧❡✳ ❲❡ ❝♦♥s✐❞❡r
t❤❡ s②st❡♠✿







ψ1 (i1, i2) = (R+ L0s) i1 +M0s (1 + αi1) i2
ψ2 (i1, i2) =M0s (1 + αi2) i1 +Qsi2
ψ3 (i1, i2) = β (−i1 + i2)

✭✽✸✮

■t ♠❛❦❡s t❤❡ ❜❛s❡✿

b1 =





(R+ L0s) + αM0si2
M0s (1 + α) i2

−β



 b2 =





M0s (1 + αi1)
M0sαi1 +Qs

β



 ✭✽✹✮

❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ❧❡❛❞s t♦ t❤❡ ♠❡tr✐❝✿







































G11 = [(R+ L0s) + αM0si2]
2
+ [M0s (1 + α) i2]

2
+ β2

G12 = [(R+ L0s) + αM0si2] [M0s (1 + αi1)] + [M0s (1 + α) i2] [M0sαi1 +Qs]− β2

G21 = [(R+ L0s) + αM0si2] [M0s (1 + αi1)] + [M0s (1 + α) i2] [M0sαi1 +Qs]− β2

G22 = [M0s (1 + αi1)]
2
+ [M0sαi1 +Qs]

2
+ β2

✭✽✺✮
❲❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r✿

✶✽



n =
b1 × b2

||b1 × b2| |
✭✽✻✮

❚❤✐s ❛❧❧♦✇s t♦ ❞❡✜♥❡ t❤❡ ❞✉❛❧ ❜❛s❡✿

c1 = 1√
G
(b2 × n) c2 = 1√

G
(n× b1) n′ ✭✽✼✮

❚❤✐s ❞✉❛❧ ❜❛s❡ ❛❧❧♦✇s t♦ ❞❡✜♥❡ t❤❡ ✐♠♣✉❧s❡ ❝♦✈❡❝t♦r✿

p = e1c
1 + e2c

2 ✭✽✽✮

◆♦✇ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s t❤❛t s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ❡❛❝❤ t✐♠❡ st❡♣ ✐s✿

∑

α

Gαmx
m =

∑

α

p · bα ✭✽✾✮

t❤✐s ❣✐✈❡s ❛❢t❡r ✈❛r✐❛❜❧❡s s❡♣❛r❛t✐♦♥✿







[(R+ L0s) + αM0si2]x
1 + [M0s (1 + αi1)]x

2 = e1

[M0s (1 + α) i2]x
1 + [M0sαi1 +Qs]x2 = e2

✭✾✵✮

❚❤❡ ❜❛s✐❝ ✈❡❝t♦rs ❝❛♥ ❜❡ ❞❡r✐✈❡❞✳ ❲❡ ♦❜t❛✐♥✿

b11 = ∂b1

∂i1
= 0 b12 = ∂b1

∂i2
=





αM0s
M0s (1 + α)

0





b21 = ∂b2

∂i1
=





M0sα
M0sα

0



 b22 = ∂b2

∂i2
= 0

✭✾✶✮

❚♦ s♦❧✈❡ ❡❛❝❤ st❡♣ ❡q✉❛t✐♦♥ ✭✾✵✮✱ ✇❡ ❞❡✜♥❡ t❤❡ ❥❛❝♦❜✐❛♥ ✭♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡
r❡❞✉❝❡❞ ❜❛s❡ ❛♥❞ t❤❡ ✐♥tr✐♥s✐❝ ♠❡tr✐❝✮✿

W =
[

b1 b2

]

✭✾✷✮

❛❢t❡r ✇❤❛t ✇❡ ❤❛✈❡ t♦ s♦❧✈❡ ✭✻✺✮ ✿

i(p+1) = i(p) −W−1
(

i(p)
)

ψ
(

i(p)
)

❆t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ i1 = 0 ❛♥❞ i2 = 0✳ ■♥ t❤❛t ❝❛s❡ ✇❡ s❡❡ t❤❛t✿ W =
[

b1 (iu = 0, ∀u) b2 (iu = 0, ∀u)
]

✳ ❲r✐t✐♥❣ b0
v = bv (iu = 0, ∀u)✱ ✇❡ ❤❛✈❡ ❛t

t❤❡ ♥❡①t st❡♣s✿

W =
[

b0
1 + b1uiu b0

2 + b2uiu
]

✭✾✸✮

❛♥❞ ✭✻✺✮ ❜❡❝♦♠❡s✿

xu(p+1) = xu(p) − W̄uv
(

i(u,p)
)

ψv
(

i(u,p)
)

✭✾✹✮

✶✾



✇✐t❤✿ i(u,p=0,t) = xu(p,t−dt) ❛♥❞ W̄ =W−1✳ ❘❡♠❡♠❜❡r t❤❛t ✐♥ t❤❛t ❝❛s❡✿

ψα = G̃αmx
m − eα

G̃αm ❜❡✐♥❣ t❤❡ r♦♦t ♠❡tr✐❝✱ ❞✐r❡❝t❧② ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ ♣r♦❥❡❝t✐♦♥✿

G̃αmx
m = (bmx

m)α

✭α ❝♦♠♣♦♥❡♥t ♦❢ ❡❛❝❤ ❜❛s✐❝ ✈❡❝t♦r t✐♠❡ t❤❡ ✈❛r✐❛❜❧❡✮✳ ❙♦ ✭✾✹✮ ❝❛♥ ❜❡ ✇r✐tt❡♥✿

δxu(p) = −
[

b0
v + bvuiu

]−1
ψv ✭✾✺✮

❚❤❡ ❞❡r✐✈❛t✐✈❡ ❝♦✈❡❝t♦r ♦❢ t❤❡ ❜❛s✐s ✈❡❝t♦r ❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❛❞❛♣t❡❞
❜❛s❡ ✇r✐t✐♥❣✿

buv = Γ1
uvb1 + Γ2

uvb2 = huvn ✭✾✻✮

❙♦ t❤❛t ❡❛❝❤ st❡♣✿

δxu(p) = −
(

b0
v +

[

Γ1
uvb1 + Γ2

uvb2 + huvn
]

i(u,p)
)−1

ψv
(

i(u,p)
)

✭✾✼✮

Γ ❛r❡ t❤❡ ❈❤r✐st♦✛❡❧✬s ❝♦❡✣❝✐❡♥ts ❣✐✈✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ t❛♥❣❡♥t✐❛❧ ❣❡✲
♦♠❡tr② ♦❢ t❤❡ s✉r❢❛❝❡ ❛♥❞ h t❤❡ s❡❝♦♥❞ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r♠ ❣✐✈✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦♥
t❤❡ ♥♦r♠❛❧ ✈❛r✐❛t✐♦♥ t♦ t❤❡ s✉r❢❛❝❡✳

❚❤✐s ❧❛st ❡q✉❛t✐♦♥ s❤♦✇s t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❜❛s❡ ✈❡❝t♦rs ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
♣❛r❛♠❡t❡rs✱ ♦♥ ❡❛❝❤ t✐♠❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳ ◆♦t❡ t❤❛t✱ ❛s t❤❡ ❜❛s✐❝
✈❡❝t♦r ❝❛♥ ❜❡ ✇r✐tt❡♥ bu = b0

u + buviv✱ ❜② ❝❤❛♥❣✐♥❣ t❤❡ b ✈❡❝t♦rs ❜② t❤✐s
❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ♠❡tr✐❝✱ ✐t ♠❛❦❡s ❛♣♣❡❛r✐♥❣ ❈❤r✐st♦✛❡❧✬s
❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ♠❡tr✐❝ ❝♦♠♣♦♥❡♥ts✳ ❚❤✐s ♠❛❦❡s ✐♥ ❡✈✐❞❡♥❝❡ t❤❡ ❦✐♥❞ ♦❢ ♠❡tr✐❝
❝r❡❛t❡❞ ❜② s✉❝❤ ❜❛s✐❝ ✈❡❝t♦rs✳ ❘❡♠❡♠❜❡r✿ Γkuv = 〈ck,buv〉 ❛♥❞ huv = 〈buv,n〉✳

✷✵



✻ ❈♦♥❝❧✉s✐♦♥

❚❤❡ s❡❝♦♥❞ ❣❡♦♠❡tr✐③❛t✐♦♥ ♠❛❦❡s ❛ ❧✐tt❧❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❡ ✇r✐t✐♥❣ ♦❢ t❤❡
❡q✉❛t✐♦♥s ❝❧❛ss✐❝❛❧❧② ❞✐r❡❝t❧② ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❑r♦♥✬s ♠❡t❤♦❞✳ ❇✉t ✐t ❣✐✈❡s ❛
❞❡♣♣❡r ♣❤②s✐❝❛❧ ♠❡❛♥✐♥❣ s❤♦✇✐♥❣ ❤♦✇ ❛❝t t❤❡ ✈❛r✐♦✉s ❡❧❡♠❡♥ts s❡❡♥ ✐♥ t❤❡ st❛rt
❢✉♥❝t✐♦♥✳ ■t ❣✐✈❡s t♦♦ ❛ r♦❜✉st ❛♥❞ ❝❧❡❛r ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♠❡tr✐❝ ♠❡❛♥✐♥❣✱
❡✈❡♥ ✇✐t❤ ♥♦♥ ❧✐♥❡❛r ♥❡t✇♦r❦s✳ ■t ❣✐✈❡s ❛ ❝❧❡❛r ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❈❤r✐st♦✛❡❧✬s
s②♠❜♦❧s ❛♥❞ ❤♦✇ t❤❡② ❛❝t ✇❤❡♥ t❤❡② ❡①✐st✳ ▼❛♥② ✇♦r❦s st✐❧❧ t♦ ❜❡ ❞♦♥❡ ✐♥ ♦r❞❡r
t♦ ❡①♣❧♦r❡ ♠♦r❡ ❝♦♠♣❧❡t❡❧② t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ t❤✐s ❛♣♣r♦❛❝❤✳ Pr❡✈✐♦✉s ❝❛s❡s
s❤♦✇ t❤❛t ❢❛st❧②✱ ❝♦♠♣❧❡① ❡①♣r❡ss✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞✳ ❙♦✱ ❝♦♥tr❛r② t♦ t❤❡ ❑r♦♥✬s
♠❡t❤♦❞✱ ✐t ❞♦♥✬t s❡❡♠ ❡❛s② t♦ ❞❡✈❡❧♦♣ ❛ s♦❢t✇❛r❡ ✉s✐♥❣ t❤❡s❡ ❞❡✈❡❧♦♣♠❡♥ts✳
❇✉t t♦ st✉❞② t❤❡♦r❡t✐❝❛❧❧② t❤❡ s②st❡♠s ✉♥❞❡r t❤❡✐r ♥❡t✇♦r❦s r❡♣r❡s❡♥t❛t✐♦♥✱
t❤❡ ❛♣♣r♦❛❝❤ s❡❡♠s ❛ ❣♦♦❞ ✇❛② t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ s②st❡♠
❜❡❤❛✈✐♦rs✱ ✐♥ t❤❡ ✈❛r✐♦✉s ❝❛s❡s ❡♥❝♦✉♥t❡r❡❞✳ ❚❤❡ ❢❛❝t t♦ tr❛♥s❢♦r♠ t❤❡ st❛r ♥♦♥
❧✐♥❡❛r ❢✉♥❝t✐♦♥ ✐♥t♦ ❜❛s✐❝ ✈❡❝t♦rs ♦❢ ❛ ♣❛r❛♠❡tr✐③❡❞ s✉r❢❛❝❡ ❣✐✈❡s t❤❡ ♦♣♣♦rt✉♥✐t②
t♦ ❞❡✜♥❡ ❜② ❛ ❜❡st ✇❛② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ t❤❛t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ♦♥ t❤❡ s②st❡♠
t❤r♦✉❣❤ ✐ts ❡✈♦❧✉t✐♦♥✳ ■♥ t❤✐s ♥❡✇ ❛♣♣r♦❛❝❤✱ t♦ tr❛♥s❢♦r♠ ❛ s②st❡♠ ❝❛♥ ❜❡
tr❛♥s❧❛t❡❞ ✐♥ ❝❤❛♥❣✐♥❣ t❤❡ ❜❛s✐❝ ✈❡❝t♦rs✱ ✇❤✐❝❤ ❞❡✜♥❡ t❤❡ ♠❡tr✐❝✳ ■♥ t❤❡ ✷①❚❆◆
♠❡t❤♦❞ ❝♦♥t❡①t✹ t❤✐s ✇r✐t✐♥❣ ✐s ✈❡r② ✐♥t❡r❡st✐♥❣✱ ❣✐✈✐♥❣ ♠♦r❡ ♠❡❛♥✐♥❣ t♦ t❤❡
tr❛♥s❢♦r♠❛t✐♦♥ ❣r♦✉♣ t❤❛♥ ✇❤❡♥ t❤❡② ❛r❡ ❞✐r❡❝t❧② ❛♣♣❧✐❡❞ ♦♥ t❤❡ ✐♠♣❡❞❛♥❝❡
t❡♥s♦r ♦❢ t❤❡ ❑r♦♥✬s ♠❡t❤♦❞✳

❚❤❡ r❡❛❧ ✇♦r❧❞ ✐s ♥♦♥ ❧✐♥❡❛r ❛♥❞ ♠✉❧t✐♣❤②s✐❝✳ ■t✬s t✐♠❡ ❦♥♦✇ t♦ ❞❡✈❡❧♦♣ ❛
♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❤✐s ❢✉♥❞❛♠❡♥t❛❧ ❤②♣♦t❤❡s✐s✳ ✷①❚❆◆ ♠❡t❤♦❞ ✉s❡❞ ✉♥❞❡r ✷➦
❣❡♦♠❡tr✐③❛t✐♦♥ ❑r♦♥✬s ♠❡t❤♦❞ ✐s ♦♥❡ s♦❧✉t✐♦♥ ■ s✉❜♠✐t t♦ ❝r✐t✐❝s✳ ❖♥❡ ♣r♦♣♦s❛❧
t♦ ♠♦❞❡❧ ❝♦♠♣❧❡① s②st❡♠s✳
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