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KANTOROVICH DUALITY FOR GENERAL TRANSPORT COSTS AND
APPLICATIONS

NATHAEL GOZLAN, CYRIL ROBERTO, PAUL-MARIE SAMSON, PRASAD TETALI

ABSTRACT. We introduce a general notion of transport cost that encompasses many costs used in
the literature (including the classical one and weak transport costs introduced by Talagrand and
Marton in the 90’s), and prove a Kantorovich type duality theorem. As a by-product we obtain
various applications in different directions: we give a short proof of a result by Strassen on the
existence of a martingale with given marginals, we characterize the associated transport-entropy
inequalities together with the log-Sobolev inequality restricted to convex/concave functions.
Some explicit examples of discrete measures satisfying weak transport-entropy inequalities are
also given.

1. INTRODUCTION

Concentration of measure phenomenon was introduced in the seventies by V. Milman [45] in his
study of asymptotic geometry of Banach spaces. It was then studied in depthy by many authors
including Gromov [32, 31], Talagrand [60], Maurey [43], Ledoux [36, 10], Bobkov [0, 11] and many
others and played a decisive role in analysis, probability and statistics in high dimensions. We
refer to the monographs [37] and [15] for an overview of the field.

One classical example of such phenomenon can be observed for the standard Gaussian measure
Ym on R™. It follows from the well known Sudakov-Tsirelson-Borell isoperimetric result in Gauss

space [59, 14] that if X;,...,X,, are n i.i.d random vectors with law v, and f: (R™)" - Ris a
1-Lipschitz function (with respect to the Euclidean norm), then

(1.1) P(f(X1,..., Xn) >m+t) <e )/ yp>y

with @ = 1 and ¢, = 0, and where m denotes the median of the random variable f(Xy,...,X,).

The remarkable feature of this inequality is that it does not depend on the sample size n. This
property was used in numerous applications [37].

The standard Gaussian measure is far from being the only example of a probability distribution
satisfying such a bound. In this introduction, we will say that a probability ; on some metric
space (X, d) satisfies the Gaussian dimension-free concentration of measure phenomenon if (1.1)
holds true, with a constant a independent on n, when the X;’s are distributed according to p and
f is a function which is 1-Lipschitz with respect to the distance ds defined on X™ by

1/2

dQ(xay) = Zd(-riayi)2 B €,y S X"
i=1

This is also equivalent to the following property: for all positive integers n, and all Borel set
A C X" such that pu™(A) > 1/2, it holds

(1.2) P (Ay) > 1 — e 1)/ gy sy
where A; = {y € X" : 3z € A, da(x,y) < t}.
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For instance if p is a probability measure on R"", or even more generally on a smooth Riemannian
manifold M equipped with its geodesic distance d and has a density of the form e~ where V is
some smooth function on M such that the so-called Bakry-Emery curvature condition holds

(1.3) Ric + HessV > KId,

for some K > 0, then the Gaussian dimension-free concentration of measure phenomenon holds
with the constant a« = K (a direct proof can be found in [37]).

Another very classical sufficient condition for the Gaussian concentration of measure property
(1.1) is the Logarithmic Sobolev inequality introduced by Gross [33] (see also Stam [56] and Feder-
bush [21]). If, for some C' > 0, y satisfies

(1.4) Ent,, (f%) < 20/|Vf|2du,

for all smooth functions f : M — R, then it satisfies (1.1) with a = C' (a proof of this classical
result due to Herbst can be found in [37]). We recall that the entropy functional of a positive
function g is defined by Ent,(g) = [ glog < g > dp. Condition (1.4) - denoted LSI(C) in the

fgdu

sequel - is less restrictive since, according to the famous Bakry-Emery criterion (1.3) implies (1.4).

It turns out that Condition (1.4) can be further relaxed. Indeed, in [62], Talagrand introduced
another remarkable functional inequality involving the Wasserstein distance W5 defined, for all
probability mesures p, v on M by

(1.5) Wi, w) = inf E[d°(X, V)]

where the infimum runs over all pairs of random variables (X,Y"), with X distributed according to
w and Y according to v. A probability measure u satisfies Talagrand’s transport inequality To (D)
for some D > 0, if

(1.6) W3 (v, ) < 2DH (v|p),

for all probability measure v on M, where H (v|x) denotes the relative entropy defined by H (v|p) =
Ent,(h), h =dv/dp if v < p (i.e., v absolutely continuous with respect to p) and 400 otherwise.
A nice argument first discovered by Marton [410] shows that (1.6) is a sufficient condition for the
Gaussian demension-free concentration property (1.1) with a = D. One crucial ingredient to derive
dimension-free concentration from Ts is the tensorization property enjoyed by this inequality (the
same property holds for LSI): if u satisfies T2(C), then for any positive integer n, the product
measure p" also satisfies To(C'). Condition (1.6) is again an improvement upon Condition (1.4)
since it was proved by Otto and Villani [48] (see [7] for an alternative proof and [27] and the
references therein for extensions to more general spaces) that (1.4) implies (1.6) with D = C.
It was then shown by the first author [22] that Condition (1.6) was not only sufficient but also
necessary for Gaussian dimension-free concentration. More precisely, if (1.1) holds true with some
a (and all n), then u satisfies Ta(a).

One of the main motivations behind this work, and a few satellite papers by the same authors
and Y. Shu [29, 55, 28], is to understand what can replace each term in the chain of implications:

(1.3) = (1.4) = (1.6) & (1.1)
in a discrete setting (for instance, when the space is a graph, finite or otherwise).

While several useful variants of the logarithmic Sobolev inequality are well identified in discrete
(involving different natural discrete gradients, see e.g. [51, 12]), the other terms are far from being
understood.

After the works by Lott-Villani [39] and Sturm [58] extending (1.3) to non-smooth geodesic
spaces through convexity properties of the entropy functional on the space of probability measures
equipped with the Wasserstein distance Ws, the question of generalizing the Bakry-Emery condition
in a discrete setting attracted in recent years a lot of attention. We refer to the works by Ollivier
[46], Bonciocat-Sturm [13], Ollivier-Villani [47], Erbar-Mass [20], Hillion [34] and the work [29] by
the authors for different attempts to give a meaning to the notion of “discrete curvature”.
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In the present paper, the focus is put on the rightmost terms of our chain of implications:
namely, our purpose is to find out what type of dimension-free concentration results we can hope
for in a discrete setting and what type of transport inequalities can be related to it. At this stage,
it is worth noting that, unfortunately, Talagrand’s inequality is never satisfied in discrete (except
of course by a Dirac mass). For instance, it is proven in full generality in [27], that if u is a
probability measure on a metric space (X,d) which satisfies T, then its support is connected.
It follows from the equivalence (1.6) < (1.1), that Gaussian dimension-free concentration is also
never true in discrete.

One thus looks for a transport-cost sufficiently weaker than W#, to allow discrete measures
to satisfy the related transport inequality, but sufficiently strong to make the transport inequal-
ity stable under tensor products. A natural candidate would be the W; distance: Wi(v, p) :=
inf{E[d(X,Y)] : Law(X) = p,Law(Y) = v}. Although transport inequalities involving W¢ in-
stead of W3 (the so called T; inequalities) make perfectly sense in discrete (see Bobkov-Gotze
[8], Djelout-Guillin-Wu [18], Bobkov-Houdré-Tetali [9]), these inequalities tensorize only with a
constant depending on the dimension! So the W; distance does not fulfill the second requirement.

The present paper is devoted to the study of a family of weak transport costs, one typical
element of which is the following weak version of the cost W2 defined as follows. If u and v are
probability measures on a metric space (X, d), one defines the weak cost T2(v|u) as follows

Ta(vlp) = nf B [E[d(X,Y)[X]?]

where again the infimum runs over all pairs (X,Y") of random variables such that X follows the
law @ and Y the law v. Jensen inequality immediately shows that
W (v, 1) < To(v]p) < W5 (v, ).

Two weak versions of Talagrand’s inequality are naturally associated to this cost: a probability u
is said to satisfy T5 (C) for some C > 0 if

Talulv) < CH@Ip), Vo
and to satisfy ’i‘; (C) if

Tali) < CH@lp), Vo,
Since ’7~'2 is not symmetric these two inequalities are not equivalent in general. Both are of course
implied by the usual T3(C) inequality. As we shall see in Theorem 5.1, which is one of our main
results, a probability measure u on X satisfies the two inequalities ’i‘Qi(C’) for some C' > 0 if and

only if it satisfies the following demension-free concentration of measure property: for all positive
integer n and all set A C X™ such that p™(A) > 0, it holds

e~ /D Vi >0,

(1.7) pA) 21— eI,

for some D related to C. In this concentration inequality the enlargement A, of A is defined as
follows

Ay ={y e X" :3pec P(X") with p(A) = 1 such that

n 2
S ([ atwinan) < e,
i=1
where P(X™) is the set of all Borel probability measures on X". Taking p = ¢, with « € A, we see
immediately that A; C A; and therefore (1.7) is less demanding than (1.2).

Before going further into the presentation of our results, let us make some bibliographical
comments on these weak transport costs and on the concentration property (1.7). First of all, this
way of enlarging sets first appeared in the papers [60, 61] by Talagrand, in the particular case where
d(z,y) = 1,2, is the Hamming distance (see [60, Theorem 4.1.1] and [61, (1.2)]). It was shown by
Talagrand that any probability measure p on a polish space X satisfies the concentration inequality
(1.7) with some universal constant D (and with the Hamming distance). This deep result known
as Talagrand’s convex hull concentration inequality has had a lot of interesting applications in
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probability theory and combinatorics [60, 37, 2]. The result was given another proof by Marton in
[42], where she introduced (again with d being the Hamming distance) the weak transport cost 73
(denoted ds in her work) and proved that any probability measure p satisfies

To(|e) /2 < (2H (vi|p)) " + (2H (v2|)) "/

for all probability measures v, 5. Then she proved the tensorization property for this transport
inequality and derived from it, using an argument that will be recalled in Section 5, Talagrand’s
concentration result. A similar strategy was then developed by Dembo in [16] in order to recover
the sharp form of other concentration results by Talagrand involving a control by ¢ points. Finally
the third named author extended in [52] the tensorization technique of Marton to some classes
of dependent random variables. In [54] he improved Marton’s transport inequality to recover
yet another sharp concentration inequality by Talagrand (discovered in [61]) related to deviation
inequalities for empirical processes. Besides the Hamming case, almost nothing is known on the
inequalities T;E. Note that Marton’s result shows at least that any probability measure on a
bounded metric space (X, d) (for instance a finite graph equipped with graph distance) satisfies
’i‘Qi(C’) for C' = 2Diam(X), but the optimal constant C' can be much smaller. Note also that if
our primary motivation was to consider these inequalities on discrete spaces, the continuous case
is also of interest since the inequalities 'T‘Qi could be a good substitute for probability measures not
satisfying the usual T5. The aim of the paper is thus to provide different tools that can be useful
in the study of these weak transport cost inequalities and to exhibit some new examples of such
inequalities (mostly on unbounded spaces).

The main new tool we introduce is a version of the Kantorovich duality theorem suitable for
the weak transport cost T. Actually this duality result holds for a large family of transport costs
that we shall now describe. To each cost function ¢ : X x P(X) — [0, 00], (where P(X) is the
set of Borel probability measures on X) we associate the optimal transport cost 7. defined, for all
probability measures u, v on X, by

(18) Telvl) = inf [ c(o.p.) (o)

where the infimum runs over the set of all probability kernels p : X — P(X) : & — pg(-) such
that up = v. Note that the usual cost W3 corresponds to ¢(z,p) = [ d?(z,y)p(dy) and the weak

cost T to c(z,p) = ( [d(z,y) p(dy))z. Under some easily satisfiable technical assumptions on ¢ (an
important one being that ¢ be conver with respect to its second variable p), we prove in Theorem
9.5 that

n@m>sw{/Rw@mwm/¢@wuw}

where the supremum runs over the set of bounded continuous functions, and

Rep(x) = inf {/so(y)p(dy) +C(w,p)}, zeX.
pEP(X)

Note that, when c(z,p) = [ d*(z,y)p(dy), then Rep(z) = inf,ecx{¢(y) + d*(z,y)} and the result
reduces to the classical Kantorovich duality for W3 (see e.g. [64, 65]). Up to our best knowledge,
this class of cost functionals has not been considered before in the literature on Optimal Transport
but we think that it may find interesting applications in this field. For example, denoting by 7_'p
the weak cost associated to the cost function ¢(z,p) = ||z — [ yp(dy)||? defined on R™ x P(R™)
where || - || is some norm on R™, it turns out that the duality formula for 7; immediately gives
back a well known result by Strassen [57] about the existence of martingales with given marginals.
This is detailed in Section 3.

The paper is organized as follows.

Section 2 introduces a general definition of optimal transport costs and presents in detail three
particular families of costs (all variants of Marton’s costs 75 defined above) which will play a role
in the rest of the paper. In particular, we state a Kantorovich duality formula for each of these
transport costs.
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Section 3 is dedicated to the proof of Strassen’s theorem on the existence of martingales with
given marginals.

Section 4 introduces the general definition of transport-entropy inequalities (involving general
transport costs of the form (1.8)) and presents their basic properties such as their dual formulation
and their tensorization.

Section 5 deals with the links between concentration of measure and transport-entropy inequal-
ities. We recall in particular the argument due to Marton that enables to deduce concentration
estimates from transport-entropy inequalities. We also extend to this general framework a re-
sult by the first author and show that in great generality demension-free concentration gives back
transport-entropy inequalities. In particular, we give a characterization (in terms of a transport-
entropy inequality involving the cost To defined above) of demension-free Gaussian concentration
(1.1) restricted to Lipschitz convex (or concave) functions.

In Section 6 we recall the universal transport-entropy inequalities developed by Marton [42, 41],
Dembo [16] and Samson [53, 54] in order to recover some of Talagrand’s concentration inequalities
for product measures. We take advantage of our duality theorems to revisit and bring some
simplifications in the proof of [54].

In Section 7 we present the examples of Bernoulli, Binomial and Poisson laws for which some

sharp transport-entropy are proved in [30].

In Section 8 we show the equivalence between transport-entropy inequalities involving the trans-
port cost 7o and the logarithmic-Sobolev inequality restricted to the class of log-convex or log-
concave functions. This enables us to get other examples for these transport inequalities.

Finally, Section 9 contains the proof of our general Kantorovich duality result, Theorem 9.5, for
a transport cost of the form (1.8).
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2. OPTIMAL TRANSPORT COSTS AND DUALITY

In this section, we introduce a general class of optimal transport costs and describe an associated
Kantorovich type duality formula.

2.1. Notations. Throughout the paper (X,d) is a complete separable metric space. The Borel
o-field will be denoted by B. The space of all Borel probability measures on X is denoted by P(X).

If v: Ry — R, is a lower-semicontinuous function satisfying
(2.1) 7(0)=0 and ~H(u+wv)<C(y(u)+vW)), u,v € Ry,

for some constant C', then we set

P(X) = {M € P(X); /v(d(x,xo))u(dac) < oo}

for some (hence all) z, € X. In the specific cases where ~,(u) := u", u > 0, r > 0, we use the
simpler notation P,.(X) := P, (X). We shall also consider the limit case vyo(u) := 1,20, u > 0, for
which P, (X) = P(X).

We also denote by ®-(X) (resp. ®,,5(X)) the set of continuous (resp. continuous and bounded
from below) functions ¢ : X — R satisfying the growth condition

(2.2) lp(@)| < a+by(d(z, z,)),  VeeX,

for some a,b > 0 and some (hence all) z, € X.

The spaces @, (X x X) and P, (X x X) are defined accordingly, with X x X equipped with
(say) the ¢; product metric.

The space P~ (X) will always be equipped with the o-field F, generated by the maps
Py(X) = [0,1] : v = v(A),

where A is a Borel set of X. In particular, one says that p: X — P,(X) : & — p, is a kernel if it is
measurable with respect to the Borel o-field B on X and the o-field F, on P,(X). This amounts
to requiring that, for all A € B, the map X — [0,1] : z — p,(A4) be Borel measurable.
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2.2. Costs functions, couplings and weak optimal transport costs. In this paper, a cost
function will be a measurable function ¢: X x P,(X) — [0, 00], for some fixed v satisfying (2.1).
For all m € P, (X x X), we set

I.[n] :/c(z,pz)m(dz),

where 71 is the first marginal of 7 and x — p, the (7;-almost everywhere, uniquely determined)
probability kernel such that

m(dzdy) = m1(dz)ps (dy).
Note that if 7 € P, (X x X), then p, € P,(X) for m; almost all x € X and thus the preceding
definition makes sense.

Given two probability measures p and v on X, we denote by
M(p,v) ={m € P(X x X);7(de x X) = pu(dz) and m(X x dy) = v(dy)}
the set of all couplings m whose first marginal is u and whose second marginal is v. Note also that
if, p, v € Py(X), then I(u, v) C Py(X x X).

Using the above notations, we introduce an extension of the well-known Monge-Kantorovich
optimal transport costs as follows.

Definition 2.3. Let c: X X Py(X) — [0,00] and p,v € Py(X). The optimal transport cost Te(v|p)
between p and v is defined by
Te(v|p) := inf I.[r] = inf /c(m,pz),u(dx).

mell(p,v) m€l(p,v)

Let us first remark that optimal transport costs in the classical sense (see e.g. [04, (5]) enter
the framework of this definition. Namely, if w : X x X — [0, 0o] is some measurable cost function,
and ¢(z,p) = [w(z,y) p(dy), for all z € X and p € P(X), then it is clear that

Tvli) =t { [[ wtep)atasdy) 7 < 1)}

which is the usual optimal transport cost related to the cost function w. In the sequel, we will
denote by T, (v, i) the usual Monge-Kantorovich optimal transport cost, defined by the right hand
side above. One sees that while in the usual definition every elementary transport of mass from pu
to v represented by p, is penalized by its mean cost [w(z,y)ps(dy), our definition allows other
types of penalization. See Section 2.4 below for some examples.

2.3. A Kantorovich type duality. If w : X x X — [0, 00] is lower semi-continuous, then ac-
cording to the well known Kantorovich duality theorem (see for instance [65, Theorem 5.10]), it
holds

To (v, ) = sup { [ v@utan) - [ o) u(dw} ,

where the supremum runs over the class of pairs (1, ¢) of bounded continuous functions on X such
that
U(z) —ely) Sw(z,y),  VoyelX.
A classical and simple argument shows that one can always replace ¥ by the function Q¢ defined
by
Que(r) = inf {o(y) +w(z,y)},  zeX.

Therefore, the duality formula above can be restated as follows

T (v, 1) = sup { [ Queta) ) - [ otw) u(dw} |

where the supremum runs over the class of bounded continuous functions ¢. In case the function
Qu is not measurable, then we understand [ Qu¢(x)u(dz) as the integral with respect to the
inner measure p, induced by p. Recall that if g : X — R is a function bounded from below, then

/ 9(w) e (d) = sup / £ (@) plde),
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where the supremum runs over the set of bounded measurable functions f such that f < g.

Under some semi-continuity and convexity assumptions on the cost function ¢, this duality
formula generalizes to our optimal transport costs in the sense of Definition 2.3. This duality
property is described in the following definition.

Definition 2.4. Let v : Ry — Ry satisfy (2.1) and ¢ : X x Py(X) — [0,+00] be a measurable
cost function. One says that duality holds for the cost function ¢, if for all p,v € Py(X), it holds

nwmwgﬁaﬁ/RquAM>m/wmwwﬁ,

Repo)i= wt L [ewpan) 4w} aex pea0n.

where

Section 9 is devoted to the proof of a general result showing that duality holds under mild
regularity conditions on ¢. Among these conditions, the main requirement is that ¢ is convex
with respect to the p variable. We refer to Theorem 9.5 for a precise statement. Since we do not
know whether the conditions of Theorem 9.5 are minimal, we prefer to postpone its statement to
Section 9 and to focus on particular families of cost functions (which are especially relevant for the
applications we have in mind) for which the duality holds.

2.4. Particular cases. Aswe already observed, if w : X x X — [0, 00| is a measurable function and
c(z,p) = [w(z,y)p(dy), z € X,p € P(X), then the associated optimal transport cost corresponds
the usual Monge-Kantorovich optimal transport cost 7, defined by

To (v, 1) Feg}iy) // x,y) w(dxdy).

Among these costs a popular choice consists of taking, for z,y € X, w(x,y) = a(d(z,y)), where
a:RY — RT is a convex function.

The simple idea that leads from this classical family of cost functions to the family of cost
functions described below, is to weaken ¢ by applying Jensen inequality:

(o) = [ atae)) pia) 2 o [ de)ptan)) = etop)

Cost functions of the form ¢ as above appeared (in the particular case of the Hamming distance)
in papers by Marton [42, 41], Dembo [16], Samson [52, 53, 54] in their studies of transport-type
inequalities related to Talagrand’s universal concentration inequalities for independent random
variables. See Section 6 for more information on the topic.

2.4.1. Marton’s cost functions. Fix a function v : Ry — R satisfying (2.1) and a convex function
a: Ry — [0,400]. The optimal transport cost associated to the cost function

(25) o) =a( [r6enpan).  sex,  pep ),
will be denoted by 7~'CY and is defined by
(2.6) Ta(v|p) = Weinrgw)/a (/v(d(ﬂc,y))pz(dy)) p(dz)

where = — p, is the probability kernel defined as usual by 7(dzdy) = p(dz)p.(dy). We will
refer to this family of cost functions / optimal transport costs as Marton’s costs since they were
first considered in [42] for v = 7y and a being the quadratic function, and therefore c¢(z,p) =

(f Loy (dy))* = p(X \ {a})2

Note that, in general, 7~; is not symmetric in u,v. Moreover, as we already observed above, if
w(z,y) = a(y(d(x,y))), then by Jensen’s inequality,

TaWp) < To (v, p).
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Finally, using probabilistic notations, one has

T, :'fE{EdX,YY],

Ta(vlp) = inf E| o(E[(dX,Y))[Y])
where the infimum runs over the set of all pairs of random variables (X,Y’) where X has law
and Y has law v. The following result gives sufficient conditions for duality for Marton’s costs.

Theorem 2.7. Assume either that

e (X,d) is a complete separable metric space, o : Ry — Ry is a convex continuous function
with «(0) = 0 and v : Ry — Ry 4s continuous,

e or (X,d) is either a compact space or a countable set of isolated points, a : Ry — [0, +00]
is a convex lower-semicontinuous function with «(0) = 0 and v : Ry — Ry is lower-
semicontinuous.

Then, duality holds for the cost function ¢ defined in (2.5). More precisely,
@9 T= sw { [ G - [ewvtan ] ne ),
PED, b (X)

o Qaip(z) = pe;)nf(x) {/sﬁ(y)p(dy) +a (/v(d(w,y))p(dy)> } ,
forze X, p e @, ,(X). w

We observe that, anticipating the present paper, the duality formula (2.8) was already put to
use in [29], in connection with displacement convexity of the relative entropy functional on graphs.

2.4.2. A barycentric variant of Marton’s cost functions. When X C R™ (equipped with an arbi-
trary norm || - ||) is a closed set, a variant of Marton’s costs functions is obtained by choosing

(2.9) c(x,p) =140 (:c - /yp(dy)) ; z e X, p € Pi(X),

where 6 : R™ — [0, 00] is a lower-semicontinuous convex function. The corresponding transport
cost is denoted by Ty and defined by

(2.10) Tooh) = __int [0 (o= [umtan)) uiao)

me€(p,v)
We use the notation T with a bar in reference to the barycenter entering its definition.

Using probabilistic notations, we have the following alternative definition

To(vu) = (g(r}ﬁ)E[@(X —E[Y[X]) ],

where the infimum runs over the set of all pairs of random variables (X,Y"), with X having law u
and Y having law v. Moreover, if w(z,y) = o(||z — y[|), z,y € R™, where oo : Ry — R is convex,
and 0(u) = a(||u]|), v € R™, then the following holds:

To(. 1) > Ta(wlp) > To(v|p).

As we shall see below, this family of transport costs has strong connections with convex functions,
and convex ordering of probability measures. In particular, the transport cost corresponding to
O(z) = |z|, x € R, will be involved in a new proof of a result by Strassen on the existence of a
martingale with given marginals (see Section 3).

Duality for this family of costs functions is established in the following result. Note that for
the “bar” transport cost, the duality formula for 7 can be expressed using only convex functions.
This fact will repeatedly be used in the applications.

Theorem 2.11. Let X C R™ be a closed subset of R™ equipped with a norm ||-|| and : R™ — R
be a convex function such that 0(x) > al|z|| + b, for all x € R™ and for some a > 0 and b € R.
Then duality holds for the cost function defined in (2.9). More precisely:
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(1) The following duality identity holds

To(v|p) = sup {/@es@(fﬁ)u(dw) —/so(y)V(dy)}, p,v € Pi(X),

PEP 1 (X)
where for all x € R™ and all p € O (X),

Tpola) = ,,e%}{m {/@(y)p(dzﬂ +6 (z - /yp(dy)> } :

Since P1(X) C P1(R™), the same conclusion holds replacing ®14(X) by ®1,(R™) in the
dual expression of To(v|u), and P1(X) by PL(R™) in the definition of Qyp.
(2) For all p € ®1,(R™) and all z € R™, it holds

Qop(x) = e {/ o(y) p(dy) + 0 (m = /yp(dy))} = Qop(),

where @ denotes the greatest convex function h : R™ — R such that h < ¢, and we recall
that Qeg(z) = infyerm{g(y) +0(x — )}, g € @1 (R™), z € R™.
(8) For all p,v € Pi(X), it holds

To(v|p) = sup { /Qg(p dp — /(pdl/; ¢:R™ = R, conver,
Lipschitz, bounded from below}.

The results (1),(2),(3) also hold when 6 : R™ — [0,400] is a lower semi-continuous convex
function and X is either compact or a countable set of isolated points.

2.4.3. Samson’s cost functions. Let 5 : Ry — [0, +00] be a lower-semicontinuous convex function
and pg be a reference probability measure on X. The choice

(2.12) o) = [ 5 (wd(w,y))j—;(y)) poldy),  we X,

if p € P is absolutely continuous with respect to pg on X \ {z}, and ¢(x, p) = 400 otherwise, yields
the family of weak transport 7 defined by

(2.13) Ta(vlp) = ﬂehrii,u)// ( iz(dy)) pio(dy) p(dx),

for all measures u,v € P1(X), absolutely continuous with respect to pg. Cost functions of this
type were introduced by the third named author in [54].

Again, if § = « is convex, then Jensen inequality gives
To(vlp) < Ta(vln),
but there is no clear comparison between ’7A'g(1/|u) and T, (v|p) with w(z,y) = a(d(z,y)), z,y € X.
Finally we state a duality theorem for the “hat” transport cost.

Theorem 2.14. Let (X,d) be a compact metric space or a countable set of isolated points. Let
B : Ry — [0, +00] be a lower-semicontinuous convex function with 3(0) = 0 and lim,_,~ B(x)/x =
+oo. Assume that v : Ry — Ry is lower-semicontinuous with v(0) = 0 and y(u) > 0 for all u > 0.
Let o be a reference probability measure on X. Then duality holds for the cost function defined in
(2.12). More precisely, for all p,v € P,(X) absolutely continuous with respect to po, it holds

Ta(vlu) = wesillb)(x){/QﬁSﬁ /sa(y)l/(dy)},

where for x € X and ¢ € O, ,(X),
nf d
Qae(x) = s p@o(mx\{z}{/w(y)p( y)

+ /ﬁ <v(d(fv,y)) j—;(@) duo(y)}~
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2.4.4. Notation. We end this section by introducing notations for the optimal transport costs
related to power functions. When a(z) = 2P, x > 0, p > 0, we will use the notation 7, and ’7~; to
denote the costs above. Accordingly, if X = R™ is equipped with a norm || - || and 0(x) = ||z||?,
we will denote the third transport cost by ’7_'p.

3. PROOF OF A RESULT BY STRASSEN
In this short section, we show that the transport cost T can be used to recover an old result
by Strassen [57] about the existence of a martingale with given marginals.

In the sequel, we equip R™ with an arbitrary norm || - ||. Let p, v € P;(R™); one says that u is
dominated by v in the convex order sense, and one writes u <¢ v, if

/fdus/fdu,

for all convex! f : R™ — R. Note that, in particular, this implies that f fdu= f f dv for all affine
maps f: R™ — R.

It is not difficult to check that p <¢ v if and only if [ fdu < [ fdv for all 1-Lipschitz and
convex f : R™ — R bounded from below?.

The following result goes back at least to the work of Strassen [57].

Theorem 3.1. Let p,v € P(R™); there exists a martingale (X,Y), where X follows the law u
and Y the law v if and only if p <¢c v.

Below we obtain Strassen’s theorem as a consequence of the duality formula for the cost 7
given in the following proposition.

Proposition 3.2. For all p,v € P1(R™),

Ti(vlp) = sup{/tpdu - /(pdl/;(p convez, 1-Lipschitz,

bounded from below}.

Proof. We already know from Point (3) of Theorem 2.14 that for all p, v € P1(R™) it holds

T1(v|p) = sup { /Qltp dp — /(pdl/; © convex, Lipschitz,
bounded from below}.

with Q1¢(z) = infyerm{p(y) + ||z —y||}, x € R™. It is easy to check that if ¢ : R™ — R is convex
and bounded from below, so is Q1¢: R™ — R. Being an infimum of 1-Lipschitz functions, Q¢ is
itself 1-Lipschitz. Moreover, if ¢ : R™ — R is some 1-Lipschitz convex function, then Q¢ = 1;
namely, for all x € R™, one has

0> Qup(x) —P(x) = inf {P(y) — () + [l —yll} > 0.

yER™

INote that since w,v € P1(R™), any affine map is integrable with respect to p and v. Since a convex function
is always positive up to the addition of some affine map, we see that the integral of convex functions with respect
to p and v makes sense.

20ne possible way to prove this is to use the fact that if f: R™ — R is convex, then the classical inf-convolution
operator Q¢ f(x) := inf,erm { f(y)+ % |l —yl|} is convex, 1/t-Lipschitz and Q¢ f(z) T f(z) when ¢ — 0 for all z € R™.
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From these considerations, we conclude that

Ta1(vlp)

= sup {/ Qrodu — /cpdz/; ¢ convex Lipschitz bounded below}

< sup {/1/) dp — /1/) dv; 1 convex, 1-Lipschitz, bounded below}

sup {/Qlw dp — /Q/Jdu;w convex, 1-Lipschitz, bounded below}

< sup {/ Qrodu — /(pdu; ( convex, Lipschitz, bounded below} .

This concludes the proof. O

Proof of Theorem 3.1. If ®© € TI(p,v) denotes the law of (X,Y), the condition that (X,Y) is a
martingale is expressed by

(3.3) /ypi(dy) =z, for pu almost every z € R™.

Recall that 71 (v|p) = infrenuw) [ |2 — [ ypa(dy)||p(de). Therefore, there exists some 7 € TI(u, v)
satisfying (3.3) if and only if 71(v|u) = 0. Since, by Corollary 2.11,

T1(v|p) = sup { /fdu - /fdu; f:R™ — R, 1 — Lipschitz,
convex and bounded below},

the expected result follows. O

Remark 3.4. Let us note that we obtained in fact the following slightly more general result: Let
e > 0 ; two probability measures p,v € P1(R™) satisfy [ fdp < [ fdv + e, for all 1-Lipschitz
convex functions f : R™ — R, if and only if there exists a pair (X,Y) of random variables, with
X of law p and Y of law v, such that

E[| X - E[Y[X]|l] <e.

4. TRANSPORT-ENTROPY INEQUALITIES: DEFINITIONS, TENSORIZATION, AND DUAL
FORMULATION

In this section, we introduce a general notion of transport-entropy inequalities of Talagrand-type
and investigate them.

4.1. Definitions. We recall that if u, v are two probability measures on some space X, the relative
entropy of v with respect to u is defined by

d
H(v|p) = /log (#) dv € Ry U{+o0},
if v < p. Otherwise, ones sets H(v|u) = +o0.
Definition 4.1 (Transport-entropy inequalities T.(a1,a2) and T.(b)).

Let c: X x P (X) — [0,00] be a measurable cost function associated to some lower-semicontinuous
function v: Ry — Ry satisfying (2.1), and p € Py (X).
e The probability measure p is said to satisfy T.(a1,az), for some ay,as > 0 if
(4.2) Te(r1|ve) < arH(vi|p) + asH (v2|p), Vi, vs € Py(X).
e The probability measure u is said to satisfy TT(b) for some b > 0, if
(43) Tl <bH@lE), Yo € Py(X).
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e The probability measure p is said to satisfy T. (b) for some b >0, if
(4.4) Tolulv) SbHWlp), Vo€ Py(X).

For the specific transport costs 7~;, and 7_',, introduced in Section 2.4.4 we may use the corresponding

£(b), respectively Tp(a1,az), Tpi(b).

notations 'T'p (a1,a2), 'f‘p

Let us comment on this definition. First we note, that when ¢(z,p) = [w(z,y) p(dy), (4.3) and
(4.4) give back the usual transport-entropy inequalities of Talagrand type (see [37], [65] or [23]
for a general introduction on the subject). Also, we observe that T.(ai,0) or T.(az,0) (which
are not considered in the above definition, since aj,as > 0) has no meaning. Indeed, if T.(a1,0)
holds, then T.(v1|v2) < a1 H(v1|u) for all vy, 15 which in turn implies 7. (u|v2) = 0 for all vo which
is impossible. Finally, using the convention that 0 - co = 0, we observe that T} (b) is formally
equivalent to T (b, 00), and T (b) is equivalent to T (o0, b).

As for the classical inequality, T.(a1,a2) does enjoy the tensorization property. Moreover, if
duality holds for the cost function ¢ (in the sense of Definition 2.4), we can state a dual character-
ization of T.(a1,as) in the spirit of Bobkov-Gétze dual formulation [3].

We now state these properties and characterizations.

4.2. Bobkov-Gotze dual characterization. The following characterization extends, thanks to
the dual formulation of the transport cost [3]; see also [23].

Proposition 4.5 (Dual formulation). Let c¢: X x Py(X) — [0,00] be a measurable cost function
associated to some lower-semicontinuous function v: Ry — Ry satisfying (2.1). Assume that
c(x,0;) = 0 for all x € X and that duality holds for the cost function c¢. For p € Py(X) and
ay,az,b> 0, Items (i)’s and (ii)’s are equivalent:

e (i) T.(ar,az2) holds;
(i) for all ¢ € @, ,(X) (resp. for all non-negative ¢ € @), it holds

w (el ([l ) e

e (i') TF(b) holds;
(1) for all p € @, (X)) (resp. for all non-negative ¢ € &), it holds

(4.7) eXp{/Rctpdu} (/exp{%"}du)b <1

o (i) T, (b) holds;
(¢") for all ¢ € @, ,(X) (resp. for all non-negative ¢ € @), it holds

(45) </exp{%}du>bexp{/wdu}s1,

where we recall that Rep(x) = infep_ (x) {[ () p(dy) + c(z,p)}, = € X.

Moreover, specializing to the “bar” cost Tg, one can replace, in (ii), (ii') and (ii"), Rep by
Qo = infyerm {p(y) +0(- —y)} and restrict to the set of functions ¢ that are convex, Lipschitz
and bounded from below.

Remark 4.9.

o The preceding result thus applies to the cost functions defined in Section 2.4 under the
assumptions of Theorems 2.7, 2.11 and 2.14 and more generally to all the cost functions
satisfying the assumptions of our general duality Theorem 9.5.

e In the result above, we implicitly assumed that functions R.p were measurable. If it is not
the case, then integrals of R.p with respect to p have to be replaced by integrals with respect
to the inner measure fi.
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o When c(z,p) = 0 (x— [yp(dy)), = € R™, p € Pi(R™), for some convex function 0 :
R™ — Ry, the inequality T.(a1,az2) is thus equivalent to the following exponential type
inequality first introduced by Maurey [43] (the so-called convex (T)-property):

Qo a2 2 a“
</ej’;_ du) </ e a1 du) <1, Vo : R™ — Ry conver.

Proof. By duality (i.e. using Definition 2.4), T.(a1, az2) is equivalent to have

R.
as (/ (pdVQ—H(ng))—l—al (/—ﬁdyl—H(ulm)) <0,
as ai

for all ¢ € @, 4(X) and all 11,5 € P,(X) with finite relative entropy with respect to u. The
expected result follows by taking the (two independent) suprema, on the left hand side, over 14
and vo, and by using Lemma 4.10 below. Note that since ¢(z, . ) = 0 for all z € X, one always has
Rep < o, for all p € @, ,(X) and so the function ¢ = R.¢/as satisfies the assumption of Lemma
4.10. This completes the proof of the equivalence (i) < (ii).

Note that (4.6) is invariant under translations ¢ — ¢+ a and so the functions ¢ can be assumed
non-negative.

The two last equivalences follow the same line (and the details are left to the reader). Similarly,
the specialization to the “bar” cost is identical, one just needs to apply Item (3) of Theorem
2.11. O

Lemma 4.10. Let p € P, (X) for some lower-semicontinuous function v : Ry — Ry satisfying
(2.1); for all measurable function ¢ : X — R such that ¢ < ¢ for some ¢ € ®,(X), it holds

sup {/de—H(uLu)} zlog/ewdu.
veP,(X)

Proof of Lemma 4.10. Consider the function U(x) = xlog(z), z > 0. A simple calculation shows
that U*(t) := sup,-o{tr — U(x)} = e'~1, t € R. Since ¥ < ¢, for some ¢ € ®,(X), one concludes
that [[¢]+ dv is finite for all v € P, (X), and thus [ dv is well-defined in R U {—oc}. Let v <
; applying Young’s inequality xy < U(z) + U*(y), x > 0,y € R, one gets

/wyg /U*(¢) dqu/U <j—Z> du:/e¢*1du+H(y|u).

Applying this inequality to ¥ + u, where u € R, we get

/de—H(uLu) §e“_1/ewd,u—u,

and this inequality is still true, even if v is not absolutely continuous with respect to p. Optimizing
over u € R and over v € P, (X) yields:

sup {/de—H(uLu)} < log/ewdu.
vEP(X)

To get the converse inequality, consider Ay = {z € X;¢(x) < k}, for & > 0 large enough,

vi(dz) = fe%(:)d#lflk (x) p(dz) . Since p belongs to P,(X) and vy has a bounded density with
k

respect to u, v, also belongs to P, (X). Furthermore

/Q/Jduk — H(vg|p) =log (/ewuk du) — log (/ewdu) ,

when k& — oco. This completes the proof. O
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4.3. Tensorization. In this section, we collect two important properties which will allow us to
deal with one-dimensional measures in applications.

Theorem 4.11 (Tensoring property). Let v: Ry — Ry be a lower-semicontinuous function sat-
isfying (2.1), (X1,d1),...,(Xn,ds) be complete separable metric spaces equipped with measurable
cost functions ¢; : X; X Py(X;) — [0,00], ¢ € {1,...,n} such that c;(z;,04;) = 0 and p; — ¢;(xi, p;)
is convex for all x; € X;. For allt € {1,...,n}, let p; € P,(X;) satisfying the transport inequality

T., (agi), agi)) for some agi), agi) > 0. Then the product probability measure j11 & --- & i, satisfies

(@)

the transport inequality T.(a1,as), with a1 := maxiagl), az = max;ay , for the cost function
c: Xy x - x Xy X Py(Xy X -+ x X)) = [0,00) defined by
C('rap) = Cl(-rlapl) +---+ Cn(wnapn)a

for all x = (z1,...,2,) € X1 X -+ x Xy, and for all p € P (X1 X -+ x X,,), where p; denotes the
i-th marginal distribution of p.

The following is an immediate corollary of Theorem 4.11.

Corollary 4.12. Letv: Ry — Ry be a lower-semicontinuous function satisfying (2.1) and assume
that 1 € Py(X) satisfies the transport inequality T.(a1,a2) for some ai,az > 0 and some cost
function ¢ : X x Py(X) — [0, 00] that satisfies c(z,0,) = 0 and p — c(z,p) convex for all z € X.
Then for all positive integers n, the product probability measure ™ € P (X™) satisfies the inequality
Ten(ay,as), where ¢ : X™ x Pp(X™) = [0,00) is the cost function defined by

n

Cn(‘m)p) ::Zc(wiapi)a 'T:(-Tla---awn)eXna pelp’y(Xn)a
i=1

where p; denotes the i-th marginal distribution of p.

The proof of Theorem 4.11 is postponed to Appendix A.

5. TRANSPORT-ENTROPY INEQUALITIES : LINK WITH DIMENSION-FREE CONCENTRATION

In this section, extending [22], we characterize the transport-entropy inequality T.(a1,az2) in
terms of a dimension-free concentration property. We recall first (and introduce) some notation.

Let v: Ry — R4 be a lower-semicontinuous function satisfying (2.1) and ¢ : X xP(X) — [0, 00)
such that c(x,6,) = 0 for all z € X. Recall from Corollary 4.12 that for all integers n > 1,

n

c"(z,p) ::Zc(xi,pi), x=(21,...,2,) € X", p € P (X"),
i=1

where p; denotes the i-th marginal distribution of p. For all ¢ € ®.,(X™), define as before
Renp(x) =  inf / dp + " (x, }, re X
() e { @dp+c"(z,p)
Finally for all Borel sets A C X", let

ci(x) = " (z,p), re X",

inf
pEP, (X™)ip(A)=1
and, for ¢ > 0,
A i={z e X" : cli(x) <t}.

5.1. A general equivalence. We are now in a position to state our theorem.

Theorem 5.1. Let v: Ry — Ry be a lower-semicontinuous function satisfying (2.1) and ¢ :
X X Py(X) — [0,00) a measurable cost function such that c(x,d,) = 0 for all x € X, and for
which duality holds in the sense of Definition 2.4. For p € P,(X) and a1,a2 > 0, the following
are equivalent:

(i) w satisfies Te(ar,az);
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(i1) there exists a numerical constant K such that for all integers n > 1, for all Borel sets
A C X™, it holds

(5.2) pH(XT\ A2 (A) < Ke™t V> 0.

(¢it) there exists a numerical constant K such that for all integers n > 1, for all non-negative
p € Oy (X™), it holds

W (Ronip > )" (0 < 0)" < Ke™™"  Vu,v e R
Remark 5.3.

e The implication (i) = (ii) was first discovered by Marton [40, 42, 41]. This nice observation
1s at the origin of the interest in transport-entropy inequalities.

e The implications (i) = (ii) and (ii) = (i) are in fact true solely under the assumptions
c(x,0,) =0 for all x € X and p+— c(x,p) is conver, as the proof indicates.

Proof. First we prove that (i) implies (ii). Since p satisfies T.(a1,az), by the tensorization prop-
erty, for all positive integers n, it holds

Ten (n1|v2) < arH (v |p") + azH (vo|p"),

for all v1,v5 € Py(X™). Let A C X™ be a Borel set and define 14 (dz) = iﬁ((j)) p"(dz) and
vo(dx) = ;f—((?) " (dz), where B = X™\ A}, for some ¢ > 0. Then H(11|p™) = —logu™(A) and
H(va|p) = —log ™ (B). Furthermore, if m € II(vs, v1) with disintegration kernel (pg)gzexn, then
for vo almost all € X™, p,(A) = 1. Therefore,

p"(dz) > t,

[ etapmian = [ i)

where the last inequality comes from the fact that ¢’;(z) > ¢t forallz € B = {z € X" : ¢4 (z) > t}.
Taking the infimum over all 7 € II(va, 1) finally yields

t < Ten(v1]p2) < —axlog(u"(A)) — azlog u" (X™ \ AY),

which proves (7).

Now we prove that (i7) implies (i4¢). Fix n > 1, m € R, t > 0 and a non-negative ¢ € &, (X").
We will prove that {Reongp > m +t} C {¢i > t} with A := {¢ < m}. To that aim consider
z € {Renp > m +t}. Then, for all p € P,(X") with p(4) = 1, we have [¢dp < m so that, by
definition of R, it holds

TWH</w®+ﬂ@MSm+f@M~
Hence, taking the infimum over all p with p(A) = 1 leads to ¢4 (x) > ¢, which is the desired result.

Point (zi7) then immediately follows applying Point (i7) to A.

Finally we prove that (i7i) implies (7), following [24]. Fix ¢ € (0,1). Given f € ®,(X), non-
negative, let p(z) = f(x1) + f(z2) +--- + f(xn), © € X™. Then, ¢ € &,(X") is also non-negative
and Renp(z) = 1" | Ref(2;), so that, using the product structure of p”,

Ref a2 o a“
</e(1+£)a2 d‘u) </e (1—e)ay d‘u)
R a2
(54) = (/e(lfi)az dun) (/ e_(lfﬁ)al d’un)

a1
n
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Our aim is to prove that the right hand side, to the power n, is bounded. Thanks to Point(iii),
for any v € R it holds

R.n¢ o R,n
/e(1+z)a2 d/,l/n =1 +/ euun (’780 >u du
0 (1+€)a2
()0 Tag 1 (A-eglajw © -

<14+pu" | ———<w Kaze a2 e " du
(I-¢)as 0
Tay (l1—e)aqv
:1+lﬂn((i<v) PKie wm

In particular, for all v € R,

R.n¢ a1 © 1 e—av
—1 + /e(1+s)a2 d/j/n e_vun [ A S v S K a1 —-
(1 - E)al ga1

Since [ Tom du" = [ e~V —2— < w) dv, integrating the latter implies that
H 0 o\ T a; g g

R.n e n ar _ %) n Ki
—1 + e (1+e)az dﬂ e (d-9)ap dﬂ S ﬁ

This in turn implies, by simple algebra that

R.ny a2 @ @1
(/e(l+€)a2 d’un) (/ e (T—o)ap dun)
_a1y a2 @
(e Y (e
g
a1 az

_ =B AR 1
= e U dy +€1T%

< ! "
< 1+€1TZ—; ;

where in the last line we used that ¢ is a non-negative function.

Plugging this bound into (5.4) leads, in the limit n — oo, to

Ref a2 s “
(/e(1+5)a2 d’u) (/ e (d—oai d’u) < 1.

Taking £ to 0 gives T.(a1, az), thanks to Proposition 4.5. O

5.2. Particular cases. In this section we focus on concentration inequalities related to the usual
Monge-Kantorovich transport-cost and to barycentric transport-costs.

5.2.1. Usual costs. Note that when ¢(z,p) = [w(z,y)p(dy), for some measurable w : X x X —
[0,00), the enlargement A} of some set A C X reduces to

A ={z e X™3yec Ast. Zw(xiayi) <t}.
i=1

In particular, when X = R™ and w(z,y) = ||z — y[|", r > 2, where || - || is a given norm on R™,
then denoting by

(5:5) By = {»’C € (Rm)";z [li]]" < 1} ;

it holds
AP = A+ tY/"B".
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Concentration of measure inequalities are usually stated for enlargements of sets of measure
bigger than 1/2 as in (1.2) (see [37]). In what follows we connect (5.2) to the usual definition for
some families of cost functionals.

Lemma 5.6. Consider a cost function c of the form

d%mz/auuw»mwx reX, pePy(X)

with v : Ry — Ry an increasing convex function such that v(0) = v/(0) = 0 and suppose that ~
satisfies (2.1). Suppose also that, for a given n € N*, a probability measure u on X satisfies, for
some constants a > 0,b > 1, the following concentration property :
(5.7) pM(Xm\ AP <be”te Wit >0,
for all A C X™ such that u™(A) > 1/2.
Then 1 satisfies the following property : for all s € (0,1) and for all A C X™,
(5.8) P (X AP A= VST < pemtle >0,
where the exponent r is defined by r = sup,o 2y, (x)/y(x) € (1,00), (here v stands for the right
derivative).

Conversely, if the concentration property (5.8) holds, then one has (by optimizing over all s €
(0,1)), for all A C X™ such that p™(A) > 1/2, for all t > max(alog(2b),0),

(1—s)7 1

AN < it (007 ) geteor e,

s€(0,1)

with s(t):( log 2 )m.

iflogb

Proof. The fact that 1 < r < oo follows from (2.1) and the convexity inequalities y(2z) > v(x) +
vy (z) and y(z)/x < +'(z), x > 0.

To clarify the notations, we will omit some of the dependencies in n in this proof. The fact that
(5.7) implies (5.8) is a consequence of the following set inclusions (that are justified at the end of
the proof):

(@) ACX"\((X"\A,),), Yu>0,
and for all s € (0,1),

(b) (Au)v C A(ul/TJr’Ul/T)T C A%J’» Yu,v > 0.

—r
(1—s)r—1

The last inclusion above follows from the identity,

T u v
5.9 (w/r+017) = inf .
(59) we se%,l) sr—1 * (1—s)r—1t
Let t >0,s€ (0,1) and A C X™ and let us consider the set B = Ag—1;.
If w(B) > 1/2 then by applying first (b) for v = s"7't and v = (1 — s)""1¢, and then the
concentration property (5.7), we get

X"\ A) < p(X"\ Ba_gyr1y) < be~ (=) t/a,

If u(B) < 1/2 then pu(X™\ B) > 1/2. Therefore by applying first (a) for u = s"~'t and then the
concentration property (5.7), we get

p(A) < p (XN (X" B)gro1g) < bem™ e,
As a consequence in any case the concentration property (5.8) holds.
Now let us justify the inclusion properties (a) and (b).
To prove (a) let us show that AN (X™\ A,), = 0. Suppose on the contrary that there is some
re AN (X™\ Ay),, then there is some y € X™\ A, such that >_7" ; y(d(x;,y;)) < u. But, since

y € X"\ Ay, it holds Y7 | v(d(yi, zi)) > u for all z € A. In particular, taking z = z, one gets a
contradiction.
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Finally, let us show (b). According to e.g. [26, Lemma 4.7], the function = + y/7(z) is subbad-
ditive. It follows easily that (z,y) — (O, 'y(d(xi,yi)))l/r defines a distance on X™. Point (b)

then follows immediately from the triangle inequality. |
For the next corollary, recall the definition of B} given in (5.5).

Corollary 5.10. Let r > 2 and consider the cost c(x,p) = [ ||z —y||" p(dy), € R™, p € P1(R™),
where || - || 4s a norm on R™. For a probability measaure u € P.(R™), the following propositions
are equivalent :

(1) There exist ai, by > 0 such that, Vn € N*,
pM(A+ "B > 1 —be />0,

for all sets A such that pu™(A) > 1/2.
(2) There exist as, by > 0 such that, Vn € N*,

p(f > med (f) +7) < bge™t /92 Wt >0,
for all f: (R™)" — R which are 1-Lipschitz with respect to the norm || - || defined on
(R™)™ by

n 1/r
[l = (Z ||$i|T> , T e®M)".
=1

(3) There exist as,bs > 0 such that, ¥n € N*, Vs € (0,1), and VA C (R™)",
P (R APV O AT < gt > 0,

where AP = {x € (R™)";c%(z) <t} = A+tY/"B".
(4) Jag > 0 such that Vs € (0,1), u satisfies

TT(a4/sT_1, as/(1— s)T_l) .

(5) Jas > 0 such that p satisfies T (as) (which is equivalent to T, (a5) for that cost).

Moreover (1) < (2) with az = a1 and ba = by, (3) = (4) with as = as, (4) = (3) with az = a4
and by = 1, (4) & (5) with ay = as, (1) = (3) with a3 = a1 and by = by, (3) = (1) with

(1—sr—1

by = bgl_s)PlQ -1 anda; = # for any s € (0,1).

Note that this result is not as general as possible; see [22, Theorem 1.3] for a similar statement
involving more general cost functions.

Proof. The equivalence (1) < (2) is very classical (see e.g [37, Proposition 1.3]).

The implications (1) = (3) and (3) = (1) are given in Lemma 5.6. (3) = (4) and (4) = (3) are
consequences of Theorem 5.1.

If the property (4) holds, then for all vy € P,

aq
Srle(m'M) Vs € (0,1).

Tr(vi, ) = Te(vi|p) <

As s goes to 1, we get (5), u satisfies T} (a4) or equivalently T, (a4).
Conversely assume that (5) holds. By the triangular inequality, we get for all 14,15 € Py,

Te(nlvn) = T, 0) < (T, )Y 4+ To )7 )|
< ((asH )" + (asH(va|n) /")

The property (4) with a4 = a5 then follows from the identity (5.9). O

T
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5.2.2. Barycentric costs. When c(z,p) = ||z — [yp(dy)||", x € R™,p € P1(R™), for some norm
| - || on R™, then the enlargement of a set A C (R™)" reduces to

AP = conv(A) 4+ t/"B”,

denoting by ctonv(A) the closed convex hull of A and B} as defined in (5.5). Indeed, denoting
| - ||7, for the norm defined on (R™)" by ||lz||" = (3 i, llzi]|7)"/", then, for all = € (R™)", it holds
ca(z) = infyec{llz — ylI't = inf &{llz — yll}, with C' = {[yp(dy);p € P1(A)}. It is well known
that C' = conv (A), which proves the claim.

The result below shows in particular that inequalities Tgt are responsible for Gaussian demension-
free concentration for convex and concave Lipschitz functions.

Corollary 5.11. Let r > 2 and consider the cost c(z,p) = ||z — [yp(dy)||”, z € R™, p € P1(R™).
For p € P1(R™), the following propositions are equivalent :

(1) There exist a1,by > 0 such that, ¥n € N*,
pMA+tTBY) > 1 —be />0,

for any set A which is either convex or the complement of a convex set and such that

pt(A) > 1/2.
(2) There exist az, by > 0 such that, Vn € N*,

p(f > med (f) + 1) < boe™t /92, vt >0,

for all f: (R™)" — R which is either convex or concave and 1-Lipschitz with respect to
the norm || - | defined on (R™)" by

1/r
Jally = (Z ||xz||’“> . rE®")
(3) There exist as,bs > 0 such that, Vn € N*, Vs € (0,1), and VA C (R™)"

u (R Ap)H e

where A} = {x € (R™)"; % (x) <t} = conv A + t*/" B,
(4) There exists ay > 0 such that p satisfies T, (sr I, W) Vs € (0, )

1
(5) There exists as > 0 such that p satisfies TT (as) and p satisfies T, (as
)

yret

pr (AT < byt >0,

Moreover (1) < (2) with az = a1 and by = b1, (3) = (4) with ay = a3, (4
and by = 1, (4) & (5) with ay = as, (1) = (3) with a3 = a1 and bs

(175)7“—1

by = bglfS)PlQ 1 and a; = (Piﬁ for any s € (0,1).

= (3) with az = ay4
b1, 3) = (1) with

Proof. Adapting [37, Proposition 1.3], one sees easily that (1) < (2), and, according to Theorem

=

5.1, (3) & (4).

Let us show that (3) implies (1). Let A be a convex subset. As in Lemma 5.6, if p"(A) >
1/2, then, by applying (3) to A and since 4; = A + t'/"B", we get (1) for convex sets with

(1—s)" 1

by = bgl_s)ril2 T and ay = == for s € (0,1). Let D = (R™)™ \ A and assume that
(D) >1/2. For all t > 0, the set C' = (R™)" \ (D 4 t'/"B") is convex and satisfies for all ¢ < t,

Cy = (C+t""B") c (R™)™\ D.

Since p" (D) > 1/2, it follows that p™((R™)™\ Cy) > 1/2. As a consequence, applying (3) to the
set C, we obtain for all ¢ > ¢/ > 0, for all s € (0,1),

1 _
s r—1,/

PR\ (D + ¢ BY)) = p(C) < b5 2T e

As t’ goes to t, this implies the concentration property (1) for complement of convex sets.
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We adapt the proof of Lemma 5.6 to get (1) = (3). The property (a) is replaced by the following,
for all subset A,

() AceomvAc (R™"\[(X\A,)+u/"B", u>0.

Since A, = conv A + u!/"B?, this property (a’) is a simple consequence of the property (a)
applied to the set conv A. For the same reason, the property (b) still holds. Then following the
proof of Lemma 5.6, by using (a’) and (b), with the set B = A —14, s € (0,1), and applying the
concentration property (1) to the convex set B or to it’s complement (R™)™\ B, we get (1) = (3)
with as = a; and bz = by.

The equivalence between (3) and (4) is a consequence of Theorem 5.1.

If the property (4) holds, then for all v1,v5 € P, and for all Vs € (0, 1),

ﬁH(VﬂM)-

As s goes to 1 or to 0, we get (5) — that p satisfies T:r(a4) and T, (ay).
Conversely assume that (5) holds, then (4) follows with ay = as by the following triangular
inequality, for all vy, 5 € P,

7_—T(V1|V2)1/T < 7_—7‘(V1|/’[’)1/T +7_—T(M|V2)1/T-

Toilw) < 5 H(lw), and To(ulve) <

6. UNIVERSAL TRANSPORT COST INEQUALITIES WITH RESPECT TO HAMMING DISTANCE AND
TALAGRAND’S CONCENTRATION OF MEASURE INEQUALITIES

This section is devoted to universal transport-entropy inequalities associated to the weak trans-
port costs 7 and 7 with respect to the Hamming distance.

6.1. Transport inequalities for Marton’s costs. In this section, we recall a transport-entropy
inequality obtained by Dembo [16], improving upon preceding works by Marton [41] and used in its
dual form by the third named author [54] to obtain optimal concentration bounds for supremum
of empirical processes.

Let us introduce some notation. For ¢ € (0, 1), define oy by

t(1—u) log(1—u)—(1—tu) log(1—tu) f0<u<1
ai(u) = .

T1-10)
400 otherwise

and also set ag(u) = (1 —u)log(l —u) +u and a;(u) = —u —log(1 — u) when u € (0,1) (and +oo

otherwise). Let us consider the cost of the form 7 associated to ay:

’7~'at(1/1|1/2) = inf/ozt </ lz;gypz(dy)) vo(dx),
where the infimum runs over the set of kernels p such that vop = 1.

Theorem 6.1. Let (X,d) be a polish space, t € (0,1) and p € P(X). Then, for all probability
measures v1,Vs on X, it holds

~ 1 1
(6.2) Ta,(nfve) < == H(|p) + S H(va|p).

Fort =0, it also holds

Tao (1l11) < H(1|),
and fort =1,

Tou (plv2) < H(vo|p).
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The transport inequality (6.2) is due to Dembo [16, Theorem 1.(i)]. A short proof of this theorem
is given in [54] (see Lemma 2.1.) As shown in [54], the behavior of the family of cost functions o
allows to capture optimal bounds for the deviations of suprema of empirical bounded processes.

Let us just recall simple and useful corollaries of Theorem 6.1. First observing that o(u) >
u?/2, we immediately recover using Theorem 5.1 (implication (i) = (ii)) the following celebrated
concentration result by Talagrand (see [60, Theorem 4.1.1]).

Corollary 6.3. For any probability measure p on X, it holds

1
pt (X" AY) < meist/{ vVt > 0,Vs € (0,1),

for all A C X™ and n € N*, where

AP = {y € X" :3p e P(X") with p(A) =1 such that

n

b (/ 1wi¢yip(dx))2 < t}.

i=1

We refer to [60, 37, 2, 19, 50] for applications of this concentration inequality, under the so-called
convex hull distance .

Corollary 6.4. Suppose that p is a probability on R™ (equipped with some arbitrary norm || -
II) such that the diameter of supp(u) is bounded by M > 0. Then p satisfies the inequality
T2 (4M?,4M?) and thus To(4M?2,4M?).

Proof. Observe that da;(u) > u?/2, for all u € [0,1] and ¢ = 1/2. Furthermore, if vy, vy are abso-
lutely continuous with respect to p then supp(v;) C supp(u). Therefore, if 7(dzdy) = v (dx)p.(dy)
is a coupling between vy and vy, then [ ||z — y|| pz(dy) < M [ 1{y4,} p2(dy), for vi-almost all z,

and so
1 2
s | ([ 12— vlputan) i)
(1
< [ae(57 [ b= vlpatan)) maw)
< /dt (/ Loz Pz(dy)) vi(dz).
Optimizing over all 7, and then using Theorem 6.1 for ¢ = 1/2, completes the proof. O

We recover from the preceding result, and Corollary 5.11, the well-known fact that any prob-
ability measure with a bounded support satisfies demension-free Gaussian type concentration for
convex/concave Lipschitz functions.

6.2. Transport inequalities for Samson’s costs. Now we consider a stronger variant of Theo-
rem 6.1 involving costs of the form 7. To state this result we need to introduce additional notation.
For t € (0,1), one sets
Be(u) :=sup {su— p;(s)}, u € R.
seR
where (3} is defined by

R (e o |

Bi(s) == =) , s eR.

We extend the definition for ¢ € {0,1} by setting
Bi(s)=e®*—s—1 and Bi(s)=e*+s—1, Vs € R.
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In general, 8; does not have an explicit expression, but for ¢ € {0,1} an easy calculation shows
that

ol = (1+w)log(l +4) —u, w2 -1
Bi(u) = Bo(—u) = (1 —u)log(l —u) +u, u<I.

Finally, consider the cost of the form T associated to these functions:

Townlia) =it [[ 5 (10 220) ) ()

where the infimum runs over the set of kernels p such that, in addition, p, < p for ve-almost all
reX.

Theorem 6.5. Let (X,d) be a compact metric space or a countable set of isolated points. Let
t €(0,1) and p € P(X). Then, for all probability measures v1,vs on X, it holds

~ 1 1
(6.6) To.(vilve) < 7= Hilp) + S H(ve|p).

Fort =0, it also holds

Too(vili) < H(nw),
and fort=1,

T, (nlv2) < H(va|).

By Proposition 4.5 and Theorem 2.14, one sees that Theorem 6.5 is exactly the dual form of
Theorem 1.1 of [54] (for n = 1). This new expected formulation of Theorem 1.1 in [54] is therefore
a direct consequence of the generalization of the Kantorovich theorem (Theorem 9.5).

A direct consequence of Theorem 6.5 and implication (i) = (ii) of Theorem 5.1 is the following
deep concentration result that improves the one by Talagrand [61, Theorem 4.2.].

Corollary 6.7. For any probability measure i on X, it holds

1

pt(X™M\ AT < me

—st vt > 0,Vs € (0,1),

for all A C X™ and n € N*, where

AY, = {y € X" :3Ip e P(X") with p(A) =1 and p; < p, Vi

such that ; / Bs <1xi¢yi ﬁ(%)) p(de) < t},
where we recall that p; denotes the i-th marginal of p.

In Talagrand’s paper [61], this kind of concentration result is the main ingredient to get devia-
tion inequalities of Bernsteintype for suprema of centered bounded empirical processes. Starting
from the optimal transport inequality of Theorem 6.5, the third-named author has obtained op-
timal constants in the Bernstein bounds for the deviations under and above the mean [54]. This
transportation method is an alternative of the entropy method introduced by Ledoux [36], and
then developed by many authors. We refer to the book by Boucheron, Lugosi and Massart [15] for
more development in this field.

Below, we sketch the proof of Theorem 6.5, by revisiting and to some extent simplifying some of
the arguments given in [54] with the help of the duality results developed in the present paper and
n [24]. The first of these duality formulas is Kantorovich duality for the cost T given in Theorem
2.14. The second formula is more classical and is recalled in the following proposition.
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Proposition 6.8. Let 5 :[0,00) = R be a lower semi-continuous strictly convex and super-linear
function (i.e. f(x)/x — +00 as x — 00). Let p be a probability measure on a polish space X and
denote by Ug the function defined on P(X) b

Us(v) = /ﬂ <Z:) du,

if v is absolutely continuous with respect to i and +oo otherwise. Then, for any bounded continuous
function ¢ on X, it holds

sup {/w(w)p(dw) Us(v } inf {/ﬂ® ) p(dx) — }
veEP(X) teR
where B® denotes the monotone conjugate of 3, defined by € (x) = sup zy —By)}, z € R.
g y>0

We refer to [24, Proposition 2.9] for a short and elementary proof of this result.

We begin with an elementary lemma connecting monotone and usual conjugates of our functions
B¢. The proof is left to the reader.

Lemma 6.9. For allu € R, B®(u) = B; ([u]+).

The next lemma gives an expression of @ 8:¢, which will be crucial in order to establish the dual
form of the transport inequality.

Lemma 6.10. Let (X,d) be a compact metric space or a countable set of isolated points and
t € [0,1]. For all bounded continuous function ¢ : X — R, there exists a function v : X — R such
that v(z) < @(x) for all x € X and such that

Qs / B ([ W)]+) uldy).

Proof. Fix x € X and recall that

Qp. () =inf{/<p(y)p(dy) +/ﬁt (1m¢y3—2(y)) u(dy)},

where the infimum runs over the set of probability measures p < pon X \ {z}.

A probability p of this set can be written p = ad, + (1 — a)q, with a = p({z}) and where ¢ is
another probability such that ¢ < p and ¢({x}) = 0. So

Q@) - o) = inf ot { [0 a)e) - pl@) aldy)

a€l0,1] g<p,q({z})=

(6.11) s o (0=t fw) wan}

Consider the probability measure p, with the following density with respect to p: id%(y) =
A 11,2y, where A = (X \ {z}) > 0 (we assume of course that x is not the Dirac mass at point
x), then ¢({z}) = 0 and ¢ < p if and only if ¢ < p, and in this case =L = )‘du’ Jiz-almost
everywhere. Therefore, (6.11) becomes

Quuple) o) = inf int { (1= a)(e0)  pla)) aldy)
+A//3t ((1 “ dcii (y)) uz(dy)}-
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So it holds

Quplo) — o) = inf int { (1= )e0) - pla) aldy)

a€[0,1) ¢<pa
(52 ) o)
-5,k ﬁt( ﬁl—afp(y)w) 00}

. mf{/ﬂt 0= P}4) Lo i) = (1= )0 p(o)}

a€l0,1) wveR

= inf su 1—a)( v— 1, (dy)

it Ueg{( /ﬂt 2y i(dy }

=sup inf 1—a)( v— 1, (dy)
’UGEG‘E[O 1]{( /ﬂt #u il y}

— iléﬁ { /ﬁt v — 14) Loy u(dy>} ;

where the second equality comes from Proposition (6.8) and Lemma 6.9, and the last one from (an
elementary version of) the Min-Max theorem. In particular,

Quple) = (@)~ @) — @) [ 5 (0(a) = o)) Loy ),
= min(o(o). ¢(o) ~ [ 57 (@) ~ (o)1) Loy ().

for some function v (realizing the supremum in the last identity).

For a fixed z € X, consider the function F(v) = —[v — ¢(z)]- — [ B; ([v — o(y)]+) Lazy p(dy),
v € R. Since f; is increasing on [0, 00), the function F' is clearly non-increasing on [p(z), +00).
Therefore F' reaches its supremum on (—oo, (x)]. On (—oo, p(z)), the function F is differentiable
and it holds

Flo)=1- / QD@ W1 L (dy)
+/e_t[v(m)_“’(y)”1v(m)>¢(y)1xsﬁy p(dy)
- / =D =eWe 1 1i(dy) + / @2 W u(dy).
It is not difficult to prove the existence of a point ¢ (independent of z:) such that
(6.12) / =001, pu(dy) = 1+ / e W1 u(dy)

and to check that the function F reaches its supremum at v(x) := min(v, p(x)).

Finally, note that [v(z) — ¢(y)]+ = [v(z) — v(y)]+, which completes the proof. O

The next result is Lemma 2.2 of [54].

Lemma 6.13. Let pu be some probability on a measurable space X. For every bounded function
v: X — R, it holds for allt € [0,1],

. 1/t 1/(1—t)
( / (@)=t [ 57 (@)~ o)l () u(dx)) ( / e~ (1=0)0(a) u(dx)) <1

With these lemmas in hand, we are now in a position to prove Theorem 6.5.
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Proof Theorem 6.5. Fix t € (0,1) ; according to Proposition 4.5, the transport inequality (6.6) is
equivalent to proving that

R 1/t 1/(1-t)
(6.14) (/ !Qa (@) u(dm)) (/ e~ (1=t)e(@) u(dm)) <1,

for all bounded continuous function ¢ : X — R. But according to Lemma 6.10,

Qs / B ([v ()]+) u(dy),

for some function v < ¢ (possibly depending on ¢ and on p). According to Lemma 6.13, it holds

R 1/t 1/(1—t)
</ et@etm)u(dx)) </ o= (1=t)u(a) u(dx)) <1

Since v < ¢, this gives (6.14) and completes the proof. O

Now for the sake of completeness, we give a quick proof of Lemma 6.13 in the particular case
t = 1. The general case is more tricky and the interested reader is referred to [54].

Proof of Lemma 6.13 for t = 1. In this case, the conclusion of the lemma amounts to proving that
for all bounded measurable v : X — R, it holds

(6.15) /eH@(I))du(x) <1,
where
H((@) = o(@) ~ [ v@)dn(y) - Dlo(a),

with D(v = [ Bi(lv(z) — v(y)]+)du(y). Replacing everywhere v by Av, A > 0, it is equivalent
to showmg that for all A > 0,

o) = [ D () < 1
Since ¢(0) = 1, it is sufficient to get that ¢'(A) < 0 for all A > 0. Let us first observe that since
/Bf(h’) = 67h +h’7 15
HOw(@) = [ (1= @0 duty) — [ Aoty) - ol dutw)

It follows that for A > 0,
00 = [ ([l ~ vlee @0l dugy)
= [[1) = @) ) ()
_ //[U(x) — o))+ (e D) _ HOV)) () dp(y)

For v(x) > v(y) one has

—Alo(z) —o()ly + H(w(2)) — H(Aw(y)) = D(Av(y)) — D(Av(z)) <0,
and therefore ¢'(A) <0 for A > 0. This ends the proof of (6.15). O

7. DISCRETE EXAMPLES : BERNOULLI, BINOMIAL AND POISSON LAWS

In this section, we gather some basic examples of probability measures satisfying weak transport
inequalities. These examples are studied in details in [30]. We start with the Bernoulli measure,
from which we derive weak transport inequalities for the binomial law and the Poisson distribution.
Let us mention that [30] also contains transport-entropy inequalities for the uniform measure on
the symmetric group that give back the concentration results obtained by Talagrand in [60].

We first consider some results for the Bernoulli measure, derived in [53], and as such introduce
some notations from there.
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Given p € (0,1), define u,o: R = Ry U {400} as

p

LopUmh) jog 12pU2R) 4 (1 — h)log(1 — ), if — 2 <h<1
up0(h) = r L
400 otherwise

and define u,1: R — R U {+oc0} as

u 1(h){%[<1_p—h)10g1—1%h—(1—h)10g(1—h)} . ifh<1—p

+00 otherwise

Finally we define, for ¢t € {0,1},

- ur_pi(—h) ifh<0.

In [30], using a result from [53] and the duality results proved in Section 2.4, the following
weak transport inequalities are obtained for the non symmetric Bernoulli measure. Set p, :=
(1= p)do + pé1, p € [0,1].

Proposition 7.1. For all p € (0,1), it holds
(12 To (k) < HWlny) and To,o(vlny) < Hrl) v € P({0,1)).

In [30], a family of transport inequalities is given that interpolates between the two transport
inequalities of (7.2) for t = 0 and t = 1, as in Theorems 6.1 and 6.5. Moreover in this paper, other
related weak transport inequalities with cost types 7y are given.

As explained in [30], the cost functions 6, and 6, correspond to the optimal choice in the
transport inequalities (7.2).

By Theorem 4.11, the weak transport inequalities for the Bernoulli measure 1, given in Propo-
sition 7.1 tensorize. Hence, the product of Bernoulli measures uj := 1, ®---® p, on the hypercube
{0,1}" satisfies the following n-dimensional version of the 7-transport-entropy inequalities. Recall
that the corresponding n-dimensional costs are defined, for all x = (z1,...,z,) € {0,1}" and all
p € P({0,1}™), respectively by

5272 (@,q) = Zop,t (SCZ */ Yi Qi(dyi)> :
= {0,1}

where ¢; € P({0,1}) is the i-th marginal of ¢, and ¢ € {0,1}. We denote by T ) the corresponding

p,t
transport cost. Applying Theorem 4.11, we immediately get, from Proposition 7.1, the following
weak transport-entropy inequalities for product of Bernoulli measures.

Corollary 7.3. For all p € (0,1) and all integers n > 1, it holds
T () < HOIE) ond T (i) < HOA) o € PO, 1)),

To prove weak transport cost inequalities for the binomial distribution B(n, p), p € (0,1), the
basic idea of [30] is to project the n-dimensional transport cost inequalities of Corollary 7.3, from
the hypercube {0,1}™ onto I,, := {0,1,...,n}, the state space of B(n,p). Projection arguments
are useful tools to reach transport-entropy inequalities as explained in the seminal work by Maurey
(see Lemma 2 [13]). Let p,,,, denote the binomial measure on I, i.e. fin,,(k) = (})p*(1 — p)"~*
for all k € I,. By using the fact that the image measure of pu by the projection ¢ : {0,1}" >
(21,...,2n) = Yoy x; € I, is the measure py, ,, Corollary 7.3 provides the following transport-
entropy inequalities.

Corollary 7.4. [30] For all p € (0,1) and all integers n > 1, it holds
Topn(timplv) < H@lptn,p), andTo, o, (vlinp) < HW|pin,p), Vv € P(In),
where 0,4 n(h) :=nb,.(h/n), h € R, t € {0,1}.
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Following [30], this result implies weak transport-entropy inequalities for the Poisson probability

measure py, with parameter A > 0, defined for all kK € N by py(k) = Ak—Te*)‘. The idea is to use the

weak convergence of the binomial distribution p,, ,, , with p,, 1= A/n, towards the Poisson measure
Px-

Set, for t € {0,1}, h € R, ¢y ¢(h) :=limy, 0 nb,, + (%) . One has

h —h
exolh) =Aw (X) <o, and cxi(h) :=Aw (T) 1y,<o0,

where w(h) = (1 —h)log(l —h)+ h for h <1 and w(h) = o0 if h > 1. The result for the Poisson
measure is the following.

Proposition 7.5. [30] For all A > 0, it holds

Teroalv) < HWlpy), and Tey,(VIpa) < Hvlpy), Vv € P(N).
Remark 7.6. Observe that these transport inequalities are optimal, i.e. the constant 1 cannot be
improved. Indeed, e.g. the second inequality proposition 7.5 is equivalent, thanks to Proposition

4.5, to
eXp{/ch,ofdpx}/e‘f dpy <1,

which is an equality for f(x) = —tz, x € R, t > 0 (the same holds for the first inequality).

8. WEAK TRANSPORT-ENTROPY AND LOG-SOBOLEV TYPE INEQUALITIES

In this section, our aim is to give some explicit links between the weak transport-entropy in-
equalities introduced in Definition 4.1 and functional inequalities of log-Sobolev type. Except for
the first result below, we are not able to deal with general costs. Hence (except for Section 8.1), we
restrict to the specific case (already of interest) of Ty (introduced in Section 2.4). Furthermore, to
avoid technicalities, we may restrict to the particular choice 0(z) = ||z||? (for some norm on R™),
even if most of the results below could be extended to more general convex functions (at the price
of denser statements and more technical proofs). As an application, using the characterization of

T, by means of log-Sobolev type inequalities and results from [1], we may give more examples of
measures satisfying such a transport-entropy inequality on the line.

8.1. Transport-entropy and (7)-log-Sobolev inequalities. In this section, we generalize the
notion of (7)-log-Sobolev inequality introduced in [25] (see also [26]) and describe some connection
to weak transport-entropy inequalities.

First we need some notation. Given A > 0 and ¢ € ®,(X), define

Rp(x) := inf {/w(y)p(dy) + AC(ﬂc,p)}, zeX.

PEP~(X)

Observe that R = R., where R. is defined in Theorem 9.5. Following [25], we introduce the
(1)-log-Sobolev inequality as follows. We recall that for any non-negative function g, one denotes

Ent,(g) = [ glog f;d,u) dp.

Definition 8.1 ((7) —LSI.(\, C)). Letv: Ry — Ry be a lower-semicontinuous function satisfying
(2.1), ¢ : X x Py(X) = [0,00) and C € (0,00). Then u € Py(X) is said to satisfies the (7)-log-
Sobolev inequality with constant C, X and cost ¢ (or in short (1) — LSI.(\, C)) if, for all f with
[ fefdu < oo, it holds

(8.2) Ent,(ef) < C/(f — R)M)el dp.

The following result extends [25, Theorem 2.1].
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Proposition 8.3. Let v: Ry — Ry be a lower-semicontinuous function satisfying (2.1) and c :
X X Py(X) — [0,00) be a cost function. If p € P,(X) satisfies T, (b), then it satisfies (T) —
LSI.(\, 1=53) for all X € (0,1/b).

Remark 8.4. In R™ [25], and more generally in metric spaces [20], if one considers the usual
transport cost Ty (with cost w(x,y) = d(x,y)?), it is proved that the corresponding T (b) is actually
equivalent to some (T)-log-Sobolev inequality. In order to get such a result in the setting of the
present paper, one would need to develop a general Hamilton-Jacobi theory which is not available
at present (see [55] for some developments). This is the primary reason for us restricting ourselves
to the specific case of the “bar” cost in the next sections.

ef

Proof. Fix a function f : X — R with ffefdu < 00, A € (0,1/C) and define dvy = Terd dp.
ef du

One has

f f
JHWW):/i%(Izdu)f;du@
:/fdyf—log/efd,u
S/fdl/f*/fdu,

where the last inequality comes from Jensen’s inequality. Consequently, if 7(dzdy) = v¢(dz)ps(dy)
is a probability measure on X x X with first marginal v; and second marginal y,

H(vslp) < / / ) 7(dady)
- /( / (f(2) - f(y))px(dy)) vy(dz).

It follows from the definition of R} that — [ f(y) p.(dy) < —R)f(z) + Ac(z, py) for all z € X, so
using that p, is a probability measure,

/(f(:c) 7)) pa(dy) = / F(y) pa(dy)
< f(@) - RMf(@) + Me(w.ps),  zEX.

Hence,

gl < [ (1) = BA(@)) vy(do) 4 [ el pa) vy (do)

Optimizing over all = (or equivalently over all p,;) with marginals vy and y, it holds

Hvylp) < / (F(x) — RN () vy (dz) + NTe(ulvy)

1
< — R)Mf) el dp+ NoH :
< roa [ (= R s b1
The thesis follows by noticing that ([ e/ du) H(vy|p) = Ent,, (ef). a

—t
8.2. Weak transport-entropy inequalities 75 . In this section we give different equivalent

=t
forms of T5 in terms of the classical log-Sobolev-type inequality of Gross [33] restricted to con-
vex/concave functions, to the (7)-log-Sobolev inequality (8.2) and to the hypercontractivity of the
(classical) Hamilton-Jacobi semi-group, also restricted to some class of functions.

Throughout this section, we consider the cost

- / yp(dy)

where | - || is a norm on R™ whose dual norm we denote by || - [l.. We recall that |[z[. =
maxyecpm ||y|=1 7 Y- Recall the definition of T from Section 2.4 and the (7)-log-Sobolev inequality

2
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(8.2) defined with such a cost. As usual, ||f|, := ([ |f? d,u)%, p € R* (including negative real
numbers) and || f||o := exp{ [ log |f| duu} whenever this makes sense. Also, given ¢: R™ — R, ¢ > 0,
let

(8.5) Qio(x) := inf {cp(y) + 2% | — y|2} , xT€R™,

yERM

1
Piole)i= sup {ol) - 5 lo —ul}, e R
yER™

We will make use of the following observation (see Theorem 2.11): for any ¢: R™ — R convex,
Lipschitz and bounded from below, it holds

Qip = Rep= inf {/w(y)p(dy) + C(z,p)} :

pEP1(X)
In the result below, we assume that || - ||« is strictly convez, i.e. it is such that
(8.6) (z #y with [[z]l. = [ly[l. = 1) = (1 = )z + iyl <1.

This assumption is made to ensure that the operation f +— Q;f transforms a convex function into
a Cl-smooth convex function (this well known property is recalled in Lemma 8.12 below). The
proof could certainly be adapted without this assumption, but we dont want to enter into these
technical complications.

Remark 8.7. It is well known that the strict convezity of the dual norm || - ||« is equivalent to
the Ct-smoothness of the initial norm || - || on R™\ {0}. These equivalent conditions are fulfilled
for instance by the classical p-norms : ||z, = [>oie, |zi[P]Y/P, € R™, for 1 < p < +o0.

Theorem 8.8. Suppose that || - ||« is a strictly convex norm and let p € P1(R™). Then the
following are equivalent:

(i) there exists b > 0 such that Ty (b) holds;
(i1) there exists \,C > 0 such that (1) — LSI.(X\, C) holds;
(iii) there exists p > 0 such that for all C*-smooth function ¢: R™ — R convez, Lipschitz and
bounded from below, it holds

1
(8.9) Bu, (%) < o [ IVl d

(iv) There exists p' > 0 such that for every t > 0, every a > 0 and every ¢: R™ — R conve,
Lipschitz and bounded from below, it holds

(8.10) 1€9 latpre < 1€ ]]a-
Moreover

(1) = (i1) for all X € (0,1/b) and with C' = 1/(1 —bA);
(1) = (i6d) with p = 2;

(131) = (iv) with p' = p;

(1v) = (i) with b = %.

Remark 8.11. The implication (ii) = (i) is a variant of a well known result due to Otto and
Villani [18] showing that the logarithmic Sobolev inequality implies the classical transport-entropy
inequality To. Here we will make use of the arguments developed in [7]. On the other hand, in the
classical setting, the equivalence (i) <= (ii) was studied and developed in [25, 26, 27].

Observe that the relations between the various constants are almost optimal. Indeed, starting
from Ty (b), we deduce from (ii) = (iii) that the log-Sobolev inequality (8.9) holds with p =
SUPxe(0,1/6) A/ C = SUPxg(0,1/6) AL —DA) = 4 (the mazimum is reached at A = 1/(2b)). From this
we deduce (iv) with p' = 1/(4b) which gives back Ty (4b), and in all we are off only by a factor 4.

We may make use of the above result to obtain example of measures satisfying To (b) in Section
8.3. Indeed, the “convex” log-Sobolev inequality (8.9) was studied in the literature [1].
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We will use the following classical smoothing property of the infimum convolution operator.

Lemma 8.12. Let || - || be a norm on R™ whose dual norm is strictly convex. If ¢ : R™ — R is
a convex function, then for allt > 0, the function Qip defined by
1
= inf — |z — y|? R™.
Qip() ot {w(y) + ogllz =yl } x e

is also convex and C'-smooth on R™.

Proof. The fact that Q. is convex is well-known and easy to check. Consider the Fenchel-Legendre
transform of Q:p defined by
(Qup)* () = sup {z-y—Quoly)}, zeR™
ye m

A simple calculation shows that (Q¢¢)*(z) = ¢*(z) + 5 |z[|?, for all 2 € R™. By assumption, || - ||

satisfies (8.6). This easily implies that (and is in fact equivalent to) the convex function x ~ ||z||?
is strictly convex (in the usual sense : if x # y, then ||(1 — t)z + ty||2 < (1 —t)||z||? + t||y||?, for
all t € (0,1)). Therefore, the function = — (Q:p)*(z) is strictly convex on R™. A classical result
in Fenchel-Legendre duality (see e.g. [35, Theorem E.4.1.1]) then implies that (Q:¢)™™ = Qip is
Cl-smooth on R™. O

Proof of Theorem 8.8. That (i) implies (i7) is given in Proposition 8.3.

To prove that (i) implies (i), fix ¢: R™ — R a C'-smooth function which is convex, Lipschitz
and bounded from below. Then, by convexity, for all x,y € R™, it holds

p(z) = p(y) < Vp(z) - (z —y).
where u - v denotes the scalar product of u,v € R™. Hence, given A\ > 0 and x € R™, by the
Cauchy-Schwarz inequality u - v < 5 [|ul|? + 3 ||v[[%, u, v € R™, we have

o(x) — Ry p(x)

= s {fipte) = elptan - 3o~ [urian

peP; (R
< s A Vot ptin = 5le— [urtanl?}
- s {90 = [yptn) - 3= [vnianl?

1 2
< — .
< = IVe(@)|?

The expected result follows.

To prove that (ii7) implies (iv), we follow the now classical argument from [7] based on the
Hamilton-Jacobi equation satisfied by (¢, x) — Q:¢(x). Since we do not assume that u is absolutely
continuous with respect to Lebesgue measure (one of our main motivations is to study transport
inequalities for discrete measures), there are some technical difficulties to clarify in order to adapt

the proof of [7, Theorem 2.1] to our framework. First, as shown in [27] or [4], the following
Hamilton-Jacobi equation holds for all t > 0 and x € R™ :

dt 1 5
(8.13) EQW@) = —§|V Qeel™(z),

where, d* /dt stands for the right derivative, and by definition |V~ f|(x) is a notation for the local
slope of a function f at a point x, defined by

— f(x)]=
y—a ly — |
Here, since ¢ is convezx, the regularization property of the inf-convolution operator @); given in

Lemma 8.12 implies that for all ¢ > 0, the function z +— Q,f(x) is actually C!-smooth on R™. Tt is
then easily checked that |V~ Q:p|(x) = [|[VQip(2)||+. Moreover, according to Lemma 8.12 again,
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if ¢: R™ — R is convex, then so does Q:p. Therefore, (8.9) can be applied to the function Q¢
for all ¢ > 0. To complete the proof of the implication, we leave it to the reader to follow the proof
of [7, Theorem 2.1] (see also [27, Theorem 1.11]).

Finally we prove that (iv) implies (i¢). We observe that, at ¢t = 1 and @ = 0, (8.10) means
precisely that,

/ep’Qup du < eplftpd#.

This is equivalent to T, (1 / p , thanks to Proposition 4.5 and to the fact that, as recalled above,
Q19 = Rep = mf {f o(y) p(dy) + c(x, p } for any ¢: R™ — R convex, Lipschitz and bounded
peP

from below. This completes the proof. O

In order to give a series of equivalent formulations of T;(b), we need to introduce the notion
of c-convexity (see e.g. [65]). We recall that if ¢ : X x X is some cost function on a space X, a
function f : X — RU{£o0} is said to be c-convex, if there exists some function g : X — RU{+o00}
such that

f(z) = sup{g(y) — c(z,y)}, Vr € X.

yeX
In what follows, we will use this notion with c(z,y) = 3|z — y||*, =,y € R™, where A > 0 and
I - || is some norm on X = R™, such that || - || is a strlctly convex norm in the sense of (8.6). In

other words, a function f: R™ — RU {£oc} is || - [|?-convex, if there exists g: R™ — RU {&o00}
such that f = Pig (recall the definition of P; from 8.5). In [27, Proposition 2.2], for example, it
[

is proved that f is —H -convex if and only if f = Py Q 1 f. Furthermore, if f is of class C? and

| - || =1 - | is the Euclidean norm, then f is 3| - |*-convex if and only if Hessf > —AId (as a
matrix), where Hess denotes the Hessian (see e.g. [27, Proposition 2.3]).

To avoid the use of too heavy a terminology, we will denote by Fy(R™), A > 0, the class of all
L

functions f : R™ — R that are concave, Lipschitz, bounded from above and 5 -convex.

Remark 8.14. According to Lemma 8.12, if g is concave on R™ and A\ > 0, then Qy/x(—g)
is convex and C'-smooth. In particular, f = —Q1/x(—g) is concave and Cl-smooth. But f =
—Q1/x(—g) = Pix(g) and thus f is also %H - ||?-convex. Furthermore, if g is assumed to be

Lipschitz and bounded from above, then f is also Lipschitz and bounded from above. This shows
that the class Fx(R™) NCHR™) is not empty.

Theorem 8.15. Suppose that || - ||« is a strictly convexr norm and let p € P1(R™). Then the
following are equivalent:

(i) there exists b > 0 such that T;_(b) holds;
(ii) there exist A\,C > 0 such that for all ¢ € Fx(R™), it holds

(8.16) Ent,(e?) < C/((p — Q1/xp)e? dy;

(iii) there exist p,\' > 0 such that for all C*-smooth function @ € Fy (R™), it holds
(8.17) Bat, (¢7) < 5= [ IVle” du.
Moreover

(i) = (ii) for all X € (0,1/b) and with C = 1/(1 — bX);
/i : A=\ .
(1i) = (i4t) for all N € (0,\) and with p = 2
(idi) = (i) with b= 25
P

Remark 8.18. Also, Equation (8.16) is very close to (yet different from) the (7)-log-Sobolev
inequality (8.2). The difference is coming from the fact that, for concave functions, R.f # Qf,
while equality holds for convex functions.
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In particular, we emphasize the fact that Ty (b) encompasses information about convex functions,

while T;r (b) about concave functions.

Finally, we observe that the constants in the various implications are almost optimal. Indeed,

starting from T:(b), we end up with T:(b'), with V' = % with A € (0,1/b) and

X € (0,)). Choosing A =1/(2b) and N = 1/(4b) one gets b’ = 12b and we are off by a factor 12,
at the most.

Proof. To prove that (i) implies (iz), we follow the argument of the proof of Proposition 8.3.
Consider a concave function f, Lipschitz and bounded above, A € (0,1/b) and define for simplicity

s=1/Xand dvy = % dp. By Jensen’s Inequality we have

oo = 108 ooy ) i = [ Pty 1o [ ¢ a
s/Psfduf—/Psfdu
— [iras = frav [ Ppaus [ gavs

< / (Puf — fldvy + XTa(vs ).

where in the last line we used the homogeneity of the transport cost (as a function of the cost (recall
that s = 1/X)) and the duality theorem (Corollary 2.11) to ensure that (since Q1(—¢) = —P1¢)

Ta(velp) Sup{/leﬁdu/s&de;

 convex, Lipschitz, bounded from below}

:sup{—/Pltpdu—i—/gode;

¢ concave, Lipschitz, bounded from above}.

Applying T; (b) and rearranging the terms, we end up with the following inequality (since ( [ exp{Psf} du) H(v¢|p) =
Enty, (exp{Ps[})):

Psf < — Psf
Ent, (e ) <1 /[Psf fle™ du,

which holds for any f concave, Lipschitz and bounded above, and for any A € (0,1/b) and s = 1/\.
Now, our aim is to get rid of Psf. To that purpose, we observe that, since f is concave, Lipschitz
and bounded above, Q,f is also concave, Lipschitz and bounded above® (for any s > 0), so that,
if we assume in addition that f is %H - ||?-convex, applying the latter to Qsf and using that
P,Qsf = f, we finally get the desired result of Ttem (7).

Now we prove that (i) implies (iéi). Assume Item (i7) and consider a function f € Fy (R™),
with A € (0, ). Our aim is to make use of the )‘3/ || - [|*-convexity property of f to bound f—Qq,xf
from above by |V f||%; we may follow [27].

Since f is )‘7/” .

[27, Proposition 2.2]). Define m(z) = {g eR™: f(z) =g(y) — )ﬁl l|lz — QHQ}, i.e. the set of points

|?-convex, it satisfies PsQsf = f, where for simplicity s = 1/ (see e.g.

where the supremum is reached, which is is non-empty by simple compactness arguments (see [27,
Lemma 2.6]). Given y € m(x), we have for all z € R™ |

!

(5.19) F(&) = Quf@ — S~ 312 < £2) + 5 (1=~ 71 — 1~ 317

3These facts follow from the fact that Qsf(x) = infy{f(z — y) + %||y||2} Hence Qs f is concave as infimum of
concave functions. On the other hand, = — f(z — y) + £|ly||* are uniformly (in y) Lipschitz functions so that Qs f
is again Lipschitz as infimum of Lipschitz functions. Finally, Qsf < f and therefore is bounded above.
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Since f is concave and C'-smooth, it holds
f) < flx)+Vf(x)- (z —x), Vz € R™.

Inserting this inequality in (8.19), one gets
)‘I =112 =112 m
0<Vf(z) (z—a) + 5 (lz=gl" =l =glI"),  vzeR™

Applying this to z; = (1 — t)z + ty, with ¢ € (0,1), one obtains

/

_ A _
0<tVi@) —o)+ (1= =Dz g
Dividing by t and letting ¢ — 0, one ends up with the inequality
Nz —=gl* < Vf(z) - (7 —2) < |VF@)]z -7l

According to (8.19), the triangle inequality, and the inequality ||z — g|| < +7[|V f(2)||+, one gets

£(@) < 7(2)+ % (12 = 2l + 2z ~ ol 2 — 5]

< 1)+ 5 (Il + 21z — g DL

A A=N
< 1+ glle ol + (1 =TT @I — 257 e - ol

A 2 1 2
< Zlz— — .
< £ + Glle =2l + g IVF @I
Optimizing over z € R™, one gets the inequality
1 2
F@) = Qupf () < gy IVF@)I2,

which inserted into (8.16) yields (8.17).

It remains to prove that (i¢) implies (¢). To that purpose, let £(t) := —p(1—t), t € (0,1) (observe
that £(t) < 0), set s = —£(t)/N, and consider a convex, Lipschitz and bounded below function
f: R™ — R. We shall apply the log-Sobolev inequality to ¢ = £(t)Q:f for a given t € (0,1). We
need first to verify that ¢ is concave, Lipschitz, bounded above and N c-convex. Since f is convex,
Q+f is convex and so, since £(t) < 0, ¢ is concave. On the other hand, since f is Lipschitz, so
does . Also, f being bounded below, Q;f > inf f and £(t) < 0, we have ¢ = £(t)Q+f < £(t)inf f
which proves that ¢ is bounded above. Finally, since Q; is a semi-group and since in general

Qulg) = —Pu(—g), we have for all t € (;£5,1) (to ensure that s < 1),

Z(t)Qs(Qt—sf) = _E(t)Ps(_Qt—sf) =P_s_ (f(t)Qt—sf)

¢ —£(t)
= P% (E(t)Qt—sf)a

hence ¢ is N c-convex. In turn, applying the log-Sobolev inequality to ¢ (which is C'-smooth
according to Lemma 8.12), we end up with the following inequality that we shall use later on:

/ 0t)Qrfe’ DT dyy — H(t)log H(t) = Ent,, (e D9])

((t)?
< (2—; / IVQuf|2e" % dp,



KANTOROVICH DUALITY FOR GENERAL COSTS AND APPLICATIONS 35
where H (t) := [e*(¥Qfdy. Hence, by the Hamilton-Jacobi equation (8.13),

G (012 10) = gy (OO s H0) + 08 @)
1

0
= W (gl(t) Entu(eé(t)Qtf) —i—f(t)Q/%eé(t)Qtfdu)

(1) ((t)?

= R (OQufy S 2,60Quf
U(1)PH(1) (Ent“(e T /”VQtf”*@ t du)

& 1 - L 2 1)Qf _
= 2H(t) <p g/(t))/”VQtfH*e dp =0,

since ¢/(t) = p. Therefore the function ¢ — |||, is non-increasing on (5557, 1)- In particular,

in the limit, we get

Q_p_
e p+N

169 |1y <

(2

that we can rephrase as
p

_ ) 2y
elefd# </€ P+)\/QP+”>\,fdM> <1.

Now, since Q. f < f, we conclude that

N

AT
o @ rdn (/e,%/fdu) o,

which implies T, ( % ) by Proposition 4.5 and Corollary 2.11. This completes the proof. O

8.3. Sufficient condition for T, on the line. In this short section, we would like to take
advantage of some known results from [1] to give a sufficient condition for the transport-entropy

inequality T, to hold on the line.
Our starting point is the following result.

Theorem 8.20 ([1]). Let u be a symmetric probability measure on the line. Assume that there
exists ¢ > 0 and o < 1 such that for all x > 0, p([z + £,00)) < ap([r,00)). Then, there exists
C(c,a) € (0,00) such that for every smooth, convex function ¢: R — R, it holds

Ent,(e¥) < C(ec, a)/go'Qe“”d,u.

Observe that we assumed symmetry for simplicity. It is not essential and a similar result holds
for non-symmetric measures.

Corollary 8.21. Let pi be a symmetric probability measure on the line. Assume that there exists
¢ > 0 and o < 1 such that for all x > 0, p([x + £,00)) < au([r,00)). Then, there evists

C = C(c,a) € (0,00) such that T (C) holds.

Proof. Theorem 8.20 guarantees that Item (iiz) of Theorem 8.8 holds, with 1/(2p) = C(c, @)
(Choose || - || = | - |, where | - | is the absolute value, so that || - ||l. = |-|). The desired result follows
from Theorem 8.8. 0

—1 J—
We refer to [28] for a complete characterization of the inequalities T, (and other T inequalities)
on the line. As proved there in [28, Theorem 1.2], a probability measure u satisfies T (C) and
T (C) for some C is and only if there exists some D > 0 such that the monotone increasing re-

arrangement map U transporting the symmetric exponential probability measure v(dx) = %e’ =] da:
on p satisfies the following growth condition:

1
sup|U(z 4+ u) —U(z)| < Bx/u—i—l, Yu > 0.
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See [28] for an explicit relation between the constants C' and D, and also for a more general
statements.

9. GENERALIZATION OF KANTOROVICH DUALITY

9.1. Notations. First let us recall and complete the notations introduced in Section 2.1. Through-
out this section, (X,d) is a complete separable metric space. The space of all Borel probability
measures on X is denoted by P(X) and the space of all Borel signed measures by M(X).

If v : Ry — Ry is a lower-semicontinuous function satisfying (2.1), we set

M6 1= { e € M) [ 7)) ) < oo
for some (hence all) z, € X.

We equip M, (X) with the coarsest topology that makes continuous the linear functionals
p— [edu, ¢ € ®4(X), where we recall that ®.,(X) denotes the set of continuous functions
¢ : X — R satisfying the growth condition (2.2). This topology is denoted by o(M,(X)). To be
more specific, a basis for this topology is given by all finite intersections of sets of the form

/(pdm—a

The set P (X) := P(X) N M, (X) is equipped with the trace topology denoted by o(P,(X)).
Let us remark that if 7 is bounded, then P,(X) = P(X) and the topology o(P~(X)) is the usual
weak topology on P(X).

(9.1) Ugpae = {m € M, (X);

<5},g0€<I>V(X),a€R,5>O.

We define similarly the spaces P, (X x X) C M, (X x X) and equip them with the topologies
(M4 (X x X)) and o(Py(X x X)) defined with the class (X x X) of continuous functions
¢ : X x X — R such that there exist a,b > 0 and x, € X such that |p(x,y)| < a+b(y(d(x,,x)) +
y(d(z0,y))) for all z,y € X.

Finally, we recall that @, ,(X) is the set of the elements of ®.,(X) that are bounded from below.

Before stating our main result, we need to introduce some technical assumptions and comment
on them. Below we denote by 7(dxdy) = p.(dy)m1(dx) the disintegration of a probability measure
mon X x X with respect to its first marginal 7.

Definition 9.2 (Conditions (C), (C"), (C")). Given (X,d) a complete separable metric space
and ¢: X x Py(X) — [0,00] a cost function associated to some lower-semicontinuous function
~v: Ry — Ry satisfying (2.1), we say the condition (C) holds if

(Cy) For all p € Py(X), the function 7+ I.[r] := [ c¢(x, py) mi(dz) is lower-semicontinuous on
the set
I(p, ) :=={m € Py(X x X);7(de x X) = p(dx)}.
In other words, for all s > 0, the set {m € I(p, -);I.[n] < s} is closed for the topology
o(Py(X x X)).
C3) The function p — c(x,p) is convex for all v € X.
) The function (x,p) — c(x,p) is continuous with respect to the product topology.
C4) The cost ¢ is such that if p € Py(X) and (ps)zex are measurable probability kernels such
that py € Py(X) for all x € X and [ c(x,ps) p(dz) < oo, then v = pp € P, (X).

Similarly we say that condition (C") holds if (C1),(Cs), (C4) hold together with

(C%) (X,d) is compact and the function (x,p) — c(x,p) is lower-semicontinuous with respect to
the product topology,

and that condition (C") holds if (C2), (C4) hold together with

(CY) X is a countable set of isolated points and for all x € X, the function p — c(x,p) is
lower-semicontinuous.
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The above conditions are technical. However, Condition (C5) is the least we can hope for.

As for applications, the main difficulty is coming from Condition (C7). Let us make some
comments about this assumption. First specializing to u = J,, condition (C7) implies that for all
x € X, the function p — c(z,p) is lower semicontinuous on P,(X). In the discrete setting, the
converse is also true : as shown in the proof of Theorem 9.5, Condition (C%) implies Condition
(C1) (this is why the latter does not appear in Condition (C")). For more general spaces, we
do not know if Condition (Cy) is strictly stronger than lower-semicontinuity of the cost function
c. Nevertheless, we have the following rather general abstract result whose proof is postponed to
Section 9.5. In particular, such a result applies to the transport costs 7~', T and T introduced in
Section 2.4.

Proposition 9.3. Let (X, d) be complete separable metric space. Let (pr)ren be a sequence of
elements of @ (X x X) (with v : Ry — Ry satisfying (2.1)) such that po = 0. Assume that the
cost function ¢ : X x Py(X) — [0, 00] is defined by

(9.4) (&, p) = sup / or(@y)pdy),  VreX,  VpePy(X).
keN

Then Conditions (C1) and (C2) hold and ¢ : X x Py(X) — [0,00] is lower-semicontinuous with
respect to the product topology.

We are now in a position to state the main result of this section: a generalization of the
Kantorovich duality theorem.

Theorem 9.5. Let (X,d) be a complete separable metric space. Let c¢: X x P, (X) — [0,00] be
a cost function associated to some lower-semicontinuous function v: Ry — Ry satisfying (2.1).
Assume that condition (C),(C") or (C") holds. Then, for all p,v € Py(X), the following duality
formula holds:
T = sw | [ Repta)utao) - [ otyvian }.
PED, (X)

where

R, = inf dy) + c(x, , € X, € b, ,(X).

o) = nt A [etpn + o}, we X, pe )

Remark 9.6. Note that since ¢ > 0, R.p is bounded from below as soon as ¢ is bounded from
below. Therefore, [ Rop(z) p(dz) is always well defined in (—oco, oc]. Note also, that Rep is always
measurable. This is clear under Condition (Cs), since in this case R.p is lower-semicontinuous as
an infimum of continuous functions. Under Condition (C%), it is not difficult to check that R.y
remains lower-semicontinuous, using the fact that P(X) is compact.

The proof of Theorem 9.5 uses classical tools from convex analysis that we recall in a separate
subsection (see Section 9.3 below), and then apply them to our specific setting. We refer to Mikami
[44], Léonard [38], Tan-Touzi [63] for similar strategies.

9.2. Fenchel-Legendre duality. The main tool used in the proof of Theorem 9.5 is the following
Fenchel-Legendre duality theorem (see for instance [66, Theorem 2.3.3]).

Theorem 9.7 (Fenchel-Legendre duality theorem). Let E be a Hausdorff locally convex topological
vector space and E' its topological dual space. For any lower semicontinuous convexr function
F: E =] — o0, 00], it holds
F(x) = sup{{(x) — F*(¢)}, x€E,
LeE’
where the Fenchel-Legendre transform F* of F is defined by

F*(0) = stelg{f(ac) — F(2)}, (eFE.

To apply Theorem 9.7 in our framework, one needs to identify the topological dual space of
(M4 (X),0(M4(X))) equipped with the topology defined in Section 9.1. More precisely, the next
lemma will enable us to identify the dual space (M, (X), (M, (X))) to the set ®.(X).
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Lemma 9.8. A linear form {: M (X) — R is continuous with respect to the topology o(M (X))
if and only if there exists ¢ € ®(X) such that

l(m) = /cpdm, Ym e M, (X).

The proof of this lemma appears, for instance, in the book by Deuschel and Stroock [17]. We
recall it here for the sake of completeness.

Proof of Lemma 9.8. The fact that linear functionals of the form m +— f pdm, ¢ € ®, are con-
tinuous comes from the very definition of the topology o(M(X)). Conversely, let ¢ be a con-
tinuous linear functional and let us show that ¢ is of the preceding form. Define ¢(z) = £(¢,),
x € X (where 0, is the Dirac mass at z). First we will show that ¢ belongs to ®,(X). The
map X > z — §, € M,(X) is continuous. Namely, for all ¢1,...,¢, € D, it holds {z €
X;0p € N1 Ugpiase, } = {2 € X5|pi(x) — a;| < €;,Vi < n}, (where Uy, q, ¢, is defined by (9.1))
and this set is open, which proves that = +— §, is continuous on X. As a result ¢ is continu-
ous. It remains to prove that ¢ satisfies the growth condition (2.2). Since ¢ is continuous, the
set O := {m € M,(X);|¢(m)| < 1} is open and contains 0. By the definition of the topology
o(M, (X)), there exist an integer n, ¢1,...,¢, € @, a1,...,a, € R and €1,...,&, > 0 such that
O contains NP, Uy, a,.e, and 0 € N2 Uy, a;,c,. As a result,

2

n
0¢ ﬂ Ugp,.aiei = A:= max
i=1 i€{l,...,n}

and (given m € M. (X))

/ﬁdm‘<1—A = m € O.
Thus, since m/¢(m) ¢ O,

[(m)| < 7—

i=1

/ﬁdm‘, Vm € M, (X).

Ei

Applying this inequality to m = ¢, and using the growth conditions (2.2) satisfied by the ¢}s, one
sees that ¢ verifies (2.2).

Finally, let us show that ¢(m) = [ ¢ dm, for all m € M, (X). If m is a linear combination of
Dirac measures, then this identity is clearly satisfied. Since any measure m can be approached
in the topology o(M, (X)) by some sequence m,, of measures with finite support, the equality
{(m) = [ pdm extends to any m € M, (X). O

During the proof of Theorem 9.5, we will also use the following easy extension of Prokhorov’s
theorem.

Theorem 9.9. A set A C P (X) is relatively compact for the topology o(M~ (X)) if and only if
for all € > 0, there exists a compact set K. C X such that

/ (1 +~(d(zo,))) v(dz) <&, Vv € A,
X\ K-

where x, is some arbitrary fized point.
9.3. Proof of Theorem 9.5 (Duality).

Proof of Theorem 9.5. Fix u € P(X) and let us consider the function F' defined on M (X) by
F(m) = Tc(m|w), if m € Py (X) and F(m) = 400 otherwise.
Let us show that the function F satisfies the assumptions of Theorem 9.7.

First we will prove that F is convex on M (X). According to the definition of F, it is clearly
enough to prove the convexity of F over (the convex set) P(X). Take vy,v1 € P,(X) and



KANTOROVICH DUALITY FOR GENERAL COSTS AND APPLICATIONS 39

m; € U(p,v;) i = 0,1 with disintegration kernels (p2).cx, (pL)zex. Then for all ¢t € [0,1], 7 :=
(1 —t)mo + tm € (i, (1 — t)vo + tv1) and its disintegration kernel satisfies pt, = (1 — ¢)p2 + tpl,
for p almost every x € X. Since the cost function c is convex in its second argument, it holds

F((1 =ty +tn) < I.[m) = /c(x,pi) w(dx) < (1 —t)I.[mo) + tl.[m1].
Optimizing over 7o, w1 gives F((1 — t)vp + tvy) < (1 — ¢)F(vy) + tF (1), which proves the desired
convexity property.

Next we will prove that F' is lower-semicontinuous, for the topology o(M, (X)), on M, (X).
Let (my,), be a sequence of M. (X) converging to some m. One needs to show that F(m) <
liminf, o F(m,). One can assume without loss of generality that F(m,) < oo for all n. By
the definition of 7.(-|u), for all n € N*, there exists m, € II(u,m,) such that I.[m,] — 1/n <
Te(mplp) < I.[m,]. Since m, is a converging sequence, the set {my;n € N*} U {u} is relatively
compact. Therefore, according to Theorem 9.9, for some arbitrary fixed point z, € X, for all
€ > 0, there exists a compact set K. C X such that

sup / 1+ 1(d(0, ) mn(dy) < ¢
neN* J X\ K.

and

/ 1+ y(d(xo, x))u(dx) < e.
X\K.

Therefore, letting M := sup,,cn- [ Y(d(@0, 2)) my(dz) < 0o and K¢ := X \ K., it holds

/x X\ (K. xK.) 1+ y(d(zo, ) +y(d(0,y)) T (dady)

< [ e + (o ) maldedy)
4 / 1+ 4(d(0, 2)) + 7(d(z0, y)) T (ddy)
KixX

< mn(KY) / (A0, 7)) il de) + /K 1+ (d(o, ) mn(dy)

4 [ Lo, ) ulde) + p(KM
K¢
<e (2404 [l uias).
So according to Theorem 9.9, it follows that {m,;n € N*} is relatively compact. Extracting a
subsequence if necessary, one can assume without loss of generality that m, converges to some

7 € Py(X x X). This 7* has the correct marginals ;1 and m. Furthermore, denoting by ¢ =
liminf, o I.[m,] = iminf, o Te(my,|u), we see that, for all » > 0,

7 € {m € Py(X x X);m(de x X) = p(dz) and I.[r] < L+ r}:= Apypr,

for infinitely many n € N*. By assumption (C4), the set Agy, is closed for the topology (P (X x
X)). Therefore, the limit 7* also belongs to Asy,. In other words,

F(m)=T.(m|p) < I[r*] < lirginf’ﬁ(mnm) +r, Vr > 0.

Since r > 0 is arbitrary, this concludes the proof of the lower-semicontinuity of F.

According to Lemma 9.8, the topological dual space of M. (X) can be identified with the set of
linear functionals m +— [ ¢ dm, where ¢ € ®.(X). Applying Theorem 9.7 together with Lemma
9.8 we conclude that, for any m € P, (X),

F(m) = weili?m{/@dm_F*(@)} =¢€Z%§X){/—wdm—F*(—w)}-
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Now we show that the last supremum can be restricted to ®., ,(X). Observe that

o= s | [ pdm o)

=sup sup {/(gﬁ\/kz)de(m)} =sup F*(—(¢ V k)),
kER meP, (X) keR

so that for all ¢ € ®(X) and m € P,(X), we have

/—@dm—F*(—(p): im [ —(pV k) dm — F*(—(pV k).

k——o0

Therefore,

F(m) = sup ){/—wdm—F*(—w)}

PED (X

< sup {/—wdm—F*(—w)} ,
PED, p(X)

and since the other inequality is obvious, the two quantities are equal. To conclude the proof, it
remains to show that

(9.10) AWsz—/ﬁ#um@m Vi € By 5(X).

For all ¢ € @, 3, it holds

F*(-g) = m%i/<anmm}

meEP~(
= sup sup {/cpdm[c[ﬁ]}
meP(X) nell(pu,m)

= sup {/ [/ —o(y) pe(dy) — c(:c,pm)] p(dz);

(pa)zex probability kernel such that up € P, (X )}

=it { [ | [ o) putan) + ea.p)| ntatay
(pz)zex probability kernel such that up € P (X )}
By definition, R.¢(x) = infpep (x){[ ¢ dp + c(z,p)}. Therefore, one has

F*(-¢) < - [ Rep(o) uldo).

Let us show the converse inequality. One can assume without loss of generality that f Rep(x) p(dx) €
(—00,00). For all £ > 0 and = € X, consider the set M: defined by

M; = {p € ’PW(X);/godp + c(z,p) < Rep(x) + 5} .
Note that, since ¢ is bounded from below and ¢ > 0, R.¢o(x) > —oo, for all z € X, we have that
M is non-empty for all € > 0.

Assume that for all & > 0, there exists a measurable kernel X — P (X) : © — pg such that
for all z € X, pS € M. Then, if ¢ is bounded below by k, one sees that [ c(z,pS)p(dz) <
—k+4e+ [ Repdp < co. According to condition (Cy) one concludes that v* = pp® € P,(X). So it
holds

FWﬂﬂzf//ﬂwﬁMw+dLﬁMM@Zf/Rw@MM@*a

which gives the desired inequality when ¢ — 0.
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When the condition (C3) holds, the kernel pZ is obtained by applying the elementary measurable
selection result of Lemma 9.11 below. Indeed, note that the function H(z,p) = [ dp + c(z,p)
is continuous (and thus upper-semicontinuous), and that ¥ = P, (X) equipped with the topology
o(P,(X)) is metrizable (for instance, by the Kantorovich metric W, if v = ~,, or the Lévy-
Prokhorov distance for the usual weak-topology if v = 7¢) and separable (see [65, Theorem 6.18],
[5, Proposition 7.20]).

Under condition (C%), the space X is compact and the function H defined above is lower-
semicontinuous. The selection Lemma 9.12 below ensures that there exists a measurable kernel
X — Py(X) : 2 = p; such that Rep(z) = infpep (x) H(x,p) = H(z,p;). The conclusion easily
follows.

Under condition (C%), X is a countable set of isolated points. So all subsets of X are open (the
topology on X is thus the discrete one) and all functions are measurable (and even continuous).
Therefore by choosing for each z in X, some element p5 in the non-empty set M:, we get a
measurable kernel X — P (X) : x — p5. The same conclusion follows.

To complete the proof, one needs to justify that Condition (C;) follows from Condition (C%).
Assume that (X, d) is a countable set of isolated points and that for all x € X, the function
p — c¢(z,p) is lower-semicontinuous and let us show that = — I.[n] is lower semicontinuous on
II(p, - ). Let (my,)n be a sequence in II(4, -) converging to some 7 for the topology o (P (X x X)).
Write 7, (dzdy) = pyn(dy) u(dz) and denote by v, (resp. v) the second marginal of m,, (resp. 7).
The sequence v, converges to v, therefore it is relatively compact and so according to Theorem 9.9,
for all € > 0, there is some compact K. C X (i.e. a finite set) such that [}, v(d(20,y)) vn(dy) < e,
where z, is some fixed point in X. In other words, :

D> Ao, y)pen({yhn{a}) <e.
yeEKS reX
In particular, for all x € X in the support of u, it holds
> (d@o,y))pen{y}) < e/p({z}),

yeKS

and so, according to Theorem 9.9, {p, »;n € N} is relatively compact. Without loss of generality
(extracting a subsequence if necessary), one can assume that I.[m,] = [ ¢(z, py,n) p(da) converges.
Since for all = in the support of p, {psn;n € N} is relatively compact, the classical diagonal
extraction argument enables us to construct an increasing map o : N — N such that p, 5
converges to some p, € P(X) as n — oo, for all z in the support of p. Finally, using Fatou’s
lemma and the lower-semicontinuity of p — ¢(x, p), one gets

Jim T[] = nlggo/C(x,pz,am))u(dw)

> o
= /1hlggfc(xapx,a(n))u(dm)

z/d%mmwn

It remains to show that the last term is equal to I.[x]. But if f : X x X — R is bounded
(continuous), then by dominated convergence,

[ ) atdsdy) =t [ 517000 (dady)

i [ ([ £ b)) il

n— o0

J ([ s@patan) uias).

Since this holds for all f, one concludes that p,(dy)u(dz) = n(dzdy) and so in particular,
[ e(z,pz) p(dx) = I.[r], which completes the proof. a
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In the proof of Theorem 9.5 we used the following results, elementary proofs of which can be
found in [5] (see Proposition 7.34 and Proposition 7.33).

Lemma 9.11. Let X be a metrizable space, Y a metrizable and separable space and H: X XY —
RU{+o00} be an upper-semicontinuous function. Denoting by H(x) = inf, ey H(x,y) € RU{xoo},
for all e > 0, there exists a measurable function x +— s%(x) such that

_ H(z) +e if H(z) > —o0
H(x,s%(x)) < { —1/e Zfﬁ(z) = —00.

Lemma 9.12. Let X be a metrizable space, Y a compact metrizable space and H: X XY —
RU {400} be a lower-semicontinuous function. Then there exists a measurable function x — s(x)
such that for all x € X
H(z,s(x)) = inf H(x,y).
yey

9.4. Proofs of Theorems 2.7, 2.11 and 2.14.

9.4.1. Proof of the usual Kantorovich duality theorem. As a warm up, let us begin with the proof
of the classical Kantorovich duality that we restate below.

Theorem 9.13. Let (X, d) be a complete separable metric space. Assume that w : X x X — [0, o]
s some lower-semicontinuous cost function. Then it holds,

(9.14) To(v,p) = sup ){/wa(w)u*(dw) —/so(y)V(dy)}, pn,v € P(X),

pEeCH(X

where . denotes the inner measure induced by p and

Qup(r) = yig( {ey) +w(z,y)}, r€X, ¢€CyX).

Proof of Theorem 9.13. First assume that w: X x X — [0,00) is continuous and bounded from
above. Then c(z,p) = [w(xz,y)p(dy) is convex in p and continuous on X x P(X), with P(X)
equipped with the usual weak topology. Moreover I.[r] = [w(z,y) m(dzdy) and so 7 — I.[r] is
continuous on P(X x X). So assumptions (C}), (Ca), (C3),(Cy) of Theorem 9.5 are fulfilled with
Py(X) =P(X) and D, = Pp. It follows that

Toi) = sup ){ [ eote) ) - [ w(y)l/(dy)},

PED(X
with
Rep(x) = peig(fx) {/w(y) + w(z, y)p(dy)}
= ylg( {oy) +w(z,y)}

= Qcp(z),
which completes the proof in the case of a bounded continuous cost function. Once Kantorovich
duality is established for bounded continuous cost functions, one can apply a rather standard
approximation argument to extend the duality to lower-semicontinuous cost functions. This is
explained for instance in [64, Point 3 in the proof of Theorem 1.3]. O

9.4.2. Proof of Theorem 2.7.

Proof of Theorem 2.7. Depending on the assumption on the space and on «, one needs to verify
that Condition (C), (C") or (C") of Theorem 9.5 is satisfied. We distinguish between the different
cases.

Assume first that a: R — Ry is convex and continuous. Then the cost c(z,p) = o ([ v(d(z,y)) p(dy))
is clearly convex with respect to p and, by definition of the topology o (P~ (X)), it is continuous on
X x P(X) (equipped with the product topology). So assumptions (Cs), (C3) of Theorem 9.5 are
fulfilled. Condition (Cy) follows at once from Jensen’s inequality. As for Condition (C4), let us set
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a(t) = 400 for t < 0, so that « is lower-semicontinuous on R. According to the Fenchel-Legendre
duality Theorem 9.7,

a(t) = sup {st—a*(s)} =sup{st — a*(s)},
s>a’(0) 5>0

where o(0) is the non-negative right-derivative of « at point 0, and a*(s) = sup;~o{st —a(t)}. So

e(z,p) = sup / sv(d(z,y)) — o* (5) p(dy)

s>0

= sup /sv(d(x, y)) — tp(dy)

(s,t)Eepi(a*)

—sup [ i) pldy).
keN

with o = 0 and ¢r(z,y) = sipy(d(z,y)) — tk, & > 1 where (sg,tr)r>1 is any dense subset of

epi(a*) = {(s,t) € [0,00) X R;t > a*(s)}. For all k € N, ¢, € ®,(X x X) and so according to

Proposition 9.3, the cost function ¢ verifies (Cy).

Now assume that a : R — [0, +00] is convex and lower-semicontinuous. Then c¢ is also clearly
convex with respect to p (hence Condition (Cy) is satisfied). Since 7 is lower-semicontinuous,
there exists an increasing sequence (yn)nen of Lipschitz continuous functions vy : Ry — Ry that
converges to v (for example vy (u) = inf,er{7y(v) + N|u — v|}). By using the Fenchel-Legendre
duality for « as above and by monotone convergence, one has

c(z,p) =  sup sup/sw(d(x,y))*tp(dy)
(s,t)€epi(a*) NEN

= sup [ i) pldy),
keN

with o = 0 and @r(x,y) = sy TNk (d(2, ) = tery, k > 1, where (s;,1;)1en is any dense subset

of epi(a*) = {(s,t) € [0,00) X R;¢t > a*(s)}, and the map N* 3 k — (N(k),¢(k)) € Nx N is

one to one. By Proposition 9.3, the conditions (C4), and (C%) are fulfilled when X is compact,

and respectively (C%) when X is a countable set of isolated points. Condition (Cy) is again a

consequence of Jensen’s inequality.

The result of the corollary is finally a direct consequence of Theorem 9.5. 0
9.4.3. Proof of Theorem 2.11.

Proof of Theorem 2.11.

(1) The proof of the first point is similar to that of Corollary 2.7. Namely, if §: R™ — R is a convex
function, assumptions (C2), (C5) are satisfied with v = ;. Since 6(z) > al|z|| + b for some a > 0
and b € R, Condition (Cy) follows easily from Jensen’s inequality. Finally, using Fenchel-Legendre
duality for 6, one sees that

o) =0 (2= [uptan) = swp [t p) = eatay),
(s,t)€epi(60*)
with epi(0*) = {(s,1) € R™ x R; 0*(s) < t}. Taking a dense countable subset (sg,t;)r>1 of epi(0*),
one concludes that

c(x,p) = igg/wk(%y)p(dy),

with ¢o = 0 and ¢ (z,y) = sk(z — y) — t. These functions belong to ®1(X x X), so according to
Proposition 9.3, the cost function ¢ verifies (Cy).

If 0: R™ — (—o0, +0o0] is a lower-semicontinuous convex function, we show similarly that (C4),
(C3), (C4) are fulfilled, along with (C%) when X is compact, and respectively (C%) when X is
discrete.
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(2) Let ¢ € @41 ,(R™), it holds for all z € R™,

Qop(x) = et {/ pdp+0 <:c - /yp(dy>> }

inf {g(z)+6( -2},

where
g(z) := inf {/wdp;p € P1(Rm),/yp(dy) = Z} z € R™.

The function g is easily seen to be convex on R™. This implies that g < @. Let us show that
g > ®. Since ¢ is bounded from below, there is some a € R such that ¢(y) > a, for all y € R™.
Then by the definition of @, it holds B(y) > a, for all y € R™. Since @ < ¢, it follows that P is
finite everywhere. As a consequence, one can apply Jensen’s inequality: if p € P;(R™) is such that

fyp(dy) = z, then

[ e > [ot)pa =7 ( / yp(dy>) — 5(2).

Optimizing over p, one concludes that g(z) > P(2), for all z € R™ and so finally g = @.
(3) Let p,v € P1(R™) and ¢ € ®1,(R™). According to Point (2), since p < ¢, it holds

/@ewdu—/deZ/Q@du—/wdvﬁ/Qe@du—/adu

The function @ is convex, bounded from below and, since p € ®1(R™), satisfies P(x) < a + b||z||,
x € R™, for some a,b > 0. This shows that ¥ € ®;;,(R™). From these considerations, it follows
that

Taoh) < sw{ [ Qipau— [wavip e aumm)
< sup {/Qei/} dp — /d)dz/;w € &y ,(R™) convex}

< sup {/@ew du~ [wivive <1>1,b(Rm)}
= To(vlu).

The third inequality is a consequence of Point (2), since 1 = v for all convex functions 1 €
@, ,(R™). Remarking that a convex function belongs to ®;(R™) if and only if it is Lipschitz, the
proof of Point (3) is complete. O

9.4.4. Proof of Theorem 2.1/. We start with an alternative representation of ¢(z,p) that will be
useful subsequently. We recall that ¢ : X x P(X) — Ry is defined by

c(z,p) = /ﬂ (7(d(fc,y))dd—li)(y)> to(dy) ,

if p < po on X\ {z} and +oo otherwise, where pg is a reference probability measure and 8 : Ry —
[0, 0] is a lower-semicontinuous convex function such that 5(0) = 0 and B(x)/z — oo as x — 0.
As before v : Ry — Ry is a lower-semicontinuous function satisfying (2.1).

Lemma 9.15. Let X be a metric space being either compact or a countable set of isolated points.
The cost function ¢ defined above satisfies the following duality identity:

(ep)=  sup { [ rwnta sty - [ ﬂ*(h)(y)uo(dy)},

hedo(X),h>0

where B*(y) = sup,>o{zy — B(7)}, y € R, denotes the Fenchel-Legendre transform of 3.

Proof. The proof is easily adapted from Theorem B.2 in [39]. O
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Proof of Theorem 2.14. First, we observe that Condition (Cy) is a simple consequence of the con-
vexity of 8 and Condition (Cy4) of Jensen’s inequality. According to Lemma 9.15, it holds

(9.16) o) = sw [ nntaan)pan - [ 50w}

he€®o(X),h>

- swp  swp / (h(y)yn (d(z,y)) — B* (1)) p(dy),
hedo(X),h>0 NEN

where (yn)nen is (as in the proof of Corollary 2.7) an increasing sequence of Lipschitz continuous
functions converging to v and B*(h) = [ 5*(h)dpo.

For all h € ®¢(X) non-negative and all N € N, the function (z,y) — h(y)yn(d(z,y)) is
continuous. Therefore, p — [ h(y)y(d(z,y))p(dy) is a continuous function on X x P, (X). Being
a supremum of continuous functions, ¢ is lower-semicontinuous on X x P, (X). In particular, this
shows (C%) and (C%).

Next we will check that Condition (Cy) holds (in the compact case).

Since (X,d) is compact, the space ®o(X) of continuous functions (equipped with the norm
Il - lloo) on X is separable (see [5, Proposition 7.7]). Let {h¢,¢ € N} be a countable dense subset
of ®o(X). Since f* is convex and finite on R it is continuous on R. Therefore, the function
®o(X) — R: h— B*(h) is continuous. It follows that

(9.17) c(x,p) = 2u1N)/gok(x,y)p(dy), Vo e X, pe P, (X),
€

where o = 0 and ¢y (z,y) = hery (V)TN k) (A2, y))—B* (he(k)), k > 1, and N* 5 k — (£(k), N(k)) €

N x N is one-to-one. Since, for all £ € N, the function ¢ belongs to @.(X,X), the lower-

semicontinuity of 1. follows from Proposition 9.3.

Corollary 2.14 now follows from Theorem 9.5. 0
9.5. Proof of Proposition 9.3. The proof of Proposition 9.3 is adapted from [3, Theorem 2.34].

Proof of Proposition 9.3. The function p — ¢(z, p) is convex as a supremum of linear functions.

For all n € N, define ¢, (x,p) := supy<,, | ¢r(z,y)p(dy). When n goes to oo, ¢,(z,p) is a
nondecreasing sequence converging to c Let 7 E I(p, - ), m(dxdy) = p.(dy)u(dx) such that (9.4)
holds for p-almost all z. Defining I, [r] = [ c¢n(, ps) p(dz), the monotone convergence theorem
shows that I.[r] = sup,,ey Ie, [7]. Slnce a supremum of lower-semicontinuous functions is itself
lower-semicontinuous, it is enough to prove that I, is lower-semicontinuous at point 7. We will
now prove such a property.

For p-almost all z, define ¢ () = [ i (2,y) pz(dy), k < n. Then it holds
Icn[w]:/supwk(m p(dz) = sup /ka b () i dr),
k<n (fr)k<n

where the supremum runs over the set of continuous functions f;, taking values in [0, 1] and such
that fo+---+ fn < 1. Let us admit this claim for a moment and finish the proof of the proposition.
For all fy,..., f, as above, it holds

|3 aahino)utde) = |3 fularonte v n(dady).
k=0 k=0

Since Y. fror € (X x X), the function m — [ >} feyr dr is continuous on II(x, -).
Since a supremum of continuous functions is lower-semicontinuous, this proves that 1., is lower-
semicontinuous at point 7.
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It remains to prove the claim. Obviously, if fo, f1,..., f» take values in [0, 1] and are such that
S oh_o fx <1, then it holds

/Zh@WWWMS/ZEWMM@MM
k=0 k=

/m% Zn
;ﬁ?mmmwm=am

where the last equality comes from the fact that sup; [V]+ = sup; ¢; since pg = 0 and ¥ = 0.

This shows that
I, [r] > sup /ka Vi () p(dz).

(fk k<n

To prove the converse inequality, let for all k < n, Ay = {x € X;[tk]+ = sup;[¥h;]+(z)}, and
define recursively By = Ag, By = Ag \ (Bo U -+ U Bg_1). Then it holds

=5 [ el (o) ).
,;)/Bk El+\T) f

When (X,d) is a discrete space, the functions fi = 1p, are continuous and > ,_, fr = 1. Since
1k is non-negative on Ay, one has

ﬂ=2/nwmwmmx
k=0

and the claim follows in this case.

Assume now that (X,d) is complete and separable. For all k& < n, consider the finite Borel
measure p(de) = [vg]+(z) p(dz). Let € > 0 ; since finite Borel measures on a complete separable
metric space are inner regular (see for instance [19, Theorems 3.1 and 3.2]), for all k& < n there is
a compact set Cy C By, such that ug(Bg) < ur(Ck) +¢/(n+ 1). So it holds

Z /B (d)
< Z/ wu(dx) +
Z wu(dx) +

The compact sets Cj are pairwise disjoint, so d, = min,-; d(C;,C;) > 0. Consider the family of
continuous functions fi s : X — [0, 1] defined by

M} , r € X, k <n, 6 > 0.
+

frs(x) = [1 - <

When § < 0,/2, for any x € X, at most one of the functions is not zero at x and therefore
Y ro [ro(x) < 1. Passing to the limit when 6 — 0, we see that

Z/fk,é(z)wk p(dx) — Z p(dz).
k=0

So if § is small enough it holds

" b (z) p(dr) + 2¢.
<Y [ ste
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Taking the supremum over all possible functions fj, and then letting £ go to 0, gives the desired
inequality

I, [r] < sup /ka Yx(x) pldz),

(fk k<n

and completes the proof. O

APPENDIX A. PROOF OF THEOREM 4.11

The proof of the tensorization property for transport-entropy inequalities uses the chain rule
formula for the entropy on the one hand, and on the other, a similar property for the transport
cost, which we now state in the following lemma of independent interest.

Lemma A.1 (Chain rule inequality for the transport cost). Let v: Ry — Ry be a lower-
semicontinuous function satisfying (2.1), (X1,d1), (Xa2,d2) be complete separable metric spaces
equipped with cost functions ¢; : X; x Py(X;) — [0,00], i € {1,2} such that ¢;(z;,05,) = 0
and p; — ¢;(z;,p;) is convex for all xz; € X;. Define c: X1 x Xo X Py(X1 x X3) — [0,00) by
c(x,p) = c1(x1,p1) + cawe, p2), © = (z1,22) € X1 X Xo, p € Py(X1 x X2), where p; denotes the
i-th marginal distribution of p.

Then, for all v,V € Py(X1 x X2), all € > 0, there exists a kernel pj such that

T V) < Ty (1) /T V(s - lva(er, )t (e, dya ) (day) + 2¢ |
X1><X1

where v1 and V| are the first marginals of v,V respectively; the kernels x1 v~ va(x1, -) and y1 —
V'o(y1, ) are such that

v(dzydzs) = v1(dzy)ve (w1, dos) and V' (dyrdys) = vi(dy )vh(yi, dys2);

and the kernel p3, defined so that 75 (dx1dyy ) := v1(dx1)p5 (z1, dy1) € W(v1,1vy), satisfies Te, (v1|v]) >
T, xx, (@, pian, <)) vi(der) —e.

Remark A.2. If one assumes that the cost functions ¢y and co satisfy assumption (Cy), then the
error term € can be chosen 0. Indeed, under assumption (C1) the function © — [ ¢1(x, pg) v (dazy)
is lower semicontinuous on the set IL(v], v1) which is easily seen to be compact (using Theorem 9.9
below). Therefore it attains its infimum and so there exists some kernel py such that Te, (v1|V]) =
[ ei(@1,pi(z1, -))vi(dzr). The same applies for cost functions based on the cost cy.

Proof of Lemma A.1. Fix v,/ € Py(X7 x X5) and € > 0. Our aim is first to define a probability
kernel p appropriately related to v and v/'.

To that purpose, let p; be a probability kernel (that depends on ¢ although not explicitly stated
for simplicity) so that w1 (dz1dy1) := v1 (dz1)p1 (a1, dyr) € T(v1, 1) and

(A.3) / ci(zy,pi(ey, ) vilder) < Te, (v lvn) +e.
Xl XX1

Similarly, for all z1,y1 € X1, let Xo 3 29 + ¢35V (22, -) € P(X2) be a probability kernel (that
depends also on ¢) satisfying 75"V (dradys) = vao(z1,dra)qy Y (we, dy2) € (va(x1, - ), v5(y1, +))
and

(A.4) / a2, g3 " (w2, - ) va(21, daa) < Toy (V5 (y1, - )|va(zr, ) + €.
XoxXo
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Then observe that, for all f: X7 x Xo — R, it holds:
/f(yl,yz)pl(zl,dy1)q§1’yl(x2,dy2)V(dx1d:v2)
=/f(yl,yz)pl(wl,dyl)q?’yl(:ﬂz,dyg)VQ(wl,d:cg)ul(d:cl)
=/f(ylam)Pl(iClady1)V§(y1ady2)V1(d$1)
=/f(yl,m)l/é(yudyz)Vi(dm)
~ [ ' (a).

L1,Y1

Hence, p(z, dy) := p1(x1,dy1)gs ¥ (2, dy=) is a probability kernel satisfying 7 (dzdy) := p(z, dy)v(dz) €
II(v,v"). Let

pole, ) = / pr (0, din g5 (2, -) € P(Xo)
X1

be the second marginal of p(x1, - ), observing that py(z,-) is its first marginal.

Finally, using the definition of the transport cost, the definition of the cost and Jensen’s in-
equality, it holds:

T.(W'w) < / () (de)

X1 X X2

_ /X oo (o) + / a2, pa(e, -))v(de)

X1 xXo
< T l) + & + / ea(@a, 5 (w2, - ))pa (1, dyn ) (de)
X12><X2
=T, (V1) +¢

+/ </ ca(w2, g3V (2, '))V2($1,d$2)> p1(x1, dyr)vi(day)
x2 \Jx,
< Toy (V) + e

+ [ T, alen, )+ €. dgn (o).

1

where the last two inequalities follow from (A.3) and (A.4) respectively. The expected result follows
and the proof of the lemma is complete. O

Proof of Theorem /.11. By induction, it is enough to consider the case n = 2. Given v,/ €
P (X1 x X3), thanks to Lemma A.1, for all ¢ > 0, there exists a kernel pj such that

7—C(V/|V) < 7—01 (Vilyl) + 7—02 (Vé(yla : )|V2($1a : ))pi(‘rla dyl)yl(d‘rl) + 2,
X1 ><X1
where v, V], 19, V4 are defined in Lemma A.1. Applying the transport-entropy inequalities that hold
for py and po, we get

Te(W'|v) < aiV H@W, ) + oSV H(n ) + 2¢

" / | H wh (s, )li2) + 0§ Hva(wr, -)lp2)| pi (@1, dyn ) (da)
X1 x X1

<a [me [ W, ->|u2>u1<dy1>}

X1

+ az {H(Vﬂm) + [ H(va(z1, ')|H2)V1(d$1)} + 2

X1
— aH( ) + asH () +2¢
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where we used that [y pi(z1,dzy) =1, [ pi(21, -)vi(de1) = v{(-) and the chain rule formula

for the entropy (recall that we set a; := max(agl), aiQ)) and ag 1= max(agl), aéQ))). Letting € go to

zero completes the proof of the theorem. O

Remark A.5. Alternatively, following [54], one could give a proof based on the dual characteri-
zation of Proposition 4.5.
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